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Series Introduction 
Many textbooks have  been written  on control engineering, describing new 
techniques for controlling systems, or new and  better ways of mathemati- 
cally formulating  existing  methods  to solve the ever-increasing complex 
problems faced by practicing  engineers. However, few of these books fully 
address  the  applications  aspects of control engineering. I t  is the  intention 
of this series  to  redress this  situation. 

The  series will stress applications  issues, and not just  the  mathemat- 
ics of control engineering. It will provide texts that present  not only both 
new and well-established  techniques, but also detailed  examples of the 
application of these  methods  to the solution of real-world problems. The 
authors will be  drawn from both the academic world and  the  relevant  ap- 
plications  sectors. 

There  are already  many exciting examples of the application of con- 
trol  techniques in  the  established fields of electrical, mechanical (including 
aerospace), and chemical engineering. We have only to look around  in to- 
day’s highly automated society to see the use of advanced robotics tech- 
niques in the manufacturing  industries;  the use of automated control and 
navigation  systems in  air  and surface transport systems; the increasing 
use of intelligent control systems in  the many  artifacts  available  to  the 
domestic consumer market;  and  the reliable  supply of water, gas, and 
electrical power to the domestic consumer and to  industry. However, there 
are currently  many  challenging problems that could benefit from wider 
exposure  to the applicability of control methodologies, and  the  systematic 
systems-oriented  basis  inherent in  the application of control techniques. 

This  series will present books that draw on expertise from both the 
academic world and  the applications  domains, and will  be useful not only 
as academically recommended course texts  but also as handbooks for prac- 
titioners  in  many  applications  domains. 

Professor Mahmoud is to be congratulated for another  outstanding 
contribution  to the series. 

V 
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0.1 Preface 

In many  physical, industrial and engineering systems, delays occur due to 
the finite capabilities of information  processing and data transmission among 
various parts of the system.  Delays  could  arise  as well from inherent phys- 
ical  phenomena  like mass transport flow or recycling.  Also, they could be 
by-products of computational delays or could intentionally be introduced for 
some  design  consideration. Such  delays  could  be constant or time-varying, 
known  or  unknown, deterministic or stochastic depending  on the system un- 
der consideration. In all of these cases, the time-delay factors have, by and 
large, counteracting effects  on the system behavior and most of the time 
lead to poor  performance.  Therefore, the subject of Time-Delay  Systems 
(TDS) has been  investigated as functional differential equations over the 
past three decades. This has occupied a separate discipline in mathematical 
sciences  falling  between  differential and difference equations. For example, 
the books by  Hale [l], Kolmanovskii and Myshkis 121, Gorecki et a1 [3] and 
Hale and Lune1 [4] provide  modest  coverage on the fundamental mathemat- 
ical notions and concepts related to TDS; the book by Malek-Zavarei and 
Jamshidi [5] presents  different  topics of modeling and control related to TDS 
with constant delay and  the book  by Stepan [6] gives a good  account of clas- 
sical stability methods of TDS. 

Due to the fact that almost  all  existing  systems are subject to uncer- 
tainties, due to component  aging, parameter variations or  modeling errors, 
the concepts of robustness, robust  performance and robust  design 
have  recently  become  common  phrases  in  engineering literature  and consti- 
tute integral part of control systems  research. In  turn, this has naturally 
brought into focus an  important class of systems: Uncertain  Time-Delay 
Systems (UTDS). During the last decade, we have  witnessed  increasingly 
growing interest on the subject of UTDS and numerous results have appeared 
in conferences and/or published  in  technical journals. Apart from these scat- 
tered results and the volume edited very  recently by Dugard and Verriest [7] 
however, there is  no  single  book written exclusively on the analysis, design, 
filtering and control of uncertain time-delay  systems. It is therefore believed 
that a book that aims at bridging this gap is certainly needed. 

vii 
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v111 
... PREFACE 

This book is about UTDS. It is directed towards providing a pool of 
methods and approaches that deal with uncertain time-delay systems, In 
SO doing, it is intended to familiarize the reader with various aspects of 
the control and filtering of different uncertain time-delay systems. This 
will range from linear to some  classes of nonlinear, from continuous-time to 
discrete-time and from time-invariant to time-varying systems. Throughout 
the book, I have endeavored to stress mathematical formality in  a way to 
spring intuitive understanding and  to explain how things work. I hope that 
this approach will attract  the  attention of a wide spectrum of readership. 

The book consists of ten chapters and is organized as  follows. Chapter 
1 is an  introduction to UTDS. It gives an overview of the  related issues 
in addition to some systems examples. The remaining nine chapters  are 
divided into two major  parts.  Part I deals with robust  control and consists 
of Chapters 2 through 7. Part I1 treats robust  filtering and is divided 
into  Chapters 8 to 10. The book  is supplemented by appendices containing 
some standard lemmas and mathematical results that are repeatedly used 
throughout  the different chapters. 

The material included makes it adequate for use as  a  text for  one-year 
(two-semesters) courses at  the graduate level in Engineering. The prerequi- 
sites are linear system theory, modern control theory and elementary matrix 
theory. As a  textbook,  it does not purport to be a compendium of all known 
results on the  subject.  Rather,  it  puts more emphasis on the recent robust 
results of control and filtering of time-delay systems. 

Outstanding features of the book are: 
(1) It brings together the recent  ideas and methodologies of dealing with 
uncertain time-delay systems. 
(2) It adopts  a state-space approach in the system representation and 
analysis throughout. 
(3) It provides a unification of results on control design and filtering. 
(4) It presents the material systematically all the way from stability 
analysis, stabilization, control synthesis and filtering. 
(5) It includes the treatment of continuous-time and discrete-time systems 
side-by-side. 

Magdi S. Mahmoud 
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Chapter 1 

Introduction 

An integral part of systems science and engineering  is that of modeling. By 
observing certain phenomena, the immediate task consists of two parts: we 
wish to describe it  and  then determine its subsequent behavior. It is  well 
known, in many important cases, that a useful and convenient  represen- 
tation of the system state is by means of a finite-dimensional vector at a 
particular  instant of time.  This  constitutes  a state-space modeling via ordi- 
nary differential equations, which has formed a great deal of the  literature 
on dynamical systems. On another dimension, due to increasing complexity 
and interconnection of many  physical systems to suit growing demand,  other 
factors have seemingly been taken into account in the process of modeling. 
One important factor is that  the  rate of change of several  physical systems 
depends not only on their present state, but also in their past history or 
delayed information among system components. 

Delays thus occur in  many physical, industrial  and engineering systems 
as a direct consequence of the finite capabilities of information processing 
and  data transmission among  various parts of the system [2,3]. They could 
arise as well from inherent physical  phenomena  like  mass transport flow or 
recycling [8]. Also,  delays  could be intentionally introduced for  some  design 
consideration. Such  delays could be constant or time-varying, known  or  un- 
known, deterministic or stochastic depending on the system under considera- 
tion.  This brings about  a  distinct class of dynamical systems: Time-Delay 
Systems (TDS). Indeed, proper modeling of such systems and examining 
their  structural properties establish important prerequisites for adequate 
control systems design. The subject of TDS is interesting, as it is difficult. 
In addition to the fact that many practical industrial installations and de- 

l 
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vices possess delays which cannot be ignored, it is interesting since it offers 
many open research topics. It is, by and large, difficult because the behavior 
of such systems can  be complex and analysis intricate. 

Broadly speaking, there  are two classes of TDS [3]: 
l. Systems with lumped delays 
2. Systems with distributed delays. 

As we show later  on, examples of class l include: conveyor belts, rolling 
steel mills and some population models, In all of these, a finite number of 
parameters  can be identified  which encapsulate all delay phenomena; hence 
the terminology “lumped delays.” Mathematically, the description involves 
ordinary differential equations with delays, like: 

T X = -X + u(t - T )  

where z = z( t )  is the state, t is the time, U = u(t)  is the  input, r is a single, 
lumped delay and T is a time constant. 

Class 2 is best represented by heat exchanging systems, whose spatial 
extent makes it difficult to identify a finite number of delays which  would 
fully describe the  heat propagation phenomena. They  are frequently termed 
“systems with distributed delays” and  are described by partial differential 
equations (PDEs). As a typical example, consider a heat exchanger of the 
pipe-in-pipe type which can be represented by a system of PDEs: 

W 1  - + hl“ at aT1 = k,l(T, - T I )  

at ae 

de 

- aT2 4- h2” aT2 = ks2(Ts - T2) 

where 7’1 is the  temperature of the first medium, T2 is the temperature of the 
second medium, Ts is the  temperature of the partition wall, ksl, ks2, k l s ,  lczS 
are  the  heat exchange coefficients and hl, h2 are flow coefficient. In the 
model, time delays are  distributed and are given  by partial derivatives aTl/%, 
dT2/dt, aTs/at, which are functions of t and  thus infinite-dimensional sys- 
tems. Note also that spatial delays are also distributed  and given  by aT,/att, 
aTz/atk‘, so they are infinite-dimensional, as well. In this book, we are go- 
ing to focus  on class 1 dynamical systems, that is, only the lumped delay 
systems are considered. 

By tracing the technical approaches to mathematical representation of 
TDS, we identify the following: 
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(1) Infinite  Dimensional Systems Theory 
Here the approach is based on embedding the class of TDS into  a larger class 
of dynamical systems for  which the  state evolution is described by appro- 
priate  operators in infinite-dimensional  spaces. On one hand,  this approach 
presents quite  a general modeling approach. On the  other  hand,  it should 
be  further  strengthened to incorporate structural concepts like detectability 
and stabilizability. For a detailed coverage of this approach, the reader is 
referred to [lo-121. 

In  this  approach,  the evolution of delay-differential systems is provided in 
terms of linear systems over rings. Here the issues of modeling and analysis 
are easily described [l51 but  the control design  is still at early stages of 
development. 

By incorporating the influence of the hereditary effects of system dynamics 
on the  rate of change of the system, this approach [3-7,9] provides an ap- 
propriate  mathematical  structure  in which the system state evolves either in 
finite-dimensional space [5,6] or in functional space [5,9]. 

Strictly speaking, there has been extensive work and research results 
based on the foregoing approaches. This book  focuses  exclusively  on the 
third approach. As it will  become clear throughout the various chapters, 
this approach facilitates the use of the wealth theory of finite-dimensional 
systems. In particular, we adopt the view of treating  the delay factors as 
“additional  parameters” of the system under consideration and closely  ex- 
amining their effects on the system behavior and performance. The reader 
is advised to consult [l] for a lucid  discussion on the foregoing approaches. 

(2) Algebraic Systems Theory 

(3) Functional  Differential Systems 

1.1 Not ations and Definitions 

1.1.1 Notations 

The  notations followed throughout the book are  quite  standard. Matrices 
are represented by capital  letters while vectors and scalars are represented 
by  lower case letters. f ( t )  denotes a scalar-valued function of time t .  The 
quantities 2,  and x are the first and second derivative of x with respect to 
time, respectively. (., .), (., . l ,  [., .] denote, respectively, open, semiclosed, and 
closed intervals; that is t in the interval (a ,  b] t E ( a ,  b] ZE a < t 5 b. ?R, R+ 
denote the set of real and positive real numbers, respectively, C- denotes the 
proper left  half of the complex plane, C+ := ( S  : Re(s)  > 0) denotes the open 
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proper left half  of the complex plane, C+ := { S  : Re(s) > 0 )  denotes the open 
right half plane with c+ being its closure, 2, Z+ denote, respectively, the  set 
of integers and positive integers, !Rn denotes the n-dimensional Euclidean 
space over the reals equipped with the norm I I .I I and !RnXm denotes the  set 
of all n X m real matrices. The Lebsegue space &[O, m) consists of square- 
integrable functions on the interval [0, m) and equipped with the norm 

Similarly, the Lebsegue space &(O, 00) consists of square-summable functions 
on the interval [0, m) and equipped with the norm 

For any  square  matrix W ,  W t ,  W-l ,  X(W), t r (W) ,  .(W), de t (W) ,  XM(W), 
X,(W) and p(W) := muzjIXj(W)I denote the transpose, the inverse, the 
spectrum (set of eigenvalues), the  trace,  the  rank  and  the  determinant,  the 
maximum and minimum  eigenvalue and the  spectral  radius, respectively. 
For any real symmetric matrix W ,  W > 0 (W < 0) stands for positive- 
(negative-) definite matrix, When a matrix W(6),  B E ?RT depends afineljy 
on parameters (01, ...., O r ) ,  it means that 

where WO, Wl, ...., WT are known  fixed matrices. I IWl I denotes the induced 
matrix norm given  by AM( VVWt)lI2, diug( W1, W*, ,,., Wn) denotes the block- 
diagonal matrix 

I stands for the  unit  matrix with appropriate dimension and p(W) denotes 
the  matrix measure of a  square  matrix W defined  by: 
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If matrix W* denotes  the complex conjugate  transpose of W ,  then p ( W )  is 
given  by: 

which  possesses the following properties: 

CnYT = C( [-T, 01, !Rn) denotes the banach space of continuous vector functions 
mapping  the interval [-T, 01 into !Bn with the topology of uniform  conver- 
gence and  designate  the norm of an element 4 in Cn,.,- by 

Sometimes, the arguments of a function will be omitted in the analysis when 
no confusion can arise. 

l. l .2 Definitions 

In  what follows we collect information and mathematical definitions related 
to functional diflerential  equations (FDEs). Unless stated otherwise, all 
quantities  and variables under consideration are real. 

It is well-known from mathematical sciences that,  an ordinary  diflerential 
equation (ODE) is  an  equation connecting the values of an unknown function 
and some of i ts  derivatives for one and  the  same argument value, for example 
H(t ,  x ,  a?, ?) = 0. Following [4,6], a functional equation (FE) is an equation 
involving an unknown function of different argument values.  For example, 
~ ( t )  + 3s (4 t )  = 2, x ( t )  = sin(t)s(t + 2) + cos(t + 1)s2(t - 3)  = 2 are FEs. By 
combining the notions of differential and functional equations, we obtain  the 
notion of a functional  diflerential  equation (FDE). Thus, FDE is an equation 
connecting the unknown function and some of its derivatives for, generally 
speaking, different argument values.  Looked at  in this light, the notion 
of FDE generalizes all equations of mathematical analysis for functions of 
a continuous  argument.  This assertion is  greatly justified by examining 
models of several applications [G-131. We take  note that all fundarnentd 
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properties of ODE are carried over to  FDE including order,  periodicity  and 
time-invariance. 

Next, we introduce some mathematical machinery. If a E 8, d 2 0 and 
x E C([a - r, a + dl, W )  then for any t E [a, a + dl, we let xt E C be defined 
by .,(Q) := x( t  + Q), -T 5 Q 5 0. If D C 32 x C, f : D + Sn is a given 
function, we say [4-61 that  the relation 

is a retarded functional differential equation (RFDE) on D where xt(t) ,  t 2 to 
denotes the restriction of x(.) to the interval [t - r, t]  translated to [-T, 01. 
Here, r > 0 is termed the delay  factor. A function x is said to  be a solution 
of (1.1) on [a - T,  a + dl if there are a E 8 and d > 0 such that 

x E C ( [ a - T , a + d ] , % " ) ,  ( t , s t )ED,  t E [ a , a + d l  

and x ( t )  satisfies (1.1) for t E [a, a + dl. For a given a E ?R, # E C, z(a, 4, f) 
is said to be  a solution of (1.1) with initial  value # at a. Alternatively, 
x(a, 4, f) is a solution through (a, 4) if there is an d > 0 such that x(a, 4, f) 
is a solution of (1.1) on [a - r, a + d] and za(a, 4, f) = #. 

Of paramount importance is the  nature of the equilibrium  solution xt = 0. 
For this purpose, we let 

Following [4,6],  the equilibrium  solution Q 0 of (1.1) is said to be stable 
if for any 6 > Om there is a p = p ( € )  > 0, such that Ix(a, 4,f)l 5 c for any 
initial value g5 E Y p ,  and V t  > 0. Otherwise i t  is unstable. The equilibrium 
solution is called asymptotically stable if it is stable and  there is a K > 0 such 
that for any v > 0 there is a T ( Y ,  K )  > 0 such that Iz(a, 4, f)[ 5 v,Vt  2 
~ ( v ,  K )  and g5 E Y K .  The equilibrium  solution is called exponentially stable 
if there  are  constants K, > 0, T I  > O , T ~  > 0, such that for any # E YK,  the 
solution x (a ,  43, f) of system (1.1) satisfies the inequality 

Consider l? as the class of scalar nondecreasing functions 0 E C([O, m], 8) 
with the properties @ ( S )  > 0,s > 0 and p(0) = 0. Let V : Y K  "+ !R 
be a continuous functional with the properties V(0)  0. The functional 
V : W + V ( w )  is called positive  definite if there is a function p E l? such that 
V(W) 2 p(lw(0)l) V u  E Y K .  It then follows [4,6] when V : YK + 8 has V 5 0 
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that the equilibrium  solution of (1. l) is stable. On the  other  hand, for some 
r > 0 if there exists a positive-definite  continuous  functional (W -+ V(w) : 
YK + !R such that IV(w)l ,< ,O(llwll) Vu E Y K  and V 5 0 on YK, then the 
equilibrium solution of (1.1) is asymptotically stable. Finally, a necessary and 
sufficient condition of the exponential stability of the equilibrium solution of 
(1.1) is that there exists a continuous functional V : Y K  + sfz such that for 
some positive constants kl , k2, kg ,  k4 , W and 6 E Y K :  

which is frequently called diflerential-digerence  equation (DDE). Other forms 
can also be obtained from (1.1) including integro-differential equations  and 
integro-difference equations. We are  not going to discuss these any further 
and  the interested reader is referred to [4-71. 

Next, suppose S1 E sfz X C is open, f : 52 ”+ P ,  M : S1 -+ !Rn me given 
continuous functions with M having continuous derivatives at  origin. Then, 
the relation 

M(t,zt) = f ( W t )  (1.5) 

is called the neutral  functional  diflerential  equation (NFDE(M,f)) and M is 
the diflerence operator. In line of RFDE, a function z is said to be a solution 
of (1.5) if there  me a E !R and d > 0 such that 

z EC([a-r,a+d],%n), ( t ,zt)  E S 2 )  t E [a,a+d] 

M is continuously differentiable and satisfies (1.3) on [a, a + dl. For a given 
a E 3, 4 E C and (a, 4 )  E S2, x(a, $, M ,  f) is said to be a solution of (1.3) 
with initial  value 4 at a. Alternatively, x(a, 4, M ,  f) is a solution through 
(a,+) if there is an d > 0 such that x ( a ,  4, M ,  f) is a solution of (1.3) on 
[a - 7, a + d] and x&, 4, M ,  f) = +a 

Most of the materials contained in this volume are restricted to classes 
of RFDEs with some few classes of NFDEs. 
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8 CHAPTER 1 .  INTRODUCTION 

1.2 Time-Delay  Systems 

We focus attention on the role of the deZay fac tor  r. In one case when 
r > 0 is a scalar, we obtain a point (single) -delay type of FDE. Note that 
r could be  constant or variable with its value being known a priori or it 
is unknown-but-bounded with known upper bound. On another case when 
we have several delay factors, we get a multiple (distributed) delay type of 
FDE or DDE of the form (1.4). To unify the terminology, we use from now 
onwards the phrase t ime-delay  systems to  denote physical and engineering 
systems with mathematical models represented either by  single-delay F D B ,  
DDEs, or multiple-delay FDEs. Thus  the time-delay system 

represents a free (unforced) linear FDE with a single constant delay factor 
v. Also, the time-delay system 

represents a free (unforced) linear FDE with S constant  and different delay 
factors (771, ..., vs) with initial condition 

Intuitively, setting S = 1 in (1.8) yields (1.6). Being unforced, models (1.6) 
and (1.8) are  quite  suitable for stability  studies.  In (1.8), the matrices 
( A d l ,  ..., A d s )  reflect the  strength of the delayed states on the system dynam- 
ics.  In some cases, this  strength may help in boosting the system growth 
toward satisfactory behavior. In other cases, such strength may counteract 
the system behavior thereby yielding destabilizing effects. These issues jus- 
tify the direction that stability analysis of time-delay systems should include 
information about  the size of the delayed-state matrices ( A d l ,  ..., A d s ) .  When 
a particular  stability condition is derived  which depends on the size of the 
delay factors as well, the obtained result is called a delay-dependent  stability 
condition. This case means that  the system stability is only preserved within 
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a prespecified range. On the other  hand, when the derived condition does 
not depend on the delay size, we eventually get delag-independent stability 
condition. Now suppose that  the  latter case holds. It therefore means that 
it holds for all positive and finite values of the delays. In turn, this implies 
a sort of robustness against  the delay factor as a parameter. The crucial 
point to observe is that one must first examine the original system with- 
out delay before inferring any subsequent result. These issues and the main 
differences  between both delay-independent and delay-dependent stability 
conditions will be discussed in later chapters. 

When attending  to control system design, system (1.6) with the forcing 
term taking one of several forms: 

k ( t )  = Az(t) + A d ~ ( t  - 71) + Bu(t) (1.10) 
z(t0 + e> = 4(Q) , 8 E [-rl,o] (1.11) 

which is the ‘standard’ linear FDE with a single constant delay factor 7, 

k ( t )  = Az(t)  + B d U ( t  - 7r) (1.12) 
u(t0 + 8) = (p@) , 8 E [-7r,o] (1.13) 

which represents an input-delayed FDE, or 

which represents a linear FDE with state- and input-delays with r )  # T ,  

Discussions about control design methods for  models (l. lo), (l. 12) and (l, 14) 
will be the subject of Chapters 2 through 6. 

1.3 Uncertain Time-Delay Systems 

Due to  the fact that almost all existing physical and engineering systems 
me  subject to uncertainties, due to component aging; parameter variations 
or modeling errors, the concepts of robustness,  robust  performance, 
and robust design have recently become  common phrases in engineering 
literature  and  constitute an integral part of control systems research. By 
incorporating the uncertainties in the modeling of time-delay systems, we 
naturally  obtain uncertain time-delay system (UTDS). This is a major theme 
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of the book, that  is  to  study problems of analysis and control of UTDS. We 
will mainly adopt  state-space modeling tools. Motivated by models of TDS, 
we provide hereafter corresponding models of UTDS. For example 

k ( t )  ( A  + AA)z( t )  + (Ad + AAd)z(t -77) (1.17) 

represents model (1.6) with additive uncertainty. Also, the time-delay sys- 
tem (1.8) with parameteric uncertainty becomes 

Robust  stability of models (1.17) and (1.18) are closely examined in later 
chapters and suitable  stability  testing methods are presented. 

By considering the forced TDS, we may obtain  the following systems: 

k ( t )  = ( A  + AA)z( t )  + (Ad + AAd)z(t - 77) + ( B  + AB)u(t)  (1.19) 
k ( t )  = ( A  + AA)z( t )  + ( B d  + ABd)u(t - T) (1.20) 
k ( t )  = ( A  + AA)z( t )  + (Ad + AAd)z(t - Q) 

+ ( B d  + ABtl)u(t - T )  (1.21) 

where AA,  AB, A&, A& are matrices of uncertain  parameters. In the lit- 
erature,  the  uncertainty may  be unstructured in the sense that  it  is only 
bounded in magnitude: 

with the bound TA being known a priori. Alternatively when the uncertainty 
is  structured,  it  then may take one of several forms, each of which has its 
own merits and demerits. Some of the most frequently used in the context 
of time-delay systems are: 

(1) Matched Uncertainties 
In this case, the uncertainties are assumed to be accessible to the control 
input  and hence related to  the  input  matrix B by 

where E is a known constant  matrix. 
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matched part. 
(3) Norm-Bounded  Uncertainties 
Here, the uncertainty matrix AA is assumed to be represented in factored 
form as: 

AA = H F L ,  IlFll 5 1 

where F is a  matrix of uncertain parameters and  the matrices H ,  L are 
constants with compatible dimensions. 

considered in  the literature. Thses includes linear  fractional  transformation 
(LFT)[25]  and integral  quadratic  constraint (IQC) [26]. However, their use 
in UTDS has been so far quite limited. 

