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Series Introduction

Many textbooks have been written on control engineering, describing new
techniques for controlling systems, or new and better ways of mathemati-
cally formulating existing methods to solve the ever-increasing complex
problems faced by practicing engineers. However, few of these books fully
address the applications aspects of control engineering. It is the intention
of this series to redress this situation.

The series will stress applications issues, and not just the mathemat-
ics of control engineering. It will provide texts that present not only both
new and well-established techniques, but also detailed examples of the
application of these methods to the solution of real-world problems. The
authors will be drawn from both the academic world and the relevant ap-
plications sectors.

There are already many exciting examples of the application of con-
trol techniques in the established fields of electrical, mechanical (including
aerospace), and chemical engineering. We have only to look around in to-
day’s highly automated society to see the use of advanced robotics tech-
niques in the manufacturing industries; the use of automated control and
navigation systems in air and surface transport systems; the increasing
use of intelligent control systems in the many artifacts available to the
domestic consumer market; and the reliable supply of water, gas, and
electrical power to the domestic consumer and to industry. However, there
are currently many challenging problems that could benefit from wider
exposure to the applicability of control methodologies, and the systematic
systems-oriented basis inherent in the application of control technigues.

This series will present books that draw on expertise from both the
academic world and the applications domains, and will be useful not only
as academically recommended course texts but also as handbooks for prac-
titioners in many applications domains.

Professor Mahmoud is to be congratulated for another outstanding
contribution to the series.

Neil Munro
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0.1 Preface

In many physical, industrial and engineering systems, delays occur due to
the finite capabilities of information processing and data transmission among
various parts of the system. Delays could arise as well from inherent phys-
ical phenomena like mass transport flow or recycling. Also, they could be
by-products of computational delays or could intentionally be introduced for
some design consideration. Such delays could be constant or time-varying,
known or unknown, deterministic or stochastic depending on the system un-
der consideration. In all of these cases, the time-delay factors have, by and
large, counteracting effects on the system behavior and most of the time
lead to poor performance. Therefore, the subject of Time-Delay Systems
(TDS) has been investigated as functional differential equations over the
past three decades. This has occupied a separate discipline in mathematical
sciences falling between differential and difference equations. For example,
the books by Hale [1], Kolmanovskii and Myshkis [2], Gorecki et al [3] and
Hale and Lunel [4] provide modest coverage on the fundamental mathemat-
ical notions and concepts related to TDS; the book by Malek-Zavarei and
Jamshidi [5] presents different topics of modeling and control related to TDS
with constant delay and the book by Stepan [6] gives a good account of clas-
sical stability methods of TDS.

Due to the fact that almost all existing systems are subject to uncer-
tainties, due to component aging, parameter variations or modeling errors,
the concepts of robustness, robust performance and robust design
have recently become common phrases in engineering literature and consti-
tute integral part of control systems research. In turn, this has naturally
brought into focus an important class of systems: Uncertain Time-Delay
Systems (UTDS). During the last decade, we have witnessed increasingly
growing interest on the subject of UTDS and numerous results have appeared
in conferences and/or published in technical journals. Apart from these scat-
tered results and the volume edited very recently by Dugard and Verriest [7)
however, there is no single book written exclusively on the analysis, design,
filtering and control of uncertain time-delay systems. It is therefore believed
that a book that aims at bridging this gap is certainly needed.

Vil
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viii PREFACE

This book is about UTDS. It is directed towards providing a pool of
methods and approaches that deal with uncertain time-delay systems. In
so doing, it is intended to familiarize the reader with various aspects of
the control and filtering of different uncertain time-delay systems. This
will range from linear to some classes of nonlinear, from continuous-time to
discrete-time and from time-invariant to time-varying systems. Throughout
the book, I have endeavored to stress mathematical formality in a way to
spring intuitive understanding and to explain how things work. I hope that
this approach will attract the attention of a wide spectrum of readership.

The book consists of ten chapters and is organized as follows. Chapter
1 is an introduction to UTDS. It gives an overview of the related issues
in addition to some systems examples. The remaining nine chapters are
divided into two major parts. Part I deals with robust control and consists
of Chapters 2 through 7. Part II treats robust filtering and is divided
into Chapters 8 to 10. The book is supplemented by appendices containing
some standard lemmas and mathematical results that are repeatedly used
throughout the different chapters.

The material included makes it adequate for use as a text for one-year
(two-semesters) courses at the graduate level in Engineering. The prerequi-
sites are linear system theory, modern control theory and elementary matrix
theory. As a textbook, it does not purport to be a compendium of all known
results on the subject. Rather, it puts more emphasis on the recent robust
results of control and filtering of time-delay systems.

Outstanding features of the book are:

(1) It brings together the recent ideas and methodologies of dealing with
uncertain time-delay systems.

(2) It adopts a state-space approach in the system representation and
analysis throughout.

(3) It provides a unification of results on control design and filtering,.

(4) Tt presents the material systematically all the way from stability
analysis, stabilization, control synthesis and filtering,.

(5) It includes the treatment of continuous-time and discrete-time systems
side-by-side.

Magdi S. Mahmoud
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Chapter 1

Introduction

An integral part of systems science and engineering is that of modeling. By
observing certain phenomena, the immediate task consists of two parts: we
wish to describe it and then determine its subsequent behavior. It is well
known, in many important cases, that a useful and convenient represen-
tation of the system state is by means of a finite-dimensional vector at a
particular instant of time. This constitutes a state-space modeling via ordi-
nary differential equations, which has formed a great deal of the literature
on dynamical systems. On another dimension, due to increasing complexity
and interconnection of many physical systems to suit growing demand, other
factors have seemingly been taken into account in the process of modeling.
One important factor is that the rate of change of several physical systems
depends not only on their present state, but also in their past history or
delayed information among system components.

Delays thus occur in many physical, industrial and engineering systems
as a direct consequence of the finite capabilities of information processing
and data transmission among various parts of the system [2,3]. They could
arise as well from inherent physical phenomena like mass transport flow or
recycling [8]. Also, delays could be intentionally introduced for some design
consideration. Such delays could be constant or time-varying, known or un-
known, deterministic or stochastic depending on the system under considera-
tion. This brings about a distinct class of dynamical systems: Time-Delay
Systems (TDS). Indeed, proper modeling of such systems and examining
their structural properties establish important prerequisites for adequate
control systems design. The subject of TDS is interesting, as it is difficult.
In addition to the fact that many practical industrial installations and de-

1
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2 CHAPTER 1. INTRODUCTION

vices possess delays which cannot be ignored, it is interesting since it offers
many open research topics. It is, by and large, difficult because the behavior
of such systems can be complex and analysis intricate.

Broadly speaking, there are two classes of TDS [3]:

1. Systems with lumped delays
2. Systems with distributed delays.

As we show later on, examples of class 1 include: conveyor belts, rolling
steel mills and some population models. In all of these, a finite number of
parameters can be identified which encapsulate all delay phenomena; hence
the terminology “lumped delays.” Mathematically, the description involves
ordinary differential equations with delays, like:

Tt = —z + u(t—71)

where & = z(t) is the state, ¢ is the time, u = u(t) is the input, 7 is a single,
lumped delay and T is a time constant.

Class 2 is best represented by heat exchanging systems, whose spatial
extent makes it difficult to identify a finite number of delays which would
fully describe the heat propagation phenomena. They are frequently termed
“systems with distributed delays” and are described by partial differential
equations (PDEs). As a typical example, consider a heat exchanger of the
pipe-in-pipe type which can be represented by a system of PDEs:

oT  , 8T
‘5{"}‘]1138— — ksl(Ts'_Tl)
or;  , O ~
—gt" + h‘)—a—e— — kSQ(Ts T2)
OTs
5 kis(Th — Ts) + koo (T2 — Ts)

where T} is the temperature of the first medium, T3 is the temperature of the
second medium, T is the temperature of the partition wall, ks1, ks2, k14, k2s
are the heat exchange coefficients and hi,ho are flow coefficient. In the
model, time delays are distributed and are given by partial derivatives 8T} /0,
8T»/8t, 8T,/ 0t, which are functions of ¢ and thus infinite-dimensional sys-
tems. Note also that spatial delays are also distributed and given by 8T} /0¢¢,
0T>/8te, so they are infinite-dimensional, as well. In this book, we are go-
ing to focus on class 1 dynamical systems, that is, only the lumped delay
systems are considered.

By tracing the technical approaches to mathematical representation of
TDS, we identify the following:
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1.1. NOTATIONS AND DEFINITIONS 3

(1) Infinite Dimensional Systems Theory
Here the approach is based on embedding the class of TDS into a larger class
of dynamical systems for which the state evolution is described by appro-
priate operators in infinite-dimensional spaces. On one hand, this approach
presents quite a general modeling approach. On the other hand, it should
be further strengthened to incorporate structural concepts like detectability
and stabilizability. For a detailed coverage of this approach, the reader is
referred to {10-12].

(2) Algebraic Systems Theory
In this approach, the evolution of delay-differential systems is provided in
terms of linear systems over rings. Here the issues of modeling and analysis
are easily described [15] but the control design is still at early stages of
development.

(3) Functional Differential Systems
By incorporating the influence of the hereditary effects of system dynamics
on the rate of change of the system, this approach [3-7,9] provides an ap-
propriate mathematical structure in which the system state evolves either in
finite-dimensional space [5,6] or in functional space [5,9].

Strictly speaking, there has been extensive work and research results
based on the foregoing approaches. This book focuses exclusively on the
third approach. As it will become clear throughout the various chapters,
this approach facilitates the use of the wealth theory of finite-dimensional
systems. In particular, we adopt the view of treating the delay factors as
“additional parameters” of the system under consideration and closely ex-
amining their effects on the system behavior and performance. The reader
is advised to consult [1] for a lucid discussion on the foregoing approaches.

1.1 Notations and Definitions

1.1.1 Notations

The notations followed throughout the book are quite standard. Matrices
are represented by capital letters while vectors and scalars are represented
by lower case letters. f(t) denotes a scalar-valued function of time ¢. The
quantities £, and % are the first and second derivative of z with respect to
time, respectively. (.,.), (., .],[.,.] denote, respectively, open, semiclosed, and
closed intervals; that is ¢ in the interval (a,b] =t € (a,b] =a <t < b. R, R,
denote the set of real and positive real numbers, respectively, C~ denotes the
proper left half of the complex plane, C4 := {s : Re(s) > 0} denotes the open
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proper left half of the complex plane, Cy := {s : Re(s) > 0} denotes the open
right half plane with C, being its closure, Z, Z, denote, respectively, the set
of integers and positive integers, R™ denotes the n-dimensional Euclidean
space over the reals equipped with the norm ||.|| and R™**™ denotes the set
of all n X m real matrices. The Lebsegue space L2[0,00) consists of square-
integrable functions on the interval [0, 00) and equipped with the norm

e = ([ #ominar)

Similarly, the Lebsegue space £2{0, 00) consists of square-summable functions
on the interval [0, 00) and equipped with the norm

lalf = (i «f(j)q(j))

For any square matrix W, Wt, W=1, \(W), tr(W), r(W), det(W), Au(W),
Am(W) and p(W) := maz;|A;(W)| denote the transpose, the inverse, the
spectrum (set of eigenvalues), the trace, the rank and the determinant, the
maximum and minimum eigenvalue and the spectral radius, respectively.
For any real symmetric matrix W, W > 0 (W < 0) stands for positive-
(negative-) definite matrix. When a matrix W(8), 8§ € ®" depends affinely
on parameters (01, ....,0;), it means that

W(0) := Wy + 0,Wi + ... + 0, W,

where W,, W1, ...., W, are known fixed matrices. ||W/|| denotes the induced
matrix norm given by Ay (WWHY2, diag(W1, Wa, ..., W,,) denotes the block-
diagonal matrix

Wi 0 ... 0
0 Wy ... 0
0 ... .. 0
0 .. .. W,

I stands for the unit matrix with appropriate dimension and u(W) denotes
the matrix measure of a square matrix W defined by:

u(W) = lim W+ eWii—1

e—0t €
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1.1. NOTATIONS AND DEFINITIONS 5

If matrix W* denotes the complex conjugate transpose of W, then u(W) is
given by:
WW) = max AW + W)
Jely,

which possesses the following properties:

Re);(W) < p(W)
wWw) < |wj|
pW+Y) < p(W) + p(Y)
WeW) < (W)

Cn,r = C([—7,0], R™) denotes the banach space of continuous vector functions
mapping the interval [—7,0] into ®™ with the topology of uniform conver-
gence and designate the norm of an element ¢ in C» by

llglls = sup {|(O)]
¢ [~,0}

-,

Sometimes, the arguments of a function will be omitted in the analysis when
no confusion can arise.

1.1.2 Definitions

In what follows we collect information and mathematical definitions related
to functional differential equations (FDEs). Unless stated otherwise, all
quantities and variables under consideration are real.

It is well-known from mathematical sciences that, an ordinary differential
equation (ODE) is an equation connecting the values of an unknown function
and some of its derivatives for one and the same argument value, for example
H(t,z,&,%) = 0. Following [4,6], a functional equation (FE) is an equation
involving an unknown function of different argument values. For example,
z(t) + 3z (4t) = 2, z(t) = sin(t)z(t + 2) + cos(t + 1)z%(t — 3) = 2 are FEs. By
combining the notions of differential and functional equations, we obtain the
notion of a functional differential equation (FDE). Thus, FDE is an equation
connecting the unknown function and some of its derivatives for, generally
speaking, different argument values. Looked at in this light, the notion
of FDE generalizes all equations of mathematical analysis for functions of
a continuous argument. This assertion is greatly justified by examining
models of several applications [6-13]. We take note that all fundamental
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6 CHAPTER 1. INTRODUCTION

properties of ODE are carried over to FDE including order, periodicity and
time-invariance.

Next, we introduce some mathematical machinery. If « € R,d > 0 and
z € C(la — 7, + d], R™) then for any t € [a, a + d], we let z; € C be defined
by z(0) ;= z(t+6), -7 <0 <0. IfDCRxC, f:D— R"is agiven
function, we say [4-6] that the relation

i(t) = f(t,ze) (1.1)

is a retarded functional differential equation (RFDE) on D where z:(t),t > t,
denotes the restriction of z(.) to the interval [t — 7,t] translated to [—7,0].
Here, 7 > 0 is termed the delay factor. A function z is said to be a solution
of (1.1) on [a — 7, + d] if there are & € R and d > 0 such that

zel(la—T,a+d,R"), (t,zr)€D, t€la,a+d

and z(t) satisfies (1.1) for t € [@, a+d). For a given a € R, ¢ € C, z(c, ¢, f)
is said to be a solution of (1.1) with initial value ¢ at a. Alternatively,
z(a, ¢, ) is a solution through (o, @) if there is an d > 0 such that z(«, ¢, f)
is a solution of (1.1) on [a — 7, + d] and z4(a, @, f) = &.

Of paramount importance is the nature of the equilibrium solution x; = 0.
For this purpose, we let

Y, = {¢ €Cl-7,0]|l¢]| <p}

Following [4,6], the equilibrium solution z; = 0 of (1.1) is said to be stable
if for any € > Om there is a p = p(€) > 0, such that |z(e, ¢, f)] < € for any
initial value ¢ € Y, and Vt > 0. Otherwise it is unstable. The equilibrium
solution is called asymptotically stable if it is stable and there is a k > 0 such
that for any v > 0 there is a 7(v,&) > 0 such that |z(a, ¢, f)| < v,Vt >
7(v,k) and ¢ € Y. The equilibrium solution is called exponentially stable
if there are constants x > 0,77 > 0,79 > 0, such that for any ¢ € Y, the
solution z(a, ¢, f) of system (1.1) satisfies the inequality

|z, ¢, F)] < 1llgll €™, 0<t<oo (1.2)

Consider I' as the class of scalar nondecreasing functions 8 € C([0, o0}, R)
with the properties 8(s) > 0,s > O and f(0) = 0. Let V : T, — R
be a continuous functional with the properties V/(0) = 0. The functional
V :w — V(w) is called positive definite if there is a function g € I" such that
V(w) > B(|lw(0)]) Vw € Y. It then follows [4,6] when V : T, — Rhas V <0
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1.1. NOTATIONS AND DEFINITIONS 7

that the equilibrium solution of (1.1) is stable. On the other hand, for some
T > 0 if there exists a positive-definite continuous functional (w — V(w) :
T. — R such that |V(w)| < B(||w]]) Yw € T, and V < 0 on Y., then the
equilibrium solution of (1.1) is asymptotically stable. Finally, a necessary and
sufficient condition of the exponential stability of the equilibrium solution of
(1.1) is that there exists a continuous functional V' : T, — R such that for
some positive constants ki, ko, k3, ks , w and € € T

killll < V(W) £ kallwl
Vw) < —ksllwll
V) -VE|l < kallw—¢l (1.3)

In view of the generality of (1.1), we now extract two relevant important
cases. First, if 7 = 0 then (1.1) reduces to the ordinary differential equation
@(t) = F(z(t)). Second, letting 0 < n;(t) < 7; j=1,...,s expresses (1.1) in
the form:

B(t) = f(t, (), 2t — 7u(L), ooy 2(t — 75(t))) (1.4)

which is frequently called differential-difference equation (DDE). Other forms
can also be obtained from (1.1) including integro-differential equations and
integro-difference equations. We are not going to discuss these any further
and the interested reader is referred to [4-7].

Next, suppose @ C R x C is open, f:  — RN*, M : Q — R" are given
continuous functions with M having continuous derivatives at origin. Then,
the relation

M(t,iﬂg) = f(t,fllg) (15)

is called the neutral functional differential equation (NFDE(M,f)) and M is
the difference operator. In line of RFDE, a function x is said to be a solution
of (1.5) if there are & € R and d > 0 such that

r€C(la—1,a+d,R"), (tz)€EN, te|natd

M is continuously differentiable and satisfies (1.3) on [e, @+ d]. For a given
a€R, ¢ €C and (o, ¢) € Q, z(a,$, M, f) is said to be a solution of (1.3)
with initial value ¢ at . Alternatively, (o, ¢, M, f) is a solution through
(o, @) if there is an d > 0 such that z(a, ¢, M, f) is a solution of (1.3) on
@ —7,a+d] and zo(a, d, M, f) = ¢.

Most of the materials contained in this volume are restricted to classes
of RFDEs with some few classes of NFDEs.
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8 CHAPTER 1. INTRODUCTION

1.2 Time-Delay Systems

We focus attention on the role of the delay factor r. In one case when
7 > 0 is a scalar, we obtain a point (single) -delay type of FDE. Note that
7 could be constant or variable with its value being known a priori or it
is unknown-but-bounded with known upper bound. On another case when
we have several delay factors, we get a multiple (distributed) delay type of
FDE or DDE of the form (1.4). To unify the terminology, we use from now
onwards the phrase time-delay systems to denote physical and engineering
systems with mathematical models represented either by single-delay FDEs,
DDEs, or multiple-delay FDEs. Thus the time-delay system

B(t) = Az(t) + Agz(t—n) (1.6)
2(to+0) = #0) ,0€][-n,0 (1.7)

represents a free (unforced) linear FDE with a single constant delay factor
7. Also, the time-delay system

z(t) = Az(t) + Aaz(t —m)+ ...+ Agsz(t —ns)
= Aalt) + Y Agalt—ny) (1.8)
j=1

represents a free (unforced) linear FDE with s constant and different delay
factors (m, ...,ns) with initial condition

Htot0) = #0), 0&[-0]
T— ré][zla,x] 73 (to, (]5) € §R+ X Cn,-,- ‘ (19)
J€L,s

Intuitively, setting s = 1 in (1.8) yields (1.6). Being unforced, models (1.6)
and (1.8) are quite suitable for stability studies. In (1.8), the matrices
(Aa1, ..., Ags) reflect the strength of the delayed states on the system dynam-
ics. In some cases, this strength may help in boosting the system growth
toward satisfactory behavior. In other cases, such strength may counteract
the system behavior thereby yielding destabilizing effects. These issues jus-
tify the direction that stability analysis of time-delay systems should include
information about the size of the delayed-state matrices (A4, +.., Ads). When
a particular stability condition is derived which depends on the size of the
delay factors as well, the obtained result is called a delay-dependent stability
condition. This case means that the system stability is only preserved within
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1.3, UNCERTAIN TIME-DELAY SYSTEMS 9

a prespecified range. On the other hand, when the derived condition does
not depend on the delay size, we eventually get delay-independent stability
condition. Now suppose that the latter case holds. It therefore means that
it holds for all positive and finite values of the delays. In turn, this implies
a sort of robustness against the delay factor as a parameter. The crucial
point to observe is that one must first examine the original system with-
out delay before inferring any subsequent result. These issues and the main
differences between both delay-independent and delay-dependent stability
conditions will be discussed in later chapters.

When attending to control system design, system (1.6) with the forcing
term taking one of several forms:

#(t) = As(t) + Aaz(t —n)+ Bu(t) (1.10)
z(to+0) = ¢@0), 0€[-n,0] (1.11)

which is the ‘standard’ linear FDE with a single constant delay factor 7,

#(t) = Az(t) + Bgu(t — ) (1.12)
uto+9) = @), 9€[-n0| (1.13)

which represents an input-delayed FDE, or

z(t) = Ax(t) + Awz(t —n) + Bau(t —m) (1.14)
z(to+0) = ¢(6) ,0€[-n0 (1.15)
utot9) = ¢¥) ,0€[-m0] (1.16)

which represents a linear FDE with state- and input-delays with 5 # .
Discussions about control design methods for models (1.10), (1.12) and (1.14)
will be the subject of Chapters 2 through 6.

1.3 Uncertain Time-Delay Systems

Due to the fact that almost all existing physical and engineering systems
are subject to uncertainties, due to component aging; parameter variations
or modeling errors, the concepts of robustness, robust performance,
and robust design have recently become common phrases in engineering
literature and constitute an integral part of control systems research. By
incorporating the uncertainties in the modeling of time-delay systems, we
naturally obtain uncertain time-delay system (UTDS). This is a major theme
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10 CHAPTER 1. INTRODUCTION

of the book, that is to study problems of analysis and control of UTDS. We
will mainly adopt state-space modeling tools. Motivated by models of TDS,
we provide hereafter corresponding models of UTDS. For example

#(t) = (A+ AA)s(t) + (Ad+ AAl)z(t — ) (1.17)

represents model (1.6) with additive uncertainty. Also, the time-delay sys-
tem (1.8) with parameteric uncertainty becomes

z(t) = (A+AA)(t) + (Ao +AAn)x(t —m)+ ...
+ (Ads + AAds)JJ(t - 'r]s)
= (A+AA)x(t) + ) (Ag+ AAg)z(t — n;) (1.18)
=1

Robust stability of models (1.17) and (1.18) are closely examined in later
chapters and suitable stability testing methods are presented.
By considering the forced TDS, we may obtain the following systems:

#(t) = (A+AA)z(t)+ (Ag+ AAg)z(t —n) + (B + AB)u(t)(1.19)
#(t) = (A+ AA)z(t)+ (Bs+ ABg)u(t — ) (1.20)
#(t) = (A+AA)z(t)+ (Aa+ Add)z(t —n)

+ (Ba+ ABg)u(t —7) (1.21)

where AA, AB, AAq4, ABg are matrices of uncertain parameters. In the lit-
erature, the uncertainty may be unstructured in the sense that it is only
bounded in magnitude:

[|AAll € 74, 74>0

with the bound v4 being known a priori. Alternatively when the uncertainty
is structured, it then may take one of several forms, each of which has its
own merits and demerits. Some of the most frequently used in the context
of time-delay systems are:

(1) Matched Uncertainties
In this case, the uncertainties are assumed to be accessible to the control
input and hence related to the input matrix B by

lA4ll = BE

where F is a known constant matrix.
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14. SYSTEM EXAMPLES 11

matched part.
(3) Norm-Bounded Uncertainties
Here, the uncertainty matrix AA is assumed to be represented in factored
form as:
AA =HFL, ||F]] <1

where F' is a matrix of uncertain parameters and the matrices H, L are
constants with compatible dimensions.

Indeed, there are other uncertainty structures that have been
considered in the literature. Thses includes linear fractional transformation
(LFT)[25] and integral quadratic constraint (IQC) [26]. However, their use
in UTDS has been so far quite limited.

1.4 System Examples

In this section we present models of some typical systems featuring time-
delay behavior. These systems have the common property that the growth
of some parts (future states) of the underlying model depend not only on
the present state, but also on the delayed state (past history) and/or de-
layed input. Therefore we provide in the sequel some representative system
models.

1.4.1 Stream Water Quality

In practice, it is important to keep water quality in streams standard. This
can be measured by the concentrations of some water biochemical con-
stituents [28]. Let z(t) and g(t) be the concentrations per unit volume of
biological oxygen demand (BOD) and dissolved oxygen (DO), respectively,
at time ¢. For simplicity, we consider that the stream has a constant flow
rate and the water is well mixed. We further assume that there exists 7 > 0
such that the (BOD,OD) concentrations entering at time ¢ are equal to the
corresponding concentrations 7 time units ago.

Using mass balance concentration, the growth of (BOD,0OD) can be
expressed as:

(1) = —ke(t) 2(t) + v [Qe(m + ur(t)) + Quz(t — 7) — (Qs + Qe)2(1)]
+ &(t) (1.22)

§(t) = —ky(t) 2(t) + ko (t)lga — q(B)] + v Quq(t — 7) ~ (Qs + Qe)q(t)]
+ ug(t) + &(t) (1.23)
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Using mass balance concentration, the growth of (BOD,OD) can be
expressed as:

) = —ke(t) 2(t) + 07 [Qe(m + wa (1)) + Qu2(t — 7) — (Qs + Qe)2(t)]
+ &(t) (1.22)

Qt) = —ka(t) 2(t) + ke(t)aa — a(B)] + v Qsal(t — 7) — (Qs + Qe)a(t)
+ ug(t) + () (1.23)

where k¢(t) is the BOD decay rate, k.(t) is the BO re-aeration rate, kc(t) is
the BOD deoxygenation rate, g4 is the DO saturation concentration, Q5 is
the stream flow rate, Q. is the effluent flow rate, v is the constant volume of
water in stream, m is constant, u;(t), uz(t) are the controls and &;(t), &2(t)
are random disturbances affecting the growth of BOD and DO.

Using state-space format, model (1.22)-(1.23) can be cast into:

&(t) = fla(t),z(t —7),u(t)] (1.24)

which represents a nonlinear system with time-varying state-delay.

1.4.2 Vehicle Following Systems

A simple version of vehicle following models for throttle control purposes
can be described by [27]:

#(t) = o) (1.25)
o(t) = mTTa(t) - Til (1.26)

where z(t) is the position of vehicle, v(t) is the speed of vehicle, T,,(t) is the
force produced by the vehicle engine, m is the mass of the vehicle and Ty (t)
is the total load torque on the engine. For simplicity, consider that T is
constant. In terms of the throttle input u(t), the engine dynamics can be
expressed as dynamics:

To(t) = =77 YTn + u(t)] (1.27)

Here, T represents the vehicle’s engine time-constant when the vehicle is
travelling with a speed v. Combining (1.26) and (1.27), we obtain:

To(t) = —77Ymd + To + u(t)] (1.28)
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To proceed further, we differentiate (1.28) and setting 77, = 0 to get:
at) = —17Ya(t) + (m7)u(t) — Ti) (1.29)

By incorporating the effect of actuator delay, due to fuelling delay and trans-
port factor, we express (1.25),(1.26) and (1.29) into the form:

z(t) 01 O z(t)
W) | = oo 1 (1)
a(t) 0 0 —7! a(t)
[0 0
+ 0 u(t —h) + 0 Ty (1.30)
| (m7)™? —(m7)™!

where h is the total throttle delay. Model (1.30) represents a linear system
with constant input-delay.

1.4.3 Continuous Stirred Tank Reactors with Recycling

This example is considered in [29] and it represents an industrial jacketed
continuous stirred tank reactor (JCSTR) of volume V gallons with a delayed
recycle stream. The reactions within the JCSTR are assumed unimolecular
and irreversible (exothermic). Also, perfect mixing is assumed and the heat
losses are neglected. The reactor accepts a feed of reactant which contains a
substance A in initial concentration Ca,. The feed enters at a rate F' and at
a temperature T,. Cooling of the tank is achieved by a flow of water around
the jacket and the water flow in the jacket Fy is controlled by actuating a
valve. Suppose that fresh feed of pure (C4) is to be mixed with a recycled
stream of unreacted (C4) with a recycle flow rate (1 —c) where 0 < c<1is
the coefficient of recirculation. The amount of transport delay in the recycled
stream is d. The change of concentration arises from three terms: the amount
of A that is added with feed under recycling, the amount of A that leaves
with the product flow, and the amount of A that is used up in the reaction.
The change in the temperature of the fluid arises from four terms: a term for
the heat that enters with the feed flow under recycling, a term for the heat
that leaves with the product flow, a term for the heat created by the reaction
and finally a term for the heat that is transferred to the cooling jacket. There
are three terms associated with the changes of the temperature of the fluid
in the jacket: one term representing the heat entering the jacket with cooling
fluid flow, another term accounting for the heat leaving the jacket with the
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outflow of cooling liquid and a third term representing the heat transferred
from the fluid in the reaction tank to the fluid in the jacket. Under the
conditions of constant holdup, constant densities and perfect mixing, the
energy and material balances can be expressed mathematically as:

Ca(t) = (FVHcCao—cCut)+ (—c)Calt — d)] — k1Ca(t) e F2/T®

= fe(Ca,T) (1.31)
T@t) = (FV YT, —cT(t)+ (—c)T(t — d)] — k1ksCa(t) e~*/T®
~  ka[T(¢t) — Ty(t)]
fr(Ca,T) (1.32)
Ti(t) = (FyViY)[Tyo —Ts(t)] — ks[T(t) — Ta(t)]
f3(T, Ty, Fy) (1.33)

By defining C4,T, Ty as a state vector and Fy as a control input, it is easy
to see that models (1.31)-(1.33) represent a nonlinear time-delay system.

1.4.4 Power Systems

A simple model of a single-area power control is given by [30]:

Af(t) ~T;1 0 0 0 Af(t)
APy(t) | _ 0 -t TRt 0 AP,(t)
AX_g(t) “‘(RTg)-l 0 _TEI _TEI A‘Xy(t)
AE(t) K& 0 0 0 AE(t)
[0 0 00 Af(t—T)
L |0 KT 0 0 || APy(t-7)
0 0 00 || AX,(t—7)
0 0 00 AE(t—T)
0 -K,T,1
U P PO B P (1.39)
| 0 0

where A f(t), AP,(t), AXy(t), AE(t) are the incremental changes in frequency
(Hz), generator output (pu MW), governor valve position and integral con-
trol, respectively. P, is the load disturbance, 7 is the engine dead-time, T is
the governor time constant, Tr is the turbine time constant, T}, is the plant
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model time constant, K}, is the plant gain and R is the speed regulation due
to governor action. Model (1.34) can be put in the state-space form:

&(t) = Ax(t)+ Bu(t) + Agz(t — 7) + Dw(t)
2(t) = Ex(t) (1.35)

where z(t) := [Af(t), AP, (t), AXy(t), AE(t))! is the state vector and thus
it has the TDS form given by (1.12).

1.4.5 Some Biological Models

The evolution of biological systems depends basically on the whole previ-
ous history of the system and therefore provides good candidates for FDE
modeling [16,22,23]. Essentially, biological systems involve the interaction
among processes of birth, death and growth. We mention here some typical
models. The first model concerns the evolution of a single species struggling
for a common food. By considering the case of limited self-renewing food
resources, the logistic model [16] describes the species populations in the
form

i(t) = v[1 — K~ 'z(t — h)] z(t) (1.36)

where z(t) is the size of the species, h is the production time of food resources
(average age of producers), 7 is called the Malthus coefficient of linear growth
which represents the difference between birth and death rates and the con-
stant K is the average production number which reflects the ability of the
environment to accomodate the population. The meaning of A > 0 is that
the food resources at time t are determined by the population size at time
t—h. Despite the simplicity of model (1.36), it has all the ingredients of FDE
and is amenable to numerious extensions and applications [6,16]. Another
biological system is that of a predator-prey model represented by:

i‘l(t) = m a:l(t) — ao Ty (t)a?z(t) —ag :E?(t)
zo(t) = —agzo(t) + asz1(t — h).’L‘(t —h) (1.37)

where z;(t), z2(t) are the number of predators and preys, respectively; a; > 0
are constants and the delay h > 0 stands for the average period between
death of prey and the birth of a subsequent number of predators. A third
model is that of competing micro-organisms surviving on a single nutrient.
Allowing finite delays in birth and death processes, a suitable model is given

TLFeBOOK



16 CHAPTER 1. INTRODUCTION
by [205]:

To(t) = 1 — z,(t) — z1(t) fi(@o(t)) — w2 fa(wo(t))
&1(t) [f1(zo(t — h1)) — 1] z1(2)
Ta(t) = [fa(@o(t — h2)) — 1] z2(t) (1.38)

where x,(t) is the nutrient concentration, z1(t), z2(t) are the concentrations
of competing micro-organisms and hi, ho are constant delays.

Despite the fact that models (1.36)-(1.38) are nonlinear FDEs, they serve
the purpose of illustrating the natural existence of delays in system appli-
caions.

fl

1.5 Discrete-Time Delay Systems

We have seen in section 1.1.2 that FDE results from emerging ODE and FE.
Since a difference equation connects the value of an unknown function with
its previous values at different time instants, we are therefore encouraged
to combine the notions of functional equation and difference equation to

yield what is called functional difference equation or delay-difference equation
(DDE). Much like (2.1), the relation

x(k+1) = f(k,zk) (1.39)

describes a functional difference equation where k € Z and xx denotes the
restriction of x(k) to the interval [k — 7,k] translated to [—7,0], that is
zk(n) == z(k+n),Vn € [-1,—7 + 1,...0]. With appropriate modifications in
the mathematical language, most of the definitions of section 1.1.2 carry over
here. A class of uncertain discrete-time systems with s distributed (multiple)
delays takes that form:

zk+1) = (A+AA)z(k)+ Aa + AAan)x(k — 1)
+ v+ (Ads + AAgs)z(k — 75) (1.40)

where in (1.40) 71 > 0,....,7s > 0 are integers that represent the amount
of delay units in the state. Obviously, the case of s = 1 corresponds to
a single-delay uncertain discrete-time system . In order to motivate the
analysis of discrete-time delay systems, we present two control system ap-
plications described by discrete-time models in which the time-delay ap-
pears quite natural. This will enable us in the sequel to develop results for
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continuous-time and discrete-time systems side-by-side. It can be argued
that by state augmentation, one can convert system (1.40) to a non-delay
system with higher-order state vector. We do not follow this approach here
for the following reasons:

(1) It opposes the common trend in system analysis and design that seeks
reduced-order models.

(2) It suppresses the effect of delay factor which might carry valuable
information.

(8) It does not yield the discrete-version of the results on continuous
time-delay systems.

(4) It adds undue complications to the uncertainty structure.

1.5.1 Example 1.1

Planning constitutes a crucial part in the decision-making of manufacturing
systems. It requires careful modeling of the underlying processes of sales,
inventory and production. Due to the nature of manufacturing systems,
there are inherent time-lags between production on one hand and sales plus
inventory on the other hand. In addition, there are uncertainties in the
identification of the various economic ratios and coefficients. Following [31],
we consider a factory that produces two kinds of products (j = 1,2) sharing
common resources and raw materials like color TV and black/white TV, PC
and laptop computer. During the kth period (quarter or season), we let:

s;jk: amount of sales of product j

ajx: advertisement cost spent for product j
c;k: amount of inventory of product j

pjk: production of product j

Let
S15 P1k41
| 825 | P2,k41
z(k) = o | u(k) = | ToH! (1.41)
D2; a2k

The effect of advertisements on sales in the marketing process and the inter-
link between inventory and production in the production process (assuming
one-period gestation lag) can then be expressed dynamically by a linear
model of the form:

zk+1) = Aox(k)+ Amz(k —m+ 1)+ AAdox(k)
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+ AApx(k —m+ 1)+ Bu(k) + ABu(k —m +1)

where AAoz(k), AAmz(k —m+1), ABu(k —m+1) denote, respectively, the
uncertain amount of sales, inventory of product and change in advertisements
cost and m > 2 stands for the amount of delay between making a decision
and realizing its effect on production. It is readily seen that the above model
fits nicely into the discrete-time delay format.

1.5.2 Example 1.2

Consider a three-stand cold rolling mill represented by (2]:
z(k+ 1) = Ao(r)z(k) + A1z(k — h) + Agx(k — 2h) + B(r)u(k)

where the delay h denotes the transit time of the strip from the outlet of
one stand to the inlet of the next one and the parameter r is the winding or
pay-off reel radius. Note that for an n-stand cold rolling mill, there will be
(n—1) time-delays. The state vector represents field currents of the different
motors as well as the angular velocities of rotating reels. The above model
can be cast into the framework of discrete-time delay systems. In practice,
it is expected that the matrices A,, A1, A2, B may contain uncertainties due
to variations in system parameters.

Indeed, there are other sources of delay in discrete-time systems. These
include computational delays in digital systems and delays due to finite
separation among arrays in signal processing.

1.6 Outline of the Book

The objective of the book is to present robust control and filtering methods
that cope with classes of time-delay systems with uncertain parameters. For
ease in exposition, it is divided into two parts: Part I deals with robust
control and Part II treats robust filtering.

Part I is organized into six chapters as follows. The topic of robust sta-
bility and stabilization occupies Chapter 2, which includes results on delay-
independent as well as delay-dependent stability for both continuous-time
and discrete-time systems. Different stabilization schemes are then discussed
in Chapter 3 using state-feedback and dynamic output feedback controllers
with emphasis on linear matrix inequality (LMI) formulation. In addition,
the case of multiple-delays is treated. Methods based on robust He and

TLFeBOOK



1.6. OUTLINE OF THE BOOK 19

guaranteed cost control are the subject of Chapters 4 and 5, respectively.
Again, results on continuous-time and discrete-time systems are presented
side-by-side. Chapter 6 is devoted to the study of passivity analysis and
synthesis for TDS and UTDS. Control design for interconnected UTDS is
provided in Chapter 7.

In Part II, the main focus on state-estimation (filtering) where robust
Kalman filter is developed for uncertain linear time-delay systems (Chapter
8), robust He filtering are constructed for linear as well as classes of non-
linear TDS (Chapter 9) and finally robust Heo filtering for interconnected
TDS is covered in Chapter 10.

For ease in exposition, we follow a five-step methodology throughout the
book:

Step 1: Mathematical Modelling in which the system under
consideration is represented by a mathematical model

Step 2: Assumptions or Definitions where we state the constraints on
the model variables or furnish the basis for the subsequent analysis

Step 3: Analysis which signifies the core of the respective sections

Step 4: Results which are provided most of the time in the form of
theorems, lemmas and corollaries

Step 5: Remarks which are given to discuss the developed results in
relation to other published work

Theorems (lemmas, corollaries) are keyed to chapters and stated in étalic
font, for example, Theorem 3.2 means Theorem 2 in Chapter 3 and so on. By
this way, we believe that the material covered will attract the attention of a
wide-spectrum of readership. Emphasis is placed on one major approach and
reference is then made to other available approaches. For convenience, the
references are subdivided into three bibliographies with partial overlapping
and are located at the end of Chapter 1, Part 1 and Part II, respectively.
The book is supplemented by appendices containing some of the fundamental
mathematical results and reference to any of these results is made in the text
using bold face, for example, A.2 means the second result in Appendix A
and so on. Simulation examples using MATLAB are provided at the end
of each chapter. For purpose of completeness, a brief summary of the LMI-
Control software is provided in Appendix E. In addition, relevant notes and
research issues are offered for the purpose of stimulating the reader.
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1.7 Notes and References

The basic technical background of TDS are contained in [4-7,9-14] which con-
stitute major sources of knowledge to mathematically inclined engineers and
researchers interested in control systems. Treatment of some advanced topics
are included in [21,22]. A wide-spectrum of system applications are consid-
ered in (3,6,8,15-17, 22,23|. Conventional control system design methods are
the main subjects of [18,19] by focusing on constant delay (lag) systems. The
books [2,3] are considered integrated volumes by treating the topics of math-
ematical modeling, analysis, control and optimization of TDS and providing
several interesting applications. Different issues and approaches related to
both TDS and UTDS are thoroughly discussed in the edited volume {1]
which provides vast breadth of techniques addressing various problems of
time-delay systems.
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Chapter 2

Robust Stability

Motivated by the fact that stability is the prime objective in control system
design, we present in this chapter methods for analyzing stability behavior of
classes of linear time-delay systems. We will pay attention to methods in the
time-domain more than in the frequency-domain due to the avajlability of ef-
ficient computer software [64]. The main focus is on issues of robust stability.
Specifically, we are interested in examining to what extent the time-delay
system (TDS) or uncertain time-delay system (UTDS) under consideration
remains stable in the face of unknown delay factor (constant or time-varying)
and/or parameteric uncertainties. We refer the reader to the basic stability
definitions in section 1.1.2 and the stability theorems (Appendix C).
Problems of stability analysis and stabilization of dynamical systems with
delay factors in the state variables and/or control inputs have received con-
siderable interests for more than three decades; see [1,2] for a modest cover-
age of the subject. There exists a voluminous literature dealing with stability
and stabilization for TDS and UTDS; see the bibliography at the end of Part
1. Although all numerical simulations are based on linear matrix inequalities
formalism (3] using LMI-Control Toolbox [4] (see also Appendix E), the
theoretical analysis is pursued for both algebraic Riccati and linear matrix
inequalities and are presented side-by-side. The benefit is purely technical
since some of the known results are only available in algebraic Ricatti forms.

2.1 Stability Results of Time-Delay Systems

In this section, we develop stability results of Time-Delay Systems (TDS).
We start by continuous-time models and then treat discrete-time models.

27
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28 CHAPTER 2. ROBUST STABILITY

Both delay-independent and delay-dependent stability conditions are estab-
lished. Our approach stems mainly from the application of Lyapunov’s Sec-
ond Method and is based on the constructive use of appropriate Lyapunov-
Krasouvskii functionals in the parameter space. For the sake of complet-
ness, we will describe in later sections some methods based on Lyapunov-
Razumikhin functions in the function space. The mathematical statements
of both stability theorems are included in Appendix C. In effect, the delay-
independent and delay-dependent stability conditions are transformed into
the existence of a symmetric and positive-definite solution of the parameter-
ized mathematical (algebraic Riccati or linear matrix) inequality, where the
parameters are given by positive-definite matrices and/or positive scalars.

2.1.1 Stability Conditions of Continuous-Time Systems

The class of linear time-invariant state-delay systems under consideration is
represented by:

(Bae) : z(t) = Az(t) + Agz(t — 7) (2.1)
where £ € R" is the state, A € R**", 4, € R**™ are real constant matrices
and 7 is an unknown time-varying delay factor satisfying

0< () <7, 0< 7)) <7t <1 (2.2)

where 7°, 7% are known bounds. Since the stability of system (2.1) is a crucial
step for control design of TDS, we first develop in the sequel two different
stability criteria: one is delay-independent and the other is delay-dependent.

Delay-Independent Stability

Here, we focus on the nominal system only and consider the following:
Assumption 2.1: \(A) € C™.

A delay-independent stability result concerning the system (¥4c) is sum-
marized below:

Theorem 2.1: Subject to Assumption 2.1, the time delay system (Z4c)
is globally asymptotically stable independent of delay if one of the following
two equivalent conditions holds:

(1) There exist matrices 0 < P = Pt € "™ and 0 < Q = Q* € R™*"
with Qr = (1 — 7+)Q satisfying the algebraic Riccati inequality (ARI)

PA+ A'P + PA; Q7'AYP +Q < O (2.3)
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(2) There exist matrices 0 < P = Pt € ™" and 0 < Q = Q' € R™*"
satisfying the linear matriz inequality (LMI)

PA+A'P+Q PAg
[ AP Q. ] < 0 (2.4)

Proof: (1) Introduce a Lyapunov-Krasovskii functional V;(z¢) of the form
[6]:

Vilae) = oH(8) Pa(t) + / 4(0)Qx(0) do (2.5)
where 0 < P = Pt € %™ and 0 < Q = Q* € R™*™ are weighting matrices.
By differentiating V;(z¢) along the solutions of (2.1) and arranging terms,
we get:

Vi(w) = a'(t) [PA+ AP+ Q|a(t) +2'(t) PAaa(t — 7)
+ z(t - 7)ALPx(t) — (1 — 7)zt(t — 1) AP Agz(t — T) (2.6)

By a standard completion of the squares argument and using (2.2) into (2.6),
it reduces to

Vi(m) < at(t) [PA+ AP+ PAQT ALP + Q] =(t) 2.7)

If Vi(z;) < Owhen x # O then z(t) — 0 as t — co and the time-delay
system (24.) is globally asymptotically stable independent of delay. From
(2.7), this stability condition is guaranteed if inequality (2.4) holds.

(2) By A.1, LMI (2.4) is equivalent to ARI (2.3).

Remark 2.1: Note that, apart from the knowledge of 7+ satisfying
(2.2), Theorem 2.1 provides a sufficient delay-independent stability condi-
tion. This condition is expressed as a feasibility of an LMI for which there
exist computationally efficient solution methods [3]. Looked at in this light,
it establishes a robust result since it implies that no matter what is 7(t),
system (2.1) satisfying Assumption 2.1 is asymptotically stable so long as
7(t) satisfies (2.2). Admittedly, it is a conservative result since it does not
carry enough information about 7. This will be shortly discussed.

Corollary 2.1: Subject to Assumption 2.1, the time delay system
(B5): #(t) = Az(t) + Agz(t — d)
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where d > 0 is an unknown constant delay is globally asymptotically stable
independent of delay if one of the following two equivalent conditions holds:

(1) There exist matrices 0 < P = Pt € %™ and 0 < Q = Q! € R*"
satisfying the ARI

PA + A'P + PAJQ AP+ Q < O (2.8)

(2) There exist matrices 0 < P = Pt € R"*" and 0 < Q = Qt € R**"
satisfying the LMI

PA+A'P+Q PAy
AflP —Q < 0 (2.9)

Proof: Follows from Theorem 2.1 by simply setting 7+ = 0.

Remark 2.2: By comparing the ARIs (2.3) and (2.8) using the same
system data, we find that A4Q;7'A44 > A,Q~1AY which means that a P
satisfying (2.3) is larger than the one satisfying (2.8).

Remark 2.3: By considering system (24.) in case the delay factor is
constant and the state-delay matrix Aqg € R™*™ can be factored into A4 =
Dy Fy where Dy € %9 and F; € R9*™ such that r(Aq) = ¢ < n. Instead
of (2.5), we choose a Lyapunov-Krasovskii functional of the form

Vis(ze) = ot(t) Pa(t) + tt_ 2'(0) FLRFz(0) do

for 0 < P = P! 0 < R = R! as weighting matrices. Following the procedure
of Theorem 2.1, it is readily seen that a sufficient condition for asymptotic
stability independent-of-delay amounts to the existence of matrices P and
R satisfying the LMI:

| PA+ A*P+ F{RFy PDy
Qu = [ Dép R < 0

The apparent benefit is that £ has dimension (n +¢) X (n + ¢) whereas the
corresponding matrix in (2.9) has dimension 2n x 2n which might provide
saving in computer simulation. This reduction in size should be contrasted
with the restriction imposed by factorization. On the other hand, the above
factorization would be useful in feedback control design of TDS by taking
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A4 = B F; where B € %™ as the input matrix. In this regard, we say
that the delayed state matrix lies in the range space of the input matrix

and hence it is accessible to the control input. Similar results are derived in
[12,165).

2.1.2 Example 2.1

Consider the following time-delay system

;e(t):[‘f _02]33(t)+[_g.3 Pé?z}m(t—T(t))

such that + < 7% and consider 7+ € [0.1,0.3,0.5]. First observe that the
system without delay is internally stable since A(A) = {—1, —2}. Using the
LMI-Toolbox, the solution of inequality (2.4) with @ = diag[l 1] is given
by

_ [o04912 04480] |,
P = | 04489 2.0849 | 7 =01

_ [o04574 04180 ,
Po= 04180 10415 |" 7 =03

_ [os032 05920]
P =" o500 22608 |* 7 =05

In case 7+ = 0.9, there was no feasible solution with the given data. However,
with @ = diag[0.2 0.2], a feasible solution is obtained as:

p _ | 01541 01653
~ | 01653 0.5590

Now suppose that

—0.45 —0.5
Ag = [ ~0.15 —0.1 }

and consider 7+ € [0.1,0.3,0.5,0.9] as before. The solution of inequality
(2.4) with Q = diag[1 1] is given by

P = 0.4826 0.4244
a 0.4244 2.1197

], F =0.1
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[ 05636 05628 .
P o= [0.5628 2.2182]’ 7" =03

0.5149 0.5128

_ + _
P = [0.5128 1.9912}’ T =05

With 7+ = 0.9 and Q = diag[0.2 0.2}, a feasible solution is obtained as:

p — [01511 01203
= | 01293 04721

A comparison between the results of the two cases when 7+ = 0.5 clarifies
the role of the delay matrix on the stability of the time-delay matrix.

Delay-Dependent Stability

In order to reduce conservatism in the stability analysis of TDS, we now
focus on a delay-dependent stability measure. This requires the following
assumption: '

Assumption 2.2: MA+ Ay) € C™.

Note that Assumption 2.2 corresponds to the stability condition when
7 = 0. Hence it is necessary for the system (2.1) to be stable for any 7 > 0.

Theorem 2.2: Consider the time-delay system (¥aq.) satisfying As-
sumption 2.2. Then given a scalar ™ > 0, the system (X4.) is globally
asymptotically stable for any constant time-delay T satisfying 0 < 7 < 7
if one of the following two equivalent conditions holds:

(1) There exist matriz 0 < X = X* € R"™*™ and scalars € > 0 and a > 0
satisfying the ARI

(A+ A)X + X(A+ Ag)t + T LXALAX + T a1 X AgALX
+7*(e + a)Agdl < 0 (2.10)

(2) There exist matriz 0 < X = Xt € R"*" and scalarse > 0 and a > 0
satisfying the LML

(A+A)X + X(A+ A + (e + a)Agdly, T XAY XA
TAX —(r*e)] 0 <0
T*Aa X 0 —(T*a)I
(2.11)
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Proof: (1) Introduce a Lyapunov-Krasovskii functional Va(z:) of the form:
Va(ze) = at(t)Px(t) + / / r1|zt(s) At Az (s)]dsdd
t—r

+ /t_T A—T+Gr2[x (8)AL A4z (s)]dsdo (2.12)

where 0 < P = Pt € ®**™ and r; > 0, rp > 0 are weighting factors. First
from (2.1) we have

o(t—1) = ()~ [ alt+ 000
= at) - / Ax(t + 0)do — OTAdx(t—'rJrO)dO (2.13)

Substituting (2.13) back into (2.1) we get:
i(t) = (At Ad)(t)— Ag { i OT Ax(t + 0)d0 + _OT Ar(t— 7+ a)de} (2.14)

Now by differentiating Va(z:) along the solutions of (2.14) and arranging
terms, we obtain:

. 0
Va(z) = z{P(A+ Ag)+ (A + Ag)tP)z — 22t P Ay / Ax(t+ 0)do

|

0
thPAd/ Agz(t — 7+ 6)do ~ / ri|zt(t + 0)A* Ax(t + 0)]do
+ rriat A Az + Troxt AL Aga(t)
0
- / ralat(t — 7 + 0) A4 Agz(t — 7 + 6)|d0 (2.15)
By applying B.1.1, we have
—2xt(t)PAd / Az(t + 0)do
<yt " [at () PAcAY Pa(t))do
0
+r1 [ [zt(t +0)A Az (t + 0)]dO
= 7r7 2t (t) PAa AL Px(t)
0
tr / [2(t + 0) At Az(t + 0)]d6 (2.16)
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Similarly

-2z (t)PAy _OT Agx(t — 74 0)d0 < 1ry'zt(t)PALAL Pa(t)

tra i[mt(t 1+ 0)AbAs(t — T+ 0)]d8 (2.17)
Hence, it follows from (2.15) and (2.16)-(2.17) that

Valz:) = z'|P(A+ Ag)+ (A+ AQ)tP +7r1AA + 1raAbAg
+ 17 PAGALP + Tr; PAY APz (2.18)

If Vo(z:) < Owhen z # 0, then z(t) — Oast — oo and the time-delay
system (Xg4.) is globally asymptotically stable. By defining r; = &~! and
re = a1, then it follows from (2.18) for any 7 € [0,7*] that the stability
condition is satisfied if

P(A+ Ag)+(A+ AQ)'P+1*(e +a)PALAGP + T e 1A' A+ a1 AN A4 < O

(2.19)
Premultiplying (2.19) by P~!, postmultiplying the result by P~! and letting
X = P~1, we obtain the ARI (2.10) as desired.

(2) By A.1, LMI (2.11) is equivalent to ARI (2.10).

Remark 2.4: The motivation behind expression (2.12) is purely techni-
cal in order to take care of some terms appearing in the Lyapunov derivative
later on. Note that while system (2.1) has initial value over [—7, 0], system

(2.14) requires initial date on [—~27,0]. In [5,13,17], alternative results are
derived using different approaches.

2.1.3 Example 2.2

A time-delay system of the type (2.1) has the following matrices

A [—13 “02]3;(0 , Ag = [_8_3 _0032}

We wish to examine its delay-dependent stability. For this purpose, we first
note that A(A + Ay) = {-0.7225, —2.4775} and hence Assumption 2.2
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is satisfied. Then, we proceed to solve inequality (2.11) using the LMI-
Toolbox. The result for € = 0.2, = 0.1 is given by

y | 03793 03954

=1 _03054 08844 | * T —02105

which means that the time-delay system is asymptotically stable for any
constant time-delay 7 satisfying 0 < 70.2105.

2.1.4 Stability Conditions of Discrete-Time Systems

Keeping with our objective, this section is dedicated to stability results of
discrete-time systems with state-delay. Essentially, the results are parallel
to those of section 2.1.1 but the mathematical machinery is quite different
and has its own flavor.

The class of linear discrete-time state-delay systems under consideration
is represented by:

(Bad): z(k+1) = Az(k) + Agz(k — 1) (2.20)

where £ € R" is the state, A € R**", A; € R™*™ are real constant matrices
and 7 is an unknown integer representing the amount of delay units in the
state. In the sequel, we derive stability conditions of system (24q).

Delay-Independent Stability

For system (¥44), we require the following assumption:
Assumption 2.3: |A\(4)] < 1

This implies that the free nominal matrix without delay has to be a
Schur-matrix, which is the discrete analog of Assumption 2.1. The follow-
ing delay-independent stability result is then established.

Theorem 2.3: Subject to Assumption 2.3, the time delay system (L44)
is globally asymptotically stable independent-of-delay if one of the following
lwo equivalent conditions holds:

(1) There exist matrices 0 < P = P* € R™*" and 0 < Q = Q* € R™*"
satisfying the LMIs

A'PA—-P+Q A'PAy 0
ALPA -Q A < 0
0 Ay —p-1
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AtPA; —Q < O (2.21)

(2) There exist matrices 0 < P = Pt € R™*™ and 0 < Q@ = Q! € R™*"
such that Q — AYPAq > 0 satisfying the ARI

A'PA — P + A'PAYQ ~ ALPA) I APA + Q < 0 (222)

Proof: (1) Introduce a discrete-type Lyapunov-Krasovskii functional Vs(z)
of the form:

Va(zr) = ot (k) Pz (k) + Z H0)Qz(6) (2.23)
O=k—1
where z; has a meaning similar to z; with respect to the discrete-time,
0<P=P e and 0 < Q = Q° € R™*™ are weighting matrices. By
evaluating the first-forward difference AVs(zk) = Va(zgs1) — Va(zk) along
the solutions of (2.20) and arranging terms, we get:

BVi@e) = [a'(k) ot(k - 1)] [x(z(f)f)] (2.24)

where

t _ t
Q = [APA P+Q AtPAy ] (2.25)

- ALPA —(Q — A4PAg)

If AV3(zr) < 0,when z # 0 then z(k) — 0 as k — oo and the time-delay
system (Xg4q4) is globally asymptotically stable independent-of-delay. From
(2.24)-(2.25), this stability condition is guaranteed if Q; < 0. By simple
rearrangement of (2.25) we obtain the LMI (2.21).

(2) In the same way, by A.1, ARI (2.22) is equivalent to LMI (2.21).

Remark 2.5: Sometimes it is argued that (2.21) is not in the standard
LMI format since it contains P and P~!. To overcome this delicate issue,
we apply the Schur complements again to express (2.21) as

-P+Q 0 A
0 -Q A} <0
A Ay P71

which can then be transformed via the matrix Ty = diag|I, I, P] to:
~P+Q 0 AP ]

0 ~Q AP | <0 (2.26)
PA  PAq P |
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The inequality is now a standard LMI in matrices P and Q.

2.1.5 Example 2.3

With reference to model (2.20), the following matrices are considered for
simulation

04 03 o2 -o02
4= [—a107} v Aa = [Qz-mi]

Observe that Assumption 2.3 is satisfied since A(4) = 0.55+50.0866, 0.55—
70.0866 € [0,1). Selecting @ = 0.3 I, we solve the LMI (2.26) to yield

p = 13.2129  -11.7458
~ | —11.7458  25.6601

Since P = P! > 0, then the system is asymptotically stable independent-of-
delay.

Delay-Dependent Stability

Now we focus on a delay-dependent stability which requires the following
assumption:
Assumption 2.4: |[MA+ Ag)| < 1.

Note that Assumption 2.4 corresponds to the stability condition when
7 = 0. Hence it is necessary for the system (1) to be stable for any 7 > 0.
It is the discrete version of Assumption 2.2,

Theorem 2.4: Consider the time-delay system (34q) satisfying As-
sumption 2.4. Then given a scalar 7* > 0, the system (34q) is globally
asymptotically stable for any constant time-delay v satisfying 0 < 7 < 7* if
one of the following two equivalent conditions holds:

(1) There exist a matriz 0 < P =Pt € R™*™ ande; > 0,62 >0, €3 >0
and g4 > 0, satisfying the ARI

(A+ A P(A+ Ag) — P+ 7*(e1 +e2)(A+ Ag)' P(A+ Ag) +
T3 AtAQPAdA + 7%e4 AZAZPAdAd <0 (2.27)
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(2) There ezist a matriz 0 < P = P* € R**™ and scalars €1 > 0, €2 > 0,
€3 > 0 and g4 > 0 satisfying the LML

T:i Yo
[rg Ta} <0 (2.28)

where

[ (A+A)'P(A+Ag) — P 7 (A+ Ag)t 7 (A+ Ag)t
Y= (A + Ag) —7*(e1P)? 0
T* (A + Ad) 0 —T*(€2P)—1
r(AtAL) T (ALAS)
0 0
0 0

—1*(eaP)! 0 ]

Ty =

Ty = (2.29)

0 “-T*(64P)—l

Proof: (1) Introduce a discrete-type Lyapunov-Krasovskii functional Vy(zx)
of the form:

1] k-2
Va(zi) = z'(k)Pa(k)+ Y. {1 Y. Oz'(j)A'ALPALANZ(5)}

O=~—71 Jj=k+6-1

0 k-2
+ {2, D Od()AGAPAANT())) (2.30)
O0=—7 j=k+f-7-1

where 0 < P = Pt € ®*" and p; > 0, p2 > 0 are weighting factors to be
selected. First, from (2.20) we have

zk-1) = z(k) - 20: Ax(k + 0)

O=—1
0
= z(k) — Y, Abz(k+0-1)
O=—71
0
- Z AgDz(k+0—7—-1) (2.31)
O=—1

Substituting (2.31) back into (2.20) we get:

a(k +1) = (A+ Ag)z(k) — Aaba(k) — Ag &a(k) (2.32)
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where

£1(k) = Ad i AAx(k+0—1)

O=—~r

&a(k) = Aa i Aglz(k+0—-1—-1) (2.33)

0=—7

Now by evaluating the first-forward difference AVy(zx) along the solutions
of (2.32)-(2.33) and arranging terms, we obtain:

0
LVy(zk) = —p1 Z Azt(k+0 - DNA'ALPAANZ(k + 6 — 1)

O=—1

0
— P2 Z Azt(k+0 -1 —1)ALALPAA Dk + 6 — 7 — 1)

o=—r

ot (k)[(A + A2)' P(A + Ag) — Plx(k)

— 2z (k)(A+ Aa)t PAaba(k) — 26§ (k) AG P Agéa(k)

€ (k) AL P AgL (k) + Tpalsat(k — 1) AL ALPAAgAa(k — 1)
rp1at(k — 1) AL A PAGANZ(k — 1)

— 2zt (k) (A + Aa)' PAgta (k) + &5(k) A5 P Aaa(k) (2.34)

-+

+ +

Note that application of B.1.1 yields
—22'(k)(A+ Aa)' PAskr (k) =
0
—2z!(k)(A + Ag)'PAqg Z ADz(k+6-1)

O=—1

< i S0 [ (R) A+ A P(A + Ada(k)

O=—1

0
+r1 > Dat(k+0 - 1) A ALPAGALT(k + 0 1)

O=—71

= izt (k)(A + Aa) P(A + Ag)z(k)

0
+r1 Y [Dat(k+0-1)A' A PEANT(t+0— 1)) (2.35)

O=—7

By the same way
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—22*(k)(A + Ag) PAgéa(k) =

0
~20t(k)(A + Aq)'PAs S AaDa(k+0—7—1)

O=—7

< et (k) (A + Ag) P(A + Ad)z(k)

0
+r Y, Ozf(k+0 -1 —1)A5APAALT(E+0 — 7 — 1)

O=—71

(2.36)

and
—2£1(k)AGPAsa(k) =

0 0
~2 Y ADH(k+0-1)A4PA; Y. ADaz(k+6—7—1)

O=—T1 f=—7

0
< 3! Axt(k 40 — 1) A ALPA AN (K + 0 — 1)
3

=~

0
+r3 Y Axt(k+0 -1 —1)AFAYPAANT(t+60 — T — 1)

O=—7

(2.37)

Hence, it follows by substituting (2.35)-(2.37) into (2.34) while letting p; =
14+7m —I—rg1 and pp =1+ r9 + 73 that

AVi(zk) z'(k)((A + Aq)* P(A + Ag) — Pla(k)
7ot (k)(A + Ag)  P(A+ Aa)z(k)
7ry o' (k)(A + Aa)' P(A + Aa) (k)
P10zt (k — 1)A* AL PAALx(k — 1)
TpQACI}t(k - 1)A:"1A&PA4A¢A:E(’C - 1)

&'(k) TI(P) &(k) (2.38)

o+

il

where

T(P) = [—Rél ‘szﬂ] (2.39)

E(k) = [2*(k) o'k -1 (2.40)
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and

Ry = (A+A)'P(A+ Ag) - P+1rTY A+ AQ)'P(A+ Ag)

+ 17 (A+ Ag) P(A+ Ag) + 71 ALALPALA

+ szAéAfiPAdAd (2.41)
Ry = ‘I‘plAtAfiPAdA + TpgAéAéPAdAd (2.42)

If AVy(k) < Owhenz # O, thenz(k) — Oask — oo and the time-delay
system (¥qq) is globally asymptotically stable. In view of (2.39)-(2.42), this
is guaranteed if TI(P) < 0. Observing that since R, > 0, then necessary
and sufficient conditions for [I(P) < 0 are:

R <0 , Ri — Ry <O (2.43)

By defining €1, = rl_l , €9 = 7"2"1 , €3 = p1 and €4 = po then it
follows from (2.39) using (2.41)-(2.43) for any 7 € [0,7*] that the stability
condition (2.43) corresponds to (2.27).

(2) A simple rearrangement of (2.27) yields (2.28)-(2.29).

Remark 2.6: In computer implementation, it would appear that the
LMI (2.28) is not jointly linear in €1,...,e4 and P. To overcome this
difficulty, we can employ a simple gridding procedure. First, we rescale
€37 =1,.,4 toget o; =¢€;(1+¢;)"' and observe that e; > 0 if and
only if o; € (0,1) . Second, we assign a uniform grid on each oj. For each
grid point of (o1, ...,04), we can search for a solution of (2.28) which is now
a standard LMI,

Remark 2.7: Little attention has been paid to the stability of discrete-
time systems with state-delay. We hope that the foregoing material fills up
this gap.

2.1.6 Example 2.4

With reference to model (2.20), the following matrices are considered for
simulation

04 03 [ 02 -02
A= [—0.1 0.7} » Aa = [0.25 -0.1]
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Observe that Assumption 2.4 is satisfied since \(A+A44) = {0.7225,0.4775} €
10,1). It has been found, using LMI toolbox, that the solution of (2.28)-
(2.29) is given by

P [ 63.3765 14.8446

14.8446 60.8363}’ 7 = 4.3138

which means that the system under consideration is globally asymptotically
stable for any constant delay 7 < 4.3138.

2.2 Robust Stability of UTDS

Here, we develop stability results for uncertain time-delay systems (UTDS)
using linear models. Again, we start by continuous-time systems and then
move to discrete-time systems. In view of the interlink between TDS and
UTDS, the material of this section draws heavily on those of the previous
sections. For analytical tractibility, we will limit ourselves to the case of
norm-bounded uncertainties. This is a valid point since the matched and
mismatched methods of representing uncertainties require information about
the input matrix which is not yet available.

2.2.1 Stability Conditions for Continuous-Time Systems
Consider the following linear model of UTDS:

(Zac): z(t) = (A+AA()z() + (Ad+ AA4(t))z(t —7)
= Aa(t)z(t) + Agaz(t — 7) (2.44)

where x € R" is the state, A € X", Ay € R**™ are real constant matrices
and 7 is an unknown time-varying delay factor satisfying (2.2). The uncer-
tain matrices AA(t) € R"*" and AA4(t) € R**™ are represented by the
norm-bounded structure (see section 1.3):

[AA(t) Ady(t)] = HARE Ed (2.45)

where E € ®°%" B, € ®F%" and H € R™** are known constant matrices
and A(t) € R**P is an unknown matrix of uncertain parameters satisfying

Aft) A(t) < I, vt (2.46)
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Delay-Independent Stability

A delay-independent stability result concerning the system (34.) is summa-
rized below:

Lemma 2.1: Subject to Assumption 2.1, the time delay system (Yac)
is robustly asymptotically stable independent of delay if one of the following
two equivalent conditions holds:

(1) There exist matrices 0 < P = P* € R™*™ and 0 < Q = Q! € R
with Q- = (1 — 7)Q and scalars v > 0,¢ > 0 such that Q- —v " E{E; > 0
satisfying the ARI

PA+ A'P+Q+ ¢ E'E +
Pl(e + V)HH! + Ag(Qr — v 1EYE)) ALY P <0 (2.47)

(2) There exist matrices 0 < P = Pt € R™*™ and 0 < Q = Q' € R™*"
with Q@ = (1 — 77)Q and scalars v > 0,e > 0,0 > 0, p > 0 satisfying the
LMIs

PA+ A'P+Q+uFE'E PH PH PA,y ]
H'P —ul 0 0 <o
H'P 0 -—pI 0
AP 0 0 —(Q—pELE) |
¢ _ € 1 v 1 ]
pEdEd QT <0 s i: 1 " ] = 0 ’ |: 1 p | > 0

(2.48)

Proof: (1) Consider the Lyapunov-Krasovskii functional Vi(z;) given by
(2.5) where 0 < P = Pt € ™™ and 0 < @ = Q' € R™*" are weighting
matrices. Now by differentiating Vi(z:) along the solutions of (2.44) with
some manipulations, we get:

Vi(i) < '(t) [PAa + AAP+ PAuaQ7 AP+ Qa(t)  (249)

To remove the uncertainty from (2.49), we use (2.45)-(2.46) and rely on
applying B.1.2 and B.1.3. The result for some v > 0,¢ > 0 is:

PAA(t) + AAY(t)P = PHAQ)E + E'AY(t)HP
< ePHH'P+¢'E'E (2.50)
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PlAq + AA(H)]|Q7 [Ad + AA4(t)]' P
PlAs+ HA()ELQ7 ' [Aa + HA()Eg'P <
VPHH'P + PAy(Q, — v~ ELE) 1 ALP (2.51)
Substituting (2.50)-(2.51) into (2.49), it becomes
Vi(ze) < o [PA+ AP+ Q +
Pl(e+v)HH' + € 1E'E + Ag(Q, — v 1ELE;) ALY Plz  (2.52)
If Vl(:nt) < O,when z # 0 then z(t) — 0 as t — oo and the time-delay
system (Xac) is globally asymptotically stable independent of delay for all

admissible uncertainties satisfying (2.46). From (2.52), this stability condi-
tion is guaranteed if inequality (2.47) holds.

A

(2) Applying A.1, it is easy to see that (2.47) and using the coupling
constraints € 4 = 1, p = 1 is equivalent to the LMIs (2.48).

Remark 2.8: Observe that the LMI conditions (2.48) are convex in the
variables P, u,p,¢,v. To check the feasibility of these conditions, one can
employ a multi-dimensional search procedure for y, p,¢,v and solve for P.
Alternatively, one can implement the following iterative scheme:

(1) Find P, Q, to; Pos €0, Vo that satisfy the inequality constraints (2.48).
If the problem is infeasible, stop. Otherwise, set the iteration counter k = 1.
(2) Find gk, p, €k, vk that solve the LMI problem

min ¢g = fig_1€ + €14 + Vk—_1P + Pr-1V
subject to LM Is (2.48)

(8) If ¢ has reached a stationary point, stop. Otherwise, set k «— k+1 and
go to (2).

Although the above scheme is heuristic, it has been found in practice
that it has a guaranteed convergence.

2.2.2 Example 2.5

Consider the following time-delay system

() = [[“13 ‘02]+[gﬂz5(t)[0.2 0.4]jz(2)
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w1253 208 +] 02 ] st osgee )

such that 7 < 7. First observe that the system without delay is internally
stable since A(4) = {—1,-2}. Using the LMI-Toolbox, the solution of
inequality (2.48) with Q = diag[1.8 1.8], ¢ = 0.3, v = 0.5 is given by

p_ [ 29930 2.3143
T | 2.3143 5.2018

Since P = Pt > 0, Lemma 2.1 is verified.

Delay-Dependent Stability

Reference is made to system (3a.) with (2.45)-(2.46). We invoke Assump-
tion 2.2 for (2.44) and in line with section 2.2.2 we express the delayed state
z(t — 1) in the form:

z(t — 1)

o(t) - / " b(t+ 0)do

=
= a(t) - / Aa(t + 0)z(t + 0)d0
0
- Ada(t +0)x(t — 7+ 0)do (2.53)
and thus the system dynamics become:
£(t) = (Aa(t) + Aaa(t))z(t) + Aaa()n(z:,t) (2.54)
where
0 0
n(@et) = ~{ [ Anz(t+ 0)do + / Agaz(t —7+0)d0)  (2.55)

The following result is an extension of Theorem 2.2,

Lemma 2.2: Consider the time-delay system (Xac) satisfying Assump-
tion 2.2. Then given a scalar 7* > 0, the system (Xg4.) is robustly asymp-
totically stable for any constant time-delay T satisfying 0 < 7 < 7 if one
of the following two equivalent conditions hold:
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(1) There exist matriz 0 < X = Xt € R**™ and scalars €, > 0,...,c7 > 0
such that (I —esHH®) >0, (I —esHH*) > 0 and (I — e7ELE4) > 0
satisfying the ARI

E(Pe, ) = P(A+ A+ (A+ AP+ e (E + Eg)'(E + Ey)

T es(1 + €5 )ez 'E'E + AY(I — es HHY) ' Al + e PHH'P
T e3(1+ €4)[eg ' BSEq + AY(I — ec HH®) 1Ay
T3 Ple; \HH + Ag(I — e7E4Eg) 1 AGP < 0 (2.56)

+ + +

(2) There exist matriz 0 < X = Xt € R™*" and scalars
aj > 0,...,a5 > 0 satisfying the LML

S(X)+ HLH' X(E+ Eg)t ™XM! 7N

(E+ E))X ~J1 0 0
MX o  -rp o | <0 @8
™ Nt 0 0 —7*J3

where

S(X) = (A+A)X +X(A+ A, ”h = aul
M = [A* E* A} Ei)', N=[A4 H|
Jo = diaglael — asHH asl,I — a3l — asHH, o4l]
J3 = diag|l - Ost,tiEd, asl| (2.58)

Proof: (1) Introduce a Lyapunov-Krasovskii functional Vs(z:) of the form:
Vs(x:) = x'(t)Pz(t) + W (z,t) (2.59)
0 ¢
Went) = [ al+ah) | llAa(s)a(s)|[*dsas
t+

-T

-7

+ /0 es(1+ 64)/tia [|Aga(s + 7)z(s)||%dsdd  (2.60)

where 0 < P = Pt € ®**" and €3 > 0,€e4 > 0 are scalars to be chosen. By
evaluating the time-derivative of V;(x:) along the solution of (2.54)-(2.55),
we obtain:

Vs(z:) = 2'(t)[P(Aa(t) + Aaa(t)) + (Aa(t) + Aaa(t)) Pla(t)
+ 2zt (t)PAYA ()0 (e, ) + W (e, t) (2.61)
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Application of B.1.1 yields:

2t ()PALL ()n(ze,t) < Teztal(t)PAga(t) Aa (t) Pa(t)
+ et Int (zh, t)n(as, t) (2.62)

for some scalar €g > 0. On the other hand, using B.2.1 gives:

nt(ze, n(zs,t) < 1+ /_ OTAA(t+9)x(t+9)d0]|2
b o(1+ed iAmU+TﬁU—T+@MW
< ) [ I14ae+ (e +0)Pas
+ 7(1+4€) _OT [|Aaa(t + T)z(t — 7 + 6)||2d0 (2.63)

for some scalar ¢4 > 0. Now turning to (2.60), we have:

W(ze,t) = 7es(l+ el Aa®)z ()]

+ 7es(l + €4)||Aaal(t + 7'):c(t)H2
1]
— e3(1+¢t) ] || Aa(t + 0)x(t + 0)||2d6

0
— e(l+e) [ |[Aaat+7)z(t—T+0)|°d0  (2.64)

By grouping (2.62)-(2.64) into (2.61) and arranging terms we arrive at:

Vs(z:) < 2'[P(Aa + Aaa) + (Aa + Aan)tP
+ Tez PAgaAALAP + Tea(1 + €5 ) AR An
4+ Te3(1 + ) AGa(t + T)Ada(t + 7))z (2.65)

Next we focus on the uncertain terms of (2.65). First, by inequalities B.1.2-
B.1.3, we get:

P(Aa + Agp) + (Aa + Aga)'P =

P(A+ A+ (A+ Ag)'P+ PHA(E + Eg) + (E + Ey)'A*H'P

< P(A+ A+ (A+ AP+ aPHH!P + 7 (E + E)'(E + Ey)
(2.66)
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(A+ HAE)(A+ HAE) < 5'B'E + A'(I —esHHY)™'A  (2.67)
(Aq+ HAE)' (Ag+ HAEY) < 5 ESEg + AY(I — e HHY) 244 (2.68)

P(Aq + HAE)(Ag+ HAEY)'P < Ples\HH® + Ay(I — exE5E) AL P
(2.69)
for any scalars €1 > 0, ...,€7 > 0 satisfying (I —es HH*) > 0, (I — esHH?) >
0,(I —e7EYE4) > 0. Finally, we use (2.66)-(2.69) in (2.65) and manipulating
to reach: '
Vs(z:) < 2 (t)ZE(Pe, 7)z(t) (2.70)
where
E(Pe1) = P(A+Ad)+(A+A))' P+ (B+ E)(E + Ea)

+ Tes(l+e7))[e5 ' B'E + ANl ~ es HHY) ' A| + s PHH'P

+ Te3s(1+eq)[eg ' ELEs + AY(T — e HHY) 1 Ay)

+ Te3 Ples'HH® + Ay(I — e7ESEy) 1 AP (2.71)
where € denotes (€1, ..., €7). In view of the monotonic nondecreasing behav-

ior of Z(P, ¢, 7) with respect to 7, the asymptotic stability is guaranteed for
0™

(2) By making the change of variables
P=g'P, a1 =ees, az=esl+eq)™?
a3 = 6564(1 + 64)_1 y Q4= 66(1 + 64)_1 , Op = €7 (2.72)
in (2.71), letting X = P! and arranging, we get:
E(X,e,7) = (A+A)X + X(A+ A)' + o' X(E + Ea)Y(E + Eg)X
+ 7X[az'B'E + At(aol ~ asHHY) 'AIX 4 oy HH!
+ X[ EYEs + AN — a3l — agHHY) 1 Ay
+ Tlag'HH + Ay(I — asELEy) "1 AY) (2.73)

In terms of (2.58) and applying A.1, inequality (2.73) is equivalent to LMI
(2.57).

Remark 2.9: Interestingly enough, Lemma 2.2 in the absence of un-

certainties H = 0, E = 0, E; reduces to Theorem 2.2 despite the slight
difference in the analysis. It draws heavily on the results reported in [46,78].
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2.2.3 Example 2.6

In order to illustrate the application of Lemma 2.2, we consider a time-
delay system of the type (2.44) with

Joo -2 —05] ., [o45 o0
A = [o 1]"4‘1‘{0 ~1]’”“[ 0 0.45]

o045 0 o045 0
E = [ 0 0.45}’]’7‘1“[ 0 0.45]

Using the software LMI to solve (2.57), it has been found that the system

is robustly asymptotically stable for any constant time-delay r < 0.3. It is
interesting to observe that A4 is unstable but A + Ay is stable.

2.2.4 Example 2.7

We consider the time-delay system
. _ -2 0 -1 0
z(t) = [ . _3 ] z(t) + [ 08 -1 }m(t—*r)

0.2 sint 0 0.2 cost 0
+ [ 0 0.2 sint } o(t) + [ 0 0.2 cost J z(t —7)

We first note that both A and A + A4 are asymptotically stable. Now we

identify
02 0 10 10
H‘[o 0.2}’1’7“[01]’&“[01]

Then we proceed to solve (2.57) using the software LMI. The result is that
the system is robustly asymptotically stable for any constant time-delay
T < 0.501.