Indeed, there  are  other uncertainty structures that have been 

l .4 System Examples 

In  this section we present models of some typical systems featuring time- 
delay behavior. These systems have the common property that  the growth 
of some parts  (future  states) of the underlying model depend not only on 
the present state, but also on the delayed state (past history) and/or de- 
layed input. Therefore we provide in the sequel  some representative system 
models. 

1.4.1 Stream Water  Quality 

In  practice, it is important to keep water quality in streams standard. This 
can  be measured by the concentrations of some water biochemical  con- 
stituents [28]. Let z ( t )  and q ( t )  be the concentrations per unit volume of 
biological  oxygen demand (BOD)  and dissolved  oxygen (DO)  ) respectively, 
at time t. For simplicity, we consider that  the stream has a  constant flow 
rate and the water is  well  mixed. We further assume that there exists r > 0 
such that  the (BOD,  O D )  concentrations entering at time t are equal to  the 
corresponding concentrations r time  units ago. 

Using  mass balance concentration, the growth of (BOD, OD) can be 
expressed as: 
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Using mass balance concentration, the growth of (BOD, OD) can  be 
expressed as: 

where kc(t)  is the BOD decay rate, k,(t) is the BO re-aeration rate, kc( t )  is 
the BOD deoxygenation rate, 4d is the DO saturation concentration, Q8 is 
the  stream flow rate, Q e  is the effluent flow rate, v is the  constant volume of 
water in stream, m is constant, ul(t) ,  ua(t) are  the controls and &(t), &(t) 
are random disturbances affecting the growth of BOD and DO. 

Using state-space  format, model (1.22)-(1.23) can be cast into: 

which represents a nonlinear system with time-varying state-delay. 

1.4.2 Vehicle  Following Systems 

A simple version of vehicle  following  models  for throttle control purposes 
can be described by [27]: 

k ( t )  = v ( t )  (1.25) 
G ( t )  = rn"[Tn(t) - T L ]  (1.26) 

where ~ ( t )  is the position of vehicle, u( t )  is the speed of vehicle, Tn(t) is the 
force produced by the vehicle engine, rn is the mass of the vehicle and TL(~) 
is the  total load torque on the engine.  For simplicity, consider that TL is 
constant. In terms of the throttle  input u(t), the engine dynamics can be 
expressed as dynamics: 

Fn(t) = -7-l[Tn + u(t)] (1.27) 

Here, r represents the vehicle's engine time-constant when the vehicle is 
travelling with a speed v. Combining (1.26) and (1.27), we obtain: 

p&) = -f"[mi, + TL + u(t)] (1.28) 
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To proceed further, we differentiate (1.28) and setting ?'L 0 to get: 

b(t)  = - ~ - ' a ( t )  + ( K W ) - ' [ U ( ~ )  - TL] (1.29) 

By incorporating the effect of actuator delay, due to fuelling delay and  trans- 
port  factor, we express (1.25),(1.26) and (1.29) into  the form: 

where h is  the  total  throttle delay.  Model (1.30) represents a linear system 
with constant input-delay. 

1.4.3 Continuous  Stirred  Tank  Reactors  with  Recycling 

This example is considered in [29] and it represents an  industrial jacketed 
continuous stirred  tank reactor (JCSTR) of volume V gallons with a delayed 
recycle stream,  The reactions within the  JCSTR  are assumed unirnolecular 
and irreversible (exothermic). Also, perfect mixing is assumed and  the  heat 
losses are neglected. The reactor accepts a feed of reactant which contains a 
substance A in initial concentration C A ~ .  The feed enters at a rate F and at 
a temperature To. Cooling of the  tank is achieved  by a flow of water around 
the jacket and  the water flow in  the jacket FJ is controlled by actuating a 
valve, Suppose that fresh  feed of pure (CA) is to be mixed with a recycled 
stream of unreacted (CA) with a recycle flow rate (1 - c)  where 0 5 c 5 1 is 
the coefficient of recirculation. The amount of transport delay  in the recycled 
stream is d. The change of concentration arises from three terms: the amount 
of A that  is added with feed under recycling, the amount of A that leaves 
with the  product flow, and  the  amount of A that is used up  in  the reaction, 
The change in the  temperature of the fluid arises from  four terms: a term for 
the  heat that enters with the feed flow under recycling, a term for the heat 
that leaves with the product flow, a term for the heat created by the reaction 
and finally a term for the heat that is transferred to the cooling jacket. There 
are  three  terms associated with the changes of the  temperature of the fluid 
in the jacket: one term representing the  heat entering the jacket with cooling 
fluid  flow, another  term accounting for the  heat leaving the jacket with the 
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outflow of cooling liquid and a third  term representing the  heat transferred 
from the fluid  in the reaction tank to  the fluid in the jacket. Under the 
conditions of constant holdup, constant densities and perfect mixing, the 
energy and material balances can be expressed mathematically as: 

CA(t) = (FV-l)[c CA0 - c CA(t)  + (-c)CA(t - d) ]  - klCA(t)  f?-k2’T(t) 

f C ( c A ,  T )  (1.31) 
?(t) = (FV-’ ) [C T, - C ~ ( t )  + ( - c ) T ( ~  - d) ]  - klk&A(t) e-k21T(t) 

- k4[T(t) - TJ(t)] 
= f T ( c A ,  T )  (l -32) 

f J ( t )  = (FJvY1)[TJo - TJ(t)] - k5[T( t )  - TJ(t)] 
= fJ(T,TJ, FJ) (1.33) 

By defining CA, T,  TJ as a state vector and FJ as a control input,  it is easy 
to see that models (1.31)-(1.33) represent a nonlinear time-delay system, 

1.4.4 Power Systems 

A simple model of a single-area power control is given by [30]: 

0 
0 

0 0 0 0  
0 KPT,-l 0 0 
0 0 0 0  
0 0 0 0  

A f  (t - 7) 
APg(t - T )  

AXg  (t - T )  

AE(t - T )  l 
(1.34) 

where A f ( t ) ,  APg(t),  AXg(t),  AE(t) are  the incremental changes in frequency 
(Hz), generator output (pu MW), governor  valve position and integral con- 
trol, respectively. P! is the load disturbance, r is the engine dead-time, TG is 
the governor time constant, TT is the  turbine time constant, Tp is the plant 
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model time  constant, K p  is the  plant gain and R is the speed regulation due 
to governor action. Model (1.34) can be put in the  state-space form: 

k ( t )  = Az( t )  + B'~l(t) + A d ~ ( t  - 7) + Dw(t )  
x ( t )  = Ex( t )  (1.35) 

1.4.5 Some Biological Models 

The evolution of biological systems depends basically on the whole previ- 
ous history of the system and therefore provides  good candidates for FDE 
modeling [ 16,22,23]. Essentially, biological systems involve the interaction 
among processes of birth,  death and growth. We mention here some typical 
models. The first model concerns the evolution of a single  species struggling 
for a common  food.  By considering the case of limited self-renewing  food 
resources, the logistic  model 1161 describes the species populations in the 
form 

k ( t )  = y [l - K%(t - h)] x ( t )  (1.36) 

where ~ ( t )  is the size of the species, h is the production time of food  resources 
(average age of producers), y is called the Malthus coeficient of linear growth 
which represents the difference  between birth and death  rates and the con- 
stant K is the average production number which  reflects the ability of the 
environment to accomodate the population. The meaning of h > 0 is that 
the food resources at time t are determined by the population size at time 
t - h. Despite the simplicity of model (1.36), it has all the ingredients of FDE 
and is amenable to numerious extensions and applications [6,16]. Another 
biological system is that of a predator-prey model represented by: 

= a 1  - U 2   l l ( t ) 5 2 ( t )  - U3 S?@) 

& 2 ( t )  = -a4 x 2 ( t )  + U5 X l ( t  - h ) q t  - h) (1.37) 

where 2 1  ( t ) ,  ~ ( t )  are  the number of predators and preys, respectively; aj > 0 
are  constants  and  the delay h > 0 stands for the average period between 
death of prey and  the  birth of a subsequent number of predators. A third 
model is that of competing micro-organisms surviving on a single nutrient. 
Allowing finite delays in birth and death processes, a suitable model is given 
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by [205]: 

CHAPTER 1. INTRODUCTION 

where x o ( t )  is the nutrient concentration, xl(t), ~ ( t )  are  the concentrations 
of competing micro-organisms and hl, h2 are  constant delays. 

Despite the fact that models (1.36)-(1.38) are nonlinear FDEs,  they serve 
the purpose of illustrating the  natural existence of delays in system appli- 
caions. 

1.5 Discrete-Time Delay Systems 

We have  seen in section 1.1.2 that FDE results from emerging ODE and FE. 
Since a diflerence  equation connects the value of an unknown function with 
its previous values at  different time instants, we are therefore encouraged 
to combine the notions of functional  equation and difference  equation to 
yield what is called functional  diflerence  equation or delay-difference  equation 
(DDE). Much  like (Z. l ) ,  the relation 

describes a functional difference equation where k E 2 and 21, denotes the 
restriction of x(k) to  the interval [k - r , k ]  translated to [-r,O], that is 
z k ( q )  := x (k  + q) ,  Vq E [-r, -r + 1, ... 01. With  appropriate modifications in 
the mathematical language, most of the definitions of section 1.1.2 carry over 
here. A class of uncertain discrete-time systems with S distributed (multiple) 
delays takes that form: 

where in (1.40) 71 > 0, ...., rs > 0 are integers that represent the amount 
of delay units in the  state. Obviously, the case of S = l corresponds to 
a single-delay uncertain discrete-time system , In order to motivate the 
analysis of discrete-time delay systems, we present two control system ap- 
plications described by discrete-time models  in  which the time-delay ap- 
pears  quite  natural.  This will enable us in the sequel to develop results for 
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1.5. DISCRETETIME DELAY SYSTEMS 17 

continuous-time and discrete-time systems side-by-side. It can be argued 
that by state augmentation, one can convert system (1.40) to a non-delay 
system with higher-order state vector. We do not follow this approach here 
for the following reasons: 

(1) It opposes the common trend in system analysis and design that seeks 
reduced-order models, 
(2) It suppresses the effect of delay factor which  might carry valuable 
information. 
(3) It does  not yield the discrete-version of the results on continuous 
time-delay systems. 
(4) It adds  undue complications to  the uncertainty structure. 

1.5.1 Example 1.1 

Planning  constitutes a crucial part in the decision-making of manufacturing 
systems. It requires careful modeling of the underlying processes of sales, 
inventory and production. Due to the  nature of manufacturing systems, 
there  are inherent time-lags between production on one hand and sales plus 
inventory on the other hand. In  addition, there are uncertainties in the 
identification of the various economic ratios and coefficients,  Following [31], 
we consider a factory that produces two kinds of products ( j  = 1,2) sharing 
common resources and raw materials like  color TV and black/white TV, PC 
and  laptop computer. During the kth period (quarter or season), we let: 

s j k :  mount  of sales of product j 
Ujk: advertisement cost spent for product j 
c+: amount of inventory of product j 
Pjk: production of product j 

The effect of advertisements on sales in the marketing process and  the inter- 
link between inventory and production in the production process (assuming 
one-period gestation lag) can then be expressed dynamically by a linear 
model of the form: 

TLFeBOOK



18 CHAPTER 1. INTRODUCTION 

where AAoz(lc), AA,z(lc -m+ l), ABu(k -m+ 1) denote, respectively, the 
uncertain  amount of sales, inventory of product  and change in advertisements 
cost and m >, 2 stands for the  amount of delay between making a decision 
and realizing its effect on production. It is readily seen that  the above model 
fits nicely into  the discrete-time delay format. 

1.5.2 Example 1.2 

Consider a three-stand cold rolling mill represented by [2]: 

where the delay h denotes the  transit time of the strip from the  outlet of 
one stand to the inlet of the  next one and the parameter T is  the winding or 
pay-off  reel radius. Note that for an n-stand cold rolling mill, there will be 
(n - 1) time-delays. The  state vector represents field currents of the different 
motors as well as the angular velocities of rotating reels. The above model 
can be cast  into  the framework of discrete-time delay systems. In practice, 
it is expected that  the matrices A,, A I ,  A2, B may contain uncertainties due 
to variations in  system  parameters. 

Indeed, there  are  other sources of delay in discrete-time systems, These 
include computational delays in digital systems and delays due to finite 
separation among arrays in signal processing. 

1.6 Outline of the Book 

The objective of the book is to present robust control and filtering methods 
that cope with classes of time-delay systems with uncertain  parameters. For 
ease in exposition, it is divided into two parts: Part I deals with robust 
control and Part I1 treats  robust filtering. 

Part I is organized into six chapters as follows. The topic of robust sta- 
bility and stabilization occupies Chapter 2, which includes results on  delay- 
independent as well as delay-dependent stability for both continuous-time 
and discrete-time systems, Different stabilization schemes are then discussed 
in Chapter 3 using state-feedback and dynamic output feedback controllers 
with emphasis on linear matrix inequality (LMI) formulation. In addition, 
the case of multiple-delays is treated. Methods based on robust 7&, and 
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guaranteed cost control are  the  subject of Chapters 4 and 5, respectively, 
Again, results on continuous-time and discrete-time systems are presented 
side-by-side. Chapter 6 is devoted to  the  study of passivity analysis and 
synthesis for TDS and UTDS. Control design  for interconnected UTDS is 
provided in  Chapter 7. 

In Part 11, the main focus on state-estimation (filtering) where robust 
Kalman filter is developed  for uncertain linear time-delay systems (Chapter 
8), robust 'FC, filtering are  constructed for linear as well as classes of non- 
linear TDS (Chapter 9) and finally robust 7-lm filtering for interconnected 
TDS is covered  in Chapter 10. 

book: 
For ease in exposition, we follow a five-step  methodology throughout  the 

Step l: Mathematical Modelling in  which the system under 
consideration is represented by a mathematical model 
Step 2: Assumptions or Definitions where we state  the constraints on 
the model variables or furnish the basis for the subsequent analysis 
Step 3: Analysis which  signifies the core of the respective sections 
Step 4: Results which are provided most of the time in the form of 
theorems, lemmas and corollaries 
Step 5: Remarks which are given to discuss the developed results in 
relation to  other published work 

Theorems (lemmas, corollaries) are keyed to chapters and stated in italic 
font, for example, Theorem 3.2means Theorem 2 in Chapter 3 and so on. By 
this way,  we believe that  the material covered  will attract  the  attention of a 
wide-spectrum of readership, Emphasis is placed  on one major approach and 
reference is then made to other available approaches. For  convenience, the 
references are subdivided into three bibliographies with partial overlapping 
and we located at the end of Chapter 1, Part I and Part 11, respectively. 
The book is supplemented by appendices containing some of the fundamental 
mathematical  results  and reference to any of these results is made in the  text 
using  bold  face,  for example, A.2 means the second result in Appendix A 
and so on. Simulation examples using MATLAB are provided at  the end 
of each chapter. For purpose of completeness, a brief summary of the LMI- 
Control software is provided  in Appendix E. In addition, relevant notes and 
research issues are offered  for the purpose of stimulating  the reader. 
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1.7 Notes and References 

The basic technical background of TDS  are contained in [4-7,9-141 which  con- 
stitute major sources of knowledge to mathematically inclined engineers and 
researchers interested in control systems. Treatment of some advanced topics 
are included in [21,22]. A wide-spectrum of system applications are consid- 
ered in  [3,6,8,15-17, 22,231, Conventional control system design methods are 
the main subjects of [18,19]  by  focusing  on constant delay (lag) systems. The 
books [2,3] are considered integrated volumes  by treating  the topics of math- 
ematical modeling, analysis, control and optimization of TDS and providing 
several interesting applications. Different  issues and approaches related to 
both  TDS  and UTDS are thoroughly discussed  in the  edited volume [l] 
which  provides vast breadth of techniques addressing various problems of 
time-delay systems. 
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Chapter 2 

Robust  Stability 

Motivated by the fact that stabilitg is the prime objective in control system 
design, we present in this  chapter methods for analyzing stability behavior of 
classes of linear time-delay systems. We will pay attention to methods in the 
time-domain more than in  the frequency-domain due to  the availability of  ef- 
ficient computer software [64]. The main focus is on issues of robust stability. 
Specifically, we are interested in examining to what extent  the time-delay 
system  (TDS) or uncertain time-delay system (UTDS) under consideration 
remains stable in the face of unknown delay factor (constant or time-varying) 
and/or parameteric uncertainties. We refer the reader to the basic stability 
definitions in section 1.1.2 and  the  stability theorems (Appendix C). 

Problems of stability analysis and stabilization of dynamical systems with 
delay factors in the  state variables and/or control inputs have  received  con- 
siderable interests for  more than three decades; see [ 1,2] for a modest cover- 
age of the  subject.  There exists a voluminous literature dealing with stability 
and  stabilization for TDS and UTDS; see the bibliography at the end of Part 
I, Although all numerical simulations are based  on linear matrix inequalities 
formalism [3] using LMI-Control Toolbox [4] (see also Appendix E), the 
theoretical analysis is pursued for both algebraic Riccati and linear matrix 
inequalities and  are presented side-by-side, The benefit is purely technical 
since some of the known results axe only available  in algebraic Ricatti forms. 

2.1 Stability  Results of Time-Delay Systems 

In this section, we develop stability results of Time-Delay Systems (TDS). 
We start by continuous-time models and then treat discrete-time models. 

27 
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Both delay-independent and delay-dependent stability conditions axe estab- 
lished. Our approach stems mainly from the application of Lyupunov’s  Sec- 
ond  Method and is based  on the constructive use of appropriate Lyupunov- 
Krasovskii  functionals in the  parameter space. For the sake of complet- 
ness, we  will describe in later sections some methods based on Lyupunov- 
Raxumikhin  functions in the function space. The mathematical  statements 
of both  stability theorems are included  in Appendix C. In effect, the delay- 
independent and delay-dependent stability conditions are transformed into 
the existence of a symmetric and positive-definite solution of the parameter- 
ized mathematical (algebraic Riccati or linear matrix) inequality, where the 
parameters  are given  by positive-definite matrices and/or positive scalars. 

2.1.1 Stability  Conditions of Continuous-Time  Systems 

The class of linear time-invariant state-delay systems under consideration is 
represented by: 

(C,,) : k ( t )  = Az(t) + A d ~ ( t  - T) (2.1) 
where x E ?Rn is the  state, A E !Rnxn, Ad E !Rnxn are real constant matrices 
and T is an unknown time-varying delay factor satisfying 

0 5 r(t)  5 T O ,  0 5 i ( t )  5 7+ 5 1 ( 2 4  

where T O ,  r+ are known bounds. Since the  stability of system (2. l) is a crucial 
step for control design of TDS, we first develop  in the sequel two different 
stability  criteria: one is delay-independent and the  other is delay-dependent. 

Delay-Independent  Stability 

Here, we focus  on the nominal system only and consider the following: 
Assumption 2.1: X(A) E C-. 

A delay-independent stability result concerning the system (C&) is sum- 
marized  below: 

Theorem 2.1: Subject to  Assumption 2.1, the  time  delay  system (&c) 

is globally asymptotically stable independent of delag if one of the  following 
two equivalent  conditions holds: 

(1) There  exist  matrices 0 < P = Pt E !RnXn and 0 < Q = Qt E !RnXn 

with Q7 = (1 - rf )Q satisfying  the algebraic Riccati  inequality (ARI) 
PA 3- AtP + PAd Q,lA;P + Q < 0 (2.3) 
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(2) There  exist  matrices 0 < P = Pt E !Rnxn and 0 < Q = Qt E !Rnxn 

satisfying  the  linear  matrix  inequality (LMI) 

Proof: (1) Introduce a Lyapunov-Krasovskii functional Vl(zt) of the form 
161 : t 

h (z t )  = ~ " ( t ) P z ( t )  + d(B)Qz(O) d e  6, (2.5) 
where 0 < P = Pt E ?RnXn and 0 < Q = Qt E !Rnxn are weighting matrices. 
By differentiating Vi(x t )  along the solutions of (2.1) and arranging terms, 
we get: 

Vl(zt )  = z'((t) [ P A  + AtP + Q] ~ ( t )  + d(t)PAdz(t - T )  

+ zt(t - ~ ) A i P z ( t )  - (l - + ) d ( t  - ~)AiPAdz(t  - T )  (2.6) 

By a standard completion of the squares 
it reduces to 

Vl(zt) < d ( t )  [PA + AtP t 

If VI  (zt)  < 0,when z # 0 then z( t )  
system (Edc) is globally asymptotically 

argument and using (2.2) into (2.6), 

-+ 0 as t + 00 and the time-delay 
stable independent of delay.  From 

(2.7), this  stability condition is guaranteed if inequality (2.4) holds. 

(2) By A.1 , LMI (2.4) is equivalent to ARI (2.3). 

Remark 2.1:  Note that,  apart from the knowledge of T+ satisfying 
(2.2), Theorem 2.1 provides a sufficient delay-independent stability condi- 
tion,  This condition is expressed as a feasibility of an LMI  for  which there 
exist computationally efficient solution methods [3], Looked at in this light, 
it  establishes a robust result since it implies that no matter what is ~ ( t ) ,  
system (2.1) satisfying Assumption 2.1 is asymptotically stable so long as 
~ ( t )  satisfies (2.2). Admittedly, it is a conservative result since it does not 
carry enough information about r. This will be shortly discussed. 

Corollary 2.1: Subject to Assumption 2.1, the  time  delay  system 

(C,) : k ( t )   AX(^) + A d ~ ( t  - G!) 
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where d > 0 is   an unlcnown constant  delay  is globallg aspmptoticallg stable 
independent of delay if one of the  following  two  equivalent  conditions holds: 

(l) There  exist  matrices 0 < P = Pt E !RnXn and 0 < Q = Qt E P"'" 
satisfying  the ARI 

(2) There  exist  matrices 0 < P = Pt E !RnXn and 0 < Q = Qt E !RnXn 
satisfying  the LMI 

Proof: Follows  from Theorem 2.1 by simply setting T+ = 0. 

Remark 2.2: By comparing the ARIs (2.3) and (2.8) using the same 
system data, we find that Ad&F1A: > AdQ-lA: which means that a P 
satisfying (2.3) is larger than  the one satisfying (2.8). 

Remark 2.3: By considering system (Edc) in case the delay factor is 
constant  and  the state-delay matrix Ad E !RnXn can be factored into A d  = 
Dd F d  where D d  E !Rnxq and F d  E ! W x n  such that T ( A ~ )  = Q 5 n. Instead 
of (2.5), we choose a Lyapunov-Krasovskii functional of the form 

for 0 < P = Pi, 0 < R = Rt as weighting matrices. Following the procedure 
of Theorem 2.1, it is readily seen that a sufficient condition for asymptotic 
stability independent-o€-delay amounts to  the existence of matrices P and 
R satisfying the LhU: 

The apparent benefit is that S211 has dimension (n + q)  X (n  + q)  whereas the 
corresponding matrix in (2.9) has dimension 2n X 2n which might provide 
saving in computer simulation. This reduction in size should be contrasted 
with the restriction imposed by factorization. On the other  hand, the above 
factorization would  be  useful  in  feedback control design of TDS by taking 
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A d  = B Fd where B E RnXm as the  input  matrix. In this regard, we say 
that  the delayed state  matrix lies in the range space of the  input  matrix 
and hence it is accessible to the control input, Similar results  are derived in 
[ 12,1651. 