2.2.5 Stability Conditions for Discrete-Time Systems

The class of discrete-time systems with state-delay and parameteric uncer-
tainties of interest is described by:

(Bag): z(k+1) = Aaz(k) + Asaz(k —7) (2.74)
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where z € R" is the state and 7 is an unknown time delay within a known
interval 0 < 7 < 7*, The uncertain matrices Aa € R™*® and Aga € RP*"
are given by:

[Aa Aan]=[A Ag)+ H A(k) [E E4
Atk)A(k) < I, Vk (2.75)

where A € RV 4y € RV, H € R E € R8%" and E; € RP*" are
known real constant matrices and A(k) € R**P is a matrix of unknown
parameters.

For ease in exposition, we restrict ourselves to the case of delay-independent
stability leaving the case of delay-dependent stability for the interested
reader to pursue.

Delay-Independent Stability

Lemma 2.3: Subject to Assumption 2.3, the time delay system (Yaq)
is robustly asymptotically stable independent-of-delay if one of the following
two equivalent conditions hold:

(1) There exist matrices0 < P=Pt € R™", 0<Q = Q* € R™*" and a
scalar € > 0, u > 0 such that Ay = Q — pEYEy > 0 and
Ao = P~1 — ¢ HH® > 0 satisfying the LMIs

~P+Q+uE'E pE'Ey At
nEYE -A A < 0
A Ad ~A2 ’

e 1

pEYE;—Q < 0, eHH' - P! < 0, -

> 0 (2.76)

(2) There exist matrices 0 < P = Pt € %" , 0< Q = Q' € R™*" and
a scalar € > 0 such that Ay = Q — e“lEfiE'd >0and Ao =P 1 —eHH! >0
satisfying the ARI

At(Ag — AAS1AY) A - P+ Q+ ¢ EE

+e BT — € By(Ag — ASAYAG) T EYE

+e 1B By(Ag — AGATT AL TTALAZTA

+e VAN Aa(Ag — AYASYAG)TIESE < O (2.77)
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Proof: (1) Introduce a discrete-type Lyapunov-Krasovskii functional Vg(z)
of the form:

k-1
Vs(zk) = ' (k)Px(k) + ) 2'(0)Qz(9) (2.78)
O=k—1
where 0 < P = P* € R™*" and 0 < Q = Q! € R™*" are weighting matrices.

By evaluating the first-forward difference AVs(zx) = Vs(zk41)—Vs(zx) along
the solutions of (2.74) and arranging terms, we get:

AVe(zx) = [Cﬂt(k) a'(k - T)] sy [ z(z(ﬁ),,.) ]
AL PAA —P+Q AL PA
fo = [ a AZiPAA _(Q “‘AA:}A‘;?AdA) :l (279)

If AVs(zx) < 0,when z # 0 then z(k) — 0 as k — oo and the time-delay
system (Xaq) is globally asymptotically stable independent-of-delay. From
(2.80)-(2.81), this stability condition is guaranteed if sy < 0. By the Schur
complement formula, we expand the inequality Qfs < 0 into:

-P+Q@ 0 A}
0 -Q Ay | <O
Aa Ada —p-1

for all admissible uncertainties satisfying (2.75). The above inequality holds
if and only if

-P+@Q 0 At 0
0 -Q Ay |+]| 0 |AK)E Eg 0]+
A Ay —P1 H
Et
E{ | AYk)0 0 HY <0 (2.80)
0
By B.1.4, (2.80) holds if for some ¢ > 0:
~P+Q+ ¢ 'EE ¢ 1EE, At
¢ 1ELE —(Q ~ ¢"1EYEy) Al <0 (2.81)
A Aqg —(P~' — eHHY)

Imposing the coupling constraint € 1 = 1 and letting A; = Q@ — pEE4 and
Ay = P~! —eHH' in (2.81) immediately yields the LMIs (2.76).
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(2)By repeated applications of A.1 to (2.76), we get:

~P+Q+ ¢ 'E'E+ A'A'A
(€T E By + APAF Ag) (A — A4S A (e EEEy + APAG Ag) < 0
(2.82)

Applying the matrix inversion lemma, to (2.82) yields ARI (2.77).
Had we considered the system
(Xap): z(k+1)=(A+ HAE)z(k) + Aax(k — 7) (2.83)
we would have arrived at the following result:

Corollary 2.2: Subject to Assumption 2.3, the time delay system
(Xap) is robustly asymptotically stable independent-of-delay if one of the
following two equivalent conditions holds:

(1) There ezist matrices 0 < P = Pt € ™" ,0< Q = Q' € R**" and a
scalar € > 0, u > 0 such that A = P~1 — e HH® > 0 satisfying the LMIs

~P+Q+pE'E 0 At

0 -Q A < 0
A Ay —A
eHH'— P71 < 0 (2.84)

(2) There exist matrices 0 < P = Pt € R**" , 0 < Q = Q' € R**" and a
scalar € > 0 such that A = P~! — eHH® > 0 satisfying the ARI

AH{P! — eHH" — Ay(P™ — cHH') ' 44} A
-P+Q+€¢'E'E < 0 (2.85)

Remark 2.10: It is important to observe that by suppressing the un-
certainties (H = 0, F = 0, E4 = 0), the uncertain system (2.74) reduces to
system (2.20) and consequently the ARI (2.22) can be recovered from ARI
(2.77). Note that in implementing either the LMIs (2.76) or (2.84), we can
rely on the iterative scheme described in Remark 2.8.
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2.2.6 Example 2.8

We consider the uncertain time-delay system of the type (2.74) with

0.1 0 -01 02 0 0
A = 1005 03 0 L, A4=] 0 =01 01
0 02 06 0 0 -02
[ 0.1
H = 0 |, E=[02 0 03], E;=[0.4 0 0.1
0.2

We first note that A(4) = {0.0906,0.31163,0.5931}, A(A + Aq) =
{-0.1074, 0.1393,0.468} and hence both matrices A and A + A4 are asymp-
totically stable. The result of implementing the iterative LMI-scheme is

06 0 O
Q = 0 06 0 |,e=0.3001
L 0 0 06
[ 42,4201 0.2656 1.55095
P = | 02656 43.0743 1.7880 |, p = 3.3396
| 1.5095 1.7880 48.9937

This result shows clearly that the system is robustly asymptotically stable
independent-of-delay.

2.3 Stability Tests Using Hy-norm

It is well-known that one fundamental property of the bounded real lemma
(see Appendix A) is that it relates the Heo-norm of a linear dynamical sys-
tem with an associated Riccati inequality (or equation , in the case of a
stabilizing solution). We will make use of such a nice property in providing
in the sequel a set of corollaries that characterize the asymptotic stability of
some TDS using Hoo-setting.

Corollary 2.3: Subject to Assumption 2.1, the time delay system

(X4c) is globally asymptotically stable independent of delay if the following
Hoo-norm constraint holds:

NQV2(sI — A) Y Ay Q7Yoo < 1 (2.86)
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Corollary 2.4: Consider the time-delay system (X4.) satisfying As-
sumption 2.2. Then given a scalar 7™ > 0, the system (X4.) is globally
asymptotically stable for any constant time-delay T satisfying 0 < r < 7
if there exists scalars € > 0 and o > 0 such that the following Hoo-norm
constraint holds:

(e + )3 (s — A — Ag)"Y(a) 244 ()"V2AY||oo < 1 (2.87)

Corollary 2.5: Subject to Assumption 2.3, the time delay system
(B4q) is globally asymptotically stable independent of delay if the following
Hoo-norm constraint holds:

Izl — A Aaflo < 1 (2.88)

Remark 2.11: The interesting point to note is that inequalities (2.86)-
(2.88) provide alternative computational methods for testing the stability of
TDS based on continuous-time and discrete-time models. It is significant
to observe that although (2.88) is obvious and straightforward, it has not
been reported elsewhere in the literature about TDS. Also, when the delay
is constant (7% = 0), (2.86) reduces to

[|(sI —A)™ Adlloo < 1

which has been reported before, see [49,53,70,106-107]. The reader should
take note of the striking similarity between (2.86) and (2.88).

2.4 Stability of Time-Lag Systems

The class of time-delay systems in which the delay factor is a predominantly
known constant is frequently called time-lag systems (TLS). The importance
of TLS emerges from the fact that both time-domain and frequency-domain
techniques are readily available for stability analysis. This section is devoted
to the stability study of TLS using a different mathematical tool. The class
of continuous-time TLS of interest has the form:

(Zie) : @(t) = (A+ AA)z(t) + (Aa + AAd)z(t — d) (2.89)

where d > 0 represents the amount of lag in the system and the uncertain
matrices A4 and AAy satisfy:
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Assumption 2.5: The uncertain matrices AA and AAy are bounded
in the form:

aAll < 8, |lAddl £ B (2.90)

where 3 > 0, 84 > 0 are known constants.
First, we suppress the uncertainties by setting A4 =0 and A4; = 0.
In this case, we obtain the nominal system:

(Do) : &(t) = Ax(t) + Agz(t — d) (2.91)
which has the characteristic polynomial
F(s)=sl — A —Age™? (2.92)
This motivates the classical definition [218] that system (¥ic,) is asymptoti-
cally stable independent of delay if and only if
det{s] — A —Aqe™}#0, VYseCy, Vd>0 (2.93)

Since the eigenvalues of F(s) = 0 are simply those of the matrix (4 —
Ag e=%), that is

s = MNA+ Adae™®), j=1,..,n (2.94)

Therefore, an equivalent statement to (2.93) would be that the roots of (2.94)
lie in the open left half complex plane. There are several methods by which
one can characterize the stability conditions for system (¥;.,). One method
is given below:

Lemma 2.4: System (¥co) is asymptotically stable z'ndepéndent of delay
if
1 = p(A) + [|4dl] < 0 (2.95)
Proof: Let s = a+ jw be a root of (2.94) and assume o = Re s > 0. By
observing that u(A) < ||A|| (see section 1.1.1), it follows that:

Re \j(A + Age®)

w(A) + p(Age™ %)

u(A) + ||(Age™3%)||e=

w(A) + ||44l] < O (2.96)

Il

«x

INIAIA

which contradicts the assumption o > 0 and concludes the result.
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It is readily seen that (2.95) is a very simple method to evaluate stability
albeit its conservatism as it does not carry any information on the amount
of lag d. This means that failing to satisfy (2.95) does not mean that sys-
tem (2.91) is unstable. One way to relax this conservatism is to stretch the
effect of the part u(Ade‘jd“’)e"d“. By adopting another route of analysis,
one seeks criteria that incorporates information on the amount of lag. Such
a result can be obtained as follows [39-41].

Lemma 2.5: Consider system (i) such that 61 > 0. Let &g =
u(—3A) +||Agl|. Then the following condition

Re Mj(A+ Age™) <0, j=1,.,n (2.97)
assures the stability of system (Xico) in the region given by:

s=jw, 0<w<d
s=0 +jw, 0Lw<Lh
s=r+3j0, 0Sw<h

where j := v/ —1.

Observe that Lemma 2.5 includes information on the size of the lag
(delay) hence it represents some sort of delay-dependent stability condition.
Eventually, the result amounts to enlarging the region for which system
(Zico) remains stable.

Recall that both Lemma 2.4 and Lemma 2.5 give sufficient conditions
for stability. The following result rectifies this shortcoming. It relies on some
known results from complex analysis (23], namely:

(1) The real and imaginary parts of an analytic function in some domain
D, are harmonic functions which are characterized by satisfying Laplace
equations.

(2) The maximum value of a harmonic function on a closed set D, is taken
on the boundary of D..

Theorem 2.5: System (2.91) satisfying Assumption 2.1 is asymptot-
ically stable independent of delay if and only if

(a) p((Jwl -A)t4y) <1, VYw>0

TLFeBOOK



2.4. STABILITY OF TIME-LAG SYSTEMS 57

and either
(b) p(A14) < 1, or
(c) p(A7144) = 1, det(A+ Ag) #0

Proof: (=) Suppose that Assumption 2.1 holds and let By(s) :=
(sI—A)~1Aqg. Ttfollows that By(s) is analytic on C and so is By(s)e™? Vd >
0. Since p(Ba(s)e?*) is a subharmonic function on Cy., it follows that

sup p(Ba(s)e™®) = supp(Ba(jw)e ™)
seCy w>0

= supp(Ba(jw))
w20

with the maximum occuring on the boundary of Cy. Thus conditions (a)
and (b) assures that p(Bg(s)e™®) < 1 Vs € C; ,¥d > 0. In turn this
leads to (2.93). On the other hand, conditions (a) and (b) imply that
p(Ba(s)e™%) < 1 Vs € C4 ,s # 0, Vd > 0 which again leads to (2.93) for
all d > 0 and for all s € Cy ,s # 0. Note that condition (c) ensures that
(2.93) holds at s = 0. This means that system (2.91) is asymptotically stable.

(«) Since the asymptotic stability independent of delay of system (2.91)
implies that A(4) € C™, it suffices to show that conditions (a)-(c) are nec-
essary. Suppose that p(Bg(jw)) = 1 for some w > 0. This means that
for some a € [0,27], A\(Ba(jw)) = €. Take d = a/w. It follows that
det(I — By(jw)e3%) = 0 which violates (2.93) at both s = jw,d = a/w.
This means that system (2.91) is not asymptotically stable independent of
delay. In the same way, when p(Ba(jw)) > 1 for some w > 1 or p(Bg(jw)) <1
for w = 0 it is easy to see that for some w, € (w,00) that (2.93) is violated.
Hence, the necessity of conditions (a)-(c) follows.

1t is readily seen from the foregoing analysis that an alternative sufficient
stability condition would be

p((wl — A)"1Ag) < 1, Yw>0 (2.98)

for which there exists efficient computational methods [3,4].

TLFeBOOK



58 CHAPTER 2. ROBUST STABILITY

2.4.1 Example 2.9

Consider system (2.91) with

0 1 0 0 -0.05 0.005 025 0
4| 0 0 1 0 A, | 0005 0005 0 0
10 o o o0 |'“dT 0 0 0 0
-2 -3 -5 -2 -1 0 -05 0

A simple computation shows that A is asymptotically stable since A(A) =
{-0.6887+41.7636,0.311310.6790}. However, it can easily verified that the
system is not asymptotically stable independent of delay since u(A)+||A4|| =
5.8290 which contradicts Lamma 2.4 and p(A~1A4) = 1.2453 which vio-
lates condition (b) of Theorem 2.5.

Next, we direct attention to the uncertain system (2.89). It has the
characteristic polynomial

Fals)=sI — (A+AA) — (Ag+ AAy) e
Obviously s is a solution of Fa(s) = 0 if and only if s = (A + AA) +
(Ag + AAg)e%*). In this regard, we say that system (2.89) is robustly
asymptotically stable if we consider the worst case in which

03 := p(A) +[|Aal| + B+ Ba <0 (2.99)

Again, (2.99) gives a delay-independent condition such that the stability is
assured for any value of 7. Let us consider the worst case in which d3 > 0.
Extending on Lemma 2.4 and Lemma 2.5 we obtain the following results:

Lemma 2.6: Consider system (¥.) subject to Assumption 2.5 such
that 83 > 0. Let 64 := u(—jA) + ||Agl| + B + Ba. If

det {sI - (A+AA) - (Aa+ AAe™®}#0, VseCy, Vd20 (2100)

for all admissible uncertainties satisfying (2.90), then system (2.89) is ro-
bustly asymptotically stable.

Proof: We start by the characteristic equation s = A;j((4A + A4) —
(Aa + AAg)e%%) and assume that it has a solution s = a + jw such that
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Re s = a > 0. We have

Im Aj((A+ AA) + (Ag+ Adg)e™™)

p(—=j(A+ AA)) + p(~j(Aa+ AAg)e™®)

w(=3A) + p(=jAA) + || - j(Aa+ Ada)e™ |

w(=3A) + B + ||Adl| + ||AAglle

H(A) + B + ||AAdll + Ba

64>0 (2.101)
Re Aj((A+ AA) + (Ag + AAg)e™®)

p((A+ AA) + (Ag + AAg)e®)

p((A+AA4)) + u((Az + Adg)e™®)

w(A) + p(AA) + |[(Ad + AAg)e™|

n(A) + B + Ba + ||Adl|

83> 0 (2.102)

w

TOIA A A IA I

OIA A A A

which is a contradiction of the initial claim and thus proves the lemma.

Lemma 2.7: Consider system (%) subject to Assumption 2.5 such
that 63 > 0. Then the following condition

#(A) + B+ Ba+ p(Aze™®) <0 (2.103)
assures the robust stability of system (¥.) in the region S given by:

s=jw, 0<w<dy,,
s§=01+jw, 0<w<dy
s§=r+j0g, 0Sw<d

Proof: Since

Re Aj((A+ AA)+ (Aqg + AAg)e™™)

#((A+ AA)) + u((Ag + AAd)e™)

w(A) + p(AA) + p(Aae™) + p((Ada)e™?)
w(A) + B + Bu + p(Age®)

VAN VAN VAN A

0 (2.104)

and from the properties of harmonic functions, it follows that the maxi-
mum value of A;((A + AA) + (Aq + AAdg)e?%) is located along the sides
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of the region S. By (2.104) and the fact that Re s > 0, it follows that
Ai((A+ AA) + (Aq + AAg)e™?) has no roots in S and in view of Lemma
2.6 the proof is completed.

For sake of completeness, we develop some results for a class of discrete
time-lag systems of the form:

(Su): ok +1) = (A+AA)ak) + (Ad+ Adg)e(k — d) (2.105)

ladl < ¢, llAddl < G (2.1006)
System (¥iq) has the pulse-transfer function:
Fan(z) = zI — (A+ AA) — (Ag+ AAg)z¢ (2.107)
The nominal discrete time-lag system is described by:
(Biao) 0 z(k+1) = Az(k) + Agx(k — d) (2.108)
and its nominal pulse-transfer function is given by:
Fanolz) = 2I — A — Agz™ (2.109)

Unlike the continuous counterpart Fa(s), Fqa(z) and hence Faao(z) rep-
resent finite polynomials for a given d > 0. System (¥;4,) is said to be
asymptotically stable if and only if

|det (zI — A — Agz™) # 0, V2| > 1 (2.110)

Extending on this, we establish the following result:

Lemma 2.8: System (X,4) is robustly asymptotically stable for all ad-
missible uncertainties satisfying (2.108) if

()] + |n(42) + (+4a < 1 (2.111)

Proof: Assume that there exists a solution of Fga(z) = 0 such that |2] > 1.
We have

INj(A+AA)+ (Aa+ AAL)z"Y

[N (A4 AA)| + |Ni((Aq + AAd)z‘d)]

(A + AA) + |u((Aa+ AAs)z™)|

lu(A)] + |(AA)] + ||(Aa + Ada)z~4]

l(A)] + (A4 + || Aaz"| + [|Adaz™|

(A +Ad) + ¢+ < 1 (2.112)

i

E

ININ N IA DA
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which contradicts the claim that |z| > 1 and hence the lemma is proved.
By setting AA = 0, AA4 = 0, we specialize Lemma 2.8 to:

Corollary 2.8: System (5i40) is robustly asymptotically stable if
(Al + |u(da)l < 1 (2.113)

Remark 2.12: An alternative result is given in [38].

2.5 Stability of Linear Neutral Systems

In this section, we direct attention to the stability of neutral functional
differential equations (NFDE) with focus on linear systems. With reference
to section 1.1, we consider the following class of linear NFDE with parametric
uncertainties:

(Ban): #(t)—Di(t—7) = (A+AA)z(t)+ (Ag+ Adg)z(t —7)
= Aaz(t) + Aaaz(t — 7) (2.114)
z(to+n) = ¢(n), VYne[-70] (2.115)

where £ € R" is the state, A € R**" and Ay € R™*™ are known real constant
matrices, 7 > 0 is a constant delay factor, (t,¢) € R xCp —r and A4 € R**"
and AAy € R™*™ are matrices of uncertain parameters represented by the
norm-bounded structure (2.45):

For system (Xan), we assume that:

Assumption 2.6: |A\(D)| < 1

Note that model (2.114) is continuous-time and Assumption 2.6 gives a
condition in the discrete-time sense. Now we establish the following stability
result:

Theorem 2.6: Subject to Assumption 2.1 and Assumption 2.8, the

linear neutral system (Yan) is robustly asymptotically stable independent of
delay if the following conditions hold:

(1) There exist matrices 0 < P = Pt € R**" , 0 < § = S* € R™*" and
0 < R= Rt € ™" and scalars € > 0,p > 0 satisfying the ARI

PA + A'P + (e+p)PHH'P+p 'EE"' +
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[P(AD + Ag) + SDI|[R — e (D' E*ED + E4Eg)|™
[P(AD + A3) + SDI*+S < 0 (2.116)
(2) There exist matrices 0 < S = St € R™*™ and 0 < R = R! € R**"
satisfying the Lyapunov equation (LE)
D!SD-S+ R=0 (2.117)
Proof: Introduce a Lyapunov-Krasovskii functional Vz(z:) of the form:
Vi(ze) = [2(t) - Da(t - )| Plz(t) — Dz(t - 7)]
0
+ zH(t + 0)Sz(t + 0) db (2.118)
Observe that Vz(x:) satisfy
Am(P)rt < Va(r) < [Mm(P)+ mAm(S))r? (2.119)
By differentiating V7(x:) along the solutions of (2.114) and arranging terms,
we get:
Vi(z:) = [Aaz(t) + Auaz(t — )] Pla(t) — Dx(t —7)|
+ [z(t) — Dz(t — 7)|*PlAaz(t) + Aaaz(t — T)]
+ xtSz(t) — z(t — 7)Sz(t — 7) (2.120)
Algebraic manipulation of (2.120) using the difference operator M(x;) :=
z(t) — Dz(t — 7) and arranging terms, yields:
Vi(ze) = M(ze)[PAa + ALP + S|M(z:)
+ MY(z)[PAD + SD + PAgalz(t — 1)
+ zt(t — 7)[D'A'P + D'S + Ay PJM(z¢)
+ a(t —7)|D'SD — Slz(t — ) (2.121)
In view of (2.117) and completing the squares, we get:
Vi(z,) = MYz;)[PAr+ ALP+S
4+ (PAAD + 8D+ PA4a)R™Y(PAAD + SD + PAan ) \M ()
~ [(D*ASP + A4 P + DS)M(zs) — Ra(t — 1)'R™?
(DAL P + A5 P + DS)M(z¢) — Rz(t — 7))
< MH(zy)[PAr+ ALP+S
+ (PAAD + SD + PAga)R-Y(PAaD + SD + PAgn )M (z:)
(2.122)
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By Lyapunov-Krasovskii theorem (see Appendix D), it is sufficient from
(2.119) and (2.122) to conclude that system (Xar) is robustly asymptotically
stable if:

PAr +AAP+ S+
(PAAD + SD + PAga)R™Y(PAAD + SD + PAaa) <0
(2.123)

for all admissible uncertainties satisfying (2.45). Using B.1.2, B.1.3 and
(2.45), we get for some scalars € > 0,p > O:

PAa + AAP < PA+ A'P+ pPHH'P + p™'E'E (2.124)

(PAAD + SD + PAga)R™Y(PAAD + SD + PAgp)t < ePHH'P +
[P(AD + Ag) + SD]|R — ¢ Y(D*E*ED + ELE4)| " [P(AD + Ag) + SDJ*
(2.125)

Substituting (2.124)-(2.125) into (2.122) yields ARI (2.116) such that S and
R satisfy (2.117). This completes the proof.

By converting Theorem 2.6 into an LMI feasibility problem using the
Schur complements, we obtain the following result:

Corollary 2.7: Subject to Assumption 2.1 and Assumption 2.6, the
linear neutral system (Xan) is asymptotically stable independent of delay if
there exist matrices 0 < P = Pt € "™ 0 < S = 8t € R**" and scalars
€ > 0,p > 0 satisfying the LMIs

PA+ A'P +p~EE! PII P(AD + Ag) ]
+ePHH'P + S +SD
H'P —p~ 0 <0
(DA + Ab)P B
+DtS 0 J

DISD -8 < 0

D!SD-S D'Et Ej |
ED —el 0 < 0
Ed 0 —el

(2.126)
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where

J = D'SD — S + ¢ {(D'EED + E}Eq)

On the other hand, by suppressing the uncertainties E =0,H =0,E; = 0
in system (2.114), we get the system:

(Lano): z(t) —Di(t—7) = Ax(t)+ Az(t—171) (2.127)
z(to+n) = ¢(n), Yne[-70 (2.128)

for which the following hold:

Corollary 2.8: Subject to Assumption 2.1 and Assumption 2.6, the
linear neutral system (Y ano) is asymptotically stable independent of delay if
the following conditions hold:

(1) There exist matrices 0 < P = Pt € ®™*" , 0 < S = St € R"*" and
0 < R = Rt € R™*" satisfying the ARI

PA+ AP+
[P(AD + Ag) + SDIR™YP(AD + Ag) + SDJf + S < 0 (2.129)

(2) There exist matrices 0 < S = St € R™*™ and 0 < R = Rt € ™"
satisfying the Lyapunov equation (LE)

D!SD - S+ R= 0 (2.130)

Corollary 2.9: Subject to Assumption 2.1 and Assumption 2.8, the
linear neutral system (Y ano) 18 asymptotically stable independent of delay if
there exist matrices 0 < P = Pt € R"*™ and 0 < S = St € R™*™ satisfying
the LMIs

PA+A'P+S  P(AD+ Ag)+SD
(DAt + AL)P + DS D!SD-S

D!SD - S < 0 (2131)

< 0

Remark 2.13: It is important to mention that Corollary 2.7 and
Corollary 2.8 recover the results of [122]. Interestingly enough, by delet-
ing the matrix D in the linear neutral system (2.114) we recover the linear
retarded system (2.43) and hence the results of Theorem 2.5 and Corol-
lary 2.7 reduce to those of Lemma 2.1,
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2.6 Stability of Multiple-Delay Systems

In this section, we extend some of the stability results of sections 2.1 and
2.2 to the class of uncertain time-delay systems containing several delay
factors. For simplicity in exposition, we divide our efforts into multiple-
delay continuous-time systems (MDCTS) and multiple-delay discrete-time
systems (MDDTS). The class of MDCTS of interest is modeled by:

Zame): () = (A+AAQ)z(t) + (Aar + AAa(t))z(t — 1)
+ e+ (Ads + AAgs(t))z(t — 75)
= Aa(t)z(t) + Z Aaazr(t — 1) (2.132)
j=1

where z € R" is the state, A € R™*", Ay; € R***;j = 1,..,s are real
constant matrices and 7;; j = 1, .., s are unknown time-varying delay factors
satisfying

0 < 7(t) <713, 0< 7)) <74 <1 Vie(ls) (2.133)

where 72,757, = 1, ., 5 are known bounds. The uncertain matrices AA(t) €
R™*™ and AAg;(t) € R™*™ are represented by:

AA(t) = HA(t)E , AAdj(t) = HAj(t)Edj R Vj e [1,8] (2.134)

where E € ®°%", Ey4 € %" and H € R™*® are known constant matrices

and A(t) € %P is an unknown matrix of uncertain parameters satisfying
AYR)AR) < I, AYt) M) < I, YVt Vjell,s) (2.135)

The corresponding MDDTS under consideration has the form:
(Zama): z(k+1) = Aaz(k)+ Aaarz(k — 1) + oo + Adasz(k — 75)
Apz(k) + Z Aanjz(k — ;) (2.136)

J=1

Il

where z € R" is the state and 7; are unknown integers representing the
number of delay units in the state. The uncertain matrices Ax € R™*" and
Aaaj € RPX™ are given by:
Arn = A+ HAK)E
AdAj = Adj +H AJ(k) Edj , V_] S [1,8] (2137)
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where A € R™", Ay € R™™, H € R, E € RF*" and Ey4 € R
are known real constant matrices and A(k) € ®**# is an unknown matrix
satisfying

Af(k) Alk) < I, AYk)Ajk) < T, Vk, Viell,s] (2.138)

Due to the strong similarity between models (2.44) and (2.132) in the contin-
uous case and between models (2.74) and (2.136) in the discrete case, we are
not going to repeat the stability analysis hereafter. Rather, we will present
the main results in a sequence of corollaries without proof.

To study delay-independent stability of system (2.132), we consider the
Lyapunov-Krasovskii functional Vs(z:):

Va(z:) = 2t (t)Pz(t) + Zs: /tt (0)Q;x(0) do (2.139)
=17t

where 0 < P = P* € ®*" and 0 < Q; = Q% € R™™j = 1,...,s are
constant weighting matrices. It is easy to see that Vg(z¢) is a natural gener-
alization of Vi(z;).

Corollary 2.10: Subject to Assumption 2.1, the time delay system
(Zac) is robustly asymptotically stable independent of delay if there exist
matrices 0 < P = Pt € ™" and 0 < Q; = Q§ € R 4 =1,...,8 with
Qr, = (1- T]-J')Qj and scalars € > 0,v; > 0 such that Qr; — VJTlEfijEdj >
0,7 =1,...,s satisfying the ARI

PA+ AP+ Qi+ 'E'E+
i=1

P l(e+v))HH' + Agi(Qr; — vj ' EG Egj) T AP < 0
j=1

(2.140)

On the other hand, when studying delay-dependent stability we use the
Lyapunov-Krasovskii functional Vg(z:) of the form:

Vo(z:) = mt(t)Pm(t)ﬁ—i:Wj(a;t,t) (2.141)

j=1
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Witont) = [ res+ed) [ Malo)o(s)ldsds

t
4 / reai(1+ €a5) /t lldas(s +7)a(s)]Fdsds (2.142)
- +

where 0 < P = P* € %™ and €3; > 0,€eq; > 0 are scalars to be chosen.
Again, (2.141)-(2.142) is a generalization of (2.59)-(2.60).

Corollary 2.11: Consider the time-delay system (¥ac) satisfying As-
sumption 2.2. Then given a scalar 7* > 0, the system (5qc) is robustly
asymptotically stable for any constant time-delay 75,5 = 1,..,s satisfying
0<T1 < 7' if there exist matriz 0 < X = Xt € R"*® and scalars €1 >
0,€3; > 0,. €7_7 > 0;j =1,..,s such that (I —es; HH®) > 0, (I—es; HH') > 0
and (I — 67JEdJEdJ) > 0 satisfying the ARI

E(PeT]) = A+2Ad3)+(A+2Ad,)tP+elPHHt

Jj= J”
+ gYE+ Z Eg) (E + Z Eg)
j=1 Jj=1
+ ries(l+ g es 'E'E+ AN - s HH') A

S
+ Z {‘r]’-*egj(l + €45 [66] EdJEd, + A} (1 — e HH") 1AdJ]}
Jj=1

+ S {re} Pl ] HH' + Ag(I - er; By Ey) ™ Aly| P}

J=1
< 0 (2.143)

In the discrete-time case, we use a discrete-type Lyapunov-Krasovskii
functional Vio(z) of the form:

Violw) = d0Pa() + 3 3 20)Q(@) (2144

3=10=k—7;
where 0 < P = P* € R"*" and 0 < Q; = Q% € R™*™;j = 1,..., s are weight-
ing matrices. It is needless to stress that (2.144) is just an extension of (2.79).

Corollary 2.12: Subject to Assumption 2.3, the time delay system

(Xadq) is robustly asymptotically stable independent-of-delay if one of the
following two equivalent conditions holds:
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(1) There exist matrices 0 < P = Pt € ®**™ |
0<@j= Q; € ™™ j=1,...,s and scalars € > 0,695 > 0;j = 1,..., 8 such
that Q; — eQ‘jIEfijE'dj > 0;j=1,...,s satisfying the ARI

At {P“l —eHH' = e HH + A4i(Q; — Eﬁ_lE‘ngdj)—lAéj]_l} 4

=1
~P+ ¢ EBE+Q <0 (2.145)

(2) There exist matrices 0 < P = Pt € {*n |
0<Q;=QLeR™™j=1,..,5 and scalars €1 > 0,25 > 0;j = 1, ..., 5 such
that

Aj= [(e1 + ZEQJ’)I/QI'I zAdj(Qj — ez'lefijEdj)_l/Z]
=1 =1

satisfying the LMls

=18
A'PA-P+Q  A'PA; E!
ALPA ~(I+ AR 0 <0
E 0 *61[

EgleéjEdj—Qj < 0 (2.146)

Remark 2.14: Despite the fact that corollaries (2.9)-(2.11) are basi-
cally stated for UTDS, it is a straightforward task to retrieve the results of
TDS in section 2.1 by simply setting H =0, E =0, Eg; =0, ..., F4, = 0.

2.7 Stability Using Lyapunov-Razumikhin Theo-
rem

As we mentioned at the beginning of this chapter, we can use the Lyapunov-

Razumikhin Theorem as the main stability tool in the function space. Had

we followed this route, we would have started with a Lyapunov-Razumikhin
function of the form:

Vi(z(t)) = z'(t)Pz(t), 0<P =P (2.147)

where V11(z(t)) possesses the properties stated in Appendix D. First a delay-
independent stability result is summarized below:
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Lemma 2.9: Subject to Assumption 2.1, the time delay system (2.44)-
(2.46) is robustly asymptotically stable independent of delay if one of the
following two equivalent conditions holds:

(1) There exist a matriz 0 < P = Pt € R**" and scalars
v>0,¢>0,a> 0 such that aP — v~ EYEy > 0 satisfying the ARI

PA+ A'P+ (e+v)PHH!'P + ¢ 'EE
PAy(aP — v IELE) 1AL P+ aP <0 (2.148)

(2) 0 < P =Pt e R and scalars v > 0,€ > 0, > 0 satisfying the
LMIs

PA+A'P+aP+ ¢ 'E'E PH PH PAy
HtP -7 0 0 < 0
H'P 0 —p~1 0
ALP 0 0 —(aP-vlE{Ey)
VIEYE;—aP < 0
(2.149)

Proof: (1) By evaluating Vi along the solutions of (2.44) and applying the
Lyapunov-Razumikhin theory (see Appendix D) for some o > 0, we get:

Vii = 2} (t)[PAa + AL Plo(t) + ot(t — 7)A4a P(t) + o' () PAgaz(t — T)
o' (t)[PAa + Ay Plz(t) + z*(t — 7)Abp Pz(t) + ot (t) PAanz(t — T)
zt(t — 7)Px(t — 7) — &(t — 7)Px(t — 7)

o' (t)[PAa + AL P + aPl(t) + z'(t — 1) Aba Pz(t)

+ 2'(t)PAaaz(t — 1) — 2t (t — 7)Px(t — 7) (2.150)

AN +

Inequality (2.150) can be expressed in compact form as:

Vi = X'()¥(P)X(t)
X@) = [g'e) a'(¢-7)
PAA+AtAP—I—aP PAga

‘IJ(P) = AfiAP —aP

(2.151)

Stability of system (2.44) follows if ¥(P) < 0. Using the Schur complements,
the latter condition corresponds to:

PAp + ALP+ PAga(aP) P A%AP +aP <0 (2.152)
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In line with Lemma 2.1 and using inequalities (I.2) and (1.3) in (2.152), we
get for some v > 0,¢ > 0:

PA+ A'P+ (e+v)PHH'P + ¢ 'E'E
PAy(aP — v 'ELE)TAYP +aP <0 (2.153)

which corresponds to (2.148).
(2) Follows from application of the Schur complements.

2.7.1 Example 2.10

In order to demonstrate Lemma 2.9, we consider the following data:

-5 0 -1 0 1
A:[o —2]"4‘1:[—1 —1}’H:{0.5]
E = [01 02], E;=[0.2 0.1]

By properly manipulating the variables to guarantee the convexity require-
ment of the LMI solution, it is readily seen that we should deal with «, vl
¢! as the unknown quantities in addition to P. The result of computer
simulation using LMI Control software is then given by:

p— 8.2585 0.6234
| 06234 2.8243

] , €=182805, v =18.3221, o= 0.6002

Corollary 2.13: Subject to Assumption 2.1, the time delay system
(2.1) is robustly asymptotically stable independent of delay if one of the fol-
lowing two equivalent conditions holds:

(1) There exist a matriz 0 < P = Pt € R**™ and a scalar a > 0 satisfying
the ARI
PA+ AP + PAg(aP) ' A4P 4+ aP <0 (2.154)

(2) There exist matrices 0 < P = Pt € R**" ,0 < R = R' € R™*" and a
scalar o > 0 satisfying the LMIs

PA+ AP+ aP PAg

ALP -R

R>0, R-aP < 0 (2.155)

< 0

Remark 2.15: It is significant to observe the close similarity between
ARIs (2.47) and (2.148). In particular, replacing the weighting matrix Q by

TLFeBOOK



2.8. STABILITY USING COMPARISON PRINCIPLE 71

aP in (2.47) automatically yields (2.148). A simple interpretation for this is
that the functional Vi(z:) has a penality term on the delayed state whereas
the term aP is brought about to substitute the effect of the delayed state
and hence meet the requirement imposed on Vi(z¢). Evidently there is an
element of compromise here. One theorem allows for a treatment of the de-
layed state a priori and the other theorem deals with the delay a posteriori,
In general, the application Lyapunov-Krasovskii theorem to TDS is quite di-
rect but requires a lot of effort in constructing the functional. Alternatively,
the function in Lyapunov-Razumikhin theorem is rather standard but some
lengthy algebra is usually needed to satisfy its conditions.

Had we adopted the dynamic model (2.15) to represent the time-delay
system, we would have achieved the following result:

Corollary 2.14: Consider the time-delay system (54.) satisfying As-
sumption 2.2. Then given a scalar 7* > 0, the system (X4c) is globally
asymptotically stable for any constant time-delay T satisfying 0 < 7 < 7*
if one of the following two equivalent conditions holds:

(1) There exist matriz 0 < X = Xt € R"*" and scalars € > 0 and a > 0
satisfying the ARI

(A4 A)X + X(A+ Ag)t + 7 T AaAX At Ay
+7r*a Y AP X (A2 + (e + )X <0 (2.156)

(2) There exist matriz 0 < X = Xt € R"*™ and scalars € > 0 and a > 0
satisfying the LML

(A+A)X + X(A+ A+ 7 (e + )X T AAX 7(42)*X
T*X ALAY —(m*e)X 0 <0
rX(4h)’ 0 —(rox
(2.157)
Remark 2.168: Extension of Corollary 2.13 to the uncertain system
(2.54)-(2.55) is straightforward and we will leave it as an excercise for the
reader.

2.8 Stability Using Comparison Principle

Given a functional differential equation (X.,) with known asymptotic behav-
ior, a comparison principle provides a characterization of the set of conditions
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under which its asymptotic behavior implies the similar behavior of another
system of the type (X4:) or (Zac). In this case, system (X,) is called a
comparison system for system (X4.) or (Zac). Work on development com-
parison principles has been extensive, see {212,213]. Our purpose here is to
shed some light on the application of the foregoing idea by examining the
delay-dependent stability of TDS. For simplicity, we consider the delay fac-
tor 7 = 7* as constant and provide the following results:

Lemma 2.10: Consider the time-delay system (X4c) satisfying As-
sumption 2.2 such that

elAtAdt < cremmt 00 > 1 pg > 0 (2.158)
Given a scalar 7 > 0. If the following inequality holds:
7 cang ' {I1Aall(1Al + 114aD} < 1 (2.159)

then system (Xg.) is asymptotically stable for any constant time-delay T sat-
isfying 0 < 7 < 7 in the sense that

lz@)] < ca sup |lz(s)l] e (2.160)
s€|-27*,0]
where o4 is the solution of the transcendental equation
1 A All + || Agllee™ e -1 (2.161)
1 —on; = + e’ .
ma" = callAdll {(1411+ lAalle™ } ——
Proof: Starting from (2.14), the solution is given by:
t ps
o) = eAHAdig0) A, / / A+ 409 Az (¢ + 6)dOds
0 Jg~7* :
t ps
- A / / SAHADE=9) A 3 (t — 1+ 0)dBds (2.162)
0 Js—1*

Using (2.158) and taking the norms of (2.162) with some standard manipu-
lations, we get:

(Ol < zacae™ + Nt lla()) (2163)
where
2 = _sw (o)l
s€[-27*,0]
MO = M4l [ [ csemt=9x(0,r)dods
X0 =A@+ Adils@-DIl (2160
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Now, let
w(t) =cgzg e, t>-27* (2.165)

where o4 is the solution of (2.161). It can be readily verified that w(t)
satisfies:

t ps
w(t) = cazae=% + || Ad| /0 / caex(0,7)dbds , ¢ > ~2r"

(2.166)
From (2.164)-(2.166), it follows that the difference v(t) = ||z(¢)||—w(t), t>
—27* satisfies v(t) < T4 — cgzq €79 < 0 ,t > —27*. By applying the
Bellamn-Gronwall lemma, (B.1.7) over the successive time intervals (0, 27*],
(27*,47%] ,...., and using (2.159), we conclude that ||z(t)|| < w(t)Vt > 0 and
the lemma is proved.

Following parallel lines, we establish the following delay-independent re-
sult:

Corollary 2.15: Consider the time-delay system (X4.) satisfying As-
sumption 2.1 such that

et < e o> 1, 1 >0 (2.167)
If the following inequality holds:
comy | 4all < 1 (2.168)

then system (Xg4c) is asymptotically stable independent of delay T in the sense
that
[zl < co sup o ||z(s)]| e~ (2.169)

SE[—T*,
where o, is the solution of the transcendental equation
1 — on;' = collAdlln; e’ (2.170)
Remark 2.17: Note that by writing (2.159) in the form

Nd
< CalTATAT+ TTAaT)

it provides a characterization of an interval of validity [0,7*) for the stability
result. Note also that by setting ¢, = 1,1, = —1(A) in (2.168), we recover
the results of Lemma 2.4.

7_*
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2.9 Notes and References

The literature on robust stability for TDS and UTDS abound. It is a heavy
burden to undertake the task of categorizing an extensive literature on sta-
bility of systems with delays, whether they be TDS, UTDS or FDEs. Never-
theless, we provide some relevant notes on the published work. In addition to
the edited volume [1] and the book chapter [2], the Guided Tour in [5] stands
as a comprehensive, valuable source which is indispensable for researchers
as it provides an overview of various topics and related references.

In the literature, approaches to delay-independent stability can be found
in (6,11,12,16,53,57,70,72,74,77,83,106-108,110,113,119,124,135] for the case
of norm-bounded uncertainties and in [7,8,14,15,21,99] for matched and/or
mismatched uncertainties.

On the other hand, the references [34,46,78,100,131,137| contain different
techniques on delay-dependent stability.

Frequency domain and related results can be found in [38-44,55,67-69,75].
Also in [76,80-82,86,87,90,91,91,98,101-105,125,133] whereas algebraic meth-
ods are available in [25,26,30,33,50,54,56,73,79,84,89,95-97,123,126-130] and
also in [132,134,139].

The topic of a-stability is dealt with in [18,19,143] and D-stability is
considered in [61,141-142]. Some results on discrete systems are presented
in [112,115,117] and the topic of exponential stability are studied in (111,
114, 136]. Neutral systems are analyzed in [27,51,85,122] and some practical
applications are contained in [88,93,94,116]. Results related to Razumkhin
stability are presented in [144,145].

Despite the large number of problems tackled in the literature, there
is still an ample amount of technical problems open for scientific research.
This includes, but is not limited to, more refined results of delay-dependent
stability and stabilization, exponential stability and discrete-time delay sys-
tems.
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Chapter 3

Robust Stabilization

3.1 Introduction

There exists an extensive literature devoted to the control of delay systems.
We can, in principle, distinguish between three broad approaches for design-
ing stabilizing controllers:

Approach (1): In this approach [31,148], the delay is a known constant
(frequently called time-lag) and the main design effort is to seek conditions
for the existence of stabilizing controllers.

Approach (2): Here the controllers are designed independent of the size
of the delay without destabilizing the closed-loop system and the delay
may be arbitrarily large {7,8,14,15}.

Approach (3): In this approach, Razumikhin-like theorems [4,6] are
utilized to develop stabilization conditions in terms of an upper bound on
the size of the delay.

In this chapter, we extend most of the robust stability results of Chapter 2
to the case of feedback systems. This is frequently called robust stabilization
and focuses on the synthesis of feedback gains such that desirable stability
behavior of the closed-loop system is preserved, In control engineering sys-
tems design, the primary objective is to construct feedback systems with
better performance rates {146,147,149]. The Hoo-norm of the closed-loop
system has been often considered an important performance index [214-219)
and will be taken hereafter as the main design objective. For ease in ex-
position, we provide the stabilization results along two directions: one for
time-delay systems (TDS) and the other for uncertain time-delay systems

75
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(UTDS). Each of the developed results will be supplemented with a com-
putational algorithm based on LMI format. It is interesting to report that
the developed control methods might be of potential use in different engi-
neering applications including: (1) modification of governor control action
gas-turbine systems, (2) compensation of quality products in chemical reac-
tors due to recycling, (3) enhancement of water pollution control systems,
and (4) effective control of thickness in industrial mills.

3.2 Time-Delay Systems

In this section, we focus attention on time-delay systems without uncertain-
ties. Later on we will incorporate parametric uncertainties.

3.2.1 Problem Description

Consider a class of time-delay of the form

#(t) = Az(t) + Bu(t) + Aaz(t — d) + Bru(t — h) + Dw(t) (3.1)
2(t) = Lz(t), z(t) =¢(t) Vt € [-maz(d,h), 0] (3.2)

where t € R is the time, z(t) € R" is the state; u(t) € R™ is the control
input; w(t) € N is the input disturbance which belongs to £2[0, 00); 2(t) €
R? is the output and d, h represent the amount of delay in the state and
at the input of the system, respectively. The matrices A € R"*", B €
R"X™ represent the nominal system without delay and the pair (A4, B) is
stabilizable; A4 € ®"*", B, € R**™, D € R"*? and L € NRP*™ are known
matrices and ¥(t) € C[—max(d,h), 0] is a continuous vector valued initial
function. In the sequel, the delay factors are taken to be different, that is
d # h. Models of dynamical systems of the form (3.1)-(3.2) can be found in
several engineering applications including river pollution control [220] and
recycled continuous stirred-tank reactors [221]. The problem addressed in
this chapter is that of designing a feedback controller of the form:

u(t) = @fa(t)] (3.3)

so that the closed-loop system is stabilized and the effect of disturbances is
reduced to a pre-specified level. One of the popular forms of controller (3.3)
is the linear constant-gain state-feedback in which

Olx(t)] = Fz(t) ; FeR™" (3.4)

TLFeBOOK



3.2. TIME-DELAY SYSTEMS 7

Applying the control (3.4) to (3.1)-(3.2) yields the closed-loop system

#(t) = Aca(t) + Agz(t — d) + BuFz(t — h) + Du(t)
At) = Ez(t), Ac=A+BF (3.5)

for which the transfer function from the disturbance w(t) to the output 2(t)
is given by

Tow(s) = L{(sI —Ac) — (Aae™ + BpFe™'*)|71D
= L|(sI —[A+ BF]) — (Ase™® + BpFe™*)7'D  (3.6)

where s is the Laplace operator. Of particular interest in this chapter is the
design of Heo-controllers. Hence, the basis of designing controller (3.4) is to
simultaneously stabilize (3.5) and to guarantee the Hoo norm bound + of the
closed-loop transfer function Ty, namely ||Tew|loo <7y and v > 0.

3.2.2 State Feedback Synthesis

In the following, sufficient conditions are developed first for stabilizing the
closed-loop system (3.5) and guaranteeing a desired Ho norm bound using
Lyapunov’s second method. Then sufficient conditions are established for
H.-control synthesis by state-feedback.

Theorem 3.1: The closed-loop system (8.5) is asymptotically stable with
w(t) = 0 for d, h > 0 if one of the following equivalent conditions is satisfied:

(1) There exist matrices 0 < Pt = P € R**", 0 < Q! = @1 € R™*",
0 < Qb = Qo € R™*" satisfying ARI:

P(A+ BF)+ (A+ BF)'P + PA;QT ALP +
PBLFQ;IF'BIP+ Q1+ Q2 <0 (3.7)

(2) There exist matrices 0 < Pt = P € R™*", 0 < Q! = Q1 € R™*7,
0 < Qb = Q2 € R™*™ satisfying the LMI.

P(A+BF)+ (A+BF)'P+Q1+Qy PAy PByF
W, = ALP -1 0 |<o0
FtB;rP 0 —QZ
(3:8)
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Proof: (1) Define a Lyapunov-Krasovskii functional V() as

Via(z:) = z*(t) Px(t) + /:d zH(v)Qix(v)dv + /tih rt(v)Qez(v)dv  (3.9)

where P, Qi, @2 > 0. Observe that Via(z:) > 0, z # 0; Via(z:) =0, z = 0.
Evaluating the time derivative of (3.9) along the solutions of (3.5) results in:

Vis(zs) = z'(t)(PAc + ALP + Q1 + Q2)x(t)
+ 2 (t)PAgz(t — d) + z*(t)PBLFx(t — h)
+ 2t - d)A  Px(t) + 2t (t — h)F' Bt Px(t)
— 't — d)Q1z(t — d) — z*(t — h)Q2z(t — h)
= Zi(t)WoZi(t) (3.10)

where the extended state vector Z1(t) is given by
Zi(t) = [2(t) a'(t—d) o*(t—h)| (3.11)

and W, is given by (3.8). The requirement of negative-definiteness of V32(i:)
for stability is guaranteed by (3.7).
(2) Using A.1, one can easily obtain (3.8).

Therefore, we can conclude that the closed-loop system (3.5) is asymp-
totically stable for d, h > 0 as desired.

Remark 3.1: Despite its simplicity, Theorem 3.1 provides a sort of
delay-dependent stability criteria since condition (3.7) includes the delay
factors d and h. However, it presumes the availability of the gain matrix F.
It is of general form as it encompasses other available results as special cases.

Corollary 3.1: The state-delay system
z(t) = Az(t) + Bu(t) + Aqz(t — d)
2t) = Lalt), ot)=w(t) Vt € [~d, 0]

can be stabilized by the controller u(t) = Fx(t) if there exist matrices 0 <
Pt =P e ®™", 0 < Q4 = Q1 € R™*™, satisfying the LMI:

_ | P(A+BF)+(A+BF))P+Q1 PAq

VV‘]O A(tIP "Ql

<0 (3.12)
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or equivalently satisfying the ARL
P(A+ BF)+ (A+ BF)'P+ Q1 + PAJQTIALP <0 (3.13)
Proof: Set B, = 01in (3.7).
Corollary 3.2: The free state-delay system

z(t) = Ax(t)+ Aex(t —d)
z(t) = Lz(t) , =(t)=v(t) Vt € [-d, 0]

is asymptotically stable if there exist matrices 0 < Pt = P € ™%, 0 <
Qb = Q1 € R™*™ satisfying the LMI:

PA+A'P+Q; PAy

Woo = AZP —0O, <0 (3.14)
or equivalently satisfying the ARI
PA+ A'P+ Q1+ PAQT AP < 0 (3.15)

Proof: Set B =0in (3.13).

Corollary 3.3: The input-delay system

z(t) = Ax(t)+ Bu(t) + Bru(t — h)
2(t) = Lz(t) , =(t)=(t) Vt € [-h, 0]

can be stabilized by the controller u(t) = Fxz(t) if there exist matrices 0 <
Pt=Pe R 0< Qb= Q€ R™" satisfying the LMI:

_ [ P(A+BF)+ (A+BF)'P+Q, PB,F

Wao FiBLP 2

<0 (3.16)

or equivalently satisfying the ARI
P(A+ BF)+(A+ BF)'P+ Qs+ PBLFQ; ' F'BLP < 0 (3.17)
Proof: Set A¢ =0in (3.7).

Remark 3.2: It is important to note that Corollaries 3.1-3.3 provide
LMI-stability criteria for state-delay dynamical systems.
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Since we plan to adopt Heo-theory in the control synthesis, we now es-
tablish the conditions under which the controller (3.4) stabilizes (3.5) and
guarantees the Ho, norm bound 7y of the closed-loop transfer function ||Tyuw||,
namely ||Tow|loo <v; v > 0.

Theorem 3.2: The closed-loop system (3.5) is asymptotically stable and
| Tewlloo < v; v > 0 for d, h > 0 if there exist matrices 0 < Pt = P € R**",
0< Q) =Q1 €R™*", 0 < Qb = Q2 €R™*™ satisfying the ARL
PAc+ ALP + Q1 + Q2 + PAQT' AP + PByFQ; ' F*Bi P
+L'L+~472PDD'P <0 (3.18)
Proof: By Theorem 3.1 and [45], the state-feedback controller (3.4) which
satisfies inequality (3.18) stabilizes the time-delay system (3.1)-(3.2) for
d, h > 0. Now, introduce the matrix:
~M := PA.+ ALP + Q1 + Q2 + PAJQTALP
+PBLFQ;'F'B{ P+ E'E + v 2PDD'P (3.19)
so that

PA.+ AP+ Q1+ Q2 + PAJQT AYP + PBLFQ; ' F'BLP

+L'L+~4*PDD'P+ M =0 (3.20)
Let w € R and construct the matrices
X(B,w) = [(B+jw) —Ac—e A, —e B, F|1 (3.21)
Vi(B,w) = Qi+ PAQTIALP — ¢ A} PePd
e IwdpA Pl (3.22)
Y2(8,w) = Qo+ PByFQ;'F'BfPePh
b FtBE PPt — e~3h PBLF (3.23)

such that the use of (3.4) with s = 8+ jw, 8 > 0 ensures that
EX(8,w)D = Tyw(B + jw) (3.24)

Note that Y1(8,w) > 0 and Y5(83,w) > 0. By adding and subtracting appro-
priate terms, we rewrite (3.20) using (3.21)-(3.23) as

PX(B,w) + [X*(B, ~w)|"'P - Yi(B,w) ~ Ya(B,w)
~FE'E —~4"?PDD'P - M =0 (3.25)
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Premultiplying (3.25) by X%(8, —w), and postmultiplying by X(8,w) and
rearranging, we arrive at:

PX(B,w)+ X8, —w)P — v 2XYB3, ~w)PDD'PX (B, w)
= X4(8, —w)[Y1(8,w) + Y2(B,w) + L'L + M| X(8,w)  (3.26)
Further manipulation of (3.26) gives
D!PX(8,w)D + D'X*(8, ~w)PD
—7"2Dt XY (8, —w)PDD'PX (B,w)D — 21

= _')’21 + DtXt(,Bf _w)[)/i(:@yw) + Y?(ﬂ’ UJ)
+L'L+ M) X(8,w)D (3.27)

On completing the squares in (3.27), it follows that for all w € R:

~[I =4 'DPX (B, —w)D)!|vI — v 'DPX(B, —w)D] =
[DEXH(B, —w)ELEX (8, w) D)
—72I + D'XH(B, —w)[Ya1(B,w) + Y2(B,w) + M| X(B,w)D (3.28)

On observing that
~[I =y 'D*PX (B, ~w)D)[7I =7~ 'D*PX (B, ~w)D] < 0
then from (3.24) and (3.28), we get:

_’72-[ + DtXt(/B, —LU)[}/] (IB; (d) + YQ(ﬁaw) + M] X(ﬁa U-))D
FTE (B + jw)Tew(B+ jw) <0 (3.29)

or equivalently,

Ty(B + jw)Tew(B + jw) <
’)’21 - DtXt(ﬂ, —w)[Yl(ﬁ, w) + Y2(i8a UJ) + M] X(ﬁ’ W)D
<~y (3.30)
VB > 0, w € R. We can then conclude that ||T,w||eo < v as desired.
Remark 3.3: The usefulness of Theorem 3.2 lies in the fact that it

provides condition (3.18) as a sufficient measure for the existence of a con-
stant matrix F' as the gain of an Hs controller.
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The following theorem gives an LMI-based computational procedure to

determine state-feedback controller with Hoo-norm. constraint.

Theorem 3.3: The closed-loop system (3.5) is asymptotically stable and
| Tewlloo < v; v > 0 for d, h > 0 if there exist matrices 0 <Yt =Y € Rnxn
0< Qi =Q:t € R™™, 0< @t =Q, € R¥*™, § € R™*", satisfying the LMI:

[ AY +YA'+ BS ¢ T
FSUBY 4+ Q + Qs YE'* B,S D A)Y
_ LY ~I 0 0 0
Wy = StB! 0 -0, 0 0 <0 (3.31)
Dt 0 0 - 0
Y AY 0 0 0 -Q: ]
Moreover, the memoryless state-feedback controller is given by
u(t) = SY " 1z(t) (3.32)

Proof: By Theorem 3.2, there exists a state-feedback controller with con-
stant gain F' such that the closed-loop system (3.5) is asymptotically stable
and ||Tywlleo € v; v > 0 for d, h > 0. Now, letting Y = P~!, § = FY,

Q: = P'Q1P7Y, Qs = P~1QyP~!, premultiplying (3.18) by P~! and post-
multiplying the result by P~1, we get:

AY + YA ' + BS+ S'Bt + Qi + Qs + AJY Q7 1Y AL +

BrSQ7'S'BL + YL'LY +~472DD! < 0 (3.33)

which, in the light of A.1, can be conveniently arranged to yield the block
form (3.31) as desired.

Remark 3.4: To implement such a controller, we can use the LMI-
Control Toolbox to solve the following minimization problem:

min ot
Y,5,Qs, Q¢
_Qs <0 s
Wi <0

s.t. -Y <0,

-Q: <0, (3.34)
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Two corollaries immediately follow:

Corollary 3.4: The state-delay system
&(t) = Ax(t)+ Bu(t) + Aaz(t — d) + Dw(t)
2(t) = Lz(t) , =(t) =+v(t) Vte|-d, 0 (3.35)

with controller u(t) = Fxz(t) is asymptotically stable with disturbance atten-
uation 7 if there exist matrices 0 < Yt =Y € ™", 0 < Q! = Q; € R™*"
and S € R™*", satisfying the LMI:

AY + YA+ BS+S'B*+Q¢ YL' D AjY

u o e g | <0 (30
Y A}, 0 0 @
or equivalently satisfying the ARI:
AY + YA+ BS + S'B' + Q
+AY Q'Y A+ YLELY +~472DDt < 0 (3.37)

The feedback gain is F = SY ™1,
Proof: Set By, =0 in (3.33).

Corollary 3.5: The input-delay system
z(t) = Ax(t) + Bu(t) + Bru(t — h) + Dw(t)
2(t) = Lax(t) , x(t)=v(t) Vt € [-h, 0] (3.38)

with controller u(t) = Fx(t) is asymptotically stable with disturbance atten-
uation v if there exist matrices 0 < Yt =Y € ®™*", 0 < Q = Qs € R™*"
and S € R™*", satisfying the LMI:

AY + YA+ BS+S'Bt+Q, YL' B,S D

sLtg,t, ~01 ths 8 <0 (3.39)
Dt 0 0 -4
or equivalently satisfying the ARI:
AY +YA! + BS + S'Bt + Q,
+BySQ;'S'B, + YLILY +v~*DD! < 0 (3.40)
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The feedback gain is F = SY ™1,

Proof: Set B = 0 in (3.33).

An alternative state-feedback controller is now presented.

Theorem 3.4: The closed-loop system (3.5) is asymptotically stable and
|1 Tewlloo <47 v >0 ford, h > 0 if there exist matrices 0 < Zt = Z € R**n,

0<Qi=Q: e R, 0< Q! = Q, € R™*" and a scalar p > 0 satisfying the
LMI:

W, =
[ AZ+ZA'+ Q4+ Qs A4Z pB 1/2p°ByBt ZI! D
ZAY - 0 0 0 0
pBt 0 -I 0 0 0 0
1/2p° BB, 0o 0 -Q o o |°<
Lz 0 0 0 -1 0
Dt 0 0 0 0 —7°I |
(3.41)
Moreover, the gain of the memoryless state-feedback controller is given by
u(t) = (p?/2)BZtx(t) (3.42)

Proof: By Theorem 3.2, there exists a state-feedback controller with
constant gain F' = p,BtP, p, > 0 such that the closed-loop system (3.5) is
asymptotically stable and ||Tew|loo < 7; v > 0 for d, A > 0. This implies
that

PA+ A'P + Q1 + Q2 + PAQT AYP + 2 PLLIP

+u2PB,B'PQ; PBBLP + L*L + 2u,PBB'P < 0 (3.43)
Now, letting Z = P!, u, = p?/2Bt, Q; = P~1Q1P~1, Q, = P~1Q, P},
premultiplying the above inequality by P~! and postmultiplying the result
by P~1, we get:

AZ+ZA v Qi+ Qs + ZL'LZ +~72DD*

+AaZQ7 Z AL+ 1/4p° BLB'Q; ' BBY + p?BBt <0 (3.44)
which, in the light of A.1, can be conveniently arranged to yield the block
form (3.41) as desired.
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Remark 3.5: To implement controller (3.42), one has to solve the min-
imization problem

min ~
Z,Qs,Qtrp
s.t. —Z2 <0, —Qs <0,
—Qt <0, —p<0, Wa<0 (3.45)

which is amenable to standard LMI-format of the LIMI-Control Toolbox.

Remark 3.6: In comparing between the state-feedback controllers (3.32)
and (3.42), one should observe that the gain of (3.32) has two matrices S
and Y to be determined using the LMI solver whilst the controller (3.42) has
one matrix Z and a scalar p. This implies that not only the computational
load of the latter would be less than that of the former but also less in the
degrees of freedom (one versus m xn). On the other hand, the former would
seem to encompass the latter since (3.42) would correspond to (3.32) in the
case S — (p?/2)Bt.

3.2.3 Two-Term Feedback Synthesis

As a departure from the memoryless state feedback, we now propose the
controller

u(t) = Fx(t) + Kz(t — d) (3.46)

which combines the effect of the instantaneous as well as the delay states. In
some sense, it can be called a DP controller since it provides two degrees of
freedom: one by the proportional (P) term (Fz) and the other through the
delay (D) term Kz(t — d). Note that we did not use the term PD to avoid
confusion with the standard proportional-plus-derivative controller. Now,
applying controller (3.46) to system (3.1)-(3.2) gives the following closed-
loop system:

#(t) = Acz(t)+ Aax(t —d)+ BaFz(t — h)

+ BuKa(t—d—h)+ Du(t)
At) = Lat)
Ac = A+ BF , A,= A4+ BK (3.47)
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The transfer function from the disturbance w(t) to the output z(t) is given
by

Tow(s) = E|(sI — A) — (Age™% + By Fe ™" + By Ke~@h9)|"1D  (3.48)

To study the stability behavior in this case, we define the quadratic Lyapunov-
Krasovskii functional Vi3(z:) as

Via(z:) = mt(t)Pw(t)+/tid:v"(v)Q1w(v)dv+£ih zt(v)Qox(v)dv

¢
/ 2H(v)Qsz(v)dv (3.49)
t—d—h
Theorem 3.5: The closed-loop system (3.47) is asymptotically stable
for d, h > 0 if one of the following equivalent conditions is satisfied:

(1) There exist matrices 0 < Pt = P € R™", 0 < Q} = Q; € R™*™,
0< @b =Q2€R™" and 0 < Qf = Q3 € R™*" satisfying ARI:

PAc+ AP+ Q1 + Q2 + Qs + PALQT AL P
+PByFQ;'F'BLP + PBLKQ3; K'B{P < 0 (3.50)

(2) There ezist matrices 0 < Pt =P € R™%", 0 < Q4 = Q; € R™*™,
0< Qb =Q2€R™™ and 0 < Q4 = Q3 € R™*" satisfying the LML

PA+ AP+ Q1+ Q2+Qs PA, PByWF PBLK

ALP Q1 0 0
A h
" F*BLP o -@ o |<O
K'BLp 0 0 Qs
(3.51)

Proof: (1) First, observe that Viz(z:) > 0, z # 0; Vaz(zt) = 0, z = 0. The
Lyapunov derivative Vi3(z;) evaluated along the solutions of system (3.47)
is given by:

Vis(z:) = 2zt (t)(PAc + ALP + Q1 + Q2 + Q3)x(t)

+zt(t)PApz(t — d) + ' (t)PBLFz(t — h)

+z'(t)PBrKxz(t — d — h) + z*(t — d) AL Px(t)

+at(t — h)F'BE Pz(t) + z'(t — d — h) KB} Px(t)

~z(t — d)Qrz(t — d) — x*(t — h)Qza(t — h)

—zt(t —d — h)Qsx(t —d — h)

= Z5(t)WaZa(t) (3.52)
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where the extended state vector
Zo(t) = [:Ct(t) gt —d) z'(t—h) zt(t—-d-— h)]t (3.53)

where Wj is given by (3.51). The requirement of negative-definiteness of
Vha(x¢) for stability is implied by (3.50).

(2) Given (3.50) and using A.1, one can easily obtain (3.51).
Therefore, we can conclude that the closed-loop system (83.47) is asymp-
totically stable for d, h > 0 as desired.

Remark 3.7: In a similar way, Theorem 3.5 provides a delay-dependent
stability criteria since condition (3.50) includes the delay factors d and h.
However, the gain matrices F' and K are needed for practical implementa-
tion.

Corollary 3.6: The state-delay system (3.11) is stabilizable by the con-
troller (8.46) if there exist matrices 0 < P! = P € R™*", 0 < Q} = @ €
RX7 - satisfying the LMI:

PA. + AEP-F Q1 PA,

Wi = ALP 0, <0 (3.54)
or equivalently satisfying the ARI:
PA.+ ALP + Q1+ PARQTIALP <0 (3.55)

Remark 3.7: For the case of input-delay systems (3.16), it is meaning-
less to use a two-term controller and a one-term controller would be sufficient.

Theorem 3.8: The closed-loop system (3.47) is asymptotically stable
and || Tzwlloo < ;v > 0 for d, h > 0 if there exist matrices 0 < Yt =Y ¢
RN, 0 < Qf = Qr e R, 0< Q) = Qs € RV, 0< QL= Qr € R™X™,
S, V € R™*™ and positive scalars o, k satisfying the LMI:

®Y) BS N M

| StBt -J 0 0
W, = N o -1 o |<0 (3.56)

M0 0 —Jy

BY) = AY+YA '+ BS+S'B' +Q; + Q. + Q,
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Bc - ["CB Bh]s Jt:[KIQt Qs]
N [cAaY BpV], Jn=[0Q: Qs
M = [YL' D], Ja=[I ~*I (3.57)

I

Moreover, the delayed state-feedback controller is given by
u(t) = SY " a(t) + VY z(t — d) (3.58)

Proof: By Theorem 3.2, there exists a delayed state-feedback con-
troller with constant gains [F' K] such that the closed-loop system (3.50)
is asymptotically stable and ||Tzwlleo < 7; v > 0 for d, h > 0. Now, let-
ting Y = P71, § = FY,V = KY, Q. = P'\Q1P7}, Q, = P71Q2P 7},
Qr = P~1Q3P-1, premultiplying (3.50) by P~! and postmultiplying the
result by P!, we get:

AY +YA'+ BS+ S'B'+ Qi + Qs + Qr + (Aa + BF)QT (A + BF)!
+BrSQTIS!BE + BLVQIWIBE + YLILY +~472DD' < 0 (3.59)

Using B.1.2 in the term (Aq + BF)Q7'(Aq + BF)! and manipulating, it
becomes:

(Aa+ BF)QT'(Aa+ BF)' =

A4QT' Al + BFQT'F'B' + BFQT Al + AuQT ' F* B!

< (14 a)AQ7 A+ (1 + o Y)BFQ Ft B

<oAJYQr'Y AL + kBSQ'S!B! Yo,k >0 (3.60)

so that (3.60) can be expressed as
AY + YA '+ BS+ S'B' + Q4 + Qs + Qs +
cAY Q'Y AL+ kBSQ;'S'B + BLSQ71S'BE +
BWVQ'W'BL+YL'LY +472DD! < 0 (3.61)

which, in the light of A.1, can be conveniently arranged to yield the block
form (3.57) as desired.

Remark 3.9: Theorem 3.6 provides a delay-dependent condition for a
two-term Hoo-controller which guarantees the norm-bound ~y of the transfer
function T,,. To determine the gains of such a controller, one has to solve
the following minimization problem
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min o
Y,5,V,Qs,Q1:Qr, 0,5
s.t. Y <0, —Q;<0,-Q: <0,
-Q-<0,-0<0, k<0, Wy<0 (3.62)

iteratively using the following procedure:

Step 1: Select initial values for o, x and choose arbitrary

0<Y*=Y* ejnxn,

Set the iteration index j = 1.

Step 2: Solve problem (3.64) and let Y = Y9,

Step 3: If ||Y* — YW|| < 6, a predetermined tolerance, then STOP and
record Y') as the desired feasible solution.

Otherwise, set Y* =YW, 6 =0+ Ao, k =k + Ak, j = j+ 1 and go to
Step 2 where A is a predetermined increment.

Remark 3.10: It is significant to note that the minimization problem
addressed in Remark 3.9 has the form of a generalized eigenvalue problem
which is known to be solved numerically very efficiently using interior-point
methods [3,4]. The software LMI-Control Toolbox provides an efficient
tool for computer implementation. Experience has indicated that only a
few number of iterations are usually required to converge to an acceptable,
feasible solution.

3.2.4 Static Output Feedback Synthesis

Now, we consider system (3.1)-(3.2) when a limited number of states are ac-
cessible for measurement. In this regard, we recall the output measurement

y(t) = Cx(t) (3.63)

where y € R® is the measured output and C € R*™ is a constant matrix
such that the pair (A4, C) is detectable. Our purpose is to develop an output
feedback control for system (3.1)-(3.2) and (3.63) of the form u(t) = ®[y(t)].
In this section, the control law is given by:

u(t) = Gy(t) = GCx(t) (3.64)

where G is a static gain matrix to be determined. It should be emphasized
that controller (3.63) can be considered as a replica of the state-feedback
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controller (3.4) and as such no generality is claimed at this point. In [158],
it was clearly stated that results pertaining to output-feedback synthesis for
dynamical systems are few and restrictive. The results of [166] are appealing
in this regard. The only way to resolve this problem is to impose some
condition on G. An initial attempt to alleviate this restriction for systems
with state-delay would be to invoke the strict positive realness condition
[167,206) by considering that the nominal transfer function

To(s) = GC[sI — A]™'B (3.65)

is strictly positive real (SPR). It is known that condition (3.67) corresponds
to
GC = B'P (3.66)

where P is a Lyapunov matrix for the free delayless version of (3.1)-(3.2).
To relax the restrictive condition (3.68), we replace it here by

GC=wB'P+Q , w>0 (3.67)
The closed-loop system of (3.1)-(3.2), and (3.63)-(3.64) is given by:

z(t) = (A+ BGC)z(t) + Agz(t —d)
+ BrGCxz(t — h) + Dw(t)
2(t) = Lax(t) (3.68)

The following theorem summarizes the desired result:

Theorem 3.7: The closed-loop system (3.68) is asymptotically stable
and || Tewlloo < 75 ¥ > 0 for d, h > 0 if there exist matrices 0 <Y* =Y €

R0 < Q= Qr € RV, 0 < QL= Qs € R™™, T € R™*" and scalar w
satisfying the LMI:

U(Y) My wB,B* M
M; —Jn O 0

wBBf 0 -Q, O
Mt 0 0 —Js

Ws = <0 (3.69)

where

YY) = AY +YA '+ Qi+ Qs + BI'+ I''B' + 2wBB"*
+ wB[Q;'BB,1t + wB,B!Q; ' B},
M = [YL' D], Jy=[I ~4)
My = [AY Bpll, Jn=[Q¢ Qs (3.70)
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Moreover, the feedback controller is given by
u(t) = (wB'Y " + TY Nz (2) (3.71)

Proof: By Theorem 3.2, there exists a memoryless feedback controller
with constant gain F' = GC = wB!P + § such that the closed-loop system
(3.68) is asymptotically stable and ||Towl||oo < ;¥ > 0 for d, h > 0. The
stabilizing controller satisfies inequality (3.18) such that:

P(A + BGC)+ (A+ BGC)'P+ Q1+ Q2 + PALQT AL P
+PB,GCQ;IC'G B P+ L'L + v 2PDD'P < 0 (3.72)

Now, letting Y = P!, @ = TP, Q¢ = P7'QiP™!, Qs = P1Q2P7,
premultiplying (3.72) by P~! and postmultiplying the result by P~!, we
get:

AY + YA '+ Qi+ Qs + BT+ T'Bt + 20BBt AY Q7Y AY +
w!ByB'Q; BB + B,IQ; B! + YLILY +
7~ 2DD! +wB,TQ; BB, 1t + wB, BIQ; ' I B} < 0 (3.73)

which, in the light of A.1, can be conveniently arranged to yield the block
form (3.70) as desired.

Remark 3.11: To determine the gain factors w, I', Y one has to solve
the following minimization problem:

min 0%
Y, [ Qs, Q¢ w
s.t. =Y <0, —Q, <0,
-Q: <0, —w<0, Ws<0 (3.74)

Remark 3.12: It is significant to observe that when specializing the
gain of the output-feedback controller (3.71) to the case w = 0, it reduces to
the constant gain state-feedback controller (3.32) with S — T,

3.2.5 Dynamic Output Feedback Synthesis

Given the time-delay system (3.1)-(3.2) with the output measurement (3.63),
we now consider the problem of output feedback control by using a state
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observer-based control scheme. Let the state-observer be described by:

£t) = AdL(t)+ Boly(t) - CE(t)]
+ Cab(t —d) + Cré(t — h)
u(t) = G.&(t) (3.75)

where the matrices Ao, Bo, Go, Ch, Cy will be specified shortly. Introducing
the variables

e(t) :=&(t) —x(t) ; wa(t) :=[z'(t) €'(t)] (3.76)

then the closed-loop system corresponding to (3.1)-(3.2), (3.63) and (3.75)-
(8.76) is given by the state model:

Ta(t) = Aaza(t) + Baza(t — d) + Caza(t — h) + Dew(t)
2(t) Loz, (t) (3.77)

l

with
Tow(8) = Eo|(sI — Ag) — (Bae™% + Coe™)|"1D, (3.78)

Let the matrices A,, Cy, Ch be defined by

A, = A+ BG,+~":DD'P— LGt BtP

Ca = Aa; Ch= Burgo (3.79)
such that
[ a+Ba, BG, o [a; o
A“”{AO~BGO—A AO—BG,,—BOC]’B“[ 0 Ad] (3.80)
_ | BrGo BuG, | | D |, .
cam[, A ],Da~[_D],Ea—[L 0] (3.81)

which describes a free time-delay system. The following theorem summa-
rizes the desired result:

Theorem 3.8: The closed-loop system (3.78) is asymptotically stable

and || Tpwlleo < v; v > 0 for d, h > 0 if there exist matrices 0 < Yt =Y €
R 0< X=X € R 0 < QY = Qug € R™™, 0 < Qin = Qnn €
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X" 0 < inh = Qgn € R™*", 0 < Qid = Qpg € R"*", 0 < Qfl =Qyu €
Rx" G, € RPX" M, € R**S and scalar ¢ > 0 satisfying the LMlIs:

@1(Y) AdY B/—,So M
YA, —Qu O 0

Mt 0 0 —Jyq
and, B
©2(X) XN, AsX D
| NiX -1 0 0
Wy = XAfl 0 —Qu 0 <0 (3.83)
D 0 0 -U
where

01(Y) = AY 4+ YA '+ BS,+ S!B' + Qua+ Qna
A. = A, +77iDDY!
O2(X) = AX+XAL+Qu+Qu
By = [Bn Bi, Qun=1[Qan Qndy D=[D C'M]]
N,N! = [pI =YY (BS,+SIBYY ™Y, U=[vI ¢ 1] (3.84)

Moreover, the observer-based feedback controller is given by

£ = [A+BS,Y 1 4472DDY ! - XGLBY 7¢(t)
—Moly(t) — C&(t)] + Adé(t — d) + BaSoY ~1€(t — h) (3.85)
u(t) = S,Y (1) (3.86)

Proof: By Theorem 3.1, the closed-loop time-delay system (3.77) is
asymptotically stable for d, h > 0 and satisfies the inequality

Wa = PaAa + AzPa + Qd + Qh + EgEa + PaBanlB;t;Pa
+P,C.Q; CL P, + v 2P,D,DLP, < 0 (3.87)

where 0 < Py = P, € R¥™*, 0 < Q) =Qu € ¥ and 0< Qf, = Qn €
R2*2n | Introducing

A 0| 4 [ Qa 0 | , _|@ 0
P ? 2l [% &% Q] o
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94 CHAPTER 3. ROBUST STABILIZATION

Expansion of W, in (3.86) yields the form

War Waz ]

W, = [ W W (3.89)

where

Wa = Pi(A+ BG,)+ (A+ BGo)Pi+ Qu + Qi + PLAQG AL Py
+ PiBLG.(Q;f + Q;3)GLBEP + LI L +~72P,DD' Py (3.90)

Wae = PiBG,+ (4o — BGo— A)P, —y2PLDD'P, (3.91)
Wa = Py(4, — BG, — B,C)+ (4, — BG, — B,C)' P2 + Qa2
+ Qe+ PAdQz A4Pa+ v 2P,DD'Py (3.92)

It is readily seen in view of (3.80)-(3.81) that Wae = 0. Letting Y = P},
X = P2_1a So = GOY) Qdd = Pl_lelpl—la th = Pl—lth-Pl_lv th =
PI'QuePr Y, Que = Pr'QuePst, Qu = Py'Qae Py, and M, = —b,. We
premultiply (3.90) by P;! and (3.92) by P;!; then postmultiply the results
by Py ! and Py ! respectively, and manipulating with the aid of B.1.2 to get
the conditions:

AY +Y At + BS, + S!B' + Qqa + Qna + YLILY + 4~ 2DD* +
ALY Q7YY AY + BiS.Qz SLBY + BrS,QriSLB < 0 (3.93)
and,
(A+~72DDY DX + X(A+~72DDY 1) + Qu + Qi +
XN,N!X +~472DD! + Ag X Qi X AL + o™ 1 CEMEM,C < 0 (3.94)
where M, = —Bo,p > 0 and N, N is given in (3.84).

In the light of A.1, inequalities (3.94)-(3.95) can be conveniently ar-
ranged to yield the block forms (3.83) and (3.83), respectively, as desired.

Remark 3.13: To determine the gain factors S,, Y, X, M, one has to
solve the following problems sequentially:
Problem P1:

min 04
Y, 80, Q44>Rhd

s.t. =Y <0,
—Qad <0, —Qna <0, Ws<0 (3.95)
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Problem P2:

min @
X, Mo, Qupi Qnn

given 'Y, S,, v
s.t. —X <0, —Qugn <0, —Qunrn<0, Wy <0 (3.96)

3.3 Simulation Examples

In the following, we present several examples to illustrate the control syn-
thesis methods. The examples differ both in structure and in the associated
data information in order to examine the impact of delay factors.

3.3.1 Example 3.1
Consider a dynamical system of form (3.1)-(3.2) with

-1 0], [-02 0] , [-1
=0 S [ SV

-0.1 | 045
B"”[ 0.2 } ’D“[o.%}
L=[045 0.65]; d=0.1; h=0.2

In view of Chapter 2, we note that the homogenous part z(t) = A,z(t) +
A1z(t — d) is unstable since p(4,) + [|41]] = 0.4213 > 0. Note also that
d, h are of the same order of magnitude and the input delay is greater than
the state delay; that is h > d. Now to determine the gain of state-feedback
controller (3.32), we solve problem (3.34) using the software LMI-Control
Toolbox [4]. The result is

S =[1.1092 0.6407); Y = 0.8953  —0.7290

=1 _07290 24097 | 37min=0.6031

so that the state-feedback control (3.32) takes the form

u(t) = F(t) = [1.9237 0.8410z(t) ; ||F|| = 2.0996
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On the other hand, the LMI solution for problem (3.45) has the form

g | 28400 35612 ]

=1 35612 80650 |’ P =04282; Ymin =4.5035

F=[-0.0404 —0.0065); ||F|| = 0.0409

It should be observed that the gain of controller (3.42) is smaller in magni-
tude than the gain of controller (3.32).

3.3.2 Example 3.2

Consider the third-order system of the form (3.1)-(3.2) with the matrices

-3 2 0 -1 0 1 1
A=|1 -2 -1|;4=|1 10|;B=|4
3 0 -6 0 0 2 2

0.1 0.2

By=|02|; D=1 04

0.6 1

L=[ 0 1 d=0.1, h=02

Note that p(A,) + ||41]| = 1.4386 > 0 but the pair (4, B) is stabilizable.
Here the amount of delays d, h are of the same order of magnitude. Using
the weighting matrices, Q; = 0.213, Qs = 0.413, the LMI solution results of
problem (3.34) are

0.6364 —0.2164 -0.0295
Y =| -02164 1.3851 —0.1771 |; “Ymin = 0.4756
-0.0295 -0.1771 0.6224

S =[-1.0521 —0.2056 0.0248]
so that the state-feedback control (3.32) takes the form

u(t) = Fz(t) = [~1.8158 — 0.4546 — 0.1754]x(t); ||F]|| = 1.8801
Alternatively, the LMI solution results of problem (3.45) are

22626 —1.1204 -1.1657
Z =1 -11204 09080 0.9243 |; Ymin = 331.7427
-1.1657 09243  3.2323
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with
u(t) = Faz(t)
[0.1161 0.2339 —0.0143] x 10~3z(t)
|Fl| = 261511074 p=0.0059

In the following two examples, the iterative LMI procedure is used start-
ing fromo=1, k=1

3.3.3 Example 3.3

Consider the dynamical system of Example 3.1 with Q, = 0.1I,. Now,
to determine the gains of state-delayed feedback controller (3.58) we apply
the iterative LMI procedure to problem (3.62) with € = 1075, The result is
obtained when 0 = 3, K = 5 as

0.5712 —0.0518

V =10"%[-0.4669 — 0.3767]; Ymin = 1.0209
so that the state-delayed feedback controller (3.58) takes the form
ut) = Fux(t)+ Kz(t —d) = [0.1094 0.2490]X (¢)
+ 107%[-0.8854 — 0.7487]x(t — d)
|Fl] = 02720; ||K]||=1.1595 x 107°
3.3.4 Example 3.4

The iterative LMI solution results for the third-order of Example 3.2 with
@Qr = 0.1/3 are summarized for 0 = 4, k = 7 by

0.2612 0.0202 0.0778
Y = 00778 0.3389 0.0051 |; ~min = 1.1374
0.0778 0.0051 0.2503

S = [-0.1125 - 0.0873 - 0.0287]
V = 107%-0.7684 - 0.6715 —0.3588]
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so that the state-feedback control takes the form

u(t) = [-0.4187 —0.2329 0.0203]z(t)
+ 107°[-0.2628 —0.1816 — 0.0580)z(t — d)
|F|| = 0.4795; ||K|| = 3.2465107°

3.3.5 Example 3.5

Consider the dynamical system of Example 3.1 with C = [0.1 0]. To deter-
mine the gains of static output-feedback controller (3.71), we solve problem
(8.74) using the software LMI-Control Toolbox using the same weighting
matrices. The result is

i

0.1441 ; T'=[1.2111 0.9522];

[ 25603 -—29813]
Y o= —2.0813 4.0871 i Ymin = 142.956

w

so that the static output-feedback control law (3.71) takes the form
u(t) = GCxz(t) = [4.8406 3.7991]x(t)
|G| = 6.1535
3.3.6 Example 3.6
Considering the system treated in Example 3.2, the LMI solution results in
0.3676 —0.1086 0.0499

Y= -0.108 0.5754 —0.0156 |; w =0.0522
0.0499 -0.0156 0.2305

[-0.3527 —0.4238 —0.2218]; Ymin = 2.4771
so that the static output-feedback control (3.71) takes the form

u(t) = Fa(t) = [-0.9359 — 05594 — 0.3442)z(t); ||F|| = 1.1434
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3.3.7 Example 3.7

Consider the second-order system of Example 3.1 with C = [0.1 0] and
Qaa = 0.215, Qpg = 0.415, Qg = 0.113 and Qpp, = 0.312. To determine the
gains of observer-based controller (3.85)-(3.86), we solve problem (3.95) first
to get:

Y= [ 2.6931  —2.8697 ] ; Sp = (14705 0.5254]; Ymin = 3.1770

—2.8697 4.2178
Then we proceed to solve problem (3.96)

0.5639 —0.1372 _[-00t00],
X= [ ~0.1372  1.1490 } P Mo = [ 0.0027 ]  Pmin = 13,5151

3.3.8 Example 3.8

Consider the third-order system of Example 3.2 with Qgq = 0.213, Qng =
0.413, Qar = 0.1I3 and Qnr = 0.613. The LMI solution results of problems
(3.95) and (3.96) are summarized by

4.2547 1.0915 0.4948
Y =10%| 1.0915 8.9179 12371 |; ~min = 10.8489
0.4948 1.2371 3.3279

S, =[1.3709 20.6155 4.5595]

8.0285 —1.6558 —2.1686 ~0.0100
X =] —1.6558 34.1855 18.6520 |; M, = | 0.0010 [; ©min = 42693
-2.1686 18.6520 20.9717 —0.0033

3.4 Uncertain Time-Delay Systems

In this section, we address the problems of robust performance and state
feedback control synthesis for a class of nominally linear systems with state
and input delays as well as time-varying parametric uncertainties. Here, we
consider that the delays are time-varying and unknown-but-bounded with
known bounds. In order to bring together the robust stabilization results of
uncertain time-delay systems into one framework, we consider three classes
of uncertainties: matched, mismatched and norm-bounded. We restrict at-
tention on state-feedback and develop sufficient conditions for robust sta-
bility and performance for asymptotically-convergent closed-loop controlled
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100 CHAPTER 3. ROBUST STABILIZATION

systems. These conditions are basically delay-dependent with focus on Heo-
control synthesis schemes and thereby generalizing the available results in
the literature.

3.4.1 Problem Statement and Definitions

Consider a class of uncertain time-delay systems of the form:

(Za): =(t)

[A + AA())z(t) + [B + AB(t)]u(t) + Dw(t)

+ [Ag+ AD®)a(t — 7(t)) + [Br + AE®)ult — n(t))
z(t) = ¢(t) Vte€|-maz(r,n), 0]
z(t) = La(t) (3.97)

where t € R is the time, € R™ is the instantaneous state; u € R™ is the
control input; w(t) € R is the input disturbance which belongs to L2[0, 00);
2(t) € RP is the controlled output; ¢(t) is a continuous vector valued initial
function, and 7(t), n(t) stands for the amount of delay in the state and at
the input of the system, respectively, satisfying

0<T(t) ST <00, Ht)<7h < 1
0<n(t)<n* <o0, Alt) <t < 1 (3.98)

with the bounds 7*, 7* are known otherwise 7(t), n(t) are unknown. In (3.97)
the matrices 4, B represent the nominal system and the triplet (A4, B, L) is
stabilizable and detectable; Ag, Br, L and D are known constant matrices.
Models of dynamical systems of the type (3.97) can be found in several
engineering applications [2,220,221]. The problem addressed in this work is
that of designing a feedback controller u(t) = ¥[z(t)] so that the closed-
loop system is stabilized in the presence of uncertainties and disturbance
is reduced to a prespecified level. Specifically, the objective is to achieve
a desirable performance in Hoo-setting [214-219]. In this regard, the Hoo-
control problem of interest is to choose a feedback control law u(t) = Kz(t)
such that

omax A [28(t)2(t) — Yww(t)]dt <0
#(t) Az(t) + Bu(t) + Aqz(t — 7(t))
Bru(t —n(t)) + Dw(t), z(t)=0
Lz (t) (3.99)

_1._

Il

z(t)

TLFeBOOK



3.4. UNCERTAIN TIME-DELAY SYSTEMS 101

Distinct from (3.97) are the following systems:

(Bno): #(t) = Ax(t)+ Bu(t) + Agz(t — 7(t)) + Bault — n(t))

z(t) = Lxz(t) (3.100)
(Baw): z(t) = Ax(t)+ Bu(t) + Agz(t — 7(t)) + Bru(t — n(t))
+ Duw(t)
2(t) = Lax(t) (3.101)

(Zawe): () = [A+AA(L)]z(t) + [B + AB@®)u(t)
[Aa + AD(t)|z(t — 7(8))[Bn + AE(t)]u(t — n(t))
2(t) = Lx(t) (8.102)

+

We will focus attention on system (Xawe) since it includes systems (Xao)
and (Xa.) as special cases.

3.4.2 Closed-Loop System Stability

Consider system (Yawo) subject to (3.98) and the state-feedback control
u(t) = Kz(t). The following theorem provides stability conditon of the
closed-loop system:

i(t) = {[A+AA@t)]+[B+AB@t)K}a(t)
+ [Aq+ AD(t)z(t — 7(t)) + [Br + AE(@)| Kz(t — n(t))
2(t) = Lax(t) (3.103)

Theorem 3.9: The closed-loop system (3.103) is asymptotically stable
for delays 7(t), n(t) satisfying (3.99) and given 0 < Q¢ = Q. € R™*",0 <
Q! = Qu € R™*™ if one of the following conditions is satisfied:

(1) There exists a matriz 0 < Pt = P € R™*" solving the LMI:

Wy =

TI(P) PD,+ PAD(t) PE,K + PAE(t)K
DiP + ADt(t)P ~R, 0 <0
K'ELP + KAENt)P 0 ~R,
(3.104)
I(P) = PAc+AP+Qc+Qu
+ AA'(t)P+ PAA(t) + K'ABY(t)P + PAB(t)K
Ac = A+BK ; Re=Q.(1-71"), R,=Q.(1-7")(3.105)
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(2) There exist matrices 0 < Pt = P € R™*" satisfying the ARL

PA; + ALP + Q. + Qu + AAY )P + PAA(t) +
P(D, + AD(t)R7Y( DL + ADY(t))P + K*ABY(t)P + PAB(t)K +
P(E.K + AE(t)K)R;Y(K'EL + K AEH(t))P <0 (3.1086)

Proof: (1) Define a Lyapunov-Krasovskii functional Vis(z:) as
¢
Vis(z:) = 2'(t)Px(t) +/ © zt(v)Qcx(v)dv
t—1
¢
/ ztH(v)Quz(v)dv (3.107)
t=n(t)

where 0< P=P,L 0< Q. =Q%, 0< Qu= Q. Observe that Vis(z:) > 0,
z # 0; Via(z¢) = 0, z = 0. Evaluating Vi3(z¢) along the solutions of (3.103)
using (3.105) and with some manipulations in view of (3.98) we get:

Vis(z:) < ot(t)[PAc + ALP + PAA + AA'P + K*AB'P + PABK]zx(t)
+zt(t)[PD, + PAD)z(t — 7) + 2t (t — 7)[DE P + ADPlx(t)

—zt(t — T)Rex(t — 7) — 2t (t — n)Ruz(t — 1)

+z(t)[PE,K + PAEK|x(t — 1)

+azt(t — n)[K'ELP + K'AE'Plx(t)

+24(1)[Qc + Qulz(t)

= ZL(t)W Z3(t) (3.108)

where Z3(t) = [¢4(t) z*(t —7) @*(t —n)]° and W1 is given by (3.104). For
a given realization AA(t), AB(t), AD(t), AE(t) and a state-feedback gain
K if V(z,t) <0 when z # 0, then z — 0 as t — oo and the asymptotic
stability is guaranteed. This condition follows from (3.104). Therefore, we
conclude that the controlled system (3.103) is stable for 7, 7 satisfying (3.98).

(2) By A.1, ARI (3.106) is equivalent to LMI (3.104).

Remark 3.14: It is significant to observe that the problem of deter-
mining the stability of the uncertain time-delay system (3.103) is converted
to an LMI feasibility problem. This problem is convex but if it turns out
to be infeasible, it means that system (3.103) cannot be stabilized. Indeed,
neither form (3.104) nor (3.106) is directly amenable for direct computation
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due to the presence of uncertainty. However, their usefulness lies in their
general format which will serve as the cornerstone in the subsequent anal-
ysis and design. Finally, note that the existence of K is guaranteed by the
stabilizability-detectability of the triplet (4, B, L).

Corollary 3.7: System (Zao) is asymptotically stable via state-feedback
u(t) = Kaz(t) for T, n satisfying (3.98) if given 0 < Q! = Q. € R"*™,
0 < @, = Qu € R™*™ there exists matrit 0 < Pt = P € R™*" solving the
LML

Wie = ALP —R. 0 <0 (3.109)
K'BLP 0 -R,

Proof: Setting AA=0,AB=0,AD=0and AE =0in (3.104).

3.5 Nominal Control Synthesis

We first provide a sufficient condition for the asymptotic stability of the
nominal time-delay system (6).

Theorem 3.10: System (Xaw) is asymptotically stable with disturbance
attenuation v via a memoryless state-feedback controller for v, 1 satisfying
(3.98) if given matrices 0 < Qf = Q; € R™" and 0 < Q% = Q, € X"
there exist matrices 0 <Yt =Y € R**" and S € R™*" satisfying the LMI:

[ AY + YA + Qi+ Qs ‘ ]
+BS + S'Bt YIE BiS A D
LY -I 0 0 0
W, = <0 (3.110
2 StBY 0 -R, 0 O (3.110)
A 0 0 -R 0
i D 0 0 0 -

Moreover, the gain of the memoryless state-feedback controller is given by
K=S8y! (3.111)

Proof: We choose Vi3(x¢) as in (3.108). From He theory [214-219], it
is known that the Lo-induced norm from v(t) = qyw(t) to z(t) is less than
unity if the Hamiltonian

H(z,v,t) = V(z,t)+[ztz —vh] < 0 (3.112)

TLFeBOOK



104 CHAPTER 3. ROBUST STABILIZATION

A straightforward computation of H(z,v,t) and taking into consideration
(3.98) yields:

H(z,v,t) 2'(t)[PA+ A'P + Qe+ Qu+ PBK + K'B'P+ I'Lia(t))
ot ()PAgz(t — 7) + zt(t — T)AéPz(t))

y~1g!(t)PDu(t) + 7" (t) D Pa(t) — v'(t)u(t))
zt(t)PBuKx(t — ) + o' (t — n)K' B, Pa(t))

at(t = 7)Rea(t — 7) + (¢ — m) Russ(t — )

ZE )W, Za(t) (3.113)

<
+
+
+

TN TN TN TN TN

i

where Zy(t) = [#t(t) «'(t —7) zt(t —n) v¥(t)]" and

PA+ AP+ Q. + Q. _
VItL+ KtBtP+ PR DA PBRE 77IPD
W, = ALP “R. 0 0 (3.114)
K'BLP 0 -R, 0
~1D'P 0 0 -1

Note that H(z,v,t) < 0 corresponds to W, < 0. Using A.1, we get

PA+ A'P+Qc+Qu+ L'L+ K'B'P+ PBK +
PAJRTYAYP + PBLKR'K'BLP +~"2PDD!P <0 (3.115)

Inequality (3.115) is not convex in P and K, however, with the substitutions
of Y = P71, §=KY,Q; = P1Q.P}, Qs = P'QuP"!, R, = Q,(1-7"),
pre- and postmultiplication by P~1, we get:

AY + YA + Qi + Qs + L'L + S'B* + BS + AgR;1 A +
BySR;IS'BL +~y72HH! <0 (3.116)

which is now convex in both Y and S. By A.1, (3.116) is equivalent to
(3.110).

Remark 3.15: Theorem 3.10 provides a sufficient delay-dependent
condition for a memoryless Hoo-controller guaranteeing the norm bound .
It is expressed in the easily computable LMI format. To implement such
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a controller, one has to solve the following minimization problem using the
LMI-Control Toolbox:

Min ~
Y,5,Qs, Q1
subjectto — Y <0, —Q,<0,
—Q:<0 Wy <0

3.5.1 Example 3.9

Consider a fourth-order system modeled in the format (3.97) with nominal
data

-6 -2236 0 0 1.0 0
1223 0 0 0 . los5 0
A=1" 0 —06 0223 |° B=| 0 o2
0 0 0.2236 0 0 1.0
01 005 0 0 02 0
0 0 03 002 1.0 0
Ada=101 0 _—06 -02236 |’ Br=1| 0 o2
0 0 02 001 0 1
0.1
0.05
D=| "7 |, L_[1.0 05 0.2 0.1]
0

In order to demonstrate Theorem 3.10, we use the following weighting fac-
tors: Q¢ = diag(0.2, 0.2, 0.2, 0.2) and Q, = diag(0.4, 0.4, 0.4, 0.4). Hence
we get

R. = diag(6.5518, 6.5518, 6.5518, 6.5518)

R, = diag(0.8867, 0.8867, 0.8867, 0.8867)
Using the LMI-Control Toolbox, the solution is given by:

1.6317 —1.6317 —0.0766 0.0186
~16173 53262 —0.3098 —0.3298
Y'=1 00766 03098 66404 -5.4200 |* “min = 28029

0.0186 —0.3298 -5.4220 13.4592

| —0.3458 -0.2620 -0.0156 —0.1749

§= —0.0534 -0.0442 -0.1243 -0.1085
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| —03817 -0.1696 —0.0421 -0.0336

K= —0.0667 —0.0326 —0.0420 -0.0257 |’

||K1| = 0.4287

3.6 Uncertainty Structures

The uncertainties within system (3.97) are represented by the real-valued
matrix functions AA(t), AB(t), AD(t), AE(t). Characterization of these
functions for state-space models reveals the nature of uncertainty structure.
In what follows we provide some of these structures:

Class I: (Matched Uncertainties)
The matrix functions AA(t), AB(t), AD(t), AE(t) are assumed to have the
form
[AA(t) AB(t) AD() AE®)]=BlAi(t) Bi(t) Di(t) Ea(t));
VteR (3.117)

in which the uncertainties are restricted to lie in the range-space of the input
matrix B.

Class II: (Mismatched Uncertainties)
Here, the matrix functions AA(t), AB(t), AD(t), AE(t) , are assumed to
have the form
[AA(t) AB(t) AD(t) AE(t)]= BlAi(t) Bi(t) Di(t) Ei(t)]
+[A2(t) Ba(t) Do(t) Ea(t)); Vte®R (3.118)
which consists of two parts: a matched part (e.g., BA; ) and a mismatched
part (e.g., A2).

Class III: (Norm-Bounded Uncertainties)
Let the matrix functions AA(t), AB(t), AD(t), AE(t) be expressed Vt € R
[AA(t) AB(t)] = HAQW)H E), A'R)A@R) <ol
AE(t) = HeFe(t)Be, AL(t)AC(t) < 021,
AD(t) = HaFy(t)Ea,  A4(t)Ag(t) < 03l
0<oy, 09, 03<1 (3.119)
where the elements of Ajj(t), (Ae(t))ijy (Aa(t))i; are Lebsegue measurable

Vi, j; A(t) € RosrxBs A, € Raexbe Ay € ReaxBa and H, E, Ey, Hg, He, Ee, Eq
are constant matrices.
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3.6.1 Control Synthesis for Matched Uncertainties

By applying the state-feedback u(t) = Kz(t) to system (3.97) subject to
(8.117), we get the closed-loop system

#(t) = [A+ BK+ B{A:1({)K + B1(t)K}|z(t)

+ [Aa+ BDi(t)z(t — 7(t)) + [Bn + BEr(8)] Kz (t - n(t))
+ Duw(t)
2(t) = Lzx(t) (3.120)
Introducing

€ = S\:p A1 ()AL (L)), & = S\tlp Am[Bi(t)Bi(t))
€4 = sup A[Di(t)Di(t)); e = sup Au|EA()Ei(t)]  (3.121)

Theorem 3.11: The closed-loop system (8.120) is stable with distur-
bance attenuation v via a memoryless state-feedback controller for T, n sat-
isfying (3.98) if given matrices 0 < Q% = Q; € R, 0 < @t = Q, € ™™,
and scalars ay > 0, ag > 0, az > 0, ag > 0, a5 such that angtB <I
there exist matrices 0 < Yt =Y € R™*™ and S € R™*™ satisfying the LMI:

AY + YA + Qi + Qs 3

B
+BS + StBt + azeq B!
W, = 5 @acd g o | <0 (3122)
Bt 0 —Jx

S=[v S A4 , H=[B BiS v D]

Ry=Q,(1-n%) Ry =Rl -oz'B'BI" (R;/?)
L=L+ o7l R = (R7Y?)YI — ayB'B)(R;Y/?)

Js = diag[L™' agl Re] , Jn = diagloel Rgs I

p = €g0v1 + €00 + €.05 (3.123)

Moreover, the gain of the memoryless state-feedback controller is given by
K=8Yy~! (3.124)
Proof: We start by Theorem 3.10 and make the following changes

A.— A+ BK +B(A1+ B1K); Aq— Aq+BD1; BuK — ByK + BEK
(3.125)

TLFeBOOK



108 CHAPTER 3. ROBUST STABILIZATION
we obtain the Hamiltonian
H(z,v,t) < Zit)WiZs(t)
t
Zo(t) = [a'(t) a't—7) 2it-n) vt(t)] (3.126)

where
Wy =
QP) PAq+ PBDy PBLK + PBE1K ~~PD
ALP+ DiBtP —R. 0 0
K'A4YP + K*EtBtP 0 -R, 0
v 1DP 0 0 I

QUP)=PA+A'P+ Q.+ Qu+ L'L+ PBA; +
ASB'P+ K'B'P + PBK + PBB,K + K'B:BtP (3.127)

Evidently the sufficient stability condition H(z,v,t) < O corresponds to
W < 0. Now applying A.1, the latter condition is equivalent to the non-
standard ARI:
Q(P)+~"?PDD'P + (PAa+ PBD:)R;}(AYP + DiBtP)
+(PA4K + PBE1K)R;Y(K*ALP + KCEEBIP) < 0 (3.128)
which can be shown to be non-convex in P and K. To remove this constraint,
we substitute Y = P71, § = KY, Q; = P7'Q.P~}, Q, = P71Q,P},
R; =Q,(1—n"), Rys = Ry — 4SS, then pre- and postmultiplying by P,
we get the matrix inequality:
AY + YA + Qi + Qs + (Aq + BD1) RS (AL + DiBY) +
YLILY +v72DD' + YA Bt + BA,Y
+BB,S + S'B{B! +
(Bh+ BE))SR;1SY(B! + E{B*) + S'Bt + BS < 0 (3.129)
which is now convex in both ¥ and S. Using B.1.2, B.1.3, (3.122) and

selecting a3 >0, a2 > 0, a3 > 0, ag > 0, a5 = azl such that a;lB‘B <1,
we obtain the following bounds:

BA1Y +YALYB' < Bi(aied)Bt+Y (a7 )Y
BB1S+ S'Bi{B* < B(ase])Bt + S*a3'I)S
(Aa+ BD1)R7Y(AY + DiBY) < asRI'(eal) + AgRZ1AY
(Br+ BE\)SR;'SY (B, + E{BY) < asE1SR;S'E:+ B,SR;}S'B}
(3.130)
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where RZ! = R Y?[I—a3'BtB]-{(R: /), a3!B'B < I. By substituting
inequalities (3.130) into (3.129) and grouping similar terms, we obtain:

AY + YA + Qi+ Qo + AR AL + VLY +

Sty 1)S + azeg R +

Y~ 2DD! + B(oyl) Bt +

BASRZIS!BL + S'Bt + B,S < 0 (3.131)

where a;le,B,, < I. Note that for a given ¢, €, €. then oy then is affinely
linear in a1, a2, 5. Simple rearrangement of (3.131) using A.1 yields the
LMI (3.122).

Remark 3.16: Theorem 3.11 provides a sufficient delay-dependent
condition for a memoryless Hoo-controller guaranteeing the norm bound ~
and it is expressed in the easily computable LMI format. To implement such
a controller one has to solve the following minimization problem:

Min 0%
Y, 8,Qs,Qtr 1,4, Of
st.to —Y <0, —Qs <0,
—Q: <0, —Rs <0, Wy <0

3.6.2 Example 3.10

Here, we consider Example 3.9 in addition to the set of uncertainties
{AA(t), AB(t), AD(t), AE(t)} satisfying the matching condition (3.117)
with '
| 0.1sin(8t) —0.001 O 0
Ai(t) = [ 0 0 005 —0.02cos(3t) ]

0.2 cos(2t) 0 001  0.02
B‘(t):{ 0.1( : 0}? El(t)z[m sin(5t) 0.1 ]

| 0.05cos(t) O O O
Dl(t)“[ 0 0 0.05 0.5]

First, we evaluate the norms in (3.121) over the period [-2,15] to give ¢, =
0.0098, ¢, = 0.0366, ¢4 = 0.25, €. = 0.011. Selecting the same weighting
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factors of Example 3.9 plus ct; = 8, ay = 4, ag = 2, ag = 2, R =
diag(5, 5, 5, 5). This selection yields

3.2759 —-1.6379 0 0
R. — —-1.6379 5.7328 0 0
« 0 0 3.2759 —1.6379
0 0 -1.6379 5.7328

Finally using the LMI-Control Toolbox, we obtain

8.6062 —5.9864 -—0.6429 0.0491
~5.8064 8.9217 —0.0073 —0.0024
—-0.6429 -0.0073 3.2644 —0.5508 |’

0.0491 -0.0024 -0.5508 0.7626

Y = Ymin = 0.1055

S = —0.8505 -0.15421 -0.4296 0.0887
| —0.0394 -0.0045 0.7347 —2.0856

K- { ~0.4333 —0.4638 —0.2208 —0.0167

~0.0863 —0.06 —0.8002 —3.3075]’ 11| = 3.4057

To examine the sensitivity of the obtained results to the set of initial data, the
computational algorithm I is executed iteratively to obtain feasible solutions
while changing the set {a1, a2, a3, a4} around the base value 8,4, 8,2 and
observing the variation in gain K as measured by ||K||. It has been found
that:

(1) Varying the factor a; only over the range (8-40) results in changing
[|K]| from (3.4057) to (1.0728), that is, as oy is increased by 5 times, || K|
decreases by about 62.55 percent.

(2) Varying the factor as only over the range (4-20) results in changing
[|K|| from (3.4057) to (2.2910), that is, as aq is increased by 5 times, ||K|]
decreases by about 28 percent.

(3) Varying the factor as only over the range (2-8) results in changing
|| K| from (0.9071) to (3.4057), that is, as a3 is increased by four times, || K|
increases by more than 260 percent.

(4) Varying the factor ay only over the range (2-10) results in changing
[|K|| from (3.4057) to (3.3876), that is, as ay is increased by 5 times, ||K||
remains almost constant.
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3.6.3 Control Synthesis for Mismatched Uncertainties

In this case, we use (3.118) to get the closed-loop controlled system

#(t) = [A+ B{A1(t) + Bi(t)K} + {A2(t) + Ba(t) K}z (t)
+ [Aa+ BD1(t) + Da(t)]|z(t — (1))
+ [Ba+ BE(t) + E2(t)|Kz(t — n(t)) + Dw(t)
2(t) = La(t) (3.132)
Introducing

€a = SUp AmlAr(D)ATD)], & = sup Am[Bi(t)Bi(t)]

€ = sup Au[A2(t)45(1)], €a = sup Aur[Ba(t) By (1))

¢e = sup Au[Di(t)Re "DI(O], ey = sup A [Da(t) RS Dy(t)]

¢ =sup My [Br(OBI(B)],  en = sup el Bo(t) B E3(1)]  (3133)

Theorem 38.12: The closed-loop system (3.132) is asymptotically stable
with disturbance attenuation v via a memoryless state-feedback controller for
T, 0 satisfying (3.98) if given matrices 0 < Qi = Q¢ € R, 0< QL =Q, €
RMX" 0 < R = R, € R™*™ and scalars & > 0, ..., 610 > 0 and 1 > 0,...,
p10 > 0 there exist matrices 0 <Y =Y € R™™ and S € R™*" satisfying
the LMI:

A(Y) A2 As
Wa=| Ay -J 0 |<0 (3.134)
Ay 0 —Jy

where
M(Y)=AY + YA + Qi+ Qs + BS + S'B* + 6,
Ao=[Y St B]; Jy=|Lg 6pI §,1]
A3 =[Bn A4 D] ; Ji=[Rim Rea 7
RI;}z = 6mR];1; 0y = €02 + €404 + €f68 + €x0n
8 =2+ pa; Ly = L'L+ (01 + @2)I;
8: =14 05 +dg; 0e =1+ 7+ ps5; 0 =1+ 9+ 10;
8 =1+ 96 +¢1; 6m=1+0+0; &, =140+ ps (3.135)

Moreover, the gain of the memoryless state-feedback controller is given by

K =8y~ (3.136)
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Proof: Applying Theorem 3.10 along with the changes

Ac— A+ BK+ B(A1+ B1K)+ Ay + BoK ; Ay — Aa+BDy + Dy ;
BLK — ByK + BE1K + EoK (3.137)

we obtain the Hamiltonian in the form:
H(z,v,t) < Z;t;(t)W”Z3(t)

Zo(t) = [o4(t) 2tt—7) 2(t-n) +(®)]
Witn  Wie Wis v 'PD

Wt ~R 0 0

Wir = 112 <
u Wi g 0 -R. 0
~TIDtP 0 0 -1

Wity = PA+ AP+ Q.+ Q.+ PBK + K'B'P

P(BA; + A2) + (AYB' + AL)P + L'L

P(BB: + B2)K + K*(BiB* + BY)P

Wrre = PA3+PBDi+ PD,

Wiras = PByK + PBE(K + PE;K (3.138)

+ +

From (3.138), the stability sufficient condition H(z,v,t) < 0 corresponds to
Wir < 0. By applying A.1, this condition is equivalent to:

Wity + Wi oRZ'Wiy o + Wi sR'WHy 3 +v72PDD'P <0 (3.139)

To convexify (3.139), we first substitute Y = P~1, § = KY, Q; = P~1Q.P!,
Qs = P71Q.P YRy = SPR7!PS", then pre- and postmultiplying by P!,
to get :

AY + YA 4+ Qi + Q, + YALBt + BA|Y + YLILY +

ByS + S8tBL + (Ag + BDy + Do) R;Y(AY + DBt + DE) +4~2DD? +
+BS + S¢B' + (By + BEy + E2)R; (B! + E{Bt + Eb)

+Y AL+ AY + BB1S + S'BiBt <0 (3.140)

Using B.I.2, (3.135) and by selecting scalars &3 > 0, ..., dio > 0 and

1 > 0,..., p10 > 0 such that ¢; = 5;1; j = 1,...,10, with some algebraic

manipulations, we obtain the following bounds:

BAYY +YA'B! < B(8i1e,)B* +Y(p )Y
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AY + YA% < (51€aI) + Y((sz)Y
BB1S + S'BiB' < B(836I)Bt + St(psl)S
ByS+ StBY < (b4eal) + St(pal)S
(Aa+ BDy + D2)R;YN (AL + DiB + DE) < 8, AqR;YAY + (e50.T)
+ B(e.dsI)B!
(Bh+ BE1+ E2)R; (B, + EIB' + Ef) < 6mBhR;'B: + (endnl)
+ B(e6,1)Bt
(3.141)

By substituting inequalities (3.141) into (3.138) and grouping similar terms,
we obtain:

AY + YA + Qi + Qs + AaRJ AL + Y LY + S4(5,1)S
+y72DD' + B(6,I)B* + ByRABL + (6,I) + 8Bt +BS < 0
(3.142)

where

0y = €c02 + €204 + €50 + €40n; Lg = Lf,L,, + (1 + @)1
6p =2 +4; Ry} =68&R;Y
Rk = 8mBiY; 6 = €01 + 603 + €e0s + €40, (3.143)

We observe that for a given €,,..., €5 then &, dy, 0p, 0q, Om, 6n are affinely
linear in d1,...,010, ©1,..., ©10. Simple rearrangement of (3.142) using A.1
yields the LMI (3.134) as desired.

Remark 3.17: Theorem 3.12 provides a sufficient LMI-based delay-
dependent condition for a memoryless Hoo-controller guaranteeing the norm
bound « with mismatched uncertainties. To implement such a controller,
one solves the following minimization problem:

Min ~

Y, 5, Qar @ty 81518101 P11+ 1910
s.t. —Y <0, —Qs<0,
——Qt<0, -—Rk<0,l’V-y3<0
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3.6.4 Example 3.11

We consider Example 3.9 plus the uncertainties AA(t), AB(t), AD(t) and
AE(t) satisfying the mismatching condition (3.118) with

| 0.1sin(3t) —0.000 O 0
Al(t)—{ 0 0 005 —0.02 cos(3t)]

Bi(t) = [ 0.4 gois(Qt) 8 ]

Dl(t):{o.lcos(t) 01 0 0 };El(t):[o.m 0 ]

0 0 01 01 0 0.1 sin(5t)
01 0 0 o0 0.1 0
| 0 02sin4) 0 0 | | -01 o
At)=| 0o -03 o ["BO=1 0" 02smest)
0 0 0 04 0 0.1
0.05 sin(¢) 0 00 005 0
0  0.05cs(2t) 0 0 0.1 0
Dy(t) = 0 o( ) 00| BO=1 09 o0
0 0 00 0 0.1sin(3t)

We evaluate the norms in (3.132) over the period [-2,15] to give €, = 0.0098,
€ = 0.0366, ¢; = 0.16 €. = 0.02, €. = 0.0031, ¢; = 0.0003, ¢, = 0.0011
en = 0.0208.

Next, we select the different weighting factors: @, = diag(0.2, 0.2, 0.2, 0.2),
Q. = diag(0.4, 0.4, 0.4, 0.4), Q; = diag(0.3, 0.3, 0.3, 0.3), Ry = diag(0.6, 0.6),
T = 0.4, rt = 0.7, 77* = 0.2, 77+ = 0.4, ﬂ: 5, 51 = 5,52 =4, 53 = 8,64 =
2,05 = 2,06 = 2,57 = 2,08 = 2,09 = 2,610 = 2,01 = 0.2,¢020 = 0.25,3 =
0.125,4 = 0.5,05 = 0.5,6 = 0.5,¢7 = 0.5,¢p8 = 0.5, 9 = 0.5,10 = 0.5.
Letting Rss, Rs, Ree and using the LMI-Control Toolbox , we obtain

2.3994 -1.5430 -0.8531 0.1339
—1.5430 3.7746 —3.1093 -1.5613
-0.8531 -3.2570 12.0809 —1.2782 |’
-0.1339 -1.5613 -1.2314 11.0809

Y= Ymin — 0.2890

| —1.6206 -0.7654 -—0.0079 -0.0024

5= —0.0088 —0.0022 -1.5657 -0.7856
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—2.0476 —1.7441 -0.6507 —-0.3453

K= -0.5270 —-0.6024 -0.3507 -0.2026 |’

[|K|| = 2.9222

To examine the sensitivity of the obtained results to the set of initial data, the
computational algorithm in Remark 3.17 is executed iteratively to obtain
feasible solutions while changing the set {41, ..., 610, ©1,..., ¥10} around the
base value {8,4,2,2} and observing the variation in gain K as measured by
[|K|]. It has been found that varying (Js, ... 810) yields small changes in || K||
whereas variations in (81, ... 83) results in decreasing || K|| and in (84) causes
||K|] to increase.

3.6.5 Control Synthesis for Norm-Bounded Uncertainties

With the norm-bounded structure (3.119), the closed-loop controlled system
has the form:

#(t) = [A+BK+HA@®{E+ +LK}|z(t) + Du(t)
+[Ad + HdAd( )Ed]x(t — T( ) + [Bh + HeAe(t)Ee]I{w(t - n(t))
2(t) = Lx(t) (3.144)

Theorem 3.13: The closed-loop system (8.144) is stable with distur-
bance attenuation v via a memoryless state-feedback controller for T, n sat-
isfying (3.98) if given matrices 0 < Q! = Q¢ € R™*", 0 < Q% = Qs € R™*"
and scalars a1 > 0, ag > 0, ag > 0, oy > 0 such that agEdEd < I and
aaH!H, < I there exist matrices 0 < Y' =Y € R™™ and § € R™*"
satisfying the LMI:

TiY) Yo s
Wye=| Y, —Jo 0 |<0 (3.145)
T, 0 —J

where

Ti(Y) =AY + YA + Qi + Qs + BS + S*B' + H(amI)H*

am = o100 + 0102, Lt = 'L+ o7 'E'E; Req = a303'Re;

Ree = 0405 Ry R = BTV (I — o "HIH N (RTV2)Y,

R} = R7Y2|I - a;lE‘Ed]‘l(R“l/z) Ls=L'L

TQ = [Y St Ad] a = [Lt OézL Rddl]

Ys=[Es E.S S D), Js=[R} R;} Ro %I (3.146)
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Moreover, the gain of the memoryless state-feedback controller is given by
K =S8y™! (3.147)
Proof: In a similar way, we apply Theorem 3.10 with the changes

Ac— A+ BK + HA()(E+ LK) ; Aq— Ag+ HiDy(8)Es
BhK 4 BhI( + HeAe(t)EeK

(3.148)
to obtain the Hamiltonian
H(z,v,t) < ZLt)Wrr1Z4(t) (3.149)
Z)) = [¢'0) a'(t-1) a'(t-n) +@)]
%It”ll V‘:III?I:Q Wtélw W"IOPD
Wi = ngj 0 R, 0 (3.150)
viDlP 0 0 -

where

Wi, = PA+A'P+Qc+Qu+ L'L+ K'B'P + PBK

+ PHAE + E'A'H'P + PHALK + K*L*AH'P (3.151)
I/VIII'm = PD 4+ HdAdEd (3.152)
Wiin, = PAK+ PHAF K (3.153)

Again H(z,v,t) < 0 is implied by Wirr < 0. Now applying A.1, we get the
inequality:

WIIIu + I'VIIImRc_IVVItIIn + WIIIwR;lWItIIl;;'Y_ZPDDtP <0 (3'154)

Using (3.151)-(3.153), letting Y = P~1, § = KY, Q; = P~1Q.P™}, Q, =
P71QuP~, Ry = Q,(1 — %), then pre- and postmultiplying by P~!, we
get.

AY + YA ' + Qe+ Qs + S'B* + BS+ YLLY +

HAEY +YE'A'H' + HALS + S'LIAH® +

(Ad + HrdAdEd)Rgl(Ad + HdAdEd)t +

Y~ 2DD* + (By, + H. A E)SRTISH (B, + H.AE,)E <0

(3.155)
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Using B.1.2,B.1.8 and by selecting a3 > 0, a2 > 0, ag > 0, ag > 0 such
that asEYEg < I, asH H, < I, we obtain the following bounds:

HAEY + YE!ATH!

HALS + StLIAtH?

(Aq + HiAGEQ)R;Y(Aa + HyAyEy)!
(B + HeAeE)SR'SY(Br + He A Ee)'

H(awo [)H + Y (o7 E'E)Y
H(agooI)H + Stz ' LEL)S
Eq(osaz RV EY + AaRz) AY)
E.S(0207 R;1S'E!
BLSR_}S'B})

+ IAIA IA A

(3.156)

By substituting inequalities (3.156) into (3.155) and grouping similar terms,
we obtain:

AY + YA + Qi + Qs + AqR} AL + Y LY + S  L'L)S +
H(amI)H! + BS + S'B' + v 2DD" + Ey(o3a3 ' R;1ES)
4+ E.S(0207'R;IS'EL + E,SR_IS'EL) < 0 (3.157)

where
Qm = 0101 + 0202; Lt = L Lo+ a7 'N!N; asESEs < I, auElE. <1

Note in (3.156) that for a given o1, o2; then oy, is affinely linear in oy, as.
Simple rearrangement of (3.156) using A..1 yields the LMI (3.145) as desired.

Remark 3.18: The main result of Theorem 3.13 is that it estab-
lishes a sufficient delay-dependent condition for a memoryless Hoo-controller
guaranteeing the norm-bound v for systems with norm-bounded uncertain-
ties and it casts the condition into the easily computable LMI format. In
this regard, it generalizes existing results to the case of unknown state and
input delays. To implement such controller, one has to solve the following
minimization problem:

Min o
Y, 5,Qs, Qtya1yeeniy,y

subjectto —Y <0, —Q:<0 —-Q:<0, Wy;3<0
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3.6.6 Example 3.12
Consider Example 3.9 together with {AA(t), AB(t), AD(t), AE(t)} with

) 01 0
Joa 0 02 0] , for 0] . | o o005
E=1"% o4 o 0.1}'[’”[ 0 o1 Be=| _02 o
: 0 0.15

-05 0 0.1 ] -0.04

0 —06 | | —00s | L, | o012

H=1 o5 o |3 H@O=| o5 | H=] g5

0 05 ~0.2 | 0.10

002 03 0 0

| o 0 05 02| ... [022c0s(2) 0.05

Bt)=1 g7 02 o o |'80= 018  —0.05 sin(2t)

0 0 04 08
Aqg(t) =[0.1 —0.15sin(3t) 0.05 0.01], A, = [0.2cos(5t) 0 0 0]

Simple computation gives Rqq = diag(3.5789, 3.5789, 3.5789, 3.5789), L, =
diag(0.01, 0.01), R.. = diag(0.8488, 0.8488, 0.8488, 0.8488) and

1.032 05 0.184 0.1
0.5 0282 01 0.058

0.184 0.1 0.048 0.02
0.1 0.058 0.02 0.012

Next, computing the scalars in (3.119) yields o3 = 0.0408, o2 = 0.0372,
o3 = 0.03466. By selecting the different weighting factors as in Example
3.11, we evaluate the respective matrices and then proceed to solve the
underlying minimization problem to obtain:

180 —2350 160 5330
—1350 17330 2710 -70730 .
Y= 160 —2710 1030 10360 y  Ymin = 0.0229

5330 70730 10360 291240

L=

42873 —46.2425 -23.1474 -10.9651

K= 0.2365 0.3093 0.1009  0.0669
| —1.2767 —1.5419 -0.5491 -0.3316

'_{—2.4185 ~10.3692  5.1672  2.5054 ]

] . IK|| = 2.1417
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3.7 Notes and References

Robust stabilization schemes based on state-feedback can be found in {7,8,14,
15,28,35-36,64-66,77,99,111,118] for matched and/or mismatched uncertain-
ties and in [9-12,16,20,37,46,71,78,82,92,108-109, 120-121, 135,137-138| for
norm-bounded uncertainties. Results based on classical and algebraic meth-
ods are available in [24,31,52-53,58-60,67,140,147-149,158-164,166,173].

TLFeBOOK



This Page Intentionally Left Blank

TLFeBOOK



Chapter 4

Robust Hy, Control

We recall that the previous two chapters have a common denominator.
Chapter 2 was concerned with the internal stability of open-loop systems
and Chapter 3 dealt with closed-loop system stability under state-feedback.
Therefore Chapter 3 was a natural extension of Chapter 2. We also adopted,
in Chapter 3, Hoo-bound as one tangible design criterion in synthesizing a
feedback controller and considered uncertain systems with state and input
delay. In this chapter, we expand this philosophy further and examine the
robust Ho-control for different classes of uncertain time-delay systems. The
results presented hereafter complement those of Chapter 3, but also add re-
sults on nonlinear, discrete-time as well as multiple-delay systems. It should
be emphasized that in systems theory Heo attenuation has been proven to be
a very useful performance measure. Loosely speaking, if w(t) € £4[0,00) is
the exogenous input and z(t) is the controlled output then the y-disturbance
attenuation problem is to choose a state-feedback law u(t) = Ksz(t) which
guarantees the closed-loop internal stability and ensures that

) 2 2
max 5 — <0,y>0
O;éweﬁe[’m)(llznz Y llwll3) £ 0,7

The last decade has witnessed major advances in Heo control theory [214-
219] of linear dynamical systems. It seems, however, that little results are
available so far on He control of time-delay systems. In {32}, a frequency-
domain approach is used to design an Hy controller when the time-delay
is constant. A Lyapunov approach is adopted in [47] for the design of state

and dynamic output feedback controllers for a class of time-varying delay
systems.

121
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122 CHAPTER 4. ROBUST Hoo CONTROL

Here, we consider the robust Heo control problem for a class of time-delay
systems with norm-bounded uncertainties and unknown constant state-delay.
Specifically, our objective is to guarantee that the internal stability of the
closed-loop feedback system with a prescribed Hoo-norm bound constraint
on disturbance attentuation for all admissible uncertainties and unknown
state delay. The main thrust for solving the foregoing problem stems from a
Lyapunov functional approach which eventually leads to finite-dimensional
Riccati equations that can be effectively handled by existing software.

4.1 Linear Uncertain Systems

4.1.1 Problem Statement and Preliminaries

We consider a class of uncertain time-delay systems represented by:

(Ta): () = [A+AAR)]x(t) + [Ag + AAq(t))z(t — )
+ [B+ AB(t)u(t) + Rw(t)
= Aa(t)x(t) + Asa(t)z(t — ) + Ba(t)u(t) + Rw(t)
2(t) = Lz(t) + Du(t) (4.1)

where z(t) € R™ is the state, u(t) € R is the control input and 2(t) € R" is
the controlled output. In (4.1), A € R™*", B € R™*P, 44 € R**", L € ™"
and D € R™*P are real constant matrices representing the nominal plant.
Here, 7 is an unknown constant scalar representing the amount of delay in
the state. The matrices AA(t) , AB(t) and AAy(t) represent time-varying
parameteric uncertainties which are of the form:

[AA(t) AB(t)l= HA(OE Ebp]; AAg(t) = HgAo(t)Ea (4.2)
where H € R™** Hy € %9 E € RP*", B, € RP*P and E; € R“*P are
known real constant matrices and Aj(t) € R¢*P, Ay(t) € R*** are unknown
matrices with Lebsegue measurable elements satisfying

Af(A(t) < I AY()Aql() < 1, Yt - (43)

The initial condition is specified as (z(t,), z(s)) = (%o, ¢(s)), where ¢(-) €
La[—7,t,] and w(t) € L2]0,00) is an input disturbance signal.
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4.1. LINEAR UNCERTAIN SYSTEMS 123

Distinct from system (Xa) are three systems:

(Bao): #(t) = Aat)z(t) + Ea(t)z(t — 1)

(Baw): #(t) = Aa(t)x(t) + Ea(t)z(t — 7) + Row(t)
(t)
(t)

N
—~
L
&
Il
=

t
(Baw): () = Aa(t)z(t) + Ea(t)z(t — 1)+ Ba()ult) (4.4)

Zz

We note that systems (¥a,), (Xaw) and (Xa,) represent, respectively, the
unforced disturbance-free portion, the disturbance-free portion and the un-
forced portion of system (Xa).

We recall from Chapter 2 that system (£a,) with uncertainties satisfying
(4.2) is robustly stable independent of delay if there exist scalars (u > 0, o >

0) and a matrix 0 < W = W? € R"*" such that the algebraic Ricatti
equation (ARE):

PA+ AP + PB(u,0)BH(p,0)P + p EtE+W = 0 (4.5)
has a stabilizing solution 0 < P = Pt € ®**", with
B(p,0)B (1, 0) = pHH + o HyHY + Ag(W — 07 ESE;)71AY  (4.6)
Based on this, we establish the following result for system (Xa4).
Theorem 4.1: System (Xa.) is robustly stable via memoryless state
feedback if there exist scalars (n > 0, ¢ > 0) and a matrizr 0 < W = W' ¢

R such that ARE:

PA + A'P + PB(p,0)B!(u,0)P + u 'EY{I — By(BLE) T EYYE+W = 0

has a stabilizing solution 0 < P = P* € ®"*™, where )
B(u,0)B'(11,0) = B(u,0)B" (1, 0) — uB{E{E;} ™' B* (4.8)
Furthermore, the stabilizing control law is given by:
u(t) = Ksaz(t)
K, = —uEE)" (B'P+u ' ELE) (4.9)
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124 CHAPTER 4. ROBUST Ho CONTROL

Proof: System (¥a.) with the memoryless feedback control law u(t) =
K,x(t) becomes:

(Baw): z(t) = Aac(t)z(t) + Aaa(t)z(t — 1)
[Ac + HA ()M ]x(t) + Aaa(t)z(t — 7)
Ac. = A+ BK,, M., =FE+ EK, (4.10)

By Lemma 2.1, system (4.10) is robustly stable independent of delay if:
PApc+ AL P+ PAAWTITALNP+W < 0 (4.11)

Applying B.1.3 and A.2 and using K, from (4.9), it is readily seen that
(4.11) with the help of (4.6) and (4.8) reduces to:

PA+A'P+P {B(p,0)B (1, 0)} P+~ E{I - E(B{Eo) " B} E+W < 0
(4.12)
Finally, by A.8.1, it follows that the existence of a matrix 0 < P =

Pt € X7 satisfying inequality (4.12) is equivalent to the existence of a
stabilizing solution 0 < P = P* € ™" to the ARE (4.7).

4.1.2 Robust H,, Control

Now, we proceed to examine closely the robust Hs control problem. First,
we consider the robust He, performance analysis for system (Yaw).

Theorem 4.2: System (Xaw) s robustly stable with a disturbance at-
tenuation v if there exist scalars (u > 0, ¢ > 0) and a matriz
0<W =W?!eR"™™ such that the ARE:

PA+ AP+ PB(p,0,7)B (u, 0, )P+ p *E'E+W + L'L = 0 (4.13)

has a stabilizing solution 0 < P = Pt € R™*", with
By, 0,7)B (1, 0,7) = pHH +oH H +7"2RR + Ag(W — 0™ E{ Eg) 1 A%
(4.14)

Proof: In order to show that system (¥a.w) is robustly stable with a
disturbance attenuation 7 , it is required that the associated Hamiltonian

H(z,w,t) = Vi(z:) + 2'(t)2(t) — Y?w'(t)w(t) < 0
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4.1. LINEAR UNCERTAIN SYSTEMS 125

where Vy(z¢) is given by (2.5). Little algebra shows that:

H(z,w,t) = &(t) ¥(P) &)
A4P + PAA+W + L!L PAsa PR

Y(P) = A4 P -w 0
RtP 0 72
£t) = [gf(@¢) ') -7 (4.15)

The requirement H(z,w,t) < 0, VE(t) # 0 is implied by ¥(P) < 0
which, in turn, by A.1 implies that:
PAA + ASP + PAsaW P AL\ P+ PRR' P+ W + 'L < 0 (4.16)
Using B.1.2 and B.1.3, it follows for some u > 0,0 > 0 that
PA+ AP+ 'E'E4+ W + LL +
P{uHH" + o HyHY + 7 RE + Ag(W - 0™ EYE) ™ AY} P < 0
(4.17)

By A.1, it follows that the existence of a matrix 0 < P = P! € R satis-

fying inequality (4.17) is equivalent to the existence of a stabilizing solution
0 < P= P! e R"*" to the ARE (4.13).

By considering the robust synthesis problem for system (¥a), we estab-
lish the following result.

Theorem 4.3: System (3a) is robustly stable with a disturbance atten-
uation v via memoryless state feedback if there ezist scalars (> 0,0 > 0)
and a matriz 0 < W = Wt € %" such that the algebraic Riccati equation
(ARE):

PA+ A'P + PW(p,o0, W, 0,7)P+ p  B'E + LIL+ W
—{PB+ u " E'E, + LI'DY{D'D + n B} B} 1
{BtP 4+ 'EtE+ DL} =0 (4.18)
has a stabilizing solution 0 < P = Pt € R™*", where the stabilizing control
law is given by:
u(t) = K. z(t)
K. —{D'D+ p 'E{E,)"YBP + u~ ELE+ DL} (4.19)
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Proof: System (Xa) subject to the control law u(t) = K.xz(t) has the
form:
() = Aac(t)z(t)+ Aaa(t)z(t — 7) + Rw(t)
[Aec + EAL(t) M)z (t) + Rw(t)

il

2(t) = [L+ DK.z(t) (4.20)
where
Ac= A+ BK.,, M. =M + MK, (4.21)
Using Va(x¢) of (2.5), it is easy to see with the aid of (4.20) that:
H(z,w,t) = €4t) U.(P)&(t)
AL P+ PAp.+W
wP) L+ DK.JL+ DK, T4u PR
* AL\ P -W 0
RP 0 —~2]
£t) = ['(t) w'(t) 't~ (4.22)

By similarity to Theorem 4.2, we use A.1, B.1.2 and B.1.3 in the
condition ¥.(P) < 0 to obtain for some x> 0,0 > 0:
PA.+ ALP+ Q + [H + DK,|'[H + DK, + p~ MM, +
PW (i, 0,7)W* (i, 0,7)P < 0 (4.23)

Using K, from (4.19) and manipulating, we get:

PA+ AP + PW(u,0,7 )Wt (u,0,7)P+ u B E+ L'L+W

~{PB +p " E'E, + L'DY{D'D + p ' E{E,}*

{B'P+ u 'EIE+ D!'L} <0 (4.24)
By A.1, it follows that the existence of a matrix 0 < P = Pt € R**"

satisfying inequality (4.24) is equivalent to the existence of a stabilizing
solution 0 < P = Pt € R**™ to the ARE (4.18).

4.2 Nonlinear Systems

Now, we move one step further and consider the robust He, control problem
for a class of uncertain nonlinear time-delay systems. The parametric un-
certainties are real time-varying and norm-bounded and the nonlinearities
are state-dependent and cone-bounded. The delays are time-varying and
bounded both in the state and at the input.
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4.2.1 Problem Statement and Preliminaries

Consider a class of nonlinear dynamical systems with state and input delays
as well as uncertain parameters of the form:

(Ea): 2(t) = [A+AA®D)]x() +[G + AG(4)]g[z(t)]
[B+ AB(t)]u(t) + [Ag + AAq(t)|x(t — 7(2))
[Br + AB(t)]u(t — n(t)) + Ruw(t)
Aa()z(t) + Ga(t)glz(t)] + Ba(t)u(t)
Aga(t)z(t — 7(t)) + Bra(t)u(t — n(t)) + Ruw(t)
[C+ AC()|z(t) + [Hr + AHK(8)]A{z(t))
[F 4+ AF(t)]u(t) + Tw(t)
Ca(t)z(t) + Hua (t)h]z(t)] + Fau(t) + Tw(t)
z2(t) = La(t) + Ju(t) (4.25)

where z € R™ is the state; u € R™ is the control input; y € R? is the
measured output; z € RP is the controlled output and w(t) € NP is an
input disturbance signal which belongs to £2[0,00). Here, 7, n stand for the
amount of delay in the state and at the input of the system, respectively,
with the following properties:

0<T(t) <7 <00, T(t)<Tt <1

0<n(t) <7 < oo, i) <0t <1 (4.26)
such that the bounds 7*, *, 7% and n* are known. In (4.25) the matrices

A e, B e R™™ and C € RI*", represent the nominal system without
delay and uncertainties and Ag € R**", Hy € R™*™,G € R**"*, L, € RP*7",
J € ®P*™ and Hp € RI*™ are known constant matrices. The uncertain
matrices AA(t), AB(t), AC(t), AAq(t), ABu(t), AF(t), AG(t) and AHn(t)
are given by:

a0 8201 [ (e 5]
AAG(t) = HuA(H)Es, AHL() = HiAo(t)E;
AG(t) = HyA;)E;, AH(t) = HyAw(t)E, (4.27)
where A(t) € Ro1%02 Ay(t) € R¥*™, Ay(t) € R*¥%6, Ay(t) € RNO7*08,
Ap(t) € R*9**10 gre matrices of uncertain parameters satisfying the bounds
AAR) < T, M)A ST, Ag()AY(t) < T
By (OALE) < I, Ax)ALRM) < T (4.28)

+ +

+

<
—_
(a3
~
+ |

Il
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and H € ®R"**1, H, € RP*X*1 H; € ®"**3, H, € R™**, H, € R**7,
H, € m*29, B € Ro2Xn By, € ReXm Fy € RMXn By € Roex™,
Ey € %" and E, € R*¥°*™ are known real constant matrices. The
unknown vector functions g(.) and h(.) are assumed to satisfy the following
boundedness conditions:

Assumption 4.1: There exist known scalars k1 > 0 and k2 > 0 and
matrices Wy, W), such that for all z € ®"

llg(@)l| < kal|Woall, [[A(@)I| < kol [Whel| (4.29)

Finally, the initial functions of system (4.25) are specified as
zo € C([-7,0];R") and uy € C([—n,0}; R™).

Remark 4.1: System ($a) represents a general state-space framework
encompassing models of many physical systems which include water pollu-
tion systems, chemical reactors with recycling and hot stripping mills. The
structure of the uncertainties in (4.27-4.28) is known to belong to the class
of norm-bounded uncertainties.

Distinct from system (Xa) are the following systems:

(Tao): @(t) = Aa(t)z(t) + Galt)glz(t)] + Ada(t)z(t —7)
(Zaw): () = Aa®)z(t) + Galt)glz(t)) + Ada(t)z(t — ) + Ruw(t)
2(t) = Lx(t)
(Bau): #(t) = Aa(t)z(t) +Ga(t)glz(t)] + Aga(t)z(t — 7) + Ba(t)u(t)
+  Bra(t)u(t —n)
z(t) = La(t)+ Ju(t) (4.30)

which represent, respectively, the unforced disturbance-free portion, the un-
forced portion of system and the disturbance-free portion of system (£a).
As usual, we examine properties of systems (Zao), (Xaw) and (Xay) for the
determination of the behavior of system (Xa).

We consider the problem of robust stabilization of the uncertain time-
delay system (£a) using linear dynamic output-feedback. We will develop
our results based on the properties of systems (Xa,) and (¥aw). In the
sequel, we will establish an interconnection between the robust stability of
(2a,) and the disturbance attenuation property of the following parameter-
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ized linear time invariant system.

(Ze): £t) = AL(6) + B(p1, 2, p3)d(t) (4.31)
Z(t) C(p1, p2, p3)E(t) (4.32)
where £(t) € R" is the state, i(t) € ®™ is the disturbance input which

belongs to L2[0, o), #(t) € R is the controlled output and the matrix
functions B(ps, pa, pg) and C(p1, pa, p3) satisfy

I

B(p1, p2,p3)B'(p1,p2,p3) = piHH'+ psH H, + G(I — p3°E{Eg) ' G"
+ pEHHS + Ag(Wh — p32EYEg) 1AL (4.33)
é(/’hﬂ2yp3)ct(ﬂly 02, PS) = kﬁ"VgtVVg + P;2EtE + I/VI (434)
where W1 = (1 — 7+)W), and the scaling parameters p; > 0, pz > 0 and
p3 > 0 are such that p; 2MtM < I and p'3'2M3M3 < Wi.

The next theorem estabhshes a robust stability result of system (¥a)
using the Riccati equation approach.

Theorem 4.4: Consider system (Xa,) satisfying Assumption 1. Then
this system is robustly stable if there exist a matriz 0 < Wi = W} and scal-
ing parameters p; > 0, ps > 0 and p3 > 0 such that: (1)p2"2MgtMg < I and
p32MEMs < (1 — 7H)Wy; (2) system (3¢) has unitary disturbance attenua-
tion.

Proof: Introduce a Lyapunov-Krasovskii functional V,(z:)
t
Valwy) = o'(t)Pa(t) + k2 / W, m(v))*w_qx(u)dv

/ Ha(v))g(z(v )dv+ « ot (v)Wiz(v)dv  (4.35)

-7(t)

where 0 < P = P* and 0 < W; = W} are weighting matrices. Observe that
Va(zt) > 0, z # 0, and Vyi(x:) = 0, = 0. By evaluating the time-derivative
of Vo.(z:) along the solutions of (Xa,), we obtain:

Valz:) = zH(t)|[AYP + PAA)z(t) + g'(z)Gh Px(t) + =t (t) PGag(x)
+ 2'(t — 7)Da Px(t) + o' (t) PDaz(t — ) + kiz* () Wi Wz (t)
~ g (x)g(z) + 2t (t)Wiz(t) — 2t (t — T)Whz(t —7) (4.36)
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where W1 = (1 — 7)W1. On completing the squares in (4.36) and using
(4.26), we get:

Vi(z,t) = zt(t) {AtAP + PAaz(t) + P(GaGh + DaWyi' DA )P} at)
+ at(t) { KWW + W1} alt)
— lg(z) — GaPx(t)]'|g(z) — G4 Pa(t))]
— |zt —-7)— I/Vl_lngPm(t)]th[x(t —-7)— WﬁlDtAPa:(t)]
< a'(t) {ALP + PAas(t) + P(GaGh + DaWi ' D) P} a(t)
24 (t) {kagth + Wl} z(t) (4.37)
For internal stability, Vn(z:) < 0 for z(t) # 0. This holds if:
PAp + AQP+ PDAW'DAP + PGAGAP + kKiWiW, + W1 <0 (4.38)
On using B.1.2, we get
PAA + A4 P

PA+ A'P+ PHAE + E*A'EP
< PA+A'P+p!PHH'P + p{*E'E (4.39)

By B.1.3, we have
PD AW ID4 P

i

P(Ag+ HyME)W (Ag + HyA Eg)tP
Plp3HyHS + Ag(Wh — p32E4Ey) A4 P (4.40)
P(G + HyA Ey) (G + HyAgEy)'P

Pp3H,H: + G(I - p7ELEg) 'GP (4.41)
Substituting (4.39-4.41) into (4.37) yields the ARI

PA+ A'P+ pT*E'E + P(piHH' + pJH, HE + p3 HyH5) P
+EIWWy + PAy(W1 — p32E4Eq) "t ALP
+PG(I — p3 By E) '\G'P+ W1 <0

A

PGAGL P

IA

(4.42)

On the other hand, by A.3.1, system (X¢) is robustly stable with unitary

disturbance attenuation if there exist matrices 0 < P = Pt and 0 < W; =
W} such that

AtP"" PA+Pé(ﬂl,P?spa)gt(Pl,P%Pa)P+
Ct(p1, p2, p3)C(p1, p2, p3) < O (4.43)
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A comparison of (4.42)-(4.43) in the light of (4.33)-(4.34) shows that (X a,)
is globally asymptotically stable for all admissible uncertainties.

Remark 4.2: The key point disclosed by Theorem 4.4 is that the ro-
bust stability problem of a class of nonlinear systems with norm-bounded
uncertainties and time-varying state-delay of the form (X ) can be effectively
converted into a “parameterized” Heo analysis for a linear time-invariant sys-
tem without parameter uncertainties and without state-delay.

Corollary 4.1: System (Xao) satisfying Assumption 4.1 is robustly
stable if there exist a matriz 0 < Wy = W} and positive scaling parameters
p1, p2 and p3 such that: (1)p2’2E;Eg < I and p3?E4Es < (1 — 7H)Wy; (2)
the ARE

AP+ PA+ PB(py, p2, p3)B' (p1, p2, p3) P +
Ct(p1,p2, p3)C(p11 2, p3) + W1 =0 (4.44)

has a stabilizing solution 0 < P = P,

Proof: By Theorem 4.4 and applying A..1, it follows that the existence
of a matrix 0 < P = P* € R™*" satisfying inequality (4.42) is equivalent to
the existence of a stabilizing solution 0 < P = P* € R™*" to the ARE (4.44).

Corollary 4.2: System (Yao) satisfying Assumption 4.1 is robustly
stable if
(1) A is stable matriz, and
(2) The following Ho morm bound is satisfied

P E o
kiWy | [sI - A]"'L D]l <1
Wll 2

L=[pmH paHy p3Hy

D = [Ag(Wy — p3 2 HiHg) ™2 G(I — p32ELEg)~?

o]

Remark 4.3: The combined results of Theorem 4.4, Corollary 4.1
and Corollary 4.2 provide alternative ways to assess the robust stability of
system (¥a,). For practical implementation, a convenient way would be to
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convert (4.42) into the LMI

PA+ AP+ W, , . .
+EWEW, E*PL PD
E -2l 0 0 |<0
e o -J; 0
Dtp 0 0 —J;
where
L = [H H, Hy)), Ji=[p7 p3%I p3°I
Doo = Do(Wi— p32EiEs) 2
Goo = Goll —p3*MgMy)™"/*
D = [PDo PGool) , Jo=]I I

In this regard, the software LMI-Toolbox [4] provides a numerically efficient
method for computing the matrix P as well as the scaling parameters p1, p2

and pa.

Now, we consider the robust stabilization of system (£4). In this regard,
we introduce the following parameterized linear time-invariant system :

(Bu) ¢

~

z

y(t)

= AL(t) + B(ey, €2, €4, €5)W(t) + Bu(t) (4.45)
_ [ %, } () + [ o ] u(t) (4.46)
= C¢(t) + H(er, €2, €3)W(t) + Fu(t) (4.47)

where ((t) € R is the state, u(t) € R™ is the input, @(t) € R*< is the
disturbance input, y(t) € R" is the measured output, Z(t) € R" is the
controlled output, W,Wyn = kfW{W, + k§WiW), and

B(er, €2, €4, €5)
Bi(e,€2)
Ba(es,€5)

Bo (€4, €5)
Bao(ea, €5)
H(61,62,63)
Ha(er, €2,€3)

[Bi(e1,€2) Balea,€s)) ,
= |aH, G - e2ELE)' 2, eH,, 0],
= [Ba(es,es5) Boz(eq,e€s)],
leaHa, Do(W1—eg?ESEs) ™Y
lesH;, Br(I —e52ELE)~Y? (4.48)
[H1(e1,€2,€3), O, 0, 0, 0]
= [aH, 0, Hy(I —e52ELE,)™Y?, e3H,] (4.49)

i

I
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The scaling parameters ¢; > 0, €2 > 0, e3 > 0, ¢4 > 0 and €5 > 0 are
such that € 2M!M, <1, €7?M{Ms < Wy and €52 MEM), < 1.

The next theorem provides an interconnection between the robust stabi-
lization of system (Xa.) and the Hoo-control of system (¥,) using a linear,
strictly proper, output-feedback controller Gy (s) which has the following
realization:

(Gu(s)): C(t) = AgC(t)+ Bry(t); ¢(0)=0 (4.50)
u(t) = Kp¢(t) (4.51)

where the dimension of the controller n; and the matrices Ay, By and Ky
are to be chosen.

Theorem 4.5: Consider system (¥a.) satisfying Assumption 4.1,
Then this system is robustly stabilizable via controller Gy(s) if there exist
scaling parameters €1 > 0,e2 > 0 and €3 > 0 such that: (1) eQQE;Eg <1,
e;zEéEd < Wi and eEQE,ﬂEn < I; (2) the closed-loop system formed by
system (£,) and controller G,(s) has a unitary disturbance attenuation.

Proof: We proceed by augmenting system (¥a,) and the controller
Gu(8) to get the closed-loop system:

€t) = [Aa+ LaA)MJE(t) + [Ge + LeAc(t) Ml f[E]
+ [Da+ LaAa(t)Ma)€(t — 7) + [Fe + LeAc(t) Me|E(t — 1)
(4.52)

where

() - {C“) ],Aa:{ A BK },La

I

61]{
foHc

zs(t) BiC Aj+ BiFK;
- - G 0 As(t) 0
M, = [61 g €1 lEbI(f], G. = |: 0 Bth :| , Ae(t) — [ 20( ) 0 :l

I

| eH, 0 | glz] es'E; 0
L. = ': 209 eSBffIn},f{ﬁlvl:h’[x]jl’Me 5Ot O]a

-1
. €5 Ey 0 . Ay O | eaHy O
M. = [ 0 eglEn}’Dd_[O o*e=1| "0 ol
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-1
. €4 Ed 0 = Bh 0 _ esHt 0
Md - { 0 O])Ee“l:o 0:‘7[16_‘[ 0 0}’

0 03]

Observe from (4.53) that A (t)AL(t) < I Vitand V& e R ||fE)l] <
kuwlllI, Ol , k12 = [[Wh,Waall.

Ac(t)

il

Alternatively, system (2, ) under the action of controller G,(s) yields the
closed-loop system:

£t) = Ad&(t)+ Bai(t)
i(t) = Cu&(t) (4.54)
where ( )
Bley, €9, €4, € | M,
B, = { B;%(Z:l,ezge:) } , Co = { Won ] (4.55)

with Wop = [W], W, 0] and the remaining matrices are as in (4.53). From
(4.48)-(4.49)and (4.53), it is a simple task to verify that

BoB: = L L+ Gl - MM G+ LLE
+ LgLh+ Dg(Wy — MEM)™'DY + Le Lt + E.(I — MEM.) ™ EL
CiCa = MiMa+WhHWell oI 0] (4.56)

Finally, by applying Theorem 4.4 to systems (4.52) and (4.54)-(4.56),
the desired result follows immediately.

Corollary 4.3: Consider system (Xa) satisfying Assumption 4.1 with
all the state variables being measurable. Then this system is robustly stabi-
lizable via the state-feedback controller u(t) = Ks((t) where K, € ®™*" is
a constant gain matriz, if there exist scaling parameters €1, €2, €3 such that:
(1) ;2EtEg < I, €7’EiEs <W1 and €3 2EL En < I; (2) system (L) un-
der the control action u(t) = K,((t) has a unitary disturbance attenuation.

Remark 4.4: The results of Theorem 4.5, Corollary 4.3 generalize
previous results and show that the robust stabilization problem can be con-
veniently converted to a parameterized Hoo-control problem which does not
involve parametric uncertainties, unknown nonlinearities or unknown delays.
The solution to the Hoo-control problem is by now quite standard and can
be obtained via algebraic Riccati equations (AREs), see [214-219).
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4.2.2 Robust H,— Performance Results

We now examine the problem of robust performance with Hoo-bound. For
this purpose we consider system (X5) and address the following problem:

Given a scalar v > 0, design a linear time-invariant feedback controller
u(t) = Ge(8)y(t) such that the closed-loop system is robustly stable and guar-
antees that under zero initial conditions, ||z|l2 < = ||w|l2 for all non-zero
w € L2[0,00) and for all admissible uncertainties satisfying (4.3) and for
unknown state-delay. In this case, we say that system (3a) is robustly
stabilizable with disturbance attenuation v and the closed-loop system of
(4.1)-(4.3) with u(t) = Ge(s)y(t) is robustly stable with disturbance attenua-
tion .

Toward our goal, we now focus on system (Xa.). In line of the analytical
development of the previous section, we define the following parameterized
linear time-invariant system

(Sew): £(t) = Aok(t)+[Ro vB(p1, p2, pa)li(2) (4.57)

I
A = [C(m,pz,m)}&(t) (4:58)

where £(t) € R is the state, ¥(t) € R% is the disturbance input which
belongs to L]0, 00), 2(t) € R is the controlled output , B(p1, p2,pa),
C(p1, p2, p3) are given by (4.33)-(4.34), and A, B, L are the same as in (4.25).

Theorem 4.6: Consider system (Saw) satisfying Assumption 1. Given
a scalar v > 0, this system is robustly stable with disturbance atten-
uation if there exist a matriz 0 < Wy = W} and scaling parameters p1 > 0,
p2 > 0 and p3 > 0 such that: 1)p2_2E;Eg < I and p32E4Eg < (1 — 7%)Wh;
2) system (X¢y) has unitary disturbance attenuation.

Proof: By A.1l applied to system (Yaw), it follows that there exist
matrices 0 < P = P! and 0 < Wy = W¥ such that

AP + PA+ PB(p1, p2, p3)B'(p1, p2, p3)P + Y 2PRR'P +
L'L+ C4(p1, p2, p3)C(p1, p2, p3) < O (4.59)

On considering (4.33)-(4.34), inequality (4.59) reduces to:
AP+ PA+ P{p?HH" + pyH,H} + G(I — p52ELE,)™'G +
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p3HAHG + Ag(Wh — p3°ESE2) T AQYP +
Y 2PRR'P+ L*L + kKiWiWy + pr2E'E + W1 < 0 (4.60)

Using B.1.2 and B.1.3, inequality (4.60) implies:

PAp + AS P+ PDAW DY P + PGAGY P + v 2PRR!P +
KWW, + LIL+ Wy <0 (4.61)

which means that system (Xa.) is robustly stable.

Next, to establish that ||z]l2 < ||w||2 whenever ||wl||2 # 0, we introduce
o0
J = / (2tz — Y2wtw) dt (4.62)
0

In view of the asymptotic stability of system (Xa.) and that w € L3[0, 00),
it is readily seen that J is bounded. Using (4.1) with z, = 0, it follows from
(4.62) that:

J = / {xth,LO:v + %(thx) - 'y?wtw} dt
0

= [T{PAs+ 4LP+ PDAWTIDLP+ PGAGAP + 7 *PRRIP
+ KWW, + L'L+ Wh}dt

- ["{is) - Gh Po®)lo(e) - GhPae) }

- A " {le(t - ) — W' D\ Pa(O] Waalo(t - ) — W' D Pa(t)] } de
= [T {w -y RPalfw 2R Pol}

- /0 Tt - DWaalt — 1) — ¢ (@)o(@) + K (Wya)'(Wyz)} dt (4.63)

By Assumption 4.1 and inequality (4.61), it is easy to see that J < 0.
This means that ||z]]s < 7 ||w|]2 YO # w(t) € L2]0,00) and for all admis-
sible uncertainties.

We are now in a position to attend to the problem of robust He, control
of system (3a) by converting it into a parameterized Hoo control problem.
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For this purpose, we introduce the following system:

(Bew) : §(t) = A&(t)+ R Bl(e1, €2, €4, €5)|1(t) + Bu(t) (4.64)

L J
2(t) = | GE €W+ | By | ult) (4.65)
klzl 0

y(t) = CER)+ [T Hler,ea, e3)lh(t) + Fu(t) (4.66)

where £(t) € R is the state, ¥(t) € R% is the disturbance input which
belongs to L£3[0, 0o) and Z(t) € R% is the controlled output, v > 0 is
the desired disturbance attenuation level for system (¥a), the matrices
B(e1, €2, €4, €5), H(er, €2, €3) are given by (4.48)-(4.49) and the matrices (A, B,
C,R,L, J, F,T) are the same as in (4.25).

The next theorem summarizes the main result.

Theorem 4.7: Consider system (X a) satisfying Assumption 1. Then
this system is robustly stabilizable with disturbance attenuation v via a lin-
ear dynamic output-feedback controller G, (s) if there exist scaling parameters
€1 > 0,e2 > 0 and €3 > 0 such that: (1) e;QE;Eg < I, €’E5E; < W
and €3°ELE, < I; (2) the closed-loop system formed by system (X¢,) and
controller Gy (s) has a unitary disturbance attenuation.

Proof: Follows directly by applying Theorem 4.6 to the closed-loop
system of (4.25) with the controller (4.50)-(4.51) on one hand and to the
closed-loop system of (4.64)-(4.66) with the same controller (4.50)-(4.51) on
the other hand.

Remark 4.5: The result disclosed by Theorem 4.7 indicates that the
robust stabilization problem with H.,— performance for a class of uncertain
nonlinear time-delay systems of the type (4.25) can be converted into a pa-
rameterized Hoo—control problem for linear time-invariant systems without
uncertainties and delay terms. The solution of the latter problem can be
obtained by standard methods [214-219].

4.3 Discrete-Time Systems

This section considers a class of discrete-time systems with norm-bounded
uncertainty and unknown constant state-delay. We investigate conditions

TLFeBOOK



138 CHAPTER 4. ROBUST Ho CONTROL

of robust state feedback stabilization guaranteeing a prescribed Hoo perfor-
mance. Using a Lyapunov functional approach, we express these conditions
in terms of finite-dimensional Riccati equations.