2.1.2 Example 2.1 

Consider the following time-delay system 

such that i 5 T+ and consider r+ E [0.1,0.3,0.5].  First observe that  the 
system  without delay is internally stable since X(A) = { -1, -21,  Using the 
LMI-Toolbox,  the solution of inequality (2.4) with Q = diag[l  11 is given 
bY 

P = [  0.4912 0.4489 
0.4489 2.0849 1 

P = [  0.4574  0.4180  0.4180  1.9415 1 
, r+ = 0.1 

, T+ = 0.3 

[ 0.5032 0.5920 ] 0.5920 2.2628 P =  , 7' = 0.5 

In case r+ = 0.9, there was no feasible solution with the given data, However, 
with Q = diug[0.2 0.21, a feasible solution is obtained as: 

[ 0.1541 0.1653 ] 0.1653 0.5590 
P =  

Now suppose that 

-0.45 -0.5 
-0.15 -0.1 A d =  [ 1 

and consider T+ E [0.1,0.3,0.5,0.9] as before. The solution of inequality 
(2.4) with Q = diug[l l] is  given  by 

p = [ 0.4244  2.1197 ] ' '+ 
0.4826  0.4244 
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1 0.5636 

0.5628 
0.5628 2.2182 

P =  , 7' = 0.3 

p = [ 0.5128  1.9912 ] ' '+ = 0*5 
0.5149  0.5128 

With rt = 0.9 and Q = diug[0.2 0.21, a feasible solution is obtained as: 

P = [  0.1511 0.1293 I 0.1293 0.472 1 

A comparison between the  results of the two cases when r+ = 0.5 clarifies 
the role of the delay matrix on the stability of the time-delay matrix. 

Delay-Dependent Stability 

In order to reduce conservatism in the  stability analysis of TDS, we  now 
focus on a delay-dependent stability measure, This requires the following 
assumption: 

Assumption 2.2: X(A  +Ad) E C - .  

Note that  Assumption 2.2 corresponds to  the  stability condition when 
r = 0. Hence it is necessary  for the system (2.1) to be stable for any r 2 0. 

Theorem 2.2: Consider  the  time-delay  s.ystem (C&) satisfaring As- 
sumption 2.2. Then  given a scalar r* > 0, the  system (&) is globally 
asymptotically stable for  any  constant  time-delay r satisfying 0 5 r 5 r* 
if one of the  following  two  equivalent  conditions  holds: 

(1) There  exist  matrix 0 < X = X t  E W X n  and  scalars E > 0 and CV > O 
satisfying  the ARI 

( A  + Ad)X + X ( A  + Ad)t + r*€-lXAtAX + T*CC"XA~A;X 
+T*(E + C X ) A ~ A $  < o (2.10) 

(2) There  exist  matrix 0 < X = X t  E XnXn and  scalars E > 0 and a > 0 
satisfying  the LML 

( A  f Ad)X 4- X ( A  + Ad)t + T* (E  + r*XAt r*XA: 
r*AX --(T*E)I 0 
T*&X 0 -(r*CV)I 

(2.11) 
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Proof: (1) Introduce a Lyapunov-Krasovskii functional V2(xt) of the form: 

&(a) = x"t)Px(t) 3- S' 1' r1 [zt(s)AtAx(s)]dsd6 
t--7 t+e 

t 

+ L . L e  
r2[xt(s)A~Adz(s)]dsdO (2.12) 

where 0 < P = Pt E SnXn and r1 > 0 , r2 > 0 axe weighting factors. First 
from (2.1) we have 

0 
x( t  - T )  = x ( t )  - 1 k(t+B)dO 

-7- 

= x(t> - Jo ~ z ( t  + e p o  - ~ ~ z ( t  - 7 + e)da (2.13) 
-7- 

Substituting (2.13) back into (2.1) we get: 

Now  by differentiating V2(zt) along the solutions of (2.14) and arranging 
terms, we obtain: 

V 2 ( x t )  = d [ P ( A  + Ad) + ( A  + Ad)tP]x - 2ztPAd/ Ax(t + 6)dO 
0 

"7 

- 2xtPAd J0 Adx(t - T + 0)dO - rl[xt(t + O)AtAz(t + 
-7- 

+ rrlxtAtAx + ~ r p ~ A : A d x ( t )  
0 

- L r2[xt(t - T + O)AiAdz(t - r + e)]dO 

By applying B.l.1, we have 

(2.15) 

(2.16) 
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Similarly 

(2.17) 

Hence, it follows  from (2.15) and (2.16)-(2.17) that 

If V2(zt) < 0 when J; # 0, then z(t)  0 as t "+ 00 and the time-delay 
system (Edc) is globally asymptotically stable. By defining T I  = and 
1-2 = a-l, then it follows  from (2.18) for any r E [0, r"] that  the stability 
condition is satisfied if 

P ( A  + Ad) + ( A  + Ad)tP+ T*(E  + a)PAfiAdP + r*&-lAtA + r*a-lA;Ad < 0 
(2.19) 

Premultiplying (2.19) by P-', postmultiplying the result by P-l and  letting 
X = P-', we obtain  the ARI (2.10) as desired. 

(2) By A.1, LMI (2.11) is equivalent to ARI (2.10). 

Remark 2.4: The motivation behind expression (2.12) is purely techni- 
cal in order to  take case of some terms appearing in the Lyapunov derivative 
later on. Note that while system (2.1) has initial value  over [-T,O], system 
(2.14) requires initial date on [-27,0]. In [5,13,17], alternative  results are 
derived using different approaches, 

2.1.3 Example 2.2 

A time-delay system of the  type (2.1) has the following matrices 

A = [ i3 i2] x ( t )  , A d  = [ 0*3 ] -0.3  -0.2 

We  wish to examine its delay-dependent stability. For this purpose, we first 
note that X(A + Ad) = { -0.7225,  -2,4775) and hence Assumption 2.2 
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is satisfied. Then, we proceed to solve inequality (2.11)  using the LMI- 
Toolbox. The result for c = 0.2, a = 0.1 is given  by 

x = [  0.3793  -0.3954 1 -0.3954  0.8844 , T* = 0.2105 

which means that  the time-delay system is asymptotically stable for any 
constant time-delay T satisfying 0 5 ~0.2105. 

2.1.4 Stability  Conditions of Discrete-Time  Systems 

Keeping with our objective, this section is dedicated to  stability  results of 
discrete-time systems with state-delay. Essentially, the results are parallel 
to those of section 2.1.1 but  the mathematical machinery is quite different 
and  has its own flavor. 

The class of linear discrete-time state-delay systems under consideration 
is represented by: 

(C&) : X(k i- 1) = AX(k) -I- AdX(1C - T )  (2.20) 

where X E !Rn is the  state, A E !RnXn, Ad E !Rnxn are real constant matrices 
and r is an unknown integer representing the amount of delay units in the 
state. In the sequel, we derive stability conditions of system ( C d d ) .  

Delay-Independent  Stability 

For system (C&), we require the following assumption: 
Assumption 2.3: IX(A)I < l 

This implies that  the free  nominal matrix without delay has to be a 
Schur-matrix, which is the discrete analog of Assumption 2.1. The follow- 
ing delay-independent stability result is then established. 

Theorem 2.3: Subject  to Assumption 2.3, the  time  delay  system (C,) 
is  globally asumptotically stable independent-of-delay if one of the  following 
two  equivalent  conditions holds: 

(1) There  exist  matrices 0 < P = Pt E !RnXn and 0 < Q = Qt E SnXn 
satisfying  the LMXs 

AtPA - P i -  Q AtP& 0 
A$ PA -Q A i  1 < 0 

0 Ad -P-’ 
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AiPAd - Q < 0 (2.21) 

(2) There  exist  matrices 0 < P = Pt E !Rnxn and 0 < Q = Qt E !Rnxn 

such  that Q - AiPAd > 0 satisfying  the ARI 

AtPA - P +AtPAd(Q - A:PAd)-'A:PA + Q < 0 (2.22) 

Proof: (1) Introduce a discrete-type Lyapunov-Krasovskii functional h ( z k )  
of the form: 

k- 1 

v3(xk) = zt(k)PZ(k) + C X t ( ( e ) Q X ( ( e )  (2.23) 
0Zk-T 

where x k  has a meaning similar to xt with respect to  the discrete-time, 
0 < P = Pt E !Rnxn and 0 < Q = Qt E !Rnxn are weighting matrices. By 
evaluating the first-forward difference nv3(xk) = V3(zk+l) - &(zk) along 
the solutions of (2.20) and arranging terms, we get: 

where 
AtPA - P + Q  AtPAd 

Of = [ AiPA -(Q - AiPAd) (2.25) 

If A V ~ ( X ~ )  < 0 ,when x # 0 then x ( k )  3 0 as IC + 00 and the time-delay 
system (&) is globally asymptotically stable independent-of-delay. From 
(2.24)-(2,25), this  stability condition is guaranteed if lnf < 0. By simple 
rearrangement of (2.25) we obtain the LMI (2.21). 

(2) In the same way,  by A.1, ARI (2.22) is equivalent to LMI (2.21). 
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The inequality is now a standard LMI in matrices P and Q, 

2.1.5 Example 2.3 

With reference to model (2.20)) the following matrices are considered  for 
simulation 

0.4 0.3 
A = [ -0.1 0.7 ] ' Ad = [ 0.2 -0.1 ] 0.2  -0.2 

Observe that Assumption 2.3 is satisfied since X(A) = 0.55+j0.0866,0.55- 
j0.0866 E [0, 1). Selecting Q = 0.3 X, we solve the LMI (2.26) to yield 

P =  [ I 13.2129  -11.7458 
-11.7458 25.6601. 

Since P = Pt > 0, then the system is asymptotically stable independent-of- 
delay. 

Delay-Dependent  Stability 

Now  we focus on a delay-dependent stability which requires the following 
assumption: 

Assumption 2.4: IX(A + & ) l  < 1. 

Note that Assumption 2.4 corresponds to the  stability condition when 
T = 0. Hence it is necessasy  for the system (l) to be stable for any r 2 0. 
It is the discrete version of Assumption 2.2. 

Theorem 2.4: Consider  the  time-delay  system  (C&)  satisfying As- 
sumption 2.4. Then  given  a scalar r* > 0, the  system  (C&)  is globally 
asymptotically stable for any  constant  time-delay r satisfying 0 5 r 5 r' if 
one of the  following  two  equivalent  conditions holds: 

(1) There  exist  a  matrix 0 < P = Pt E W x n  and ~1 > 0, ~2 > 0, ~3 > 0 
and ~4 > 0, satisfying  the ARI 
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(2) There  exist a matrix 0 < P = Pt E ?RnXn and scalars €1 > 0, €2 > 0, 
€3 > 0 and €4 > 0 satisfying the LMI: 

(2.28) 

where 

( A  + Ad)tP(A + Ad) - P T*(A + Ad)t T*(A + 
= [ T* (A  + Ad) -T*(E1P)-l 0 

T*(A + A d )  0 -r*(€2P)-1 1 
r" (AtA:) .*(AtA;) 

Y2=[ 0 0 0 

(2.29) 

Proof: (1) Introduce a discrete-type Lyapunov-Krasovskii functional Vd(zk) 
of the form: 

where 0 < P = Pt E Snxn and p1 > 0 , p2 > 0 are weighting factors to be 
selected. First, from (2.20) we have 

0 

- .) = - C h ( l c  3- e) 
e=--7 
0 

= ~ ( k )  - C A A x ( k +  8 - 1) 
e= --7 

Substituting (2.31) back into (2.20) we get: 
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where 
0 

h ( k )  = A d  E AAx(k + 8 - 1) 
8="7 
0 

t 2 ( k )  A d  C AdAz(k + e  - r - 1) (2.33) 
0="7 

Now by evaluating  the first-forward difference AVd(sk) dong the  solutions 
of (2.32)-(2.33) and  arranging  terms, we obtain: 

Note that application of B. 1.1 yields 

By the  same way 
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(2.36) 

and 

-2ti(k)AiPAdt2(k) = 
0 0 

-2 x A&(k + 8 - 1)A:PAd x AAx(k + 8 - T - 1) 
0="7 0="7 

0 

L rT1 x Axt@ + 0 - l)AtA:PAdAAx(k + 8 - l) 
e= "7 

0 

7-3 C AXt(k + 8 - T - I)AiAiPAdAdAX(t + 8 - T - 1) 
e="7 

(2.37) 

Hence, it follows by substituting (2.35)-(2.37) into (2.34) while letting p1 = 
1 + r1 + rT1 and p 2  = l + 7-2 + r3 that 

where 

n ( P )  = l -R1 R1 -R2 R2 l (2.39) 

(2.40) 

L 2 

[(k) = [ x t @ )  X t ( k  - 1)lt 
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and 

41 

If Ah( k) < 0 when z # 0, then z ( k )  * 0 as IC -+ cx) and the time-delay 
system ( C d d )  is globally asymptotically stable. In view of (2.39)-(2.42), this 
is guaranteed if n(P) < 0. Observing that since R2 > 0, then necessary 
and sufficient conditions for n ( P )  < 0 are: 

R 1 < 0  , R 1 - R 2 < O  (2.43) 

By  defining . q .  = r l l  , € 2  = rF1 , €3 = p1 and ~4 = p2 then it 
follows from (2.39) using (2.41)-(2.43) for any r E [O ,T* ]  that  the stability 
condition (2.43) corresponds to (2.27). 

(2) A simple rearrangement of (2.27) yields (2.28)-(2.29). 

Remark 2.6: In computer implementation, it would appear that  the 
LMI (2.28) is not jointly linear in €1 ,  ...., €4 and P. To overcome this 
difficulty, we can employ a simple gridding procedure. First, we rescale 
&j ; j = l, . . ,4 to get aj = ~ j ( l +  ~ j ) - '  and observe that ej > 0 if and 
only if aj E (0 , l )  . Second, we assign a uniform  grid  on  each aj. For each 
grid point of (01, ..., ad), we can search for a solution of (2.28) which  is  now 
a standard LMI, 

Remark 2.7: Little  attention  has been  paid to  the  stability of discrete- 
time systems with state-delay. We hope that the foregoing material fills up 
this gap. 

2.1.6 Example 2.4 

With reference to model (2.20), the following matrices are considered for 
simulation 

A = [ Oe3 ] , Ad = [ Oa2 -OS2 ] 
-0.1 0.7 0.25 -0.1 
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Observe that Assumption 2.4 is satisfied since X( A+Ad) = { 0.7225,0.4775} E 
[O, 1). It has been found, using LMI toolbox, that  the solution of (2.28)- 
(2.29) is given  by 

P =  [ I 63.3765 14.8446 
14.8446 60.8363 , T* = 4.3138 

which means that  the system under consideration is globally asymptotically 
stable for any  constant delay r 5 4.3138. 

2.2 Robust  Stability of UTDS 

Here, we develop stability  results for uncertain time-delay systems (UTDS) 
using linear models. Again, we start by continuous-time systems and then 
move to discrete-time systems. In view of the interlink between TDS and 
UTDS, the material of this section draws heavily on those of the previous 
sections. For analytical tractibility, we will limit ourselves to  the case of 
norm-bounded uncertainties. This is a valid point since the matched and 
mismatched methods of representing uncertainties require information about 
the  input  matrix which is not yet available. 

2.2.1 Stability  Conditions for Continuous-Time Systems 

Consider the following linear model of UTDS: 

(CA,) : k ( t )  = ( A  + AA(t))z(t)  + (Ad + AAd(t))z(t  - T )  

= A ~ ( t ) z ( t )  + Adaz(t - 7) (2.44) 

where z E !Rn is the  state, A E !RnXn, A d  E !XnXn are real constant matrices 
and r is an unknown time-varying delay factor satisfying (2.2). The uncer- 
tain matrices AA(t)  E !Xnxn and AAd(t)  E W x n  are represented by the 
norm-bounded structure (see section 1.3): 

where E E !Rpxn, Ed E '?Rpxn and H E '?RnX" are known constant matrices 
and A( t )  E W X p  is an unknown matrix of uncertain parameters satisfying 
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Delay-Independent Stability 

A delay-independent  stability  result concerning the  system (CA,) is  summa- 
rized below: 

Lemma 2.1: Subject to Assumption 2.1, the  time  delay  system (EA,) 
is  robustly  asymptotically stable independent  of delay if one of the  following 
two  equivalent  conditions holds: 

(1) There  exist  matrices 0 < P = Pt E !Rnxn and 0 < Q = Qt E !Rnxn 
with Qr = (l - .+)Q and  scalars v > 0, C > 0 such  that Qr - u-lE&!?d > 0 
satisfying  the ARI 

P A + A ~ P + Q + C - ~ E ~ E +  
P[(€  + v)HHt + Ad(Qr - V-~E:E~)- 'A;]P < O (2.47) 

(2) There  exist  matrices 0 < P = Pt E !RnXn and 0 < Q = Qt E s n x n  

with Q7 = (1 - .+)Q and scalars v > 0, E > 0, p > 0, p > 0 satisfying  the 
LMIS 

I PA+AtP+Q+pEtE PH PH PAd 
H t  P -PI 0 0 
H t  P 0 -pI 0 
AiP 0 0 -(ST -pEjEd) 

(2.48) 

Proof: (1) Consider the Lyapunov-Krasovskii functional Vl(at) given by 
(2.5) where 0 < P = Pt E 8"'" and 0 < Q = Qt E !Rnxn are weighting 
matrices. Now by differentiating Vl(at) along the  solutions of (2.44) with 
some manipulations, we get: 

(2.49) 

To remove the uncertainty from (2.49), we use (2.45)-(2.46) and rely on 
applying B.1.2 and B.1.3. The result for some v > 0, E > 0 is: 

PAA(t)  + AAt(t )P = PHA(t)E + EtAt(t)HtP 
I C P H H ~ P  + E - ~ E ' E  (2.50) 
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P[Ad + AAd(t)]QY1 [Ad + AAd(t)ltP = 

P[Ad + HA(t)&]Q,l[Ad + HA(t)EdItP 5 
Y P H H ~ P  + PAd(QT - u - ~ E ; E ~ ) - ~ A ; P  

Substituting (2.50)-(2.51) into (2.49)) it becomes 

(2.51) 

V l ( X t )  < d [ P A  + AtP + Q + 
P[(€  + Y ) H H ~  + c-'E'E + Ad(Q7 - u - ~ E ~ E ~ ) - ~ A ; P ] z  (2.52) 

If V ~ ( Q )  < 0,when IC # 0 then ~ ( t )  3 0 as t + 00 and the time-delay 
system (EA,) is globally asymptotically stable independent of delay for all 
admissible uncertainties satisfying (2.46). From (2.52), this  stability condi- 
tion is guaranteed if inequality (2.47) holds. 

(2) Applying A.1, it  is  easy to see that (2.47) and using the coupling 
constraints E p = 1, v p = 1 is equivalent to  the LMIs (2.48). 

Remark 2.8: Observe that  the LMI conditions (2.48) are convex in the 
variables P, p,  p, E ,  v. To check the feasibility of these conditions, one can 
employ a multi-dimensional search procedure for p, p, c, v and solve for P. 
Alternatively, one can implement the following iterative scheme: 

(1) Find P, Q,  po, po, eo, v, that satisfy the inequality constraints (2.48). 
If the problem is infeasible, stop, Otherwise, set  the  iteration counter IC = 1. 
(2) Find pk, pk) c k ,  vk that solve the LMI problem 

lnin qh := p k - 1 ~  + c k - 1 ~  + v k - l p  + p k - 1 ~  

subject t o  LM1s (2.48) 

(3) If & has reached a stationary  point,  stop. Otherwise, set k t k + l and 
go to (2). 

Although the above  scheme is heuristic, it has been found in practice 
that  it has  a guaranteed convergence, 

2.2.2 Example 2.5 

Consider the following time-delay system 
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such that i 5 rt. First observe that  the system without delay is internally 
stable since X(A) = { -1, -2}, Using the LMI-Toolbox, the solution of 
inequality (2.48) with Q = diug[l.8 1.81, E = 0.3, v = 0.5 is given  by 

P =  [ 1 2.9930 2.3143 
2.3143 5.2018 

Since P = Pt > 0, Lemma 2.1 is verified. 

Delay-Dependent  Stability 

Reference is made to system (CA,) with (2.45)-(2.46). We invoke Assump- 
tion 2.2 for (2.44) and in line with section 2.2.2 we express the delayed state 
x( t  - T )  in the form: 

and  thus  the system dynamics become: 

(2.53) 

(2.54) 

where 

The following result is an extension of Theorem 2.2. 

Lemma 2.2: Consider  the  time-delay  system  (EA,)  satisfying Assump- 
tion 2.2. Then  given  a scalar r* > 0, the  system (&c) is  robustly  asymp- 
totically stable for  any  constant  time-delay r satisfying 0 5 r 5 r* if one 
of the  following  two  equivalent  conditions  hold 
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(1) There exist matrix 0 < X = X t  E ?Rnxn and scalars €1 > 0, ..., €7 > 0 
such that ( I  - c5HHt) > 0, ( I  - e6HHt) > 0 and ( I  - 67EiEd) > 0 
satisfying the ARI 

(2) There exist matrix 0 < X = X t  E !RnXn and scalars 
a1 > 0, ...,cy5 > 0 satisfying the LML 

I S ( X )  + HJIHt X ( E  + Ed)t r * X M t  r*N 
( E  + E d ) x  - J1 0 

r * M X  0 < 0 (2.57) 
r* Nt  0 

where 

S(") = ( A  +&)X + X ( A  + A d ) t ,  J1 = all 
M = [At Et Afi E $ ] t ,  N = [Ad H ]  
J2 = diag[a~I - a3HHt, CQI, I - a3I - cx4HHt, a4I]  
J3 = diag[I - cygE;Ed,a51] (2.58) 

Proof: (1) Introduce a Lyapunov-Krasovskii  functional V5(zt) of the form: 

V 5 ( 4  = z t ( t ) P z ( t )  + W(zt ,  t )  (2.59) 
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Application of B. l .l yields: 

for some scalar €3 > 0. On the  other  hand, using B.2.1 gives: 

for some scalar €4 > 0. Now turning to (2.60), we have: 

J--7 

By grouping (2.62)-(2.64) into (2.61) and arranging terms we arrive at: 

Next we focus on the uncertain  terms of (2.65). First, by inequalities B.1.2- 
B.1.3, we get: 
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( A  + HAE)t (A + HAE)  <, cS1EtE + At( l  - e5HHt)%4 (2.67) 

P(& + HAEd)(Ad + HAEd)tP  Pl€YIHHt + Ad(I - E~E:E~)-~A~]P 
(2.69) 

for any scalars e1 > 0, ..., c7 > 0 satisfying ( I  - c5HHt) > 0, ( I  - Ef3HHt) > 
0, ( I  -E~E;&)  > 0. Finally, we use (2.66)-(2.69) in (2.65) and  manipulating 
to reach: 

V , ( X t )  5 ."(t)Z(P, E ,  T ) X ( t )  (2.70) 
where 

E(P, E ,  T )  = P ( A  + Ad) + ( A  + Ad)tP + E : ~ ( E  + Ed>"(E + Ed) 
+ T E ~ (  1 + E ~ ~ ) [ E < ~ & ? E  + At(I - e5HHt)-lA] + e1PHHtP 
+ Te3(1+ E ~ ) [ E ~ ~ E : E ~  + A$(I - E G H H " ) - ~ A ~ ]  
+ T E ~ ~ P [ E ~ ' H H ~  + Ad(1- €7E:Ed)-'A;]P (2.71) 

where E denotes (€1, ..., €7) .  In view of the monotonic nondecreasing behav- 
ior of =(P, e ,  T )  with respect to r, the  asymptotic  stability is guaranteed for 
0 5 7- 5 r*. 