4.3.1 Problem Description and Preliminaries

We consider a class of uncertain time-delay systems represented by:

(Ba): z(k+1)

I

(4 + AA(K))z(k) + [B + AB(K)]u(k)

+ Agz(k - 1)+ Rw(k)
= Aa(k)z(k) + Ba(k)u(k) + Agz(k — 7) + Rw(k)
z2(k) = Lxz(k) (4.67)

where z(k) € R" is the state, u(k) € R™ is the control input, w(k) € R? is
the disturbance input which belongs to ¢2[0, co) with a weighting matrix R €
RXP, 2(k) € R? is the controlled output and the matrices A € R"*", B €
XAy € RP*™ and L € RP*™ are real constant matrices representing the
nominal plant. Here, 7 is unknown constant scalar representing the amount
of delay in the state. For all practical purposes, we consider 7 < 7* with
7* being known. The matrices AA(k) and AB(k) represent parameteric
uncertainties which are represented by:

[AA(k) AB(k)] = HA(k)|E E) (4.68)

where I € R*%® | E € %" and E, € RP*™ are known constant matrices
which characterize how the uncertainties affect the nominal system and we
assume that the matrix E{F) is nonsingular. The matrix A(k) € R*P is
unknown but bounded in the form:

Atk)A(k) < T Yk (4.69)

The initial condition is specified as (z(0),z(s)) = (%o, ¢(s)), where ¢(.) €
82[——T y 0]
Distinct from system (Ya) are the following systems:

(Ep): zk+1) = Aalk)x(k)+ Agz(k —7)
(Bo):  a(k+1) = Aa(k)e(k) + Ak — 1)+ Ru(k)
z(k) = Lz(k)
(£ alk+1) = Aa(k)alk) + Aga(k — 1) + Ba(k)u(k) (4.70)
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We learned from Lemma 2.3 that system (Xp) is robustly stable inde-
pendent of delay (RSID) if there exists matrices 0 < P = P! € ®R"*™ and
0 < W =W! e R"*" gatisfying the ARIL:

Al (k)PAA(K) — P + A4 (k)PALW — AYPAy AL P A (K) +
W <0 VA:AYK)A(K) < I, Yk (4.71)

Algebraic manipulation of (4.71) using A.2, B.1.2 and B.1.3 shows that
system (Xp) is (RSID) if and only if there exists matrices 0 < P = Pt €
R**" and 0 < W = W € R satisfying the ARI:

AP — AW A — pHH A - Py ' B'E AW = 0 (4.72)
Extending on this, we have the following result:

Theorem 4.8: Given a scalar v > 0, system (X,) is robustly stable
with a disturbance attenuation ~y if there exists a scalar p > 0 and a matriz
0< W =W* e R such that the following ARE

At {P-l — puHH' — 4~2RR! - Adw-lAg}'l A-P+p YEYE+LILAW = 0
o (4.73)
has a stabilizing solution 0 < P = Pt,

Proof: In order to show that (X,) is robustly stable with a disturbance
attenuation v, it is required that the associated Hamiltonian H(z,w,k) =
AVs(zr) + 24 (k)2(k) — y*w!(k)w(k) < 0, where Vs(z) is given by (2.78).
Standard matrix manipulations produce:

H(z,w, k) = £"(k)QP)&(k)

Q(P) =
r t . N
Af-‘-p%f ot PR ayPa,
A2
RtPAA Aar RPAy
_I/I/+
t t
(k) = [z'(k) w'(k) a'(k—1)) (4.74)
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The requirement H(z,w, k) <0, V £(k) # 0 is implied by Q(P) < 0. By
A.1, it is expressed as:

-P+W+L'L 0 0 A4

0 -y 0 Rt
0 0w a4, | <0 (4.75)
Aa R Ag —P1
Upon expansion using (4.75), it becomes:
[ -P+W+LIL 0 0 At
0 - 0 Rt n
0 0 -w A4
i A R Ay —-P7!
) Et
o | AK)IE 00 0]+ o |atmo o0 &Y < 0 (476)
| H 0

By B.1.4, (4.76) holds if and only if

[-P+W+IL'L 0 0 A
0 - 0 R! +
0 0 W A
i A R Ay —-P1
r 1
0060 HY + —F 00 0=
o |l ViH'] 0 [ NG |
| JEH 0
~P+ W+ L'L t ]
( +u 1EtE 0 0 4
0 -v%] 0 Rt
0 g WA <0  (477)
~P~1y
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Define S = [P~1 — pHH!|"! and Q = [W — A}{SA4)~!. Then by
repeatedly applying A.1, it can be shown that the LMI (4.77) is equivalent
to the ARI:

ASA—P+ W+ L'L+ p 'E'E + A'SA1QALSA +
{A'SR+ A'SA,044SR} {121 - R'SR - RiSA4 QA44SR}
{R‘SA + RtSAy QA@SA} <0 (4.78)

-1

Using A.2, it can easily be shown that

S+ SAdQA,tiS = [P_l - /LLLt - AdT/V_lAé]—l
~ T(P) (4.79)

The use of (4.79) into (4.78) yields

ATI(P)A— P+ W + L'L+ u'E'E +
{A'T(P)R}{~2I — R'I(P)R}Y{R'TI(P)A} < 0  (4.80)

Once again, application of A.2 produces:
-1
At {P~1 — pLL! — 4 2RR! ~ AdW‘lAfi} A-P+
pEB'E+ HH+W < 0 (4.81)
By A.3.2, it follows that the existence of a matrix 0 < P = P! satisfying

ipequality (4.80) is equivalent to the existence of a stabilizing solution 0 <
P = Pt to (4.72).

4.3.2 Robust H, Control
Now, we present the results on robust control synthesis.
Theorem 4.9: System (X,) is robustly stabilizable via memoryless state

feedback u(t) = K,x(t) if there exists matrices 0 < P = P € ®*" and
0<W =WteR™ and a scalar i > 0 such that the ARE

4{P — AW'4Y — pLL' — uB(EYE) B} A- P
pHH+W =0 (4.82)
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has a stabilizing solution 0 < P = P! where the stabilizing control law is
given by

us(k) = Ksaz(k)
K, = -{B'eB+ W E{E,} B'OA
0 = [Pt-AWA, —puLLY? (4.83)

Proof: System (¥,) with the memoryless feedback control u(t) = Kex(t)
becomes:

z(k+1) = Aac(k)z(k)+ Aaz(k —7)
= |Ac+ HAM|z(k) + Agz(k —T) (4.84)
where
Ac = A+ BK,, M. = E+ EK, (4.85)

It follows that system (4.84)-(4.85) is robustly stable if

A (K)[P™1 — AW 1A P Aac(k) - P + W < 0 (4.86)
AYK)AK) < I, Yk

Applying B.1.5 to (4.86) and then manipulating using A.2, we obtain:
AOA.—P + p MM, + W < 0 (4.87)
Expanding (4.87) and using K from (4.83), we get:
A'©A-P + p 1H'H + W-A'OB[B'OB+u ' E{E,| ! B'0A < 0 (4.88)
Using A.2 once again:
A{PY - AW AG — pHH — uB(BLE)T B A
~P+u lE'tE+W < 0O (4.89)

Finally, from A.3.2, it follows that the existence of a matrix 0 < P = P!
satisfying inequality_(4.89) solution is equivalent to the existence of a stabi-
lizing solution 0 < P = P* to (4.82).

Theorem 4.10: Given a scalar v > 0, system (Xa) is robustly stable
with a disturbance attenuation v via memoryless state-feedback controller if
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there ezists a scalar i1 > 0 and a matriz 0 < W = Wt € %™ such that the
ARE

AP AW AY — uHE' — uB(BYE) B~y 2RR'} 4
~P+pu B E+ L'L+W = 0 (4.90)

has a stabilizing solution 0 < P = Pt. Moreover the stabilizing controller is
given by

uk) = K z(k)
K. = —{BYB+u BB} BuA
v = {P’l—AdW‘]AQ~uHHt~pB(E,§Eb)“lBt}_1 (4.91)

Proof: System (¥a) subject to the control law u(k) = K, z(k) has the
form:

zk+1) = Aaclk)z(k)+ Agx(k — )+ Rw(k)
= [Ac+ HAM,|z(k) + Agz(k — 7) + Rw(k)
2(k) = La(k) ‘ (4.92)

where Ac = A+ BK, and M, = E + E,K,. By Theorem 4.8, system
(4.92) is robustly stable with a disturbance attenuation v if there exists a
stabilizing solution 0 < P = P! to the following ARE

AL{P~} — uHH'~ y*RE' AW 4L} A Pt
pIMIM A LIL+W =0 (4.93)
Algebraic manipulation of (4.93) using ¥ and K, from (4.91) leads to:

AWA—-P + p'EE + W -
AYB[BYWB 4 uELE) T BYWA + L'L = 0 (4.94)

By A.2, inequality (4.94) reduces to (4.90).

4.4 Multiple-Delay Systems

In this section, we deal with the Ho, feedback control synthesis problem of
systems with multiple state and input time-invariant delays. We address
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initially the case of certain systems with focus on the stability conditions
and the development of Ho-control scheme by state-feedback. Then the re-
sults are extended to norm-bounded uncertainties. All the results obtained
in this work are conveniently expressed in the framework of LMIs. For ease
in exposition, the following short-hand notations will be used.

Given a set of constant matrices, Ai,...,4p € R™*", By,...,By € ®™*™,

At 2 [A1.... Ap] € ®RM*7P, B, = [By .... Byl € ®**™4, For some positive
constants (a1, ..., ap) wWith vectors z(t —ap) € R"*, Vj € Jp, and some positive
constants (b1, ..., bg) with vectors u(t — bi) € R™, Vk € Jg, we let

z(t — a) u(t — by)
a2 | T e g2 | T | cqme
z(t - ap) u(t _ bg)
e=sa1
E(s,a,p) & e
e—%ep

where t stands for the time and s is the Laplace variable.

4.4.1 Problem Description

Consider a class of linear systems with multiple state and input delays:

(t) = Az(t)+ Bu(t)+ iAj(E(t —d;)+ i Biu(t — hi) + Dw(t)
j=1 k=1
= Az(t) + Bu(t) + Ac x(t, d, p) + B v(t, h, q) + Dw(t)
) = La(t) (4.95)
z(t) = P(@) Vte[-maz(dj,hi) (F€ Jp, kEJT), 0

where t € R is the time, £ € R" is the state, u € R™ is the control input; w €
R* is the input disturbance which belongs to Lq[0, o0); z € R*is the output,
and dj, hy > 0 (j € Jp, k € J;) are constant scalars representing the amount
of delays in the state and at the input of the system, respectively. The
matrices A € R™*"™ and B € R™*™ are real constant matrices representing
the nominal plant with the pair (A, B) being controllable. The matrices
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D € R™5 and L € R"™" are real distribution matrices at the input and
output respectively. We shall focus from now onwards on the case of linear
constant-gain state-feedback in which,

ulz(t)] = Kz(t) ; K e R™" (4.96)
The closed-loop system consisting of (4.95) and (4.96) is given by:
&(t) = Acx(t) + Ae x(t, d, p) + By Kax(t, h, q) + Dw(t) (4.97)
z(t) = Lz(t) ; A.=A+ BK
where K4 = diag(K, K, ..., K) € ®ma*n4,

The transfer function from the disturbance w(t) to the output z(t) has
the form:

Tew(s) = L|(sI — Ac) — AE(s,d,p) — BiK4E(s, h,q)] "' D
= L|(sI — A- BK) — AE(s,d,p) — B:K4E(s,h,q)|"*D
(4.98)
From [214-219)], the basis of designing Hoo-controller is to simultaneously
stabilize (4.97) and to guarantee the Hoo-norm bound  of the closed-loop

transfer-function Ty.; namely ||Tow|| < 7, v > 0.
Distinct from (4.97) is the disturbance-free system (w = 0) given by

.'L'(t) = ACiE(t) + A X(ta d,p) + By I(dX(t’ h,q) (499)
z(t) = La(t)
for which we will start our design.

4.4.2 State Feedback H,.-Control

In this section, basic results for Hyo-control and stabilization by state-feedback
for the closed-loop time-delay systems (4.97) and (4.99) are developed. First,
a general result will be provided.

Theorem 4.11: The closed-loop time-delay system (4.99) is asymptoti-

cally stable Vdj, hy >0 (j € Jp, k € Jy) if one of the following equivalent
conditions is satisfied:
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(1) There ewist matrices 0 < P = P* € ", 0 < Q; = Q% € R™"
(7 € Jp), 0 < Sk =St € ™™ (k € J;) solving the LMI:

t

pPAc + AC};+ S PAt PBth

W — =1 Q5+ =1 Sk <0 (4.100)
° AttP _Q(dv p) O
KiBtP 0  -T(haq)
where
Q(d, p) = block — diag[Q1, ...; Qp] ; T(h,q) = block — diag|S}, ..., S|

(4.101)

(2) There exist matrices 0 < P = P* € ®"*" and 0 < Q; = Q% € ™"
(j €Jp), 0< Sk =St e R™™ (k € J;) solving the ARL:

P q
PAAALP+Y Q4> Sp+PAQ A P+PB KT KB P < 0 (4.102)

j=1 k=1

Proof: (1) Define a Lyapunov function candidate V' (z)

Vizy) = :L't(t)Pat(t)+2P:/ttd‘:vt(7'j)ij(Tj)de
=174

q t
+ 2 / * (1) Spa (i )T (4.103)
k=1 t—hk

where 0 < P=P' € R, 0<Q; = Q4 € RV (j € Jp), 0< S =S} €
R (k € Jy). Observe that V(z¢) > 0,z #0; V(z¢) =0,z =0. Itis a
straightforward task to show that

Viz,t) = Z'(t)W,Z(t)
7' = [ot) x(tdp) x'(tha)] (4.104)

where W, is given by (4.100). That V(z;) < 0 is implied by W, < 0 as
desired.

(2) Follows from application of A.1.

Corollary 4.4: Consider the state-delay system

(t) = Az(t) + Bu(t) + zpj Ajz(t — dj) (4.105)

J=1
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under state-feedback u(t) = Kxz(t). Then the closed-loop system is asymp-
totically stable if there ezist matrices 0 < P = P' € R"*" and 0 < Q; =
Q§ € ™" (5 € J,) solving the LMI:

PAC+A2P+E§=1 Qj PA;

Wio = AP ~0(d, p) <0 (4.106)
or equivalently solving the ARI:
PA.+ AP + zp: Q; + PAQ AP <0 (4.107)
=1
Corollary 4.5: Consider the input-delay system
&(t) = Az(t) + Bu(t) + i Biu(t — hi) (4.108)

k=1

under state-feedback u(t) = Kz(t). The controlled system is then asymptot-
ically stable if there exist matrices 0 < P = P' € R**" and 0 < S, = St €
R*n (k€ Jy) solving the LMI:

Woo = K'BtP _T'(h,q) <0 (4.109)
or equivalently solving the ARI.
q

PAc+ AP+ Sp+ PB KT KiB'P < 0 (4.110)

k=1

Remark 4.6: It is interesting to note that Theorem 4.11, Corollary
4.4 and Corollary 4.5 generalize the results of Chapters 2 on multiple-
delay systems and Chapter 3 on stabilization of single-delay systems. The

existence of the gain matrix K is guaranteed by the controllability of the
pair (4, B).

Now, we proceed to estabilish the conditions under which the controller
(4.96) stabilizes the time-delay system (4.97) and guarantees the Hoo-norm
bound 7y of Trw.

Theorem 4.12: The controlled system (4.97) is asymptotically stable
and |Towlleo < v (v > 0) Vdj, hig > 0 (j € Jp, k € Jy), if there exist
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matrices 0 < P = Pt € R™*", 0 < Q; = Q; ER" (j e Jp), 0< Sk =
St € ®R*n, (k € Jy) solving the ARL

P q
PAc + ALP+>.Qi+ > S+ PAQ AP
J=1 k=1

+ PBE,IIKIBIP+ LIL+~72PDD'P <0 (4.111)

Proof: It follows from Theorem 4.11 and [44] that the controller (4.96)
which satisfies inequality (4.111) stabilizes the time-delay system (4.95)
Vdj he >0 (j€Jy k €Jg). Consider the matrix

P 9
PA A+ AP+ Qi+ Sk+ PAQTAP
j=1 k=1

+ PBKJTIKIBEP 4 LL+~"*PDD'P (4.112)

-M

so that

P q
PAc + AP+ Q;+Y Si+PASQTTA'P
j=1 k=1

+ PBUKOTUKIBEP + LEL+~72PDD'P + M = 0 (4.113)

Let s =0+ jw, B8 > 0, w € R, and construct the matrices

Yl(ﬂ,w) = [(ﬁ + ]w)l —Ac— AtE(ﬁ + jw, d, p)
— BEK4E(B+ jw,h,q)] ! (4.114)
P
Y2(B,w) = > Qj+PAQA'P— PAES + jw,d,p)
7=1
P
~ Y AMPE(B ~ jw,d.p) (4.115)
Jj=1
q
Yg(ﬁ, w) = Z Sk + PBtf{dF—II(fiBttP - PBtI(dE(,B -+ jw, h, q)
k=1
q
- Y KiB'PE(S - jw,h,q) (4.116)
k=1

such that the use of (4.97) ensures that
LY1(8,w)D = Tou(B + jw) (4.117)
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Note that Y2(8,w) > 0 and Y3(8,w) > 0. Manipulating (4.114)-(4.116), we
get:

D!PY1(B,w)D —v*I +

DY{(B, —w)PD — v 2D'Y{(B, ~w)PD — D'PY1(B,w)D =

—*I + D'Y{(B, —w)[Y2(B,w) + Y3(B,w) + L*L + M| Y1(8,w)D
(4.118)

It then follows that for all w € R:

(I — v D'*PYy(B, ~w)D)|vI — v~ D' PY1(8, —w)D)
= =9I+ D'Y{(B, —w)[Y2(B,w) + Y3(8,w) + M| Y1(8,w)D
+ [D'Y{(B8, ~w)EcEYr(B,w)D)

On noting that
—[yI — 41D PY1(8, —w) D)y — v 1 D'PY;(B, —w)D] < 0
we finally obtain from (4.119):

Tt (B + jw)Tew(B + jw)
v*I — DY{(B, —w)[Ya(B,w) + Y3(B,w) + M]Y1(8,w)D
vl YB>0,weR (4.119)

IAIA

We can conclude that ||Tzwlleo < 7 as desired.

It is significant to observe that Theorem 4.12 provides a sufficient mea-
sure, inequality (4.111), for the existence of a constant matrix K as the con-
stant gain of an Hy,-controller.

We now move ahead to establish the Heo-feedback control synthesis re-
sult.

Theorem 4.13: There exists a memoryless state-feedback controller such
that the closed-loop time-delay system (4.97) is asymptotically stable and
HTewl|loo <7 (v >0)Vdj, b 20 (5 € Jp, k €Jy), if there exist matrices
0<Y =Y'eRV", 0<Qy =Qf eRV™ (j€),0<Qy = t €

Sk
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X" (ke Jg), N € R™*™ solving the LMI:

AY +Y At 1
BN + N'B'+ ALy BiN.s LE! D
Z;’:] Qt_, + Zz:l st
Wy = La A —Q:(d, p) 0 0 0 <0
N(dett 0 ~Ti(h,q) O 0
E,L 0 0 —I 0
i Dt 0 0 0 -2 |
(4.120)
where
Qt(da P) = block — dia’g[Qtu eeey Qtp]
Ti(h,q) = block — diagQs,, ..., Qs,)
Nog = block — diag[N, N ..., N] € Rmax™
Lq = block — diag|L, L..., L] € R"P*"P (4.121)
The gain of the memoryless state-feedback controller is given by
K=NYy™! (4.122)

Proof: By Theorem 4.12, there exists a state-feedback controller with
constant gain K such that the closed-loop system (4.97) is asymptotically
stable and ||Tuwlleo < v (v > 0) V dj, hie 2 0 (5 € Jp, k € Jy). We
note that inequality (4.111) is not convex in P and K. However with the
substitutions of Y = P!, N = KY, Qi = P-1Q; P71, Qs = P15, P71,
the premultiplication by P~! and postmultiplication of the result by P~!
yields:

P q
AY + YA' + BN+ N'B'+ Qi+ >_ Qs + YL'LY +
j=1 k=1

Y 2DDt 4+ A Lo LaAit + BiNog Iy NS Bt < 0 (4.123)

where Q¢(d, p), T't(h,q) are given by (4.121). Application of A.1 to (4.123)
puts it directly to form (4.120) as required.

Remark 4.7: Theorem 4.13 provides an LMI-based delay-dependent
condition for a memoryless Hoo-controller which guarantees the norm bound
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7y of the transfer function T,,. To implement such a controller, one has to
solve the following minimization problem:

min 4.124
L; WW!Q!]!"'!Qtp)QG‘!‘“1Q3q ’Y ( )
subject to Y > 0,W, <0

Corollary 4.6: For the case of state-delay systems, there ezist matrices
O<Y=YteR™ 0< Qi = Qﬁj ER™N (j e Jp), N € R™*" solving the

LMI:
AY + YA+
BN + NtB'+4 Ay YL D
7 _ E?:] Qtj
W, = Lo Qudp) 0 0 <0 (4.125)
LY 0 -1 0
Dt 0 0 -
or equivalently solving the ARI
2
AY +YA'+ BN + N'B + 3" Qu; + A Lo Lo At +
j=1
YLILY +~472DD <0 (4.126)

Corollary 4.7: For the case of input-delay systems, there exists matrices

O<Y=Yt€%"xn,0<st=

solving the LMI:

L ERYN (ke Jy), and N € Rmxn

[ AY + YA+ 1
BN+N'B'+ BNy YI' D
q
— k=1 st
W, = N Nhg o o | <O (a12)
LY 0 —1I 0
| Dt 0 0 |

or equivalently solving the ARI:

q
AY + YA + BN + N'B' + 3" Qq, + BN, T NGB +

k=1

YLILY +~472DDt < 0

(4.128)
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4.4.3 Example 4.1

Extending on the water-quality dynamic model [35] with two states and two
inputs (n = 2, m = 2), a more realistic system with three state delays, and
two input delays (p = 3, ¢ = 2) is considered here. The system can be
written in the form (4.95) with

-1 1 f1 0 Jo5 0
4 = -2 -3]’3“[0 0.5}’15“[0 0.5]

[ o -o1 _Jo1 o [ o o1
A= |05 1 }’AQ“{O.s 0.8}"43_[0.1 0.5]

_Jo7 o0 103 01 [o1 o
B = | 0.1 0.3}’32‘[0 0.2}’13”[0 0.1}

In this case, = |1 x2|' € R?, where the state variables z; and 2 are
the concentrations of pollutants A and B. The matrices Q,, Qty, Qtsy @s;
and Q,, are chosen such that, Q= Q= Qt; = 0.11, and Q,,=Q,, = 0.011.

With the help of the LMI Toolbox, it was found that

- [ 0.2311 —0.0717 ] N= [ —~0.0033  0.0092

~0.0717 01784 ~0.0028 —0.0259 ] » 7 =13.29.

The gain of the memoryless state-feedback controller is

i | 00019 0.0522
T | —0.0655 —0.1717

4.4.4 Problem Description with Uncertainties

Extending on system (4.95), we now consider a class of linear systems with
multiple state and input delays as well as uncertain parameters of the form

(t) = [A + AA(t)]z(t) + [B+ AB(2) ]u(t)
+ Z[A + AA(t )+ Z[Bk

i=1
+  ABg(t)u(t — h) + Dw(t)
= [A+ AA®)|z(t) + [B + AB(t)]u(t)
+ A+ AA®R)] x(t,d,yp) + [Be + AB(t)] v(¢, hy q) + Dw(t)
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2(t) = Lax(t) (4.129)
z(t) = ¥) Vte|-maz(djhe) (j€Jp k€ Jy), 0

where

AA() = [DA1(E) ... AAL(t)] € RP™P
ABy(t) = [ABi(t)...AB,(t)] € ®**™a (4.130)

The real-valued functions {AA(t), AB(t), AA(t), ABy(t)} represent the
uncertainty structure. In the sequel, we consider that this uncertainty struc-

ture belongs to the class of norm-bounded uncertainties represented V¢ € R
by:

[AA(t) AB(t) = HAR)E E)

AYt)A() <ol , 0<o<1

AA(t) = HoFa(t)Ea , AL)AL(t) <0al, 0<o0q<1
ABi(t) = HyF(t)E,,  AL()A(E) <oul, 0<o, <1 (4.131)

where the elements A;;(t), (Aa(t))ij, (As(t))i; are Lebsegue measurable Vi, j;
H e R, A(t) € R, E € R7™"™ and Ep € R™™, H, € R™%'=, A,(t) €
Reaxme and G, 2 [G1....Gp] € RMXnP. H, € R4, Fi(t) € R>*™ and
Ty = [T1...T,] € Rmexma,

Under the state feedback control (4.96) and using (4.130)-(4.131), the
closed-loop system is given by:

&(t) = [A+ BK+ HAQW)(E + EK)a(t) + A + Ho Al (t)Ga) x(t, d, p)
+  [Be + HyFy (£)Ty] Kq X (t, by q) + Dw(t)
2(t) = Lx(t) (4.132)

For system (4.132), it turns out [195,196] that the Lo-induced norm from
v(t) = yw(t) to 2(¢) is less than unity if the associated Hamiltonian

H(z,v,t) = V(z) + (2tz — v'v) (4.133)
is negative definite V z(t) and v(t).

The following theorem establishes the main result.
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Theorem 4.14: There ezists a memoryless state-feedback controller such
that the closed-loop system (4.132) is asymptotically stable and ||Tow||co < ¥
(y>0)Ydj hi >0 (5 €Jp k €Jy), if there ezist matrices 0 <Y =Yt €
R0 < Quy = Qf, €RV™ (j € Jp), 0<Qy, =Q €R™™ (k€ Jy),
N € R™*" and scalars oy, az, oz, ap > 0, am = o(ar + az) such that
aaMiM, < I and ap MMy, < I solving the LML

r(Y) L G N
Lt -J5 o 0
A — —
W, q 0 —J, 0 <0 (4.134)
N 0 ‘—Jn

where

P q
N(Y) = AY+YA'+ BN+ N'B'+3 Qi+ > Qs + H(aml)H*
j=1 k=1

E. = L'L+oi'E'E, T,= a3 'ElE,

Qe = Q7Y - aoHLH 072, Q= 000105

T. = I7V2I - aHiH,)"'T7Y%, Ty = ooy T

[L N* y7D), J,=diag|E: Ts I], N =[BtNoa ToNod]

G = [ALg GoLa), J, = diag[Q% Qsl, Jn=[Te T (4.135)

b‘
i

Proof: By differentiating (4.103) along the solutions of (4.132) and ma-
nipulating, we get:

H(z,v,t) = ZL{t)WuZ.(t)

Zi(t) = [2'(t) x'(t.d,p) X(thia) v

PVu,l IVu’Q Wu,g ’)’—IPD

IV’(‘;,? _Q(da p) 0 0

Wiy 0  -T(hyg) O
~~1DtP 0 0 ~I

W, = (4.136)

where

P
W1 = PA+BK)+(A+BEK)P+LL+> Qi+ Si+PHAE

7=1 k=1
+ E'A'H'P+ PHAE,K + K'EIA'H'P

9
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Wz = P(A+ HoAGy)
Wu,s P(Bt + I{beTb)I(d

1l

(4.137)

A sufficient condition for stability is that W, < 0. Expanding this condition
using A. 1, we get:

Wu,l + Wu,ZQ(dvp)_lwttL,Q + Wu,SF(h1 Q)_]I/Vziﬂ + 7—2PDDtP <0
(4.138)

By employing the convexification procedure of Theorem 4.13 and in-
troducing ¥ = P~!, N = KY, Q, = P7'Q;P7}, Q,, = P71S,P7!,
Yy = diag(Y,...,Y) with (4.137), then premultiplying (4.138) by P~! and
postmultiplying the result by P~!, we obtain:

AY + YA+ BN + N'B' + (HAEY + Y H!A'HY) +
(HAEN + N'EIA'HY) + YL'LY +~72DD' +
(At + HoDoGo)YaQ Yo Al + GEALHY) +
P q
(Bt + HyAsTh) Noal'3 ' Nog (B + ESALTE) + D Qe+ ) Qs < 0
i=1 k=1
(4.139)

Applying B.1.2, B.1.3 repeatedly and by selecting scalars a3 > 0, ag >
0, ag > 0, ap > 0 such that o H H, < I, apyH{Hy < I, we obtain the
following bounds:

HAEY +YH!A'H' < H(apyo)H + Y (o7 E'E)H ~ (4.140)
HAE,N + N'ELA'H! < H(onol)HE + N (o3 ' EEE)N (4.141)
(At + HoAGo)YaQ Yo (A + EEALGY)

< GoYy(0aa 1 ) YaGat + AV Yy ALt

= GoYasYyGal + AtYaQe Yo At (4.142)
(Bt + HyAyTy) Noa Ty ' NEy(BeE + TEAL HE)

< TyN,a(opoy ‘T )N TE + BN,y T NE Bt

= TyNoaDs Npg Ty + BeNoale N2gBi! (4.143)
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By substituting inequalities (4.140)-(4.143) and grouping similar terms,
we get,

P q

AY +YA '+ BN+ N'B' + 3" Qi + Y Qs + Ham)H' + YEY +
i=1 k=1

NATN + AYaQe Yo Al + B YaQ YaEyt + BiNogTe NE Bt +

EyNogUs NG EE +472DDt < 0 (4.144)

Simple rearrangement of (4.144) using A.1 yields the block form (4.134) as
desired.

Remark 4.7: Theorem 4.14 provides a necessary and sufficient delay-
dependent condition for a memoryless Hoo-controller which guarantees the
norm bound « of the transfer function Ty,,. To implement such a controller,
one has to solve the following minimization problem:

min v
L’ W’YurQtlv-"erpsQalymyQaq
st. to L>0,W,, <0 (4.145)

Corollary 4.8: For the case of multiple state-delay systems with pa-
rameter uncertainty, there exist matrices 0 <Y =Yt € 87 0 < Qy =
i, €WV (j € Jp), N € R™" solving the LMI:

AY + Y A' + BN + N'Bt &
4 t
H/’yul — + Zj:l Qtjg_t H(amI)H _j’l—-l 0 < 0 (4.146)
Gt 0o -J;t
where
L = [L N 4™'D], Ji=|E T, I
G = [AYy G.Yd) , Jo=[Q Q4

It is interesting to note that Corollary 4.8 recovers the results of [165].

Corollary 4.9: For the case of multiple input-delay systems with pa-
rameter uncertainty, there exists matrices 0 <Y =Yt € R***, 0 < Q,, =

TLFeBOOK



4.4. MULTIPLE-DELAY SYSTEMS

L, € R (k€ Jy), and N € R™*" solving the LMI:

AY + YA+ BN + NtBt B
W +37 Qs + H(a,I)H! - <0
Yu2 {/t _Jl— Q =
B 0o -Jj!
where

B = [BiNog TyNpy), Ja =T T

4.4.5 Example 4.2

157

(4.147)

The nominal data of the water-quality dynamic model given in Example
4.1 will be used here. The matrices representing parameter uncertainties on

the system are given by

o6 -02 [ 0.7 sin(t) 0 [ o o4
H"[ 0 08 ]’A(t)”[ 0 O.33in(3t)]’E_[0.2 0.2]
_[o6 04 Jo25 0000 0
E”“[o —0.4]’H“”[ 0 0 ooo.z]

)

00

0
0
Hb:[o.w 00 0 ]’AZ:[O.Ssm(?t) 3

0 0 0 025 0

o

Az:[0.4sin(2t) 00 0 }’El_[ 04 0

0 0 0 0.6sin(t) -0.2 0.6
-0.2 04 |01 -04
E2'[o 0.2}'E3—[0.2 0 ]
02 -0.8 [ -04 o0
E“:[ 0 02 } ’E”Q“{ 0.2 0.8}

0
00 0.4sin(t)]

|

The matrices Qt,, Qt,, @3, s, and Qs, are chosen such that, Qi = Q=
Qt; = 0.0011, and @s,=Qs, = 0.00011. The other design parameters are
] = e = oy = 0.001, 0y = oy, =5, 0 = 0.5, 0, = 0.5 and o, = 0.4. Using

the LMI toolbox, it was found that v = 3.2394 and
0.0014 —0.0004

—0.1429¢ -3 0.0602e¢ — 3

Y = { -0.0004 0.0015 ] » N= { 0.0381e —3 —0.2073¢ — 3 ]
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The gain of the memoryless state-feedback controller is

K = —0.0975 0.0174
| —0.0083 —0.1413

4.5 Linear Neutral Systems

In Chapter 2, we considered a class of neutral functional differential equa-
tions (NFDE) described by a linear model with parameteric uncertainties:

(Zan): ()= Di(t-71) = (A+AA)x(t)+ (Aa+ AAg)z(t — 1)
= Aaz(t) + Aaaz(t — ) (4.148)
z(to+n) = é(n), Vne[-7,0] (4.149)

where z € R" is the state, A € R**™ and A4 € R™*" are known real constant
matrices, 7 > 0 is an unknown constant delay factor and AA € R"*" and
AAg € R™*™ are matrices of uncertain parameters represented by:

[AA() Adl(t)] = HAWE Ed , A®AE) < I 5 ¥ t(4.150)

where H € R"%@ | E € ®F*» | E; € R¥*™ are known real constant matrices
and A(t) € R°*# is an unknown matrix with Lebsegue measurable ele-
ments. The initial condition is specified as (z(to), z(s)) = (%o, #(s)), where
¢(-) € La]|—T,to]. Note that when AA = 0,AAy =0, system (Xan) reduces
to the standard linear neutral systems [122]. We also proved that subject to
Assumption 2.1 and Assumption 2.8, the neutral system (£an) is ro-
bustly asymptotically stable independent of delay if the following conditions
hold:

(1) There exist matrices 0 < P = Pt € ®"*" , 0 < § = St € R™*"
and 0 < R = Rt € $™*" and scalars € > 0, p > 0 satisfying the ARIL:

PA + A'P + (e+p)PHH'P+p 'EE*+ S+
[P(AD + Ag) + SD)|R — ¢ Y(D'E'ED + E}Ey)|™!
[P(AD + Ag)+ SD|* < 0 (4.151)

(2) There exist matrices 0 < § = St € ®*™ and 0 < R = R' € ®™*"
satisfying the Lyapunov equation (LE)

D!'SD - S+ R= 0 (4.152)

Our task in the following sections is to develop robust Heo control results.
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4.5.1 Robust Stabilization
Here, we consider a controlled-form of system (¥an) represented by:

ZBany): zt)—Dz(t—7) = (A+AA)z(Q)+ (Aq+ Ada)z(t —7)
+ [B+ AB(t)]u(t)
= Aaz(t) + Asaz(t — 7) + Bau(t) (4.153)
z(tot+n) = ¢(n), Vne[-7,0] (4.154)

where u(t) € R? is the control input, B € R"**? is a real matrix and AB(t)
represents time-varying parameteric uncertainties at the input which is of
the form:

AB(t) = HA(t)Ey (4.155)
and Ej, € RP*P is a known constant matrix. The remaining matrices are as
in (4.148)-(4.150). We restrict ourselves in the robust stabilization problem

of the uncertain neutral system (XAn.) on using a linear memoryless state-
feedback u(t) = K,x(t) and establish the following result.

Theorem 4.15: System (Xanu) is robustly stable via memoryless state
feedback u(t) = K,x(t) if there exist scalars (€ > 0, p > 0), matrices 0 <
Y=YteR"*", 0< R=R € R"*", 0 < S = St € R™" and X € R™*"
satisfying the LMIs:

W(X,Y,S) YE'+X'E! G(X,Y,S)
EY + E X pl 0 < 0
G¥(z,y,s) 0 —J
DISD-8 < 0
(Ba+ [E+ E XY YD) (Eq+ [E + E XY UD)—eR < O

(4.156)
Moreover, the feedback gain is given by:
K, = XY! (4.157)
where
W(X,Y,S) = YA'+AY +(e+p)HH' +YSY + BX + X'B
G(X,Y,8) = AD+As+BX'YD+YSD
Jo = R—eYEy+ [E+EXYUD)Y(Es+ |E+ EXY™'D)
(4.158)
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Proof: System (¥anu) with the memoryless feedback control law u(t) =
K,x(t) becomes:

(Xany) @ Z(t) =Dzt —7) = Aact)z(t) + Aaa(t)z(t —7)
= [Ac+ HAQR)M,)z(t) + Aqa(t)z(t — 7)
(4.159)

where

Ac = A+ BK,, M.=E+ EK, (4.160)
By Theorem 2.8, system (4.159)-(4.160) is robustly, asymptotically stable
if:

PApc+ AL P+ S+
(PApacD 4 SD 4 PAyA)R™YPAacD + SD + PAga)t <0
(4.161)

for all admissible uncertainties satisfying (4.150). Applying B.1.2 and B.1.3,
it can be shown that (4.160) reduces for some (¢ > 0, p > 0) to:

PA+ A'P + (e+ p)PHH'P + S + PBK, + K!B*P +
p~YE + EyK,)Y(E + EyK,) + {P[(A+ BK,)D + A4 + SD}

{R (B + |E+ BKD)(Ea+ [E + BK.ID)}
{P[(A+ BK)D+ A4+ SD}* < 0 (4.162)

Premultiplying and postmultiplying (4.162) by P~1, letting Y = P! and
using (4.157), we get:

AY + YA 4 (e +p)HH + YSY + p~YEY + B X)Y(EY + E X) +
BX + X'B'+ {(A+BX"'Y)D+ Ay + YSD}

{R — N B+ B+ BXY D) (Ea + [E + B XY ' |D)}
{(A+BX-Y)D+ 4, +YSD} <0 (4.163)
Finally by A.1, the LMI (4.156) follows from the ARE (4.163).

Corollary 4.10: System (X,) with AA=0,AAg=0is robustly stable
via memoryless state feedback u(t) = Ksz(t) if there exist matrices 0 <Y =
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Yt e R 0 < R=R € ", 0 < S = St € R and X € ™"
satisfying the LMIs:

YAt + AY + AD+ Aq+
YSY + BX + XiB! BX-YD+YSD 0
DtstY + Dcyx—tBt __R <
+AL + DAt

D!'SD-8 < 0 (4.164)
Moreover, the feedback gain is given by:
K, =XY™! (4.165)

Proof: Set E =0, H = 0, E, = 0 in (4.163).

4.5.2 Robust H, Performance

We proceed further and extend the robust stabilization results developed in
the previous section to the case of robust Hy performance problem. For
this purpose, we consider the following system:

(Banw): #(t) =Dt -7) = Aaz(t)+ Asaz(t — 1)

Nuw(t) (4.166)
2(t) = Cuz(t) (4.167)

z(to+n) = é(n), Yné€[-1,0] (4.168)

-+

where z € R? is the controlled output, N € R**P | C' € RP*™ are known real
constant matrices and w(t) € £2{0, 00) is the external input.

Theorem 4.16: Subject to Assumption 2.1 and Assumption 2.6,
the neutral system (Lanw) ts robustly asymptotically stable independent of
delay with disturbance attenuation -y if the following conditions hold:

(1) There exist matrices 0 < P = Pt € %" , 0 < § = St € R™™ and
0 < R = Rt € R™*" and scalars € > 0,p > 0 satisfying the ARI:

PA+ A'P+ Pl(e+ p)HH' + v 2NNYP+ S+ C'C + p~'EE! +
[P(AD + Ag) + (S + C'C)D)[R, — e (D'E'ED + E4Ey)) ™!
[P(AD + Ag) + (S+C'C)D] < 0 (4.169)
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(2) There exist matrices 0 < S = St € R**™ and 0 < R = Rt € R™*"
such that R, = R+ C*C satisfying the LE

Dt(S+C'C)D ~ (S+C'C) + R,= 0 (4.170)

Proof: In order to show that system (Xaw) is robustly stable with a dis-

turbance attenuation 7 , it is required that the associated Hamiltonian
H(z,w,t) satisfies [218):

H(z,w,t) = Vi(z:) + 2(t)2(t) — vwi(t)w(t) < 0

where V7(z:) is given by (2.118). By differentiating (2.118) along the trajec-
tories of (4.166)-(4.167), it ylelds:
H(z,w,t) = [Aaz(t)+ Agaz(t —7)*Plz(t) — Dx(t — 7))
[(t) — Dz(t — 7)) PlAaz(t) + Aaaz(t — 7))
z'Sz(t) — at(t — 7)Sx(t — 7) + 2'C'Cz — v 2w'lw
w!N*Plz(t) — Dx(t — 7)] + [z(t) — Dz(t — 7)) PNw
(4.171)

+ + +

In terms of M, we manipulate (4.171) to reach:

H(z,w,t) = MY x;)[PAar + ALP + S+ C'CIM(x:)
+ Mz;)[PAAD + (S + C*C)D + PAgalz(t — 7)
+ at(t — 7)[D* AL P + DY(S + C'C) + Al P]M(z¢)
+ zi(t - 7)[DYS + C'C)D — Slz(t — 1)
+ wNPM(zi) + MY(z) PNw — v~ 2wtw

(4.172)
Using R, = R+ C*C, completing the squares in (4.172) and arranging terms

we reach:
H(z,w,t) < M x)[PAr + ALP + S+ C'C+ " PNN'P|M(z)
+ M (z)[PAAD + (S + C'C)D + PAga|R;?
[PAaD + (S + C'C)D + PAgal M(z¢) (4.173)

For asymptotic stability of system (Xanw), it is sufficient that

PAA + A4P 4+ S +C'C +~"2PNN'P +
[PAAD + (S + C'C)D + PAga)R;!
[PAAD‘F(S-{-CtC)D-i—PAdA] <0 (4.174)

TLFeBOOK



4.5. LINEAR NEUTRAL SYSTEMS

163

Using B.1.2 and B.1.3 in (4.174), it follows for some p > 0,0 > 0 that

PA+ AP+ Pl(e+ p)HH' + Yy 2NN'|P+ S + C'C + p"'EE* +

[P(AD + Ag) + (S + C*C)D][Ry — e {(D'E*ED + ESEy)| ™

[P(AD + Ag) + (S + CtC)D]t < 0

(4.175)

Finally, ARI (4.175) corresponds to (4.169) such that S and R satisfy (4.170).

Corollary 4.11: Subject to Assumption 2.1 and Assumption 2.6,
the neutral system (Xanw) s asymptotically stable independent of delay if
there exist matrices 0 < Q = Q' € R™*" , 0 < S = St € R**" and scalars

€ > 0,p > 0 satisfying the LMIs

[ AQ+ QA!+ cHH! g AD+As iy ]
+Q(p~EEt + S + C'C)Q +Qsp !
ot —p~ I 0 0 0
DAt + A} 0 iy o | S
+D'SQ v
i vy INt 0 0 ~1

D(S+CtC)D - (S+C'C) < 0
e[DH(S+C'C)D — (S + C'C)| + [D'E'ED + E4YEy) < 0
(4.176)

where

Jw = DYS+C!C)D — (S + C'C) + e Y(D'E'ED + E4YE,)

Proof: By A.1, ARI (4.169) and (4.170) with @ = P~! are equivalent to
the LMI (4.176).

We now consider the robust synthesis problem for system (XaAnwu):
(Banwy) : 2(t) = Da(t —7) = Aaz(t) + Agaz(t —7)
+  Bau(t) + Nw(t)
z(to+n) = ¢(n), Vne[-70]

The following theorem establishes the main result.

(4.177)
(4.178)

Theorem 4.17: System (Yanwu) is robustly stable with a disturbance
attenuation v via memoryless state feedback if there exist scalars (¢ > 0, p >
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0), matrices 0 <Y =Y € R™** 0 < R= R € R™*", 0 < § = St ¢ RP*"
and X € W™*" satisfying the LMIs:
W.(X,Y,8) YE'+X'E! G.(X,Y,S)
EY + EX pl 0 < 0
GL(X,Y,5S) 0 —~J,
Di{S+cCtC)D-(S+C'C) < 0
(Bs+[E+ B, XY |D)(Es+ [E+ EXY D) —€e(R+C'C) < 0

(4.179)
Moreover, the feedback gain is given by:
K, = XY ! (4.180)
where
Wi(X,Y,S) = YA'+AY +[(e¢+p)HH' +4 2NN +YSY
+ BX+X!B4+Y(S+CIC+p ' EEYY
G.(X,Y,S) = (A+BXY Y)D+As+Y(S+C'C)D
J. = (R+C!C)—-e Y Ey+|E+ E XY YD)
(E4+|E+ E,XY™D) (4.181)

Proof: System (Zanwu) subject to the control law u(t) = K.z(t) has
the form:

(t)— Di(t —7) = Apu(t)z(t) + Aaa(t)z(t — 1) + Nw(t)

= [A« + HA()Mi]z(t) + Nw(t) (4.182)
2(t) = Cz(t) (4.183)

where
A, = A+ BEK,, M, = E + Ey K, (4.184)

In terms of Vz(z¢) in (2.118), we evaluate the Hamiltonian H(x,w,t) asso-
ciated with (4.182)-(4.183) in the manner of Theorem 4.16 to yield:

H(z,w,t) = [Aa.z(t)+ Aaaz(t — 1) Plz(t) — Dz(t — 7)]
+ [x(t) — Dz(t — )| Pl[Aaxz(t) + Agaz(t — 7)]
+ ztSx(t) —zt(t — 7)Sz(t — 7) + 7' C*Cx ~ v 2wtw
+ w'NPlz(t) — Dz(t — 7)] + [2(t) — Dz(t — 7)) PNw
(4.185)
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In terms of M, we manipulate (4.185) to reach:

H(z,w,t) < M (z)[PAas+ ALP + S+ C'C + v *PNN'P\M(z¢)
+ M (z)[PAasD + (S + C'C)D + PAgal Ry}
[PAAD + (S + CtC)D + PAga) M(x:) (4.186)

from which it is sufficient for asymptotic stability that

PAp.+ A4S P+ S +C'C+~"2PNN'P +
[PAaLD + (S + C'C)D + PAa)RZ?
[PAa«D + (S +C'C)D + PAga] <0 (4.187)

Using B.1.2 and B.1.3 in (4.187), it follows for some p > 0,0 > 0 that

PA+A'P + PBK, + K!B'P + P|(e + p)HH' + v *NN'|P +
S+CIC+p 'EE' + p"Y(E+ EK.)YE + E,K.)

[P(A+ BK.)D + PAg + (S + C'C)D]

[Ry — € Y(Ea+ |E + EK.|D)(Eq + [E+ E K. D)|™*

[P(A+ BK.,)D+ PAs+(S+C'C)D)! <0 (4.188)

Finally, premultiplying (4.188) and postmultiplying by P!, letting Y = P~1
and using (4.180), the LMIs (4.179) follow.

4.6 Notes and References

For basic results on Heo control of time-delay systems, the reader can consult
[13,17,19,22,32,47,191,222]. What we have attempted in this chapter is to
present general results on robust Heo control for wide classes of uncertain
time-delay systems. Despite this effort, there are ample interesting problems
to be solved. These include, but are not limited to, Heo control incorporating
delay-dependent internal stability, Hoo control of other classes of nonlinear
time-delay systems and discrete-time systems.
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Chapter 5

Guaranteed Cost Control

In Chapter 3, we addressed the problem of designing stabilizing feedback
controllers using a standard state-feedback approach. Then in Chapter 4,
we discussed a second approach to the same problem based on Heo theory.
Here, we move another step further and examine a third design approach
called guaranteed cost control, As we shall see in the sequel, this appraoch
uses a fixed Lyapunov functional to establish an upper bound on the closed-
loop value of a quadratic cost function. Keeping up with our objective
throughout the book, we will start by treating continuous-time systems and
then deal with discrete-time systems.

5.1 Continuous-Time Systems

5.1.1 Uncertain State-Delay Systems

We consider a class of uncertain time-delay systems represented by:

il

(Za):  z(t) [A+ AA(t))z(t) + [B + AB(t)]u(t)
[Ag + AA())z(t — 7)

= Aa(®)z(t) + Ba()u(t) + Asa(®)z(t —7)  (5.1)

+

where z(t) € R is the state, u(t) € R™ is the control input and the matrices
A €RY™™™ B e R**™ and Ay € R"*" are real constant matrices representing
the nominal plant. Here, 7 is an unknown constant integer representing the
number of delay units in the state. For all practical purposes, we consider
0<7 < 7 with 7* being known. The matrices AA(t) , AB(t) and AD(t)

167
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168 CHAPTER 5. GUARANTEED COST CONTROL

represent parameteric uncertainties which are of the form:
[AA(t) AB(t) AA4)] = HAQ)E Ey Ei (5.2)

where H € R"*e | E € ®F*" E, € R0*™ and E; € RP*™ are known
constant matrices and A(t) € ®**# is an unknown matrix satisfying

At)A(t) < I Wt (5.3)

The initial condition is specified as (z(0),z(s)) = (zo, #(s)), where ¢(.) €
Lo|—T,0].
Associated with the uncertain system (¥a) is the cost function:

J = /0 ¥ 200w (t) + w(O)Ru(t) | dt (5.4)

where 0 < Q = Qt € ™", 0 < R = R' € §™*™ are given state and
control weighting matrices.
Distinct from system (Xa) is the free-system

(Ep):  z(t) = [A+AAQ)|x(t) + [Aa+ Ada(t))z(t — T)
= Aa(t)z(t) + Agqa(t)z(t — 1) (5.5)

for which we associate the cost function:
o= [ 1a40Qz)] dt (5.6)
0

In the sequel, we consider the problem of designing a robust state-
feedback control that renders the closed-loop system robustly stable and
guarantees a prescribed level of performance.

5.1.2 Robust Performance Analysis I

Since the stability of system (Xp) is crucial to the development of the
guaranteed cost control for (£4), we adopt hereafter the notion of robust
stability independent of delay which was discussed in Chapter 2. Recall
from Lemma 2.1 with Lyapunov-Krasovskii functional (2.5) that system
(£p) is robustly stable (RS) independent of delay if there exist matrices
0< P=P eR™ and 0 < W = W' € R™*" satisfying the AR

AL ()P + PAA(t) + PAGa ()W LAL )P+ W <0 (5.7)
VA ANt)A(t) < T Vit
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Or equivalently, there exist matrices 0 < P = Pt € ®**" and 0 < W =
Wt € R*" satisfying the LMI

PAA(t) + AL ()P +W  PAua(t)
AL\ ()P -W

VA: A'A < IVt

<0 (5.8)

Based on this, we have the following definition:

Definition 5.1: System (Xp) with cost function (6) is said to be robustly
stable (RS) independent of delay with a quadratic cost matriz (QCM) 0 <
P = Pt € ®"*" if there exists a matrix 0 < W = Wt € R*" such that

AL ()P 4 PAA(t) + PAsa(t)W P ASA () P+ W +Q <0
VA AYt) A(t) £ T Vit

Then, we have the following result:

Theorem 5.1: Consider system (Xp) and cost function (6). If0 < P =
Pt is o QCM, then (¥p) is RS and the cost function satisfies the bound

0
Jo < ztPz, + ot () Wa(a)do (5.9)

—-T

Conversely, if system (5p) is RS then there will be a QCM for this system
and cost function (5.6).

Proofi(==) Let 0 < P = P! be a QCM for system (Xp) and cost
function (5.6). It follows from Definition 5.1 that there exists a matrix
0 < W =W! e R such that

PAp+ AAP+W +Q PAga
Ab P W

YA: A''A < T, X(k) #1[00

X¢) X(t) < 0 (5.10)

where
X(t) = [z'(t) 2'(t —7)f (5.11)

Therefore, system (Xp) is RS.
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Now by evaluating the derivative V;(z:) of the functional (2.5), we obtain:

PAr + AP+ W PAga

Vi) = X4(1) AL, P “w | X®
< - a'(k)Qz(k) (5.12)
from which we conclude that
o' (k)Qz(k) < —Vi(zr) (5.13)

integrating (5.13) over the period t € [0, 00] and using (5.6), we get:
Jo < V(o) — Vi(w(c0)) (5.14)

By (5.10), system (Xp) is RS leading to V(z(t) — 0 ast — oo and
therefore (5.14) reduces to

Jo < ztPx, + [°, 2 (@)Wa(a)da

(<=) Let system (Xp) be RS. It follows that there exist 0 < P = P* and
0 < W = W such that

AL (t)P + PAA(t) + PDA(WTIDA()P+W <0 (5.15)
VA: A*A < I Vit

Hence, one can find some p > 0 such that the following inequality holds:

p AL ()P + PAA(t) + PAsa ()W AEA ()P + W]+ Q =
[AL ()P + PAA(t) + PAsa ()W 1ASA ()P + W]+ Q < 0 (5.16)
VA: A*A < I Vit

The above inequality implies that there exists a matrix W = p~'W such
that the matrix P = p~1P is a QCM for system (%p).

Remark 5.1: In applying Theorem 5.1 to a particular example we
will need the bound 7* on the time-delay factor 7 to evaluate the upper

bound on J, .

Theorem 5.2: A matrix 0 < P = Pt € ®**" is a QCM for system (Xp)
and cost function (5.6) if and only if there exists a matrix 0 < W = W* €
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R™*" and a scalar 4 > 0 such that Wy = W — u~1E{E4 > 0 and satisfying
the LMIs

PA+ AP+ W+ PH PAs+
Q+p 'EE pIEtE,
H'P —u 0 < 0
AP+
w1BLE, 0 ~Wa

pE'E, W < 0 (5.17)

Proof: By Definition 5.1 and A.1, system (¥Xp) with cost function
(5.6) is QCM which implies that

PAA() + AL (P +W +Q PAan@®) ]
AGa(t)P -W -
PA+ AP+ W +Q PAs+
7 t At t
PHA(t)E + 5 AYt)H'P  PHA(t)Ea < 0 (5.18)
ELANt)H!P |
VA: A'A < T Vit
Inequality (5.18) holds if and only if
PA+A'P+W +Q PAy PH ;
[ i Plol | P awie B
Et
[ B } AY)[LEP 0] < O (5.19)
d

VA: AYt)AR) < I VYt
By B.1.4, inequality (5.19) for some p > 0 is equivalent to

t
[PA+AP+W+Q PAd} N M{PH}[HtP 0+

ALP -W 0
[ B
H ! Etti :| [E Ed] =
PA+ AP+ W+ 1t
Q+uPHAP + - Etp DA ETE B 590
AYP + 'EYE —(W — u1EYEy)
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Simple rearrangement of (5.20) yields LMIs (5.17).

For convenience, we define the following matrix expressions:
Wy = I+u_1EdW—1E'fi , A= A+,LL_1Ade—1E§E
Q= EW4E, ITY = AJW'Ab (5.21)
Corollary 5.1: A matriz 0 < P = Pt € R"*" is a QCM for system
(Xp) and cost function (5.6) if and only if there exists a matrizc 0 < W =

Wt e R" and a scalar p > 0 such that Wy =W — u~1A44, > 0 and
satisfying the ARI

PA+ AP+ PuHH  + TTH P+ W +Q+p7'0'Q < 0 (5.22)
Proof: Follows from application of A.1 (5.21) using A.2 and (5.21).

Recalling A.3.1, it is possible to cast Theorem 5.2 into an He,—norm
bound setting in the following sense. There exists a matrix 0 < P = P! €
R™*7 such that inequality (5.17) is satisfied if and only if the following
conditions hold:

(a) A is Hurwitz
(b) The following He—norm bound is satisfied

“—I/QQ
I/Vll//? [sI — A7 [uY2H T < 1 (5.23)
Q'? 0

An important point to observe is that the set T = {(u, W): p >0, 0<
W = W*} over which inequality (5.17) has a solution 0 < P = P* can be
determined by finding those values of 4 >0, 0 < W = W* such that (5.23)
is satisfied. More importantly, for any such p, W the following ARE

PA+ AP+ PuHH + TTHP+ W+ Q +171Q!Q = 0 (5.24)
has a stabilizing solution P > 0.

Corollary 5.2: Consider the time-delay system

(Spo):  a(t) = Aa(t)z(t) + Agz(t — 7) (5.25)
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where the matriz A is Hurwitz. A matriz 0 < P = Pt € R"*" is a QCM for
system (Xpo) and cost function (5.6) if and only if any one of the following
equivalent conditions hold:

(1) There exists a matriz 0 < W = Wt € " and a scalar p > 0
satisfying the LMI

PA+A'P+W +Q+p 'E'E  PH PAy
H'P I 0 | <0 (5.26)
ALP 0o -w

(2) There exists a matriz 0 < W = Wt € R"*" and a scalar p > 0
satisfying the ARI '

PA+ A'P + PluHH + AW ALY P+ W4+ Q4+ 'E'E < 0 (5.27)

(3) There exists a matriz 0 < W = W' € R**" and a scalar p > 0 such
that the ARE

PA+ AP+ PluHH + AW AP+ W+ Q+u 'E'E = 0 (5.28)

has a stabilizing solution P<P.
(4) There exists a matric 0 < W = W' € R**" and a scalar p > 0
satisfying the following Hoo—norm bound

ﬂ—lﬂE
WY2 | sl — AT [WVPH A -dwT1?) <1 (529
QI/Z

Proof: Follows easily from Theorem 5.2 and Corollary 5.1 by setting
Eq;=0.

[o o]

5.1.3 Robust Performance Analysis II

To complete our work, we deal here with robust performance analysis based
on the delay-dependent robust stability. This was previously discussed in
Lemma 2.2. In the following, reference is made to the delay system

(Sp:) #(t) = (A+ Ad)z(t)
0 0
— Ay { /_ Ac(t+0)do+ [ Aga(t -7+ e)do}
(5.30)
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which represents a functional differential equation with initial conditions over
the interval [-27*,0]. To deal with system (Xp), we introduce a Lyapunov-
Krasovskii functional Vs(x;) of the form:

0 t
Vs(m) = at(t)Pa(t) + /_ ) /Horl[:c’(s)AgAAx(s)]dst

o Lot Ao

where 0 < P = P* € R and r; > 0, r9 > 0 are weighting factors. Note
that the second and third terms are constructed to take care of the delayed
state. Recall that V5(z;) here is slightly modified from (2.59) in Chapter 2.

Definition 5.2: System (Xp) satisfying Assumption 2.2 is said to be
robustly stable for any constant time-delay T satisfying 0 < 7 < T* if,
given ™ > 0, there exists matriz 0 < P = P* € R™"*™ and scalars r1 > 0
and rq > 0 satisfying the ARI

P(Aa + Aaa) + (Aa + Aaa ) P + 7* PAga A45 P
+7' 11 AN An + T2 Aip Aan <O Y A AN AR) < T Wt

Definition 5.3: System (Xp) satisfying Assumption 2.2 with cost
function (5.6) is said to be robustly stable with a quadratic cost matriz
(QCM) 0 < P = P! € R™" for any constant time-delay T satisfying
0 < 7 < 7 if, given v > 0, there exist matriz 0 < P = Pt € Rrxn
and scalars 11 > 0 and r2 > 0 satisfying the ARI

P(Aa + Aan) + (Aa + Agp) P+ 7* PANASA P + 711 A4 An
FT 0 AgaAaa +Q <0V A ANt)A() < T W

The following theorem derives an upper bound on the cost fucntion J,
in the case of robust delay-dependent stability.

Theorem 5.3: Consider system (£p) and cost function (5.6). Given
scalars ™ > 0,0 > 0, > 0,711 > 0,72 > 0, if 0 < P = P is a QCM then
(Ep) is robustly stable for any constant time-delay T satisfying 0 < 7 < 7*
and the cost function satisfies the bound

0
Jo < ztPx, + r1zt(a) (oEtE + AT — oHHt)A> z(a)da

0
+ raa*(a) (uES Ea + AY(I — uHH')Aq) o(a)dor (5.32)

-7
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Conversely, if system (Xp) is robustly stable for any constant time-delay T
satisfying 0 < 7 < 71 then there will be a QCM for this system and cost
function (5.6).

Proof:(=>) Let 0 < P = P! be a QCM for system (Xp) and cost
function (5.6). It follows from Definition 5.3 that there exist scalars 7* >
0,71 > 0,72 > 0 such that

™ (ﬁAA':A’;f}%)J:“Q PAn AL Al
Xt(t) T*Ab\ P —r*I 0 0 X(t)
T Al 0 —r* 7 0
T* Al A 0 0 —r*ry
<0
VA: A'A < I, X(k) #0000
X@) = [z'(t) «*(t~7) 2'(t) =t —-1)] (5.33)

Note that the matrix in (5.33) is continuously dependent on 7*. Therefore,
system (2 p) is robustly stable for any constant time-delay 7 satisfying 0 <
T < T

Now by evaluating the derivative Vs(z(t) of the functional (5.31), we
obtain:

Vs(a:) =
P(AA + AdA)+ * * At * At
(AA +AdA)tP+Q T PAdA T AA T AdA
XH(t) T*AYA P —m1 0 0 X(t)
™ Al 0 —r*rT 0
T*Ab 0 0 —r*ry I
< — 2t (k)Qux(k) (5.34)

from which we conclude that
2()Qa(k) < —~Va(ar) (5.35)
Integrating (5.35) over the period t € [0,00] and using (5.6), we get:

Jo < Vis(z,) — Vs(zeo) (5.36)
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By (5.33), system (¥p) is robustly stable for any constant time-delay 7
satisfying 0 < 7 < 7*. This leads to Vs(z:) — 0 ast — oo. With the
help of B.1.2 for some scalars o > 0, u > 0 (5.36) reduces to

0
Jo < atPx, + rizt(a) (aEtE + AYI - oHHt)A) z(a)da

-7

0
+ rozt(a) (uEﬁEd + AY(I - ,uHHt)Ad) z(a)da

-7

(<=) Let system (¥p) be robustly stable for any constant time-delay 7
satisfying 0 < 7 < 7*. It follows that there exist matrix 0 < P = P! and
scalars r1 > 0,79 > 0 such that

P(AA + Aga) + (Aa + AdA)tP + T*PAdAAfIAP
+T*T1AZAA + T*TQA&AA,[A <0
VA AYt)AR) < I vt (5.37)

Hence, one can find some p > 0 such that the following inequality holds:

97V P(An + Aaa) + (Aa + Ada)' P + 7" PAaa Ap P
+T*T1A§3AA + T*TQAZAAdA] +Q =

[(Aa + Adn) P+ PAA + Ada) + T°PAan Ala P

+7oF AR AN + TP Al p Aan] +Q < O (5.38)
VA AYt)A(t) € IV

The above inequality implies that there exist scalars 7° > 0, F1> 0,2 >0
such that the matrix P = 9~!P is a QCM for system (¥p).

5.1.4 Synthesis of Guaranteed Cost Control 1

In this section, we focus attention on the problem of optimal guaranteed
cost control based on state-feedback for the uncertain delay system (Xa)
with uncertainties satisfying (5.3) and based on delay-independent robust
stability. Here the cost function is given by (5.4). To proceed further, we
provide the following definition:

Definition 5.4: A state-feedback controller u(t) = K,z(t) is said to
define a quadratic guaranteed cost control (QGCC) associated with cost
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5.1. CONTINUOUS-TIME SYSTEMS 177

matriz 0 < P = P € R™*™ for system (Xa) and cost function (5.4) if there
exists a matrizc 0 < W = Wt € R**™ such that
P(A.+ HA(E,) + (Ac + HAGR)E.)'P + W + Q + K'RK, +
P(Aq+ HARE)W ™ (Ag + HA(R)ER)'P < 0 (5.39)
YA: AYt)At) < IVt
where
A, = A+BK,, E. = E+EK, (5.40)

The following theorem establishes that the problem of determining a QGCC
for system (Xa) and cost function (5.4) can be recast to an algebraic matrix
inequality (AMI) feasibility problem.

Theorem 5.4: Suppose that there exist a scalar g > 0 and a matric
0 < W = W?* such that the u—dependent ARE
PA+ pu AW ELE) + (A+ P AW T ELEY P + +W + Q
+PuHH + AGW AP + u ' EWLE
—{PB+u (B + PAdW;lEg)Eb} (R+ p  EIW 1 By) ™
{BP+u  B{W; E+ EW; AGP)} = 0 (5.41)

has a stabilizing solution 0 < P = P, In this case, the state-feedback con-
troller

u(k) = K(k)
K, = ~(R+p ' EW; E) ™ {B'P + u 7 EY(W;' B+ EaW;' ALP) }
(5.42)

is a QGCC for system La with cost matriz P which satisfies P < P < P+pl
for any p > 0.

Conversely given any QGCC with cost matriz 0 < P = Pt | there ezists
a scalar >0 and a matriz 0 < W = W such that the ARE (5.41) has a
stabilizing solution 0 < P, = P! where P, < P.

Proof: (=) Let the control law u(t) be defined by (5.42). By substi-
tuting (5.40) and (5.42) into (5.41) and manipulating using A.2, it can be
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shown that (5.41) is equivalent to: »
PAc+ ALP + pPHH'P+ y'E!E. + W + Q + K!RK, +
(PA¢+ p ' ELE)W;HAGP + p  EYE,) = 0 (5.43)
By B.1.1, it follows that there exists a matrix 0 < P = P* such that
PA.+ AP+ uPHH'P 4+ u 'ELE. + W + Q + K!RK, +
(PAg+ u ' BLE)W Y ALYP + p EYE:) < O (5.44)
which implies that there exists a matrix ® > 0 such that
PA.+ AP+ uPHH'P + p 'EE. + W + Q + KRK, +
(PAg+ p 'ELE)W N AP+ EYE) + @ = 0 (5.45)
Given o € (0,1), it follows from (5.45) and the properties of the ARE that
PA.+ AP+ uPHH'P + y 'ELE.+ W + Q + KRK, +
(PAa+ p ELE)WTYAYP + p  EYE) + 0@ = 0 (5.46)

has a stabilizing solution 0 < P = Pt In addition, P > P and as
g— 0, P - P. Therefore, given any p > 0, we can find a ¢ > 0such
that P < P=P < P+pl.

(=) Suppose that u(k) = K,z(k) is a QGCC with a cost matrix P.
By Theorem 5.2, it follows that there exists a scalar u > 0 and a matrix
0 < W = W! such that

PA. + AP+ unPHH'P + u 'E!E.+ W + Q + K!RK, +
(PAg+ p BLE)W AP+~ EYE:) < 0 (5.47)
In terms of (5.40), inequality (5.47) is equivalent to:

P(A+ BK,) + (A+ BK,)!P + uPHH'P +
p Y E + EK,\)'E+ EK)+ W +Q+ K!RK, +
{PAs+p ' (E+ Est)tEd} Wl {AfiP + u Y EY(E + E,,Ks)}
<0 , (5.48)
Define
K, = pw'?K,, R=uR
= B+ u'AW['ELE, (5.49)
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By substituting (5.21), (5.49) into (5.48), it follows that there exists P > 0
satisfying

P(A+ p'?BK,) + (A+ p**BEK,)P + P(uHH* +

AW ADP + W + Q + KEREK, +

(w2 VP E + W P E R ) (w P W PE + WVRRR,) < 0

(5.50)
Now, consider the state feedback He control problem of the system:
& = A+ [W?H Ade“l/z]w + (u/?B)u
p2wE E,W; 2
z = 0 T+ | p2RV2 |u (5.51)
(W +Q)V? 0

It follows that from [182] that system (5.42) with the state feedback u(t) =
K, (t) has the p-dependent ARE (5.41). Moreover, it has a stabilizing so-
lution P* > 0 such that P* < P. Since @ > 0,W > 0, it follows that P* > Q.

Corollary 5.3: Consider the system
(Bao): () =[A+AA®R)|z(t) + [B+ AB(t)|u(t) + Aaz(t —7) (5.52)

which is obtained from system (Xa) by setting Eq = 0, In this case, the
ARE (5.41) and controller (5.42) reduce to:

PA + A*P + PluHH' + AJW 1AL P +

W+Q+p 'E'E -~

{PB+ pTE B} (R+ i B By) ™! {B'P+ uELE}

=0 (5.53)

u(t) = Kx(t)
K, = —(R+p'EE){B'P+u BB} (5.54)
Corollary 5.4: Consider the system

(Bag):  @(t) = Az(t) + Bu(t) + Agz(t — 1) (5.55)
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which is obtained from system (Xa) by setting Bq = 0,H = 0,E, = 0
corresponding to the case of delay systems without uncertainties. In such
case, the ARE (5.51) and controller (5.54) reduce to:

PA+A'P+W +Q+ P(AgW™ AL, — BR™IBY)P = 0 (5.56)
u(t) = —R™'BPx(t) (5.57)

which provides a guaranteed cost control for linear continuous-time systems
with state-delay.

5.1.5 Synthesis of Guaranteed Cost Control II

Here, we deal with the problem of optimal guaranteed cost control based on
state-feedback for system (Xp) and adopting the notion of delay-dependent
stability. Here the cost function is given by (5.4). The following definition
is given:

Definition 5.5: A state-feedback controller u(t) = K xz(t) is said to de-
fine a quadratic guaranteed cost control (QGCC) associated with cost matriz
0 < P = Pt € R"*" for system (Xa) and cost function (5.4) for any con-
stant time-delay 7 satisfying 0 < 7 < 7* if, given ™ > 0, there exist
matriz 0 < P = Pt € %™ and scalars ry > 0 and r3 > 0 satisfying the ARI

PAcar + AL AP + 7 PAa ASAP + KERK,
+7*r1 Abp Aen + T o AGp Aga < 0

VA: AY)AR) < T Wt (5.58)
where
Acdn = Aca+HA(t)Eeq
= (A+As+ BK,) + HA(t)(E + Eq + EbK)
Aca = Ac + HA(t) E.
= (A+ BK,) + HAQ@)(E + EoK,) (5.59)

The following two theorems establish that the problem of determining a
QGCC for system (£p) and cost function (5.4) can be recast to an ARI or
LMI-feasibility problem.

Theorem 5.5: Given system (3a) and cost function (5.4). Suppose
that there exist matric 0 < P = P!, scalars r1 > 0,79 > 0,1 > 0,0 >
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O,p3 > 0,14 > 0 and 7 > 0 such that for any constant time-delay T such
that 0 < 7 < 7* satisfying the ARI

P(A+ Ag) + (A+ Ag) P+ Pl HH + 7* My M§)P +
6 (B + Ea) (E + Ea) + 7" M3 Mo)

~{PB+p!(E + Ea)' By + 7" NiNi H { R+ i BB, + T N§N )
[BP+u BY(E + ) +7° N{Nl}t <0 (5.60)
with
MiM{ = pi'HH'+ Ag(l — paEiEs) ™ A}
MiMy = rp;'EE +rous  EYEy
AN — g HHY VA + 1oAY — s HHY) ™1 Ay
NIN; = (At(f — uHHY)™1B + uglEtE,,)
N§Ny = 11 (p3" ELE, + BY(I — poHH')™' B) (5.61)
Then, the state-feedback controller
u(t) = Kx(t)
Ko = —{R+tu' BB+ NN}
{B'P+ u BY(E + Ea) + " NiN: } (5.62)
is a QGCC for system $a with cost matriz 0 < P = Pt,
Proof: From (5.59) and A.1, B.1.2, we get:

PAcan + ALya P = P(A+ Aq+ BK,) + (A + Aa+ BK,)' P +
PHA(E + Eq+ EyK) + (E+ Eq + EuK)'ATH' P

< P(A+ Aq+ BK,) + (A + Ag+ BK,)'P +

pPHH'P + uTH(E + Eg+ EyK ) E + Eq + B K) (5.63)

AZAAcA =

[(A+ BK;) + HA(t)(E + EyK,)|'[(A+ BK;) + HA(t)N(E + E,K,)|

< us M (E + Ey K ) E + EoKs) + (A + BK,)'(I — p2 HH)™Y(A + BKj)
(5.64)
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(Aa+ HAED (Ag+ HAE)) < u3'EYEs + AY(I — s HHY) ' Ag (5.65)

P(Aq+ HAED)(Aa+ HAE)'P < u7'PHH'P
+ PlAa(I - paE3Es) ™ AYP
(5.66)

for any scalars p1 > 0, ..., 4 > 0 satisfying (I —u2e HH*) > 0, (I —usHH?) >
0, (I—p4 B4 Eq) > 0. Tt follows from Definition 5.3 , (5.61) and (5.63)-(5.66)
with some arrangement that

P(A+ Aq+ BK,) + (A + Ag + BK,)'P + P|u HH* + My M{|P +

(47 (B + Eg)'(E + Eg) + TM§Ma] +

Kt {BfP + 4T BY(E + Ea) + 7NN | +

{PB + 17 (B + Ba) By + TNIN | K +

K {R+ p BB, + TNEN2 } K, < 0 (5.67)
Observe that (5.67) is continuously dependent on 7. On completing the

squares in (5.67) with respect to K and arranging terms, one obtains the
control law (5.62) such that 0 < P = P! satisfies ARE (5.60).

Theorem 5.6: Given system (Xa) and cost function (5.4), suppose that
there exist matrices 0 <Y = Y*t, 0 < S = S, scalars 1 > 0,72 > 0, 3 >
0,12 > 0,3 > 0,14 > 0 and 7 > 0 such that for any constant time-delay 7
such that 0 < 7 < 7* satisfying the LMIs

LY, m*u) My 7YME T*SNE

ML -l 0 0
PMY 0 - 0 < 0
7*NoS 0 0 —7*1

woHH -1 <0, wEiE;-1<0, pusHH' -1 < 0 (5.68)
where

(Y, 7, 1) = (A4 Aa)Y + Y (A + Ag)t + mHH' + SB* + BSt +

Y (E+ E))YE + E))Y + S(R+ pi E{E,)S +

S tEHE + Eg) + TNEN)Y + Y [u7' (E + Eg)tEy + TNIN,|S
(5.69)
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Then, the state-feedback controller
u(t) = SY " la(t) (5.70)

is a QGCC for system L with cost matriz 0 < P = P,

Proof: Starting from (5.67) and substituting Y = P~!, K, = SP and
manipulating using A.1, one immediately obtains (5.68).

Remark 5.2: It is important to observe the difference between Theo-
rem 5.5 and Theorem 5.6, While the former gives closed-form solution
for the feedback gain matrix after solving the ARI (5.60), the latter provides
a numerical value of the gain matrix based on the solution of LMI (5.68).

Corollary 5.6: Consider the time-delay system
(Epo):  @(t) = Aa(t)z(t) + Agz(t — T) (5.71)

with cost function (5.4) and matriz A is Hurwitz. Suppose that there exist
matric 0 < P = P!, scalars r1 > 0,72 > 0,111 > 0, uo > 0 and 7* > 0 such
that for any constant time-delay T such that 0 < 7 < 7* satisfying the
ARI

P(A+ Ag) + (A + Ag)'P + Plun HHYP + (i E*E + 7 M M)

PB4 7 BBy + 7 NERL Rt i By + 7 R

{BP+ i B+ 7N} < 0 (5.72)
with

M;MQ = T]ﬂ{lEtE + TlAt([ - /J,QHHt)—lA + TQAsAd

NNy = (A - o HIY) ' B+ uglEtEb)
N§Ry = 11 (pz ' BLE, + B'(I — o HH')™' B) (5.73)

Then, the state-feedback controller
ult) = Ksz(t)
-1t wxrt K L1
K, = —{R+u" BB+ 7 Nj o)
{BP+ ' ELE+ T*me} (5.74)
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is a QGCC for system Lo with cost matriz 0 < P = Pt.

Corollary 5.7: Consider the time-delay system
(Zpo):  &(t) = Aa(t)z(t) + Agz(t — T) (5.75)

with cost function (5.4) and matriz A is Hurwitz. Suppose that there exist
matriz 0 < P = P, scalars 1y > 0,72 > 0,167 > 0, o > 0 and 7* > 0 such

that for any constant time-delay T such that 0 < 7 < 7* salisfying the
LMIs

(Y, 7*,u) ™M YN, 7SN}

™M -] 0 0
LY 0~ 0 < 0
7*Na S 0 0 —r*T
peHH! -1 < 0 (5.76)

where

MY 7r,p) = (A+A))Y +Y(A+ Ag) + mHH! + p;'YE'EY
+ SB'+ BS'+ S(R+ u7lELE,)S
+ ST'ELE + TNINIY + Y |ur L EEE, + TNENY)S (5.77)

Then, the state-feedback controller
u(t) = SY " tz(t) (5.78)

is a QGCC for system Lo with cost matriz 0 < P = Pt.

5.2 Discrete-Time Systems

5.2.1 Problem Formulation

We consider a class of uncertain time-delay systems represented by:

(Ba):  =z(k+1) = [A+AA(k)|z(k) + [B + AB(k)u(k) + Aax(k — 7)
= Aa(k)x(k) + Ba(k)u(k) + Agz(k — 1) (5.79)

where z(t) € R" is the state, u(t) € R™ is the control input and the matrices
A € R, B € R™™™ and Ay € R™*" are real constant matrices representing
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the nominal plant. Here, 7 is an unknown constant integer representing the
number of delay units in the state. For all practical purposes, we consider
0<7 < 7 with 7* being known. The matrices AA(k) and AB(k) and
represent parameteric uncertainties which are of the form:

[AA(K) ABK)| = HAK)(E E (5.80)

where H € % | E € %" and E;, € R#*™ are known constant matrices
and A(k) € ®**# is an unknown matrix satisfying the norm-bound condition

Atk)AK) < T Vk (5.81)

The initial condition is specified as (z(0),z(s)) = (zo, #(s)), where ¢(.) €
£o[-1,0].

Associated with the uncertain system (¥4) is the cost function:

[e 0]

J =" [2'(k)Qx(k) + u'(k)Ru(k) | (5.82)

k=0

where 0 < Q = Qf € ™", 0 < R = R € R™X™ are given state and
control weighting matrices.
Distinct from system (¥4 ) is the free-system

Xpp): zk+1) = (A, + AA(k)|x(k) + Dox(k — 1)
An(k)z(k) + Dox(k — 1) (5.83)

for which we associate the cost function:

o0

o= (2 ()Qu(k)] (5.81)

k=0

5.2.2 Robust Performance Analysis III

Since the stability of system (Xpp) is crucial to the development of the
guaranteed cost control for (¥a), we adopt the notion of robust stability
independent of delay as discussed in Chapter 2. Reference is particularly
made to Lemma 2.8 and based upon which we introduce the following:
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Definition 5.6: System (Lpp) with cost function (5.84) is said to be
robustly stable (RS) with a quadratic cost matriz (QCM) 0 < P = Pt ¢ ®nxn
if there exists a matrit 0 < W = W* € R™*™ such that W — A4PA4 > 0 and

Al (k)PAa(K) — P+ AL (k)PA«(W — ALP ALY TALPAA(K) + W < 0
VA AYK)A() < I VE

It is interesting to observe that Definition 5.8 extends the result of Corol-
lary 2.3 by treating P as a quadratic cost matrix. Based thereon, we have
the following results:

Theorem 5.7: Consider system (Ypp) and cost function (5.84). If
0< P=Ptisa QCM, then (Xpp) is RS and the cost function satisfies the
bound

0
Jo < @tPxo + ) zH(a)Wzx(a) (5.85)
a=-T1

Conversely, if system (Xp) is RS then there will be a QCM for this system
and cost function (5.84).