(2) By making the change of variables 

P = C T 1 p ,  CV1 = 61c3 , a 2  €4(1 + 
a3 = Es€q(l + ~ 4 ) - '  , a 4  = e g ( l  + , a5 = €7 (2.72) 

in (2.71), letting X = P-l and arranging, we get: 

Z(X ,  E ,  7) = ( A  + Ad)X + X ( A  + Ad)t + a r 1 X ( E  + Ed)t(E Ed)X 
+ TX[CYT~E;~E + At(a21 - Q ~ H H ~ ) - ~ A ] X  + alHHt 
-l- TX[CX,'E:E;~ + Ai(X - a3.l - a4HHt)-lAd] 
+ T [ ~ : ~ H I I "  + Ad(1- C Y ~ E ~ E ~ ) - ~ A : ]  (2.73) 

In  terms of (2.58) and applying A.1, inequality (2.73) is equivalent to LMI 
(2.57). 

Remark 2.9: Interestingly enough, Lemma 2.2 in the absence of un- 
certainties xi = 0, E: = 0, Ed reduces to Theorem 2.2 despite the slight 
difference in the analysis. It draws heavily on the results reported in [46,78]. 
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2.2.3 Example 2.6 

In order to illustrate  the application of Lemma 2.2, we consider a time- 
delay system of the  type (2.44) with 

A = [ o 1 ] y A 4  o -1 ] J = [  o 0.451 
0 0  -2  -0.5 0.45 0 

[ 0 0.45 ] ’ Ed = [ 0 0.45 ] 0.45 0 0.45 0 

Using the software LMI to solve (2.57), it  has been  found that  the system 
is robustly asymptotically stable for any  constant time-delay r 5 0.3. It is 
interesting to observe that A is unstable but A + Ad is stable. 

2.2.4 Example 2.7 

We consider the time-delay system 

+ 1 o*2 sint O 
0 0.2 sint ] x( t )  + [ 0 0.2 O I  cost 

0.2 cost x ( t  - r )  

We first note that both A and A + Ad are asymptotically stable. Now  we 
identify 

H = [  0.2 0 0 . 2 ] J = [ : ,  0 e]..=[, l ]  
1 0  

Then we proceed to solve  (2.57) using the software LMI. The result is that 
the system is robustly asymptotically stable for any constant time-delay 
r 5 0.501. 

2.2.5 Stability  Conditions for Discrete-Time Systems 

The class of discrete-time systems with state-delay and parameteric uncer- 
tainties of interest is described by: 

( C A ~ )  : + 1) = A A Z ( ~ )  + A d ~ x ( k  - r )  (2.74) 
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where z E ?Rn is the  state and r is an unknown time delay within a known 
interval 0 5 r 5 r*. The uncertain matrices AA E SnXn and Ada E @ P x n  

are given  by: 

[AA AdAI = [ A  Ad] + H  A(k) [E Ed] 
At@) A(k) 5 I ,  v k  (2.75) 

where A E !Rnxn, Ad E !Rnxn, H E !Rnxa, E E SPxn and Ed E SPxn axe 
known red constant matrices and A(k) E Wxp is a matrix of unknown 
parameters. 

stability leaving the case of delay-dependent stability for the interested 
reader to pursue. 

For ease in exposition, we restrict ourselves to  the case of delay-independent 

Delay-Independent  Stability 

Lemma 2.3: Subject to Assumption 2.3, the  time  delay  system (Cad) 
is  robustly  asymptotically stable independent-of-delay if one of the  following 
two equivalent  conditions  hold 

(1) There  exist  matrices 0 < P = Pt E W X n ,  0 < Q = Qt E ! J P X n  and a 
scalar E > 0, p > 0 such  that A1 = Q - > 0 and 
A 2  = P-' - c H H t  > 0 satisfying  the LMls 

(2) There  exist  matrices 0 < P = Pt E W x n  , 0 < Q = Qt E !Rnxn and 
a scalar E > 0 such  that A1 = Q - > 0 and A2 = P-' - cHHt  > 0 
satisfying  the ARI 
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Proof: (1) Introduce a discrete-type Lyapunov-Krasovskii functional v6(zk) 
of the form: 

IC-l 
Vi(2k) = d ( k ) ~ ~ ( k )  + C zt(e)Qz(e) (2.78) 

O=k-T 

where 0 < P = Pt E !Rnxn and 0 < Q = Qt E !Rnxn are weighting matrices. 
By evaluating the first-forward difference AVi(zk) = v 6 ( z k + l ) " v 6 ( z k )  along 
the solutions of (2.74) and arranging terms, we get: 

A ~ P A A  - P + Q  AiPAdA 
Rff [ AiA PAA 1 (2.79) 

If A V i ( X k )  < 0 ,when z # 0 then z ( k )  -+ 0 as k 4 00 and the time-delay 
system (Cad) is globally asymptotically stable independent-of-delay. n o m  
(2.80)-(2.81), this  stability condition is guaranteed if Off < 0. By the Schur 
complement formula, we expand the inequality Off < 0 into: 

-(Q - AiAPAdA) 

for all admissible uncertainties satisfying (2.75). The above inequality holds 
if and only if 

At 

A Ad -P-'  Ai ] [ i] n ( k ) [ E  Ed 01 

1 
[ !i ] At(k)[O 0 H t ]  < 0 (2.80) 

By B.1.4, (2.80) holds if for  some c > 0: 

-P + Q + C"EtE E-l.EtEd At 
,-l E;E -(Q - E-lEjEd) A: .c 0 (2.81) 

A Ad - ( F  - EHHt) 

Imposing the coupling constraint E p = 1 and letting A1 = Q - and 
A2 = P-l - cHHt  in (2.81) immediately yields the LMIs (2.76). 
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(2)By repeated applications of A. l  to (2.76), we get: 

Applying the  matrix inversion lemma to (2.82) yields ARI (2.77). 

Had we considered the system 

(EAD) : ~ ( k  + 1) = ( A  + H A E ) z ( k )  + Adz(k  - r )  (2.83) 

we  would have arrived at the following result: 

Corollary 2.2: Subject to  Assumption 2.3, the  time delay system 
(XAD) is  robustly  asymptotically stable independent-of-delay if one of the 
following two equivalent  conditions holds: 
(1 )  There  exist  matrices 0 < P = Pt E !RnXn , 0 < Q = Qt E Snxn and a 
scalar E > 0, p > 0 such  that A = P-' - E H H ~  > 0 satisfying  the LMIs 

[ - P + Q + ~ E ~ E  o ~ t ]  
0 -Q A; < 0 
A Ad -A 

C H H ~  -P < o (2.84) 

(2) There  exist  matrices 0 < P = Pt E !RnXn , 0 < Q = Qt E !Rnxn and a 
scalar E > 0 such  that A = P-l - cHHt  > 0 satisfying  the ARI 

A~ { p - l -  - A~(P- '  - ~ H H ~ ) - ' A ; )  A 
-P+Q+€-'EtE < 0 (2.85) 

Remark 2.10: It is important to observe that by suppressing the un- 
certainties ( H  = o, E = 0, Ed = o), the  uncertain  system (2.74) reduces to 
system (2.20) and consequently the ARI (2.22) can be recovered from ARI 
(2.77). Note that in implementing either the LMIs (2.76) or (2.84), we can 
rely on the  iterative scheme described in Remark 2.8. 
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2.2.6 Example 2.8 

We consider the uncertain time-delay system of the type (2.74) with [ 0.1 0 -"l] , [ -0.2 0 0 ] 
A = 0.05 0.3 A d  = 0 -0.1  0.1 

0 0.2 0.6 0 0 -0.2 

H =  [ of ] , E = I0.2 0 0.31, E d  = [0.4 0 0.11 
0.2 

We first note that X(A) = {0.0906,0.31163,0.5931}, X(A + A d )  = 
{ -0.1074,0.1393,0.468) and hence both matrices A and A + Ad are asymp- 
totically stable.  The result of implementing  the  iterative LMI-scheme is 

0.6 0 
Q = [ 0 0.6 

0 0  

42.4291 
P = [ 0.2656 

1.5095 

This result shows clearly that 
independent-of-delay, 

] , E = 0.3001 
0.G 

0.2656  1.55095 
43.0743  1.7880 , p = 3.3396 
1.7880  48.9937 1 

the  system is robustly asymptotically stable 

2.3 Stability Tests Using X,-norm 

It is well-known that one fundamental  property of the bounded real lemma 
(see Appendix  A) is that  it relates the  Xw-norm of a linear dynamical sys- 
tem  with an associated Riccati inequality (or equation , in the case of a 
stabilizing solution). We  will male use of such a nice property in  providing 
in the sequel a set of corollaries that characterize the  asymptotic  stability of 
some TDS using  %,-setting. 

Corollary 2.3: Subject to  Assumption 2.1, the  time  delay  system 
(C&) is globally asymptotically stable independent of delay if the  following 
7-t- -norm  constraint  holds: 
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Corollary 2.4: Consider  the  time-delay  system (E&) satisfying As- 
sumption 2.2. Then  given  a  scalar r* > 0, the  system (&) is globally 
asymptoticallg stable for any  constant  time-delay r satisfying 0 5 r <, r* 
if there  exists  scalars E > 0 and a > 0 such  that  the  following 7-lrn-nomn 
constraint  holds: 

T * I ~ ( E  + C Y ) ” ~ ( S ~  - A - Ad)-1[(a)-1/2Ad ( ~ ) - ~ / ~ A ~ ] l l ,  C 1 (2.87) 

Corollary 2.5: Subject to  Assumption 2.3, the  time  delay  system 
(C&)  is  globally asymptotically stable independent  of  delay if the  following 
7-l- -nom constraint  holds: 

I I (Z1 -  A)-’ A d  1100 < 1 (2.88) 

Remark 2.11: The interesting point to note is that inequalities (2.86)- 
(2.88) provide alternative computational methods for testing the stability of 
TDS based  on continuous-time and discrete-time models. It is significant 
to observe that although (2.88) is obvious and straightforwad,  it has not 
been reported elsewhere  in the  literature  about TDS. Also,  when the delay 
is constant (T+ = 0), (2.86) reduces to 

which has been reported before, see  [49,53,70,106-1071. The reader should 
take  note of the striking similarity between (2.86) and (2.88). 

2.4 Stability of Time-Lag  Systems 

The class of time-delay systems in  which the delay factor is a predominantly 
known constant is frequently called time-lag  systems (TLS). The importance 
of TLS emerges  from the fact that both time-domain and frequency-domain 
techniques are readily available for stability analysis. This section is devoted 
to  the stability study of TLS using a different mathematical tool. The class 
of continuous-time TLS of interest  has  the form: 

where d > 0 represents the  amount of lug in the system and  the  uncertain 
matrices AA and A..& satisfy: 
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Assumption 2.5: The uncertain matrices AA and AAd are bounded 
in the form: 

IlAAlI I P 7 IlAAdlI L Pd (2.90) 
where P > 0, P d  > 0 are known constants. 

In  this case, we obtain  the nominal system: 
First, we suppress  the  uncertainties by setting AA = 0 and AAd = 0. 

which has  the  characteristic polynomial 

F(s)  = SI  - A - Ad eVds (2.92) 

This motivates the classical definition [218] that system (Cl,) is asymptoti- 
cally  stable  independent of delay if and only if 

Since the eigenvalues of F(s)  = 0 axe simply those of the  matrix (A - 
A d  e-ds),  that is 

S = Xj(A + Ad e-ds)  , j = I, ...., n (2.94) 

Therefore, an equivalent statement  to (2.93) would be that the  roots of (2.94) 
lie in the open left half  complex plane. There  are several methods by  which 
one can characterize the  stability conditions for system (Elco), One method 
is given  below: 

Lemma 2.4: S y s t e m  (Elco) is asymptotically  stable  indepe'ndent of delay 

(2.95) 
Proof: Let S = a + j w  be a root of (2.94) and assume a = Re S 2 0. By 
observing that p ( A )  5 llAl I (see section 1.1.1), it follows that: 

which contradicts  the  assumption a 2 0 and concludes the  result. 

(2.96) 
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It is readily seen that (2.95) is a very simple method to evaluate stability 
albeit its conservatism as it does not  carry any information on the  amount 
of lag d. This means that failing to satisfy (2.95) does not mean that sys- 
tem (2.91) is unstable. One way to relax this conservatism is to stretch  the 
effect of the  part p(Ade-j*)e-da. By adopting  another  route of analysis, 
one seeks criteria that incorporates information on the amount of lag.  Such 
a result can be obtained as follows 139-411. 

Lemma 2.5: Consider  system (Elm) such  that S1 > 0. Let 62 := 
p( - j A )  + I 1 1 .  Then  the  following  condition 

Re Xj(A + Ade-d3) < 0 ,  j = 1, ..., n (2.97) 

assures  the  stability of system (Cl,) in the region given bv 

where j := &i, 

Observe that Lemma 2.5 includes information on the size of the lag 
(delay) hence it represents some sort of delay-dependent stability condition. 
Eventually, the result amounts to enlarging the region  for  which system 
(Clc,) remains stable. 

Recall that both Lemma 2.4 and Lemma 2.5 give  sufficient conditions 
for stability. The following result rectifies this shortcoming. It relies  on some 
known results from  complex analysis [23], namely: 

(1) The real and imaginary parts of an  analytic function in some domain 
VC are harmonic  functions which are characterized by satisfying Laplace 
equations. 
(2) The maximum  value of a harmonic function on a closed set VC is taken 
on the boundary of DC. 

Theorem 2.5: System (2.91) satisfying Assumption 2.1 is asymptot- 
ically stable independent of delay if and only if 
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and  either 
(b) p(A-'Ad) < 1 , or 
( c )  p(A-lAd) = l , det(A + Ad) # 0 

Proof: (+) Suppose that Assumption 2.1 holds and let &(S) := 
(sI-A)-lAd. It follows that &(S) is analytic on c+ and so is Bd(s)e-ds Vd 2 
0. Since p(Bd(s)e-dS) is a subharmonic function on C+, it follows that 

with the maximum occuring on the  boundary of C+. Thus conditions (a) 
and (b) assures that p(Bd(s)e-dS) < l Vs E C-+ ,Vd 2 0. In  turn  this 
leads to (2.93). On the other  hand, conditions (a) and (b) imply that 
p(Bd(s)e-dS) < l Vs E c+ , S  # 0, Vd 2 0 which again leads to (2.93) for 
all d 2 0 and for  all S E C+ , S # 0. Note that condition (c )  ensures that 
(2.93) holds at S = 0, This means that system (2.91) is asymptotically stable. 

(e) Since the asymptotic stability independent of delay of system (2.91) 
implies that X(A) E C-, it suffices to show that conditions (a)-(c) are nec- 
essary. Suppose that p(Bd( jw ) )  = l for some w > 0. This means that 
for some a E [0,2n],X(B&b)) = eja. Take d = a /w .  It follows that 
det(1 - Bd(ju)e-jdw) = 0 which violates (2.93) at both S = j w ,  d = a/o. 
This means that system (2.91) is not asymptotically stable independent of 
delay. In the same way,  when p(&&))  > 1 for  some W > 1 or p(B&w)) 5 1 
for W = 0 it is easy to see that for  some u0 E ( W ,  m) that (2.93) is violated. 
Hence, the necessity of conditions (a)-(c) follows. 

It is readily seen from the foregoing analysis that an alternative sufficient 
stability condition would be 

p ( ( j w ~  - A ) - ~ A ~ )  < 1 , VU 2 o (2.98) 

for  which there exists efficient computational methods [3,4]. 
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2.4.1 Example 2.9 

Consider system (2.91) with 

A =  

0 1 0 0  
0 0 1 0  
0 0 0 0 

-2 -3 -5 -2 i -0.05 0.005 0.25 0 
0.005 0.005 0 0 

0 0 0 0  
-1 0 -0.5 0 

A simple computation shows that A is asymptotically stable since X(A) = 
{ -0.6887fj1.7636,0.3113fj0.6790}. However, it can easily verified that  the 
system is not asymptotically stable independent of delay since p(A)+IIAdll = 
5.8290  which contradicts Lamma 2.4 and p ( A - l A d )  = 1.2453 which vio- 
lates condition (b) of Theorem 2.5. 

Next, we direct attention to  the uncertain system (2.89). It has the 
characteristic polynomial 

FA(s) = SI  - ( A  + AA) - ( A d  + AAd) e-ds 

Obviously S is a solution of FA ( S )  = 0 if and only if S = X-j ( ( A  + AA) + 
(Ad + AAd)e-ds).  In this regard, we say that system (2.89) is robustlg 
asymptotically stable if we consider the worst case in  which 

Again, (2.99) gives a delay-independent condition such that  the stability is 
assured for any value of 7. Let us consider the worst case in which S3 > 0. 
Extending on Lemma 2.4 and Lemma 2.5 we obtain  the following results: 

Lemma 2.6: Consider  system (Cl,) subject to Assumption 2.5 such 
that 63 > 0. Let 64 := p ( - j A )  + I l A d l l  + p  + p d .  If 

f o r  all admissible  uncertainties  satisfying (2.90), then  system (2.89) is ro- 
bustly  asymptotically stable. 

Proof: We start by the characteristic equation S = Aj((A + AA) - 
( A d  + AAd)e-d") and assume that  it has a solution S = a + j w  such that 
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Re S = a 2 0. We have 

which is a contradiction of the  initial claim and  thus proves the lemma. 

Lemma 2.7: Consider sgstem (Cl,) subject to Assumption 2.5 such 
that 63 > 0. Then the following condition 

p ( A )  + P + Pd + 0 (2.103) 

assures the robust stability of system (Cl,) in the  region S given by: 

Proof: Since 

and from the properties of harmonic functions, it follows that  the maxi- 
mum value of Xj((A + AA) + ( A d  + AAd)e-ds) is located along the sides 
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of the region S. By (2.104) and  the  fact that Re S >, 0, it follows that 
Xj((A + AA) + (Ad + AAd)e-d") has no roots in S and in view of Lemma 
2.6 the proof is completed. 

For sake of completeness, we develop  some results for a class of discrete 
time-lag systems of the form: 

( C l d )  : ~ ( k  + I)  = ( A  + AA)z(k) + (Ad + AAd)z(k - d )  (2.105) 

IlAAll < 3 IlAAdlI < <d (2.106) 
System (&) has the pulse-transfer function: 

F'A( z )  = zX - ( A  + AA) - (Ad + A A ~ ) z - ~  (2.107) 

The nominal discrete time-lag system is described by: 

(Eldo)  : ~ ( k  + 1) A z ( k )  + A d ~ ( k  - d )  (2.108) 

and its nominal pulse-transfer function is given  by: 

FdAo(z) X I  - A - Adz-d (2.109) 

Unlike the continuous counterpart FA(s), -T~A(,z) and hence Fdao(z) r e p  
resent finite polynomials for a given d > 0. System ( C l d o )  is said to be 
asymptotically  stable if and only if 

ldet (21 - A - # 0 , VIZ1 2 1 (2.110) 

Extending on this, we establish the following result: 

 ma 2.8: System ( C l d )  is robustly  asymptotically  stable for all ad- 
missible  uncertainties  satisfying (2.108) if 

l / L ( A ) l  Ip(Ad)l -k c + Cd < 1 (2.111) 

Proof: Assume that there exists a solution of F d ~ ( z )  = 0 such that 1 . ~ 1  2 1, 
We have 
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which contradicts the claim that IzI 2 1 and hence the lemma is proved. 

By setting A A  = 0, AAd = 0, we specialize Lemma 2.8 to: 

Corollary 2.6: System (E&,) is  robustly  asymptotically stable if 

Remark 2.12: An alternative result is given  in [38]. 

2.5 Stability of Linear  Neutral  Systems 

In this section, we direct  attention  to  the  stability of neutral functional 
differential equations  (NFDE) with focus on linear systems. With reference 
to section 1,1, we consider the following  class of linear NFDE with parametric 
uncertainties: 

where x E !Rn is the  state, A E !Rnx" and Ad E !RnXn are known real constant 
matrices, r > 0 is a constant delay factor, ( t ,  4 )  E !R+ XCn,-, and A A  E !Rnxn 
and AAd E ?JPxn  are matrices of uncertain parameters represented by the 
norm-bounded structure (2.45): 

For system (EA,), we assume that: 

Assumption 2.6: IX(D)l < l 

Note that model  (2.114)  is continuous-time and Assumption 2.6 gives a 
condition in the discrete-time sense. Now  we establish the following stability 
result: 

Theorem 2.6: Subject to Assumption 2.1 and Assumption 2.6, the 
linear  neutral  system (EA,) is  robustly  asymptotically stable independent of 
delay if the  following  conditions  hold 

(1) There  exist  matrices 0 < P = Pt E !Rnxn , 0 < S = St E !Rnxn and 
0 < R = Rt E !JPxn and scalars E > 0, p > 0 satisfying  the ARI 

PA + A ~ P  + ( E  + P ) P H H ~ P  + P - ~ E E ~  + 
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[P(AD + Ad) + SD][R - €-'(DtEtED + 
[P(AD + A d )  + SDIt + S  < 0 (2.116) 

(2) There  exist  matrices 0 < S = St E !Rnxn and 0 < R = Rt E V''" 
satisfying the  Lyapunov  equation (LE) 

D t S D  - S +  R= 0 (2.117) 

Proof: Introduce a Lyapunov-Krasovskii functional V7(at) of the form: 

V 7 ( ~ t )  = [ ~ ( t )  - Dz(t - ,)ltP[z(t) - Dz(t - T ) ]  

+ J_, zt(t + e)sz(t + e)  de 
0 

(2.118) 

Observe that V7(~t) satisfy 

x,(P)T2 5 v7(7') 5 [ x k f ( P ) - k T h ( S ) ] r 2  (2.119) 

By differentiating &(Q) along the solutions of (2.114) and arranging terms, 
we get: 

v 7 ( Z t )  = [ A ~ z ( t )  + A ~ A z ( ~  - 7)ltP[Z(t) - DZ(t - T ) ]  

4- [ ~ ( t )  - Dz(t - 7 ) l t P [ A ~ z ( t )  A d ~ z ( t  - 7)]  

+ ztSz(t)  - a(t  - 7)SZ(t - 7) (2.120) 

Algebraic manipulation of (2.120) using the difference operator M(zt )  := 
z ( t )  - Dz(t - 7) and arranging terms, yields: 

V T ( 2 t )  = Mt(zt)[PAA + ALP + S ] M ( z t )  
+ Mt(zt)[PAD + S D  + P A d ~ ] z ( t  - 7 )  

f zt(t - 7)[DtAtP + DtS + &P]M(Zt) 
+ X t ( t  - 7 ) [ D t S D  - s]X(t - 7 )  (2.121) 

In view of (2.117) and completing the squares, we get: 

Mt(zt)[PAA + ALP + S 
(PAAD + SD + PA~A)R-'(PAL,D + S D  i- PAd&Ut(xt) 

[(DtA;P + AiAP + DS)M(at)  - f i ( t  - T ) ]  

[(@ALP + A:AP + DS)M($t)  - &(t - 7)ltR-l 

Mt(z t )[PAA + ALP + S 
(PAAD + SD + PA~A)R- ' (PAAD + SD + P A d ~ ) ~ ] h f ~ ( Z t )  

(2.122) 
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By Lyapunov-Krasovsltii theorem (see Appendix D), it is sufficient from 
(2.119) and (2.122) to conclude that system (EA,) is robustly asymptotically 
stable if 

for  all admissible uncertainties satisfying (2.45). Using B.1.2,  B.1.3 and 
(2.45), we get for some scalars E > 0, p > 0: 

PAA + ALP 5 P A  + AtP + pPHHtP + p-'EtE (2.124) 

Substituting (2.124)-(2.125) into (2.122)  yields  ARI  (2.116)  such that S and 
R satisfy (2.117). This completes the proof, 

By converting Theorem 2.6 into an LMI feasibility problem  using the 
Schur complements, we obtain  the following result: 

Corollary 2.7: Subject to  Assumption 2.1 and Assumption 2.6, the 
linear  neutral  system (EA,) is asymptotically stable independent of delay if 
there  exist  matrices 0 < P = Pt E !Rnxn ) 0 < S = St E Snxn and scalars 
E > 0, p > 0 satisfying  the LMIs 

- PA+AtP+p-lEEt pxI P(AD + Ad) 
+ePHHtP + S +SD 

Ht  P - p - I I  0 
(DtAt + Ai)P 

< o  

+DtS 0 -J  - - 
D 9 D - S  < 0 [ D t Y y -  S DtEt E: 

0 -€I 
-€I 0 ] < 0 

(2.126) 
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where 

J = D t S D  - S  + t - ' ( D t E t E D  + E:Ed) 

On the other  hand, by suppressing the uncertainties E = 0, H = 0, E d  = 0 
in system (2.114), we get the system: 

for which the following  hold: 

Corollary 2.8: Subject to  Assumption 2.1 and Assumption 2.6, the 
linear  neutral  system (CAno) is  asymptotically stable independent of delay if 
the  following  conditions hold: 
(1) There  exist  matrices 0 < P = Pt E !Bnxn , 0 < S = St E !Rnxn and 
0 < R = Rt E !Bnxn satisfying  the ARI 

P A + A ~ P +  
[ P ( A D  + A d )  + SD]R-'[P(AD + Ad) + SDIt + S < 0 (2.129) 

(2) There  exist  matrices 0 < S = St E !Bnxn and 0 < R = Rt E ?Rnxn 
satisfying  the  Lyapunov  equation  (LE) 

D t S D  - S + R =  0 (2.130) 

Corollary 2.9: Subject to  Assumption 2.1 and Assumption 2.6, the 
linear  neutral  system (can,) is  asyrnptoticallv stable independent of delay if 
there  exist  matrices 0 < P = Pt E !RnXn and 0 < S = St E !BnXn satisfying 
the LMIs 

Dt S D - S < 0 (2.131) 

Remark 2.13: I t  is  important to mention that Corollary 2.7 and 
Corollary 2.8 recover the  results of [122]. Interestingly enough, by delet- 
ing the  matrix D in the linear neutral system (2.114) we recover the linear 
retarded system (2.43) and hence the results of Theorem 2.5 and Corol- 
lary 2.7 reduce to those of Lemma 2.1. 
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2.6 Stability of Multiple-Delay Systems 

In this section, we extend some of the  stability results of sections 2.1 and 
2.2 to  the class of uncertain time-delay systems containing several delay 
factors. For simplicity in exposition, we divide our efforts into multiple- 
delay continuous-time systems (MDCTS) and multiple-delay discrete-time 
systems (MDDTS). The class of MDCTS of interest is modeled  by: 

where x E is the  state, A E ?RnXn, Adj E ? J P x n ;  j = 1, . . , S  are real 
constant matrices and T j ;  j = l ,  .., S are unknown time-varying delay factors 
satisfying 

where r:, r;, j = l ,  .., S are known bounds. The uncertain matrices AA(t)  E 
!Rnxn and AAdj(t) E "lnXn are represented by: 

AA(t)  = HA(t)E , AAdj(t) = HAj(t)&j , V j  E [l,s] (2.134) 

where E: E % P X n ,  Edj E %pxn and H E %nxcr are known constant matrices 
and A( t )  E P x P  is an unknown matrix of uncertain parameters satisfying 

A'(t)   A(t)  5 I , A$(t )  Aj ( t )  5 I , Vt V j  E [l ,s]  (2.135) 

The corresponding MDDTS under consideration has the form: 

where x E 8" is the  state and rj are unknown integers representing the 
number of delay units in the  state.  The uncertain matrices AA E % P x n  and 
AdAj E X p x n  are given  by: 
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where A E SnXn, A d j  E S"'", H E !XnXCY, E E ?Rpxn and E d j  E Spxn 
are known  real constant matrices and A(k) E P X p  is an unknown matrix 
satisfying 

At&) A(k) 5 I ,  Ai@) A,@) 5 I , Vlc , V j  E [l+] (2.138) 

Due to  the  strong similarity between  models (2.44) and (2.132) in the contin- 
uous case and between  models (2.74) and (2.136) in the discrete case, we are 
not going to repeat  the  stability analysis hereafter. Rather, we  will present 
the main results in a sequence of corollaries without proof. 

To study delay-independent stability of system (2.132), we consider the 
Lyapunov-Krasovsltii functional VS (xt ): 

where 0 < P = Pt E Znx" and 0 < Qj  = Q$ E ?Rnxn; j = 1, . . . ,S are 
constant weighting matrices. It is easy to see that Vg(xt) is a natural gener- 
alization of Vl(zt). 

Corollary 2.10: Subject to  Assumption 2.1, the  time deZag system 
(EA,) is  robustly  asymptotically stable independent of delay if there  exist 
matrices 0 < P = Pt E ! W x n  and 0 < Qj = Q: f W"'"; j = 1, ..., S with 
QTj = (1 - T:)Q~ and scalars E > 0, vj > 0 such  that QTj - VylE&Edj > 
0; j = 1, ..., S satisfying  the ARI 

S 

j = l  
S 

(2.140) 

On the  other  hand, when studying delay-dependent stability we use the 
Lyapunov-Krasovskii functional Vg(xt) of the form: 

(2.141) 
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where 0 < P = Pt E !JPXn and c3j > 0, ~ 4 j  > 0 are scalars to  be chosen. 
Again, (2.141)-(2.142) is  a  generalization of (2.59)-(2.60). 

Corollary 2.11: Consider  the  time-delay  sgstem (EA,) satisfying As- 
sumption 2.2. Then  given  a scalar r* > 0, the  system (Edc) is  robustly 
asymptotically stable for  any  constant  time-delay T j ;  j = 1, ..,S satisfying 
0 5 Tj  5 T T  if there  exist  matrix 0 < X = X t  E Snxn and scalars €1 > 

and ( I  - E7jE;jEdj) > 0 satisfying  the A RI 

3 
O , E B ~  > 0, ..., ~ 7 j  > O ; j  = I ,  ..,S such  that (I-€5jHHt) > 0, (I-E6jHHt) > O 

S S 

=(P, E, T;) = P(A + C Adj) + (A + C Adj)tP + E ~ P H H ~ P  
j=l j=1 

S S 

j=l j=l 

+ ~ ; ~ 3 ( 1 +  cT1)[cFIEtE + At(I - E ~ H H ~ ) - ~ A ]  

< o  (2.143) 

In the discrete-time  case, we use a discrete-type Lyapunov-Krasovskii 
functional Vlo(zk)  of the form: 

S k - l  

Ko(zk) = x t ( k ) P z ( k )  + C C zt(B)Qp(8) (2.144) 

where 0 < P = Pt E ?Rnxn and 0 < Qj = Q: E ?Rnx";j = 1, ..., S are weight- 
ing  matrices. It is needless to stress  that (2.144) is just  an extension of (2.79). 

j=l O=k-rj 

Corollary 2.12: Subject  to Assumption 2.3, the  time  delay  system 
(Cad) is  robustly  asymptotically stable independent-of-delay if one of the 
following  two  equivalent  conditions holds: 

TLFeBOOK



68 CHAPTER 2. ROBUST  STABILITY 

(1) There  exist  matrices 0 < P = Pt E !RnXn , 
0 < Qj = Q: E P x n ;  j = 1, ..., S and  scalars €1 > 0, ~ 2 j  > 0; j = l, ..., S such 
that Qj - ei.EijEdj > 0; j = 1, ..., S satisfying  the ARX 

satisfying  the LMIs 

j= l ,  ...., s 

AtPA - P + Q At Phj 
Ai PA -(X+Ajhi) 

E 0 “€1 I ] < 0 

Remark 2.14: Despite the fact that corollaries (2.9)-(2.11) are basi- 
cally stated for UTDS, it is a straightforward task to retrieve the results of 
TDS in section 2.1 by simply setting H = 0, E = 0, E d 1  = 0, ..., E d s  = 0. 

2.7 Stability Using Lyapunov-Razumikhin Theo- 
rem 

As we mentioned at the beginning of this  chapter, we can use the Lyapunov- 
Razumikhin  Theorem as the main stability tool in the function space. Had 
we  followed this  route, we would  have started with a Lyapunov-Rmumikhin 
function of the form: 

VIl(.(t)) = .“(t)P.(t) , 0 < P = Pt (2.147) 

where Vl l (z ( t ) )  possesses the properties stated in Appendix D, First a delay- 
independent stability result is summarized below: 
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Lemma 2.9: Subject  to Assumption 2.1, the  time  delay  system (2.44)- 
(2.46) is robustly  asymptotically stable independent of delay if one of the 
following two equivalent  conditions holds: 

(1) There  exist a matrix 0 < P = Pt E and scalars 
v > O , C  > 0, a > 0 such  that aP - > 0 satisfying  the ARI 

P A  + AtP + ( E  + v)PHHtP + c-lEtE 
PAd(aP - v - ~ E ~ E ~ ) - ~ A : P  + aP < 0 (2.148) 

(2) 0 P = Pt E !JPXn and scalars v > 0, E > 0, a > O satisfping  the 
LMIS 

Proof: (1) By evaluating V11 along the  solutions of (2.44) and  applying  the 
Lyapunov-Rmumilthin theory (see Appendix D) for some a > 0, we get: 

Inequality (2.150) can  be expressed in compact form as: 

(2.151) 

Stability of system (2.44) follows if * ( P )  < 0. Using the Schur complements, 
the  latter condition corresponds to: 
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In line with Lemma 2.1 and using inequalities (1.2) and (1.3) in (2.152), we 
get for some U > 0, c > 0: 

which corresponds to (2.148). 
(2) Follows from application of the Schur complements. 

2.7.1 Example 2.10 

In order to  demonstrate Lemma 2.9, we consider the following data: 

By properly manipulating  the variables to guarantee the convexity require- 
ment of the LMI solution, it is readily seen that we should deal with a, v-', 

as the unknown quantities in addition to P. The result of computer 
simulation using LMI Control software is then given  by: 

P =  [ 0.6234  2.8243 , E = 18.2805, U = 18.3221, a = 0.6002 

Corollary 2.13: Subject  to Assumption 2.1, the  time  delay  system 
(2.1) is  robustly  asymptotically stable independent of delay if one of the fol- 
louring two equivalent  conditions holds: 
(1) There  exist a matrix 0 < P = Pt E !RnXn and a scalar a > 0 satisfying 
the ARI 

P A  + AtP + PA~(CYP)-'A;P + aP < 0 (2.154) 

(2) There  exist  matrices 0 < P = Pt E !RnXn , 0 < R = Rt E ?Rnxn and a 
scalar a > 0 satisfying  the LMIs 

PA+AtP+aP PAd [ A P  -R I 
R > 0 ,  R - a P  5 0 (2.155) 

Remark 2.15: It is significant to observe the close similarity between 
ARIs (2,47) and (2.148). In particular, replacing the weighting matrix Q by 
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aP in (2.47) automatically yields (2.148). A simple interpretation for this is 
that  the functional Vl(zt) has a penality term on the delayed state whereas 
the term aP is brought about  to  substitute  the effect of the delayed state 
and hence meet the requirement imposed on Vl(zt). Evidently there is an 
element of compromise here. One theorem allows  for a treatment of the de- 
layed state a priori and the other theorem deals with the delay a posteriori. 
In general, the application Lyapunov-Krasovskii  theorem to TDS is quite di- 
rect but requires a lot of effort in constructing the functional. Alternatively, 
the function in Lyapunov-Razumikhin  theorem is rather  standard  but some 
lengthy algebra is usually needed to satisfy its conditions. 

Had we adopted  the dynamic model (2.15) to represent the time-delay 
system, we would  have  achieved the following result: 

Corollary 2.14: Consider  the  time-delay  system (Edc)  satisfying As- 
sumption 2.2, Then  given a scalar r* > 0, the  system (Edc)  is globally 
asymptotically stable for  any  constant  time-delay r satisfying 0 5 r 5 r* 
if one of the  following  two equivalent conditions holds: 
(1) There  exist  matrix 0 < X = X t  E !RnXn and  scalars E > 0 and a > 0 
satisfying  the ARI 

( A  + Ad)X + X ( A  + Ad)t + r*EV1AdAXAtAd 
+ - T * C X - ~ ( A ~ ) ~ X ( A ; ) ~  + r*(E + a ) ~  o (2.156) 

(2) There  exist  matrix 0 < X = X t  E !Rnxn and  scalars E > 0 and a > 0 
satisfying  the LMI: 

( A  + Ad)X + X ( A  + Ad)t + T*(E + a)X r*AdAX T * ( A ~ ) ~ X  
r*XAtA: “(T*&)X 0 
r*X(Ai)2 0 -(r*cY)X 

(2.157) 
Remark 2.16: Extension of Corollary 2.13 to  the uncertain system 

(2.54)-(2.55) is straightforward and we will leave it as an excercise for the 
reader. 

2.8 Stability  Using Comparison Principle 

Given a functional differential equation (C,,) with known asymptotic behav- 
ior, a comparison  principle provides a characterization of the  set of conditions 
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under which its asymptotic behavior implies the similar behavior of another 
system of the  type (C&) or (EA,). In  this case, system (c,,) is called a 
comparison  system for system ( E & )  or (EA,). Work on development com- 
parison principles has been extensive, see [212,213], Our purpose here is to 
shed some light on the application of the foregoing idea by examining the 
delay-dependent stability of TDS, For simplicity, we consider the delay fac- 
tor r = r* as constant and provide the following results: 

Lemma 2.10: Consider  the  time-delay  system (Eh) satisfying As- 
sumption 2.2 such  that 

e cd e-'d', cd > 1,  v d  > 0 (2.158) 

Given a scalar r* > 0. If the  following  inequality holds: 

T* cdqil { l l A d l l ( l l A l l  + l l A d l l > )  < (2.159) 
then  system (&c) is  asymptotically stable for any  constant  time-delay r sat- 
isfying 0 < T 5 r* in the  sense  that 

IlX(t)l l  5 c d  SUP IlZ(s)ll e-adt (2.160) 
sE[-27*,0] 

where o d  is  the  solution of the  transcendental  equation 

(2.161) 

Proof: Starting from (2.14), the solution is given  by: 

- A d  A' l:T* e ( A + A d ) ( t - " ) A d z ( t  - r 4- 0)diIds (2.162) 

Using (2.158) and taking the norms of (2.162) with some standard manipu- 
lations, we get: 

Ilx(t)ll 5 xd cd e-'dt -k N(t, IIX(*)ll)  (2.163) 
where 
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(2.1G6) 
From (2.164)-(2.166), it  follows that thedifference v( t )  = Ilx(t)ll-w(t) , t 2 
-27* satisfies v( t )  5 z d  - Cdxd e"adt < 0 , t 2 -2r*. By applying  the 
Bellamn-Gronwall  lemma (B.1.7) over the successive time intervals (0,2r*], 
(27*,47*] , ...., and using (2.159), we conclude that Ilz(t)ll 5 w(t)Vt 2 0 and 
the  lemma is proved. 

Following paxallel lines, we establish  the following delay-independent re- 
sul t: 

Corollary 2.15: Consider  the  time-delay system (&c) satisfying As- 
sumption 2.1 such  that 

eAt 5 c, e-vot , c, > 1 , 7, > o (2.167) 

If the  following  inequality  holds: 

then system (Edc)  as asymptotically stable independent of delay r in the  sense 
that 

Ilx(t)ll 5 CO SUP lI.(s)ll e-uot (2.lG9) 
sc[-r*,O] 

where a, is the  solution of the  transcendental  equation 

Remark 2.17: Note that by writing (2.159) in the form 

(2.170) 

it provides a characterization of an interval of validity [0, r*) for the  stability 
result.  Note  also that by setting c, = l ,qo = "+(A) in (2.168), we recover 
the results of Lemma 2.4. 
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2.9 Notes and References 

The literature on robust  stability for TDS and UTDS abound. It is a heavy 
burden to undertake the task of categorizing an extensive literature on sta- 
bility of systems with delays, whether they  be  TDS, UTDS or FDEs. Never- 
theless, we provide some relevant notes on the published work. In addition to 
the edited volume [l] and the book chapter [2], the Guided Tour in [5] stands 
as a comprehensive, valuable source which is indispensable for researchers 
as it provides an overview of various topics and related references, 

In the  literature, approaches to delay-independent stability can be found 
in [6,11,12,16,53,57,70,72,74,77,83,10G-108,110,113,119,124,135] for the case 
of norm-bounded uncertainties and in [7,8,14,15,21,99] for matched and/or 
mismatched uncertainties. 

On the  other  hand,  the references [34,46,78,100,131,137] contain different 
techniques on delay-dependent stability. 

R'equency domain and related results can be found in [3844,55,67-69,751. 
Also in [76,80-82,8G,87,90,91,91,98,101-105,125,133] whereas algebraic meth- 
ods  are available  in [25,2G,30,33,50,54,5G,73,79,84,89,95-97,123,126-130] and 
also in 1132,134,1391, 

The topic of a-stability is dealt with in [18,19,143] and  D-stability is 
considered in [G1,141-1421. Some results on discrete systems are presented 
in [112,115,117] and the topic of exponential stability  are  studied in [lll, 
114, 1361. Neutral systems are analyzed in [27,51,85,122] and some practical 
applications are contained in [88,93,94,116]. Results related to Razumkhin 
stability  are presented in [144,145]. 

Despite the large number of problems tackled in the literature,  there 
is still an ample amount of technical problems open for  scientific research. 
This includes, but is not limited to, more  refined results of delay-dependent 
stability and stabilization, exponential stability and discrete-time delay sys- 
tems. 
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Chapter 3 

Robust Stabilization 

3.1 Introduction 

There exists an extensive literature devoted to  the control of delay systems. 
We can, in principle, distinguish between three broad approaches for  design- 
ing stabilizing controllers: 

Approach (1): In this approach [31,148], the delay is a known constant 
(frequently called time-lag) and the main design  effort is to seek conditions 
for the existence of stabilizing controllers. 
Approach (2): Here the controllers are designed independent of the size 
of the delay without destabilizing the closed-loop system and the delay 
may be arbitrarily large [7,8,14,15]. 
Approach (3): In this approach, Razumikhin-like theorems [4,6] are 
utilized to develop stabilization conditions in terms of an upper bound on 
the size of the delay. 

In this  chapter, we extend most of the  robust  stability  results of Chapter 2 
to  the case of feedback systems. This is frequently called robust stabilization 
and focuses on the synthesis of feedback gains such that desirable stability 
behavior of the closed-loop system is preserved.  In control engineering sys- 
tems design, the primary objective is to construct feedback systems with 
better performance rates [146,147,149]. The X-f,-norm of the closed-loop 
system has been often considered an important performance index [214-2191 
and will be taken hereafter as the main  design objective. For ease in  ex- 
position, we provide the stabilization results along  two directions: one for 
time-delay systems (TDS) and the  other for uncertain time-delay systems 

75 
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(UTDS). Each of the developed results will be supplemented with a com- 
putational algorithm based  on LMI format. It is  interesting to report that 
the developed control methods might be of potential use  in different engi- 
neering applications including: (1) modification of governor control action 
gas-turbine systems, (2) compensation of quality  products in  chemical reac- 
tors due to recycling, (3) enhancement of water pollution control systems, 
and (4) effective control of thickness  in industrial mills. 

3.2 Time-Delay Systems 

In  this section, we focus attention on  time-delay systems without uncertain- 
ties. Later on we will incorporate parametric uncertainties. 

3.2.1 Problem  Description 

Consider a class of time-delay of the form 

?(t)  = Az(t) + Bu(t)  + A d l ~ ( t  - d)  + B h ~ ( t  - h) + h ( t )  (3.1) 
z ( t )  = L+), z ( t )  = $( t )  vt E [-maz(d,h), 01 ( 3 4  

where t E 8 is the time, ~ ( t )  E 8" is  the  state; ~ ( t )  E gm is  the control 
input; w(t) E W is the  input  disturbance which  belongs to &[O, 00); z ( t )  E 
W is the  output and d, h represent the  amount of delay in the  state and 
at  the  input of the system, respectively. The matrices A E !RnXn, B E 
?RnXm represent the nominal system without delay and  the  pair (A,  B )  is 
stabilizable; Ad E P X n ,  B/& E !Rnxm, D E SRnxq and L E % p x n  are known 
matrices and +(t) E C[-max(d, h),  01 is a continuous vector valued initial 
function. In the sequel, the delay factors are taken to be different, that is 
d # h, Models of dynamical systems of the form (3.1)-(3.2) can be found in 
several engineering applications including river pollution control [220] and 
recycled continuous stirred-tank  reactors [221]. The problem addressed in 
this  chapter is that of designing a feedback controller of the form: 

so that  the closed-loop system is stabilized and the effect of disturbances is 
reduced to a pre-specified  level. One of the popular forms of controller (3.3) 
is the linear constant-gain state-feedback in which 

@[x(t)] = Fz( t )  ; F E !Rmxn (3.4) 
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Applying the control (3.4) to (3.1)-(3.2) yields the closed-loop system 

for  which the transfer function from the  disturbance w ( t )  to the output r ( t )  
is given  by 

TZ,(s) = L [ ( d  - A,) - (Ade-d" + BhFe-h")]- lD 
= L[(sl  - [ A  + B F ] )  - (Ade-ds + BhFe-h")]-lD (3.6) 

where S is the Laplace operator. Of particular interest in this  chapter is the 
design of Hw-controllers. Hence, the basis of designing controller (3.4) is to 
simultaneously stabilize (3.5) and to guarantee  the Hw norm bound y of the 
closed-loop transfer function T,,, namely IIT,,I Io3 L y and y > 0. 

3.2.2 State Feedback Synthesis 

In the following,  sufficient conditions are developed first for stabilizing the 
closed-loop system (3.5) and guaranteeing a desired Ho3 norm bound using 
Lyapunov's second method.  Then sufficient conditions are established for 
Hm-control synthesis by state-feedback. 

Theorem 3.1: The closed-loop system (3.5) is  asymptotically stable with 
w ( t )  = 0 for d ,  h >, 0 if one of the  following equivalent conditions  is satisfied: 

(1) There  exist  matrices 0 < Pt = P E !Rnxn ) 0 < Q! = Q1 E !Rnxn, 

0 < Q: = Q 2  E !RnXn satislying ARI: 

(2) There  exist  matrices 0 < P t  = P E !RnXn 0 < Q: = Q1 E !RnXn) 

0 < Q; = Q2 E !Rnxn satisfying the LMI: 
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Proof: (1) Define a Lyapunov-Krasovskii functional V12(zt) as 

where P, Q1,  Q2 > 0. Observe that V12(zt) > 0, z # 0; I&(zt) = 0, z = 0. 
Evaluating the  time derivative of (3.9) along the solutions of (3.5) results in: 

where the extended state vector 21(t) is given  by 

&(t)  = [zt(t) z t ( t  - d )  zt(t - h)It (3.11) 

and W O  is given  by (3.8). The requirement of negative-definiteness of I&(z~) 
for stability is guaranteed by (3.7). 

(2) Using A.1, one can easily obtain (3.8). 

Therefore, we can conclude that the closed-loop system (3.5) is asymp 
totically stable for d, h 2 0 as desired, 

Remark 3.1: Despite its simplicity, Theorem 3.1 provides a sort of 
delay-dependent stability  criteria since condition (3.7) includes the delay 
factors d and h. However, it presumes the availability of the gain matrix F. 
It is of general form as it encompasses other available results as special cases. 

Corollary 3.1: The  state-delay system 

i ( t )  = Az(t)  + Bu(t)  + A d ~ ( t  - d) 
x ( t )  = Lz(t) ,  z( t )  = $(t)  vt  E [-d, 01 

can be stabilized b y  the  controller u( t )  = Fx(t)  if there  exist  matrices 0 < 
Pt = P E !RnXn, 0 < Q! = Q1 E !RnXn, satisfying  the LMI: 

P ( A  + BF)  + ( A  + BF)tP + Q1 P& 
w 1 ( )  = Ai P 1 -Q1 

(3.12) 
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OT equivalently  satisfying  the ARI: 

P(A  + B F )  + ( A  + BF)tP + Q1 + PAdQr'AiP < 0 

79 

(3.13) 

Proof: Set Bh = 0 in (3.7). 