Proof:(=>) Let 0 < P = P* be a QCM for system (Xpp) and cost
function (5.84). It follows from Definition 5.6 that there exists a matrix
0 < W =W?!e R™" such that

AL (K)PAA(k)y = P+ W +Q Al (k)PAy

X (k) ALPAA(K) —(W — 4t Pay) | Xk <O
VA: ALA < T, X(k) £ [0 0] | (5.86)
where
X(k) = [z'(k) a'(k —7)) (5.87)

Therefore, system (Xpp) is RS.

Now by evaluating the first-forward difference AVg(zy) of the Lyapunov-
Krasovskii functional (2.78), we obtain:

AVs(zk) = Vo(@re1) — Vo(zr) < — a'(k)Qa(k) (5.88)

from which we conclude that

o' (k)Qz(k) < ~AVs(wx) (5.89)
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Summing up inequality (5.89) over the period k = 0 — oo and using
(5.84), we get:

Jo < Vo(zo) — Vo(zoo) (5.90)
By (5.86), system (Xpp) is RS leading to Vg(zx) — 0 ask — oo and
therefore (5.90) reduces to
Jo < 2Pz + YO0 zt(a)Wix(a)

(«<=) Let system (Xpp) be RS. It follows that there exist 0 < P = P! and
0 < W = W* such that W — A{PA4 > 0 and

AL (K)PAA(K)— P + W +

AL (B)YPALW — AGPAL) AL PAA(K) < O (5.91)
VA:  AYK)A(k) < I Vk

Hence, one can find some p > 0 such that the following inequality holds:
p AL (k)PAA(K) — P+ W]+
p A4 (K)PDo(W — DL PD,) ' DEPAA(K) +Q =
[AL (K)PAa(K) — P+ W]+
[A4 (k)P D,[W — DL PD,| ' DL PAA(K) +Q < 0 (5.92)
VA: AYk)A(kk) < I, Vk

The above inequality implies that there exists a matrix W = p~'W such
that the matrix P = p~!P is a QCM for system (Xpp).

Remark 5.3: In applying Theorem 5.7 to a particular example we
will need the bound 7* on the time-delay factor 7 to evaluate the upper
bound on J,.

Theorem 5.8: A matriz 0 < P = Pt € " 4s a QCM for system
(Xpp) and cost function (5.84) if and only if there exists a scalar p > 0
such that

P1-D,WID! —uLLt > 0,
AL{P™1 = D,W' Dt - uLLt}—le - P+
W4y MM +Q < 0 (5.93)
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Proof: (=) Suppose that 0 < P = P! satisfies (5.86) for some p > 0.
By A.2, we have:

AL (K)PAA(K)~P + W + Q+

AL (k)PDo(W — DLPD,)"'DLPAA(K) =

AR (P - DD} Aak) - P + W + Q  (5.94)
VA: AR AGR) < T

Applying B.1.5 and grouping like terms, we get:

As(k) (P~ D,w'D} " Aa(k) - P + W + Q <
AL {P‘l — D,W™IDt - ,u,LLt}—l A,— P +
W+ g MIMi+ Q < 0 (5.95)

Inequality (5.95) is implied from (5.93).

(=) Suppose that 0 < P = P! is a QCM for system (Xpp) and
cost function (5.89). It follows from Corollary 2.2 that V A satisfying
Al < 1

—-P+W+@Q 0 A4 (k)
0 —w } + { A'ti P [AA Ad] < 0 (5.96)
By A.1, inequality (5.96) can be expressed as
-P+W+@ O Al
0 -w Al < 0 (5.97)
AA Ay —-P1

Using (5.80) and rearranging, we obtain:

[ - P+W+Q 0 At 0
0 -W Al + | 0| A®K) [E 0 0]+
| A Ag —p1! H
o
0| A%k) [0 0 H) < 0 (5.98)
0
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By B.1.4, (5.98) is equivalent to

~P+W+Q+u'E'E 0 A
0 -W A < 0 (5.99)
A Ay [P - pHHY

Application of A.1 to (5.99) produces:

-P+W+Q+u 'E'E - -
AP ffm?ﬁ)—m AP — pHH') ™ Ag

AYPY—pHHY A —{W - AY(PY — uHHY) 144
d d

<0

which, in turn, corresponds to the algebraic matrix inequality
—P+W+Q+p 'E'E+ A (P}~ uHHY) A +
AP  — pHHY 144 {W — APt - uHHt)-lAd}
AYPY—pHHEYHY A < 0 (5.100)
Finally by A.2, inequality (5.100) is equivalent to (5.93).

At this stage, it is possible to cast Theorem 5.8 into an He,—norm
bound setting. Recall that A.3.2 suggests that there exists a matrix 0 <
P = P! € ®™*" such that inequality (5.93) is satisfied if and only if the
following conditions hold:

(a) A is Schur-stable
(b) The following Ho,—norm bound is satisfied

“—I/QE
W2 | (2l — A7 (WVPH AgW? < 1 (5.101)
Ql/?

Much like the continuous-time case, we observe that the set Y = {(u, W) :
p>0,0<W =W over which inequality (5.93) has a solution 0 < P =
P! can be determined by finding those values of u > 0, 0 < W = Wt
such that (5.101) is satisfied. More importantly, for any such g, W the
following ARE

o]

AP - AW Ay~ EYY T AP W T B E4Q = 0 (5.102)

has a stabilizing solution P > 0.
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5.2.3 Synthesis of Guaranteed Cost Control II1

In this section, we focus attention on the problem of optimal guaranteed cost
control based on state-feedback for the uncertain delay system (¥a) with
uncertainties satisfying (5.81). Here the cost function is given by (5.82). To
proceed further, we provide the following definition:

Definition 5.7: A state-feedback controller u(k) = K,z (k) is said to de-
fine a quadratic guaranteed cost control (QGCC) associated with cost matriz
0 < P=PteR"™" for system (La) and cost function (5.82) if there exists
a matric 0 < W = Wt € R*" such that W — AZPAd > 0 and

[Aa (k) + Ba(k)K,)'PlAa(k) + Ba(k)K,) + KIRK, +

[Aa (k) + Ba(k)K,fPAJ(W — A4PAL) " AL P[Aa(K) + Ba(k)Ks)
-P+W+Q <0 (5.103)
VA:AYKYA(K) £ T VYE

or equivalently

AL \PAA-P+W+Q K¢ At PAy
K, -R! 0 <0
AYPAca 0 —(W — A4 PA,)
VA : A* A < I Vk (5.104)
where
Aa = Aa + BaK,
= (Ao + B,Ks) + HA(K)E + EyK,) (5.105)

The following theorem establishes that the problem of determining a QGCC
for system (¥a) and cost function (5.82) can be recast to an AMI feasibility
problem.

Theorem 5.9; Suppose that there exist o scalar 1 > 0 and a matriz
0 < W = W such that the u—dependent ARE

A'PA-P+u 'EB'E+Q+W
—(A'PB+ i 'E'Ey)(R+ B*PB)™'(A'PB + ' EtE, )t
=, (5.106)
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where
A = (AWTAL+ pLLY)Y?
B A B
R = |1 0 (5.107)

0 R+ [,L'_lEéEb

has a stabilizing solution 0 < P = P*. In this case, the state-feedback con-
troller

u(k) = K,z (k)

K,=—[0 I)(R+B'XB) Y (A'PB+ u 'E'E,)t  (5.108)
is a QGCC for system Lo with cost matric P which satisfies P < P <
P+ pl foranyp > 0.

Conversely given any QGCC with cost matriz 0 < P =Pt there exists
a scalar >0 and a matric 0 < W = W* such that the ARE (5.106) has
a stabilizing solution 0 < P, = P! where P, < P.

Proof: (=) Define X = {P~! - D,W~'D! — uLL}}~" | then it is
easy to see that (5.106) is equivalent to:

A'PA+ A'PA(I - A'A)T'N'PA-P+ W+ 'E'E+Q
—{A'PB + A'PA(I - A*A)'A'PB + uTE' By}
{R+y~'E{E, + B'PB + B'PA(I - AN)IAPB)Y
{B'PA+B'PAI - N'N)TA'PA+ WEEY =0, (5.109)

Let u(k) be as defined in (5.108). Now, using (5.107)-(5.108) with repeated
application of A.2 and B.1.5, it can be shown that (5.109) reduces to:

(A+ BEY [P AWl — wlH'} (A + AKs) ~ P+
p Y E+ EK)HE + EK;) + KIRK,+W + Q=0 (5.110)

By A.3.2, it follows that there exists a matrix 0 < P = Pt such that

(A+BE.Y [P~ — AW 44— uHH') (A+ BK.)~ P+
pYE + EK)YE + EKs) + KIRK,+W 4+ Q < 0 (5.111)
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which implies that there exists a matrix ® > 0 such that
(A+ BICG) [P~ — AW A4 — uHHY} ™ (A+ BK,)~ P+
v HE+ EK)E+ EK,) + KERK, AW +Q+®=0 (5.112)
Given o € (0,1), it follows from (5.102) and the properties of the ARE that
~ -1 ~
(A+ BE) P71 — AW =144 - pHH'} " (A+ BK,) - P+
L HE + By K)Y(E + By K,) + KCRK, +W + Q4+ 0® = 0(5.113)

has a stabilizing solution 0 < P = Pt In addition, P > P and as
c— 0, P - P. Therefore, given any p > 0, we can find a 6 > 0 such
that P < P=P < P+pl.

(<=) Suppose that u(k) = K,z(k) is a QGCC with a cost matrix P.
By Theorem 5.8, it follows that there exist a scalar g > 0 and a matrix
0 < W = W such that

(A+BI,) [P~ AW 44~ uHE') (A + BE,) - P+
N E+ EK)ME+ EK,) + KIRK,+W + Q < 0 (5.114)

Letting X = {P~1 — A;W~144 — pITH'}~' in (5.84) and completing the
squares, we get:

ALXA — (XY 4+ AN + u BTE - QU8 +

(Ks + TN T(K,+ T+ W+ Q < 0 (5.115)
that is
AXA— (X1 4+ AN~ - It +
pIEBE+W 4+ Q<0 (5.116)
where
I' = (R+u'EE,+B'XB)

Q = (A'XB+u 'E'Ey) (5.117)

Therefore, the ARE (5.106) has a stabilizing solution P, and P, < P.
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Corollary 5.8: Consider the system
(Boa):  x(k+1)=[A+ AA(K)|x(k) + Bu(k) + Aaz(k — 1)  (5.118)

which is obtained from system (¥a) by setting B, = 0; In this case, the
ARE (5.106) and controller (5.108) reduce to:

A'PA— P — A'PB(R+ B'PB)'BtPA +

pIEIE+Q+W =0 (5.119)
u(k) = —[0 I)(R+ B'PB)'BAP (5.120)
where
- -1 0
R = [ 0 R] (5.121)

Corollary 5.9: Consider the system
(Xon):  z(k+1) = Az(k) + Bu(k) + Agz(k — 1) (5.122)

corresponding to the case of systems without uncertainties (H = 0, E = 0).
In such case, the ARE (5.89) and controller (5.90) reduce to:

A'PA-P+Q+W — A'PB(R+ B'PB)'B'PA =0 (5.123)
u(k) = —[0 IJ(R+ B'PB)™'B'AP (5.124)

where
B =((AqW144)Y? B (5.125)

which provides a guaranteed cost control for linear state-delay discrete-time
systems without uncertainties.

5.3 Observer-Based Control

This section contains the design of robust observer-based controllers for a
class of uncertain linear time-lag systems. Like most of our work, the uncer-
tainties are assumed to be norm-bounded. We extend the previous results
on quadratic-cost control (section 5.1) to the case of observer-based control
for uncertain systems with unknown state and input time-lags.
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5.3.1 Problem Description

The class of nominally linear systems with parametric uncertainties and
time-lags under consideration is represented by:

(Ba):2(t) = [A+AAQ)z(t)+ B+ AB(t)Ju(t)
+ [Aa+ AD(t)]x(t — 7) + Bru(t —n)
y(t) = [C+AC@H)|z(t) + [G + AG(t)]u(t) (5.126)

where ¢ € R is the time, z(t) € R" is the state, u(t) € R™ is the control
input; y(t) € R? is the measured output, and 7, n are constant scalars
representing the amount of lags in the state and at the input of the system,
respectively. There is no restriction placed on 7 and 7 except that they
are constants but otherwise unknown. The matrices A € R***, B € R**™,
Ag € %™, By, € ®*™ C € RP*™ and G € RP*™ are real constant matrices
representing the nominal plant with the pair (A, B) being controllable, and
the pair (A, C) being observable. The uncertain matrices AA(t), AB(t),
AC(t), AD(t) and AG(t) are assumed to be represented by:

AA(t) AB(t H
[w&% AGEtH = [HC}A“)[E B |

AD(t) = HyA(t)Eq (5.127)

where A(t) € R***2 js a matrix of uncertain parameters satisfying the
bounds

AYDAR) < T (5.128)

and H € R"*e1, H, € ®P*er Hy € R*0 F € ReXn Fy € Rorxm
and Ey € R*2*™ are known real constant matrices. The initial function of
system (1)-(2) is specified as (x,, ¥1(u), Ya(u)) where ¥1(-) € Lo[—7, 0] and
Wa(-) € Lo[-n, O].

In what follows, we extend section 5.1 to the case of uncertain systems
with state and input delays. More importantly, we develop a linear dynamic
output-feedback controller to yield a closed-loop system which is asymptot-
ically stable for all admissible uncertainties and unknown time lags.

Associated with system (Xa) is the quadratic cost function:

J= /0 et (£)Qu() + ! () Ru(e)]dt (5.129)
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with 0 < Q@ = Qt € R and 0 < R = R! € %™, Qur objective is to
design an observer-based controller of the form:

(Bo): &(t) = Ai(t) + Bu(t) + Koy(t) — (t)]
@(t) = C:?:(t)JrGu(t)
ult) = K.i(t) (5.130)

such that the closed-loop system (5.126) and (5.130) is robustly stable inde-
pendent of delay and a prescribed level of performance is guaranteed inde-
pendent of the amount of time-lags and for all admissible values of uncer-
tainties satisfying (5.128). In (5.130), K, € R"*P is the observer gain and
K. € R™*" is the feedback control gain.

5.3.2 Closed-Loop System
In terms of the error vector
e(t) = z(t) — z(t) (5.131)

and the extended state vector,

2(t) = { igg } € R2n (5.132)

It should be noted that u(t) in (5.130), can be written as,
ult) = [Ke  — Ko2(t) = Kyz(t) (5.133)
We combine (5.126) and (5.130) to produce the closed-loop system:

(Be): 3(t) = [Ac+ AA(b)]2(t) + (Dt AD(b)]2(t—7) + Eez(t —n) (5.134)

where,
[ A+ BEK. -BK.
.0 A-K,C
[ 44 O B.K. -BpK.
Dc = ’ Ec =
Ay O ByK. —BpK.
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AA + ABK. _ABK,
AA, =
AA + ABK, — K,AC — K,AGK, ~ABK, + K,AGK.
B H
- " H-K,H, :I A(t)[ E + EyK. “‘Ech ]
= HAWE
_ [app o
AD: = [ AD() © }
[ H
= [Hd }A(‘)[ By 0 ]
= HaA()E4 (5.136)

5.3.3 Robust Performance Analysis IV

Before embarking on the control design, we present hereafter some results
in relation to the robust performance of system (%) when associated with
the quadratic cost function

J, = / A0t 3 Q= diag(Q, 0) (5.137)
Theorem 5.10: Given matrices 0 < W = Wt and 0 < § = 8%, the

uncertain time-lag system (X.) is said to be robustly stable if there exists a
matriz 0 < Il = IIt satisfying the LML

t
H(Ac + AAC) + (Ac + AAc) I H(Dc + ADC) T1E,
_ +W+S <0
SA = (D + AD.)HI W 0
Et 0 -5
VA: AA<T (5.138)

Proof: We use a Lyapunov-Krasovskii functional of the form:

0 0
V(z) = 2 (t)1=(t) + / 24t + 8)Wz(t + s)ds + /—n 24t + 5)Sz(t + s)ds

- (5.139)
where the weighting matrices W, S are such that 0 < W = Wt € ®2nx2n
and 0 < § = St € R¥*2", Note that, V(z) > 0 for all 2(t) # 0 and
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V() = 0 for 2(t) = 0. Let the extended state vector Z(t) be such that
Z(t) = [24(t) 2(t—7) =2t —n)]t. By differentiating (5.139) along the
solutions of (5.134), it is easy to see that

V(z) = ZHt)EaZ(t) (5.140)

If V(2) < O then z(t) — 0 as t — co. This is implied by Za < 0. By A.1,
this yields (5.138).

Remark 5.4: It should be stressed that Theorem 5.10 is independent
of the time lags 7 and 7 and extends the standard RSID to the case of sys-
tems with input and state time-lags. By setting AA. =0, D, =0, AD, =0
and F, = 0, one obtains the known definition of @S for norm-bounded un-
certain systems (see Lemma 2.1).

Extending on Definition 5.1, we have the following:
Definition 5.8: A matriz 0 < Il = IIt € R2*2" 45 said to be a quadratic

cost (QC') matriz for the system (X.) and cost function (5.129) if it satisfies
the LMI:

TI(Ac + AAc) + (Ae + AT
o W+ S+9 HDet ADe) TE |
=a = (D¢ + AD)HI W 0o | <
EtTI 0 -5
(5.141)

for all admissible uncertainties satisfying (5.127).

Theorem 5.11 : Suppose that the matriz 0 < I1 = It is a QC matriz
for system (2.) and cost function (5.129). Then the closed-loop system (X.)
is RSID and an upper bound on the cost J, is given by

0 0
Jo < 2z + [ 2(s)Wal(s)ds + / 2(5)S2(s)ds (5.142)
— -
Conversely, if system (%) is RSID then there will exist a QC matriz for
this system and the cost function (5.129).

Proof: (=) Suppose that the matrix 0 < IT = II* is a QC matrix for
system (5.134) and cost function (5.129). It follows from Definition 5.8
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that:
t
H(Ac + AAC) + (AC + AAC) I H(Dc + ADC) IIE.
, +W+ S5+
Z5(t) (De+ AD,)'TI -w o A<
B 0 -5
(5.143)

for all non-zero Z(t) = [28(t) =2'(t —7) 2'(t —n)]® and for all admissible
uncertainty A satisfying (5.127). Hence system (5.134) is RSID. Using the
Lyapunov functional (5.139), we get

V(z) = ZY)ZaZ(t)

A

Z(t)

o OO

0
= -2 (t)Qz(t) (5.144)
and therefore z¢(t)Qz(t) < —V(z). Thus,
Jo = / - 24(t)Qz(t)dt
0
< V(z) = V(2eo) = V(20) (5.145)

since system (X.) is RSID, it follows that V(z;) — 0 ast — oo and therefore
(5.145) reduces to (5.142).

-Q 0
Z*(t)[ 0 0
0

(<) Suppose that the closed-loop system (2.) is RSID. By Theorem
5.10, there exist matrices 0 < I =1I*, 0 < W = W?, 0 < S = S satisfying
(5.138) for all admissible uncertainties. Thus, using A.1 on (5.138), we get

(A + AA) + (A + AA) T+ W + S +

(D, + ADYW =YD, + AD,)'TI + IE.ST'EIl < 0 (5.146)
We can find a scalar > 0 such that for [|A|| < 1, the following inequality
is satisfied:

Q4+ p HIO(A + AAL) + (A + AA)TI+W + S +

(D, + ADYW ™Y D. + AD.)'TI + TIE.ST ENT} < 0 (5.147)

It follows from inequality (5.147) that there exist matrices W = p~'W and
S = 18 such that the matrix I = x~'IT is a QC matrix for system ().
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Application of B.1.2 yields for some € > 0

MAA +AALL = THAB + B AT
< €Hﬁ1ﬁiH+E—IE§E1 (5.148)
In a similar way, application of B.1.3 produces for some o > 0
I(D. + AD)W (D, + AD,)'Tl =
T(De + HsAEs)W ™ (De + HsAEs)'T1 <
DLW — By Bs)~ DIl + o~ T Ha H 11 (5.149)
The following theorem summarizes the main result by providing an LMI-

based solution to the robust performance problem.

Theorem 5.12: Given matrices 0 < W = W?*, 0 < S = S, a matriz
0 < I =1II! is a QC matriz for the closed-loop system () and cost function

/-\t ~~
(18) if and only if there exist scalars € > 0, o > 0 such that W > cE3E3
and 11 satisfies the LMI.

[ TA.+ AN+ W+ S ]
~ ~t ~t ~
+Q+ ellH1 H, 11 ¢ 1B, o 'MlH; IIE,
~t ~
G—lEl -1 0
~t
U—1H3H 0 ”*I
I EtTl 0 0 -S|
(5.150)

Proof: (=) Suppose that the matrix 0 < TI = II* satisfies (5.150) for

~t —~
some € > 0 and ¢ > 0 such that W > 0FE3F3. By (5.148)-(5.149), inequal-

ity (5.150) is implied from (5.141) for all admissible uncertainties satisfying
(5.127).

(«) Suppose that the matrix IT > 0 is a QC matrix for system (Z.) and
cost function (5.129). By Definition 5.8, inequality (5.141) is satisfied for
all admissible uncertainties satisfying (5.127). By B.1.3, this implies that

Z(O)I(Ac + AA:) + (Ac + AA) T+ W + S + Q)2(t)
+224()I( D, + ADc)z(t — 7) + 224 (t)1E:2(t — 1)
—2Ht ~ )Wzt — 1) - 21t ~n)Sz(t — 1) <0 (5.151)
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for all nonzero z(t), z(t — 7) and z(t —n) and for all admissible uncertain-
ties satisfying (5.127). From the results of {175,176] and applying B.1.1 to
the term (ITAA. + AALI) and B.1.2 to the term (22{(t)[IAD.z(t — 7)),
inequality (5.151) implies that
2 () [TA: + AT+ W + S + Q)z(t) + 224(t)IDe2(t — 7)
+22 ()IE2(t — ) — 28t — T)Wz(t — 7) — 24(t — )Sz(t — n)
~i —~ ~t ~
+2H 20| | Erz(OI] + 2| H Tz (t — 7)|| || Es2(t — 7)I] <O
(5.152)
for all nonzero z(t), 2(t — 7) and 2z(t —n) and A : A*A < I. Therefore
MA. + AT+ W+ S+Q 1D, UE.
EtII 0 -8
and
NEETm 0 0
{Z')T.Z2)? > 4 | ZU(t) 0 H?Idf{fin o | Z(t)|®

0 0 0
~t~
EE 0 0
AR EffE) o | Z(t) (5.154)
0 0 0

for all nonzero z(t), z(t — 7) and 2(t — n). From a known result of [222],
inequalities (5.153) and (5.154) imply that there exist parameters ¢ > 0 and
o > 0 such that

~b~ ~~t ~ ~t
MA.+ AN+ W+ S+ Q+ ¢ 'E E+NeHH + 0 HaH,lI
/\t N
H[De(W ~ 0Ey )" Dl + ES™ B < 0 (5.155)
Finally, using B.1.3 inequality (5.155) can be converted to the LMI (5.150).

5.3.4 Synthesis of Observer-Based Control

In this section, we consider the problem of guaranteed cost control via
observer-based control for the uncertain time-lag system under considera-
tion. By virtue of Theorem 5.10 and Definition 5.8, we provide the
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following;:

Definition 5.9: An observer-based control law u(t) = K;z(t) is said
to define quadratic guaranteed cost control (QGCC) with associated cost
matriz I1 > 0 for the system (Xa) and cost function (6) if it satisfies the
following LMI:

t
T(Ae +Ade) + (A + DAL 13y L ApY TIE,
W+ S +Q, <0 (5.156)
(Do + AD)MI ~W 0 '
EtIl 0 -5
where

Q+K!RK. —K!'RK,
Q. = (5.157)
~K!RK. K!RK.

Before proceeding further, we define the weighting matrices:

we 0] o [s o0
Wm[ 0 Wo]‘ s_[ 5 So} (5.158)

where 0 < W, = Wi, 0< W, =W!, 0< S, =S; and 0 < S, = St.

The following theorem shows that the problem of determining an observer-
based QGCC for system (¥4 ) and cost function (5.129) can be solved via two
matrix inequalities. One of these inequalities is a bilinear matrix inequality
(BLMI) and the other is a linear matrix inequality (LMI). For simplicity in
exposition, we introduce the following matrices:

A = A—-€e¢'BRIULLL (5.159)
R.R: = Aq(We— oE E) Ay + eHH + 0~ HyHY (5.160)
Fi = ¢ YEE+ ELE)), Ri=R+ ¢ 'ELE, (5.161)

I

Py (e — e 2B R7ED™Y, S;'=871+8571 (5.162)
R,R, = Ay(W.—0oELE) YA+ eHH"
o *HyH, + By K.S; 'K B, (5.163)
Mia = HH', ©=M(MaMi)™, 0= oH Hip (5.164)

~

A = IRRL(pC - 0X ' LhLoK,) + e ' X ESEy K. (5.165)

-+
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Ry R} R,RL0R,R, — R,R,
T = —€?K!E[E.X '0C - ¢ 2Cl! X 1ELE, K,
+ € 2KIELE,X 10X 'ELEK,

il

The next theorem establishes the main result.

(5.166)

(5.167)

Theorem 5.13 : Consider the uncertain time-delay system (5.125) sat-
isfying (5.127). Suppose that there exist constants € > 0 and o > 0 such that
the matrices 0 < X = X* and 0 <Y =Y satisfy the following BLMI:

_ .t
( XA+ A X+ S+
QtWe = XBRU'BX — xp. 1t 4L,
+XE,RTY(BLX + [”)S;!

(BLX + F1)'R{IELX <0

R{EX -1 0 0

Ly 0 —-F 0

L L%La 0 0 —€2R1 ]
and the LMI:
- _t
V(4o = )+ (4~ A)Y yp, xB, 4t
+VV0 + So + T < 0
RYY -1 0
B! X + Fy 0 -Ry

Then the closed-loop system is asymptotically stable with gains:

K. = —R{Y(B!X + F)
Ko, = YRR+ e WYKL L X Yo

Proof: Define IT such that
X 0
=[5 v)

Then expansion of (5.150), using B.1.3, yields:

(5.168)

(5.169)

(5.170)
(5.171)

(5.172)

(5.173)
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where

®11 = X(A+BK.)+(A+BK)'X+W,+ 8,
+Q + K!RK.+ X Ag(W. — oE4Ey) 1 ALX
+XBrK:(S;' + STDKIBLX + eXHH'X + o ' XH HEX

+¢YE + EK.)(E + EK.) (5.174)
P10 = —-XBK,— (2RI{C + XAd(Wc — O’LgLs)“lAZY

+XBREK(S; 4 S;HKEBLY + e XHHY — eXHH!KLY

— BB K, — e 'KELE K, + 0 ' X HyHYY (5.175)

By = Y(A-Ko,C)+(A-KC)Y +W,+8,
+KIRK, + Y Ag(W, — 0 EYEg) P ALY
+Y BRK(S;Y + STV)KIBLY + €Y (H — K, Ho)(H — KoH, )Y
+e 'KELE K, + o7 'Y H HYY (5.176)
A sufficient condition to satisfy (5.173) is that
P11 <0, P2w<0, P12=0 (5.177)

Choosing the gain K, as given by (5.170), and using (5.159)-(5.161), in-
equality 137 < 0 reduces to the matrix inequality (5.168). From (5.175),
and using (5.162)-(5.164), (5.170)-(5.171), it is easy to check that ®12 = 0,
where it is assumed that Mi2 M, is nonsingular.

Finally considering the inequality ®22 < 0. Starting from (5.176) and
using (5.163)-(5.171), after some algebraic manipulations we obtain inequal-
ity (5.169).

The following two corollaries represent some special cases of our results.

Corollary 5.10: Consider the state-delay uncertain system

#(t) = [A+ AA(D)]z(t)+ B+ AB(t)]u(t)

+ [Aa +AD@)]x(t —7) (5.178)
y(t) = [C+ AC(H)]z(t)+ [G + AG(t)|u(t) (5.179)
z(t) = o) Vie[-T, 0]

combined with the observer-based controller (5.130). Let
R3R, = R.R.OR.R. - R.R (5.180)
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~

A = € R.R(pC —0X'EYEK,) + e ' X E By K, (5.181)
Then the resulting closed-loop controlled system is robustly stable if there
exist constants € > 0 and o > 0 such that the matrices 0 < X = Xt and
0 <Y =Y satisfy the following two LMIs:

_ _t
XA+AX+S.:+Q XRC Et EéEb
+W. - XBR{'B'X

RIX -1 0 0o | <0 (5.182)
E 0 R 0
ElEy 0 0 —eR
and
Y(A-A)+(A'~A)VY yp, XB4
+Wo + S, + 7 <0 (5.183)
RYY -1 0
BtX + Fy 0 —Ry
The gain matrices are such:
K. = —R{YB!X+ R)
Ko, = € YRR+ WYIKIEIE; X ) (5.184)

Proof: Set By, = 0 in Theorem 5.13.

Corollary 5.11: Consider the uncertain system

(t) = [A+ AA(L)|z(t) + [B + AB()]u(t)
y(t) = [C+ ACH)]z(t) + [G+ AG(t)|u(t) (5.185)
combined with the observer-based controller (5.130). Let
R4R, = EHH'OHH' - eHH (5.186)

Then the resulting closed-loop controlled system is robustly stable if there
exist constants ¢ > 0 and o > 0 such that the matrices 0 < X = Xt and
0 <Y =Y satisfy the following two LMIs:

- _t
XA+A X+ S XH FEt
+Q+ W, - XBR'BX <0 (5.187)
tx — 17 0
E 0 -FR
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and
Y(A—- HH'oC)+ (A - HH'eC)Y + YR X B+
Wo+ S, 1 e lBE
RYY —I 0
BtX+

BB, 0 h

The gain matrices are:
K. = -R{Y(B'X +¢'EE)

K, = HH'p

Proof: Set A3 = 0 and B;, = 0 in Theorem 5.13.

5.3.5 A Computational Algorithm

205

(5.188)

(5.189)
(5.190)

To implement the observer-based control design results, we apply the follow-

ing computational algorithm:

(1) Read in the data A, B, C, Aq, By, G, H, H,, Hy, E, F, and Ej.
(2) Select scalars € > 0 and oy > 0 such that F(e;) > 0 and set the

iteration index k = 1.

(8) Solve matrix inequality (5.168) for X using the following iterative steps:

(a) By using A.1 and setting P(ex,0%) = X1,
P, = P Y(ex,01), Wee W, =W, + S, + Q,
we rewrite inequality (5.168) as:

¢
PA (&) + Alex)P
~BoRf1(ek)Bf, + RCRé(ek, Ok) PW,. PE! PELE,
+E, Ry (ex)(BLP, + Fi(ex))S;? ¢
(BLP. + Fi(e)) Ry Hew) EX

WP ~I 0 0
EP 0 —Fyer) 0
I EtEq4P 0 0  —eRy(e)

(b) Select an initial value for P, and solve inequality (5.191) for
P(ek,0r) using the LMI-Control Toolbox.

<0

(5.191)

(c) Update P, by P, <= (1 — ()P, + (P~ Y(eg, 0h) with 0 < ¢ < 1.

TLFeBOOK



206 CHAPTER 5. GUARANTEED COST CONTROL

(d) Compute d = || P, — P~ (ex, ok )|
(e) If d < & where § is a prespecified tolerance then set
€x = €*, o, = o* and go to step 4.
(f) If d > & then update € and o using
€k < € + Aey
and oy < o + Aoy,
where Ae¢x and Aoy are pre-chosen increments;
go to step 3 with k <= k+ 1.
4) Compute the controller gain matrix K. from (5.170).
5) Using A.1 on (5.169), setting T =Y =}, Woo W, (¢*,0%)
=W, + S, + Y(e*,0%) and premultiplying and postmultiplying the result
by T yields:

(4o~ (e, )T
T(Af, - Z (6*, O'*))+ TVVOO(E*, O'*) T](é

RoRY(€*, o*) <0  (5.192)
Wt (e*, o*)T ~1 0
KT 0 —R7(e")

(8) Solve LMI (5.192) for T by using the LMI-Control Toolbox.
(7) Compute the gain matrix K, from (5.171).

Remark 5.7: The proposed iterative steps (a)-(d) suggested to solve
(5.191) may be heuristic, however they are simple to implement since (5.191)
is convex in P, Computational experience with several examples has indi-
cated that only few iterations are usually needed to reach a satisfactory
solution with 0 < ¢ < 1, 0 < 0 < 1 and d < 1074, The LMI (5.192) is
a standard linear matrix inequality. In this regard, the proposed computa-
tional algorithm is systematic and it would seem to be tangible for control
system design using dynamic feedback controllers.

5.3.6 Example 5.1

Consider a second-order system modeled in the form (5.126) such that
1 0 =N
A*[OQ —2}’ B—[Oﬁ]’ ¢=[1 9

[-0205) , [-01] . .
A(l“‘{ _1 -1:" Bh“[ 0.2 ]1 G'—lv
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—-0.05 0.08 —0.06 0.05

[ oo0s 008] ,, [o1] . [ o1 ot
E= [ ~0.08 0.1 ] E”"[o.oa]' Ea= [ ~0.2 0.1}
| 05sin(2t) 0.3 sin(t)
Af) = [ —0.4 sin(t) 0.6 sin(3t)

The gain matrices are chosen such that Q = diag(1, 1), W, = diag(1, 1),
Wo = diag(0.1, 0.1), S, = diag(0.1, 0.1), S, = diag(0.1, 0.1) and R = 1.
The scalars € and o are selected such that ¢ = 0.5 and ¢ = 1.

By using the LMI-Control Toolbox, we solve the inequality (5.191)
employing the computational algorithm to yield

X:[ 0.2983 —0.0056]

H:[ 0.1 0.05}; H. =006 0.1]; Hd=[ ~0.1 0.04]

—0.0056 0.0290
Using (5.170), the controller gain K, is found to be:
K. =] 02966 —0.078 |
Then, solving for Y using LMI (5.192), we obtain

vy _ | 18556 —4031
T | —4031 1199

Using (5.172), the observer gain X, is found to be:

197.08
Ko = [ 664.86 }

5.4 Notes and References

For the case of nondelay systems, major results on guaranteed cost control
are available in [156,224]. Extension to continuous time-delay systems is
found in [165]. There are other related approaches [146,147] which would
prove useful in the time-delay case. For classes of TDS, some promising
results are found in [24,31,148,149,159,161]. Indeed more work is needed
particularly in the direction of observer-based control.
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Chapter 6

Passivity Analysis and
Synthesis

6.1 Introduction

In this chapter, we provide results on the robust passivity analysis and syn-
thesis problems for classes of time-delay systems (TDS) and uncertain time-
delay systems (UTDS). This is equally true for continuous-time systems as
well as discrete-time systems. For analytical tractability, we consider in the
sequel the uncertainties to be time-varying norm-bounded and the delay fac-
tor an unknown constant within a prescribed interval. In systems theory,
positive real (passivity) theory has played a major role in stability and sys-
tems theory [197, 200-202, 205-208]. A summary of the properties of positive
real systems is given in Appendix D. The primary motivation for designing
strict positive real controllers is for applications to positive real plants. It is
well-known that when a strict positive real system is connected to a positive
real plant in a negative-feedback configuration, the closed-loop is guaran-
teed to be stable for arbitrary plant variations as long as the plant remains
to be positive real. Although a passivity problem can be converted into a
small gain by the so-called Cayley transform [201], direct treatment is often
desirable, especially when the system under consideration is subject to un-
certainty. A natural problem is to design an internally stabilizing feedback
controller such that a given closed-loop system is passive. In the context of
linear systems, this problem is referred to as a positive real control problem
[202] where a complete solution to the extended strict positive real (ESPR)
is developed via two AREs or ARIs. In the context of nonlinear systems,

209
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210 CHAPTER 6. PASSIVITY ANALYSIS AND SYNTHESIS

a geometric characterization is introduced in [225] for systems that can be
passified by a state-feedback.

From another angle, it is well-known that the notion of positive realness is
closely related to the passivity of linear time-invariant systems [194]. Based
thereon, two main problems will be addressed in this chapter: passivity
analysis and passivity synthesis. For the passivity analysis problem, we will
derive a sufficient condition for which the uncertain time-delay system is
robustly stable and strictly passive for all admissible uncertainties. The
condition is given in terms of an LMI. For the passivity synthesis problem,
both state- and output-feedback designs will considered and it will be proved
in both cases that the closed-loop uncertain time-delay system is stable and
strictly passive for all admissible uncertainties. The controller gains can be
determined from the solution of LMIs.

6.2 Continuous-Time Systems

6.2.1 A Class of Uncertain Systems

The class of linear time-invariant state-delay systems under consideration is
represented by:
(Za): z(t) = Aaz(t)+ Bw(t)+ Agx(t —7)
2(t) = Caz(t)+ Dw(t) (6.1)
where £ € R™ is the state, w € RP is the exogenous input, z € RP is

the output, 7 is a time delay , Ag € R"*™ is a constant delay matrix and
Aa € RV and Ca € RP*™ are uncertain matrices given by:

[éﬂ:[ﬂﬂﬂzx(w (6.2)

where (A, C') are constant matrices representing the nominal matrices, and
H,H., E are constant matrices with compatible dimensions with A(t) €
R>*B being a matrix of time-varying uncertain parameters which satisfies
the norm-bound form (2.46).

Distinct from system (6.1) are the free nominal system:
(%p): @(t) = Axz(t)+ Agz(t —7)
2(t) = Cuz(t) (6.3)
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6.2. CONTINUOUS-TIME SYSTEMS 21

and the nominal system

(B6): z(t) = Az(t)+ Bw(t) + Aax(t — 7)
2(t) = Cu(t)+ Dw(t) (6.4)

In the sequel, we examine the problem of passive analysis of (£4) in re-
lation to (Xf) and (£,). In particular, it is required that system (Xy) to
be asymptotically stable. With regards to the definition and properties of
passive systems (Appendix D), we observe that the transfer function of (¥,)

T(s)=C(sl —A—Age™ ™) !B+ D (6.5)

is analytic in Re[s] > 0 in view of the continuity and differentiability of
e™. Also T(s) is real for real positive s. This implies that T(s) possesses
the basic ingredients for positive realness. Since for linear time-invariant
systems, positive realness corresponds to passivity (200, 201], we will use the
terms, extended strictly passive (ESP), and extended strictly positive real
(ESPR) interchangeably. Extending on these facts, we associate with system
(¥o) the Hamiltonian:

H(z,t) = — V(z) + 224t)w(t) (6.6)

which depends on the input signal u(t) and the output signal z(t) with V(x)
being a Lyapunov functional for system (6.1). A final point to observe is
that the passivity approach to system analysis is tightly linked with stability.
Therefore, we have to state a priori the stability concept we are going to
use.

6.2.2 Conditions of Passivity: Delay-Independent Stability

Initially, we adopt the notion of stability independent of delay and replace
V(z) in (6.6) by Vi(z¢) given in (2.5), see Chapter 2. The first result is
provided by the following theoremn:

Theorem 6.1: System (3,) satisfying Assumption 2.1 is asymptoti-
cally stable with extended strictly positive real (ESPR) independent of delay
if the matriz (D + D) > 0 and there exist matrices 0 < P = Pt € R"*™ and
0 < Q= Qt € R™*" satisfying the LMI

PA+ AP +Q PAs —(C'— PB)
ALP -Q 0 < 0 (6.7)
—(C-BP) 0 —(D+DY

TLFeBOOK
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or equivalently the matriz (D + D*) > 0 and there exist matrices 0 < P =
Pt € R™*" qnd 0 < Q = Qf € R™*™ satisfying the ARI

PA+ A'P+(C'— PB)(D+D')"(C' — B'P)+ Q + PA4Q™1ALP < 0 (6.8)

Proof: Differentiation of Vj(z¢) along the solutions of (6.4) with some
manipulations yields:

H(z,t) = -—z'(t)[PA+ A'P+ Q)z(t) + w'(t)(D + D w(t)
+ 2t - 7)Qx(t — 1) — at(t — 7)ALPx(t) — =t (t) PAgz(t — )
+ W' (t)(C - B*P)x(t) + o' (t)(C* — PB)w(t)
= -Z't) QP) Z(t) (6.9)
where

Z2(t) = [a*) ="t —7) w' @)
PA+AtP+Q PAq —(C!- PB)
AP s) 0 (6.10)
—(C-BP) 0 —(D+DY

=2
=
I

If Q(P) <0, then —V;(x:) + 224(t)w(t) > 0, and from which it follows that

/ttl [ (&) w(t)] dt > 1/2 [Viz1) - Va(zo)] (6.11)

Since Vi(z) > Oforz # 0and Vi(z) = Oforz = 0, it follows that as
t1 — oo that system (%,) is extended strictly positive real (passive).

Remark 6.1: Inequality (6.10) includes the effect of the delayed infor-
mation on the positive realness condition through the matrix A4. By setting
Aq = 0, we recover the results of [202] for delayless systems.

Remark 6.2: Alternative forms of inequalities (6.7)-(6.8) are given by
AX + XA+ 4,04 X (XC' - B)

X -Q 0 < 0 (6.12)
(CX — BY) 0 —(D+D)

and

AX+X A +(XCH - B)(D+DY) " CX B+ XQ ' X +44QA4 < 0 (6.13)
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6.2.3 Conditions of Passivity: Delay-Dependent Stability

Next we consider the case of delay-dependent passivity, for which it would be
more convenient to introduce the following Lyapunov-Krasovskii functional:

Va(x:) = ='(t) Px(t)
+ —T{v/t+9 ri|zt(s) At Az(s)]ds + t rolzt(s) AL Agz(s)]ds

—-746

+ /;9 r3[w'(s) Bt Bw(s)]ds}d0 (6.14)

where 0 < P = Pt € R and ry > 0, 70 > 0, r3 > 0 are weighting
factors. Now from (6.1) we get

ot —7) = ﬂwr/°¢a+mw

-T

!

z(t) — /_OT Ax(t+ 0)do — /OT Agz(t — 7+ 6)do

* Bu(t + 0)do (6.15)

—T

Hence, the state dynamics becomes:

(Ba): z(t) = [A+ Adz(t) + Buw(t) - Ad[/o Ax(t+ 0)dd

0 o
+ Agz(t — 74 0)d0+ [  Buw(t+ 0)d0) (6.16)

-T

The main result is summarized by the following theorem:

Theorem 6.2: System (34) is asymplotically stable with ESPR for any
T satisfying 0 < 1 < 7* if the matriz (D, + D) > 0 and there exist
matriz 0 < X = X' € R"*" and scalars e >0 ,a > 0,0 >0 satisfying the
LMI:

+7*(e + a + 0)Aadl T XA, —(XC'-B)
A4 X ~Jao 0 <0 (6.17)
et ~D+ D+
(XC B ) 0 T*o—lBtB
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or equivalently there exist matrices 0 < X = Xt € R"*" and scalars € >
0,a0>0,0>0 satisfying the ARI

(A+A))X + X(A+ Ag)t + 7 X[eTTAPA + o~ 1 A5 44)X +

e+ a+0)AgAy +
(XCt = BY(D + D! — 1*0™'B!B)"}(XC — B') < 0 (6.18)
and such that (D + D' — t*0~1B*B) > 0 where
Ago =AYy A, Jyo = diaglr*al T*el] (6.19)

Proof: By differentiating Vy(x;) along the solutions of (6.16) and ar-
ranging terms, we obtain:

Va(w) = a'()[P(A+ Ag) + (A + A9)*Pla(t)
+ u'(t)B'Pz(t) + z'(t) PBu(t) — 2zt(t) PAq /_0 Bu(t + 60)do

0
Agz(t + 6)do

+ 1rizt(t)A Ax(t) + Troat (t) AL Aax(t) + Traut(t) Bt Bu(t)
/0 rilzt(t + 0) A Az(t + 0)]do

-7

0
— 22 (t)PAq / Ax(t + 0)db — 22 (t) PAq /

0
/ rolzt(t — 7 + 0) AL Agx(t — T + 0)]do

- " ralul(t + 0)B'Bu(t + 0)]do (6.20)

-7

By B.1.1, we have

0 0

2zt (t)PAy / Az(t +0)do < 7! / [6() P A Al Pa(t)]do
]

+ry [ [zt + 0) A Ax(t + 6)]do

= 7ot (t)PALAL Pa(t)

0
+r /~ [t + 0) A" Ac(t + 0)]d0 (6.21)

0
234 (t)PAg / Agx(t — 7+ 0)d0 < Try'at(t)PAg AL Px(t)

0
7o /_ [t =7 +0) Al Aua(t — 7+ 0)]do (6.22)
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0
2 (OPAa [ Bu(t+0)d8 < 717! ()P AaiPa(t)
0
+rg / [ut(t + 0) B! Bu(t + 0)]zdd (6.23)

Using inequalities (6.21)-(6.23) into (6.20), there holds

Va(ze) = o'O[P(A+ Ad) + (A+ Aa)'P + 171 A A + Tr Ab Ag
+ T PAGALP + 1r7  PAGAY P 4 1r7  PAGAL Pla(t)
+  uf(t)B*Px(t) + 2t (t) PBu(t) + rraut(t) Bt Bu(t) (6.24)

Finally, the Hamiltonian H(z,t) can be written as:

H(z,t) — () [P(A+ Ag) + (A + Ag)'P + mr A'A
Tro AL Ay + TrTYPAGALP
113 1 PAGALP 4 T3 ' P A4 AL Plz(t)
Traut(t) B Bu(t) + u*(t)(D + D*)u(t)
! (t)[Ct — PBlu(t) + u'(t)[C — Bt Plx(t)
~Yi(t) TI(P) Y () (6.25)

P+ + i

“+

where

Y(t) [(t) «'@)I"

S(P) (Ct - PB)
[ (C—BtP) —(D+ D' —rr3BtB)

P(A+ Ag) + (A+ Ag)'P + 7(r1 A'A + ro A4 Ag)
+ 7ty g ) PAGALP (6.26)

If TI(P) < 0, then — V, + 2y4(t)u(t) > 0 and from which it follows that

i

II(P) < 0

il

Il

S(P)

./ttl W' @) we)ldt > 1/2[Va(e1) ~ Valza)] (6.27)

Since Vy(z) > Oforz # 0and Vy(z) = 0forz = 0, it follows that as
t1 — oo that system (%,) is extended strictly passive. By A.1 it is easy to
verify that II(P) < 0 is equivalent to:

P(A+ Ag) + (A+ Ay)P + 1(r A A + 1oAY Ag)

+r(ry 4yt 43 ) PAGALP

+(C*~ PB)(D+ D' -~ mr3B'B)™(C - B'P) < 0 (6.28)
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Setting r1 = €~ 1,79 = a~!,r3 = ¢!, premultiplying (6.28) by P~!, post-

multiplying the result by P! and letting X = P~1, it shows that (6.18)
implies (6.28) for any 0 < 7 < 7*. By A.1, (6.17) is equivalent to (6.18).

Remark 6.3: It is important to note that the result of Theorem 6.2
reduces to Theorem 2.2 when only the stability of the system is concerned.
This can be observed by setting B =0 and C = 0 in (6.18).

6.2.4 p—Parameterization

Now we proceed to examine the application of the passivity concept to sys-
tem (Xa). First, motivated by the results of Theorem 6.1 for stability
independent of delay measure, we pose the following definition:

Definition 6.1: System (3a) is said to be strongly robustly stable with
strict passivity (SP) if there exists a matriz 0 < P = Pt € R™*™ such that
for all admissible uncertainties:

PAs+ AP +Q PAy (C4 — PB)
ALP -Q 0 < 0 (6.29)
(Ca — B'P) 0 —(D+ D)

Remark 6.4: It is readily evident from Definition 6.1 that the concept
of strong robust stability with SP implies both the robust stability and the
SP for system (Xa). Note that the robust stability with SP is an extension
of robust stability independent of delay (RSID) for uncertain time-delay sys-
tem to deal with the extended strict passivity problem.

Now it is easy to realize that direct application of (6.29) would require
tremendous efforts over all admissible uncertainties. To bypass this short-
coming, we introduce the following pu— parameterized linear time-invariant
system:

(B.): @(t) = Ax(t)+ Buw(t) + Agz(t — 7)

3t) = Cuz(t) + Duw(t) (6.30)
where
C
B, = [B 0 —-uH| C,= ul'E (6.31)
0
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D 0 -—-upH,
D, = |0 121 0 (6.32)
0 0 1/21

The next theorem shows that the robust SP of system (¥a) can be ascer-
tained from the strong stability with SP of (£,,).

Theorem 6.3: System (¥a) satisfying (6.2) is strongly robustly stable
with SP if and only if there exists u > 0 such that (X,) is strongly stable
with SP,

Proof: By Theorem 6.1, system (2,) is strongly stable with SP if
there exist matrices 0 < P = Pt € ™ and 0 < W = W?! € R™*" such
that

PA+ AP+ W PAy (C‘fl - PB,)
ALpP -W 0 <0 (6.33)
(C.— Bf,P) 0 —(D.+D})
Using (6.31)-(6.32), inequality (6.33) is equivalent to:
PA+A'P+Q PA; (C'-PB,) p~'E' uPH

ALP —Q 0 0 0
W = (C - B'P) 0 —(D+DY 0 pH:. | <0(6.34)
uwl'E 0 0 —~I 0
P 0 It 0 -1
By A.1, inequality (6.34) holds if and only if
QU+ 950103 <0 (6.35)

with
PA+A'P+Q PA; —(Ct—PB) ]
Q = ALP -Q 0
~(C-B'P) 0 —(D+DY) |

I 0 p Bt uPH |
Q = [ 0 *I],ng 0 0 (6.36)
0 pie |
By B.1.4, inequality (6.35) holds if and only if
PH E*
M+ 0 JAMEO0O+ ] 0 |AQ)HP 0 HY <0
H, 0
VA:AYA < T (6.37)
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Simple rearrangment of (6.37) using (6.2) produces
PAAx+ AAP+Q PA; —(CL — PB)
AP Q 0 < 0 (6.38)
—(Ca — B'P) 0 —(D+ DY)

which in view of Definition 6.1 implies that system (¥a) is strongly stable
with SP.

Remark 6.5: Theorem 6.3 establishes an uncertainty-independent
procedure to evaluate if the uncertain time-delay system (Xa) is robustly
stable with SP. Observe that inequality (6.34) with £ = p? is equivalent to:

W, = [G(P) L(P)} < 0

LYP) Ule)
where
PA+ AP PA; Ct'—PB
G(P) = ALP -Q 0
(C-PBY 0 —(D+ DY
Et eH
-l 0
LP) = | 0 o0 ,U(s):l < }
0 ed, 0 el

Obviously, Wi < 0 is linear in P and £ which can be solved by employing
the LMI Toolbox.

Had we adopted the delay-dependent stability measure, we would then
follow the analysis in [9] and introduce the following definition:

Definition 6.2: System (3a) is said to be strongly robustly stable with
SP for any T satisfying 0 < 7 < 7* if there exist a matriz 0 < X = Xt €
R**" and scalars € > 0,a > 0,0 >0 satisfying the LMI

(Aa + AD)X ]
+X(Aa + Ag) XA, TXAL (XC4-B)
+7(e + a+ 0)A.4}
T A X —(m*a)l 0 0 <0
T*An X 0 —(m*e) 0 t
(CaX — BY) 0 0 +T(£7$gtl)3
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(6.39)

It should be observed that by setting A(t) = 0, Definition 6.2 reduces
to (6.17). The next result is a delay-dependent counterpart of Theorem 6.3.

Theorem 6.4: System (Xa) satisfying (6.2) is said to be strongly ro-
bustly stable with SP for any T satisfying 0 < 7 < 7* if there exists a
@ > 0 satisfying the inequality:

= =t
1S3
[53 52} < 0 (6.40)
where
(A+ Ad)X 1
XA+ Ay XA, TXA'  (XC'-B)
+7(e + a+ o) Ag A}
Z = T*AX —(t*a)l 0 0
T*AX 0 —(r*e)] 0
_ nt ~(D + DY)
i (CX B) 0 0 +T*O'—1BtB |
H XE!
0 0
EE=1 0 0 ,52:[“01 _OI} (6.41)
H, 0
™H 0

Proof: Note that (6.40) together with B.1.1 implies

H XEt

Bt | o [AOIEX 000+ | o |A[H 0 7 H B <0
H, 0

VAIALA < I

That is, (6.39) holds. By Definition 6.2, the system (¥a) is strongly ro-
bustly stable with SP.

Note that Theorem 6.4 is basically an LMI feasibility result.
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6.2.5 Observer-Based Control Synthesis

The analysis of robust stability with SP can be naturally extended to the
corresponding synthesis problem. That is, we are concerned with the de-
sign of a feedback controller that not only internally stabilizes the uncertain
time-delay system but also achieves SP for all admissible uncertainties and
unknown delays. A controller which achieves the property of robust stability
with SP is termed as a robust SP controller. To this end, we consider the
class of uncertain systems of the form:

(o) 2(t) = Aaz(t) + Bw(t) + Biau(t) + Agz(t — 1)

z(t) = Caz(t) + Dw(t) + Diaau(t)
y(t) C]A.’L‘(t) + Dglw(t) + ngu(t) (642)

il

where y € R" is the measured output and u € R™ is the control input. The
uncertain matrices are given by:

AA BlA A 31 H
Ca Dia |=|C Dul|+|H [AW[E E |(643)
Cia Dxna Ci1 Do H,

AYDA(L) < T Wt

In the sequel, we focus attention on the controller synthesis for system (¥co)
by using an observer-based controller of the form

(Zav) s 0(t) = Gon(t)+ Lo [y(t) — Cin(t)]
u(t) Ko n(t) (6.44)

where (G,, Lo, K,) are constant matrices to be selected. Define the aug-
mented state-vector by:

E(t) = Hgg } (6.45)

Applying the observer-based controller (6.43) to system (2¢,), we obtain the
closed-loop system:

Aa €(t) + Bu(t)+ E&(t— )
Ca &(t) + Dw(t) (6.46)

M

(See) = §(8)
z(t)

i
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where
2 _ | AA BIAKO
& T | LCia Go— LCi + LoDypa Ko
[ 4 B K, N "
= | LG Go—LoCi+ LoDk, | T HAME
= A+ AW E (6.47)
= _ [ B o Ad 0
B = LoDmJ’ E= [ 0 0} (6.48)
Ca = [Ca Duakl = C + HA() E (6.49)
and

. H . ) .
H = [LoHe J, F = [b Eef(o]y C = [Co D]QI{O] (6,50)

On the other hand, we introduce the following u—parameterized linear time-
invariant system:

(Su) 8(t) = Ax(t)+ Bud(t) + Bru(t) + Aga(t — 1)
5(t) = Cua(t) + Dub(t) + Diult)
y(t) = Ciz(t) + Do, W(t) + Dogu(t) (6.51)
where
D12
Dlp = u_l E. |, DQ”, = [DQ] 0 — ,LLHe] (6.52)

0

and B, , C,, D, are given by (6.31)-(6.32). Now by combining systems
(Bup) and (Xop), we obtain the closed-loop pu—parameterized system (X,):

(Ben): &) = Ae(t)+ Bu(t)+ E&(t— )
2(t) = C&(t)+ D,uw(t) (6.53)
where
E:[B”} C = [C, DK, (6.54)
LoDy, | e '
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The next theorem provides an interconnection between the observer-based
passive real control of system (X..) and the passive control of system (Xc,).

Theorem 6.5: Consider the uncertain time-delay system (Xa) satis-
fying (6.2). Then an observer-based controller of the form (6.44) achieves
strong robust stability with SP for system (%a) for all admissible uncertain-
ties if and only if for some p > 0 this observer-based controller achieves
strong stability with SP for system (Yicu).

Proof: By Theorem 8.1, system (X,) is strongly stable with SP if
there exist matrices 0 < X = X! and 0 < Q@ = Q' such that

XA+ AX+Q XE (C'—XB)
5 X -0 0 < 0 (6.55)
(€ - BtX) 0 —(D.+D)
Expansion of (6.56) using (6.31)-(6.32) and (6.55) yields:

[ XA+ AX+0 XE (G- XB) p1Bt uxA
~t ~
EX -Q 0 0o 0
(€ ~ BtX) 0 —(D+DY) 0  uH, < 0 (6.56)
pE 0 0 —I 0
| pHtX 0 pH? 0 -1 |
Applying A.1, inequality (6.57) holds if and only if
0+ Q40503 <0 (6.57)
with
[ XA+ AX+O XE (C'-XB) |
~t ~
= EX -Q 0
| (C-B'X) 0 —(D+DY) |
[ p 1Bt X H 7 0]
QF = 0 0 |\ =, (6.58)
I 0 uH, ]
Then by B.1.1, inequality (6.58) along with (6.59) holds if and only if
xil B ~
W+| 0 |A@W[E 00+ | 0 | AYR)[A'X 0 HY <0
H, 0
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VA@R) < I
or equivalently
XA+ AX+Qr o (O -XB)-
XHAQE jt EAY ) HEX A +EAY ) HE
B X ~Q 0 < 0 (6.59)
< f(;fg* 0 —(D+D

for all adimissible uncertainties. The substitution of (6.48)-(6.50) into (6.61)
produces:

) /‘\t ~ ~ /\t ~
XAAJrEAAX—I-Q XE (Ca—XB)
B X -0 0 < 0 (6.60)
(Ca —BtX) 0 —(D+DY

which in view of Theorem 6.3 implies that system (X..) is strongly robustly
stable with SP.

Remark 6.6: In general, the gain matrices of the observer-based con-
troller (6.43) can be determined by appropriately modifying the results of
Theorem 4.1 in [202] to include the additional quadratic terms due to the
state-delay.

6.3 Discrete-Time Systems

In this section, we continue our task of looking into the passivity analysis
and control synthesis problems of time-delay systems by considering a class
of discrete-time systems with unknown state-delay. The development here
will be parallel to that of Section 2. As usual, we start by focusing on
delay-independent stability and then move to delay-dependent stability.

6.3.1 A Class of Discrete-Delay Systems

The class of linear time-invariant state-delay systems under consideration is
represented by:

(Ba): x(k+1) = Aax(k)+ Bw(k)+ Agx(k — 1)
2(k) = Cax(k)+ Dw(k) (6.61)
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where x € R" is the state, w € RP is the input signal, z € NP is the output
signal, 7 is an unknown time delay within a known interval 0 < 7* and
B € %P D € ®RP*P and Ay € R™™™ are real constant matrices. The
uncertain matrices Aa € R**™ and Ca € RP*™ are given by:

[‘é,i}:[é,]Jr[gc]A(k)E (6.62)

where H € %, H, € ®7** and M € ®P*™ are known matrices and
A(k) € R**P is a matrix of uncertain parameters with

AYk) A(k) < I, Vk (6.63)
Distinct from system (¥a) is the free nominal system:
(Bp): ztk+1) = Az(k)+ Adgx(k—71)
z(k) = Cz(k) (6.64)
and the nominal system
(%o): z(k+1) = Az(k)+ Bw(k)+ Agz(k — 1)
z(k) = Cz(k)+ Dw(k) (6.65)

In the sequel, we examine the problem of passivity analysis of system
(Xa) in relation to systems () and (Z,). In particular, it is required
that system (Xy) to be asymptotically stable, that is, all the eigenvalues of
matrix A are within the unit circle.

As a starting point, we recall from Chapter 2 that subject to Assump-
tion 2.3, system (X,) is asymptotically stable independent-of-delay if there
exist matrices 0 < P = P* € R"*™ and 0 < Q = Q! € R™*" satisfying the
LMI

A'PA-P+Q  A'PAy
AYPA -Q+ ALPA

or equivalently satisfying the ARI
A'PA — P 4 A'PAL(Q — AYPA)TALPA + Q < 0
Recall also that the transfer function of system (%,) is given by:
To(z) = Clzl —A—2T"Ag)"'B+D
and note that T,(e??) + T¥(e) > 0 V0 € [0,27]
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6.3.2 Conditions of Passivity: Delay-Independent Stability

In line with the continuous-time systems, we provide the following definition:

Definition 8.3: The dynamical system (£,) is called passive if
o0

Mo w'(G)z(§) > B Vw € £[0,00) (6.66)

=0

where w(k) is the input signal, z(k) is the output signal and B is some
constant depending on the initial condition of the system. It is said to be
strictly passive (SP) if it is passive and D + D* > 0.

Based on the foregoing facts, we now proceed to develop conditions under
which systems with time-varying parameter uncertainty and unknown state-
delay like (34 ), which is asymptotically stable independent of delay, can be
guaranteed to be strictly passive (SP). Towards our goal, we associate with
system (%,) the Hamiltonian:

H(k) = — AV (zy) + 224 (k)w(k) (6.67)

which depends on the input signal w(k) and the output signal z(k) with
V(k) being the Lyapunov functional for the nominal system (%,) identical
to Va(zk) as given by (2.23). The following result is now established.

Theorem 6.6: System (X,) satisfying Assumption 2.3 is asymptot-
ically stable with SP independent-of-delay if there exist matrices 0 < P =
Pt € ™" and 0 < Q = Q' € R™*™ satisfying the LMI

A'PA-P+Q  A'PAg (AtPB - CY)
AtPA —(Q — ALPAY) AYPB <0 (6.68)
(BtPA - C) BtPA —(D+ D' - BtPB)

or equivalently there exist matrices 0 < P =P e R™*" and 0< Q = Q*t €
RX™ satisfying the ARI

A'PA-P+(A'PB~C){D+ D'~ B'PB) (B'PA-C)+
{A'PEs+ (A'PB - C")[D + D' - B'PB|™'B'PAa}

[Q- A4PA,~ AYPBID + D' ~ B'PBI'B'P AL}

{A4PA+ A3PBID + D! — B'PBI™(B'PA-C)} +Q <0 (6.69)
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In this situation, system (%,) is said to be strongly stable with SP. Ob-
viously, strong stability with SP implies that system (¥,) is asymptotically
stable with SP.

Proof: By evaluating AVs(zx) along the solutions of (6.65) and using
(6.69), we get
Hk) = —zt(k+1)Pz(k+1) -z (k)Pz(k) + z*(k)Qxz(k)
- 2k - 7)Qx(k — 7) + 2z' (k)Ctw(k) + w*(D* + D)w(k)
= —z'(k){A'PA - P+ Q}z(k) — w'(k){B'PB — (D' + D)}w(k)
- (k- 1){Q - AYPAL)}x(k — 1) — 2z (k) A'PAyx(k — 7)
2zt (k)(A'PB — CHw(k) — 2w'(k)B'PAyz(k — 7)

= —¢&(k) Q(P) &(k) (6.70)
Ek) = [a'(k) otk —1) wi(k))
AtPA-P+Q AtPAy (AtPB - Ct)
k) = ALPA —(Q - AYPAY) ALPB
(BtPA - C) BtPAy —(D+ D' - B'PB)
(6.71)

If QP) < 0, then —AVs(z) + 2z4(k)w(k) > 0 and from which it
follows that

ky kg
G > 12 Y] [AVa(zk)]

F=ko j=ko

= 1/2{Vi(z.) — Valzy)} (6.72)

Since Vi(k) > 0 for z # 0 and Vi(k) = 0 for z = 0, it follows as
ky — oo that system (3,) is globally asymptotically stable with SP.

Remark 6.7: One can standardize the LMI (6.68) by applying A.1 to
yield:

-P+Q 0 -Ct Atp
0o - 0 AP
—C oQ _p+p) BP| < O (6.73)
PA PA, PB P

which can be conveniently solved by the LMI-Toolbox.
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Motivated by the foregoing result, we provide the following definition:

Definition 6.4: The uncertain time-delay system (Xa) is said to be
strongly robustly stable with SP if there exists a matriz 0 < P = Pt € jnxn
such that for all admissible uncertainties:

ALPAA-P+Q  A4YPA, (A4 PB - C%)
ALPAA —(Q — ALPAy) AYPB <0
(BtPAa ~ Ca) BtPA, —(D+ Dt — BtPB)

or equivalently there exist matrices 0 < P = Pt e R and 0 < Q = Qt €
RPX" satisfying the ARI

AyPAs — P+ (44PB —C5){D+ D'~ B'PB} ™ (B'PAs — Ca) +
{44 PAs+ (A4PB - CA)ID + D' ~ B'PB| ' B'P Ay}

{@-44PA, - AYPB[D + D' — B'PBI'B'PA,}

{44PAn + ALPBID + D'~ B'PB|™ (B'PAs ~ Ca)} +Q <0

for all admissible uncertainties.

Remark 6.8: It is readily evident from Definition 6.4 that the concept
of strong robust stability with SP implies both the robust stability and the
SP for system (¥a). Note that the robust stability with SP is an extension
of robust stability (RS) for uncertain time-delay system to deal with the
extended strict passivity problem. By setting A(t) = 0, Definition 6.4
reduces to (6.68).

6.3.3 Conditions of Passivity: Delay-Dependent Stability

Here, we direct attention to the case of delay-dependent stability. By fol-
lowing parallel development to Section 6.2, we establish the following result.

Theorem 6.8: Consider the time-delay system (La) satisfying As-
sumption 2.4. Then given a scalar 7* > 0, the system (Xy) is globally
asymptotically stable for any constant time-delay T satisfying 0 < 7 < 7*
if one of the following two equivalent conditions holds:
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(1) There exist matriz 0 < P = P* € R™*" and scalarse; >0,e9 >0,
g3 >0 ¢4 >0 andes >0, satisfying the LMI:

1 5 %e
Y= [ % %, } <0 (6.74)
where
(A+Ad)tP(A+Ad) - P T*(A-l-Ad)t T*(A+Ad)t
¥ o= T*(A + Ag) —7*(e1 P)71 0
T*(A+ Ag) 0 ~7*(e2P)"1
THALAY) TH(ATAY) (A4 Ag)tPAg—Ct
Yo = 0 0 0
0 0 0
—7*(egP)! 0 0
0 —7*(eaP)1 0
s = ek ~(t+p)+BPp | &)
0 0 tres BUAPAB

(2) There ezist a matrix 0 < P = Pt € R"*" ande; > 0,69 >0,
€3 >0,e4 >0 andes >0, satisfying the ARI
[(A+ AQ)'P(A + Ay) — P) +Te1(A + Ag)tP(A + Ag)
+T€3AtAflPAdA + 1eo( A + Ad)tP(A + Ag)
+T€4AtAflPAdA + TEgAtAéPAdA
+T€4AtA§PAdA — [(A + Ad)tPAd — Ct]

{(D*+ D) - B'PB + res B'4LPAB} " [45P(A + Ag) — €] < 0
(6.76)

Proof: (1) Introduce a discrete-type Lyapunov-Krasovskii functional V,(xx)
of the form:

0 k-2
Vo) = a'(k)Px(k)+ S {1 Y A(§)A ALPAANT())
O=—7  j=k+0-1

0 k-2
+ {Y ;Y A(§)ALALPAAL(H))
0=—7  j=k+4+0-7-1

0 k-2
+ 4+ Y {os Y Awi(§)BLALPABLW()) (6.77)

O0=—1 j=k+0-1
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where 0 < P = Pt € "™ and p; > 0, pa > 0, p3 > 0 are weighting factors
to be selected. We start from (6.65) and get

k—7) = xz(k)- i Az(k+ 0)

O=—T1

= z(k)— i Alz(k+0—1) — i Agbz(k+0—1-1)

0=—1 O=~1
0
—~ > BAw(k+6-1) (6.78)
O=~7

Substituting (6.78) back into (6.65) we obtain:

z(k+1) = (A+ Ag)z(k) — Aqg ZO: Alz(k+6—-1)

O=—1

0
+ A4 Z AgDa(k+0—7-1)

O=—71

+ Ay XO: BAw(k +0 —1) + Buw(k)
O0=—7
= (A+ Ag)z(k) + Bw(k) — Agér(k) — Agba(k) — Aga(k)
(6.79)

Now by evaluating the first-forward difference AV, (zj) along the solutions
of (6.79) and arranging terms, we obtain:

AVe(k) = AV (k) + AVea(k) + OVes(k) + AVea(k) (6.80)

where
AVa(k) = zt(k)[(A+ Ad)'P(A+ Ag) — Pla(k)
+ E1(k)AGP A (k) + E3(k) AP Aaba(k)
+ wi(k)|B'PBw(k) + &(k) AL P Asta(k) (6.81)
AVe(k) = —th(k)(A + Ad)tPAd& (k) - 2.’Et(k‘)(A + Ad)tPAdﬁg(k)
— 22'(k)(A + Aq)' PAaa(k) — 2] (k) ALP Aata(k)
— 26f(k)ALPAsts(k) — 285 (k) AP Augs (k) (6.82)

AVia(k) = 7piiat(k — 1)[AALPAGA|Az(k — 1)
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TpgA:L't(k - 1)[A3A2PA¢A¢]A(E(/€ - 1)

Tpaw(k — 1)[BALP A BlAw(k — 1)

2uwt(k)BLP(A + Ag)z(k) (6.83)
—2wt(k)B P Ay (k) — 2w (k) B PAgéa (k)

2uw'(k)B* PA4&s(k)

+ 4+ +

AVea(k)

i

!

0
n S [Dat(k+0—1)A' ALPAGALT(k +0 — 1))
0=—1
0
— ;3 (Bt + 0 -7 — 1)AYALP A A DTk + 0 — 7 — 1))

O=—1

|

0
— pz Y [Dwik+0 - 1)B*AYPABAw(k +0 —1)]  (6.84)

O=—71

With the help of B.1.1, we obtain the following set of inequalities:
—2$t(/€)(A + Ad)tPAd&(k) =

—2zt(k)(A+ Aq)'PAg i ADz(k+6-1)

0=—7

0
< it Y [tk (A 4 Ad) P(A + Ag)a(k)]

O=-—1

0
+r1 Y [Axt(k+ 0 - NA'ALPAALT(k + 0 — 1))

O0=—71

= 717t (k)(4 + Ad) P(A + Ad)a(k)

0
+r Y [Axt(k+0-1)A AL PAADZ(t+0 - 1) (6.85)

O=-—71
—-th(k)(A + Ad)tPAdfz(k) =
0
—2'(k)(A+ Aa)'PAq Y, Agla(k+0—7-1)

O=-—-71
< rrytat (k) (A + Ag)'P(A + Aa)z(k)
0
+ 7 Z [Azt(k+0 -1 - 1)AA PAGA ATt + 6 — 7 — 1)]

O=—71

(6.86)
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—28k (k)AL PAES(K) =

0 0
~2 ) AAZk+0-1)ELPE, Y Ala(k+0—7—1)

0:—T O=—71

0
<3t Y Azt(k+0-1)A'ALPAANT(Kk+ 6 — 1)

O=—7

0
+r3 Y (A (k+0 -7~ 1)AYA PAADZ(E+6 — 7 — 1))

0=—r
(6.87)
=2zt (k) (A + Ag)tPAts(k) =
—2at (k) (A + Ad)'PAg XO: BAw(k+0 17— 1)
< 7rylat(k)(A+ A,,)‘?DZ(Z+ Ag)z(k)
+ 74 i [Awi(k+ 0 — 7 — 1)B*AYPABAwW(t + 0 — 7 — 1)]
o (6.88)

~261(k)AGPAuts(k) =

0 0
—2 Y ALl (k+0-1)A4PA; > Abw(k+0-1)

O=—7 O=—~1

0
< 5t Y Adt(k 40— 1)A'ALPAALT(k +0 — 1)

0=—1

0
+7r5 Y [Aw'(k+0—1)B'ALPABAw(t+60-1)]  (6.89)

0=-1

—285(k) A PAsEs(k) =

0 0
—2 > AATMk+0-7-1)A1PAL Y. Alw(k+0-1)

0:—7‘ 0:—7’

0
< gt Y Aat(k+0-71—1)ALAPAALT(k+ 0~ T 1)

O=—1
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0
+76 »_ [Dw'(k+0—1)BALPABAW(E + 6 —1)] (6.90)

O=—7

—2wi(k)B*PAy& (k) < 77 wi(k)BPBw(k)

0
+r7 Y [Axt(k+0—1)A'ALPA ALt +0—1)  (6.91)

O=—T1

—2w'(k)B'PAgéa(k) < 7rglw'(k)B'PBw(k)

0
+1g Y, [Azt(k+0 - 71— 1)AL A PAALT(t+ 0 — T — 1))
O=—T1

(6.92)

—2wt(k)B*PAuts(k) < Try w!(k)B' PBw(k)

4}
+r9 Y [Azi(k+0—-1)A'AGPAAN(t+6 —1)]  (6.93)

O0=—71

Hence, it follows by substituting (6.85)-(6.93) into (6.80)-(6.84) and letting
pr=14r+rs'+r5 4+, p2=1+ra+r3+715 +r1s and
p3=1+r4+75+ 76 that

AVe(k) = z'(k)[(A+ Aa)tP(A+ Ag) — Pla(k)

w'(k)B'PBw(k) + trg *w'(k)B* PBw(k)

7ritat (k) (A + Ag) P(A + Ag)z(k)

7ry 'zt (k)(A+ Aa)' P(A + Ad)z(k)

rr7 (k) B PBw(k) + 7rg *w! (k) Bt PBw(k)

Tp1 Ozt (k — 1)[A AL PALA)Az(k — 1)

Tpa Ntk — 1)[AL AL P A AL Dz (k — 1)

Tp3lwt(k — 1)[BE AP AgB|Aw(k — 1)

+ 2wi(k)B'P(A + Ag)z(k) (6.94)

+ 4+ + + + o+

On using (6.65),(6.67) with AV (zx) = AV(zx) and (6.94) with some ar-
rangement, we express the Hamiltonian into the form:

H(k) = —¢&(k)T(P)&(K)

TLFeBOOK



6.3. DISCRETE-TIME SYSTEMS 233

Ri(P) —Ry(P) R3(P) 0
rpy = | ~BP) R(P) 0 0
(P) = | RyP) 0  —[(D'+D)—B'PB] —Ru(P)
0 0 —R4(P) Ra(P)
T.(P) To(P)
[ra(m Tz(m} (6.95)
tk) = lefk) a'(k—1) wik) wi(k-1)f
where

Ri(P) = [(A+A)'P(A+ Ad) — Pl+7r7 A+ Ad)'P(A+ Ag)

+ Tp1{ALALPAGA] + Tri N (A + Ag) P(A+ Ag) + Tp2o[ AL AP AL A)

+ TP AYAYPAGA + Tpa ALALPALA (6.96)

Ro(P) = TpAALPAGA +1p2A'ALPALA (6.97)

R3y(P) = [(A+AJ)'PAs—C"], Ry(P)=r1ps BLAYPAB (6.98)
By A.1, T(P) < 0, if and only if

T1(P) < 0, Ti(P)~-Yo(P)Y3HP)TEP) < 0 (6.99)

Simple matrix manipulations of (6.95)-(6.98) shows that (6.99) is equivalent
to

R] (P) < 0
Ry(P) -
Rs(P){(D* + D) - B'PB + rpsB44PA.B} T R(P) <0
(6.100)
Finally, substitution of (6.96) and (6.98) into (6.100) yields

[(A+ Ag)'P(A+ Ag) — P)+ 7r7 A+ Ag)' P(A + Ag)

+7p1 AL AL PAGA] + 75 (A + Ag)  P(A + Ag) + Tpa AL AL P AL A

+7p1ALALPAGA + Tpa AL AL PAGA — (A + Ag) PAg — CY)

{(D*+ D) - B'PB + 193 B'ALPAB) " [(A+ Aa)PAs~ C'f <0
(6.101)

By defining 1 = ri‘l, € = TQ‘], €3 = p1, €4 = p2 and €5 = p3,
it follows from (6.101) for any 7 € [0,7*| that the stability requirement
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T(P) < 0, corresponds to (6.76) and this, via the Schur complements,
yields the LMI (6.74)-(6.75).

Now since T(P) < 0, then —AV.(zx) + 2z%(k)w(k) > 0 and from
which it follows that

ky ky
Yo EGwE) > 12 Y [AVa(k)]

j:ko ]:ko

= 1/2{Valks) — Valkp)} (6.102)

In view of the fact that AV.(zx) < 0 when z # 0, then z(k) — Oas
k — oo and the time-delay system (3,) is globally asymptotically stable.

Remark 6.9: An alternative form of the LMI (6.74)-(6.75) is

I(P) = [gég; gzg” <0 (6.103)

where
[ (A+A!P(A+Ad) — P 1*Agee  T*(A'AY)
H](P) = T*Afioa —'Joo 0
| T*(A4A) 0 ——T*(€3P)-l
T*(AtAL) (A4 Ag)tPA4~Ct 0 0
0 0 00
Mo(P) = 0 0 00
|0 0 00
[ —7*(eaP)? 0 0 0
0 ~-(D*+D) B 0
Ha(P) = 0 ( B ) -P7' B4y
0 0 T™AYB —1*(esP)7?

Adoo = [(A+ AQ) (A+AQY] , Joo = diaglr(e1P)™" 7*(e2P)™Y)

To standardize the LMI (6.74)-(6.75) or (6.103)-(6.104), we can employ the
gridding procedure of Remark 2.6 with o; = ¢;(1 + 6:j)‘1 33 =1,..,5.
Alternatively, we can use the following iterative scheme:

(1) Add an (al) term to the left-hand side of inequality (6.74) or (6.103),
where o is a scalar variable.
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(2) Guess initial value for (e1,...,€5).
(8) Search for P so that a is maximized. This is now an LMI problem.
(4) Fix P and find (e, ...,€5) to further maximize o which, again, is an
LMI problem.
(5) If the maximum « is negative, repeat steps (1)-(4) until
maz(a) = 0 (implying a feasible solution is found)
or a prescribed number of iterations is reached in which the iterative
scheme fails.