Corollary 3.2: The free state-delay  system 

?( t )  = Az(t) + Adz(t - d )  
z ( t )  = Lz( t )  9 x ( t )  = $( t )  vt E [ -d,  01 

is asymptotically stable if there  exist  matrices 0 < Pt = P E !RnXn , o <  
Q: = Q1 E !Rnxn satisfying  the LMI: 

(3.14) 

or equivalently  satisfying  the ARI: 

PA + AtP + Q1 + PAdQ,lA:P < 0 (3.15) 

Proof: Set B = 0 in (3.13). 

Corollary 3.3: The  input-delay  system 

k ( t )  = Az(t)  + Bu(t) + BhU(t  - h)  
z ( t )  = Lx(t)  , z( t )  = $(t)  vt E ["h, 01 

can be stabilized  by the  controller u(t)  = Fx( t )  if there  exist  matrices 0 
pt = p E 3 n x n  , 0 < Q; = Q2 E W x n  satisfying  the LMI: 

P (A  + B F )  + (A + + Q2 PBhF < 
W30 Ft P -Q2 1 (3.16) 

or equivalently  satisfying  the ARI: 

Proof: Set Ad = 0 in (3.7). 

Remark 3.2: It is important  to  note  that Corollaries 3.1-3.3 provide 
LMI-stability  criteria for state-delay dynamical systems. 
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Theorem 3.2: The closed-loop system (3.5) is asgrnptotically stable and 
IlTzV,IIm 5 y; 7 > 0 f o r  d ,  h 2 0 if there  exist  matrices 0 C Pt = P E W X n ,  

0 < Q: = Q1 E !RnXn, 0 < Q; = Q 2  E !Rnxn satisfying  the ARI: 

PA, + A:P + Q1 + Q2 + PAdQ,'A$P + PBhFQ,'FtBiP 
+ L ~ L  + Y - ~ P D D ~ P  < o (3.18) 

Proof: By Theorem 3.1 and [45j, the state-feedback  controller (3.4) which 
satisfies  inequality (3.18) stabilizes  the time-delay system (3.1)-(3.2) for 
d, h 2 0. Now, introduce  the  matrix: 

-M := PA, + A:P + Q1 + Q 2  + PAdQi'AiP 
+PB~,FQ;~F~B;,P + E ~ E  + T - ~ P D D ~ P  (3.19) 

so that 

PAc  +ALP+ Q1 + Q2 + PAdQ,'A$P + PBhFQT1FtB:P 
+LtL + Y - ~ P D D ~ P  + M = 0 (3.20) 

Let W E 3 and  construct  the  matrices 

such that  the use of (3.4) with S = ,!? + j w ,  ,!? > 0 ensures that 

Note that Y'(P, W )  > 0 and Y2(P, W )  > 0. By adding  and  subtracting  appro- 
priate  terms, we rewrite (3.20) using (3.21)-(3.23) as 

PX-l(P,,) + [Xt(,!?, - 4 - l P  - & ( m )  - Y 2 ( P , 4  
-EtE - Y - ~ P D D ~ P  - M = 0 (3.25) 
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Premultiplying (3.25) by X'(@, -W) ,  and postmultiplying by X ( @ , W )  and 
rearranging, we arrive at: 

PX(P,  W )  + X"@, - W ) P  - y-2Xt(P, -w)PDDtPX(P, W )  

= X t ( P ,  - ~ ) [ Y l ( p ,  W )  + &(P, W )  + Lt.L + M] X(@, W )  (3.26) 

Further  manipulation of (3.26) gives 

On completing the  squares in (3.27), it follows that for all W E 8: 

On  observing that 

-[TI - y - lDtPX(@,  -W)DIt[yI - y- 'DtPX(p ,  - W ) D ]  5 0 

then from (3.24) and (3.28), we get: 

or equivalently, 

V,f3 > 0, W E R, We can  then conclude that IITzwl loo 5 ~y as desired. 

Remark 3.3: The usefulness of Theorem 3.2 lies in the fact that  it 
provides  condition (3.18) as a sufficient measure for the existence of a con- 
stant  matrix F as the gain of an Ho0 controller. 
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The following theorem gives an LMI-based computational procedure to 
determine state-feedback controller with H,-norm constraint. 

Theorem 3.3: The closed-loop slystem (3.5) is asymptotically stable and 
IITzwllw 5 y; y > 0 for  d ,  h 2 0 if there  exist  matrices 0 < Yt  = Y E !RnXn, 

0 < Q: = Qt E ?RnXn, 0 < Q: = Qs E ?RnXn, S E Z m X n ,  satisfying  the LMI: 

W 1  = 

+StBt + Qt + Qs AY " Y E t  B& D AdY - 

St B; 

Y A$ 0 0  0 -Qt J 

LY -I 0 0 < 0 (3.31) 
0 -Qs 0 0 

Dt 0 0 -721 0 

Moreover,  the  memoryless state-feedback  controller is  given b p  

u(t) = sY- l z ( t )  (3.32) 

Proof: By Theorem 3.2, there exists a state-feedback controller with con- 
stant gain F such that  the closed-loop system (3.5) is asymptotically stable 
and IITzwllco 5 y; y > 0 for d, h 2 0. Now, letting Y = P-l, S = FY, 
Qt = P-lQlP-l,  Qs = P-lQ*P-l, prelnultiplying (3.18) by P-l and post- 
multiplying the result by P " ,  we get: 

AY + YAt + BS + StBt + Qt + Qs + AdYQFlYA; + 
B ~ S Q ; ? S ~ B ;  + Y L ~ L Y  + y 2 m t  < o (3.33) 

which,  in the light of A.1, can be conveniently arranged to yield the block 
form (3.31) as desired. 

Remark 3.4: To implement such 8 controller, we can use the LMI- 
Control Toolbox to solve the following minimization problem: 

min y 
K S, Qs,  Qt, 

s. t .  -Y < 0 ,  -Qs < 0 ,  
-Qt < 0 ,  W1 < 0 (3.34) 
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Two corollaries immediately follow: 

Corollary 3.4: The  state-delay  system 

k ( t )  =  AX(^) + Bu(t) + Adz(t - d )  + Dw(t)  
Z ( t )  = Lx(t)  9 x ( t )  = $(t)  vt E [-d, 01 (3.35) 

with  controller u(t) = F x ( t )  is  asymptotically stable with  disturbance  atten- 
uation y if there  exist  matrices 0 < Y t  = Y E !Rnxn, 0 < Q: = Qt E !RnXn 

and S E !Rmxn, satisfying  the LMI: 

I AY + YAt + BS + StBt + Qt YLt 
LY -I 0 

YA: 0 0 -Qt 
Dt 0 -721 0 < 0 (3.36) 

or  equivalently-  satisfying  the A RI: 

AY+YAt+BS+StBt+Qt 
+A~YQ;~YA;  + Y L ~ L Y  + 7 - 2 ~ ~ t  < o (3.37) 

The feedback gain is F = SY-l, 

Proof: Set B}, = 0 in (3.33). 

Corollary 3.5: The  input-delay  system 

k ( t )  = Az(t) + B u ( ~ )  + Bhu(t - h) + D w ( t )  
Z ( t )  = Lz(t)  , z ( t )  = $( t )  vt E [-h, 01 (3.38) 

with  controller u(t) = F x ( t )   i s  asymptotically stable with  disturbance  atten- 
uation y if there  exist  matrices 0 < Y t  = Y E !Rnxn 0 < Q: = Qs E !Rnxn 

and S E !RmXn, satisfying  the LMI: 

r AY +YAt + BS+StBt  +Qs YLt BhS D 1 
LY 

St B;, 
Dt 

or equivalently  satisfying  the  ARX: 

-I 0 
0 -Qs 0 

O 1 < 0 (3.39) 

0 0 -y21 1 

AY + Y A ~  + BS + S ~ B ~  
+ B ~ S Q ; ? ~ B ;  + Y L ~ L Y  + T - ~ D D ~  o (3.40) 
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The feedback gain  is F = SY-l. 

Proof: Set Bh = 0 in (3.33). 

An alternative state-feedback controller is now presented. 

Theorem 3.4: The closed-loop system (3.5) is asymptotically stable and 
~~T'w~~m 5 y; y > 0 for  d ,  h 2 0 if there  exist  matrices 0 < Zt = Z E ' W x * ,  
0 < Q: = Q t  E !Rnxn, 0 < Q: = Qs E !RnXn and  a scalar p > 0 satisfying the 
LMI: 

P172 = 
A Z +  ZAt + Qt + Qs AdZ pB 1/2p2BhBt ZLt D - 

ZAi -Qt 0 0 0 0  
PBt 0 -x 0 

1/2p'BBk 0 0  -&S 0 0  
LZ 0 0  0 " I  0 

O O 
C O  

- Dt 0 0  0 0 -y2I - 
(3.41) 

Moreover,  the  gain of the  memoruless state-feedback controller is given bg 

u( t )  = (p2/2)BtZ"x(t )  (3.42) 

Proof: By Theorem 3.2, there exists a state-feedback controller with 
constant gain F = poBtP, p. > 0 such that  the closed-loop system (3.5) is 
asymptotically stable and IITzwl)oo 5 y; y > 0 for d, h 2 0. This implies 
that 

PA + AtP + Q1 + Q2 + PAdQrlA$P + T - ~ P L L ~ P  
+P:PB,,B~PQ,~PBB;P + LtL + 2poPBBtP < 0 (3.43) 

Now, letting Z = P-l, p. = p2/2Bt, Qt = P-lQIP-l, Qs = P-1Q2p-1, 
premultiplying the above inequality by P-l and postmultiplying the result 
by P-', we get: 

which,  in the light of A . l ,  can be conveniently arranged to yield the block 
form (3.41) as desired. 
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Remark 3.5: To implement controller (3.42), one has to solve the min- 
imization problem 

rnin y 
2, Q 3 3  Q t l  P 

S. t .  - 2 < 0, - Q s  < 0, 
-Qt < 0 ,  -p < 0, < O  (3.45) 

which is amenable to  standard LMI-format of the  LMI-Control Toolbox. 

Remark 3.6: In comparing between the state-feedback controllers (3.32) 
and (3.42), one should observe that  the gain of (3.32) has two matrices S 
and Y to be determined using the LMI solver  whilst the controller (3.42) has 
one matrix 2 and a scalar p. This implies that not only the computational 
load of the  latter would be less than  that of the former but also less in the 
degrees of freedom (one versus m X n). On the  other  hand,  the former would 
seem to encompass the  latter since (3.42) would correspond to (3.32) in the 
case S -+ (p2/2)Bt. 

3.2.3 Two-Term Feedback Synthesis 

As a departure from the memoryless state feedback, we  now propose the 
controller 

u(t)  = Frt.(t) + Kz(t - d )  (3.46) 

which  combines the effect of the instantaneous as well as the delay states.  In 
some sense, it can be  called a DP controller since it provides  two  degrees of 
freedom: one by the proportional ( P )  term ( F z )  and the  other through the 
delay (D) term Kz(t - d). Note that we did not use the term PD to avoid 
confusion with the  standard proportional-plus-derivative controller. Now, 
applying controller (3.46) to system (3.1)-(3.2) gives the following  closed- 
loop system: 

(3.47) 
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The transfer  function from the  disturbance w(t) to  the  output x(t)  is given 
by 

T',(s) = E[(s l  - A,) - (&emd" + B I F ~ - ~ "  + BIKe-(dfh)")]-lD (3.48) 

To study  the  stability behavior in  this case, we define the  quadratic Lyapunov- 
Krasovslcii functional V;3(xt) as 

t t 
V13(xt) = x'(t)Px(t) + JI_, xt(v)Q1x(v)dv + xt(v)Qzx(v)dv 

+ st xt(v)Q3x(v)dv 
t-d-h 

(3.49) 

Theorem 3.5: The closed-loop system (3.47) is  asymptotically  stable 
for d, h 2 0 if one of the  following  equivalent  conditions is satisfied 

(l) There  exist  matrices O < Pt = P E !RnXn , 0 < Q: = Q1 E ?RnXn, 
0 < Q; = Q2 E !Rnxn and 0 < Q: = Q 3  E !Xnxn satisfying ARI: 

PAC + AEP + Q1 + Q2 + Q3 + PAhQTlAiP 
+PBhFQTIFtBkP + PBhKQylKtBiP < 0 (3.50) 

(2) There  exist  matrices 0 < Pt = P E !Rnxn 0 < Q: = Q1 E !Rnxn, 

0 < Q6 = Q2 E !RnXn and 0 < Q: = Q3 E !Rnxn satisfying  the LMk 

1 PAC + A:P+ Q1 + Q2 + Q3 PAh PBhF  PBhK 
A i  P 

TV3 = -Q1 0 
F ~ B ; P  O 

0 - Q 2  0 
K t  B;, P 0 0 -Q3 

(3.51) 

Proof: (1) First, observe that Vi3(zt) > 0, x # 0; V13(2t) = 0, IC = 0. The 
Lyapunov  derivative V 1 3 ( ~ )  evaluated along the  solutions of system (3.47) 
is given by: 

V k ( z t )  = xt(t)(PAc + AEP + Q1 + Q2 + Q3)x(t) 
+st(t)PAhz(t - d )  + xt(t)PB~,Fx(t  - h)  
+xt(t)PB/,li'z(t - d - h)  + xt(t  - d)AiPz(t)  
+at(t - h)Ft.€?;Px(t) + d ( t  - d - h)KtBLPx(t) 
- d ( t  - d ) Q l ~ ( t  - d )  - xt(t - h)QZx(t - h)  
-zt(t - d - h)Q3x(t - d - h)  
= .?$(t)r;r/3&(t) (3.52) 
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where the extended state vector 

Z2(t) = [zt(t) zt(t - d )  zt(t - h)  st(t - d - h)] (3.53) 
t 

where W3 is given  by (3.51). The requirement of negative-definiteness of 
V13(~t) for stability is implied  by (3.50). 

(2) Given (3.50) and using A.1, one can easily obtain (3.51). 
Therefore, we can conclude that  the closed-loop system (3.47) is asymp- 

totically stable for d,  h 2 0 as desired. 

Remark 3.7: In a similar way, Theorem 3.5 provides a delay-dependent 
stability  criteria since condition (3.50) includes the delay factors d and h. 
However, the gain matrices F and K are needed  for practical implementa- 
tion. 

Corollary 3.6: The  state-delay  system (3.11) is stabilizable b y  the  con- 
troller (3.46) if there  exist  matrices 0 < Pt = P E P X n ,  0 < Q! = Q1 E 
!RnXn) satisfying  the LMI: 

(3.54) 

or  equivalently  satisfying  the ARI: 

PA, + AEP + Q1 + PAhQ,IAf;P < 0 (3.55) 

Remark 3.7: For the case of input-delay systems (3.16), it is meaning- 
less to use a two-term controller and a one-term controller would  be  sufficient. 

Theorem 3.6: The closed-loop system (3.47) is  asymptotically stable 
and llTzwllw 5 y; y > 0 for d ,  h 2 0 if there  exist  matrices 0 < Y t  = Y E 

S, V E !Rmxn and  positive scalars 0, K satisfying  the LMI: 
RnXn, 0 < Q! = Qt E !RnXn, 0 < Q: = Qs E W X n )  0 < Q: = QT E P"'", 

(3.56) 

1 M t  0 0 -& 1 
@(Y)  = AY + YAt + BS + StBt + Qt + Qs + QT 
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Moreover,  the delayed state-feedback controller is given by  

u ( t )  = SY-lx(t) + VY-'z(t - d )  (3.58) 

Using B.1.2 in the term (Ad + BF)Q,'(Ad + BF)t  and manipulating, it 
becomes: 

so that (3.60) can be expressed as 

which, in  the light of A. l ,  can be conveniently arranged to yield the block 
form (3.57) as desired. 

Remark 3.9: Theorem 3.6 provides a delay-dependent condition for a 
two-term H,-controller  which guarantees the norm-bound y of the transfer 
function Tzw. To determine the gains of such a controller, one has to solve 
the following minimization problem 
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(3.62) 

iteratively using the following procedure: 

Step 1: Select initial values  for a, K and choose arbitrary 

Set the  iteration index j = 1. 
Step 2: Solve problem (3.64) and let Y = Y( j ) .  
Step 3: If llY* - Y(j)l l  < S, a Predetermined tolerance, then STOP and 
record Y ( j )  as the desired feasible solution. 
Otherwise, set Y* = Y(j) ,  cr = cr + Aa, K = K + AK,  j = j + l and go to 
Step 2 where A is a predetermined increment. 

0 c Y* = Y*t E ! x n x n .  

Remark 3.10: It is significant to note that the minimization problem 
addressed in Remark 3.9 has the form of a generalized  eigenvalue  problem 
which is known to be solved numerically very  efficiently  using interior-point 
methods [3,4], The software LMI-Control Toolbox provides an efficient 
tool for computer implementation. Experience has indicated that only a 
few number of iterations  are usually required to converge to an acceptable, 
feasible solution. 

3.2.4 Static  Output Feedback Synthesis 

Now,  we consider system (3.1)-(3.2) when a limited number of states are ac- 
cessible  for measurement. In  this  regard, we recall the output measurement 

= c4t> (3.63) 

where ;y E P is the measured output and C E W x n  is a constant  matrix 
such that  the pair (A ,  C) is detectable. Our purpose is to develop an  output 
feedback control for system (3.1)-(3.2) and (3.63) of the form u(t)  = @[y( t ) ] .  
In this section, the control law is given  by: 

u(t) = Gg(t )  = GCz(t) (3,64) 

where G is a static gain matrix to be determined. It should be emphasized 
that controller (3.63) can be  considered as a replica of the state-feedback 
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controller (3.4) and as such no generality is claimed at this  point. In [158], 
it was clearly stated  that results  pertaining to output-feedback synthesis for 
dynamical systems axe  few and restrictive. The results of [l661 are appealing 
in  this regard. The only way to resolve this problem is to impose some 
condition on G. An initial attempt  to alleviate this restriction for systems 
with state-delay would  be to invoke the  strict positive realness condition 
[167,206] by considering that the nominal transfer function 

T'(s) GC[sI - A]-'B (3.65) 

is strictly positive real (SPR). It is known that condition (3.67) corresponds 
to 

GC = BtP (3.66) 
where P is a Lyapunov matrix for the free  delayless  version of (3.1)-(3.2). 
To relax the restrictive condition (3.68), we replace it here by 

G C = ~ B ~ P + R ,  w > o  (3.67) 

The closed-loop system of (3.1)-(3.2), and (3.63)-(3.64) is  given  by: 

i ( t )  = ( A  + BGC)z(t)  + A d ~ ( t  - d) 
+ B,,GCz(t - h)  + Dw(t )  

z ( t )  = LZ(t) (3.68) 

The following theorem summarizes the desired result: 

Theorem 3.7: The closed-loop system (3.68) is asymptotically stable 
and llTzzullo0 5 y; y > 0 for d,  h 2 0 if there  exist  matrices 0 < Yt  = Y E 
!Rnxn, 0 < Q: = Qt E 0 < Q: = Qs E !RnXn,  l? E !Rmxn and  scalar W 

satisfying the LMI: 

where 

(3.70) 
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Moreover,  the feedback controller  is  given b y  

~ ( t )  = ( u B ~ Y - ~  + rr")x(t)  (3.71) 

Proof: By Theorem 3.2, there exists a memoryless  feedback controller 
with constant gain F = GC = uBtP + 52 such that  the closed-loop system 
(3.68) is asymptotically stable  and IITzwllo0 <, y; y > 0 for d,  h 2 0. The 
stabilizing controller satisfies inequality (3.18) such that: 

" ( A  + BGC) 3- ( A  + BGC)tP + Q1 + Q2 + PAdQIIA:p 
+ P B ~ G C Q ; ~ C ~ G ~ B , ~ , P  + L ~ L  + y - 2 ~ ~ ~ t ~  < o (3.72) 

which, in the light of A . l ,  can be  conveniently arranged to yield the block 
form (3.70) as desired. 

Remark  3.11: To determine the gain  factom W ,  l?, Y one has to solve 
the following minimization problem: 

S. t. - Y < 0 ,  -Qs < 0, 
-Qt < 0, "W < 0, TV5 < 0 (3.74) 

Remark  3.12: It is significant to observe that when specializing the 
gain of the output-feedback controller (3.71) to  the case W = 0, it reduces to 
the constant gain state-feedback controller (3,32) with S "+ F. 

3.2.5 Dynamic Output Feedback Synthesis 

Given the time-delay system (3.1)-(3.2) with the output measurement (3.63), 
we now consider the problem of output feedback control by  using a state 
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observer-based control scheme. Let the state-observer be described by: 

e ( t )  := ~ ( t )  - x ( t )  ; xa(t) := [x'(t) e'(t>lt (3.76) 

then the closed-loop system corresponding to (3.1)-(3.2),  (3.63) and (3.75)- 
(3.76) is given  by the  state model: 

with 
T z w  ( S )  = E a  [(SI - A,) - ( Bae-ds + Cae-hs)]-lDa (3.78) 

Let the matrices A,, cd, ch be defined by 

such that 

A + BG, BGO [ A, - BG, - A A, - BG, - B,C ] ; Ba = [ 2 ~ 9 ,  ] (3.80) 

c a = [ .  BhGo BhGo 0 ] ; D, = [ ; Ea=[L  01 (3.81) 

which describes a free time-delay system. The following theorem summa- 
rizes the desired result: 

Theorem 3.8: The closed-loop sgstern (3.78) is  asymptoticallv  stable 
and ~ ~ T z w ~ ~ w  5 y; y > 0 for  d, h 2 0 if there exist  matrices 0 < Y t  = Y E 

0 < & i d  = Qdd E Xnxn, 0 < Q i h  = Qhh E X n x n  , 0 < X t  = x E !xnxn 
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and, 

where 

Moreover,  the observer-based  feedback controller  is  given b y  

Proof: By Theorem 3.1, the closed-loop  time-delay system (3.77) is 
asymptotically stable for d, h 2 0 and satisfies the inequality 

where 0 < P: = P a  E !R2nx2n, 0 < Q: = Qd E !R2nx2n and 0 < Qi = Qh E 
!R2n x 2n. Introducing 
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Expansion of Wu in (3.86) yields the form 

(3.89) 

where 

and, 

( A  + Y - ~ D @ Y - ' ) X  + X ( A  + Y - ~ D D ~ Y - ' ) ~  + Qil+ Qhh + 
X N ~ N , ~ X  + Y - ~ D D ~  + A ~ X Q ~ ~ X A ~ ,  + q l ~ t ~ : ~ o ~  < o (3.94) 

where MO = -Bo, 'p > 0 and NON: is given  in (3.84). 

ranged to yield the block  forms (3.83) and (3.83), respectively, as desired. 
In the light of A.l ,  inequalities (3.94)-(3.95) c m  be conveniently ar- 

Remark 3.13: To determine the gain factors So, Y, X ,  MO one has to 

Problem P1: 
solve the following problems sequentially: 

(3.95) 

TLFeBOOK



3.3. SIMULATION  EXAMPLES 

Problem P2: 

95 

(3.96) 

3.3 Simulation Examples 

In the following, we present several examples to illustrate  the control syn- 
thesis methods. The examples differ both in structure and in the associated 
data information in order to examine the impact of delay factors. 