Remark 6.10: In principle, the gridding procedure, with a sufficiently small
grid size, can guarantee a near-optimal solution. The foregoing iterative
scheme is generally more efficient in numerical computations but a global
feasible solution would require considerable effort.

To deal with system (2a), we provide the following definition:

Definition 6.5: The uncertain time-delay system () is said to be
delay-dependent strongly robustly stable with SP if for any 7 satisfying 0 <
T < T* there exists a matrit 0 < P = P! € R™*" such that for all
admissible uncertainties:

I (P,A) TIo(P,A)

< 0 6.104
MS(P,A) Tis(P,A) (6.104)
where
[ (Aa + AQ) P(An +Ad) — P 7*Apoo T (AL AY)
IL(P,A) = 7* Ao oo 0
i T*(AdAA) 0 —T*(Egp)—l
[ T (ALE!) (Aa+ E)'PE,—Cy O O
0 0 0 0
(P, 4) = 0 0 0 0
I 0 0 0 0
—7*(e4P)7! 0 0 0
_ 0 —(Dt+D) Bt 0]
Ta(P) = 0 B -P'  rBa,
0 0 ™ AYB  —1*(e5P)71
Apoo = [(Aa + Ag)t (Aa + Ad)Y (6.105)

Remark 6.11: It is readily evident from Definition 6.5 that the con-
cept of delay-dependent strong robust stability with SP implies both the
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robust stability and the delay-dependent SP for system (¥a). By setting
A(t) = 0, Definition 6.5 reduces to (6.74).

6.3.4 Parameterization

Here, we restrict attention on delay-independent analysis. It is easy to real-
ize that direct application of (6.106) would require tremendous efforts over
all admissible uncertainties. To bypass this shortcoming, we introduce the
following p~ parameterized linear time-invariant system:

(%) z(k+1) Az(k) + Bw(k) + Agz(k — 1)

il

3(k) = Cux(k)+ Duw(k) (6.106)
where
C
B, = [B 0 pH C,= —u'E (6.107)
0
D, 0 —u Lo
D, = 0 1/21 0 (6.108)

0 0 1/2I

The next theorem shows that the delay-independent robust SP of system
(¥a) can be ascertained from the strong stability with SP of (3,).

Theorem 6.9: System (Xa) satisfying (6.2) is strongly robustly stable
with SP if and only if there exists p > 0 such that (,) is strongly stable
with SP.

Proof: By Definition 6.4 system (¥4 ) is strongly robustly stable with
SP if there exists a matrix 0 < P = Pt € R**" such that for all admissible
uncertainties:

AL PAN - P+Q AL P4, (A4LPB - C4)
ALPAA —(Q — ALPAY) ALPB <0
(BtPAA — Ca) BtPAy ~(D + Dt — B*PB)
(6.109)
Inequality (6.110) can be expressed conveniently as
-P+Q 0 -C4
0 -Q 0 +

~Can 0 —(D+DY
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Al
Afi PlAp Ag B] < 0 (6.110)
Bt
Application of the Schur complements to (6.111) puts it into the form:
-P+@ O -C4 Al
0 -Q 0 A}
—cx 0 -(@+py B | <0 (6.111)
Aa Ag B -p-1

Substituting the uncertainty structure (6.62) into (6.112) and rearranging,
we get:

P+Q 0  -C At
0 -Q 0 Al 0
¢, 0 -(D+Dt B | T | _p | AKIE000
A Ay B —p-1 H
Et
+ 8 At(k)[0O -~ HEHY < 0 (6.112)
0
By [229], inequality (6.113) holds if and only if for some g > 0
[ -P+Q 0 -Ct . At
0 -Q 0 4 |,
G, 0 —(D+DY B
i A Ag B —-p-1
[ Bt 0
0 0 p'E 0 0 0 <0
0 —pH, 0 0 —pH! pHt
0 nH
(6.113)
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for all admissible uncertainties satisfying (6.62)-(6.63). On using the Schur
complements in (6.114), it becomes:

T -P+Q 0 _ct At pt'BE 0
0 -Q 0 A 0 0
-C, 0 —(D+DY Bt 0 —uH,
Yy (B )—P~1 0 :H <0 (6.114)
u'E 0 0 0 I 0
L 0 0 ~pH? wH? 0 -I
Define
(10000 0]
071 000 0
0071000
S=100000 I (6.115)
00017 0O
(00001 0]

Premultiplying (6.115) by S and postmultiplying the result by St , we get:

[-P+Q O ~Ct p Bt 0 At
0  -Q 0 0 0 A
—C 0 —(D+ D 0 -uH. B
WYE 0 ( 0 ) T o | <0 (6116
0 0 —uH: 0 —I  pHt
L A A B 0 uH —P]

In terms of the p—parameterized matrices of (6.108) and (6.109), inequality
(6.119) can be written as:

-P+Q 0 -Ct At
0 -Q 0 A
¢, 0 ~(D.+py) B | <0 (6.117)
A Ay Bll ~p-1
which is equivalent to
-P+@Q 0 —C’fL At
0 -Q 0 + | A4 | P[A Aa B,] < 0(6.118)
~Cu 0 —(Du+ DL) B,t;
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if and only if

AtPA—P+Q AtPA, (A'PB, - C!)
ALPA —(Q — AL PAy) ALPB, <0
(BLPA - C,) BLPAg ~(Du+ D!, — B'PB,)

(6.119)
which eventually corresponds to the stability of system (2,) with SP.

Remark 6.12: Theorem 6.9 establishes an uncertainty-independent
procedure to evaluate if the uncertain time-delay system (Xa) is robustly
stable with SP. Observe that inequality (6.115) with € = p? is equivalent
to:

_ [ ew Lwp)
We = 1 ey ve | <°
[-P+Q 0 ~Ct At
~ 0 -Q 0 A
G(P) = ¢, 0 —(D+DY) B
4 A B _p
Bt 0
0 0 el 0
Py = 1o —m| YO :[ 0 —6‘11}
o I

Define T = diag|l,I,I,P,I,1], then it is obvious that

TW, T = [f;{éfi)) Lg'((g)} <0

where

[ -P+Q 0 ~Ct AtP
B 0 -Q 0 ALP
GrP) = | ¢, o -—(+DY) BP
| PA PA;, PB -pP

[ E* 0

0 0

LB = 1o -m

| 0 PH!

and that 77 W, T is a standard LMI since it is jointly linear in P and e.
Hence, it can be effectively solved by employing the LMI Toolbox.
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6.3.5 State-Feedback Control Synthesis

The analysis of robust stability with SP can be naturally extended to the
corresponding synthesis problem. That is, we are concerned with the de-
sign of a feedback controller that not only internally stabilizes the uncertain
time-delay system but also achieves SP for all admissible uncertainties and
unknown delays. A controller which achieves the property of robust stability
with SP is termed as a robust SP controller. To this end, we consider the
class of uncertain systems of the form:

(Zas) z(k+1) = Aaz(k)+ Bow(k) + Biau(k)

+ FEyx(k — 1)
z2(k) = Caz(k)+ Dow(k)+ Diaau(k)
y(k) = =z(k) (6.120)

in which all the states are assumed available for instantaneous measurements
and the uncertain matrices are given by:

An Bia | _| A B
CA Dy_)A - C D12

AU k)AK) < T Vk

H

+ il

} AK)E E) (6.121)

The objective of the robust SP control design problem is to determine a
static feedback controller u(k) = K z(k) that internally stabilizes system
(Xas) for all admissible uncertainties and achieves the strict passivity prop-
erty.

The next theorem establishes the main design result.

Theorem 6.10: The state-feedback control u(k) = Ksx(k) stabilizes
system (X as) if there exists a scalare > 0 and matrices0 <Y =Yt € Rxn
and S € R™*" satisfying the LMI:

Ei(Y,S5) Ea(Y,S)

1 VA— ,
W, =YS) U@ < 0 (6.122)
where
~Y +R 0 -YC'+S'Di, YA'+ S'Bi
- B 0 —Q 0 A}
28 = | oy yDws 0 —(D+DY Bt
AY + B1S  Ag B Y
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YE'+S'Ef 0
0 0
0 -H,
0 H

E2(Y,5) = (6.123)

Moreover, the gain matric is K, = SY ™1,
Proof: System (6.123) under the action of the controller u(k) = K,z(k)
becomes:

(Zak) z(k+1) = [Aa+ BiaKs|z(k) + Baw(k)
Agx(k —T)

z(k) = [Ca+ DiaKlz(k)+ Daw(k)  (6.124)
for all admissible uncertainties satisfying (6.124). Applying Theorem 6.8,

it follows that system (Xax) is strongly robustly stable with SP if and only
if there exists a u > 0 such that

P Qe

+

- —C + D12K, 0
O = -P+Q O Ob — A+ B1K; Aqg
1 0 ~Q |’ 2?7 | pwYE+EK,) 0
0 0
[ —(D+ DY) Bt 0 —pH.
_ B -P~! 0 uH
Q3 = 0 0o -I o0 (6.125)
—pH? pHt 0 =TI
Introducing

Sy = diagll,I,1,1,ul, 1), S2 = diaglP™',1,1,1,1,I]  (6.126)

and evaluating the matrix Q, = (S251Q54S) withY = P~1, K, =SP, R=
P-1QP~1, € = 2, we obtain

Qs — [Qsl Qs’Z:|

922 Q3
~CY +D1S O
Quy = -Y+R O Q. — AY + B1S Ag
sl 0 -Q |’ | EY+ES 0
0 0
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-(D+DY) B* 0 ~H.
B -Y 0 H
0 0 -—el 0
—-H! HY 0 —€1

Q3 = (6.127)

In terms of Z1(Y,S) and Z(Y,S) as given by (6.1254), it is easy to see
that Q, = W, and K, = SY~L
6.3.6 Output-Feedback Control Synthesis
Consider the class of uncertain time-delay systems
(Zao) z(k+1) = Aaz(k)+ Bw(k) + Biau(k) + Agz(k — )

z(k) = Caz(k) + Dw(k)+ Dioau(k)
y(k) = Ciaz(k)+ Daw(k) + Daoau(k) (6.128)

where the uncertainties are given by (6.122) in addition to
(Cia Daoa] = HJAK)E E) (6.129)

Here we consider the problem of designing dynamic output-feedback con-
trollers of order r and represented by

(Zar) &k+1) = F&(k)+ Goy(k)
u(k) = Ky&(k) (6.130)

where F, € %", G, € 7™, K, € R™*" are the controller matrices. The
objective is to ensure internal closed-loop stability for system (2a,) for all
admissible uncertainties satisfying (6.122). By augmenting the controller
(34r) with system (¥ao), we get the closed-loop system:

fl

(Bee) nlk+1) = Aan(k)+ Bwk)+ Enlk—7)

2(k) = Can(k)+ Dw(k) (6.131)
where
- . AA BIAI(O > ¥ 7
s = [Gocm FO+GOD22AKO} =A+ LAk M
B A BiK,
o G,C1 Fo+GyDnkK,
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+ { Gﬁ{d] A(k) [E  EpK,) (6.132)

B = [Ga%m] L B= [%d] (6.133)
Ca = [Ca DKo (6.134)
[C DIQKO] + Lo A(k:) [E EbKo] (6.135)

Now we introduce the following u—parametrized linear shift-invariant system

(Sua) mulb+1) = Azp(k)+ Bub(k)+ E k- 7)

3(k) = Cuxu(k)+ Dyi(k) (6.136)
where
5 _| B 0 uH
B GoDyy 0 pG,Hg
X C DK,
C,=| —p'E ulBEK, (6.137)
0 0
) D, 0 —pH,
D,=|p B 1/2I 0 (6.138)

0 0 1721

The next theorem shows that the robust stability with SP of system (X.)
can be ascertained from the strong stability of system (X,4).

Theorem 6.11: System (¥..) is strongly robustly stable with SP if and
only if there exists a scalar parameter p > 0 such that system (£,.q) is
strongly stable with SP.

Proof: By Remark 6.7 and Definition 6.4, it follows that system
() is stongly robustly stable with SP if

“Y+W 0 —Cha An
~t
0 -@ 0 B < 0 (6.139)
-Ca 0 —(D,+D!) B,
Aa E Bo -y-!
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where
- Yl Y? (n+7)X(n+r) _ Q 0
Y_[erys}eéﬁ , W = 0 0l
- X; X
Xzylz[X}§ Xz] (6.140)

The substitution of (6.133)-(6.135) into (6.139) with some manipulations

yields:
[ -Y14+Q
-y

0
—-C

=Y,
-Y,

0
~D1o K,
B K,
ot
GoDa2 K,

0 —Ct

0 —KiDL,
0 —(D+ DY
Ay B

0 GoD21

A(k)E EK, 00 0 0]

A'k)0 0 0 0 H! HYGY] < 0

At
KB

A
Bt
_‘)(1

—Xé

CiG;
Fi+
K!D5,GE
0
D4, Gy
_X2

~X;

(6.141)

By [229], inequality (6.141) holds if and only if for some n >0

[ -"i+Q
_ th

0
-C,
A

GoCh

Y,
"YS
0
"DIZI{O

B K,
Fot

GoDna K,

0o -t

0 —K'Di,
-Q 0

0 —(Do+ Di)
Ay B

0 GoDy1

At
KB
A
B!
— Xl

_X,E

CtGt
Fi+
K:D5,G
0
D§,G!,
_.X2

—_ X3
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- 0 1
pIKIEE 0
+ 0 0 v 'E plEK, 0 0 0 0
0 0 0 0 0 0 pHt pHIGY
0 puH
L 0 uGoHy |
<0
(6.142)

for all admissible uncertainties satis{ying (6.122) and (6.130). By similar-
ity to Theorem 6.8 and using (6.133)-(6.135) with some manipulations,
inequality (6.142) is equivalent to:

Y 4+W 0 - A
~t
0 -Q 0 B <0 (6.143)
—C, 0 —-(D,+D)) B
A E B, —~y-1

which, in turn, is equivalent to

—t — —t ~ -t N N
AYA-Y+W AYE (A YB,—C%)
~t — —~t ~ ~t ~
EYA —(@Q-E YE) E YB, <90
(BLY 4 -C,.) BYYE  -(Du.+D.,-BLYB,)

(6.144)

This obviously corresponds to the stability of system (¥,.4) with SP.

6.4 Notes and References

The results reported in Chapter 6 are essentially based on [203,226,228,232]
which extend the results of [197,200-202,205-208] for delayless systems. Ob-
viously, much more research work is needed.
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Chapter 7

Interconnected Systems

7.1 Introduction

In control engineering research, problems of decentralized control and sta-
bilization of interconnected systems are receiving considerable interest in
recent years [151-154, 183, 184, 187, 188| where most of the effort is focused
on dealing with the interaction patterns. Quadratic stabilization of classes
of interconnected systems have been presented in {189, 190, 233] where the
closed-loop feedback subsystems are cast into Hy control problems. De-
centralized output tracking has been considered in [153, 154] for a class
of interconnected systems with matched uncertainties and in (234, 235] us-
ing norm-bounded uncertainties. When the interconnected system involves
delays, only few studies are available. In [154, 189}, the focus has been on
delays in the interaction patterns with the subsystem dynamics being known
completely. The same problem within the scope of uncertain systems was
treated in [238]. In [236, 237], a class of uncertain systems is considered
where the delays occur within the subsystems.

In this chapter, we look into two broad classes of problems:
(1) Decentralized robust stabilization and robust Heo performance for a class
of interconnected systems with unknown delays and norm-bounded paramet-
ric uncertainties, and
(2) Decentralized control of interconnected systems with mismatched uncer-
tainties.

In both problems, the delays are time-varying in the state of each sub-

247
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system as well as in the interconnections among the subsystems. The main
objective is to design a decentralized feedback controller which renders the
closed-loop interconnected system asymptotically stable for all admissible
uncertainties and unknown-but-bounded delays. All the design effort is un-
dertaken at the subsystem level,

7.2 Problem Statement and Definitions

Consider a class of linear systems S composed of n, coupled subsystems S;
and modeled in state-space form by

Sjt zi(t) = Aj)z;(t) + B;(t)uy(t)

+ Thw;(t) + Ej()e;(t — ) + i Ajk(t)zk(t — njk)
k=1
yi(t) = Ci(t)zj(t) + Dy(t)us(t) + Mjw;,(t) (7.1)
zi(t) = Gjz;(t) + Fyu;(t)

where j € {1,..,n:}; z;(t) € R" is the state vector; u;(t) € R™J is the
control input; w;(t) € R% is the disturbance input; y;(t) € R/ is the mea-
sured output; z;(t) € R/ is the controlled output, and 7k, 7; are unknown
time-delays satisfying 0 < 7; < 72, 0 < njx < 0%, jik € {1,..,ns} where
the bounds 77,7%; j,k € {1,....,ns} are known constants in order to guar-
antee smooth growth of the state trajectories. In this work, the matri-
ces Gj, Fj, I';, II; are known, real and constants but the system matrices
Aj(t), Aji(t), Bj(t), C;(t), D4(t), E;j(t) are uncertain and possibly fast time
varying. The inclusion of the term Ej;(t)z;(t — 7;) as a separate term is
meant to emphasize the delay within the jth subsystem. Finally, the initial
condition for (1) is specified as (x;(0),z;(r)) = (Zoj, 9j(7)); 5 = 1,.., s where
¢J() € L"Q["T;v 0]1.7 =1, S

7.2.1 Uncertainty Structures

In the literature on large-scale state-space models containing parametric un-
certainties, there has been different methods to characterize the uncertainty.
In one method, the uncertainty is assumed to satisfy the so-called matching
condition (233, 243]. Loosely speaking, this condition implies that the un-
certainties cannot enter arbitrarily into the system dynamics but are rather
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restricted to lie in the range space of the input matrix. By a second method,
the uncertainty is represented by rank-1 decomposition. It is well-known
that both methods are quite restrictive in practice. This limitation can be
overcome by using the generalized matching conditions [239] through an it-
erative procedure of constructing stabilizing controllers. There is a fourth
method in which the dynamic model is cast into the polytopic format |3
which implies that the systems of the associated state-space model depend
on a single parameter vector.

In this section, we follow a linear fractional representation method in
which the uncertainty is expressed in terms of a norm-bounded form as
[215,218]:

Aj(t) B;(t)
C;(t) Dj(t)

= [ ’éj g; } + { ij }Hj(t)[ M; Nj| o (72)

Ej(t) = Eoj(t) + MejHej(t)Nej 5 Aji(t) = Ajio(t) + My Hji (t) Nk
HUOH;() < T 5 HpHY() <1 5 Ho)HY() <1 (7.3)
Vt, V4, k € {1,...,n4}

where H;(t) € R%*%i, H(t) € R¥*%*, He;(t) € RY*S are unknown
time-varying matrices whose elements are Lebsegue measurable; the ma-
trices  Sj, Lj, Mj, Nj, Mk, Nji, Mej, Nej are real, known and constant
matrices with appropriate dimensions and Aoj, Boj, Coj, Doj, Eoj are real
constant and known matrices representing the nominal decoupled system
(without uncertainties and interactions):

S;l : iﬁj(t) = Aojz;(t) + Bojuj(t) + Tjw;(t)
yi(t) = Cozx;(t) + Dojuy(t) + Myw;(t) (7.4)
zj(t) Gz;i(t) + Fjuy(t)

In the sequel, we assume Vj € {l,..., ns} that the n-pairs (Aoj, Boj) and
(Aoj, Coz) are stabilizable and detectable, respectively.

The interest in the uncertainty characterization (7.4) is supported by the
fact that quadratic stabilizability of feedback systems with norm-bounded
uncertainties is equivalent to the standard He control problem [215-219].

1l

For sake of completeness, we tackle the decentralized control problem
when the system uncertainties are mismatched in a later section.
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7.3 Decentralized Robust Stabilization 1

The objective of the decentralized robust stabilization problem is to design
decentralized dynamic feedback controllers for the interconnected system
(7.1) such that the resulting closed-loop system is asymptotically stable for
all admissible uncertainties. In this case, the interconnected system (7.1) is
said to be robustly stabilizable via decentralized dynamic feedback control.

In the following, stabilization of system (7.1) in the absence of the ex-
ternal disturbance, w;(t) = 0, is achieved through the use of a class of
observer-based feedback controllers of the form:

SJC' : :i‘J(t) = lej + 6Aj]:i‘j(t) + G)j[yj(t) — @J(t)] + BojUj(t)
95(t) = [Coj + 8C;]2;(t) + Dojus(t)
w(t) = —Kji(0) (7.5)

where the matrices introduced in (7.5) will be specified shortly. We now
look for a solution to the decentralized robust stabilization problem. For
this purpose, consider that for j = 1,...,, ns there exist two matrices 0 <
P; = Pjt ERMXM,0<Q; = Q; € R *" | satisfying the two ARlIs:

PjAoj + AL P — p7° BL(NFN;) ™' Boj + Py X ;X3P

+pIMEM; + (ns + 1)1 < 0 (7.6)
Qj(Aoj + X;XEP)) + (Aoj + X3 X5 P5)' Q5 + Q5 X X5Q5 —
PRIH(LLE) ™ 5+ p5 2 Coy(LL5) ™ Coj < O (7.7

along with
X;X5 = p728;S% + QoL+ QujQl; 5 Boj = Bh;iPj+ piNiM;
Qe = Eoj(Ij — a3 NENej) T Eg; + a5 Mo M

Qaj%; = > [Ajro(I; = BENjNjx) ™ Ao + By My M|
k=1

Jj = Coj+ 5> LiSiPi+ Qj] 5 Coj = Coj + 3 LiSLP; (7.8)

where the scalars p; > 0, a; > 0, G;x > 0, and I; € R™*™ is the identity
matrix. Introducing the error e;(t) = ;(t) —z;(t), then it follows from (7.1)
and (7.3)-(7.5) that it has the dynamics:

éj(t) = [Aaj - 0,05 + 5Aj + ©;0C; + (Sj — @ij)Hj(t)NjKj]ej

TLFeBOOK



7.3. DECENTRALIZED ROBUST STABILIZATION I 251

+[84; — ©;0C; — (S5 — ©;L;) H;(t)(M; — N;K;))x;

Ej(t)es(t —75) - fjAjk(tmk(t—mk) (7.9)
=1

In terms of E; [:cJ J] € R, the dynamics of the augmented system
(7.1) and (7.9) take the form

ds(t) = A3 + Byt )+ S0 ApOarlt—n)  (7.10)
k=1

where

~

Aj = A;+ S;H;(OM; 5 M;=[M; - N;K; — N;K;]
< [ Aoj — BoK; ~B,;K;
(5Aj — @j5Cj Aoj — @jC’oj + 514] — @j5Cj

T = Sj
7 i —Sj-l—@ij

[ on MEJ . .

= on + MejHej(t)Ne]
| Ajke My, .
k= [ —Ajko } + [ ~ Mk } Hjn(6) N

= Ajko + M Hi(t)Njk (7.11)

g-lja
i

N

A preliminary result is established first:

Lemma 7.1: Let the matrices §A;, 6C;, ©; and K; be defined as

§4; = X;XiP; , 8C; = p;*L;StP; (7.12)
j = piQ7 AL LE) ™! (7.13)
Ky = pj*(NEN;) T [BL;P; + pINEM;) (7.14)

then, the following inequality holds

Ng
AW+ WA+ Wi(EES + 5 A A )W+ Uy <0 (7.15)
k=1
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where Pj, Q; satisfy inequalities (7.6) and (7.7) and

w; ::[1;,- c(g)y] U, = [("SJBI)I" g] (7.16)

Proof: Define the augmented matrices:
Y1 Yoy

—t ~ ~ ~t ~t ~
= AW+ WiA; + WX X, W+ piM;M; + U, (7.17)

Yj

il

and the matrix expressions

~ ~t P ~t ~t

XiX;=p; S S;+ Qeng] + QaJQa]

~ ~t ~t

Qengj - EO](I a;Nt C]) EO] + a—QMe.’IMeJ
Tig ~t

Qanaj = Z[Ajko(fj - ﬁJZkN;klec)—lAjko + ﬁj_;fMjijk] (7.18)
k=1

Considering (7.17) and after some algebraic manipulations using (7.11) and
(7.18), it can be shown that

S, = (AL — KiBL)P; + Pi(Acj — BojK;j) + pj 2 PSSP,

+  PjEoj(I; — o N5Ne;) ' ELiPy + af 2 PiMe; ML, Pj
+ Y PilAjro(Ij — B NiNik) ™" Aly + B3 M M, | P
k=1
+ (M) - K;N;)(Mj - N;K;) + (ns + 1)I; (7.19)
Noj = Y= (64} -38Ci04)Q; — P-BojK- + p52P;S;(—S5 + L50;)Q;
P'on( — ol N5 N )T ELQ; — o5 P PiMeg ML Q;
- Z P [AJ’W NtkNjk) ]Lo + ﬁ]kZMJ ]tk]QJ
(M‘ — KiNHNGK (7.20)
Saj = (Al — Co;05 + 845 - 6C105)Q;

Qi(A 0j = ©;jCo; + 6A; — ©;0C;)
P5°Q3(=5; + ©;L;)(—S5 + L50;)Q;

+ +
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+ QjEoj(Ij — ofNejNey) ™ EgyQ;
Ng
+ ZQj[Ajko(Ij — B Nj Ny )™ Al + B3 M M5 1Q;
- “QQ,M MLQ; + KENINGK; (7.21)

Using (7.12)-(7.14) into (7.19)-(7.21) with some lengthy but standard matrix
manipulations, we obtain,

¥1; <0, Xg; =0, 23]‘ =0, ¥g; <0, j=1,..., ng (7.22)

This implies that

AW+ Widj + WiX; X ;W + pIM;M;+Us <0, j=1,..,n, (7.23)

Then, by applying Lemma 7.1 to (7.24) with the help of (7.6), (7.7), (7.12)
and (7.23) we get

AW+ WA + Wy(E +ZA]kAJA W, +Us <0 (7.24)
k=1

which corresponds to (7.15) as desired.

Remark 7.1: Note that the conditions that N}N; and L;L} being in-
vertible are necessary to yield separable expressions for the matrices 6A;
and 0C; that have been introduced to take care of the uncertainties. If these
conditions do not hold, the design results can be obtained by applying the
technique developed in [158]. In the absence of uncertainties, §4; = 0 and
0C; = 0, we have to follow another route in the analysis.

Remark 7.2: Taking into account the quadratic nature of the term
W;(E; B + Yrey Asdl)W; it follows from that

AW + WiA; + Wi BB+ A Al )W+ Uy <0 Vr <n, (7.25)
k=1

Now, the main stability result is established by the following theorem:
Theorem 7.1: System (7.1) is robustly stabilizable via the decentral-

ized observer-based controller (7.5) if Vi, k € {l,..., ns} there exist positive
scalars pj, o, B such that the following conditions are met:
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(1) the matrices NiNj, L; L}, (I; —a3NE;Nes) and (I — B4 N4 Njx) are
invertible,

(2) there exist matrices 0 < Pf = P; € R"*"i, 0 < Q% = Q; € R,
satisfying (7.6) and (7.7), respectively.

The matrices of the stabilizing decentralized controller (7.5) are given by

(7.12)-(7.14).

Proof: Introduce the Lyapunov-Krasovskii functional

Ve = Yuien

- Zgjwagj + z / a)zj(a)da

__TJ

Ng Mg

+ 3% / z4(B)w(6)dB (7.26)

7=1k=1 "J"
which takes into account the present as well as the delayed states. Note that
V(&) > 0 for & # 0. The total time derivative dV'(&;)/dt of the function
V'(&), which is computed with respect to (7.10), is obtained as:

dv (&)/dt Z{gj[rv AL+ A;W5)¢;

=1

+ Bzt — )| W€ + €W Byt — 75)])

Ng

+ ;{xﬁfﬂj = z(t = )zt - 75)}
+ ii{xixk — @ (t = mik)z(t — nje) }
st
+ g{[f; Ajzi(t — mip) | Wig;
+ 5§'Wj[i Ajzi(t = nje)]} (7.27)

j=1
Observing the fact

Ng

> > ata =30 Y el (7.28)
Jj=1k=1 7=1k=1

TLFeBOOK



7.3. DECENTRALIZED ROBUST STABILIZATION I 255

and defining the extended state-vector

= [é;a .'L‘;(t - Tj)’ :Bi(t - njl)’ seey x’fls(t - ﬂjns)] (729)
it then follows from (7.27) that
V(€:)/dt = Zgr ¢ (7.30)
where
[ W;A;+ AW;+ U, WiE; WAy WiAjn, ]
E‘W -I 0 0
B AL W, 0 ~I 0
Y= 0 0 (7.31)
AL, W; 0 0 -1

In view of (7.25), it directly follows from (7.31) that T; < 0. Hence from
(7.30), we get dV(&)/dt <0 VE # 0. Therefore, V(&) of (7.26) is a Lya-
punov function for the augmented system (7.10) and hence this system is
asymptotically stable for all admissible uncertainties. It then follows that
the interconnected system (7.1) is robustly stabilizable by the decentralized
dynamic feedback controller (7.5).

Remark 7.3: It is readily evident from the preceding result that the
closed-loop system stability is independent of delay. Although it is a con-
servative result, it is computationally simpler than those available in the
literature; see (2,233] and the references cited therein. Had we followed
another approach, we would have obtained delay-dependent stability result
which requires initial data over the period [—27‘;, 0,7=1,.,s.

Remark 7.4: It is to be noted that the developed conditions of The-
orem 7.1 are only sufficient and therefore the results can be generally
conservative. In order to reduce this conservativeness, some parameters
(o, Bjks pj) are left to be adjusted by the designer.

Now to utilize Theorem 7.1 in computer implementation, the following
computational procedure is recommended:
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(1) Read the nominal matrices of subsystem j, V5 € {1, ..., ns} as given
in model (5).
(2) Identify the matrices of the uncertainty structure (7.2) and (7.3).
(8)  (a) Select initial values for the scalars of = o2, 85, = 62
Vi, k € {1,..., ns} such that o2 € [0.1,0.2] and £2 € [0.1,0.2],
(b) Set counter = 1
(c) If Ij — aZNENej > 0 and I; — B3 Nb Njx > 0 then go to (4).
otherwise, update a? and ﬂ?,c such that,
af = ad(1+Aad), B3 = BL(1+ AB3,) and
A, B, €10.05,0.1].
(d) Increase counter by 1.
(e) If counter exceeds 20 then go back to (2), else go to (3-c).
4) Select the scalar p; Vj € {1,..., ns} and solve inequalities (7.6)
and (7.7) for Pj, Qj. Change p; whenever necessary to ensure the
positive-definiteness of the resulting matrices.
If no solution exists, update «;, Gjx and go to (3).
If a solution exists, record the result and STOP.

Corollary 7.1: Consider system (7.1) without time-delay; that is 7; = 0,
nik = 0 Y5,k € {1,...,ns}. In this case we set Bj = 0 = Q0 = 0
Vi €{1,..., ns}. It follows that the ARIs (7.6) and (7.7) reduce to:

PjAoj + AL Py — py 2 BLj(NIN;) ™' Boj + P, P

+ps My M; + (ne + 1)1; < 0 (7.32)
Qi(Aoj + Qs Py) + (Aoj + Q5% P5)1 Q5 + Q30 %,Q;

—p3 (L L) 7N + p5 2Cly(L5L5) ™ Coj < O (7.33)
Q555 = Q0% + 07 25558 (7.34)

Remark 7.5: Note that the term (ns + 1)/ in (7.32) implies that for
an interconnected system composed of a large number of subsystems even
though weakly coupled, it may not have a positive-definite solution. In this
regard, this gives a measure of the conservativeness of the proposed design
method.

Corollary 7.2: Consider system (7.1) in the case that all state variables
are measurable and available for feedback. It is readily seen that this system
s robustly stabilizable via a decentralized state feedback controller structure

ui(t) = —Kjz;(t)

TLFeBOOK



7.4. DECENTRALIZED ROBUST Hs PERFORMANCE 257

= —-p;2(N;Nj)—1Boj:L‘j(t) , Viedl,.., ns} (7.35)
if there ezist p; > 0 and 0 < P; = P} € R™*™ satisfying

PjAoj+ A53P5 = p3 Byy(N;N;) ™ Boj + PiX ;X3P +
PEMEM; + (ng + 1)I; < O (7.36)

and the inverse (NEN;)™1 eists.

Corollary 7.3: The standard centralized solution of the Hyo robust sta-
bilization of dynamical systems without delay can be readily deduced from
our results by dropping out the subscripts j and k, setting n, = 1, Ajk =
0= Ajko =0, Nj; =0, Mjk = 0= Qjr = 0 in addition to E;j=0= E,; =
0, Mcj =0, Nej = 0. It then follows that

PAy+ALP — p2[BLP + o’ N*M)Y(N'N) ™Y [BLP + p> Nt M) +
p~ PSSP+ p? MM + 21 <0

which implies that
PAo+ AP — p ?[BLP + g’ NEMIY(N'N) 7 BEP + p? Nt M| +
p~2PSSIP + p*M*M < 0 (7.37)

Q(Ao +p~28S*P) + (4, + p~2SS'P)'Q

+p7%(Co + p* LS PI(LLY)YCo + p~2 LSt P}t + p~2QSS'Q

—p%[Co + p2LSH (P + Q)(LLY) Y Co + p~2LSH P+ Q)] < 0
(7.38)

7.4 Decentralized Robust H,, Performance
Now, we move to consider the stabilization of the interconnected system

(7.1) by solving the problem of decentralized robust Hy, performance. This
problem is phrased as follows:

Given the ns-positive scalars {y1, 72,..., 7n, }, design decentralized dy-
namic feedback controllers for the interconnected system (7.1) such that the
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resulting closed-loop system is asymptotically stable and guarantees that
under zero initial conditions

o llzlle < D vsllwslle (7.39)
i=1 =1
for all nonzero w; € L3[0, c0) and for all admissible uncertainties.

In this case, the interconnected system (7.1) is said to be robustly sta-
bilizable with disturbance attenuation v via decentralized dynamic feedback
control.

Extending on (7.5), we use the observer-based feedback controller

S2: #5(t) = [Aoj+84;185(t) + O;[y;(t) — §5(0)] + Bojuy(t) + Tyd5(t)
3i(t) = [Coj +8C;]a;(t) + Doju;(t) + T;(t) (7.40)
ui(t) = —K;z;(t)

which has the same structure as (7.5) in addition to the auxiliary signal

W;(t) € L2]0,00). This signal affects both the systems dynamics and the

measured output and is introduced in order to cope with the external dis-

turbance w;. The different constant matrices in (7.40) are those of (7.5) in
addition to

§A; = X;X1P; ; 8C;=p;°LiSiP; ; w;(t) = 75 T5P85(t)  (7.41)
and the gains éj, K;: Vj € {1,..., ns} will be specified shortly.

In terms of the error e;(t) = &;(t) — z;(t), we obtain from (7.1), (7.2)
and (7.40) the error model:

éj(t) = IAoj ‘~éjCoj +04; - (:)j50j )
+ (Sj — O;L;)H;(t)N;K; + ;% (T — ©511;)T5 Pile;
+ [(d4; - éijCj) —(Sj — ©;L;)H;(t)(M; — N; Kj)
+ 75 2(5 - ©;I)I; Pylz;
- [0 = O51w; — Bj(t)a;(t —15) = ) Aje(t)ze(t — mj)

k=1
(7.42)
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In terms of Z% = [z% %] € R®*" the dynamics of the augmented system (7.1)
and (7.42) can be put in the compact form:

Zi(t) = A;(t)Z;(t) + Tjw; + Bx;(t — 7)) + 5: Azt — ) (7.43)

k=1
where
Aj(t) = A; + SH;(t)M;
Aoj — BojK; —Bo; K;
Aj= 6Aj - (E)j(SCj Aoj - éjcoj + 5Aj
+; 3T — ©;11;)I4 P; ~0;6C;
- T - S
;= Iy ;S5 = I ;
7 [ —(Tj — ©;11;) J ’ [ —(Sj — ©;L;) }
o | (M~ NjKG)t

and the remaining matrices are given by (7.12)-(7.14). From (7.1) and
e;(t) = &;(t) — ;(t), the controlled output has the form
2 =(G5 - FiK;) — FRsl; = G, (7.45)

Introduce a matrix 0 < W; = W; € R¥i*?"5 guch that W; = diag[P;, Q]
where the matrices 0 < P} = P; € ®™%*™, 0 < Q} = Q; € R™*™ satisfy
the ARlIs:

PjAoj + Ag;Pj + PY;Y; P + G5G; + pi M M; +

(ns + 1)I; — B, N7 By < 0 (7.46)

Qj(Aoj + YiYiF;) + (Aoj + ViV P))'Q; + Q;Y,Y[Qj -
JELFVJ; + BYN; Boy <0 (7.47)
and
Boj = BL,P; + p3NIM; + FiG; , Ni'= (p2NIN; + FLF;)~
L7! = (072 L; L5 + 4 2II5) 7 | YY) = X X8+ 47 2T5T
Jj = Jj + 45 (T3 15Q; + TS ) (7.48)
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Theorem 7.2: Given the desired levels of disturbance attenuation {v; >
0,7 = 1,.., ns}, the augmented system (7.43) is robustly stabilizable with
disturbance attenuation v = diag(v;) via the decentralized observer-based
controller ({1) if there exist positive scalars pj, ctjy Bik o ¥V =1, ...y ns such
that the following conditions are met:

(1) the matrices (NjN;), (LjL%), (I; — o2NEiNes), (I; — B N5 Nji),
(F{F;) and (T;114), are all invertible,

(2) there exzst 0< P} =P € R"*™, 0< Q4 =Q; € R™*™ satisfying
inequalities (7.46) and ( 747) respectively. The feedbaclc and observer gains
are given by

©; = Q7 [Jj + 7 TIQs) Lt K = Ny !By (7.49)
Proof: First, we have to establish the stability of the composite system
(7.43)-(7.45). Given 0 < W} = W; € ®"*™ such that W; = diag[P;, Q]

and 0 < P} = P;, 0 < Q% = Qj satlsfymg inequalities (7 46) and (7.47),
define the augmented matrlx

= E]j E?j

g Z3; Z4j

~t ~ oot =
AW+ WA+ Wi(X5X ;5 + 77 DT W;

~ ~ /\t/\
+ PIMEM;+ GG+ Us (7.50)
E; € R2XIi B € RXM k=1, .., 4.

i

Algebraic manipulation of (7.50) using (7.12) and (7.19) in the manner
of Theorem 7.1 leads to: ,
E]j <0, Egj =0, 53]' =0, 54j <0, j=1,.., ns (7.51)

which in turn implies that

/\t

AW+ Widy + W, (X]X + ;2T W + p2 MEM; +

~t A~

G;Gj+Us <0 (7.52)
By applying Lemma 7.1 to (7.50) with the help of (7.44), (7.46) and (7.47),
we get

Ng

AW, + WA, +, G+ Wi(E Z A db)W; +

7y WL TEW, + U, < 0 (7.53)
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Using a procedure similar to Theorem 7.1, the asymptotic stability of the
closed-loop system (7.43) can be easily deduced.

Next, to establish that ||z;]|2 < 7jl|wj||2 whenever ||lwj|l2 # O which

implies that the desired robust He, performance is achieved, we introduce
the performance measure

Jo= 3" /Ooo[%(t)zy'(t) — 2wk (t)w; (1))dt (7.54)
=1

which is bounded in view of the asymptotic stability of the closed-loop system
(7.43) and since w; € L£2[0, o), Vj € {1,..., ns}. Consider the Lyapunov
function candidate V(&) of (7.27). The total time derivative dV'(&)/dt,
which is computed with respect to (7.43), is obtained as:

dV(&)/dt = Za:{w;[‘/ijiﬁ + A WjlE; + Bzt — 15)|' Wi,
J=1
+ W[ Eizi(t - )]}

+ i{[f‘j‘w]' ()" Wik; + EW5(Tiw;(0)]}
7=1

Ng
+ D {zba; — al(t — )zt - 7))
=1

+ 0D Azhae — zh(t — mie)z(t — m5e)}
=1k=1
+ Y AN At — i)' Wig;
Jj=1 j=1
+ WD Ajpae(t — nsw)]} (7.55)
j=1

By augmenting (7.27), setting the initial conditions of system (7.1) to zero
and using (7.43), we rewrite (7.54) in the form:

I8, =5 [TIE GG ~ ulenustt) + Vil - SV (756)
=1 =

7=1
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where V> is a non-negative and finite scalar representing the bound of Vj(t)
as t = o0o. Using (7.30) and the extended state-vector

é; - K;’ CL';(t - Tj)a xtl(t - njl)’ ey .’L',tu(t - njns)’ 'w;] (7'57)

we express (7.56) in the compact form:

ng 00 .. Ng
T =3 [T = YoV (7.58)
=170 =1
where
[ W;A; + ALw, . - . -]
il Wi;E; WiA; . WjAjn, Wil
+G_LGJ + Us
EtW; ~I 0 0 0
T = AL W; 0 -1 0 0
0 0 0 -1 : 0
. 0 0
A, W : . : . .
i TLW; 0 0o 0 . =]

In view of the negative-definiteness of T, it is readily evident from (7.58)
that J% < 0. This in turn implies that condition (2) is satisfied for all
admissible uncertainties and for all nonzero disturbances w; € L»[0, 00),
Vi e{l,..., ns}.

Corollary 7.4: Consider system (7.1) without time-delay; that is T; = 0,
nik = 0 V4, k € {1,..., ns}. In this case we set E; = 0 and thus erﬂij
Vj € {1,..., ns}. It follows that the ARIs (7.46) and (7.47) reduce to:

PjAoj + A:’,jpj + Pj(Qszij + ’)’;“FjF;)Pj + G;Gj +
PEMIM; + (ns + 1)1 ~ BN Boy < 0 (7.59)

Qj(Aoj + [R5 + 77 *T3T5IP) + (Aoj + [Q65%; + 77 °TTE) P5)'Q;
+Q; (iU + 47 2T3T5)Q; — JEL; 1 + BL N By < 0 (7.60)

J 0j*'j

Corollary 7.5: Consider system (7.1) in the case that all state variables
are measurable and available for feedback. It is readily seen that this system
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is robustly stabilizable via a decentralized state feedback controller structure
ui(t) = -Kjzi(t)
= —p; (NEN;) ' Bojz;(t) , Vi€ {l,.., n} (7.61)
if there exist p; > 0 and 0 < P; = P} € R"*" satisfying

PjAoj + AL Pj + PY;Y [ P + G5Gj + ps MiM;
—B N Boj + (s + 1)I; <0 (7.62)

7.4.1 Example 7.1

To illustrate the design procedures developed in Theorems 7.1 and 7.2, we
consider a representative water pollution model of three consecutive reaches
of the River Nile. This linearized model forms an interconnected system of
the type (7.1) for ny = 3 along with the following information:

1o 1 , o 1
' A"‘-’“[l.z —0.87]’ A“?**[o.?s 1.2]

e [i] e[ e[

Ca=[1-1]; Co=[11]i Ca=[-1 1]

The delay and disturbance paramneters are given by

0.1 0 0
nea oo ) ne )

Ey = 02, E;g = 0.1, E,3 = 0.3, II; = 0.08, Il = 0.15, II3 = 0.06,
D, = 0.02, Dy = 0.03, D,3 = 0.01, Gy = [0.1 0.1 0.2], G2 =[0.2 0.1 0.2],
G3=1[02 01 0.1], A =01, F;, =01, F3=0.1.

The coupling matrices are given by

-05 0 -03 0 -0.5 0
A120={ 0 1}; AmoZ[ 0 0.4]; Azloz[ ]

05 0 -05 0 03 O
AQSO:[ 0 1}; A310:[ 0 0'5]; A320=[ 0 0'4]

Ay = [ 0.97 -0.31 ]

1.2 0
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-0.6 0.2 0.3 0.3
Mslz[ 0.5 }; M32=[_0.1]; Nfzz{o.l]; Nf3=[_ .3]

-0.1 0.4 0.3 04

In terms of the uncertainty structure (7.4), the following data is made avail-

able:
o [o1] L Jo2] o [o2
‘51“{0.2]’ 32‘[0.1}’ 53‘[0,2]
M; = [0.8 03], My = [0.6 0.4], M3 = [0.7 0.2], Ny = 0.4, N = —0.5,

N3 = —-03, Ly = 4, Ly = 3, L3 = 5, Me1 = 0.3, Me2 = 0.2, Me3z = 0.4,
N1 = 0.1, Nep = 0.2, N3 =0.3.

By selecting a; = 0.5, ag = 0.5, ag = 0.5, 81 = 0.5, G2 = 0.5, 83 = 0.5
as initial guess, it is found by applying the computational procedure set
forth that p; = 0.2, p2 = 0.3, p3 = 0.4 is a successful (first) choice. Using
the above plus the nominal data with the help of MATLAB-Toolbox, we

obtain

p o [01331 00364 |, _[01445 00782 ],
17100364 09109 |7 27| 0.0782 0.7923 |’

p, | 01557 01421 | 01 = 0.9070 —0.5361 |
371 01421 01460 {7 ' T | —0.5361 2.3821 |’

Qs = 2.2218 0.8047 | Qs = 2.6863 0.5944
271 0.8047 1.9533 |' % | 0.5944 2.4828

as a candidate solution of inequalities (7.6) and (7.7). These give the follow-
ing gain matrices

K = [22.8166 6.4302]; Ko = [2.2767 34.4125); K3 = [7.5354 78.9143).

[oo0223] . [00027 ] [ —0.0021
o ‘”[0.0235}' 92 ‘[0.0202}’ 63“[ 0.0187 ]
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Had we followed another route and took p; = 0.02, pp = 0.03, p3 = 0.04 as
a second choice, we then obtain

p | 00138 0.0003 |, [ 00139 0.0013
1=1 00003 01711 |' “27 | 0.0013 0.1693

0.0139 0.0021 0.0182 -0.0181
o 28 ) o[ 22

bl

)

0.0021 0.1876 —-0.0181 0.0191

Qs = 0.0275 0.0270 | Qs = 0.1610 —0.0723
271 0.0270 0.0269 |’ “*~ | —0.0723 0.1851

and the corresponding gain matrices

K1 =[217.3081 5.6333]; Ko = [4.5533 751.6747); K3 = [12.0 1302.2].

8.1091 ~17.5038 0.0264
1= { 8.1291 } P O2= [ 17.8486 ] » Og= [ 0.0510 ] '

Note that the values of the first are 10 times that of the second choice. In
both cases, the obtained results indicate the high-gain nature of the state-
feedback controller. By reducing the weighting factor p;, the norms ||P||
and ||Q|| decrease almost linearly. The rate of decrease of ||Q|| is less than
that of ||P||. The reverse is true for the associated gain matrices where || K||
and ||©]| have increased with decreasing weighting factor p;.

7.5 Decentralized Robust Stabilization I1

In this section, we follow another route in dealing with the control problem
of interconnected systems. The major difference stems from the way the
uncertainties are modeled. Here we will consider that the uncertainties are
mismatched and develop a decentralized stabilizing controller that renders
the closed-loop controlled system exponentially stable to a calculable zone
about the origin,

7.5.1 Problem Statement and Preliminaries

We knew from previous chapters that a wide class of uncertain systems with
time-varying state delay can be modeled by:

(X): z(t) = Az(t)+ Bu(t) + Aaz(t — n(t))
+ e(z,u,t) +g(z,t) (7.63)
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where A € R**", B € R™*™ are known constant matrices describing the
nominal system (without uncertainties), z(t) € R" is the state vector, u(t) €
R™ is the control input and the system uncertianties are lumped into three
parts:

Ag e R e(ly.,.) : R*X R X Ry —€ R and g(.,.) : R* xRNy —€ R,
In (7.63), the information of the delay depends on the state variables and it
is a time function

t) EN:={pt):0<p <n* <oo;p <yt <1}

where the bounds 7*,n" are known constants in order to guarantee smooth
growth of the state trajectories.

In the absence of uncertainties, the resulting system becomes the familiar
retarded type that we have studied in the previous chapters. Here, we build

on this fact by treating system (X) as an interconnection of Ny subsystems
and having the following description:

Ng N,
n = ZTLJ‘ y m:ij
7=1 7=1

A = block — diag|lA1 Aa ... AN,] , 4 € RN

B = block — diag|By B2 ... By,] , Bj € R"*™i
Ag = block — diag|Aq Aaz ... Aan,] s Ay € RnI X1
g(z,t) = block — diaglgi(z,t) g5(z,t) ... g, (z, 1))
e(z,u,t) = block — diag|e!(z,u,t) gb(z,u,t) .... g, (@, u, ),

gj(x,t) €R} , ej(z,u,t) € NG
z(t) = block — diaglct(t) zb(t) ...zl )] ,
u(t) = block — diag[uf(t) ub(t) ... uly ()] ,

x;(t) €N}, uj(z,t) € R}
Ns
gilz,t) = Y girlant) (7.64)
k=1,j#k

The dynamics of the uncertain subsystem (%;) has the form:

(8): &5(1) = Ajz;(t) + Bjuy(t) + Aga;(t — n;(t))
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Ns

+ ei(ziupt)+ Y gik(art) (7.65)
k=1j7k

From (7.65), it is clear that the uncertainties are due to local parameter
changes within the subsystems (terms Ag; and e;(x;, u;,t)) and variation in
the subsystem couplings (term g;x).

In the following, we focus attention on the robust decentralized stabiliza-
tion problem using local state-feedback controllers

Uj(t) = — I(j .'L‘j(t), I(J € RMIXM (7.66)

such that the closed-loop uncertain system (7.63) under the action of a group
of controllers of the type (7.67) is uniformly exponentially convergent about

the origin. For this purpose, we recall the following definition and result
[243]):

Definition 7.1: The dynamical system
z(t) = f(z(t),t), teR, z(t) e R"

is (globally, uniformly) exponentially convergent to G(r) if and only if there
exists a scalar o > O with the property that

Vi, € R, z(t) € R"
there exists c(xo) > 0 such that, if (.) @ [to,t1] — R is any solution of
(t) = f(z(t),t) ,z(to) = zo then
lz(t)l| < 7+ c(m,) e@C%) ¢ >4,

Lemma 7.2: Suppose there ezists a conlinuously differentiable function
V:R" - R, and scalars v > 0,772 > 0 which satisfy

nllell* < V() <pll?, Voe®R®
such that for some scalar o > 0,V, >0

V(z) > Vi = VVH)f(a(t),t) < —2aV(z) - Vi

Define r := (7{'V;)1/2. Then the system &(t) = f(x(t),t) is exponentially
convergent to G(r) with rate «, where

o) = 0 if V(zo) < V,
T TV (o) = VII? i V(z,) >
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To proceed further, the following structural assumptions are needed:
Assumption 7.1: The N,-pairs {A;, B;} are stabilizable.

Assumption 7.2: For every j,k € {1, ..., N,}, the system uncertainties
admit the following decompositions:

Adj = Bij + Gj
e(zj,ujt) = Bjdj(zj,uj,t) + fi(zjujt)
gik(Tr,t) = Bjhji(zk,t) + rje(ze, t) (7.67)

and there exist known scalar constants 0j,7;,&5, i, K4, Pis Cis Qjky Wiks Tik)
ojk € [0,00),8; € (0,1), such that:

5 = M(G3G5) 95 = Au(F3F;)
ldj(z uz, Ol < b5+ &llasll + Bsllwil
If(ziyus Ol < w5+ psllasll + Gillusl]
Whju(ze DIl < e + wjsl |l
lrj(ze, Ol < gk + mjkllzll (7.68)

v (xjau]snwt) §R? X §R;n X [O,T]*] X §R

Remark 7.6: It should be noted that Assumption 7.1 is standard
and pertains to the nominal part of the subsystems. Expressions (7.67) im-
ply that the uncertainties (due to delay factors, parameters and coupling
variables) do not satisfy the matching condition and therefore can be rep-
resented by a matched part and a mismatched part. Both representations
are not unique and the functions involved are unknown-but-bounded with
the corresponding bounds being known. Note that F; = 0,G; = Agj is an
admissible decomposition.

7.6 Decentralized Stabilizing Controller

It is well-known that a key feature of reliable control of interconnected sys-
tems [184, 187, 188] is to base all the design effort on the subsystem level.
For this purpose, we choose a Lyapunov-Krasovskii functional

Vi) = 3 Vi),
=1
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ng ng t
= Z AR uj'/t zt(a)z;(a)do (7.69)
=1 =1

-5
which takes into account the present as well as the delayed states at the
subsystem level, where Vj € [1,.., N}; p; > 0, ¢; >0, A; > 1 are design
parameters and Vj € [1,.,, N5] ; 73 2 0; 0 < P; = P} € R**" such that
Pj(Aj -+ TjI) + (Aj + Tj[)tPj — ijijB;Pj + A1 (7.70)
Define

P = block — diag|Py Ps..... Pn,] , A= Am(P)

Tm = min{r,....,7n.}, Q= Am(P) (7.71)
Note that V(z¢) > 0 for  # 0 and V(z:) = 0 when z = 0.

Theorem 7.3: Consider the uncertain system (7.65) subject to As-
sumption 7.1 and Assumption 7.2 with the decentralized control

u; = —v; BiPjzj, j=1,..,N, (7.72)
Choose the local gain factors {~;} to satisfy
%> (/21 + )-8 (7.73)
If there exist scalar ¢;, pt; € (0,00), A € (1,00) such that
pi(L=nf) = 1+49;
(B =Dy > aj+b; (7.74)
where
N,
a; = Am(P) {205+ 0 (P +2 Y m (7.75)
k=1,k#j
b = 20BiPl(1 -8 (PG + 93)} (7.76)
Ns
+ 2BiRII (& + D wkj}
k=1,k#j
Ns
85 = 22m(P){r;+ Z Okj (7.77)
k=1,k#j
Ny
¢ = 2¢¢;+ Z Otk (7.78)
k=1,k#j
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then the closed-loop uncertain system (7.68) is uniformly exponentially con-
vergent to the ball G(T') of radius I’ at a rate 7, where

ro= {y2em1}"
N

e = Yo,
=1

S §2
o " {4[2%‘(1 - Bj) — 1 — ;4] } + {4[(Aj = 1)1_ Py bj]}(7.79)

Proof: The total time derivative dV (z;)/dt of the function V' (z;), which
is computed with respect to (7.65), is obtained as:

N
dV(z:)/dt = Z[iﬂ;Pji'j+¢§Pj$j]
i=1

N,
+ Y mlehzy — (1 -0zt - etaj)a(t —ny)]  (7.80)
=1

A little algebra on (7.80) using (7.65) and (7.70) shows that:

N, N,
> —2rzi Pz — > (27; — ¢;j)75 PiB;BiPix;

dV(zy)/dt =

j=1 j=1
N,

— Z /.Lj[x;l'j -(1- ﬁ)mg(t — etaj)z(t — n;)]
7=1
N, N, '

- Z(Aj — 1)/Lj$§$ﬂj + Z 2.’L‘§PjAdj1‘j(t - "7j)
j=1 i=1

N, N,
+ Z 2.’E§Pj {ej + Z gjk} (7.81)
By B.1.1 and using (7.67)-(7.68), it follows that:

N, N N,
Y 228 PjAgim;(t — ) Y2zt P Fyai(t — ;) + Y 225 PiGja;(t — nj)
=1 i=1 =1

It

N
Z CCEPJ'B]'B;P]‘Z‘]'

J=1

IA
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N,
+ )@kt —my) FiFyz;(t — ;)
j=1

N, N,
+ D ziPGiGE P+ Y @t —nj)z;(t —nj)

j=1 =1

N, N,

SONBE P+ S [L + 05lal(t — my)xs(t — ny)
Jj=1 j=1

Ng )

+ O Pm;lPe; (7.82)

J=1

IA

N, N, Ns
22«:3P,~{e,~+ > gjk} = > 223 Pi{|Bjd; + f;]}
fo— j=1

N,
+ > A[Bjhgk + i}
k=1,7k

N,
> 2||BE Pyl (5 + &llz;11)
j=1

IA

N,
+ D 2||BsPz;||(Bs11v; B Pzl

7=1
N,
+ ) 2l|Pll(s5 + pjllesl)
j=1
N,
+ > 2l|Piz;lI(¢l 1y B Pyl )
j:l
+ ZQHBtP‘EJ”( Z [ + wik] [k I])
F=1,5#k
+ ZQIIP’%H Z ok + il |z 5ell])
J=13#k

(7.83)
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The substitution of (7.82)-(7.83) into (7.81) using (7.74)-(7.78) yields:

AV (zy)/dt <

+

+

N, N,
Y 2P — Y (2;(1 - B5) — 1 — ;)| B Pya;|?
j:l j:

N, N,
> csll B Pyl — 3 [(A; = 1uj — aj — byl |zh||?
7j=1

=1

N,
Do+ = (1 =)t — my))|2 (7.84)
j=1

Using B.2.2, it follows that
cil|BiPizsl| — [2v;(1 = B;) — 1 — @]l B Pz |? <
G {4[27(1 = B5) = 1 — 5]} 2 (7.85)
sl = 108 - UM—%*MMWS |
s {4l(A; - Dpj — aj — b]}™> (7.86)

Then from (7.74) and (7.85)—(7.86), we get:

v (z;)/dt

2
G

N Ny

< —27;x% P +

]Z 7 ;[4[2%'(1*/3:')—1—%]]
N

2

Sj

D oy ey n |

+
ZHM

IA

Z[ 21;Vi + 9]

J=1
—Tm[Vi — 1/2 7,1 ©)]
~Tm[Vi = V] (7.87)

IA A

Since from (7.69) we have Allz}|* < V(z) < Q|=||?, it follows from
Lemma 7.2 in the light of (7.71) and (7.79) that the closed-loop system is
uniformly exponentially convergent about the origin at a rate of 7p,.

Corollary 7.8: In the case of affinely cone-bounded uncertainties, it fol-
lows that ¢, kj, ok, ajr, =0, Vj,k =1,..,N,. Hence from (7.76)-(7.78)
we get ¢c; — 0,s; — 0 leading to © — 0 and I' — 0. This implies that the
zone around the origin reduces o zero corresponding to asymptotic stability
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with a prescribed rate of convergence.

Corollary 7.7: In the special case F; = 0,G; = Ag; Vi, k =1,...,Ns,
it follows that 9; = 0Vj and hence (7.74) reduces to

pi(L=nf) =1, (8j=1)n; > a; + b

7.6.1 Adjustment Procedure

Based on Theorem 7.8, the following procedure is used to decide upon the
design parameters:

(1): Read the input data from subsystem j;j = 1,..., Ny as given by
(7.65)-(7.66).

(2): Compute the parameters 8;,9;,&;, ¢, 65, P4, Cjs Cjks Wiks Tjk, Ojky B
(3): Select p; to satisfy (7.74) and select initial values of ¢, Aj, 7.

(4): Compute P; from (7.70) and A, §2, 7, from (7.71).

(5): Check condition (7.74). If it is satisfied, then STOP and record the
results.

Otherwise, increment A; + 6A; < A; where §A; = (0.05 — 0.15)A; and
go back to (4).

7.6.2 Example 7.2

Consider an interconnected system of the type (7.63) composed of three
subsystens (N, = 3). In terms of model (7.65), the nominal matrices are

given by:
—-02 0 10
A‘_{ 1 ~0.1}’Bl"{0 2}

1.35 0.1 .
{ 01 2.95 :l , m = 04 sin(2t) ,

[ -1 0 30
w3 5] 0 8]

[ 87 -0.04 P
Ap = 0.04 29 },ng~0‘1szn(5t),
[ -06 0 J10
4 =11 ~0.8]’B3*{01]
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1.3 —-0.05

1.4 :| , M3 = 0.3 sin(3t)

The uncertainties are described by the linear forms:

(Z1): &

fi

12

1113

T13

[ 0.2 L | 002 001
0 001

L[oor o
0.3 0 005 |t

o

0 ], fooro2]  [oo1 o
0.01 0 o004 |™ 0 o001 |%
s
0 01 0
0.1%[ 0 0.02}“9’
[ o

0.02 0
0.01 } + [ 0 01 }‘”2’
:
0.2 02 0
J*[ 0 0.02}“’3’

[ 0.03 Lo o
0 0 02 (T

[ 0.2 4| 003 0.02 002 0
0 0 004 |%2 0 0.02 %
[ 0.02 0.02 0.03 002 0
0 }*{ 0 0.01}”””{ 0 0.02}“2’
L
0.1 003 0
0 ]*{ 0 0.15]“’
[ 0.02 Lo o
0 0 002 |

03 0

Jx(i,

[0.3 0 0.1

0.02 01 0

[ 0 }*[ 0 0.1]””3’

04 [ 003 002 Lo o ]

0.3 0.01 0.04 |*3 0 003 %
oot ] fooz 02| ~ foor o ]

0.01 001 0.04 | T3 0 001 |
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h31

731

haa

732

il

[0.2%[0.2 0 }wl
0 0 002
[o.gl]Jr[o.és 022
[0(.)2]+{064 0(.]2]“’2'
[o.%2]+[062 0?2}‘”2

9

E

1

Evaluation of the decomposition (7.68)-(7.69) gives

P

F

F3

L

(13 0
0
[ 1.2

275

[ o005 01
1.1 ] » Gr= [ -0.1 0.05 ]
0 Go— | 01 —0.04
0 14 (' 727|004 01
.15 0 G- | 015 —0.05
0 125" 7* " |005 015

The norms of the delayed states are estimated by

T [9; ]9
T [ 1.69 | 0.013
T2 | 1.96 | 0.012
Y3 1 1.563 | 0.025

The norms of the local uncertainties are estimated by

K & 16 |ri |p |G
¥ | 0.3611 [ 0.051 | 0.01 | 0.01 | 0.045 | 0.01
S, |02 | 0.048 | 0.02 | 0.02 | 0.037 | 0.02
$s | 05 | 0.051 | 0,03 | 0.014 | 0.051 | 0.01

The norms of the uncertainties in the coupling terms are estimated by
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Y| ap Wik Ok ik

%1 ]01]02]01 [02]001]003]01 [02
%2 | 0.1]03[015]03[0.02]002]01 |01
%3 [ 020202 [04]001]002]015]02

By selecting the design parameters {7, 1, 9;} to take on the values
{1,0.1,6}, {1,0.1,6} , {1,0.1, 7} for the three subsystems, respectively, it has
been found to satisfy condition (7.74) that A; can take values of 27.9, 30.6,
and 26.625 for the corresponding subsystems. Subsequently, the minimum
values of the gain factors «; satisfying (7.73) are 13.5635,13.571,14.124 for
the three subsystems. This, in turn, yields ® = 0.126 and I’ = 0.517. To
examine the sensitivity of the developed design procedure, we have consid-
ered the changes in the parameters {7}, 1;,;}. By considering 7; only and
increasing it up to 50 percent, the radius of convergence I' decreases by 7.7
percent to 0.477. On the other hand, decreasing 7; by 20 percent has caused
I' to increase by 12.57 percent to 0.582. The effect of changing p; leaves
" almost intact. Finally, by decreasing ¢; to {4,4,5}, I' decreases to 0.481
and © increases to 0.133. These results illuminate two points:

(1) The developed design procedure is robust and insensitive to tolerance
in the design parameters, and

(2) The radius of convergence can be adjusted by properly selecting de-
sign parameters at the subsystem level.

7.7 Notes and References

We have presented two broad approaches to the decentralized stabilization of
uncertain time-delay interconnected systems. There are a lot of approaches
in the deterministic case [187] that need to be cast within the time-delay
framework. It is our view that more work is required to lessen the com-
putation load on the subsystem level and to produce more flexible design
criteria. The topics of nonlinear interconnected UTDS and discrete-time
interconnected UTDS are still at their infancy.
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Chapter 8

Robust Kalman Filtering

8.1 Introduction

State-estimation forms an integral part of control systems theory. Estimat-
ing the state-variables of a dynamic model is important to help in improving
our knowledge about different systems for the purpose of analysis and con-
trol design. The celebrated Kalman filtering algorithm [3,4] is the optimal
estimator over all possible linear ones and gives unbiased estimates of the un-
known state vectors under the conditions that the system and measurement
noise processes are mutually-independent Gaussian distributions. Robust
state-estimation arises out of the desire to estimate unmeasurable state vari-
ables when the plant model has uncertain parameters. In [17], a Kalman
filtering approach has been studied with an He,-norm constraint. For sys-
tems with bounded parameter uncertainty, the robust estimation problem
has been addressed in [11,12,32]. Despite the frequent occurence of uncertain
systems with state-delay in engineering applications, the problem of estimat-
ing the state of an uncertain system with state-delay has been overlooked.
The purpose of this chapter is to consider the state-estimation problem for
linear systems with norm-bounded parameter uncertainties and unknown
state-delay. Specifically, we address the state-estimator design problem such
that the estimation error covariance has a guaranteed bound for all admis-
sible uncertainties and state-delay. We will divide efforts into two parts:
one part for contiouous-time systems and the other part for discrete-time
systems. Both time-varying and steady-state robust Kalman filtering are
considered. The main tool for solving the foregoing problem is the Riccati
equation approach and the end result is an extended robust Kalman filter
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the solution of which is expressed in terms of two Riccati equations involving
scaling parameters.

8.2 Continuous-Time Systems

8.2.1 System Description

We consider a class of uncertain time-delay systems represented by:

(t) = [A(t) + AA(®)]x(t) + Aa(t)z(t — T) +w(t)

= Aa(t)z(t) + Aa(t)z(t — 7) +w(t) (8.1)
u(t) = [C() + ACH)]=(t) +v(t)

= Ca(t)z(t) + v(t) (8.2)

where z(t) € R" is the state, y(t) € R™ is the measured output and w(t) €
R™ and v(t) € R™ are, respectively, the process and measurement noises.
In (8.1)-(8.2), A(t) € R™*", Ay(t) € R**™ and C(t) € R™*™ are piecewise-
continuous matrix functions. Here, 7 is a constant scalar representing the
amount of delay in the state. The matrices AA(t) and AC(t) represent
time-varying parameteric uncertainties which are of the form:

AA(t H(t
[ ACES J = [ Hc((t)) ] A(t) E(t) (8.3)

where H(t) € R, H,(t) € R™** and E(t) € R°*" are known piecewise-
continuous matrix functions and A(t) € ®*# is an unknown matrix with
Lebsegue measurable elements satisfying

AfA(L) < I Vi (8.4)
The initial condition is specified as (z(0),z(s)) = (zo, #(s)), where ¢(-) €

L2|—7,0] which is assumed to be a zero-mean Gaussian random vector. The
following standard assuinptions on noise statistics are recalled:

Assumption 8.1: Vi, s > 0

(a)E[w(t)] = 0; Elw(t)ut(s)] = W)t —s); W(t) >0 (8.5)
(b)SIv )] =0; El(t)i(s)] = V(D(t~s); V()>0  (8.6)
(e)€lz(0)w'(t)] = 0, Elz(0p’(t)] =0 (8.7)
(d)E[w(t)'(s)] = 0; E[z(0)2*(0)] = R, (8.8)
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where £[-] stands for the mathematical expectation and &(-) is the Dirac
function.
8.2.2 Robust Filter Design
Our objective is to design a stable state estimator of the form:
3(t) = G(t) 2(t) + K(t) y(t), #(0) = 0 (8.9)

where G(t) € R"*" and K(t) € R**™ are piecewise-continuous matrices to
be determined such that there exists a matrix ¥ > 0 satisfying

Ellx — o) — 2)1] < ¥, VA:ARA(L) < T (8.10)
Note that (8.10) implies

Ellxz — 2)(z — 2)] < tr(¥), VA AHDA@R) < T
(8.11)

In this case, the estimator (8.9) is said to provide a guaranteed cost (GC)
matrix W.

Examination of the proposed estimator proceeds by analyzing the esti-
mation error

e(t) =a(t) — &(1) (8.12)

Substituting (8.1) and (8.9) into (8.12), we express the dynamics of the error
in the form:

&(t)

{l

G(t) e(t) + [A(t) — G(t) — K(t)C(t)]x(t)
- [AA() - K(O)AC()]z(t)
+ Ad@®)z(t — 1) + [w(t) — K@) (8.13)

.

By introducing the extended state-vector

£1) = [ i((g } € R (8.14)
it follows from (8.1)-(8.2) and (8.13) that

£t = [A@ +nuwa% OO+ D (€ — )+ B (t)n(t)
= Aa (EW+ D (EL — )+ B (t)n(t) (8.15)
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where 7(t) is a stationary zero-mean noise signal with identity covariance
matrix and

4 (t) (8.16)

Il

A() 0
| A@) -G - KBCE) Gt) }

—~ r ~
B0 = | gy Ky | EO=120 0 @)

et W) W(t)
BB (1) = | w) we +K(t)V(t)Kt(t)]’ (8.18)
b - { AR il (819)

Definition 8.1: Estimator (8.9) is said to be a quadratic estimator (QE)
associated with a matriz Q(t) > 0 for system (8.1) if there exists a scalar
A(t) > 0 and a matriz

0 < Q@) = [gégg gzg” (8.20)

satisfying the algebraic inequality:

SO+ Aa () Q) + Q) An ()4 M8 Qt—7)
A DWAt-1 D W+ BOB @ < 0 (821)

The next result shows that if (8.9) is QE for system (8.1)-(8.2) with cost ma-
trix £2(t), then Q(t) defines an upper bound for the filtering error covariance,
that is,

Ele(t)et(t)] < Qat) YVt

for all admissible uncertainties satisfying (8.3)-(8.4).

Theorem 8.1: Consider the time-delay (8.1)-(8.2) satisfying (8.3)-(8.4)
and with known initial state. Suppose there exists a solution Qt) > 0 to
inequality (8.21) for some A(t) > 0 and for all admissible uncertainties.
Then the estimator (8.9) provides an upper bound for the filtering error
covariance, that is,

Ele(t)e ()] < Q1)
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Proof: Supose that the estimator (8.9) is QE with cost matrix Q(t). By
evaluating the derivative of the covariance matrix 3(t) = £[£(t) &4(t)] we
get:
£() = Aa (1) () +za)AA< )+ D (EE(E —T)E W)
+EEW & -1 D (0)+Elne) €]+ W) 7 ®)] (8:22)

Using B.1.1, we get the inequality:

D (t)Ele(t — ) (1)) + £ ¢~ 7)) D (1)
D) (t—T +E(t~7)f)t(t) <
M) S(E—7) + AN D (t)E(t*'r) (t) (8.23)

Using (8.23) into (8.22) and arranging terms, we obtain:

S) < Aa () D) + N(E) An (6) + ME) S(E - 1)
+ AN DOSE-7) D O+ B®B (©) (8.24)
Combining (8.21) and (8.24) and letting Z(t) = %(t) — Q(t), we obtain:
2t) < Aa()E() + 3) Aa (1) + ML) Bt —7)
— ~t

+ X DW®WEE-T1) D (t) (8.25)

On considering that the state is known over the period [—7, 0] justifies letting
¥(0) = 0. Hence, inequality (8.25) implies that Z2(t) < 0 Vt > 0, thatis
3N(t) < Qt) Vt > 0. Finally, it is obvious that

et o] = 0 10| §| < e

8.2.3 A Riccati Equation Approach

We employ hereafter a Riccati equation approach to solve the robust Kalman
filtering for time-delay systems. To this end, we define piecewise matrices
P(t) = Pi(t) € ™™ 5 L(t) = Li(t) € R"™*™ as the solutions of the Riccati
differential equations (RDEs):

P(t) = A(t)P(t)+ P(t)AYt) + At)P(t — )+ W(t)
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+ AT Aa(@®) Pt — )AL + p() PR)E ) E() P(R) ;
Pt—7) = 0 Vit €l0,7] (8.26)

L(t) = AQ@)L(t) + L) AYE) + M) L(t — ) + W(¢)
+ ATHE)Aq(t) (t—T)At()w() (t)E*(t)E(t)L(t)
~ [LCHE) + p~ (@) HE) BV ()
[C)L(t) + p™ (t) H (t)H*(t)]
Lit—7) = 0 Vit €]0,7] (8.27)

where A(f) > 0, pu(t) > 0 V t are scaling parameters and the matrices
A(t), V(t) and W (t) are given by:

W) = W) +u  (¢)HE)H ) (8.28)
V() = V() +p () H(t)HR) (8.29)
A(t)y = A(t) + SA(t)

= A(t) + p () LHt)EHt)E(t) (8.30)

Let the (A, u)—parameterized estimator be expressed as:

ar) = {A@w + ,u“l(t)Lt(t)E‘(t)E(t)}ir(t)
+ K@) {y(t) - Ct)z(t)} (8.31)

where the gain matrix K(t) € R**™ is to be determined. The following
theorem summarizes the main result:

Theorem 8.2: Consider system (8.1)-(8.2) satisfying the uncertainty
structure (8.8)-(8.4) with zero initial condition. Suppose the process and
measurement noises satisfy Assumption 8.1. For some u(t) > 0, A(t) > 0,
let P(t) = P(t) and L(t) = L'(t) be the solutions of RDEs (8.26) and
(8.27), respectively. Then the (X, u)—parameterized estimator (8.31) is QF
estimator such that

E{az(t) — 2@} {=(t) — 2O} < trL()] (8.32)
Moreover, the gain matriz K(t) is given by
K(t) = {1t + w(t)H(t)Hg(t)} V-l (8.33)
Proof: Let
X(t) = { fgg fg; ] (8.34)
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where P(t) and L(t) are the positive-definite solutions to (8.26)and (8.27),
respectively. By combining (8.26)-(8.30) with some standard matrix manip-
ulations, it is easy to see that

~X(t)+ 4 (t)X(t)+X(t)A () + MO)X(E-7)+
WO H WO )+ sOXOF (1) F OX@O)+
NODWXe-7) D W+ BOF () =0 (839)
where A (t),g (t),[? (t),B (t) are given by (8.16)-(8.19). A simple com-
parison of (8.9) and (8.31) taking into consideration (8.28)-(8.31) and (8.33)
shows that G(t) = A(t) — K(t) C(t). By making use of a version of B.1.1
that for some p(t) > 0 we have
HOFOBOXW + XO B OF®H () <
WO XOF OBOX0 + s OHOH (1) (830)

Using (8.36), it is now a simple task to verify that (8.35) becomes:

XD+ Aa (X () + X(8) A (1) + AOX(E - 7)
) DOXE-1D OFBOB () < 0 (837)

VA AYt) Alt) < T Wt

By Theorem 8.1, it follows that for some u(t) > 0, A(t) > 0, that
(8.31) is a quadratic estimator and &le(t)e’(t)] < L(t). This implies that
Elet)e(t)] < trlL()

Remark 8.1: It is known that the uncertainty representation (8.3)-(8.4)
is not unique. We note that H(t) , Hc(t) may be postmultiplied and E(t)
may be premultiplied by any unitary matrix since eventually this unitary
matrix may be absorbed in A(t). It is significant to observe that such uni-
tary multiplication does not affect the solution developed in this section.

Remark 8.2: Had we defined

X = [P“](t) 0 ] (8.38)
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we would have obtained:

P(t) = P()A(t) + A{()P(t) + At)P(t — ) + P(t)W (t)P(t)
+ ATYO)P(t~7)Ag(t) Pt — T)AL(t)P(t — T)
+ ut)E'()E®)
Pt-7) = 0 VYt €lo,7] (8.39)
L{t)y = A(t)L(t) + L{t)AY ) + M) L(t — ) + W(¢)
+ ATHE): ‘,(t P(t —7)AL(t) + u(t)L(t)E‘(t)E(t)L(t)
= [L@)CH ) + wT (O HHIV (2
(@) L(t )+ w () Ho(t) HE (t))
Lit—-7) = 0 VvVt €lo,7] (8.40)

We note that (8.39) is of non-standard form although X(t) in (8.39) is fre-
quently used in similar situations for delayless systems [12,32]. Indeed, the
difficulty comes from the delay-term A~1(¢) P(t—7)Aa(t) P~} (t—7) A4 (t) P(t—
7). This point emphasizes the fact that not every result of delayless systems
are straightforwardly transformable to time-delay systems.

Remark 8.3: It is interesting to observe that the estimator (8.31) is
independent of the delay factor 7 and it reduces to the standard Kalman
filtering algorithm in the case of systems without uncertainties and delay
factor H(t) =0, H.(t)=0, E(t) =0, Aq(t)=0, A(t)=0.

Remark 8.4: In the delayfree case (Aq4(t) = 0, A(t) = 0), we observe
that (8.33) reduces to the Kalman filter for the system

(t) = A@t)z(t) + w() (8.41)
y(t) = C(4)x(t) + o(t) (8.42)

where w(t) and 9(t) are zero-mean white noise sequences with covariance
matrices W(t) and V(t), respectively, and having cross-covariance matrix
[ (&) H(t)HL(t)]. Looked at in this light, our approach to robust filtering
in Theorem 8.2 corresponds to designing a standard Kalman filter for a
related continuous-time system which captures all admissible uncertainties
and time-delay, but does not involve parameter uncertainties. Indeed, the
robust filter (8.31) using (8.28)-(8.30) can be rewritten as

2(t) = [A(t) + SA()] &(t) + K(t) {y(t) — C(t) &(t)}
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where dA(t) is defined in (8.30) and it reflects the effect of uncertainties
{AA(t), AC(t)} and time delay factor A4(t) on the structure of the filter.

8.2.4 Steady-State Filter

Now, we investigate the asymptotic properties of the Kalman filter developed
in Section 8.2.3. For this purpose, we consider the uncertain time-delay
system

z(t) = [A+ HAQ)E)z(t)+ Aaz(t — 7) + w(t)

= Aaz(t) + Aax(t — 1) + w(t) (8.43)
y(t) = [C+ HA(t)Elx(t) + v(t)

= Caz(t) + v(t) (8.44)

where A(t) satisfies (8.4). The matrices A € R**", C' € R™*" are real
constant matrices representing the nominal plant. It is assumed that A is
Hurwitz. The objective is to design a time-invariant a priori estimator of
the form:

E(t)= A z@t)+ K [y(t) — Ci(t)] (t,) = 0 (8.45)

that achieves the following asymptotic performance bound
. A ) SN (It
Jm € {[#(t) - a@)e) - <@} < L (8.46)

Theorem 8.3: Consider the uncertain time-delay system (8.44)-(8.45)
with A being Hurwitz. If for some scalars > 0, X > 0, there exist stabiliz-
ing solutions for the ARFEs

AP+ PA + AP+ W + A 1 AgPAY + uPEEP = 0 (8.47)
AL+ LA*+ AL+ W + A\ 1A4PAY + uLE'EL —
(LC* + p ' HHEVNCL + wtHHY = 0 (8.48)

Then the estimator (8.45) is a stable quadratic (SQ) and achieves (8.46)
with

W = WHpu tHH, V=V 4 u 'H.H (8.49)

A = A+44
= A+ u'L'E'E (8.50)
K ={LCt + p~'HHL} V7 (8.51)
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for some L > 0.