3.3.1 Example 3.1 

Consider a dynamical system of form (3.1)-(3.2) with 

L = [0.45 0.651 ; d = 0.1 ; Iz  = 0.2 

In  view of Chapter 2, we note that the homogenous part k ( t )  = A,z(t)  + 
Alz(t - d)  is unstable since p ( A o )  + llAlII = 0.4213 > 0. Note also that 
d, h are of the same order of magnitude and the input delay is greater  than 
the  state delay; that is h > d. Now to determine the gain of state-feedback 
controller (3.32)) we solve  problem (3.34) using the software LMI-Control 
Toolbox  [4]. The result is 

0.8953  -0.7290 S = 11.1092  O.G407]; Y = -0.7290  2.4292 1 
so that  the state-feedback control (3.32) takes the forn 

u(t)  = Fz(t)  = [1.9237 0.8410]z(t) ; llFl 

l 

I = 2.0996 
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On the  other  hand,  the LMI solution for  problem (3.45) has the form 

2.8401  -3.5612 
= [ -3.5612  8.0650 ; p = 0,4282 ; ymin = 4.5035 

F = [-0.0404 - 0.00651; llFll 0.0409 

It should be  observed that  the gain of controller (3.42) is smaller in magni- 
tude  than the gain of controller (3.32). 

3.3.2 Example 3.2 

Consider the third-order system of the form (3.1)-(3.2) with the matrices 

L = [l 0 l]; 

; D =  

d = 0.1, h = 0.2 

Note that p ( A , )  + IlAl 1 1  = 1.4386 > 0 but  the pair ( A ,  B )  is stabilizable. 
Here the amount of delays d, h are of the same order of magnitude. Using 
the weighting matrices, Qt = O X 3 ,  Qs = 0.413, the LMI solution results of 
problem (3.34) axe 

0.6364  -0.2164  -0.0295 
-0.2164 1.3851 -0.1771 ; ymin = 0.4756 
-0.0295  -0.1771  0.6224 1 

S =z [-1.0521 - 0.2056  0.0248) 

so that  the state-feedback control ( 3 . 3 2 )  tales  the form 

~ ( t )  = Ftc(t) = [-1.8158 - 0.4546 - 0.1754]tc(t); llFll 1.8801 

Alternatively, the LMI solution results of problem (3.45) are 

i 1 2.2626  -1.1204  -1.1657 
Z = -1.1204 0.9080 0.9243 ; ymin = 331.7427 

-1,1657  0.9243  3.2323 
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with 

u(t)  = F x ( t )  
= [O.llSl 0.2339 - 0.01431 X 10m3z(t) 

llFll = 2.6151 p = 0.0059 

In the following  two examples, the  iterative LMI procedure is used start- 
ing from CT = 1, IC, = 1. 

3.3.3 Example 3.3 

Consider the dynamical  system of Example 3.1 with Q,. = 0.112.  Now, 
to  determine  the gains of state-delayed feedback controller (3.58) we apply 
the  iterative LMI procedure to problem (3.62) with E = The result is 
obtained when CT = 3, K = 5 as 

S = (0.0496 0.13481; Y = 0.5712  -0.0518 
-0.0518 0.5644 1 

V 10-5[-0.4669 - 0.3767];~,i,  = 1.0209 

so that  the state-delayed feedback controller (3.58) tales  the form 

~ ( t )  = Pz( t )  + Kz(t - d )  = [0.1094 0.2490]X(t) 
+ 10-5[-0.8854 - 0.7487]~(t - d)  

llFll = 0,2720; 1 1 . K 1 1  = 1.1595 X 

3.3.4 Example 3.4 

The  iterative LMI solution results for the third-order of Example 3.2 with 
Q,. = 0. 113 are sumlnarized for 0 = 4, K, = 7 by 

0.2612  0.0202  0.0778 

0.0778  0.0051  0.2503 
0.0778  0.3389  0.0051 ; ~~i~ = 1.1374 1 

S = 1"-0.1125 - 0.0873 - 0.02871 
V = 10-G[-0.7684 - 0.6715 - 0.35881 
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so that  the state-feedback control takes the form 

~ ( t )  = [-0,4187 - 0.2329 0.0203]~(t) 
C 10-5[-0.2628 - 0.1816 - 0.0580]~(t - L?) 

llFll = 0.4795; 1 1 1 ( 1 1  = 3,2465 

3.3.5 Example 3.5 

Consider the dynamical  system of Example 3.1 with C = [0.1 01. To deter- 
mine the gains of static output-feedback controller (3.71), we solve problem 
(3.74) using the software LMI-Control Toolbox using the same weighting 
matrices. The result is 

2,5603 -2.9813 , 

-2.9813  4.0871 9 Tmin = 142.956 

so that  the  static output-feedback control law (3.71) takes  the form 

~ ( t )  = GCz(t) = 14.8406 3.7991]z(t) 

3.3.6 Example 3.6 

Considering the  system  treated in Example 3.2, the LMI solution results in 

0.3676  -0.1086  0.0499 
-0.1086  0.5754  -0.0156 ; ~3 = 0.0522 
0.0499 -0.0156 0.2305 1 

so that  the  static output-feedback control (3.71) takes the form 

~ ( t )  Fz( t )  [-0.9359 - 0.5594 - 0.3442]~(t); llFll = 1.1434 
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3.3.7 Example 3.7 

Consider the second-order system of Example 3.1 with C = [0.1 01 and 
Q d d  = 0.212, Q h d  = 0.412, Q d h  = 0.112 and Qhh = 0.312. T O  determine the 
gains of observer-based controller (3.85)-(3.86), we solve problem (3.95) first 
to get: 

r 

2.6931  -2.8697 
-2.8697  4.2178 l ; S o  = [ 104705  0.52541; ymin = 3.1770 

Then we proceed to solve  problem (3.96) 

3.3.8  Example  3.8 

Consider the third-order system of Example 3.2 with Q d d  = 0.213, Q h d  = 
0.413, Qdh = 0.113 and Qhh = 0.613. The LMI solution results of problems 
(3.95) and (3.96) are summarized by 

4.2547 1.0915 0.4948 
1.0915 8.9179 1.2371 ; ymin = 10.8489 
0.4948 1.2371 3.3279 1 
So = (1.3709 20.G155  4.55951 

X =  

3.4 

8.0285  -1.6558  -2.1686 1 ; [ -0.0100 ] 
-1.6558  34.1855  18.6520 MO = 0.0010 ; vmin = 42693 
-2.1686  18.6520  20.9717  -0.0033 

Uncertain Time-Delay Systems 

In this section, we address  the  problems of robust performance  and state 
feedback control synthesis for a class of nominally linear systems  with state 
and  input delays as well as time-varying parametric uncertainties. Here, we 
consider that  the delays are time-varying and  unknown-but-bounded  with 
known bounds. In order to bring together the robust stabilization results of 
uncertain time-delay systems  into  one  framework, we consider three classes 
of uncertainties: matched,  mismatched  and  norm-bounded, We restrict at- 
tention on state-feedback and develop  sufficient conditions for robust  sta- 
bility and  performance for asymptotically-convergent closed-loop controlled 
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systems. These conditions are basically delay-dependent with focus on Hoe- 
control synthesis schemes and thereby generalizing the available results in 
the  literature, 

3.4.1 Problem Statement  and Definitions 

Consider a class of uncertain time-delay systems of the form: 

(EA) : k ( t )  = [ A  + AA(t ) l~ ( t )  + [B + AB(t)]u(t)  + Dw(t) 
+ [Ad 4" AD(t)]z(t - ~ ( t ) )  + [ B h  -F AE(t)]u(t - V ( t ) )  

z ( t )  = 4(t) vt E [-maz(T, q) ,  01 
x ( t )  = Lz( t )  (3.97) 

where t E 8 is the time, II: E !Xn is the instantaneous state; U E 'W is the 
control input; w(t) E 8 q  is the  input  disturbance which  belongs to &[O, m); 
x ( t )  E W is the controlled output; +(t) is a continuous vector valued initial 
function, and ~ ( t ) ,  q( t )  stands for the amount of delay in the  state and at 
the  input of the  system, respectively, satisfying 

with the bounds T * ,  q* are known otherwise ~ ( t ) ,  ~ ( t )  are unknown. In (3.97) 
the matrices A, B represent the nominal system and the triplet (A, B, L )  is 
stabilizable and detectable; A d ,  Bh, L and D are known constant matrices. 
Models of dynamical systems of the  type (3.97) can be found in several 
engineering applications [2,220,2211. The problem addressed in this work is 
that of designing a feedback controller u(t)  = XP[z(t)] so that  the closed- 
loop system is stabilized in the presence of uncertainties and  disturbance 
is reduced to a prespecified  level.  Specifically, the objective is to achieve 
a desirable performance in H,-setting [214-2191. In this regard, the Hoe- 
control problem of interest is to choose a feedback control law u(t) = Kz(t)  
such that 

k ( t )  = Az(t)  + Bu(t) + &X(t - ~ ( t ) )  
+ BhU(t  - q(t))  + Dw(t ) ,  x ( t )  = 0 

Z ( t )  = Lz(t) (3.99) 
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Distinct from (3.97) are the following systems: 

We will focus attention on system (EA,,) since it includes systems (EA,) 
and (EA,) as special cases. 

3.4.2 Closed-Loop System  Stability 

Consider system (EA,,) subject to (3.98) and the state-feedback control 
u(t) = Kz(t) .  The following theorem provides stability conditon of the 
closed-loop system: 

k ( t )  = { [ A  + AA(t)]  + [ B  + AB(t)]IC)z(t)  
+ [Ad + AD(t)].(t - 7 ( t ) )  + [Bh + AE(t)]-f<z(t - ~ ( t ) )  

x(t) = Lz(t)  (3.103) 

Theorem 3.9: The closed-loop system (3.103) is  asymptotically stable 
for delays 7 ( t ) ,  v(t)  satisjping (3.99) and given 0 < Q: = QC E Snxn, 0 < 
Q: = Qu E !Rnxn if on!e of the  following  conditions is satisfied: 
(1) There  exists a matrix 0 < Pt = P E Snxn solving the LMI: 

W 1  = 

PD, + PAD(t) PEJC + PAE(t )K 
D i p  + ADt(t)P "RC 0 

KtE:P + KtAEt( t )P  0 -RL 
(3.104) 

n ( P )  = PA, + A:P + QC + Qu 
+ AAt( t )P+  PAA( t )+  KtABt( t )P+  PAB( t )K 

Ac = A +  ; Rc = Q c ( l - ~ ' )  R, =Qu(l -~+)(3.105) 
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(2) There exist  matrices 0 < Pt = P E !RnXn satisfying the ARI: 

PA, + A:P + QC + Qu + AAt(t )P + PAA(t)  + 
P(Do + AD(t))R;'(D6 + ADt(t))P + KtABt( t )P  + PAB(t )K + 
P(EoK + AE(t).K)R;l(KtEL + KtAEt( t ) )P < 0 (3.106) 

Proof: (1) Define a Lyapunov-Krasovsltii functional V;a(xt) as 

r t  

(3.107) 

where 0 < P = Pt,  0 < QC = Q:, 0 < Qu = Q:. Observe that V13(xt) > 0, 
x # 0; V;3(xt) = 0, x = 0. Evaluating %3(xt) along the solutions of (3.103) 
using  (3.105) and with some manipulations in view of (3.98) we get: 

where Z3(t) = [ d ( t )  zt(t - 7) xt(t - and W1 is given  by  (3.104).  For 
a given realization AA@),  AB@), AD(&  AE(t)  and a state-feedback gain 
K if V ( x ,  t )  < 0 when x # 0, then x; + 0 as t -+ 00 and the  asymptotic 
stability is guaranteed.  This condition follows  from (3.104). Therefore, we 
conclude that the controlled system (3.103) is stable for r, q satisfying (3.98). 

(2) By A.l ,  ARI (3.10G) is equivalent to LMI (3.104). 

Remark 3.14: It is significant to observe that  the problem of deter- 
mining the  stability of the uncertain time-delay system (3.103) is converted 
to an LMI feasibility problem. This problem is convex but if it turns  out 
to be infeasible, it means that system (3.103) cannot be stabilized. Indeed, 
neither form  (3.104) nor (3.106) is directly amenable for direct computation 
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due  to  the presence of uncertainty. However, their usefulness  lies  in their 
general format which  will serve as the cornerstone in the subsequent anal- 
ysis and design. Finally, note that  the existence of I< is guaranteed by the 
stabilizability-detectability of the  triplet ( A ,  B,  L).  

Corollary 3.7: System (EA,) is  asymptotically stable via state-feedback 
u(t)  = K x ( t )  for  r, satisfying (3.98) if given 0 < Q: = QC E !JPXn,  

0 < Q: = Qu E X n X n  there  exists  matrix 0 < Pt = P E !RnXn solving the 
LMX: 

PAc + A:P + QC + QU PAd  PBhI( 
W12 = Ai P -Rc 0 ] < O  (3.109) 

I P  B;& P 0 -Ru 

Proof: Setting A A  = 0, A B  0, AD 0 and AE S 0 in (3.104). 

3.5 Nominal  Control  Synthesis 

We first provide a sufficient condition for the asymptotic stability of the 
nominal time-delay system (G).  

Theorem 3.10: System (EA,) is  asymptotically stable with  disturbance 
attenuation y via a memoryless state-feedback controller for  r, satisfying 
(3.98) if given  matrices 0 < Q: = Qt E !Rnxn and 0 < Q: = Qs E !RnXn 

there  exist  matrices 0 < Y t  = Y E P X n  and S E !Rmxn satisfying  the  LMI: 

AY +YAt + Qt + Qs yLt  B,,s Ad 1 +BS + StBt 

W2 = 
LY " I  0 0 

St B: 0 -R, 0 0 < 0 (3.110) 

A: 0 0 -Rc 0 
Dt 0 0 0 -721 - 

Moreover,  the  gain of the  mernoryless state-feedback controller is  given by 

I( = SY-l (3.111) 

Proof: We choose V13(xt) as in (3.108). From "lw theory [214-2191, it 
is known that the &-induced norm from ~ ( t )  = y w ( t )  to z ( t )  is less than 
unity if the Hamiltonian 

H(z, V ,  t )  = V ( x ,  t )  + [ Z t Z  - V".] < 0 (3,112) 

TLFeBOOK



104 CHAPTER 3. ROBUST  STABILIZATION 

A straightforward computation of H ( z ,  v ,  t )  and taking into consideration 
(3.98) yields: 

H ( z ,  v, t )  < ( d ( t ) [ P A  + AtP + QC + Qu + PBK + KtBtP + Lt i5]~( t ) )  

+ (zt(t)PAdz(t - T )  + zt(t - ~ ) A i P z ( t ) )  

+ (y-'zt(t)PDv(t) + y-'vt(t)DtPz(t) - d ( t ) v ( t ) )  

+ (xt(t)PBi,l(x(t - v) + d ( t  - g ) K t B p t ( t ) )  

- ( d ( t  - - 7) + zt(t - Q)IZuZ(t - 17)) 
Z~(t)W7&(t) (3.113) 

r;v, = Ai  P -RC 0 (3.114) 
K t  Bk P 0 -& 
y" Dt P 0 0 " I  

Note that N ( x ,  v ,  t )  < 0 corresponds to W 7  < 0. Using A.1, we get 

PA + AtP + QC + Qu + LtL + ICtBtP + PBK -+ 
P A ~ R L ~ A ~ P  + P B ~ K R , - ~ K ~ B ; P  + y - 2 ~ ~ ~ t ~  o (3.115) 

Inequality (3.115) is not convex in P and K ,  however, with the substitutions 

pre- and postmultiplication by P-', we get: 
ofY P-', S = ICY, Qt = P-lQcP-l, Qs = P"QUP", R, = Qs(l-v"), 

AY + YAt + Qt + Qs + LtL + Stat + BS + AdRF1A; + 
B,~SR;?PBI, + Y - ~ H H ~  < o (3.116) 

which is now convex  in both Y and S. By A.l,  (3.116) is equivalent to 
(3,110). 

Remark 3.15: Theorem 3 .l0 provides a sufficient delay-dependent 
condition for a rnemoryless  H,-controller guaranteeing the norm bound y. 
It is expressed in the easily computable LMI format. To implement such 
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a controller, one  has to solve the following minimization problem  using the 
LMI-Control Toolbox: 

Min Y 
Y, S,  Q S  Qt 

subject to  - Y < 0, -Qs < 0 ,  
-Qt < 0 ,W2 < 0 

3.5.1 Example 3.9 

Consider a fourth-order system modeled  in the format (3.97) with nominal 

A d =  I {l 
0 

D =  

data 

-6 -2.236 0 0 1.0 0 
2.236 0 0 l ;  B _ [  0.5 0 -0.6 -0.2236 0 0.2 

0 0 0.2236 0 0 1.0 

r 0.1 0.05 0 0 0.2 0 
0 0.3 
0 -0.6 -::;;36 1 ' ''l = [ 

0: 1 1.0 0 

0 0.2 0.01 I '/ 1 , L = [ 1.0 0.5 0.2 0.1 ] 

In order to demonstrate Theorem 3.10, we use the following  weighting fac- 
tors: Qt = diug(0.2, 0.2, 0.2, 0.2) and Q, = diag(0.4, 0.4, 0.4, 0.4). Hence 
we get 

= diug(6.5518, 6.5518,  6.5518, 6.5518) 

R, = diug(0.8867, 0,8867, 0.8867,  0.8867) 

Using the LMI-Control Toolbox, the solution is given  by: 

1.6317 -1.6317 -0.0766 0.0186 
-1.6173 5.3262 -0.3098 -0.3298 
-0.0766 -0.3098 6.6404 -5.4220 
0.0186 -0.3298 -5.4220 13.4592 1 , ymin = 2.8029 

-0.3458 -0.2620 -0.0156 -0.1749 
-0.0534 -0.0442 -0.1243 -0.1085 S =  [ 1 
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K =  [ I -0.3817 -0.1696 -0.0421 -0.0336 
-0.0667 -0.0326 -0.0420 -0.0257 , llKll = 0.4287 

3.6 Uncertainty  Structures 

The uncertainties within system (3.97) are represented by the real-valued 
matrix functions AA(t),  AB(t), AD(t) ,  AE(t).  Characterization of these 
functions for state-space models  reveals the  nature of uncertainty  structure. 
In what follows we provide some of these structures: 

Class I: (Matched  Uncertainties) 
The  matrix functions AA(t), AB(t ) ,  AD(t),  AE(t)  are assumed to have the 
form 

in  which the uncertainties are restricted to lie  in the range-space of the  input 
matrix B ,  

Class 11: (Mismatched  Uncertainties) 
Here, the  matrix functions AA(t), AB(t),  AD(t) ,  AE( t )  ) are  assumed to 
have the form 

which consists of two parts: a matched part (e.g., BA1 ) and a mismatched 
Part (e.g., A2). 

Class 111: (Norm-Bounded  Uncertainties) 
Let  the  matrix functions AA(t),  AB(t),  AD(t),  AE(t) be expressed Vt E R 

[AA(t)  AB(t)] = HA(t)[H E b j ,  At((t)A(t) 5 011 
A E ( ~ )  = HeFe(t)Ee,  AL(t>Ae(t) L 021,  

0 < 0 1 ,   0 2 ,   U 3  < 1 (3.119) 
AD(t) = Hd&(t)Ed, Ai(t)A,(t) 5 0 3 1  

where the elements of A,j( t ) ,  (A, ( t ) ) i j  , (Ad(t))ij  are Lebsegue measurable 

are  constant matrices. 
V i , j ;  A(t) E W f  "f A, E !Raexpe,  Ad E W d X p d ,  a d  H ,  E ,  E b ,  H d ,  H e ,   E e )  E d  
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3.6.1 Control  Synthesis for Matched  Uncertainties 

By applying the state-feedback u(t) = Kz(t)  to system (3.97) subject to 
(3.117), we get  the closed-loop system 

k ( t )  = [A  + BK + B { A l ( t ) K  + B l ( t ) K } ] ~ ( t )  
+ [ A d  + B D l ( t ) ] Z ( t  - T ( t ) )  + [Bh + BEl(t)]KZ(t - q(t))  

a( t )  = Lz(t) (3.120) 
+ D w ( t )  

Introducing 

Theorem 3.11: The closed-loop system (3,120) is stable with  distur- 
bance attenuation y via a memoruless state-feedback controller for  r ,  q sat- 
isfging (3.98) if given  matrices 0 < Q: = Qt E !RnXn, 0 < Q: = Qs E ?RnXn, 
and scalars a1 > 0, a2 > 0, a3 > 0, a4 > 0 , a5 such  that aFIBtB < I 
there  exist  matrices 0 < Y t  = Y E !RnXn and S E !Rmxn satisfying  the LMI: 

Moreover,  the  gain of the  memoruless state-feedback controller is given bg 

I( = S Y-l (3.124) 

Proof: We start by Theorem 3.10 and make the following changes 
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we obtain  the  Hamiltonian 

Z2(t) = [ x t ( t )  zt(t - 7) zt(t - 7) vt(t)It (3.126) 

where 

bVI = 

i Q(P) PAd + PBDl PBhK + PBElK  y-'PD 
AiP + DiBtP -R, 0 

KtA:  P + ICt E: Bt P 0 -Ru 0 
y-l Dt P 0 0 -I O I  

~ ( P ) = P A + A ~ P + Q , + Q , + L ~ L + P B A ~ +  
A:BtP + KtBtP + PBK + PBB1.K + KtBiBtP (3.127) 

Evidently  the sufficient stability condition N ( z , v ,  t )  < 0 corresponds to 
TV' < 0. Now applying A . l ,  the  latter condition is equivalent to the non- 
standard ARI: 

R(P) + Y - ~ P D D ~ P +  (PAd + PBD1)Rrl(A:P + D:BtP) 
+(PA& + PBEIK)R,'(.KtA:P + KtEiBtP) C 0 (3.128) 

which can  be shown to  be non-convex in P and K .  To remove this  constraint, 
we substitute Y = P-', S = ICY, Qt = P-lQ,P-',  Qs  P-lQJ'", 
R, = &,(l -Q+), R,, = R, - a4StS, then pre- and  postmultiplying  by P-', 
we get  the  matrix inequality: 

AY + Y A t  + Qt + Q, + (Ad + BDl)R:'(A: + DiB') + 
YLtLY + ?-*DDt + YAiBt  + BAlY 
+BBlS + StBiBt + 
(Bh + BE1)SR,'St(Bi + EiBt)  + StBt + BS C 0 (3.129) 

which is now convex in both Y and S. Using B.1.2, B.1.3, (3.122) and 
selecting a1 > 0, a2 > 0, a3 > 0, a4 > 0, a5 = a:' such that aglBtB < I ,  
we obtain  the following bounds: 
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where R;1 = ~ 1 ’ 2 [ I - a 3 1 B t B ] - 1 ( ~ 1 ’ 2 ) t ;  aylBtB < I .  By substituting 
inequalities (3.130) into (3.129) and grouping similar terms, we obtain: 

AY + YAt + Qt + Qs + &R;’ A: + YLY + 
St(ay1I)S + a3€dR,l + 
yV2DDt + B(cutl)Bt + 
BhSRTtStB;t + StB: + B,S < 0 (3.131) 

where a,’B;B, < I .  Note that for a given ea, Q,, then at then is affinely 
linear in al,az,a5, Simple rearrangement of (3.131)  using A.l yields the 
LMI (3.122). 