Proof: To examine the stability of the closed-loop system, we augment
(8.43)-(8.45) with (w(t) = 0,v(t) = 0), to obtain
€t) = An&)+DEE-T)

A 0 A4 O
[Aa-GiKC’A G]f(t) + {AZ O]E(t—f) (8.52)

By a similar argument as in the proof of Theorem 8.2, it is easy to see that

1

—~ —~ —~ ~t
X Aa+An X ~AX+A1DXD <0 (8.53)
where
[P L
X = [ Lo } (8:54)

Introducing a Lyapunov-Krasovskii functional
t ~ ot
Vzy) = E()XER) + c )N DX D &) da (8.55)
-T
and observe that V(z;) > 0, for &(t) # 0 for some A > 0 and V(z¢) =0
when & = 0. By differentiating the Lyapunov-Krasovskii functional (8.55)
along the trajectories of system (8.52), we get:
. N /-\t e /\t
Viz:) = €)X Aa + Ax X +271 D X D ()
—~ ~t :
+ X DEE-T)+E(t~T) D X&(t)
- AT (-7 f) X Bt E(t—T)
—~ ~t ~ ~t
< )X Aa + A X FAX + A1 D X D)
~ ot
— XMt -7)DX D &t—T)
~ ~t ~ ~t
= &)X Aa + Aa X +AX + AT D X D))
< 0, £(t) #0 (8.56)

which means that the augmented system (8.52) is asymptotically stable. in
turn, this implies that (8.45) is SQ. The guaranteed performance

Ele(t)e'(t)] < L
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follows from similar lines of argument as in the proof of Theorem 8.2.

The next theorem provides an LMI-based solution to the steady-state
robust Kalman.

Theorem 8.4: Consider the uncertain time-delay system (8.44)-(8.45)
with A being Hurwitz. The estimator

i(t) = [A+u  LEEE)R(®)
+ [LCHH pTTHEYV [y (t) — Ci(2)] (8.57)
where i
V=V+u 'HH (8.58)

is a stable quadratic and achieves (8.46) for some L > 0 if for some scalars
uw>0, A\>0, there exist matrices 0 <Y =Y* and 0 < X = X* satisfying
the LMIs '

[ AY + YA 4+ Q,(Y,\) AY YE!

Y A4 -0 <0 (8.59)
| EY 0 —u7l
[ AX + XA 4 Qu(X,\) AY  XE!

Y A, -M 0 <0 (8.60)
I EX 0 —uI

where
Qy(Y,\) = AY + W+ 'HHY,
Qe(X,\) = AX+W+pu tHHE
(xXct+ ptHIVCX + p H HY (8.61)
Proof: By A.3.1 and (8.47)-(8.48), it follows that there exist matrices
0<Y =Y!and 0 < X = X? satisfying the ARJs:
AY + YA XY + W+ A TAY AL+ Y EEEY < 0 (8.62)
AX + XA 42X + W + AT AY A + uX ECEX —
[XCt+ pHHYVCX + Y H.HY < 0 (8.63)

such that Y > P,X > L. Application of A.3.1 to the ARIs (8.62)-(8.63)
yields the LMIs (8.59)-(8.60).
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Remark 8.6: It should be emphasized the AREs (8.47)-(8.48) do not
have clear-cut monotonicity properties enjoyed by standard AREs. The main
reason for this is the presense of the term AqPAj.

8.2.5 Example 8.1

For the purpose of illustrating the developed theory, we focus on the steady-
state Kalman filtering and proceed to determine the estimator gains. Essen-
tially, we seek to solve (8.47)-(8.50) when A € [A1 — Ao| , p € [p1 — p2l,
where A1, A2, (1, 2 are given constants. Initially, we observe that (8.47) de-
pends on P only and it is not of the standard forms of AREs. On the other
hand, (8.48) depends on both L and P and it can be put into the standard
ARE form. For numerical simulation, we employ a Kronecker Product-like
technique to reduce (8.47) into a system of nonlinear algebraic equations of
the form

fla) = Ga + h(a) + ¢ (8.64)

where a € R1(n+1)/2 g g vector of the unknown elements of the P-matrix.
The algebraic equation (8.64) can then be solved using an iterative Newton
Raphson technique according to the rule:

) = o — 1[G + Vah(aw) ™ fow) (8.65)

where @ is the iteration index, a(,) = 0, Voh(e) is the Jacobian of h(a) and
the step-size 7(;) is given by vy = 1/[||f (a(@)]| + 1),

Given the solution of (8.47), we proceed to solve (8.48) using a stan-
dard Hamiltonian/Eigenvector method. All the computations are carried
out using the MATLAB-Software. As a typical case, consider a time-delay
system of the type (8.43)-(8.44) with

0.5
o

-2 0.5 -0.2 -0.1 10
A“[l—:&]’Ad“{O.l } _{01
c = [1 =38, E=1051], H =2,V [
A summary of the computational results is presented in Tables 8.1-8.2 and
from which we observe the following:
(1) For a given A € [0.1 — 0.9], increasing u by 50% results in 0.3% increase
in || K[| (for small A) and about 1.12% increase in ||K|| when X is relatively
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large.
(2) For a given p, increasing A from 0.1 to 0.9 causes ||K|| to increase by
about 5.35%.
(3) For 1 < 0.6, Ain[0.1,0.9], the estimator is unstable.
(4) Increasing (A, 1) beyond (1, 1) yields unstable estimator.

Therefore we conclude that: (1) The stable-estimator gains are practi-
cally insensitive to the (), p)-parameters, and (2) There is a finite range for
(A, ) that guarantees stable performance of the developed Kalman filter.

8.3 Discrete-Time Systems

It is well-known that the celebrated Kalman filtering provides an optimal
solution to the filtering problem of dynamical systems subject to stationary
Gaussian input and measurement noise processes [3]. Its original derivation
was in discrete-time. As we steered through the previous chapters, we noted
that most of the research efforts on UTDS have been concentrated on robust
stability and stabilization and the problem of estimating the state of un-
certain systems with state-delay has been overlooked despite its importance
for control and signal processing. This is particularly true for discrete-time
systems. Therefore, the purpose of this section is to consider the state es-
timation problem for linear discrete-time systems with norm-bounded pa-
rameter uncertainties and unknown state-delay. Specifically, we address the
state estimator design problem such that the estimation error covariance has
a guaranteed bound for all admissible uncertainties and state-delay. Looked
at in this light, the developed results are the discrete-counterpart of the pre-
vious section. Although for convenience purposes we will follow parallel lines
to the continuous case, we caution the reader that the discrete-time results
cannot be derived from the continuous-time results and vice-versa.

8.3.1 Uncertain Discrete-Delay Systems

We consider a class of uncertain time-delay systems represented by:

Tey1 = [Ax+ DA Tk + Agr Th—r + wi
= Apa Tk + Adk Th—r + wy, (8.66)
e = [Cr+ ACY] ), + vy,
= Cpa T+ v (8.67)
2k = Lk, Tk (868)
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where xx € R" is the state, yx € ™ is the measured output, 2z € R? is a
linear combination of the state variables to be estimated and wy € R" and
vr € R™ are, respectively, the process and measurement noise sequences.
The matrices Ay € R™*", Agr € R*" and Cp € R™*™ are real-valued
matrices representing the nominal plant. Here, 7 is a constant scalar rep-
resenting the amount of delay in the state. The matrices AA; and ACy
represent time-varying parametric uncertainties given by:

A, | [ He
AR (&69)

where Hy € R | Hy € R™** and Ej, € RP*™ are known matrices and
Ay € R*P is an unknown matrix satisfying

ALA, < T k=0,1,2.. (8.70)

The initial condition is specified as (z,, ¢(s)), where ¢(.) € €3[—7,0] . The
vector z, is assumed to be a zero-mean Gaussian random vector. The fol-
lowing standard assumptions on z, and the noise sequences {wy} and {vi},
are assumed:

(@)&wi] = 0; Elwpwh] = Wi 6(k — 5); Wi > 0; Vk, 5 (8.71)
(D)E[ve] = 05 E[vpvf] = Vi d(k—7) Vi >0; Vk,j  (8.72)
(c)€lwyvf] = 0; Elw,wi] = 0, Vk,j (8.73)
(D€lzt] = Ry (8.74)

where £[.] stands for the mathematical expectation and &(.) is the Dirac
function.

8.3.2 Robust Filter Design
Our objective is to design a stable state-estimator of the form:
Tpp1 =Gop p +Kop v &0 = 0 (8.75)

where G, € ™ and K, € R™ ™ are real matrices to be determined
such that there exists a matrix ¥ > 0 satisfying

El{m ~ & Mo — %} < @
VALALA, < I (8.76)
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Note that (8.74) implies

E{m — &}z - &} < tr(9)
VA:ALA, < T (8.77)

In this case, the estimator (8.73) is said to provide a guaranteed cost (GC)
matrix ¥.

The proposed estimator is now analyzed by defining
Goje = (Ar+904r) — KoxCh (8.78)

where dA; and K, ; are unknown matrices to be determined later on. Using
(8.64)-(8.65) and (8.76) to express the dynamics of the state-estimator in
the form:

ka1 = [(Ax + 6Ak) — Ko Ch)ak
+  Kok|(Cr + ACK)Ti + vg] (8.79)

Introduce the augmented state vector

Ek:[ Tk } = [‘”’f}e%’-’" (8.80)

T — Tk
It follows from (8.64) and (8.77) that:

k1 = [Zk + Hi Mg Ex) &t Dk &e—r+ Bi Mk
= Ara &+ Dk &e—rt Br mk (8.81)

where 7y is a stationary zero-mean noise signal with identity covariance
matrix and

A= | o 0 oo— | Dk 0

A = l 0Ar (Ak+ 04k) — Ko iChe } y Dk = { 0 0 }(8.82)

. = Hy =

IIk‘ - [ Hl,k - I(o,kAH'Q,k ] 3 Ek‘* [Ek O} v (8.83)
S o [ W 0 .
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Definition 8.2: Estimator (8.78) is said to be a quadratic estimator
(QE) associated with a sequence of matrices {Qx} > 0 for system (8.64)-
(8.65) if there exist a sequence of scalars {\x} > 0 and a sequence of
matrices {4} such that

o e Qs
0 < Q = { Qta,k Qo (8.85)
satisfying the algebraic matrix inequality

~ ~t

—~ ~t ~ ~t
(L+Ae) Aka Qe Aga — Qs + (L+A") Di Qe—r Dy + BiBy
< 0, k>0 (8.86)

for all admissible uncertainties satisfying (8.67)-(8.68).

Our next result shows that if (8.73) is QE for system (8.64)-(8.65) with
cost matrix €, then € defines an upper bound for the filtering error co-
variance, that is, Eley e¢}] < e, V k > 0.

Theorem 8.5: Consider the time-delay system (8.64)-(8.65) satisfying
(8.67)-(8.68) and with known initial state. Suppose there exists a solution
Q. > 0 to inequality (8.84) for some M. > 0 and for all admissible
uncertainties. Then the estimator (8.73) provides an upper bound for the
filtering error covariance, that is,

Elerer] < [0 N0 I' YKk >0 (8.87)

Proof: Suppose that estimator (8.73) is QE with cost matrix Q. By

evaluating the one-step ahead covariance matrix %e,,, = Elk+1 &4,
we get

Lepr1 = EIZk,A &+ D Ee—rt Bik le”f/ik,A &+ Dk &k—r+ Br K
ElAra &kl ZZ,A] +E[Ara Gl ch] + 5[Bk Ek—r&k Z::,Al

+ €Dk Exrélo, Dyl + E[Be ik Byl (8.88)
Note that

i

~ ~t ~ ~t
Di El€k—r&k] Apa + Ara EEREL_] Dy <
— ~t ~ ~t
Ne Ak € &) Apa + A" Di Elek—r €] D (8.89)
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Using (8.89) into (8.88) and arranging terms, we get:

Tersr < (L4 M) Aka Bek Apa + L+ MY D Zep-r Dy
lan) /\t

+ BrByg (8.90)

Letting = = Y¢r — Ok withep = 2 — 1 and considering inequalities
(8.86) and (8.90), we get:

Zet1 € (14 M) Ara Sk Aga +(1 + A1) Di Ek—r Dy, (8.91)

By considering that the state is known over the period [—7,0], it justifies
letting ¢ = 0 Vk € [—7,0]. Then it follows from (8.91) that Zx < 0
for k > 0; thatis, Ygpe < Qr for k > 0. Hence, Elerel] <
[0 1o It vk > 0.

8.3.3 A Riccati Equation Approach

Motivated by the recent results of robust control theory [1,2,6-8], we employ
hereafter a Riccati equation approach to solve the robust Kalman filtering
for time-delay systems. To this end, we assume that Ay is invertible for any
k > 0, and define matrices P, = P[ € R"*"; S, = St € R™*" as the
solutions of the Riccati difference equations (RDEs):

Per1 = 1+ X){Ak (I + mePiYi) PeAL} + (1 4+ A1) Dy Peer DE + Wi
Peer = 0 Yk €[0,7) (8.92)
Ser1 = L+ M)AR (I + 1SeYe) Sp AL

+ (1 +Me)SAR (I 4 pup PYy) Ped AL
+ (L4 M)Ak PYuSeAL + (1 + M) At Sk Y Ped Al
- M (f‘k + Vk)nl M,

+ (1 + A DSk Dj + Wy

Skr 0 Yk €[0,7] (8.93)

il

where pp >0, Ay > 0 are scaling parameters such that P 1 —u;lE’chk >
0 and the matrices A, Ak, Ck, Wi, 'y and Mj are given by:

-1
Yo = BEL(I-mEPEL) B (8.94)
Wi = Wi + (14 N Hy eI, (8.95)
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Vi = Vit (1+ Me)pg  HoH (8.96)
T = (L+X)(Pe — Sk) (I + i Pr) A}
Zi = (LM (T +72) 7 (CuSll + PO AL)

+ pyp HapHi (8.97)
Xe = (1+ Ae)ueArSeYiPeAL + (14 A p U Hy o HY

+ (L+A;Y)DiSk-rDi (8.98)
Ty = (1+M\)CrSiCE (8.99)
Ap = Ap + 0Ar ; 0Ar =T (X + Zk) (8.100)
My = (1+M)[CuSkAL + 1 SkYe Pud Al + piHa He ] (8.101)

Note that the assumption that A being invertible for all k is needed for the
existence of Ty and §A. Let the (A, p)—parametrized estimator be expressed
as:

e = (A + T (X -+ 2)) 85+ Kolus — Crel (8.102)

where the Kalman gain matrix K,; € R**™ is to be determined. The fol-
lowing theorem suminarizes the main result:

Theorem 8.6: Consider system (8.64)-(8.65) satisfying the uncertainty
structure (8.67)-(8.68) with zero initial condition. Suppose the process and
measurement noises satisfy (8.69)-(8.71). For some p > 0 , M\ > 0,
let 0 < P, = Pl and 0 < Sy = S} be the solutions of RDEs (8.92) and
(8.93), respectively. Then the (X, u)—parametrized estimator (8.102) is a
QFE estimator

Elar — zx} {2k — x}]) < tr (P — Sk) (8.103)
Moreover, the gain matriz K is given by
Koo = ME{Pe+ Vi) (8.104)
Proof: Let
X, = [ ’;’j g‘; ] (8.105)

where P, and Sy are the positive-definite solutions to (8.92) and (8.93),
respectively. By using B.1.2, B.1.3 and combining (8.92)-(8.101), it is a
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simple task to verify that

~ ~t ~ ot - ot ~t
(14 Xg) {Ak Xk Ax + tu Ak Xk Ex I — i Ex Xk Ex)™" Ex Xx Ak}

~ ~t —~ ~t —~ ~t
— X1+ (L+ X' HeHy, + BiBy + (1 +M;") Dk Xe—r D= 0
(8.106)

where Zk, Ek, ?Ik, Bk are given by (8.80)-(8.82).

Using [39], it is easy to see on using B.1.3 with some algebraic manipu-
lations that (8.106) implies that:

(1 +/\L)[Zk + Hi O EL]XL[Zk + Hi Ap Eklt - Xk +
~~ /‘\t

(1+)\k1) Dk KXk—r Dk + BiBp =

(1+)\k)AAk X AAL - Xp1 +

~ ~t

1+ A7Y Dr Xier Dy + BBy < 0 (8.107)
VA:ALA, < T Yk

It follows from Theorem 8.5 that (8.102) is a quadratic estimator and
Elexel] = €0 1) Xi[0 I8 < Sy
which implies that E[ef ex] < tr (Sk).
Remark 8.7: In the case of systems without uncertainties and delay
factors, that is H1x =0, Hap =0, Ey =0, Dy, = 0, it can be easily shown

that

Vi = 0; Xe=0; We=Wi; Ti=(1+M)(Pr— S)AL
5 -1
Zr = (14 M)*A4cSiCy ((1 + M) CiSKCE + Vk) CrSKAL

Now, in terms of Ly = P, — S;, and

-1
U, = SkCﬁ. ((1+)\k)CkSkC,i+Vk) CiSk (pk:Ak‘I’kAk
Ri = A (Pe—=S)7" 5 Ax=(1+ M)Ri®y
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we manipulate (8.92)-(8.93) to reach

Liyi = (14 XM) (AkLkAZ + Ak) i Lk—r=0 Vk€[0,7]
A = P
(1+ Ae) {Ak(Pk — L) BLRE + Rp®r( P — Lk)Afc}

{(1 + M) R k(2P — Lk)@iﬂi}

+

(8.108)

By iterating on (8.108) and (8.92), it follows that Ly = P, — S, > 0Vk > 0.

It can be shown in the general case that manipulation of (8.92)-(8.101)
yields:

Ly = (1+ )\k)[Ak(I + ukLkYk)LkAi. + Hk]', Ly_.=0 Vke [0, T]

In this case, I depends on Ag, Hyx, H2k, Dk, Ck, Pc. The derivation of
Il requires tedious mathematical manipulations and it is therefore omitted.
Note that P does not depend on the filter matrices and the structure of Xx
is identical to that of the joint covariance matrix of the state of a certain
system and its standard H-optimal estimator. By similarity to the standard
H,y—optimal filter, an estimate of zj in (8.68) will be given by 2y = C1 k.

Remark 8.8: In the delayfree case (Agr = 0), we supress the parameter
Ar and observe that (8.102) reduces to the recursive Kalman filter for the
system

Tyl = Ak- T + Wk (8.109)
ye = Crxp + Uk (8.110)

where 1, and U are zero-mean white noise sequences with covariance
matrices W) and T , respectively, and having cross-covariance matrix M.
Hence, our approach to robust filtering in Theorem 8.2 corresponds to
designing a standard Kalman filter for a related discrete-time system which
captures all admissible uncertainties and time-delay, but does not involve
parameter uncertainties. In this regard, the matrix § Ay reflects the effect of
uncertainties (AAg, ACY) and time delay factor Dy on the structure of the
filter.
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8.3.4 Steady-State Filter

In this section, we investigate the asymptotic properties of the recursive
Kalman filter of Section 4. We consider the uncertain time-delay system

Trp1 = [A + fIA/gE] Tr + Ad Tier + Wi
= Apxip+ D xp—r + wi (8.111)
Yp = [C + I‘ICAkE] TE+ vk
= Ch xp -+ vg (8.112)

where A satisfies (8.68). In the sequel, we assume that A is a Schur matrix;
that is |JA(A)] < 1. The matrices A € R**" | C € R™*™ are constant
matrices representing the nominal plant. The uncertain parameter matrix
Apr is, however time-varying. In this regard, the objective is to design a
shift-invariant a priori estimator of the form

G = Azp + Kok (8.113)

that achieves the following asymptotic performance bound

klgxgog{(a’ck — @)@ - m)'h < S (8.114)

Theorem 8.7: Consider the uncertain time-delay system (8.111)-(8.112).
If for some scalars ;1 > 0, A > 0, there exist stabilizing solutions P > 0,5 >
0 for the AREs

P = (1+N{AU +pPY)PA} + (1 +X"H)DPD + W, (8.115)
S = (+NAUI+pSY)SA + (1 + N)6A I + pPY)PSA
+ (A NpAPYSA 4+ (14 A) A SY P§A

- ~ ~\—=1
- M (D+V) M (8.116)
Y = E'(I-uEPE) E
W = W + 1+ A\~ HH (8.117)
V = V4+U+ANp HRH ; T=0+MNcsct (8.118)
M = (14 )\)|CSA*+ uSYPSAt + pnHy HY) (8.119)

Then the estimator (8.113) is a stable quadratic (SQ) estimator and achieves
(8.114) with

A= Q+N)HT -xzyR1s7! (8.120)
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K, = M{P+v}" (8.121)
T = (L+NA[I+pPY]S ; Z2=(1+A\uC(P-S)YS (8.122)
X = (L+XNA[[+pPY)(P-S)Ct+ (1+\u'HH!  (8.123)

Proof: To examine the stability of the closed-loop system, we augment
(8.111)-(8.113) with (wy = 0,v = 0) to obtain:

£kl = Aa &+ D Ek—r
AAAAA - Aa 0 ¢
T | Aa-A-K,(Ca-C) A-K,C |5F

+

Ag O
A 0 ] - (8.124)

Introduce a discrete Lyapunov-Krasovskii functional
k-1 ~t o~
Vi = &X& + > &1+2)D X D¢ (8.125)

j=k-71

for some A > 0. By evaluating the first-order difference AV = Vi =V,
along the trajectories of (8.125) and arranging terms, we get:

AVe = &As X As ~X|& +€_, D' X Aa &

+ 6 An X D &

€&rD XDeor +(1+ A VLD X Dés

- (14X, D X D&,
E[An X Aa X+ (1A D X Dl
+ X D X Db+ A An X An &
& D X Dr— (142 D' X D bues
= &0+ 4da X Aa X + (1427 D' X Dlée (8.126)

IA

Sufficient condition of asymptotic stability AV, < 0 y & # 0 is implied by

(I1+A) Ay X Ar =X +(1+XYHYD XD< 0 (8.127)
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Using A.1, it follows that inequality (8.127) is equivalent to:

r f_\t /\t -
-X VI+XApn VI+ATID
Vitiaa X! 0 <0 =
L VI+ATD 0 . G
[ X VITA4a VITXID]
~t
VI+AAa ~Xx-1 0 <0 (8.128)
~t
L VI+ATD 0 ~x-1 ]
Application of A.1 once again to (8.128) yields
—~ ~t ~ ot
(14+X) Aa X Ap X+ +XYHYDXD <0 (8.129)
Now by selecting
| rPs
X = [ o o } (8.130)

with P and S being the stabilizing solutions of (8.115) and (8.116), respec-
tively, it follows from Definition 8.2 and Theorem 8.5 in the steady-state
as k — oo that the augmented system (8.124) is asymptotically stable. The
guaranteed performance E[egel,] < S follows from similar lines of argument
as in the proof of Theorem 8.6.

Remark 8.9: Note that the invertibility of A is needed for the existence
of 7 and §A4. In the delayless case (D = 0, it follows from (8.115) and
(8.116) with W = BB’ that

-1 .
P = (1+\{APA'+ AP((u'I + EPE') " PA'}+W  (8.131)
which is a bounded real lemma equation (see A.3) for the system
%= (AVI+2X,B,E,0)

Suppose that for y = pt, the ARE (8.132) admits a solution P = P+, This
implies that the Hoo-norm of ¥ is less than (u*)~'/2. It then follows, given
a A, that system (8.111)-(8.112) is quadratically stable for some p < pt.
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8.3.5 Example 8.2

Consider the following discrete-time delay system

02 -01 0 0.1
Thp1 = 0004 04 0.1 |+ | 01 | Ag0.5 0.4 0.2] |z
0 01 06 0.1
~01 0 0

+ 0.05 —-0.2 0.1 |xg—r+ wg
0 0 -01

1.0 0 0.9
— 0 10|+ { 0'3 }Ak[o.ii 0.4 0.2) | ok + vk
0 0 '

which is of the type (8.111)-(8.112). We further assume that W = I, V =
0.21. To determine the Kalman gains, we solve (8.115)-(8.116) with the aid
of (8.117)-(8.122) for selected values of A, u. The numerical computation is
basically of the form of iterative schemes and the results for a typical case
of 4 = 0.7, A = 0.7 are given by:

0.141 0.005 0.003 0284 —1.17 —2.966
P = 0.005 0255 0.175 |, S = 107°| —1.17 4.813 12.208
0.003 0.175 0.501 —2.966 12.208 30.962
~0.841 —1.309 0.331 -0.019 —0.034
K, = 107%| 3463 538 |, A = | —0277 0.25¢ 0.175
8.782  13.665 —~1.641 —0.897 0.961

The developed estimator is indeed asymptotically stable since

MA) = {0.302,0.48,0.765} € (0,1)

8.4 Notes and References

The results presented in this chapter were mainly based on [21,25] and es-
sentially provided some extensions of the delayless results of [12,44,45] to
UTDS. In principle, there are ample other possibilities to follow including
the approaches of [10, 17].

Robust Kalman filtering for interconnected (continuous-time or discrete-
time) systems, UTDS with uncertain state-delayed matrix, nonlinear UTDS,
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UTDS with unknown delay and robust Kalman filtering with unknown co-
variance matrices are only representative examples of research topics that
indeed deserve further investigation.

TLFeBOOK



328

CHAPTER 8. ROBUST KALMAN FILTERING

P

L

0A

0.574
0.175

0.175
0.457

0.566
0.176

0.176
0.464

0.382
0.459

0.784
0.919

0.1

0.8

0.535
0.156

0.156
0.431

0.500
0.136

0.136
0.421

0.242
0.306

0.483
0.612

0.1

0.9

0.525
0.151

0.151
0.425

0.480
0.124

0.124
0.409

0.202
0.261

0.404
0.523

0.2

0.6

0.564
0.206

0.206
0.374

0.554
0.210

0.210
0.386

0.406
0.409

0.811
0.818

0.2

0.8

0.525
0.183

0.183
0.350

0.488
0.167

0.167
0.346

0.257
0.269

0.514
0.537

0.2

0.9

0.515
0.177

0177
0.344

0.468
0.153

0.153
0.334

0.215
0.228

0.430
0.456

0.4

0.6

0.603
0.242

0.242
0.357

0.576
0.238

0.238
0.367

0.438
0.405

0.877
0.810

04

0.8

0.564
0.217

0.217
0.335

0.508
0.192

0.192
0.328

0.278
0.265

0.557
0.530

04

0.9

0.555
0.210

0.210
0.330

0.486
0.177

0.177
0.316

0.233
0.225

0.466
0.449

0.6

0.6

0.665
0.276

0.276
0.369

0.612
0.259

0.259
0.372

0.471
0.418

0.942
0.836

0.6

0.8

0.629
0.252

0.252
0.348

0.540
0.210

0.210
0.333

0.300
0.274

0.600
0.548

0.6

0.9

0.622
0.247

0.247
0.344

0.517
0.195

0.195
0.321

0.252
0.232

0.503
0.464

0.8

0.6

0.751
0.319

0.319
0.392

0.656
0.281

0.281
0.384

0.507
0.437

1.015
0.874

0.8

0.8

0.723
0.298

0.298
0.374

0.580
0.229

0.229
0.344

0.324
0.287

0.649
0.574

0.8

0.9

0.726
0.298

0.298
0.372

0.556
0.213

0.213
0.332

0.273
0.244

0.545
0.487

0.9

0.6

0.806
0.346

0.346
0.407

0.681
0.292

0.292
0.392

0.527
0.448

1.055
0.897

0.9

0.8

0.790
0.330

0.330
0.392

0.603
0.239

0.239
0.352

0.338
0.294

0.676
0.589

0.9

0.9

0.805
0.336

0.336
0.393

0.579
0.222

0.222
0.339

0.284
0.250

0.569
0.501

Table 8.1: Summary of Some of the Computational Results-I
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X |n K? A(A)

0.1]0.6[0.314 0301 |-3.227 -0.472
0.1]08[ 0314 0301 | -3.249 -0.807
0.1]09 0315 0.302 |-3.258 -1.017
0.2]06] 0317 0295 ] 3279 -0.498
0.2 080318 0.301 | -3.293 -0.913
0.2 090318 0294 | -3.298 -1.031
0.4 (06 ] 0.324 0.296 | -3.302 -0.450
0.4 | 0.8 0.325 0.301 | -3.311 -0.880
0.4 090326 0.295 | -3.415 -1.002
0.6]0.6]0.331 0300 -3.311 -0.382
0.6 [ 0.8[0.333 0.299 | -3.318 -0.834
0.60.9]0335 0299 |-3.321 -0.962
081060340 0.304 | -3.318 -0.300
08080343 0301 | -3.324 -0.779
08090345 0.304 | -3.326 -0.914
0.9]06] 0344 0307 | -3.321 -0.255
0.9] 080310 0.307 | -3.326 -0.747
09090351 0307 | -3.328 -0.887
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Table 8.2: Summary of Some of the Computational Results-I1
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Chapter 9

Robust Ho Filtering

9.1 Introduction

In control engineering research, the robust filtering (state estimation) prob-
lem arises out of the desire to determine estimates of unmeasurable state
variables for dynamical systems with uncertain parameters. Along this way,
the robust filtering problem can be viewed as an extension of the celebrated
Kalman filter [3,4] to uncertain dynamical systems. The past decade has
witnessed major developments in robust and Heo— control theory [1,2,5-8]
with some focus on the robust filtering problem using different approaches.
In [10-18], & linear Hoo—filter is designed such that the He—norm of the
system, which reflects the worst case gain of the transfer function from the
disturbance inputs to the estimation error output, is minimized. On the
other hand, by constructing a state estimator which bounds the mean square
estimation error [12], one can develop a robust Kalman filter. Indeed, the
Hoo— filtering is superior to the standard Ho— filtering since no statistical
assumption on the input is needed. It considers essentially the exogenous
input signal to be energy bounded rather than Gaussian.

Despite the significant role of time-delays in continuous-time modeling
of physical systems [19,20], little attention has been paid to the filtering
(state estimation) problem of time-delay systems. Only recently, some ef-
forts towards bridging this gap have been pursued in [21-27] where a version
of the robust Kalman filter has been developed for both continuous- and
discrete-time systems (see Chapter 8). This chapter contributes to the fur-
ther development of the filtering problem for a class of uncertain time-delay
systems with bounded energy noise sources. In particular, we investigate

331

TLFeBOOK



332 CHAPTER 9. ROBUST H FILTERING

the problem of robust He,— filtering when the uncertainties are real time-
varying and norm-bounded and the state-delay is unknown. It pays equal
attention to continuous-time and discrete-time systems. For both system
representations, we design a linear filter which provides both robust stabil-
ity and a guaranteed Hoo—performance for the filtering error irrespective of
the parameteric uncertainties and unknown delays.

9.2 Linear Uncertain Systems

9.2.1 Problem Description and Preliminaries

We consider a class of uncertain time-delay systems represented by:

(Ba): z = {A + AA(E))z(t) + [Aa + AAa(t))z(t — )+ Dw(t)
= Aa(t)z(t) + Aaa(t)z(t — 1) + Dw(t) (9.1)
y(t) = [C’ + AC()|z(t) + Nw(t)
= Ca(t)z(t) + Nw(t) (9.2)
A1) = Lat) 9.3)

where z(t) € R" is the state, w(t) € R™ is the input noise which belongs
to L2 [0,00) , y(t) € R? is the measured output, z(t) € R", is a linear
combination of the state variables to be estimated and the matrices A €
mnxn’ B e %nxm, C e %pxn’ o e %pxm, Ad € ™" and L € RTX"

are real constant matrices representing the nominal plant. Here, 7 is an
unknown constant scalar representing the amount of delay in the state. For
all practical purposes, we let 7 < 7* where 7* is known. The matrices A A(t),
AC(t) and AAq(t) represent parameteric uncertainties which are given by:

NN
{AC(t)} = [Hc }AI@E
AA(t) = Hy As(t) Ea (9.4)

where H € R | H, € ®P** | Hy € R™*“ | E € RP*" and E; € RF*"
are known constant matrices and A;(t) € R¥*8, As(t) € R¥*¥ are unknown
matrices satislying

Ay Aty < T, AL AXt) < I Vit (9.5)

The initial condition is specified as (z(0),z(s)) = (z,, #(s)), where ¢(.) €
EQ[—T, 0]
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For system (¥a) , we wish to design an estimator of z(t) of the form:

(Be):  &(t) = Foi(t) + Koy(t) (9.6)
2(t) = Li(t) 9.7
where Z(t) € R" is the estimator state and the matrices F, € R**", K, €

R™**™ are to be determined. [rom (9.3) and (9.7), we define the estimation
error as:

e(t) := z(t) — 2(t) (9.8)
In the subsequent development, we adopt the notion of robust stability inde-
pendent of delay as examined in Chapter 2. With reference to Lemma 2.1,
we know that system (Xa) is robustly stable independent of delay if there
exist matrices 0 < P = Pt € R**" and 0 < W = W?! € R™*" satisfying the
ARI:
PAA(t) + AA(Q)P + W + PAaa()W T ALA ()P < 0 (9.9)
VAl £ 1, JlAof] £

The following preliminary result extends Lemma 2.1 a bit further for
the case of constant delay.

Lemma 9.1: System (Xa) is robustly stable independent of delay if one
of the following equivalent statements hold:

(1) There exist scalars 4 > 0, 0 > 0 and matrices 0 < P = Pt € Rn*»
and 0 < W = W?t € R™*" satisfying the ARE:

PA+ AP+ P{pHH' + o Hy Y+ AdW - o BYE. 1 AL} P
+u lBtE+W =0 (9.10)
(2) A is stable and the following Heo norm bound is satisfied

L < 1(9.11)

1
[ E} [sI — A|7Y[VEH VoH; Ag(W — o EYEy)~ Y2

o)

Proof: (1) For some g > 0, o > 0 it follows that by applying B.1.2 and
A2 to inequality (9.9) it reduces to:

PA+ AP+ P {unuf + o H IS+ Ag[W —~ a‘lEflE‘d]‘lAfl} P+
plEtE+W < 0 (9.12)
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In the light of A.3.1, it follows that the existence of a matrix 0 < P =
Pt € R**" gatisfying inequality (9.12) is equivalent to the existence of a
stabilizing solution 0 < P = P! € %" to the ARE (9.10).

(2) Follows from A.1 applied to inequality (9.12).

Remark 9.1: It is significant to observe that Lemma 9.1 provides
an alternative testable measure of robust stability for the class of uncertain
time-delay systems under consideration.

9.2.2 Robust H., Filtering

In this section, we study the following robust Heo, filtering problem:

Given a prescribed level of noise attenuation v > 0, find an estimator of
the form (9.6)-(9.7) for the system (9.1)-(9.3) such that the following
conditions are satisfied:

(a) The augmented system of (La) and (¥.) is robustly stable
independent of delay;

(b) With zero initial conditions for (z(t), Z(t)) ,

flell2 < v flw(®)]l2 (9.13)
for all admissible uncertainties satisfying (9.4)-(9.5).

It is well-known [7] that an alternative condition to (a) and (b) above is
that
H(z,w,t) = V(z,) + {e(t)e(t) — Y (t)w(t)} <0 (9.14)

for all admissible A;(t), Ao(t) satisfying (5), where H(x,w,t) and V (z:) are,
respectively, the Hamiltonian and the Lyapunov functional associated with
the system under consideration.

Now, by considering system (£a) and system (), it is easy to obtain
the augmented system:

mea: &0 = | % | s
= Apq £(t) + Eadk(t — 7) + Baw(t)
e(t) = La §(t)
= [0 L) (9.15)
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where
_ A 0 B H _ | Ha
A, = {A—FO—KOC Fo}’H““[H~K0Hc]’Hb_{Hd}
_ Ag O n _ — D
Eda - [Ad 0:|9Ea_‘[E0]’Naw[Ed0]’Ba_|iD—I(on|
(9.16)

Theorem 9.1: Given a prescribed level of noise altenuationy > 0. If
for some scalars u > 0, 0 > 0 there exist matrices 0 < X = Xt ¢ {2nx2n
and 0 < W = Wt € R20%2n gatisfying the ARE

XAa+ ALX + HiHo + XB(u,0,7)B (1,0, )X +W = 0 (9.17)
B(u, 0,7)B(w,0,7) = pH H: + 0 H,HE + Ego|W — 0~ 'NIN,|71EL,
+~"%B,B. (9.18)

then the robust He —estimation problem for the system (Xae) is solvable
with estimator (9.6)-(9.7) and yields.

le@llz < v lhw@®)ll (9.19)
Proof: Introduce the Lyapunov-Krasovskii functional

Ve = oxew + [ e@weonw  (920)

By evaluating the derivative V(&) along the solutions of (9.15)-(9.16) and
grouping similar terms, we express the Hamiltonian H(&,w, k) of (9.14) into
the form:

H(E w,t) =
AL X + XApoa + W + HLH, XB, XEaq
¢H(k) BLX - 0 ¢(t)
B4 X 0 -W
= CH(AX)(1) (9.21)
where
(1) = [€(t) w'(t) -7 (9.22)

TLFeBOOK



336 CHAPTER 9. ROBUST He FILTERING

For closed-loop system stability with an He.-norm bound constraint, it is
required that H(&,w,t) < 0 VY ((t) # 0. This is implied by Q(X) < 0. By
A.1, it follows that:
XApa + A X + H Hy + XEraQ 'EA X + 7 2BuB,+ W < 0 (9.23)
By applying B.1.2 and B.1.3, inequality (9.23) takes the form:
XA+ ALX + HEH, + W +
X {pH MG + cH O+ EaolW ~ 07 NENG) 7 Bl + 7 2BaBL} X < 0
(9.24)
In view of (9.18), inequality (9.24) reduces to
XA, +ALX + L H, + X B, 0,7)B (1, 0,7)X +W < 0 (9.25)

Finally, by A.3.1 it follows that the existence of a matrix 0 < X = X*
R™X" satisfying inequality (9.25) is equivalent to the existence of a stablhz-
ing solution 0 < X = Xt € R"*" to the ARE (9.17).

Remark 9.2: It should be observed that Theorem 9.1 establishes
an ARE-based [easibility condition for the robust He —estimation problem
associated with system (¥a) which requires knowledge about the nominal
matrices of the system as well as the gain matrices. In this way, it provides
a partial solution to the Hoo—estimation under consideration.

The next theorem provides explicit formulae for the robust filter and the
associated gains.

Theorem 9.2: Consider the augmented system (Xae) for some v > 0.

If for some scalars p > 0, ¢ > 0 there exist matrices 0 < P = Pt € ®nxn,
0<S=S8€&R™ , 0<W,=W,e€R™*" and 0 < W, = W} € ™"
satisfying the ARDs

PA+ AP + p ™ EYE + PB(p,0,7)B (1, 0,7) P + W, = 0(9.26)

AS + A'S + S{L'L — Gt ()G (1, 1)} S +

R 0,7)R (pt,0,7) + Ws = 0 (9.27)
then the estimator

T(t) = A(t) + Koy(t) — Ci(t)] (9.28)
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is a Tobust Heo estimator where

B, 0,7)B u,0,7) = pHH' +ocH H;+~"2DD"

+  Aa(W, — o 1B Ey) 71 A] (9.29)

T(wy) = pHH'+~*ND* (9.30)
V(n,y) = pHH+~ 2NN (9.31)

A = A+B(u,0,7)B (1, 0,7)P (9.32)

¢ = C+T(w"P (9.33)

K, = ST w7V () (9.34)

GG y) = TV ()C+ V7, 7)

+ TV ()T (1) (9.35)

Proof: From Theorem 9.1, we know that system (¥a.) is robustly
stable with disturbance attentuation -y if for some scalars p > 0, ¢ > 0
there exist matrices 0 < X = Xt € R and 0 < W = Wt ¢ R¥nx2n
satisfying the ARI

XA+ A X + H H, + XB(u,0,7)B (p,0,7)X + W < 0 (9.36)
where B(u, o,7)B% (1, 0,7) is given by (9.18). Let us define

[P o o | w0
c[ro]ow= o] e

By substituting (9.16) into inequality (9.36) and using (9.29) and (9.37), we
get:

r = Hé gz]<o (9.38)
1 = PA+A'P+u  E'E+ PB(u,0,7)B(u,0,7)P + Wy (9.39)
Iy = (A'—F!—C'KY)Z + PloHHY + +A4(W,, — 0 EYE) AL Z

+ PlpH(H' - HIK) ++72D(D' - N'KL)Z (9.40)
I3 = ZF,+FZ+W,+ L'L+ ZjoHy 5+ Ag(W, — 0 EYEy)~ A4 Z

+ Z\u(H — K H)(H — HUEL) + 7D — K,N)(D' — N'K%)|Z
(9.41)

Next, we complete the squares in (9.41) with the help of (9.30)-(9.31) to
produce K, in (9.34). Subsequently we use (9.29)-(9.31) and (9.33) with
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S=271W,= Z“li«'VqZ_1 to reach:

I'y = AS+ A'S + +S{L'L — G416, 7)G (1, 1)} S + B(ps, 0, 7) B (1, 0, 7) + W,

(9.42)
It is easy to see from (9.6), (9.28) and (9.32) that £, = A — K,C. Then,
we manipulate (9.40) using (9.32)-(9.35) to yield 'y = 0. This yields I in
(9.38) a block-diagonal matrix. Therefore, we conclude that a necessary and
sufficient condition for I' < 0 is:

PA+ A'P + w 'E'E + PB(u, 0,7)B% (1, 0,7)P + Wp < 0 (9.43)
AS + A'S ++S{L'L - G, 7)G (1, 7)}S +
B, 0,7)B(p,0,7) + Wy < 0 (9.44)

Finally, by A.3.1 it follows that the existence of matrices 0 < P = Pt €
R¥>™ and 0 < S = S* € ™™ satislying inequalities (9.43) and (9.44),
respectively, is equivalent to the existence of stabilizing solutions 0 < P =
Pt e Rrxn and 0 < § = §t € R*" to the AREs (9.26) and (9.27).

Remark 9.3: It is significant to observe from Theorems 9.1 and 9.2
that the effect of the unknown state-delay has been conveniently absorbed
into the quadratic quantities (BB* or BB¢) through the o—, Ag— terms.

Now, we provide a result on the Hq, —filter design for the following nom-
inal system:

™

o]
8]
I

Az(t) + Agz(t — 1) + Bw(t)
y(t) = Cuz(t) + Nw(t)
2(t) = Lax(t) (9.45)

using a linear filter of the form

(Bp): 2(t) = Foa(t) + Koly(t) — Coi(t)]
2t) = La(t) (9.46)

where £(t) € R™ is the filter state and the matrices F, € R™*", K, € R"*™
are the filter gains to be determined.

. Theorem 9.3: Given a scalar v > O, if there ezist matrices 0 <
P=P eprmn 0<8=25¢eR*m,0<W,=W €R* and
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0 < W, = Wt e R™" satisfying the AREs

PA+ A'P + PB()BY(7)P+W, = 0 (9.47)
A8 + A8+ B{IML — G
+R(Y)RY(Y) + Ws =0 (9.48)
then the estimator (9.46) is a robust Hoo estimator where

BB'(y) = ~7 BB'+ AW, tAY (9.49)
T(y) = ~7*NB', V(y) = y’NN! (9.50)
A = A+BO)BMMP,C = C+T@H)P (9.51)

GMeh) = TV IHC+CVTINT()
+ TV ()T () (9.52)
Ko = S7'T()V(v) (9.53)
Fo = A+BMB' P -ST oV (MT(MP (9.54)

Proof: Follows from Theorem 9.2 by setting H = 0,F = 0, Hy =
0,FE;=0.

Remark 9.4: The matrices 64 = A — A4, 6C = C — C given by (9.32)-
(9.33) reflect the effect of the parameteric uncertainties AA(t), AC(t), and
AFE(t) on the structure of the filter. In the absence of the parameteric
uncertainties, we obtain the nominal time-delay system and hence Theorem
9.2 reduces to Theorem 9.3.

9.2.3 Worst-Case Filter Design

In this section, we extend the results of Section 9.2.2 to the case of worst-
case filter design. We will treat a general-version of the problem in which
the system matrices are time-varying. By similarity to [14], we consider the
initial state (2o, #(s)) of system (£ a;) is unknown and no a priori estimate
of its value is assumed, where:

(Zae): 2 = [AQ)+ AAW=() + [Aa(t) + AAa(t)]z(t — 7) + D(t)w(?)

= Aa(t)z(t) + Aaa(t)z(t — 7) + D(t)w(t) (9.55)
y(t) = [C({)+AC(H)]=(t) + N(tyw(t)

= Ca(t)z(t) + N(t)w(t) (9.56)
2(t) = L) z(t) (9.57)
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and Aj(t), Aq(t) satisfy (9.5) and the matrices A(t), B(t), C(t), D(t), Aq(t),
L(t) are time-varying piecewise continuous functions. In this regard, the
worst-case Hoo—filtering problem can be phrased as follows:

Given a weighting matriz 0 < R = Rt for the initial state a, = (o, #(s))
and a scalar v > 0, find a linear causal filter for z(t) such that the filtering
error dynamics is globally uniformly asymptotically stable and

llelle < v {llwl3 + abRao}'/? V0 # (a0, w) € R* @ L2[0,00)
and for all admissible uncertainties.

Note that the matrix R is a measure of the uncertainty in the initial state
a, of (¥a¢) relative to the uncertainty in w.

In connection with system (3a;), we introduce for some 0 < W =
Wt >0, 0 > 0 the following parameterized system (Xp¢):

(Zpe) s C(E) = AR)XE)+(DE) v B@E), ¢(0) = (9.58)
L(t)

ity = | pV2E() | (1) (9.59)
w1/2

where (, is an unknown initial state and

B)BYt) = pHE)HH) + Ag)|W — o~ EY(t)Ea(t)] 1 AY(2)
+ o Hy(t)Hi(t) (9.60)
where the matrices L(t), Hd( ) E 1(t), Ag(t), B(t) are the same as in (9.4)-

(9.5) such that [W - o~ E4(¢) Eq(t)] > 0 Vt. For system (Xp;), we adopt the
following Heo—like pelformance measure:

T (375, Cor Wy Re) = sup {__JEH_%_._}W (9.61)
b ] k] ) ~ .
0£(Coi)eRm@La[0,00) | II7Ill3 + CEReCo

where 0 < B¢ = Ré is a weighting matrix for (.
Theorem 9.4: Given a scalar v > 0 and a matriz 0 < R = R, sys-

tem (Xa¢) satisfying (9.5) is globally, uniformly, asymptotically stable about
the origin and ||z)la < ~ {Jjw||} + 4 Ran}/? for all nonzero (o, w) €
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R" @ L5[0,00) and for all admissible uncertainties and unknown state-delay
if system (Lpt) is exponentially stable and there exist scalars p > 0, 0 > 0
and a matrit 0 < W = W* such that (W — o VE4(t)E4(t)]) > 0 Vt, and
J(Zaﬁ,Co,I/V,R() < ’7'

Proof: It can be easily established using the same arguments of [26] and
taking into consideration Remark 9.3.

A solution to the robust He—filtering problem can now be stated in
terms of a scaled Heo—like control problem incorporating unknown initial
state and without uncertainties and unknown state-delay. For this purpose,
consider the following system:

(Bpe) : ze(t) = Az(t)+[D v B, 0)we(t), 1(0) = 20 (9.62)

ve(t) = Cuze(t) + [N v D(p)]we(t) (9.63)
L

z2(t) = | wV2E | xzc(t) + [—OI }uc(t) (9.64)
Wi

where z.(t) € R" is the state with z., being unknown, w(t) € R™ is
the input disturbance, y.(t) € R? is the measured output, 2.(t) € R is
the controlled output, u.(t) € R? is the control input and v > 0 is the
desired Hoo—performance for the robust filter. The matrices A,C, D, Ay, L
are the same as in system (¥p.) and

Blp,o) = [W?H AW — o 1ELYE)™? 6Y2H,  (9.65)
D) = [W?H. 0 0 (9.66)

The main result is summarized by the following theorem.

Theorem 9.5: Consider system (Xa) satisfying (5) and let v > 0
be a prescribed level of noise attenuation. Let F be a linear time-varying
strictly proper filter with zero initial condition. Then the estimate z = Fy
for some 0 < R = R! solves the robust Heo— filtering problem for system
(La) if there exists scalars > 0, 0 > 0 and a matriz 0 < W = W* such
that: (1) (W — o ELE;) > 0, (2) System (Xpe) under the action of the
control law u. = Fy. is stable and the measure J(ze, We, Teoy R) < 7.
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Remark 9.5: Again, we note from Theorem 9.5 that the effect of un-
certainties and unknown state-delay has been accomodated by the param-
eterized model (Xp.) and more importantly, the robust He,—filtering has
now been converted into a scaled output feedback Heo—like control prob-
lem without uncertainties and unknown delays. The latter problem can be
solved by existing results on Hoo-theory, for example [2,8].

Remark 9.6: We remark that F is taken time-varying to reflect the fact
that a, is unknown. Also, it is possible to generalize the result of Theorem
9.5 to the case where all the matrices are piecewise continuous bounded
matrix functions.

Remark 9.7: In the special case where the initial state a, = 0, we
obtain the following result.

Given a scalar v > 0 and let F(s) be a linear time-invariant strictly
proper filter with zero initial condition. System (Xa) with o, = 0 satisfying
(9.4) is globally asymptotically stable and |lella < 7 ||w||2 for any nonzero
w € Lgl0,00) and for all admissible uncertainties and unknown state-
delay if there exist scalars p > 0, 0 > 0 and a matrit 0 < Q = @
such that (Q — 0" 'N'N) > 0 and the closed-loop system (¥p.) with the
control law u, = F(s)y. is stable and with zero initial condition for (¥pc),
lzelle < v |lwell2 for any nonzero we. € Lg|0,00).

9.3 Nonlinear Uncertain Systems

In this section, we consider a class of nonlinear continuous-time systems with
norm-bounded uncertainty and unknown state-delay. Moreover, we consider
the initial state to be unknown. The nonlinearity appears in the form of a
known cone-bounded state-dependent and additive term. We investigate the
problem of Heo —filtering for this class of systems and design a nonlinear filter
that guarantecs both robust stability and a prescribed Ho —performance of
the filtering error dynamics for the whole set of admissible systems.

9.3.1 Problem Description and Assumptions

We consider a class of uncertain time-delay systems represented by:

(Ba): z(t) = A+ AAW))x(t) + [Ag + AAy(D)]z(t — T) + Hphlz(t)]
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+ Duw(t)

= Aa(t)z(t) + Eaa(t)z(t — 1) + Hyh|z(t)] + Dw(t) (9.67)
y(t) = [C+ AC(t)]z(t) + Nw(t)

= Ca(t)z(t) + Nw(t) (9.68)
2(t) = Lax(t) (9.69)

where z(t) € R" is the state, w(t) € R™ is the input noise which belongs to
Ly [0,00) , y(t) € R is the measured output, z(t) € R", is a linear combi-
nation of the state variables to be estimated, h|.] : R — R° is a known
nonlinear vector function and the matrices A € R**"*, C' € RP*", D € RP*™,
Ag € R™*™ and Hj, € R™*" are real constant matrices representing the nom-
inal plant. Here, 7 is an unknown constant scalar representing the amount
of delay in the state. For all practical purposes, we let 7 < 7* where 7* is
known. The matrices AA(t), AC(t) and AAqy(t) are given by (9.4)-(9.5).

Assumption 9.1:
(1) h[0] =0
(2) There exists some p > 0 such that for any zq, z, € R"

hlza] = Rlzo]ll < pllwa — @]

Assumption 9.2:
(NN*+ H.H!) > 0

Remark 9.8: Note that Assumption 9.1 implies that the function h[.]
is cone-bounded. Assumption 3 ensures the existence of solution and in the
absence of uncertainties and time-delays, it eventually reduces to NNt > 0,
which is quite standard in Hes—filtering of nominal linear systems.

The initial condition can be generally specified as a, = ((0), ¢(s)),
where ¢(.) € L2[—,0], but it will be considered unknown throughout this
section.

Our main concern is to determine an estimate 3 of the vector z using
the measurements J; = {y(o): 0 < o < t} and where no a priori
estimate of the initial state of system (3a) is assumed. In this way, we let
2 = F{),} where F stands for a nonlinear filter to be designed and introduce
e(t) = z(t) — 2(t). Specifically, the robust Heo~ filtering problem of interest
can be phrased as follows:
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Given system (¥a), a weighting matrix 0 < R = R and a prescribed
level of noise attenuation v > 0, find a filter F such that the filtering error
dynamics is globally, uniformly, asymptotically stable and

lells < vlhulf3 + 2(0)' R 0) + | o) Rals)ds)?

for any nonzero (a,,w) € R L2]0,00) and for all admissible uncertainties
and unknown state-delay.

Consider the uncertain nonlinear time-delay system
(Bao): () = Aa)z(t) + Baaz(t — 7) + Hphlz(t)]
= [Aa + AA(t))z(t) + [Aa + AAa(t)lx(t — T)
+  Hph|z(t)] (9.70)
subject to (9.4) and Assumptions 9.1. To establish a sufficient stability

criterion for this system, we choose a Lyapunov-Krasovskii functional of the
form:

Vize) = a'(t)Pz(t) + t ' (a)Wz(a)da

t—T

p° / a)da ~ / hY[z]h|z]da (9.71)

where p >0, 0 < P= P € R™" ; 0 < W = W¢ € R**", Observe in
view of Assumption 9.1 that V(z:) > 0 for z(t) # 0 and V(z;) = 0 when
z(t) = 0. Now by evaluating the time derivative V (z;) along the solutions
of system (¥a,) and arranging terms, we get:

Vize) = X4(t) TI(P) X(t) | (9.72)

where
PAA(L) + AL ()P + p2 I+ W PEa(t) PH
nwpP) = E&(t)P -W 0
HEP 0 ~I
X(t) = [z'(t) Mt —7) h'lz])* (9.73)

If V(J:t) < 0 when z # 0 then x — 0 as t — co and the asymptotic stability
of (Xa0) is guaranteed. This is implied by the ARI:

PAA(t) + AL ()P + P { HyH} + AdA(t)W‘lAf,,A(t)} P
+p I+ W <0 YV [|A]] € 1, ]|Ag]] €1, p>0 (9.74)
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Based on this, we have the following result:

Lemma 9.2: The uncertain time-delay system (Xao0) is robustly stable

independent of delay (RSID) if one of the following equivalent statements
hold:

(1) There exist a matriz 0 < W = Wt € R"*" and scalars n >0, o > 0,
p > 0 satisfying Q@ — o~ 'N!N > 0 and such that the ARE
PA+ AP+ 'E'E+ p T+ W
+P { HyHL + pHH + o HyHY + AW ~ 0™ ByBa)™ A5} P = 0
(9.75)
admits a stabilizing solution 0 < P = Pt € R™*",

(2) A is stable and the following He norm bound is satisfied for some
p>0,06>0,p>00and0<W =W!salisfying W — o~ E{Ey > 0,

<1

e <]

LE
[ WV/Z P ] [sI — Al Hy iila Joly AW — o~ EYE.) ™17

(9.76)

Proof: (1) It follows by applying B.1.2 to the term (PAa + A4 P) and
B.1.3 to the term (PAgaW 1AL, P) for some p > 0,0 > 0, that inequality
(9.74) is implied by:
PA+ AP+ i YEYE + p* T+ W
+P { HyHl + 1 + o HY + Ad(W - o7 B4 Ea) ™ AL} P < 0
(9.77)
By A.3.1 it follows that the existence of a matrix 0 € P = Pt ¢ ®nxn

satisfying inequality (9.77) is equivalent to the existence of a stabilizing so-
lution 0 < P = Pt € %™ to the ARE (9.75).

(2) Follows from A.3.1 applied to ARE (9.75).
Remark 9.9: It is significant to observe that Lemma 9.2 provides a

testable measure of robust stability for the class of uncertain nonlinear time-
delay systems under consideration. It only requires the nominal matrices as
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well as the structural matrices of the uncertainties.

Now, consider the following time-varying system

(Ze): z(t) A(t)z(t) + D(w(t) + E(t)z(t — 1),
2(t) = C(t) z(t) (9.78)

il

where z(t) € R" is the state, o, is an unknown initial state, w(t) € ™ is
the input noise which belongs to Lo [0,00) , 2(t) € R" is the controlled
output and the matrices A(t), B(t), C(t) are real piecewise-continuous and
bounded. For system (2;) we define the performance measure:

J(z,w, a0, R) =

) 1/2
sup { 2113 }
0#(aow)eRm®L{0,00) | |[w][3 + x(0)t Rz (0) + [°, xt(s)Rz(s)ds
(9.79)

where 0 < R = R! is a weighting matrix for the initial state (z(0), #(s)).

Lemma 9.3: Given system (¥¢) and a scalar v > 0, the system is ezxpo-
nentially stable and J(z,w, 0, R) < v if either of the following conditions
holds:

(1) There exists a bounded matriz function 0 < Q(t) = QX(t) , Vt € [0, 00),
such that for some 0 < W = W <~°R

Q+AQ+ QA+ QDD + EWTIEHQ +CIC+W = 0,

QO) < ¥R (9.80)
and the system &(t) = [A + (v 2DD' + EW "1 E')Qlxz(t) is ezponentially
stable.
(2) There ezists a bounded matriz function 0 < S(t) = Si(t), Vt € [0,00),
satisfying the differential inequality

S+ A'S+ SA+ S(y:DD! + EWTIEY)S + C'C+ W < 0,

S(0) < ¥R, (9.81)

for some 0 < W =Wt < 42 R.
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Proof: Introduce a Lyapunov-Krasovskii functional for system (3;) with
w=0:
Vi (2e) = 24(0)S()z(t) + / )We(a)da (9.82)
0<S(t)=8(t)leR™ Vi, 0<W=Wer™

Differentiating (9.82) along the trajectories of system (¥;) with w = 0, we
get:

gv(mt)_[ z(t) y{S+SA+A‘S+W SEH (%) }
dt TN T x(t—T) E'S W || z(t—7)

(9.83)
By A.1, inequality (9.81) implies that %V (z,t) < 0 whenever [z(t) z(t—
7)] # 0. That is, the systemn is uniformly asymptotically stable.

To show that ||z|la < 7 {||w}|3 +z*(0)Rz(0) + [, z*(s)Rx(s)ds}!/?, we
introduce

J —/ {2tz — Ywlw}dt — v {2z (0)Rz(0) + [ =z'(s)Rz(s)ds} (9.84)

—

By using (9.78) and completing the squares in (9.84), it follows that
J = /Ooo{xtCtC'w + El(-lz:ctS:c — vy ww}dt + 24(0)S(0)z*(0)
244 (0) Rz(0) — ~* '/.OT z'(s)Rz(s)ds
= /0 T ot (S SA+ A'S) wdi+ /0 * (w!D'Se + o' SDw}dt
/Ooo {mtSEx(t ~7)+a'(t — 7)E'St — fy?wt'w} dt

/O 2 {$+ A+ A'S+ S(72DD + EWEY)S + CC + W} ad

+

|

o 0
/0 Y w — 42Dt Sz [w — v~ 2 D' Sx|dt / ' (s)[v2R — Wlz(s)ds

/D Wt — 1) - B'SzW [Walt — ) — E'Sa)dt
2 (0)[y*R - 5(0)]x(0) (9.85)

The condition J < 0 is implied by inequality (9.81) V¢ [0,00). Therefore,
we conclude that ||z|l2 < 7 {||w||3+z(0)!Rz(0)+ [°. z*(s)Rz(s)ds}"/? for
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any nonzero (&, w) € R"* & L]0, c0).

Finally, by A.3.1 it follows that the existence of a matrix 0 < S = St €

R**" satisfying inequality (9.81) is equivalent to the existence of a stabiliz-
ing solution 0 < @ = Q! € R**™ to the ARE (9.80).

Remark 9.10: It is significant to observe that Lemma 9.3 establishes
a version of the bounded real lemma for a class of nonlinear time-varying
systems with state-delay.

9.3.2 Robust H, Filtering Results

We now proceed to study the robust Heo filtering problem for system (2a).
For this purpose, we introduce the following nonlinear filter:

(Ze):  (t) A + Hphlz) + Kly(t) — C#)
= [A+6A)E + Hphlz]) + K[y(t) — (C + 6C)]

5 = Li, #(0)=0 (9.86)

I

where the matrices §4 € R**", §C € RP*™, K € R™*P are to be determined.
Now, by defining & = z — &, we get from (9.67)-(9.69) and (9.86) the
dynamics of the state-error:

() = {(A+64) = K(C+6C))E(1) + {AA - 64 —~ K(AC —3C)}(t)
+ {B - KD}uw(t)+ Hy{hlz] - h|z]} (9.87)

Then from system (3a) and (9.87), we obtain the dynamics of the filtering
error e(t):

(Sae) &0) = [ e }
{Aa + .Haﬁl(t)Ea} &(t) + {Ead + HadAg(t)Nad}E(t - T)

Il

+ Buw(t) -+ -Hahh'a[xy i] s &0 = (&(0)’ ¢()) (988)
e(t) = Le&(t) (9.89)
where
. A 0
“T | JA+ K¢ A+AA-K(CH+C) |
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~ H R I A [ B
H"_[H—KH}’H“""[ 0 H},]’B"*{B—I{D}’

. hlz Ag O H
h“{"”””]:[h[a;][_]h[x]}’E‘"‘:{Aj o}’Had:[Hj]’
N B I A E I

Observe in view of Assumption 9.1, that

lihlz] = RlE]Il < plIEl], (IRl < pllll (9.91)
and hence
llhalz, &I1> = Ihla]ll® + [hlz] - Al2]lI®> < o* [1€N? (9.92)
Now, we are in a position to present the following result.

Theorem 9.8: Consider system (Xa) satisfying Assumptions 9.1
and 9.2 and the nonlinear filter (%.). Given a prescribed level of noise at-
tenuation v > 0 and matrices 0 < W, = Wt 0 < R = R!, the robust Hoo

P’
filtering problem is solvable if, for some scalars p > 0,0 > 0, p > 0 satisfying
Wp > 0" 1AY Ay the following conditions hold:

(1) There exist a matriz 0 < P = P! satisfying the ARE:

PA+ AP + PB(u, 0,7)B (1, 0,7)P + p ' E'E +

P2 I+ W, =0 (9.93)
B(p,0,7)B" (1, 0,7) =

{HH + oHy Y + AW, ~ o™ B{Ea) 7 AL+ Y2DD'} (9.94)

such that P < ¥R and matriz {A, + B(u, 0,7)B (1, 0,~7) P} is stable.
(2) There exists a bounded matriz function 0 < S(t) = S(t),t € [0, 00)
satisfying

S = {A-BD'R™'C}S
+ S{A- BDtR'IC’}t+S{'y“2fL‘]i éffz-lé}s
+ B{I-D'R'D}Bt, =(R—-~"2pP)! (9.95)
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such that the unforced linear time-varying system
i(t) = {A - BD'R7'C + Sy L'L - C* R C)} n(2) (9.96)

is exponentially stable where

§A = {y7?DD'+pHH'}P , §C = {y"2ND'+ puH.H*}P (9.97)

B = [D ~yyEH ~H, AdW,— o™ ESE)™Y2),
ij = {LtL+p21}1/2 (9.98)
D = [N y/EH. 0 0], R= DDt (0.99)

and the filter gain is given by
K(t) = {S(t)C* + BD'}R™! (9.100)

Proof: It follows from the standard results of Heo filtering and in line
with Lemma 9.3 that condition (2) is a sufficient condition for the solv-
ability of the infinite-horizon Heo filtering for the linear system

{(t) = A¢(t)+ Buw(t) + Aul(t —T)
gty = C¢(t)+ Du(t)
) = Lc(t) (9.101)

where ((t) € R" is the state with unknown initial value ¢, = (¢(0), ¢(.)),
w(t) € R™+ is the noise signal which is from L£2[0,00), #i(t) € R? is
the measurement, %(t) € ®" is a linear combination of state variables to be
estimated and the performance measure for the filtering problem is given by:

J(E“Eaﬁ),COaR):

- { 1211 }1’2
0o d)eR BLs[0,00) | |[wl[3 + CE(O)RC(0) + f°, Ct(s)R¢(s)ds
(9.102)

<7

where Z is an estimate of 2. An Heo-filter for Z can be cast into the form:

AQ() + K@) — CS1)
= Ic (9.103)

¢(t

]

W

where K is the filter gain as given by (9.100). In the light of Lemma 9.3, it
1s straightforward to argue that condition (2) is equivalent to the existence
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of a bounded solution 0 < Q(t) = Qi(t) , V¢t € [0,00) to the Riccati
differential equation:

Q+(A-KO)YQ+ QUA - KC)+~+72Q(B - KD)(B - KD)'Q

+I'L =0 (9.104)
Q0) <~+*R-P
and such that the time-varying system:
() = {A — KC+~7%(B - KD)(B - KD)'Q} n(t) (9.105)
is exponentially stable. To proceed further, we introduce
0 <Y(t) = Yit) := P 0 Vt € [0,00) (9.106)
= 1o au | ’ :

Using (9.90), (9.93)-(9.94) and (9.104), it is a simple task to verify for some
W = block — diaglW, W,|, R, = block — diag[R R,| that Y(t), Vt €
[0,00), satisfies the Riccati differential equation:

Y+AY + YA, +Y{y 2B,Bt + pH H: +

OHoaHYy + HonHepy + Eqo(W — 07 INENG)TLEE )Y +

LiLe + pw 'ELE. 4+ 0T+ W = 0 (9.107)
W, < ¥R, Y(0) < v*R, (9.108)

and is such that the system

W(t) = [Aa+ (Y 2BuBL + pH.H: + 0 HagHYy
+ HopHY, + Eug(W = 0 N Nog) " EL )Y n(t)

is exponentially stable. Note that the matrices Wy, R, are arbitrz_mry and
they will not affect the subsequent analysis. Since Q(0) < v?R — P, there
exists a sufficiently small scalar § > 0 such that

P+6I 0

0 PR-P-6I (9.109)

Y(0) <Y, = [

From (9.108)-(9.109) and since z(t) = 0,¢ < 0, it is easy to see that
€4(0) Yo €(0) 24(0) (+* R) z(0)
0 0
/ £(s) Y, E(s)ds = / #(s) (7 R) z(s)ds  (9.110)

il
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By Lemma 9.3, it follows from (9.107) that there exists a matrix 0 <
Yi(t) =Yi(t), Vit €[0,00), satisfying Yi(0) <Y, and such that

Yo+ ALYy + Yeda + LiLe + p ' BLE, + 02T + W +

Yu{y 2BuB. + pH H: + o Hyg HL }Y* +

Y*{Hup H), + Eog(W — 07 IN Y Na) T ELYY. < 00 (9.111)
Applying Lemma 9.2, it follows from (9.111) that

Yo+ ALYe + YaAag + Yi{v 2BoBL + Ead W EL )Y, +
LiLe+p’T+W <0 (9.112)
where Aag = Ao + HoA1(0)Es , Epa = Eaa + HaaD2(t)Nag.
Next, we prove the global, uniform, asymptotic stability of the filtering

error dynamics of system (Xa.). To do this, we introduce a Lyapunov-
Krasovskii functional for system (Xae) with w = 0:

¢
V(e) = EOXEW + [ e(eWele)da
t t
+ / £ ()(a)da — / hlohalzlda  (9.113)
0 0
p >0, 0<W=W!eRnx
Observe in view of Assumption 9.2 that Vi(&) > 0 whenever §(t) # 0.

The time derivative of Vi(&) along any state trajectory of system (Zae)
with w = 0 is given by:

d
;i_tv*(g’ t) - .
) 1| DlA% vipa, v [ €@
€t ) +AL Y+ W (i )
" EL Y. W 0
la Ly, R hla]

(9.114)

By taking (9.112) into consideration, it follows from (9.114) that along any
state trajectory of system (Yae) with w = 0, é‘%V,,(&,t) < 0 whenever
E(t) # 0 and £(¢t — 7) # 0. Therefore, the equilibrium state § = 0 is glob-
ally, uniformly, asymptotically stable for all admissible uncertainties and
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unknown delays. Finally, to show that |le]ls < « {||w||3 + z*(0)Rz(0) +
, xt(s)Rx(s)ds}/?, we introduce

:‘Awh%—w%Mth Pla(0)Ra(0) + [ %@Rﬂ@%](gua

By applying Lemma 9.3 it is straightforward to show that the condition
Jx < 0 is implied by inequality (9.116) V ¢ [0,00). Therefore, we conclude
that |lella < v{|Jw||3 + 2t(0)Rz(0) + [°, zt(s)Rx(s)ds}}/? for any nonzero
(o, w) € R™ @ L5[0, 00).

Remark 9.11: By examining (9.93)-(9.95), it is clear that S(t) depends
on P. In line with Heo—control theory, the Riccati equation for S(t) can
be replaced by one which is decoupled from that of P subject to a spectral
radius constraint. Using the standard results of [27], it can be easily shown
that condition (2) of Theorem 9.8 is equivalent to the following conditions:

(2a) There exists a bounded matrix function 0 < ©(t) = ©Y(t),t €
[0, 00) satisfying

© = {A-BD'R™'C}S+S{4a-BD'R'C)
+ S{YLL+ T B E + p*1) - CYRTYCL) S
+ B{I-D'RD}B', ©(0)=R"! (9.116)

such that the unforced linear time-varying system
n(t) = [A—- BD'R™'Cy(t)
+ S(L LA pT B E 4 1) - CURTIC) n(t) (9.117)

is exponentially stable,
(2b) I —y72PO(t) > 0, V €]0,00).

In the case when conditions 1, (2a) and (2b) hold, a robust He,—filter
is given by (9.86) but with the filter gain:
K(t) = {I - v~*0@)P}~Y{e(t)Ct + BDYR™! (9.118)

Remark 9.12: Considering (9.97) and (9.100), we can rewrite the robust
Heo filter (9.86) as

(Be): &(t) = [A+0AulE + Hyh|i]+ Bi(t)
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+ Kly(t) - (C + 8Cw)z — Di(t)]
5 = L (9.119)
where
§Ay = uHI'P, 6C, = pH.H'P, o(t)= ~ 2B'Pz(t) (9.120)

An interpretation of (9.119)-(9.120) is that the matrices {64, , 6Cy} ac-
count for the worst-case parameter uncertainty of {AA(t) , AC(t)} in the
presence of the estimated worst-case noise input 9(t).

Remark 9.13: Observe from (9.100) and (9.120) that the known struc-
tural matrices of the parameteric uncertainty are only needed to determine
the filter gain. In the absence of nonlinearities, h[z] = 0, and state delay
factor E, = 0, the robust filter (9.86) reduces to the one derived in [13].
However with h|z] = 0 only, the resulting filter extends the result of [13]
to the case of unknown state-delay. The effect of state-delay appears in
(9.93)-(9.95) through the quantities Hy, Aq and Eq.

9.4 Linear Discrete-Time Systems

We learned from Chapter 1 that time-delays occur quite naturally in discrete-
time systems. Little attention however, has been paid to estimating the state
of linear uncertain discrete-time systems with delays. A preliminary result
to bridge this gap is reported in [24] by developing a robust Kalman filter
for a class of discrete uncertain systems with state-delay.

This section builds upon the results of Chapter 4 and extends them to an-
other dimension by considering the Hoo estimation of a class of discrete-time
systems with real time-varying norm-bounded parameteric uncertainties and
unknown state-delay.

9.4.1 Problem Description

We consider a class of uncertain time-delay systems represented by:
(Ba):  zk+1) = [A+ AA(k))z(k) + Dw(k) + Agz(k — 7)
= Aa(k)x(k) + Dw(k) + Aaz(k — 7)
y(k) = |C+ AC(k)|z(k) + Nw(k)
= Ca(k)z(k) + Nw(k)
(k) = Lax(k) (9.121)
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where z(k) € R" is the state, w(k) € R™ is the input noise which belongs
to £2 [0,00) , y(k) € NP is the measured output, z(k) € R", is a linear com-
bination of the state variables to be estimated and the matrices A € R**",
CeRpxr, DeRP*™, Ay € R™*" and L € R are real constant matrices
representing the nominal plant. Here, 7 is an unknown constant scalar rep-
resenting the amount of delay in the state. For all practical purposes, we let

7 < 7* where 7* is known. The matrices AA(k) and AC(k) are represented
by:
AAk)y | | H N At . _
[ AC(k) } = { A, }A(k) L, A'k)AKk)<I, Vk >0 (9.122)
where H € ®"%« , H, € RP** and E € RP*" are known constant matrices
and A(k) € R*# is unknown matrices. The initial condition is specified as

ao(.) = (o, d>(s)), where ¢(.) € €o|—7,0).

In the sequel, we refer to the following systems:

(Zao): z(k+1) = Aa(k)z(k)+ Agx(k — 1) (9.123)
Baw): x(k+1) = Aa(k)z(k)+ Dw(k)+ Aax(k —7)
2(k) = Lax(k) (9.124)

From Chapter 2, we learned that system (Xa,) is robustly stable inde-
pendent of delay (RSID) if given a matrix 0 < W = W* € R"*", there exists
a matrix 0 < P = P! € R™*" satisfying ARI:

Al ()P Aa (k) + A4 (K)PAJW — ALP A" ALP A (k)
~P+W < 0

for all admissible uncertainties satisfying (9.122). Based on this, we have
the following result.

Theorem 9.7: System (Xa.) is robustly stable with disturbance atten-
uation vy if given a matric 0 < W = W' € R™*" there ezist a matriz
0 < P = Pt € R™*" satisfying the LMI:

-P+W 0 0 L' A4
0 - 0 0 D
0 0 -Q 0 A < 0, VA:|AIP <1 (9.125)
L 0 0 I 0
Aa D Ay 0 -P7!
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Proof: By evaluating the first-order difference AVgs(zk) of (2.78) along
the trajectories of (9.124) and considering the Hamiltonian

H(z,w) = AV(zk) + {2'(k)z(k) — v2w'(k)w(k)}

it yields:
H(z,w) = h'k)Qh(k)
Q1 Qo Q3
o, k) = Qb Q4 Qs
QL Qb Qg
hk) = [a*(k) w'(k) z'(k—7)) (9.126)
where

Q1 = ALPAA - P+ W+ L'L, Q3 = A4 PAy,
Qs D'PAy; Q2= ALPD,
Qs —[W — AYPAy], Q4= ~[y*I — D'PD] (9.127)

Il

Il

The stability condition with £2-gain constraint H(z,w) < 0 is implied
by Q(o,k) < 0. By A.1 and using (9.127), it follows that Q(o,k) < 0 is
equivalent to

~P+W+IL, 0 0 Al
0 ~*I 0 |+ | D' | Pl[Ax DB Ag] < 0
0 0 -W At

The above inequality holds if and only if

-P+W 0 0 It A4
0 - 0 0 Dt
0 o -w o |T Al PlAn D Ag 0] < 0O
L 0 0 -] 0

Simple arrangement of the above inequality with the help of A.1 yields
(9.125).

Remark 9.14: We note that LMI (9.125) holds if and only if the ARL

Ay [P —AdQ'lAf,~'y"“B,,Bf,}—]AA _P+L'L+Q <0
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This further reduces, via B.1.3, to
-1
At {P-l — AgQ7 AL 4 2BB — uHHt} A
~P+LL+u 'EB'E+Q < 0 (9.128)

Motivated by Theorem 9.7 and Remark 9.14, we state the following
result.

Lemma 9.4: For the uncertain time-delay system (9.121), the following
statements are equivalent:

(1) System (Low) is robustly stable with disturbance attenuation 7.
(2) There exists a matriv 0 < P = P! satisfying the LMI (9.125).
(8) There exists a matriz 0 < P = P* satisfying the ARI (9.128).
(4) The following Hoo norm bound is satisfied

-1/2
IH uwl/zE } (2] — Ao)] 7Yy !B p'?H AW ?

‘ <1 (9.129)
oo

(5) There exists a matriz 0 < P = P! satisfying the ARE

AP - AW Ay —y72DDt - unHHY A - P

+u ' BE+ L'L4+W = 0 (9.130)
Remark 9.15: It is significant to observe that Lemma 9.4 establishes a
version of the bounded real Lemma A.3.2 as applied to uncertain discrete-
time systems with state-delay. Additionally, it provides alternative numeri-

cal techniques for testing the robust stability of the class of discrete systems
under consideration,

9.4.2 H,-Estimation Results
The robust Ho, state-estimation problem we are going to examine can be
phrased as follows:
For system (Xa), design a linear estimator of z(k) of the form
(Be):  @(k+1) Az(k) + K[y(k) — Ci(k))
= [A+§A)i(k) + Kly(k) — (C + 6C)a(k)]
z Lz, z(0)=0 (9.131)

1l

I
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such that the estimation error e(k) = z(k) — 2(k) is robustly stable V w(k) €
€2[0,00) and ||z — z||2 < ~|wl|a.

In (9.131), 64 € R™*™, §C € RP*", K € R™*P are the design matrices
to be determined.

We now proceed to solve the robust Hqo-estimation problem. By defining
Z(k) = z(k) — &(k), we get from (9.121)-(9.122) the dynamics of the state-
error:

Ek+1) = {(4+064) - K(C+ 6C)}a(k) + {D — KN}w(k)
+ {AA =54 - K(AC - 6C)}a(k) (9.132)

Then from system (%) and (9.131), we obtain the dynamics of the filtering
error e(k):

oy . | zk+1)
(Bae): &k+1) = [i(kﬂ) J
= {Aa + LaAl(t)Ma} E(k) + Eaé(k - T)
+ Baw(k)s 6(0) :EO (9'133)
ety = H,&(k)
= [0 Lj&k) (9.134)
where
A = [ A 0
© 7 | A+ KEC A+5A-K(C+6C)
[ H Ag 0 B D
bo = _H-.[«?HCJ ‘E“:{Ad 0} ’B““[D—I%N}
& = Z} , M, =[E 0 (9.135)

Theorem 9.8: Given a prescribed level of noise attenuation v > 0
and a matrit 0 < Q = Q € > If for some scalar p > 0 there exists
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a matriz 0 < Y = Yt € R gatisfying the LMI:

Y+ puL L)+ p MM, +Q 0 0 HI A

0 -¥*I 0 0 B
0 , 0 -9 0 EL}| <0
H, 0 0 -1 0
Aq B, E, 0 =Y

(9.136)
then the robust Hoo—estimation problem for the system (Xae) is solvable
with estimator (9.132) and yields.

le(o)llz < v lhw(k)ll2 (9.137)

Proof: By Theorem 9.7, system (¥a.) is QS with disturbance attenuation
7 if given a matrix 0 < @ = Q' € R®™*?" there exists a matrix 0 < P =
Pt € RN gatisfying

-P+Q 0 0 Hi Aj,
0 - 0 0 B
0 -9 0 I <0 (9.138)
H, 0 0 -1 0
B, E, 0 -pP-!

By A.1, inequality (9.138) holds if and only if

r t
M 0
0 0
g AYK)O 000 Li]+| 0 | A(k)M, 00 0 0
0 L
Y ¢
[ P+ Q+p MM, 0 0 H A
0 -y 0 0 B
0 0 -Q 0 E <0
H, 0 0 ~-I 0
Aq B. E., 0 -pP!

(9.139)
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By B.1.4, inequality (9.139) is equivalent to

[ w2y
0
8 [LL"I/QMG 000 0]+
0
0
0
0
0 [[0000 p 2L+
0
i /Jl/?[fa
[ P+ Q+pu MM, 0 0 H! A
0 -2 0 0 B!
0 0 -Q 0 E! <0
H, 0 0 ~-I 0
L Aq B, E, 0 -P!
(9.140)
for some v > 0. Rearranging, we get
~P+ Q+ pu MM, 0 0 H: Al
0 -2 0 0 B
0 0 -Q 0 E! <0
[Ia 0 O '_‘.I 0
A(L Ba Ba 0 ’[P_l - [JzLaLfI]
(9.141)

Letting Y = [P~! — uL,L] in (9.141) we obtain directly the LMI (9.136).

Remark 9.15: It should be observed that Theorem 9.8 establishes an
LMI-feasibility condition for the robust He, —estimation problem associated
with system (¥ a) which requires knowledge about the nominal matrices of
the system as well as the structural matrices of the uncertainty. In this way,
it provides a partial solution to the Heo—estimation under consideration.

To facilitate further development, we introduce

-1
Ri = {S7'-p ' B'E - AdQi - A4St - LU Ad T AL}
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Ry = {s;l — LLt — Ag|Q) — AY(STY - u‘lE‘E)“lAd]‘lAfi}—l

Re = ~{S;'-Au@idh-u ' B'E} BQT'B'R,

G = pH'H+~72DD'+ A'RLA

G = pHMH'+~72ND'+CRLA (9.142)

for some matrices 0 < 8} =8, 0< 8, =85,0< Q; =St and 0 < Qp = Sb.
Accordingly we define the matrices:

4 = GA{R —R,g}‘l . 6 = GA Ry —7?,5}‘1
A = A+68A, C=C+6C
T = 0C{R3z— Ry} A+ CR3A! — CRLIA
+ 0C{R1 - Ry} o4"
2 = CR3Ct - CRLSCt — SCRACE + 6CR16C (9.143)

It is important to note that the indicated inverses in (9.142-9.143) exist in
view of A.2 and the selection of matrices 0 < Q1 and Q2. Observe in (9.143)
using (9.135)-(9.142) that (R; — Rq) > 0.

The next theorem establishes the main result.

Theorem 9.9: Consider the augmented system (Xae) for some v > 0
and given matrices 0 < Q1 = Q4 € R™" and 0 < Q2 = Q4 € ™", [f
for some scalar p > 0O there exist matrices 0 < S = St € R™*" and
0 < Sz = 8t € R™*" satisfying the LMIs

-Si+Q1 H Dt At

H -7 0 0
D “O TR <0 (9.144)
A 0 0 Ryt

-8y + Qo . i

~ARLSAL — 6AR,A 84 A

—TtZ-1T <0 (9.145)
s At ~-R7Y 0
At 0 -R3!
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then the robust Hoo—estimation problem for the system (Xae) is solvable
with the estimator

ik +1) = Ai(k) + T*27y(k) - Cz(k)] (9.146)
which yields
le(®)llz < v llw(®)l2 (9.147)

Proof: Given a matrix 0 < @ = Q! € R27%?" and by Theorem 9.8, it
follows that there exists a matrix 0 < P = Pt € R2*2" that satisfies LMI
(9.136). Applying A.1, this is equivalent to:

-1
AP - B.QEL -2 BBL ~ pLoLi}) Aa— P+ HiH,
+u MM, +Q < 0 (9.148)

From the results of [13], it follows that (9.148) holds if and only if there
exists a matrix 0 < S = St € NI"*?" gatisfying

B(S) = Ad{$7' -~ B.QT'EL —uT MM, - H;Ha}‘1 At

— S4puL i+~ BB +Q < 0 (9.149)
Define
1S 0 @ 0
s[3 8] e[ 8] e
Expansion of (9.149) using (9.135)-(9.136) and (9.150) yields:
=S 21(8) E($) 9.151
(8):= [:aw):() (8.151)
where
E1(S) = ARA' -8+ Q1+ uHH' +~72 DD (9.152)
Z0(S) = ARy (—6A+ KOC)t + pHH' — pHH!K® — 4~ 2DNK?
+ ARo[A+ A~ K(C +6C)) (9.153)
Z3(S) = [A+ 84 - K(C +8C)|Ra[A + 64 — K(C + 6C)]t

+ [A+ 04 - K(C + 6C)|RE(—6A + K8C)*

+ (=044 KSCYR1(—6A + K8C)t — Sy + Oy

+ w(H - KHYH - KH)' + v %D - KN)(D - KN)!
(9.154)
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For internal stability with £s-bound it required that =(S) < 0. Necessary
and sufficient conditions to achieve this are

Z1(S) € 0, Zo(8) =0, Za(S) <0 (9.155)

It is readily seen from (9.152) that the condition Z;(S) < 0 is equivalent to
the LMI (9.144). Using (9.143) in (9.153) and arranging terms, we conclude
that the condition Z2(S) = 0 is satisfied. Finally, from (9.142)-(9.144) and
using the “completion of squares” argument with some standard algebraic
manipulations we conclude that the Kalman gain is given by K = 7t2~1
and the LMI (9.145) corresponds to Z3(S) < 0.

Two important special cases follow.

Lemma 9.5: Consider the uncertain discrete system without delay

z(k+1) = [A+ AAK)x(k) + Dw(k) + Agz(k —7)
= Aa(k)z(k)+ Dw(k) + Aax(k — 7)
y(k) = [C+ AC(k)]z(k) + Nw(k)
= Ca(k)z(k) + Nw(k)
z(k) = Lax(k) (9.156)

If for some v > 0 and a scalar 1 > O there exist matrices 0 < S; = St €
RX" and 0 < Sy = S € R™*™ satisfying the LMIs

-8 ot DtAt ]
H -up'1 0 0
b 200 < 0 (9.157)
A 0 0 -R;']
-8 - T¢2ZrVhn 64 A
§A ~R71 0 < 0 (9.158)
At 0 -Rg' |

then the robust Heo—estimation problem is solvable with the estimator
a(k+1) = Az(k) + T2 y(k) — Ca(k)) (9.159)

which yields
le(k)l2 < v llw(k)e (9.160)
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and where
Ry = {Sy'-w BB} | Rs = {s7' - 11t}
Gs = pH'H+~2D'D , Gy = pH!H+~2ND!
A = GAT'R;' | 6C = GAT'R]!
A = A+684, C=C+4C
Ti = CRsA'+6CR4AL |, 2 = CRsCt + SCR4SC?

Proof: Follows {rom Theorem 9.9 by setting A3 =0 and Q; = Q2 =0in
(9.143)-(9.144) and observing that Ro = 0.

Lemma 9.6: Consider the system

w(k+1) = Az(k)+ Dw(k)+ Agz(k —7)
y(k) = Cuz(k)+ Nw(k)
2(k) = Lax(k) (9.161)
for some v > 0 and given matrices 0 < Q) = Q} € R*™?" and 0 <

Qo = Qb € R®X. If there exist matrices 0 < S = St € R™*" and
0< 8y =8 € Rm*n satisfying the LMIs

-S1+ Q1 Dt At
D | 0 < 0 (9.162)
A 0 -Rg'
=S+ Q2 ]
~ARLEAL — §ARLA A A
~TLZ7VT < 0  (9.163)
sA! ~Rg! 0
A 0 Rg'
then the robust Heo —estimalion problem is solvable with the estimator
ik +1) = Ag(k) + TL25 y(k) — Ci(k)) (9.164)
which yields
le(B)l2 < 7 [lw(k)ll2 (9.165)
and where
-1
Rs = {s;’ ~ AdlQy — AY(S;Y - LLt)’lAd]“E‘}

TLFeBOOK



9.5. LINEAR PARAMETER-VARYING SYSTEMS 365

Rs = {87'-LL'-E[Q - ALSiA" B}

Re = ~{S7' - 40148} 407 A{Rs

Gs = A7ID'D+ A'RLA

G = A~ ’ND'+4CRLA

b4 = GA{Re-RE}), 6C = God™ {Re ~RE}

A = A+64, C=C+6C

T, = O0C{Rs—Re}A'+ CRgA' - CoREA +3C {Rg — R} 34"
2, = CRC— CRLSC - 6CR:Ct + SCReOC

Remark 9.16: It is interesting to observe that Lemma 9.5 gives an
LMI-based version of the results in {13]. Lemma 9.8 presents an Hyo filter
for a class of discrete-time systems with unknown state-delay. Both Lemma
9.5, 9.6 are new results for state estimation of time-delay systems.

9.5 Linear Parameter-Varying Systems

Stability analysis and control synthesis problems of linear continuous-time
systems where the state-space matrices depend on time-varying parameters
have received considerable attention recently [33-38]. When dealing with lin-
ear parameter-varying (LPV) systems, there have been two basic approaches.
One approach developed in [33-35] where it has been assumed that the tra-
jectory of the parameters is not known a priori although its value is known
through real-time measurements and therefore the state-space matrices de-
pend continuously on these paramecters. Quadratic stability has been the
main vehicle in the analysis and control synthesis using a single quadratic
Lyapunov function. In [35-38], an alternative approach has been pursued
where the real uncertain parameters and their rates have been assumed to
vary in some prescribed ranges and hence allowing the state-space matrices
to depend affinely on these parameters. Affine quadratic stability has been
introduced to facilitate the analysis and control synthesis using parameter-
dependent quadratic Lyapunov functions. We examine here the problems of
stability and Hy filtering for a class of linear parameter-varying discrete-
time (LPVDT) systems in which the state-space matrices depend affinely on
time-varying parameters and has unknown constant state-delay. We employ
the notion of affine quadratic stability using parameter-dependent Lyapunov
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functions and establish LMI-based procedures for testing the internal sta-
bility. Then, we develop a linear parameter-dependent filter such that the
estimation error is affinely quadratically stable with a prescribed perfor-
mance measure. It is shown that the solvability conditions can be expressed
into LMIs which are then evaluated at the vertices of the polytopic range
of parameter values. The developed results extend those of [29-31] further
and study a class of LPVDT systems with state-delay which is frequently
encountered in industrial process control.

9.5.1 Discrete-Time Models

We consider a class of linear parameter-varying discrete-time (LPVDT) sys-
tems with state-delay represented by:

z(k+1) = Alo(k))z(k) + Bla(k))w(k) + E(o(k))z(k —n),
y(k) = Clo(k))a(k) + D(a(k))w(k)
z2(k) = L(o(k))z(k), z(0) = z, (9.166)

where z(k) € R" is the state, w(k) € ®™ is the disturbance input which
belongs to £2{0,00), z(k) € R™ is the controlled output, y(k) € R7 is the
measured output , o(k) = (o1,....,0,) € I C RN" is a vector of uncertain and
possibly time-varying parameters with & being compact , 7 is an unknown
constant delay and A(.), B(.),C(.), D(.), L(.), E(.) are known real matrix
functions and affinely depending on o, that is:

{A(a) B(o) E(a)}_[z‘lo B, Eo]

C(o) D(o) L(o) |~ | Co Do Lo

: ' Aj Bj E]'
+Zcr)[ DL (9.167)
J=1

where Ao, ..., Ay ;Boy o, By ; Coy oy Cr 3 Doy ooy Dry By, vy B and Ly, ..., Ly
are known constant matrices of appropriate dimensions. From now onwards,
we consider the parammeter uncertainty o to be quantified by the range of
parameter values and its incremental variation. In the sequel, an admissible
parameter vector o € R" is a time function that satisfies at each instant:

(A1) Each parameter o;(k),(j = 1,...,7) is real and ranges between two
extreme values d; and d;:

(Tj(k:) € IEIj, 5']'] (9.168)
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(A2) The incremental variation do;(k) is well-defined at all times and
doj(k) € 75, v (9.169)

where the bounds &;,6;, 7;, 7; are known for all (j =1,...,7).

It follows from (A1) and (A2) that each of the parameter vector o and its

incremental variation éo is valued in an hyper-rectangle of the parameter
space R", the vertices of which are in the sets:

W = {w=(w1,..,wr): wj €5, 75} (9.170)
V = {v=(1,.,n) v €|y, v} (9.171)

Note that W and V represent the sets of the 2" corners of the parameter box
and the parameter-rate box, respectively.

For the LPVDT system (9.166), we are mainly concerned with obtaining
an estimate, 2(k), of z(k), via a causal linear parameter-dependent filter
using the measurement y(k) and which provides a uniformly small estimation
error, z(k) — 2(k), Y w(k) € ¢:]0,00). Towards our goal, we provide in the
next section relevant stability measures that will be used in developing the
main results.

9.5.2 Affine Quadratic Stability
Distinct from (9.166) is the linear parameter-varying free (LPVT) system:

z(k + 1) = A(o(k))z(k) + E(o(k))z(k —n) ; z(0) = z, (9.172)

Definition 9.1: System (Y0) is said to be affinely quadratically stable
(AQS) if given a set of (r + 1) matrices (Qo, .., Qr) such that 0 < Q; =
Q% j=0,.,7r and Q(0) := Qo + 01Q1 + .. + 0,Q, > O there exists a set of
(r +1) matrices (P, ..., P) and such that 0 < Pj = P} j = 0,..,7 and

Plo) := Po+oitPA+..+0.P >0 (9.173)
R(0,00) = AYo){[P(o)+ P(d0) - P! — E(0)Q—-1(c)E! (o)} 1 A(0)
- Plo)+ Qo) <0 (9.174)

hold for all admissible values and trajectories of the parameter vector o. The
function V(k,0) = zt(k)P(o(k))z(k) + k=L 2t(j)Qo(f)x(5) is then a

Jj=k-n
quadratic Lyapunov function for system (Xs0) in the sense that

V(ik,o)>0 Yz #0, AV(ko) <0
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for all initial conditons and parameter trajectories o(k).

The following theorem provides an LMI-based procedure to check the
AQS for system (9.172).

Theorem 9.10: Consider system (Xq0) where the matriz A(.) depends
affinely on o in the manner of (9.167). Let W,V denote the sets of corners
of the parameter boz (9.170) and the incremental variation boz (9.171), re-
spectively and let & = (|61 + 61]/2, ..., |6+ + 6+]/2) denote the average value
of the parameter vector such that A(&) is stable. This system is affinely
quadratically stable if given a set of (r + 1) matrices (Qo, .., Qr) such that
0<@Qj= Q; J=0,.,7 and Qo) := Qo + 01Q1 + .. + 0:Qr > 0 there ezists
a set of (r + 1) matrices (P, ...., P,) such that 0 < P; = P; Vji=0,..,r
satisfying

A W){[Pw) +P(v) — Po] ™ — E(w)Q(w) ' EY(w)} ' A(w)

—Pw)+ Qw) < 0 V(w,v) WXV (9.175)
P(w) >0 YweW (9.176)
APt - EOQ;]Ef,}_lAj >05=1,u,r (9.177)
where
P(g):=P,+o1 P+ ...+ 0, P- (9.178)

When the LMI system (9.175)-(9.177) is feasible, a Lyapunov-Krasouvskii
function for (£,0) and for all trajectories a(k) satisfying (9.168)-(9.169) is
then given by V(x,0) = 2t (k)P(o)z(k) + TF21 _ 2t(a)Q(0)z(a).

a=k-n

Proof: Note that under assumptions (A1), (A2) and (9.178), we have:

P(o+do) = P,+(01+d01) Pi+ ...+ (o, + b0,)Pr
= P(o)+P(bo) - P, (9.179)

IYom Definition 9.1, the positivity constraint (9.174) is affine in o and
hence it holds for all ¢ in the parameter box W if and only if it holds at
all corners. This yields condition (11). For a given v € V the quantity
P(v) — P, is constant. The fact that A, E,P are affinely dependent on o
and (9.175)-(9.177) hold for all w € W ensure that

Ple) > 0
~P(o) + AYo){[P(o) + P(Jo) — P,|! -
E(0)Q(0)  EY0)} 'A(0) + Q(o) < 0 (9.180)
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for any value of o in the parameter box (9.170). Since (9.180) holds for any
corner v € ¥V and P(do) is affine in do, it can be deduced by a standard
convexity argument that the inequality

~P(o) + A (o){P~ o + do) —
E(0)Q(0) 'El(0)} 1 A(e) + Qo) < 0 (9.181)

holds over the entire incremental parameter box (9.171) since it is satisfied
at all its vertices v € V. Using (9.180), it follows that

AV(z,0) = zH(k){A(o)P(o + §o)A(c) — P(o) + Q(o)}x(k)
+ z'(k){A' (o 73(0+<50 E(o)
[Q(0) — E(0)P~ Yo + §0)E(o)| EX(0)P(0 + éo)}z(k)
< 0 (9.182)

for any parameter trajectory o(k) satisfying (9.168)-(9.169), which estab-
lishes AQS. It remains to clarify the multiconvexity constraint (9.177). Given
the affine expressions of A,P, F and Q, it can be easily shown that for any
0#£xeR™

glo) = z'AV(z,0)x

= ao+2n]o FZﬂj; 00k + Zcpy 2 (9.183)

i<k

for some scalars (oo, @, Bjk, ©j, O3k, ¢;). By [4, Lemma 3.1] and with some
standard algebraic manipulations, it follows that:

o5 =at (AYP - EoleEg}—lAj) 220,j=1,.,7

This implies that the multiconvexity requirement corresponds to the con-
straint (9.177). Observe that (9.175) ensures the negativity of g(o) at all
corners of the parameter box and hence

' AV(z,0)r < VYo #0

over the entire parameter box and therefore we conclude that AV (z,0) <0
for all admissible o.

Remark 9.17: The relevance of Theorem 9.10 stems from the fact
that it replaces the solution of an infinite number of LMIs to determine
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P,, ..., P. by a finite number of LMIs at the corners of the hyper-rectangles
plus the multiconvexity condition (9.177). In turn, these LMIs can be effec-
tively solved by the LMI Toolbox.

A special case of Theorem 9.10, when the o-parameters are constants,
is presented below.

Corollary 9.1: Consider system (£00) where the matriz A(.) depend
affinely on constant parameters ¢ € R satisfying (9.168). Let W denote
the set of corners of the parameter box (9.170). This system is affinely
quadratically stable if given a set of (r + 1) matrices (Qo,..,Qr) such that
0<Qj= Q; i=0,.,7r and Q(0) = Qo + 01Q1 + .. + 0,Qr > 0 there ezists
a set of (r + 1) matrices (P, ...., P) satisfying 0 < P; = PJ? Vi=0,..,r
such that P(c) := P, -+ 01 P + ... + 0, P, and

A WP () - EW)Q7 () B ()} Aw)

—P(w) + Qw) <0 VweW (9.184)
P(w) > 0 V owew (9.185)
AP BQ7 BT 4205 =1, (9.186)

When the LMI system (9.184)-(9.186) is feasible, a Lyapunov function for
(B40) and for all trajectories o(t) satisfying (9.169) is then given by

k—1

V(k,0) = a'(k)Pa(k)a(k) + ) ="(5)Q(c(3))=(4)

j=k—n

Proof: Set P(do) = P, in Theorem 9.10.

Definition 9.2: System (%) is said to be affinely quadratically sta-
ble (AQS) with disturbance attenuation ~y if given a set of (r + 1) matri-
ces (Qoyvoy Qr) such that 0 < Q5 = Q5 ¥ j = 0,....,7 and Qo) :=
Qo +1Q1 + ... + 0,.Q, > 0 there exists a set of (r + 1) matrices (P, ..., )
and such that 0 < Pj = PJ‘ Vi=0,..,r and

Plo):=FPo+or Pi+.c.tor B > 0 (9.187)
AYo)P(0 + d0)A(0) ~ P(0) + L'(0)L(0)
+AY0)P(o + d0)B(a,d0)P(0,60)A(0) + Qo) <0

(9.188)
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hold for all admissible values and trajectories of the parameter vector o =
(01 .., 0r) where

B(o,60) = B(o)|I -~y 2B!(0)P(o + 60)B(0)| 1 Bt(0)
+ E(0)Q ' (o)E(0) (9.189)

it then also follows that the function

k=1
V(z,0) = ' (k)yP(o)e(k) + D a'(a)Q(o)x(a)

a=k-n

is a Lyapunov function for system (9.166).

Theorem 9.11: Consider system (£q,) where the matriz A(.) depend
affinely on o in the manner of (9.167). Let W,V denote the sets of cor-
ners of the parameter box (9.170) and the incremental variation box (9.171),
respectively and let & = ([61 + 61]/2,....,[6+ + 6,]/2) denote the average
value of the parameter vector such that A(G) is stable. This system is
affinely quadratically stable with disturbance altenuation v if given a set
of (r + 1) matrices (Qo, ..., @r) such that 0 < Q; = Q4 Y j = 0,....,7 and
Q(0) i= Qo + 01Q1 + .... + 0:Qr > O there exists a set of (r + 1) matrices
(Poy +nes Pr) such that 0 < Pj = P{Y j = 0,....,7, satisfying

A (W) [P(w) + Pv) — Po)A(w) — P(w) + L (w)L(w)
+AYW)[P(w) + P(v) — P,|B(w,v)
[P(w) +P(v) — PoJA(w) + Qw) <0
V (w,v) eWxV (9.190)
Pw)>0 Ywe W (9.191)
AP - E,Q7 By~ B,
([ =7 *BoP,B.) ' Bi} 14
>05=1,.,r (9.192)
where
Plo)=FP+o1 P +...+0. P (9.193)
When the LMI system (9.190)-(9.192) is feasible, a Lyapunov function for
(Xo0) and for all trajectories o(k) satisfying (9.168) and (9.169) is then
given by V(k,0) = zt(k)P(a(k))z(k) + Zfi;}‘:_n () Q(0)x(a).
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Proof: Follows by parallel development to Theorem 9.10.

A special case of Theorem 9.11 when the o-parameters are constants
is presented below.

Corollary 9.2: Consider system (Xs,) where the matriz A(.) depends
affinely on constant parameters o € R" satisfying (9.168). Let W denotes
the set of corners of the parameter box (9.170). This system is affinely
quadratically stable with disturbance attenuation -y if given a set of (r + 1)
matrices (Qo,...,Qr) such that 0 < Q; = Qg Vj=0..,r and Qo) :=
Qo+ 01Q1+ .+ 0,Qr > 0 there exists a set of (r + 1) matrices (Poy ..oy Pr)
satisfying 0 < Pj = P}Y j =0, ....,1, such that P(0) := Poto1P1+..c -0, Py
and

A{w)P(w)A(w) — P(w) + LH(w) L(w) + AY(w)P(w)B(w, v)P(w)A(w) +

Qw) < 0 Vw €W (9.194)
P(w) >0 VweWw (9.195)
AYPTY — B,Q EL - Bo[l —v2BLP, B, BL} 1 4; 20

J=1.,7 (9.196)

When the LMI system (9.194)-(9.196) is feasible, a Lyapunov function for
(Xoo) and for all trajectories o(k) satisfying (9.168) is then given by V(z,0) =
zt(kYP(o)x(k) + Zﬁ;}c_" T () Q(o)x ().

Proof: Set P(v) = I, in Theorem 9.11.

Next, we proceed to closely examine the filtering problem for the class
of polytopic LPV systems described by (9.166)-(9.72) using an Heo-setting.

9.5.3 Robust H,, Filtering

The filtering problem we address in this paper is as follows:
Given system (9.166), design a linear parameter-dependent filter that pro-
vides an estimate, 2(t), of z(t) based on {y(r),0 < T < t} such that the
estimation error system is quadratically stable Yw(k) € €2]0,00)

Iz — 2|2 < v ljwll2

where v > 0 is a given scalar which specifies the level of noise attenuation
in the estimation error.
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Attention will be focused on the design of an n-th order filter. In the
absence of w(k), it is required that ||z(k) — Z(k)||2 — 0, k — oo where &(k)
is the state of the filter. The linear parameter-dependent filter adopted in
this work is given by:

#k+1) = A(o)i(k)+ K(o){y(k) — Clo)z(k)}
2(k)y = L(o)i(k);, #(0)=0 (9.197)
where A(.),C(.), L(.) are given by (9.167)-(9.168) and K(o) is the Kalman
gain matrix to be determined. By defining Z(k) = xz(k) — &(k) and aug-

menting systems (9.166) and (9.197), it follows that the estimation error,
e(k) = z(k) — 2(k), can be represented by the state-space model:

Ek+1) = [zHk+1) @(k+1) er™
= Au(0)&(k) + Bu(o)w(k) + Eu(0)é(k —n)
e(k) = La(o)é(k) (9.198)
where
| A(o) 0
Aol0) = [ 0 A(o)fK(a)C(a)]

Edlo) = [ o 0},Lu(a)=l0 L)

B(O-) _ To
{ B(o) — K(o)D(o) } » €00) = [ 7 }

The main result is then summarized by the following theorem.

Theorem 9.12: Consider system (X,) where o(k) is a time-varying
parameter satisfying (9.168)-(9.169), let v > 0 be a given scalar and given
affine matriz 0 < Q@ = Q € R¥™ with Q = diag|Q1 Q2| Then there
exists a linear parameter-dependent filter

Bk+1) = AW)ak)+ T(w,v)S H(w,v){y(k) — C(w)z(k)} (9.199)

2(t) = L{w)&(t) V(w,v) EW XV (9.200)
T(w,v) = AW)Z(w,v)BW)Or (w,v)E (W)X (w,v) Al (w)

+ BYw)B(w) (9.201)

S(w,v) = D(w)Bi(w) + C(w)Z(w,v)Ew)Q7 (w,v) E{(w)X (w,v)Al(w)

(9.202)
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such that the estimation error is affinely quadratically stable and ||z — 2|]z <
Yl|wll2 Yw(k) € & if there exist affine matrices X(w,v) and Z(w,v) satisfy-
ing the following LMIs:

Al O Bl A1) | 3y
BY(w) -1 0
| Aw)X (w,v)(w)EH(w) 0 - Q1(w) |
V (w,v) €W XV (9.203)
—Z(w,v) + Q(w) ] y ]
~Aw)Z(w,v)A (w)  Aw) A(w)
B(w)BY(w) <0
At(w, v) -Q1(w) 0
i At(w, v) 0 —v2I + L(w,v) |
V (w,r) €W XV (9.204)
AdX; - E,.QT'EL - B,
(A BB B
>0 j=1,.r (9.205)
where
Alw,v) = AWw)~T(w,v)S™ Hw,v)C(w)
Alw,v) = A(w,v)2(w,v)Ew) (9.206)
Aw) = Alw,v)Z(w,v)LHw) (9.207)
B(w,v) = B(w)~T(w,¥)S  (w,v)D(w) (9.208)
Liw,v) = Lw)Z(wv)[(w) (9.209)

and X(w,v) = X(w) + X(v) — Xo, Z(w,v) = X(w) + Z(v) —

Proof: By Definition 9.2, system (9.198) is AQS with disturbance
attenuation v if given an affine matrix 0 < Q(.) = Q!(.) € R?* there exists
an affine matrix 0 < P(.) = P!(.) € R*" satisfying the matrix inequality:

AL(o)P(o + §0)Au(a) — P(o)
+AL(0)P(0 + 60)Bu(0 + 80)P(0 + 60)Au(0)
+L4(0)La(0) + Qu <0 (9.210)

TLFeBOOK



9.5. LINEAR PARAMETER-VARYING SYSTEMS 375

where
B,(0,d0) =
Bu(0)[I — v *Bl(0)P(0 + 60)Ba(0)] "' Bi(0)
+E4(0)Q; ' (0)EL(0) (9.211)

From the results of [39], inequality (9.210) holds if and only if there exists a
matrix 0 < Y = Yt € R?" satisfying the matrix inequality:

Z(o+d0) = Au(0)Y(o+ do)AL(0)
4+ Aq(0)Y(0 + 60)Lo(0,50)Y(0,60)AL (o)
- Y(o)+ Ba(G)Bé(o) +Qa
< 0 (9.212)
where
£a(0,60) = La(o)lI = 72 La(0) (o + d0) L4 ()| LL(0)
+E.(0)Q7 (o) EL(0) (9.213)
Define
- | Ei(o+do) Eq(o+ o)
(o +d0) = { 4o 1 60) oo + 509 }

V(o +80) = [ (o +do) 0 J

0 Z(o +do)
Expanding (9.212) using (9.214), we get:

E1(0 + 60) = A(o)X (0 + d0)AY (o) — X(0) + B(o)B!(0)
A(0)X (0 + 80) E(0) Q7 (0) B (0)X (0 + 60)A%(0) + Q1 (9:215)
E3(o 4 do) = {A(o) — K{(o + 60)C(0)}Z(0 + do)
{A'(0) - CHo)K* (0 + b0)}
+ {B(0) — K(0 4 d0)D(0)}{B'(c) — D'(0)K*(o + b0)} +
{A(0) — K(0 + 60)C(0)}2Z(0 + 60)E(0 + §0)Z(0 + o)
{AY(o) — CY(o)K(0o + d0)} (9.216)
Za(0 + 60) = B(0){B(c) — D*(0)K* (0 + 60)} +
A(0)X (0 + §0)E(0)Q; (o) EX(0)Z (0 + o)
{AY(o) — CYo)K (o + d0)}

(9.214)

(9.217)
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where

E(o+d0) = LHo)(v2I - L(0)Z(0 + §0) L} (o) L(o)
+ E(0)Q;(0)E0) (9.218)

It is well known that necessary and sufficient conditions for Z(o+-60) < 0 are
Ei1(o+d0) <0, Z3(c+d0) < 0 and Zp(o+d0) = 0. Enforcing Z(o+da) =0
in (9.218) yields:

K(o+30)=T(0+30)S7 (o +d0), ¥V (0,60) €I XTI (9.219)

as the desired Kalman gain where 7(.,.) and S(.,.) are given by (9.201)-
(9.202). Applying Theorem 2, it follows from (9.215)-(9.216) that the con-
ditions Z;1(o + o) < 0 and Z3(0 + do) < 0 yields the LMIs (9.203)-(9.204)
plus the multiconvexity requirement (9.205).

A special case of Theorem 9.12 when the o-parameters are constants
is presented below.

Corollary 9.3: Consider system (X5) where o(k) is a constant param-
eter satisfying (9.168), let v > 0 be a given scalar and given affine matriz
0< Q=0 e R with Q = diag|Q1  Qa2|. Then there exists a linear
parameter-dependent filter

ik+1) = AWw)i(k) +T (WS Hw){y(k) — Clw)E(k)} (9.220)
2ty = L{w)i(t), VweWw (9.221)

T(w) = BY(w)BW)+ Aw)2(w)Ew)Qr ' (0)B' (W)X (w)A'(w)

S(w) = DW)B'w) + C(w)Z(w)Bw)Qr (w)E{(w)X (w)A'(w)
(9.222)
such that the estimation error is affinely quadratically stable and ||z — ||z <

Y|wllz Yw(k) € €2 if there exist affine matrices X(w) and Z(w) satisfying
the following LMIs:

~X(w) + Qi(w) B(w) A(w)X(w)E(w)

—A(w)X (w) A (w) <0
Bi(w) —1 0
Aw)X(w)(w)Ew) 0 —Q1(w)
VweWw (9.223)
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—Z(w) + Q2(w) + B(w)B*(w)

" A(w)2 () At(w) Aw) Aw)
At(w) —Q1(w) 0
At(w) 0 —%I + L(w)
<0, YweW (9.224)

A X" — EoQT ES — Bo[l — v *BLXoBo) ' BL} 1 A

>0  j=1,.,7 (9.225)
where
Aw) = Alw) - T(W)S Hw)C(w)
Alw) = AWw)Z(w)E(w) (9.226)
Aw) = AWw)Z(w)L(w) (9.227)
B(w) = B(w)-T(w)S Y w)D(w) (9.228)
L(w) = Lw)Z(w)LYw) (9.229)

Proof: Set X(v) = X, and Z(v) = Z, in Theorem 9.12.

9.6 Simulation Example

9.6.1 Example 9.1

Consider a discrete-time delay system of the type (9.121) with

[ 0.67 00871 [ 02 0 } D— [ 0.096 J

0 1105 0 02 0.316
= [05 05], H,=[1 2|,
= 1, H= 0.1 ] H.=04, E=[02 0.3
- 1 - 0.2 3 c T VTl - . ’

Our purpose is to provide a numerical illustration of Theorem 9.9. First
we select Q1 and Q5 as

5 0 2 0
912[0 5}, QQ:{O 2}

Then we expand the LMIs (9.144)-(9.145) into nonstandard algebraic Riccati
inequalities and solve them using a sequential computational scheme. This
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scheme is initialized by dropping out the additional terms thereby obtaining
standard ARIs. By solving the resulting ARIs, one gets an initial feasible so-
lution. Subsequently, by injecting the solutions continuously into the actual
algebraic inequalities, it has been found that a satisfactory feasible solution
can be obtained after few iterations. In one case with an accuary of 1075,
the result of computations are:

5 — | 90601 04380 | . | 140.5205 10.6250
V=1 04380 13.0666 |' 27 | 10.6250 125.4550

for u = 0.25 where the associated matrices are given by:

R 11417 -1.0063 | | 1.3145 -0.4566
=0 1.0063 1.1733 | T | —0.4566 09339 |’

R = 1.2225 -1.0433 - 0.3237  0.6978
8 —1.0433 0.7652 |* | —1.3861 —0.2980 | ’

{ ~9.6089 } ot [ ~0.2041

t
7 —8.7517 ’ —0.1840

} , Z = —255851

Hence, from (9.146) the Heo estimator is described by:

) 0.3237  0.6978 ] .
a(k+1) {—1.3861 ~0.2980 }“"(k)
0.3756 .
+ [0_3431 (k) = [~0.2041 — 0.1840](k)]

9.7 Notes and References

Admittedly, the available results on robust He—filtering for time-delay sys-
tems are few. The material reported in this chapter was basically delay-
independent. Some potential research areas include developing delay-dependent
filter results, exploring the possibility of reducing the computational load of
the filter, treating linear parameter-varying continuous systems with delay
and investigating nonlinear systems. In addition, some of the ideas that are
worth deep examination are found in {14-18, 45].
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Chapter 10

Interconnected Systems

10.1 Introduction

One of the fundamental problems of signal and systems theory is the estima-
tion of state-variables of a dynamic system (filtering) using available (past)
noisy measurements. The celebrated Kalman filtering approach [3,4] is, by
now, deeply entrenched in the control literature and offers the best filter
algorithm based on the minimization of the variance of the estimation er-
ror. This type of estimation relies on knowledge of a perfect dynamic model
for the signal generation system and the fact that power spectral density of
the noise is known. In many cases, however, only an approximate model
of the system is available. In such situations, it has been known that the
standard Kalman filtering methods fail to provide a guaranteed performance
in the sense of the error variance. Considerable interests have been subse-
quently devoted to the design of estimators that provide an upper bound
to the error variance for any allowable modeling uncertainty [10-12,14-17].
These filters are referred to as robust filters and can be regarded as an ex-
tension of the standard Kalman filter to the case of uncertain systems. An
important class of robust filters is the one that employs the Hoo—norm as
a performance measure. In Ho.—filtering, the noise sources are arbitrary
signals with bounded energy which is appropriate when there is significant
uncertainty in the power spectral density of the exogenous signals [18].

On another front of systems research, interconnected uncertain systems
are receiving growing interest since they reflect numerous practical situa-
tions. Most of the time, the problems of decentralized stability, stabilization
and control design have been the main concern [13,40,41]. Recently, inter-
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ests have been shifted to classes of interconnected uncertain systems where
state-delay occurs within the subsystem [42]. The problem of decentralized
robust filtering seems to have been overlooked despite its importance in con-
trol engineering. This chapter attempts to bridge this gap by considering the
problem of decentralized robust filtering for a class of interconnected nonlin-
ear uncertain delay systems. The nonlinearities are unknown cone-bounded
and state-dependent, the uncertainties are real unknown and time-varying
but norm-bounded and the state-delay is unknown. We adopt a worst-case
approach to the filter design [4] based on an unknown initial state and sub-
system measurements. It is important to emphasize that the obtained results
here complement those of Chapter 7 on the control and stabilization.

10.2 Problem Statement

Consider a class of nonlinear systems (3a) composed of ng coupled subsys-
tems (Xa;) and modeled in state-space form by

g5(t) = A5+ AA;(0)x;(t) + Bj(t)w;(t)
+ [Adj + AAdj(t)]l'j(t — Tj)

b S {GH) + AC(Dgslz) (10.1)
k=1
yi(t) = [Cj+ AC(t)]z;(t) + D;(t)w;(¢)
+ [I\/IJ-+A]VIj(t)]mj[:cj] (10.2)
zj(t) = Ljz,(t) (10.3)

where V j € {1,.,ns}; x;(t) € N is the state ; w;(t) € RN% is the
input noise which belongs to £2[0,00); y;(t) € RP is the measured output;
zj(t) € " is a linear combination of state variables to be estimated, and
75 is a unknown constant time-delay. The initial condition can be generally
specified as a, = (x(0), ¢(s)) where ¢(.) € L2]0, 00), but it will be considered
unknown throughout this work. The matrices Aj, Bj,Cj, Dj, Agjy M;, G
and L; are real and constants of appropriate dimensions but the system
matrices AA;(t), AGi(t), AAg;(t), AC;(t), AM;(t) are uncertain (possibly
fast time-varying) and are assumed to be given by:

[ M g) } B [ Hy, }/_\1,( )Enj (10.4)
AG (1) = Hjpdji(t) Ejk (10.5)
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AAgG(t) = HsjAgi(t) Eoj (10.6)

AM;(t) = HyjAs;(t) Es; (10.7)

where {Hij, ..., E3;} are known constant matrices and {Ay;, Ajg, Agj, Asj}
are unknown real matrix functions satisfying
AfjA1 S 1, AgA,

<
Azdy; < I, Apdly, <

(10.8)

The mappings g;; : ™ — R and hj 1 R — R are respectively un-
known coupling and local nonlinearities satisfying the following assumption:

Assumption 10.1: There exists known real constant matrices W;, and
W;, Vi, k € 1,...,n, such that Va;(t) € R, v;(t) € R
Nozeloslll < IWikvslly limylzs]ll < 1[Wasl]

The problem of interest can be phrased as follows:

Given ns-pairs (0 < 740 < R; = R;),Vj, Jind linear causal filters P; :
y; — 25,Vj € {1,..,ns} such that the filtering error e; = z; — 2; is globally
asymptotically stable and

Slells < v 30wl + 200 Rie;(0)
=

Jj=1
0
+ / o4(s) Ry (s)ds /2 (10.9)
—-T
for any nonzero (a,,w) € R* S L]0, 00) and for all admissible uncertainties.

Remark 10.1: Note that the function (10.9) can be viewed as a gen-
eralization of the usual Huo-filtering performance measure to account for
unknown initial states where I; provides a measure of the uncertainty in
the initial state o, relative to the uncertainty in wj.

We close this section by establishing a version of the strict bounded real
lemma (see Appendix A) for a class of time-delay systems. Consider the
following time-varying system (33;):

() = A@)C(t) + B(Dw(t) + Ag(Da(t - 7), (10.10)
n(t) = C(t) <) (10.11)
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where ¢(t) € R" is the state, {, = (¢(0), #(s)); ¢(.) € L2[—7,0] is an unknown
initial state, w(t) € N™ is the input, n(t) € R is the output and the
matrices A(t), B(t), C(t) are real piecewise-continuous and bounded. Here
7 is an unknown constant time-delay. Associated with system () is the
worst-case performance measure:

9 1/2
j(U,W,Co,R) = sup {“‘*—”'LIQER/E}

llwll3 + ¢
CRe = CORC(O0) + [ CHs)Re(s)ds
0% (Coy0) € R @ La|0, 00) (10.12)

where 0 < R = R! is a weighting matrix for the initial state ((0), ¢(s)). The
following result holds:

Lemma 10.1: Given system (%) and a scalar v > 0, the system is
exponentially stable and J(n,w,(, R) < ~ if either of the following con-
ditions holds:

(1) There exists a bounded matriz function 0 < Q(t) = Q(t) , V¢ €
[0,00), such that for some 0 < T =T* <~2R

Q+A'Q+QA+Q(y*BB' + EI'E'Q

+C'C+T = 0; QO) < ~+*R (10.13)
and the system i(t) = [A+ (v 2BB*+ Ay~ A4)Q]x(t) is exponentially sta-
ble.

(2) There ezists a bounded matriz function 0 < S(t) = Si(t), Vt €

[0, 00), satisfying the differential inequality

$ 1+ ALS + SA+ S(y2BB! + A,T144)S

+C'C+T < 0, S00) <~*R (10.14)

for some 0 < =1I% < +*R.

Proof: Introduce a Lyapunov-Krasovskii functional for system (¥):

t

Vle) = {0S(06(0) + [

¢Ha)W¢(a)da (10.15)
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0<S{t)=8SEtleR™™ Vt; 0<I =TIteRmn

Differentiating (10.15) along the trajectories of system (¥;) with w = 0, we
get:

d
a;Vo(wt) = x(O)I(S)x(¢)
S+SA+AS+ T SAy

(s) = A4S r
x(@) = [¢'(t) ¢'(t -7 (10.16)
By A.1, inequality (10.14) implies that d‘—ltVo(:ct) < O whenever [¢(t) ¢(t—

7)] # 0. That is, the system is uniformly asymptotically stable.

To show that [nllz < v{|lwll3 + ¢*(0)R¢(0) + J2, ¢*(s)R¢(s)ds} /2, we
introduce

/m{ztz — y2whwdt
— {0 RE(O / ¢H(s)RC(s)ds) (10.17)

By using (10.10)-(10.12) and completing the squares in (10.17), it follows
that

Jo

Aw{ctcvtcvg ‘l %CtSC - ,Y?,w 1.U}dt
¢*(0)S(0)¢(0) — 7*¢*(0)R¢(0)

0
— A2 zt(s)Rx(s)ds

/Ooo [¢18+ A+ A'S]¢ - Putu) at
/oo{,walSC T CtSB’lU}dt
,/0 {C ASAdC(t ’~T) +C ([; *T)A SC}dt

[) CEN(S)¢dt — CHO)Y2 R — S(0)[¢(0)
/0 (2NN, + NAT-1N3)de

-+

fl

+

+

i

|

!

[ ct)r - ric(s) (10.18)
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where

N(S) = S+A'S+SA+CIC+T

+ S(y?BB'+ AT AL)S (10.19)
Ny = [w—~"2B'S(] (10.20)
Ny = [I¢(t—71) - A4S(] (10.21)

The condition J, < 0 is implied by inequality (10.14(2 Yt [0,00). Therefore,
we conclude that [[n]]z < 7{|[w]l3 + C(O)RI(0) + [°, CH(s)Re(s)ds}/? for
any nonzero (G, w) € R @ Ls|0, 00).

Finally, by A.3.1 it follows that the existence of a matrix 0 < § = St €
R*" satisfying inequality (10.14) is equivalent to the existence of a stabi-
lizing solution 0 < Q = Q' € R"*™ to the ARE (10.13).

Remark 10.2: In the case of time-invariant systems, the matrix func-
tions S(t) will be replaced by a constant matrix 0 < S = S* [14]. When the

initial state {, is known to be zero, the performance measure (10.11) reduces
to the usual Hy-performance measure

: lInll2 }
J = su {
07é1u€££)[0.00) H’LU| I'-’-

10.3 H, Performance Analysis

In this section, we will establish an interconnection between the robust per-
formance analysis problem of system (10.1)-(10.3) and the Heo-performance
analysis of the interconnected system

&ty = A&+ [Bs vBilus, 0, Ajk)lw;(2) (10.22)
z(t) = [Cjﬁij)]ej(t) (10.23)

where j € {1,.,n:},& € R is the state; §jo is an unknown initial state,
wi(t) € NU+% is the input noise which belongs to £2[0,00) and Z;(t) €
R75+Pi is the output. The matrices 4, B}, [,; are the same as in (10.1)-
(10.3) and

Bj(#j,Oj,)\jk)Bé(uj,Uj,)\jk) =
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/.th’I]ijfj + Ujflsj.Héj + Agi(Qj5 — U;lEgt_jEQj)-lAzj +

> AGHI = A5 S Ejn) ™ G + Ajp Hi (10.24)

k=1

Ciu3)Cinz) = (Y Wi Wiy) + ' i Enj (10.25)
k=1

where Haj, Erj, Eaj, Haj, Wik, Eji, are as in (10.4)-(10.7) and Assumption
10.1. The scalars j, 05, Ajx are positive scaling parameters such that

—1pt . s 4
)\_}k EJI;EJA < I, U] E({jEE}] < QJ
The following theorem summarizes the main result.

Theorem 10.1: Consider system (10.1)-(10.8) satisfying conditions
(10.4)-(10.7) and Assumption 10.1. Given scalars {y1 > 0,...,7n, > 0}
and matrices {0 < Q; = Q40 < Ij = R;},Vj € {1,..,ns} such that
Q; < ’)’;Rj, system (10.1)-(10.8) is globally uniformly asymptotically sta-
ble about the origin and

Mg

S lzille < w3 {llwsll3 + (0 Ryzs(0)
=1 j=1

0
+ acg(s)1‘?,]':453'(8)(1&9}1/2 (10.26)

-7

for any nonzero (ajo,w;) € N & L]0,00) and for all admissible uncer-
tainties if system (10.21)-(10.22) is exponentially stable and there exist scal-
ing parameters pj, 0j, \jk, Vi, k € {1,..,ns} satisfying A;klE;kEjk < I and
o5 lEéngj < Q; and such that

T(z,w,6, R) < ; (10.27)
Proof: We will carry out the analysis at the subsystem level. Application
of Lemma 10.1 shows Vj € {1,...,n,} that there exists a bounded matrix

function 0 < Pj(1) = Pf(t), Vi € [0,00); P;(0) < 75 R; such that

P+ AP; + PiAj + ;2 PBiBEP; + Ci(1;)C5(1;)
P;Bj(pj, 05, Nji)Bi(1e5, 05, A ji) Py + L5L; + Q5 < 0 (10.28)
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By B.1.2 and using (10.24)-(10.25), it follows that:
Nj(P;) = P+ Ah;P; + PjAn;j + 5 *P; B;BLP;

+ PiGapGhajnPi + PjAdAjQ}lAZAij
k=1

(O WiWig) + LiL; +Q; < 0 (10.29)
k=1
where
An; = Aj+ Hi;A1;En
Aanj = Agj+ HajAg5(t) Eoj
Gajk = G+ DBy (10.30)

"To examine the stability of system (10.1)-(10.3), we introduce the Lyapunov-
Krasovskii functional

Vj(l'tj) = wPa,J+Z/ wJIV Vikzjds

Z / Irgids + / (r)Qjz;(r)dr  (10.31)

In view of Assumption 10.1, it is easy to see that V; 5(z¢;) > 0 whenever
zj # 0. Differentiating (10.31) a]onb the state trajectories of (10.1)-(10.3)
with w;(t) = 0 and using the interconnection constraint

Z Z IAU A” jhLhk = Z ZxéI/V,ﬁjI/ijwj
j=1k=1 k=1k=1
we get:
(l Uyr o
Lye) = Z %) < Lxi0hxe 09
where x;(t) = [z(t) « t—T) gh1ngli, ]t and
Q;  PjAan; PiGjo ... P;Gjn,
AdAJPJ- -Q; 0o .. 0
/‘1‘] e _]]P 0 “I . 0
C”t P; 0 e e I

Jns

TLFeBOOK



10.3. H,, PERFORMANCE ANALYSIS 387

Q=P+ AZij + PjAa; + Z ”/l:j‘/ij
k=1

In view of (10.29), it follows that £V (z:) < 0 whenever & # 0 which, in turn,
means that the equilibruim state = 0 is globally, uniformly, asymptotically
stable for all admissible uncertainties. Moreover, since w; € L2]0,00) the
boundedness of ||z;]|2 is guaranteed.

Now to show that system (10.1)-(10.3) has the desired performance (10.26),
we introduce:

ng 0
> |00 el o)
— Pz} (0)Rj;(0 +/ §)Ry;(s)ds) (10.33)
By completing the squares in (10.33) and using (10.29), it follows that
O .
J = Z{/o 25 L Lz + q V() — v*wtw)dt
i=1

24(0)P;(0)5(0) — +224(0) Ry;(0)
0
'Y_?[_ a:t,( )P]l_)( )ds (OO)}
o nzs{l; ’YJR ]xJ (OO)}
+ Z-/D {l‘{]NJ(])J)‘LJ ]V‘ilej}dt

- Z/ {’YJN')J 2j FNgJ 71N3j}dt

- Z / )y Ry = Qi (s)dt (10.34)

where
Noj == |wj 7> B§Pjx;]
3j = [Qjm(t — 7) — Aga ; Py
M‘j = Zzszllgjh(mk) - GLAjkPj;L'j]

TLFeBOOK



388 CHAPTER 10. INTERCONNECTED SYSTEMS

Note that Vj(oco) > 0Vt and is bounded. In view of (10.29), it follows that
J < 0 for all nonzero (ajo,w;) € N™ @ L2[0,00) and for all admissible
uncertainties.

10.4 Robust H, Filtering

In order to construct a robust He filter for system (3a), we introduce the
following n, scaled systems:

Zi(6) = AEi(t) + By vBi(, 0 Aje) b5 (t) (10.35)
L; I

Z(t) = | wiky | Z(0 ] 0 |ut) (10.36)
W; 0

Uit) = C3;(¢) + [Dj vDjjy Ajw)l;(¢) (10.37)

where j € {1,..,n:},&; € R is the state; &jo is an unknown initial state,
uj € RP is the control input, w;(t) € R+ is the disturbance input which
belongs to L2[0,00),%;(t) € R"*7i+55 is the controlled output , §; € RPs
is the measured output, v; > 0 is the desired Hey performance of the fil-
ter P;, the matrices A;, Bj, C}, D;, L; are the same as in (10.1)-(10.3) and
Bj(1y 0y Ajk)B5(144, 04, Aji) is given by (10.24) with

g

WIW; = > WEWk; + WiW; (10.38)
k=1
‘Dj(uj)'D;([Lj) = )‘ij-'le{Zj + M](I - /\ngngj)—lM; (10.39)
where Hyj, F3;5,W); are as in (10.4)-(10.7) and Assumption 10.1. The
scalars 15,05, Ajk, Aj are positive scaling parameters such that )\;klEﬁkEjk <
I 07 BBy < Qj and A\jE4;Es; < I. Let the estimate % = Pj(y;) be
represented by the following realization:

vit) = Au()i(t) + Buj(t)ys(t), v5(0) =0 (10.40)
50 = KOu) (10.41)
where the dimension, 7j, of the filter P; and the time-varying matrices A,;,
B,;(t) and K,; are to be selected. By [27], it follows that the control law

u; = P;(#;) of system (10.35)-(10.37) is given by:
Gi(t) = Au;(p;(t) + By ()J;(t), 93(0) =0 (10.42)
ui(t) = L (t)p;(t) (10.43)
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The following theorem summarizes the main result.

Theorem 10.2: Consider system (10.1)-(10.3) satisfying conditions
(10.4)-(10.7) and Assumption 10.1. Let P; : y; — %, j € {1,..,ns}
denote a set of linear time-varying strictly proper filters with zero initial
conditions. Then, given scalars {v1 > 0,...,7, > 0} and matrices {0 <
Q; = ;;0 < R; = R;},‘v’j € {1,..,ns} such that Q; < 'Y;Rj, the esti-
mate ¥; = P(y;) solves the decentralized robust Hoo-filtering problem for
system (10.1)-(10.3) if there exist scaling parameters pj, 05, Njk, Ajy Vi, k €
{1,..,ns} satisfying

(1) N By Bie < 1,05 ' B4 Fyj < Q; and MBS Esj < I

(2) the closed-loop system (10.42)-(10.43) is globally, uniformly, asymp-
totically stable about the origin gnd J(Z;,%0;, %50, R;) < ;.

Proof: By augmenting (10.35)-(10.37) and (10.42)-(10.43), we obtain
the closed-loop system:

Cit) = A5 (06 + B; () B3 0I5(0) (10.44)
%) = [g? }ch(t) (10.45)

where
) = [ o ] )= | B ]

2o A4 0 B | Bi
A= [ B,;C; A, } » Bi= [ B,;D; ]

B; = [ B;(1, 05, Ajk) }

Bu;Dj(1;)
1 5
o ” —F: 0
Cii=1C; —Kujl, Cyy= [ V’;jV.lJ 0 } (10.46)
J

On the other hand, by introducing (s;(t) = [x5(t) vi(t)]* then the filter-
ing error ,e;(t) = z;(t) — %;(t), associated with system (10.1)-(10.3) and the
filter (10.40)-(10.41) is given by:
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'

+ Z[ajk + ﬁjkgjkﬁjk]fjk(¢fj)

=1
+ By ()0(t)+ Aanj byt —7)
ej(t) = Cii¢ri(t), ¢r5(0) = [af, O] (10.47)
where
| Ay AU S
Hy= {vquWth ’ ET_’vW3EU 0

9ik(Tk) ifk#3j
Fin(gs) = gjj(xj; J k=

{Gﬂ“} if k # j
5o 0] ..
0 BUjM,-} iTk=J

[@HJ’"} ith#

Hje= [ N Hjj 0 } k= i

0 Vi BujHa;
Bjlt) ifk#j
A (t)=< [a50 o 1 ..,
[ 0 Agj(t)_ ifk=j
} =) . .
Ejk if k#j

Ve !

T L, 0 ]

e T if k= j
. -
O b |

—~ ~t
We note that Aj (t) Ay, (£) < TVjk € {1,...,n} and ¥¢s; € R+, we
have:

Wkl = Ngsu(z)lI* < Wikl
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= [[Wje Olell® j#k
(Sl = Uosg(@pIl® + [lm(as)I?
< W5 Oel? =k

with L
WJ?W,- = W}joj + W;I/Vj

It is easy to verify using (10.24) that
—~ ~t —~ ~t
BiBY = H;H;+ G (I — E'5kE;) ™" Gy,
N l"\t
+ il

St S8 1 | .
t» 94 = D‘ . t — — j .
C5;Ce; [ “jflg 0] [\/ﬁ;] 15 0]
+ W5 0w, 0] (10.48)

By carefully examining systems (10.44)-(10.46) and (10.47) in the light of
(10.48) and condition (2), the results follow iimmediately from Theorem
10.1.

Corollary 10.1: Consider system (10.1)-(10.8) with o, = 0 and sat-
isfying (10.4)-(10.7) and Assumption 10.1. Let Py(s),j € {1,..,ns} be
a set of linear time-invariant strictly proper filters with zero initial condi-
tions and let %; = Pj(s)y; be the estimate of zj,j € {1,..,ns}. Then given
scalars v1 > 0,...,7n, > 0, the filters Pj(s) solve the decentralized robust Heo
filtering problem for system (10.1)-(10.3) if there exist matrices 0 < Q; =

;,j € {1,..,ns} and scaling parameters ji; > 0,05, Ajk, Aj, 3, k € {1,..,ns}
such that

(1) Nl BB < I, 05 By B35 < Q and A\ EY;FBs; < 1

(2) the closed-loop system (10.85)-(10.87) with zero initial state un-
der the control action uj = P;(s)y; is asymptotically stable and ||%;|l2 <
¥;}|w;l|2 for any nonzero w; € L]0, 00).

Remark 10.3: We note that Corollary 10.1 is a special version of
Theorem 10.2 when the system under consideration is time-invariant with
zero initial condition. Observe in this case that the robust He, —filter is
time-invariant whereas it is time varying in the case of Theorem 10.2.
The key point here is that the decentralized H., —filtering for a wide class
of interconnected systems with norm-bounded parameteric uncertainties and
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unknown cone-bounded nonlinearities as well as unknown state-delays can be
solved in terms of parameterized output feedback He,—conrol problems for
ns linear decoupled systems which do not involve parametric uncertainties
and unknown nonlinearities as well as unknown state-delays. The latter
problems can be solved using the results of [2,14].

10.5 Notes and References

Indeed, the model treated in section 10.2 represents one of the many different
possible characterizations of interconnected time-delay systems subject to
uncertain parameters. Ixtension of the obtained results to other models
is a viable research direction. Examination of delay-dependent stability is
another research topic.
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Appendix A

Some Facts from Matrix
Theory

A.1 Schur Complements

(1) Given constant matrices €2y, 2, Q3 where 0 < ) = Qf and 0 < Q2 = Q%
then Q; + Qgﬂ{lﬂg < 0 if and only if

<0 or [MQQ QS]<0

0 0
QL o

Q3 —

(2) Let ¥ be any square matrix. Then £2 > 0 and $4¥e%1 - %9 < 0 if
and only if

<0

S
B A S

Remark A.1: Although (2) can be derived from (1) and vice-versa, we
have included them for direct use in the respective chapters.

A.2 Matrix Inversion Lemma

For any real nonsingular matrices Y1, 23 and real matrices Yo, 34 with
appropriate dimensions, it follows that

(B1 4+ ZeBeXy)™! = BT - DTN 4+ DTN iE !
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400 APPENDIX A. SOME FACTS FROM MATRIX THEORY

A.3 Bounded Real Lemma

A.3.1 Continuous-Time Systems

For any realization (A4, B,C), the following statements are equivalent:

(1) Ais stable and ||C(s/ — A) Bl < 1;
(2) There exists a matrix P > 0 satisfying the algebraic Riccati inequality
(ARI):

PA+ AP+ PBBP+C'C < 0
(8) The algebraic Riccati equation (ARE)
PA+A'P+PBB'P+C'C =0

has a stabili_zing solution 0 < P = P!. Purthermore, if these statements
hold, then P < P. See [64] for further details.

A.3.2 Discrete-Time Systems

Let G(z) € R¢*? be a real rational transfer function matrix with realization
G(z) = C(zI — A)™'B+D. Then the following statements are equivalent:

(1) A is Schur-stable and ||C(z] —~ A)"' B+ D|jec < 1
(2) There exists a matrix 0 < P = P* satisfying the ARI
ALPA — P+ (A'PBAC'D)I — (D'D + B'PB)) (B PA+ DC)
+ C'c <0 (A.1)
and such that [ - (D'D +B'PB) >0
(3) There exists a stabilizing matrix 0 < P = P! satisfying the ARE:
ATPA - P+ (A'PA+C'D)I - (D'D+ B'PB)| Y (B'PA + D'C)
+ C'¢ =0 (A.2)
Moreover P < P. The stabilizing solution P renders the matrix

A + B[l — (D'D + B'PB)|"}(B'PA+ D!C) Schur-stable. See [52] for
further details.
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Appendix B

Some Algebraic Inequalities

B.1 Matrix-Type Inequalities

Let X1, X2, X3 be real constant matrices of compatible dimensions and H(t)
be a real matrix function satisfying H'(t)H(¢t) < I. Then the following
inequalities hold:

B.1.1 BN 4+ B8, < ¢4, + ¢TI Eo, (>0

B2 SyH()0s L SLAONL < oSS 1+ 288, p> 0
B.1.3  Vp > 0such that p?YX4¥, < I

(Zs+ 1 H(t)S2) (24 + B4 (t)}f PN + Ball — pPuiNs]TIng
Proof:
B.1.1 Since Xt(t)E(t) > 0 for any real matrix X(¢) then

[CI/QEI _ C—l/?zg]t[ql/?gl . C-—l/?zg] >0 (Bl)

Expansion of (B.1) yields (2% — %55 — B3y + (71850, > 0 which
when rearranged gives

CEtjE] -+ C”);“,f_,Eg, ¢>0
B.1.2 Instead of (B.1) consider the matrix function
(P18 — pH(6)%0) o7 50 — pH(t)5] >0 (B.2)

On expanding (B.2), we get
PN, — L1 H(t) S, — SEHU (S, + p*SEH(t) H(t)S2 > 0 and by
rearranging the terms using H(t)[J(t) < I, we obtain

TiH ()% + B ()N, < p 2888 + p®Sh%e, p>0

401
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B.1.3 Again, instead of (B.1) consider the matrix function
S(t) = (0721 — DoT4| V25,5 — (072 - T4 2 HA ()5S (B.3)
Expanding E4(t)2(t) > 0 using the fact that p?S5(t)Ta(t) < I, we get

DaLL (DY + D H (D 84(t) + S1H () 2S5 H (8) 2 (2)

< LaTh[p72 — TR TN N + p 2R H () HY ()T

+(Xa + X1 H(1)¥0) (83 + ELHU)EQ)t - 2323

< SgSbpm 2 — BaNh|T I8N + p 2 H(8) HE (6!

'F(Es -+ 21[’1(&)22)(23 + E]I’I(t)xg)t

< Sslf + Bhlp7 — SoXb| T e)NE 4+ p P H(OH(OTT (B4

Since [I — p?S5%e|~1 = [ + p2S5[I — p25450]"15%] and H()H(t) < I
implies H(t)H(t) < I then

(B3 + SIH()E) (S + BSOS < p 2818 + Da[l — p?Lh%| 7158

Remark B.1: We remark that inequalities (B.1.1)-(B.1.3) are main
vehicles in the stability studies throughout this volume in order to derive
parameterized upper bounds and/or to remove uncertainties.

B.1.4: Given matrices 1 ,%2 and Y3 where ¥ = X then
Y1+ B3 A(k) X + DEAK) DY <0 (B.5)
VA AYk)AKk) £ T
holds if and only if for some £ > 0
Y14 e Na N+ eXi 8, <0 (B.6)

Remark B.2: It should be noted that B.1.4 can be proved in line with
B.1.2.

B.1.5: Let ¥ ,%2,%3 and I’ be given constant matrices with

appropriate dimensions such that I' = I'". Then there exists a matrix
Q = Qf such that

{E[ + Xo A(k) 73]L Q
VA AYK) Alk) < 1

Y1+ Yo A(k) 23] +I' < 0 (87)
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if and only if there exists a scalar i > 0 such that the following conditions
hold:

(@) uXtQ¥ < I

(b) ZEOD1 + TEQNo[u 1 — BEOTL|TINAQYN, + p7i8iEs + T < 0
Proof: By the Schur complements A.1, inequality (B.7) holds if and only
if

{ — Q! zla-ng(k)m} -0 (B8)

¥+ ALK r
Inequality (B.8) is equivalent to:
-Q1 P . 0 t t
[ st T ] +[ o } AK)[0 Ba] + [23} Alk) [B5 0] <0
(B.9)

By inequality B.1.4, it follows that (I3.9) for some > 0 is equivalent to

—~0-1 % t
][] e <
1
0

= { - Q”;;‘Z?x‘#’ .- ,LL;rfzg } < (B.10)
Applying A.1 again, inequality (B.10) holds if and only if
T+ p 18485 + BEQ™ — uloXb] ™1 < 0 (B.11)
or
T+ 71848 + SUQ — ukeXb0) '8 < 0 (B.12)

By A.2, inequality (B.11) reduces
REON) + BEQ[p T - BTN 4+ T RN + T < 0 (B.13)
which corresponds to the matrix expression of condition (2) as desired.
B.1.6: For the linear system
z(t) = Az(t) (B.14)
where A(A) € C7, it follows [2] that

e € ce™™, t>0,¢>1,7>0 (B.15)
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B.1.7 Bellman-Gronwall Lemma: Continuous Systems
Let a(t), B(t),v(t) and u(t) > 0 be real continuous functions. If

alt) < B(t) + () /Otu(s)a(s)ds, t>0 (B.16)
then

a(t) < B(1) +w@)£24@ﬁ@k{ﬁ“mﬂ”whm, Vt>0  (B.17)

Special Case: Let a(t), u(t) > 0 be real continuous functions and let o be
a real constant. [f

at) < o + / u(s)a(s)ds, Vt>0 (B.18)

then

aft) < oe{f(; ﬂ(s)ds}

B.1.7 Bellman-Gronwall Lemma: Discrete Systems
Let {a(k)}, {B(k) } and {u(k)} > 0 be finitely summable real-valued
sequences Yk € Z,. If

. Vt>0 (B.19)

olk) < B(k) + Zu (B.20)

then

alk) < B(k) + z{ meti (1 -+ p(m)u(5)8(3)} (B.21)

where Il,,,¢(;,k) (1 + p{m)) is set equal to 1 when j =k — 1.

Special Cases:

(a) Let {a(k)}, {B(k)} and {u(k)} > 0 be finitely summable real-valued
sequences Yk € Z;. If for some constant ppg, (7)) < puarVy, then

k.
alk) < B(k) + par Y- (1+p(m))*7716(j) (B.22)

j=1

(b) Let {a(k)}, {[j’( )} and {u(k)} > 0 be finitely summable real-valued
sequences Yk € Z,. If for some constant Bar, 8(5) < BmVJ, then
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k

alk) < Bu Y _(1+p(l) (B.23)

=1
The proof of this lemma can be found in [1].

B.2 Vector- or Scalar-Type Inequalities
B.2.1 For any vector quantities u and v of same dimension, it follows that:

llutoll> < (04 B0 A+ (1+ B)llvl® (B.24)

for any scalar g > 0.
Proof: Since

(w4 o) (u+v) = uu + v + 2uv (B.25)
It follows by taking norm of both sides that:
N +o)lI> < flll® + [19°]] + 2llutoll, B8>0 (B.26)

But from the traingle inequality 2||utv|| < 8~ |u||> + B||v?¥||, substituting
back in (B.26) yields (133.24).

B.2.2 For any scalar cuantities z, @ > 0 and b # 0, it follows that:
az - bz® < a?/(4b) (B.27)

Proof: Since
(bz — (1/2)a)(bz — (1/2)a) =20 (B.28)
It follows by expansion that
b22? — abz + (1/4)a® > 0=
22 - az > a*/(4b) =
az — bz* < a?/(4b) (B.29)
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Appendix C

Stability Theorems

C.1 Lyapunov-Razumikhin Theorem

Consider the functional differential equation

() = flta), t>t
z,(0) = ¢(t+0),Y0 € [-,0| (C.1)

where x:(t),t > t, denotes the restriction of z(.) to the interval [t — 7, ¢]
translated to [—7,0], that is z(0) = ¢(t + 0),V0 € |—7,0] with ¢ € Cy, +.
Let the function f(,¢): Ry X Cpr — R™ be continuous and Lipschitzian in
¢ with f(t,0) = 0. Let o, 3,7,d : R — RN be continuous and
nondecreasing functions with

a(r), B(r), v(r) >0, r>0
a(0) =0, B(0)=0
S(ry>r r>0

If there exists a continuous function V : ¥ x ® — R such that
(@) a(llzl]) < V(t,z) < B(lzll), teR,zeR”
(b) V(t,z(t)) < —(l=ll) if
V(t+n,z(t+n) <dV(tz)), Vnel|-r0]
Then the trivial solution of (C.1) is uniformly asymptotically stable.

407
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C.2 Lyapunov-Krasovskii Theorem

Consider the functional differential equation

() = [z, t=>t
z,(0) = (t+0),Y0 € [-1,0] (C.2)

where x(t),t > t, denotes the restriction of z(.) to the interval [t — 7,1
translated to [—7,0], that is z,(0) = ¢(t + 0),VY0 € |—7,0] with ¢ € Cy, ;.
Let the function f: Ry x C,+ — R™ take bounded sets of Cy, » in bounded
sets of X" and «, 8, : R, — RN, be continuous and nondecreasing
functions with

a(r), B(r), >0; r#0
a(0) =0, B(0) =

If there exists a continuous function V : R x Cp, » — R such that

(a) a(|ls0)) < V(t,z) < B(llells), teRzeRr

(®) V() < (O]

then the trivial solution of (C.1) is uniformly stable.

If a{r) — oo as 7 — oo, then the solutions are uniformly bounded.

If v(r) > 0 for r > 0, then the solution & = 0 is uniformly asymptotically
stable,

Throughout the book, in applying the Lyapunov-Krasovskii theorem we
use a quadratic functional of the form:

V(t,z) = 2t (t)Pz(t) —I—Ai zH(0)Qz(0) do (C.3)

where 0 < P = Pt e R and 0 < Q = Q! € R™*™ are weighting matrices.
We note that this [unctional satisfies the conditions of the theorem and in
particular we have

A(P)lz]]? < V() < Par(P)+ 720(@Q))] ||

We also note that the first term of the functional takes care of the present
state whereas the second term accumulates the effect of the delayed state.
While the selection of P is quite standard, the selection of ) is governed by
the problem at hand. See Chapter 2 for different forms of Q.
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Appendix D

Positive Real Systems

In this section, we give some definitions and technical results on positivity
of a class of linear systems without delay which will be used in Chapter 4.
The class of systems is given by:

(20) : x(t)
y(t)

Denote the transfer function of (3,) by T,(s):

I

Ax(t) + Bu(t) (D.1)
Cx(t) + Du(t) (D.2)

1l

To(s) =C(sl —A)'B+ D (D.3)
Based on the results of [3-5], we have the following:

Definition D.1:

(a) The system () is said to be positive real (PR) if its transfer function
T,(s) is analytic in Re(s) > 0 and satisfies T,(s) + T (s*) > 0 for Re(s) > 0.
(b) The system (%,) is strictly positive real (SPR) if its transfer function
To(s) is analytic in Re(s) > 0 and satisfies

To(jw) + TEH(—jw) > 0 Yw € [0, o0).

(c) The system (%,) is said to be extended strictly positive real (ESPR) if
it is SPR and T,(joo) + TH(~joo) > 0.

Definition D.2: The dynamical system (C.1)-(C.2) is called passive if
and only if
/ W(ty() > B VueLs (D.4)
0
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where 3 is some constant depending on the initial condition of the system.

Remark D.1: We recall that the minimal realization of a PR function
is stable in the sense of Lyapunov (1,2]. In addition, ESPR implies SPR
which further implies PR.

Remark D.2: Bearing in mind that testing the PR conditions of Defi-
nition C.1 should be done for all frequencies, an alternative procedure would
be desirable to avoid such excessive computational effort. The results of [5]
have provided a state-space solution to the positive-real control in terms of
algebraic Riccati inequalities.

A version of the positive real lemima to be used in the sequel is now pro-
vided.

Lemma D.1 [5]: Consider system (£,) and define the algebraic Riccati
inequality (ARI)

PA AP (C — B'PY(D'+ D)"Y (C - B'P) < 0 (D.5)

Then the following statements are equivalent:

(1) System (3,) is ESPR and A is a stable matriz;

(2) (D! + D) > 0 and there exists a matriz 0 < P = Pt € R™" solving the
ARI (12);

(8) There ezists a matriz 0 < P = Pt € R™*™ solving the linear matriz
inequality (LMI)

PA+A'P  C'-PB

'~ BL]) _(D -+ Dt) < 0 (D'6)
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Appendix E

LMI Control Software

Linear matrix inequalities (LMIs) have been shown to provide powerful con-
trol design tools [1]. The LMI Control Software 2] is so designed to assist
control engineers and researchers with a user-friendly interactive environ-
ment. Through this environment, one can specify and solve several engi-
neering problems that can formulated as one of the following generic LMI
problems:

1. Feasibility Problem: [ind a solution x € ®" to the LMI problem

Alz) =40 + Y xjd; < 0 (E.1)

FES

2. Convex Minimization Problem: Given a convex function f(z), find
a solution =z € R" that

Minimize f(x) subject to(x) < 0 (E.2)

c. Generalized Eigenvalue Problem: [Find a solution z € ®™ that

A(m < AB(z)
Minimize A subject lo B(z) > 0 (E.3)
C(x) < 0

LMIs are being solved by efficient convex optimization algorithins [3]. Among
several commerically available packages, the LIMI Control Toolbox offers
high-performance software for solving general LMI problems. This is evident
in terms of simple specification and manipulation of LMIs (either symbol-
ically with the LMI Editor [miedit or incrementally with the commands
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Imivar, lmiterm), structured-oriented representation (matrix variables) and
incorporation of efficient numerical algorithms. The computational engine
is formed by three solvers: feasp, mincx and gevp. In general, the LMI lab
can handle any system of LMIs of the form:

NL(XYy oo XEON < MER(X 1,y oy X5 )M (E.4)

where X3, ...., X are matrix variables with some prescribed structure, the
left and right outer factors N and M are given matrices with identical di-
mensions and the left and right inner factors L and R are symmetric block
matrices with identical block structures, each block being an affine combi-
nation of Xy, ...., X and their transposes.
The specification of an LM] system involves two-steps:

(1) Declare the dimensions and structure of each matrix variable X1, ...., Xk.
(2) Describe the term content of each LML

This computer description is stored as a single vector LMISYS and is
used by the LMI solvers in all subsequent manipulations. The description
of an LMI systemn starts with seflmis and ends with getlmis. The function
setlmis initializes the LMI system description with two possibilities: for a
new system, type setlmis(f]) and for adding on to an existing LMI system
LMIMSM, type setlmis(LMIMSM). In either case, the terminal command is
LMISYS = getlmis alter completing the specification.

Within an LMI file, the matrix variables are declared one at a time with
Imivar and are specified in terms of their structure. There are two structure
types:

Type 1: Symmetric Block Diagonal (SBD) structure. This takes the
form

D 0 .. 0

X - 0 DQ . (E5)
S . O
0 .. 0 D,

where Dj is square and is either zero, a full symmetric matrix, or a scalar
matrix Dj =d x [;d € R.
Type 2: Rectangular Structure. This corresponds to arbitrary rectan-
gular matrices without any particular form.

The next step is to specify the term content of each LMI. In this regard,
there are three classes:
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1. Constant terms: These include fixed matrices like I in X > I,
2. Variable terms: These include terms involving a matrix variable like

XA,DISD,PXQ,
3. Outer factors:

In describing the foregoing terms, as a basic rule, we specify only the
terms in the blocks on or above the diagonal since the inner factors are

symmetric.

E.1 Example E.1

Consider the feasibility problem of solving inequality (2.4) using the data

A=) e

for 7 € {0.1 — 0.9]. An LMI-based program is given by

setlmis([]);
Qtaw=(1-taw)*eye(2);
p=Imivar(1,(2,1});
term1=newlmi;

limterm([term1 1 1 p],1,A,’s’);

Imiterm([term1 1 1 0},1);
Imiterm([term1 1 2 p],1,b);
Imiterm({term1 2 2 0],-Qtaw),
Imisys=getlmis;
Iminbr(Imisys);
(tmin,xfeas)=feasp(Imissys);
pf=dec2mat(lmisys,xfeas,p)
eig(pl);
evimi=evllmi(Imisys,xfeas);

(1hs1,rhs1)=showlmi(evini,2);

eig(lhsl-rhs1)

} (E.6)
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E.2 Example E.2

Consider a discrete system of the type (2.74)-(2.75) with the data

[ 01 0 -0.1
A = 1005 03 O
0 02 06
06 0 0
Q = 0 06 0 |,
0 0 06

E = [02 0 03], E4=[04 0 0.]

An LMI-based program for testing robust stahility is given by

setlmis(}]) ;

p=Imivar(1,(3,1]);
terml=newlmi ;

limterm([term1 1 1 pl,-1,1);
Imiterm([term1 1 1 0],Q);
Imiterm([terml 1 1 0],e1*E*E);
Imiterm([term1 1 2 0],e1*E’*[5d);
Imiterm([term1 1 3 0],A’);
Imiterm([term1 2 2 0],-Q);
Imiterm([term1 2 2 0],e 1 *Ed’*[d);
Imiterm([term1 2 3 0],Ad");
Imiterm([term1 3 3 inv9p)],-1,1);
Imiterm(|term1 3 3 0],e*H*ID);
term2=newlini;

linterm({term?2 1 1 0],e*Ed’*Ed);
limterm([term2 1 1 0],-Q);
term3=newlmi;

limterm([term2 1 1 0],e*IT¥I);
limterm([term2 1 1 inv(p)],-1,1);
Imisys=gethmnis;

Iminbr(Imisys);
(tmin,xfeas)=feasp(lmissys);
pf=dec2mat(lnisys,xleas,p);
eig(pf);
evlmi=evllmi(lmisys,xfeas);

1

(E.7)

(E.8)
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E.2. EXAMPLE E.2

(1hs1,rhs1)=showlmi(evlmi,1);
(1hs2,rhs2)=showlmi(evlmi,2);
(1hs3,rhs3)=showlmi(evlmi,3);
eig(lhs1-rhsl);

eig(lhs2-rhs2);

eig(1hs3-rhs3);

pf

417
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