Remark 3.16: Theorem 3.11 provides a sufficient delay-dependent 
condition for a memoryless  H,-controller guaranteeing the norm bound y 
and it is expressed in the easily computable LMI format. To implement such 
a controller one has to solve the following minimization problem: 

3.6.2 Example 3.10 

Here, we consider Example 3.9 in addition to  the  set of uncertainties 
{AA(t), A B ( t ) ,  AD(t), A E ( t ) )  satisfying the matching condition (3.117) 
with 

= [ 0 
0.1 4 3 1 )  -0.001 0 

0 0.05  -0.02 ~ ~ ( 3 t )  

[ 0.05 ;s(t) 0 0 
Dl@> = 0 0.05 0.5 

First, we evaluate the norms in  (3.121)  over the period [-2,151 to give ea = 
0.0098, q, = 0.0366, Q = 0.25, = 0.011. Selecting the same weighting 
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l10 CHAPTER 3. ROBUST STABILIZATION 

factors of Example 3.9 plus cy1 = 8, cy2 = 4, a3 = 2, a4 = 2, R,, = 
diug(5,  5,  5,  5).  This selection yields 

3.2759  -1.6379 0 0 
R, = -1.:379 5.7328 0 0 

0 3.2759 - 1.6379 
0 0 -1.6379 5.7328 

Finally using the LMI-Control  Toolbox, we obtain 

8.6962 -5.9864 -0.6429 0.0491 
-5.8964 8.9217 -0.0073 -0.0024 
-0.6429 -0.0073 3.2644 -0.5508 
0.0491 -0.0024 -0.5508 0.7626 

S =  [ -0.8505 -0.15421 -0.4296 0.0887 
-0.0394 -0.0045 0.7347 -2.0856 

-0.4333  -0.4638 -0.2208 -0.0167 , llKll = 3.4057 
-0.0863 -0.06 -0.8002  -3.3075 1 

To examine  the sensitivity of the obtained results to the  set of initial  data,  the 
computational algorithm I is executed iteratively to  obtain feasible solutions 
while changing the set { al, 02, a3, a*) around  the base value 8,4 ,8 ,2  and 
observing the variation in gain K as measured by 1 1 K 1 1 .  lt has  been found 
that: 

(1) Varying the factor a1 only over the range (8-40) results in changing 
llICll from (3.4057) to (1.0728), that is, as a1 is increased  by 5 times, ll.Kll 
decreases by about 62.55 percent. 

(2) Varying the factor a2 only  over the range (4-20) results in changing 
I l K 1 1  from (3.4057) to (2.2910), that is, as cy2 is  increased  by  5 times, IlKll 
decreases by about 28 percent. 

(3) Varying the factor a3 only over the range (2-8) results in changing 
I l K l l  from (0.9071) to (3.4057), that is, as a3 is increased by four times, IlKIl 
increases by more than 260 percent, 

(4) Varying the factor cy4 only  over the range (2-10) results in  changing 
l l r C l l  from (3,4057) to (3.3876), that is, as a4 is increased  by 5 times, llKll 
remains  almost  constant. 
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3.6.3 Control  Synthesis for Mismatched  Uncertainties 

Introducing 

Ea = sup xM[Al(t)A:(t)]) €6 = S U P  AM[Bl(t)Bi(t)] 
t  t 

Ec = SUP "z(t)A;(t)l,  Q = SUP AM[Bz(t)B;(t)] 
t  t 

€e = ~~~x*~[~1(t)R,-lotl(t)], = S U P X M [ D ~ ( ~ ) R L ~ D ~ ( ~ ) ~  

€g = supXII.I[El(t)E:(t)],  Eh = SupAM[Ez(t)Rk'~!?;(t)] (3.133) 
t  t 

t t 

Theorem 3.12: The closed-loop system (3.132) is asymptotically stable 
with  disturbance  attenuation y via a memoryless state-feedback controller for 
r, 7 satisfying (3.98) if given  matrices 0 < Q: = Q t  E !RnXn, 0 < Q: = Qs E 
!Rnxn, 0 < = R; E !RmXm and  scalars 61 > 0, ..., 610 > 0 and ( P I  > 0, ..., 
( ~ 1 0  > 0 there  exist  matrices 0 < Y t  = Y E and S E !Rmxn satisfying 
the LMI: 

(3.134) 
A i  0 - J d  

where 
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Proof: Applying Theorem 3.10 along with the changes 

we obtain the Hamiltonian in the form: 

WIIJ  = PA + AtP + QC + Qv + PBK + KtBtP 
+ P(BA1+ A2) + (Ai@ + Ak)P + LtL 
+ P(BBl+ &)K + Kt(BiBt + Bi)P 

WII,;! = P& + PBDl+ PD;! 
j /VrI ,3  PB/,I( + PBE1Ii" + PE2K (3.138) 

From (3.138), the  stability sufficient condition H ( x ,  v, t )  < 0 corresponds to 
WZI < 0. By applying A. 1, this condition is equivalent to: 

AY + YAt + Qt + Qs + YAiBt  + BAlY + YLtLY + 
B2S + StBi + (Ad + BD1 + D2)RL1(A; + DiBt + D;) + Y - ~ D D ~  + 
+BS + StBt + (Bh + BE1 + E2)Ri1(BL + EiBt + E;) 
+YAi + A2Y + BBlS -t StBfBt < 0 (3.140) 

Using B.I.2, (3.135) and by selecting scalars S1 > 0, .,., 610 > 0 and 
p1 > O,,.., 910 > 0 such that ' p j  = 6;'; j = l, ..., 10, with some algebraic 
manipulations, we obtain  the following bounds: 
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By substituting inequalities (3.141) into (3.138) and grouping sirnilax terms, 
we obtain: 

AY + YAt + Qt + Qs + AdRLIA: + YLgY + St(SpI)S 
+ y 2 D D t  + B(G,I)Bt + BhR;;B: + ( & I )  + StBt + BS < 0 

(3.142) 

where 

We observe that for a given ea, ..., c f  then St, &,, Sp ,  S,, Sm, Sn are affinely 
linear in 61, ..., 610, 9 1 ,  ..., q l o ,  Simple rearrangement of (3.142) using A.1 
yields the LMI (3.134) as desired, 

Remark 3.17: Theorem 3.12 provides a sufficient  LMI-based  delay- 
dependent condition for a memoryless  H,-controller guaranteeing the norm 
bound y with mismatched uncertainties. To implement such a controller, 
one solves the following minimization problem: 
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3.6.4 Example 3.11 

We consider Example 3.9 plus  the  uncertainties AA(t), AB(t) ,   AD(t)  and 
AE(t) satisfying the mismatching  condition (3.118) with 

0.1 sin(3t) -0.001 0 
0 0.05  -0.02 O I  ~ ~ ( 3 t )  

L 

L i 

[ 0 0.1 0.1 O 1  ; El@) = 
0.1 cos@) 0.1 0 

Dl@> = 

[ 0.1 0 0 0 1  0.1 0 
-0.1 0 0.2 sin(4t) 0 0 

0 0 0.4 = [ 0.2 :;(5t) 1 -0.3 0 1 ’ 0 

0.05 sin( t )  0 0.05 0 
0 0.05 cos(2t) 0 0 0.1 0 

0 0 0 0  0 0.1 sin(3t) 
0 0 0 0  

0 ° 1  

; E2(q = 0 0.05 

We evaluate  the  norms in (3.132) over the period [-2,151 to give ea = 0.0098, 

eh = 0.0208. 
~b = 0.0366, ~d E 0.16 = 0.02, = 0.0031, = 0.0003, €g = 0.0011 

2.3994 -1.5430 -0.8531 0.1339 
-1.5430 3.7746 -3.1093 -1.5613 
-0.8531 -3,2570 12.0809 -1.2782 
-0.1339 -1.5613 -1.2314 11.0809 1 , ymin = 0.2890 

-1.6206 -0.7654 -0.0079 -0.0024 
-0.0088 -0.0022 -1.5G57 -0.7856 S =  [ I 
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K =  [ 1 -2.0476  -1.7441  -0.6507  -0.3453 , llKll = 2,9222 
-0.5270 -0.6024  -0.3507  -0.2026 

To examine the  sensitivity of the  obtained results to  the  set of initial data,  the 
computational algorithm in Remark 3.17 is executed iteratively to obtain 
feasible solutions while changing the  set (61, ..., 610, cp1, ..., cplo} around  the 
base value {8,4,2,2) and observing the variation in gain K as measured by 
ll.Kll. It has been found that varying (68, ... 610) yields small changes in llKll 
whereas variations in (61, . .. 6 3 )  results in decreasing I I K I  I and in (64) causes 
I I K1 I to increase. 

3.6.5 Control  Synthesis for Norm-Bounded  Uncertainties 

With  the norm-bounded structure (3.119), the closed-loop controlled system 
has the form: 

Theorem 3.13: The closed-loop system (3.144) as stable with  distur- 
bance attenuation 7 via  a  memoryless state-feedback controller for r ,  7 sat- 
isfying (3.98) if given  matrices 0 < Q: = Qt E 0 < Q: = Q, E ?RnXn 
and scalars a1 > 0, a2 > 0, a3 > 0, a4 > 0 such  that a3 EjEd < I and 
adH:He < I there exist  matrices 0 < Yt  = Y E !Rnxn and S E !Rmxn 
satisfying the LMI: 

T2 
(3.145) 

where 
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Moreover,  the gain of the rnernoryless  state-feedback controller is given bg 

1 -  = SY-1 (3.147) 

Proof: In a similar way, we apply Theorem 3.10 with the changes 

to  obtain  the  Hamiltonian 

where 

Wzzzll = PA + AtP+ QC + Qu + LtL + IPBtP + PBK 
+ PHAE + EtAtHtP + PIiALK + KtLtAt@P (3.151) 

T / v l ~ z ~ ~  = PD HdAdEd (3.152) 
v1/111~~ = P&I<+ .PfIe&EdK (3.153) 

Again H ( z ,  v, t )  C 0 is implied by W'IZ < 0. Now applying A.l ,  we get  the 
inequality: 

wzIz11 f ~ Y I ~ ~ 1 z R ~ 1 W ~ ~ ~ 1 2  + W ~ I ~ ~ ~ R ~ ~ W ~ ~ ~ ~ ~ ~ Y - ~ P D D ~ P  < 0 (3.154) 

Using (3.151)-(3.153), letting Y = P-', S = ICY, Qt = P-lQcP'l,  Qs = 
P-lQJ'-l, R, = Q,( l - v+), then pre- and  postmultiplying by P-l, we 
get: 

AY+YAt+Qt+Qs+StBt+BS+YLtLY+ 
HAEY + YEtAtHt  + HALS + StLtAtHt -+ 
( A d  -i- . f~dAd&)R~l(Ad + HdAdEd)t + 
yv2DDt + (Bh + HeA,Ee)SRylSt(Bh + HeAeEe)t < 0 

(3.155) 
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Using B.1.2,B.1.3  and by selecting a1 > 0, a2 > 0, a3 > 0, a4 > 0 such 
that a3EiEd < X ,  a4H:He < X ,  we obtain  the following bounds: 

By substituting inequalities  (3.156) into (3.155) and grouping  similar  terms, 
we obtain: 

AY + Y A t  + Qt + Qs + AdRilAi + YLtY + St(aglLtL)S + 
H(amI)Ht  + BS + StBt + Y - ~ D D ~  + Ed(c~gcrg'R,~E;) 
+ E , S ( U ~ ~ T ~ R , ~ S ~ E ;  + EoSRG1StE;) _< 0 (3.157) 

where 

Note  in  (3.156) that for a given 01 ,  a2; then am is affinely linear  in a1, a2. 

Simple  rearrangement of (3.156) using A.1 yields the LMI (3.145) as desired. 

Remark 3.18: The main  result of Theorem 3.13 is that  it estab- 
lishes a sufficient delay-dependent  condition for a memoryless Hm-controller 
guaranteeing the norm-bound y for systems  with  norm-bounded  uncertain- 
ties  and  it  casts  the condition into  the easily computable LMI format.  In 
this  regard,  it generalizes existing  results to  the case of unknown state  and 
input delays. To implement such controller,  one has  to solve the following 
minimization  problem: 
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3.6.6 Example 3.12 

Consider Example 3.9 together  with {AA(t) ,  AB(t), AD(t), AE(t ) )  with 

0.4 0 0.1 0 
0 0.4 

r -0.5 0 1 

L 0 0.5 1 

0.1 
-0.05 

0.5 
-0.2 

; Ee = [ '' 1 
-0.2 0 

0 0.15 

0.02 0.3 0 0 

E d ( t )  1 {l 0.2 0 0 1 [ 0.18 
OS5  Oa2 ; A(t) = 0.22 cos(2t) 

-0.05 ~ i n ( 2 t )  
0 0.4  0.8 

0*05 I 
&(t) = [ O - l  - 0.15~in(3t) 0.05 0.011 , A, = [0.2~0~(5t) 0 0 01 

Simple  computation gives Rdd = diag(3.5789, 3.5789,  3.5789,  3.5789), L, = 
diag(0.01, 0.01), &e = diug(0.8488, 0.8488,  0.8488,  0.8488) and 

1.032 0.5 0.184 0.1 
0.5 0.282 0.1 0.058 

0.184 0.1 0.048 0.02 
0.1 0.058 0.02 0.012 

Next,  computing the scalars in (3,119) yields 01 = 0.0408, 0 2  = 0.0372, 
03 = 0.03466. By selecting  the different weighting factors as in Example 
3.11, we evaluate the respective  matrices  and  then proceed to solve the 
underlying  minimization problem to  obtain: 

180 -2350  160  5330 1 
-1350  17330  -2710  -70730 

160 -2710  1030  10360 ' TYmin = 0*0229 

L 5330  -70730  10360  291240 1 
S =  [ 

2'5054 1 
1 

-2.4185  -10.3692  5.1672 
4.2873  -46.2425  -23.1474  -10.9651 

0.2365  0.3093 0,1009 0.0669 , l lKll  = 2,1417 [ -1.2767  -1.5419  -0.5491  -0.3316 
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3.7 Notes and References 

Robust stabilization schemes  based on state-feedback can be found in (7,8,14, 
15,28,35-3G,G4-GG,77,99,111,118] for matched and/or mismatched uncertain- 
ties  and in [g-12,16,20,37,46,71,78,82,92,108-109, 120-121, 135,137-1381  for 
norm-bounded uncertainties. Results based on classical and algebraic meth- 
ods are available in [24,31,52-53,58-6O,G7,140,147-149,15~164,166,173]. 
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Chapter 4 

Robust X, Control 

We recall that the previous two chapters have a common denominator. 
Chapter 2 was  concerned with the internal stability of open-loop systems 
and  Chapter 3 dealt with closed-loop system stability under state-feedback. 
Therefore Chapter 3 was a natural extension of Chapter 2. We also adopted, 
in Chapter 3, 'FI,-bound as one tangible design criterion in synthesizing a 
feedback controller and considered uncertain systems with state and  input 
delay. In this  chapter, we expand this philosophy further and examine the 
robust 'Hm-control for different classes of uncertain time-delay systems. The 
results presented hereafter complement those of Chapter 3, but also add re- 
sults on nonlinear, discrete-time as well as multiple-delay systems. It should 
be emphasized that in systems theory 'Ft, attenuation has been  proven to  be 
a very  useful performance measure. Loosely speaking, if w ( t )  E &[O,  m) is 
the exogenous input and z ( t )  is the controlled output then  the ?-disturbance 
attenuation problem is to choose a state-feedbaclc  law u(t)  = I(,z(t) which 
guarantees the closed-loop internal stability and ensures that 

The last decade has witnessed major advances in 'FI, control theory [214- 
2191 of linear dynamical systems. It seems,  however, that little  results  are 
available so f a r  on 3-1, control of time-delay systems. In [32], a frequency- 
domain approach is used to design an 3-1, controller when the time-delay 
is constant. A Lyapunov approach is adopted in 1471 for the design of state 
and dynamic output feedback controllers for a class of time-varying delay 
systems . 

121 
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Here, we consider the  robust 3-1, control problem for a class of time-delay 
systems with norm-bounded uncertainties and unknown constant state-delay. 
Specifically, our objective is to  guarantee that the  internal  stability of the 
closed-loop  feedback system with a prescribed 'FI,-norm bound constraint 
on disturbance  attentuation for  all admissible uncertainties and unknown 
state delay, The main thrust for  solving the foregoing problem stems from a 
Lyapunov functional approach which eventually leads to finite-dimensional 
Riccati equations that can be eRectively handled by existing software. 

4.1 Linear Uncertain Systems 

4.1.1 Problem  Statement  and  Preliminaries 

We consider a class of uncertain time-delay systems represented by: 

(EA) : k ( t )  = [ A  + AA(t )]x( t )  + [ A d  + AAd(t ) ]~( t  - T )  

+ [ R  + AB(t)]u(t)  + Rw(t)  
= Aa(t)z(t) 4- A d ~ ( t ) z ( t  - 7) i- B ~ ( t ) u ( t )  -l- Rw(t) 

z ( t )  = Lz(t)  + Du(t) ( 4 4  

where z ( t )  E !Rn is the state, u(t)  E !RP is the control input  and x ( t )  E W is 
the controlled output. In (4.1), A E !RnXn, B E !RRnxp,  A d  E ?Rnxn, L E 32"'" 
and D E S m x p  are real constant matrices representing the nominal plant. 
Here, r is an unknown constant scalar representing the amount of delay in 
the  state.  The matrices AA(t) , AB@) and AA&) represent time-varying 
parameteric uncertainties which are of the form: 

where H E !RnXa, Hd E !Rnx", E E !Rpxn, f i b  E ?Rpxp and E d  E W x p  are 
known real constant matrices and Al(t) E W x p ,  Az(t) E ! P x "  itre  unknown 
matrices with Lebsegue measurable elements satisfying 

The initial condition is specified as (z(to),z(s)) = (xO,#@)), where #(e) E 
.C,[ -7, to] and w(t)  E &[O, m) is an input  disturbance signal. 
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Distinct from system (CA) are  three systems: 

We note that systems (EA,), (EA,) and (EA,) represent, respectively, the 
unforced disturbance-free portion,  the disturbance-free portion and  the un- 
forced portion of system (EA). 

We recall from Chapter 2 that system (CA,) with uncertainties satisfying 
(4.2) is robustly  stable independent of delay if there exist scalars ( p  > 0, U > 
0) and  a  matrix 0 < W = TVt E !RnxT' such that  the algebraic Ricatti 
equation (ARE): 

P A  + AtP + .PB(p, a )Bt (p ,  a)P + p"EtE + W = 0 (4.5) 

has a stabilizing solution 0 < P = Pt E !Rnxn, with 

Based on this, we establish the following result for system (CA,). 

Theorem 4.1: System (CA,,) is robustly  stable via  rnemoryless  state 
feedback if there  exist  scalars ( p  > 0, CT > 0 )  and  a matrix 0 < W = Wt E 
P x n  such  that A RE: 

Furthermore,  the  stabilizing control  law is  given by: 
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Proof: System (EA,) with the memoryless  feedback control law u(t) = 
K,z(t) becomes: 

(EAU) : j ( t )  = AAc( t )z ( t )   AdA( t )z ( t  - 7 )  

= [A, + H A ~ ( t ) M c ] z ( t )  f AdA(t)z( t  - T )  

A, = A + B K , ,  MC = E + l$, K, (4.10) 

By Lemma 2.1, system (4.10) is robustly stable independent of delay if 

PAnc + ALcP + PAdnW-lA$AP + W < 0 (4.11) 

Applying B.1.3 and A.2 and using K, from (4.9), it is readily seen that 
(4.11) with the help of (4.6) and (4.8) reduces to: 

P A + A t P f P { ~ ( ~ , a ) ~ t ( ~ ~ , ~ ) } ~ + ~ - 1 ~ t { l - E b ( ~ ~ E b ) - 1 E ~ ] E + W  C 0 
(4.12) 

Finally, by A.3.1, it follows that  the existence of a matrix 0 < P = 
Pt E !RnXn satisfying inequality (4.12) is equivalent to  the existence of a 
stabilizing solution 0 < P = P t  E !RnXn to the ARE (4.7). 

4.1.2 Robust 3-1, Control 

Now, we proceed to examine closely the  robust 3-1, control problem. First, 
we consider the  robust "l, performance analysis for system (EA,). 

l Theorem 4.2: System  EA,^) is  robustly stable with a disturbance  at- 

~ 

tenuation y if there  exist scalars (p  > 0, CT > 0) and a matrix 
0 < W = W t  E !RnXn such  that  the ARE: 

~ 

P A  + AtP  + P&L, o, y)Bt(p, o,y)P + p-'EtE + W + LtL = 0 (4.13) 

has a stabilizing  solution 0 < P = P t  E !Rnxn, with 

B ( ~ , ( T , Y ) & ( ~ , C T , ~ )  = ~LI-IHt+a~I~E-l,tl+y-2RRt+Ad(W-a-1E~Ed)-1A~ 
(4.14) 

Proof: In order to show that system (EA,)  is robustly  stable with a 
disturbance  attenuation y , it is required that  the associated Hamiltonian 

W ( Z , W ,  t )  = V l ( 4  + z t ( t ) x ( t )  - r2wt((t)w(t) < 0 
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where Vl(xt) is given by (2.5). Little  algebra shows that: 

N Z ,  W ,  t )  = W )  r ( t> 

[ 
ALP + PAA + W + LtL P A ~ A  P R  

* (P)  = A i A P  -W 
Rt P 0 -y-*1 O I  

[ ( t )  = [ x t @ )  wt((t) xt(t  - T) l t  (4.15) 

The requirement H(z,  W ,  t )  < 0, Q ( t )  # 0 is implied by * ( P )  < 0 
which, in turn,  by A . l  implies that: 

P A ~ + A ~ P + P A ~ ~ W - ' A ~ ~ ~ P + ~ - ~ P R R ~ P + M ~ + L ~ L  < o (4.16) 

Using B.1.2 and B.1.3, i t  follows for some p > 0,a > 0 that 

By A. l ,  it follows that  the existence of a matrix 0 < P = Pt E ?JPx" satis- 
fying  inequality (4.17) is  equivalent to  the existence of a stabilizing  solution 
0 < P = Pt  E ?Rnxn to  the ARE (4.13). 

By considering the  robust  synthesis problem for system (Ea), we estab- 
lish the following result. 

Theorem 4.3: System (EA) is  robustly stable with a disturbance  atten- 
uation y via  rnemorgless  state feedback if there  exist scalars ( p  > 0, (T > 0)  
and a matrix 0 < W = U T t  E W X n  such  that  the algebraic Riccati  equation 
( A  R E): 

P A + A t P + P I @ ( p , a , y ) V V t ( , u , a , y ) P + p - l E t E + L t L + W  
- { P B  + p-'EtE,, + LtD}{DtD + p-lE;Eb}-' 
{ B t P  + p-'E;E + DtL} = 0 (4.18) 

has a stabilizing  solution 0 < P = Pt E ?RnXn, where the  stabilizing control 
law  is  given by: 

u(t) = K *  a( t )  
K,, = -{DtD + p-'E;Eb}-'{BtP + p-'EtE + DtL) (4.19) 
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l form: 

(4.20) 

(4.21) 

<(t) = [xt@) wt(t) zt(t - 41" (4.22) 

By similarity to Theorem 4.2, we use A.1,  B.1.2 and B.1.3 in the 

PA, + AiP + Q + [ H  + DK*lt[H + DK,] + p-'M:Mc + 
condition @,(P) < 0 to obtain for  some p > 0, U > 0: 

PW-4 097) W P ,  0, 7 ) P  < 0 (4.23) 

Using I<* from (4.19) and manipulating, we get: 

P A  + AtP + PVV(p, ol 7 ) W ( p ,  0, ?)P + p-'EtE + LtL + W 

{BtP+ p-'E;E + D t L )  < 0 (4.24) 
-{PB p - l E t ~ b  f L"}{DtD + p-l~tEb}-l 

By A.1, it follows that the existence of a matrix 0 < P = Pt E !Rnx" 

satisfying inequality (4.24) is equivalent to the existence of a stabilizing 
solution 0 < P = Pt  E: !Rnxn to the ARE (4.18). 

4.2 Nonlinear Systems 

Now, we move one step further and consider the  robust 3-1, control problem 
for a class of uncertain nonlinear time-delay systems. The parametric un- 
certainties  are real time-varying and norm-bounded and  the nonlineaxities 
are  state-dependent and cone-bounded. The delays are time-varying and 
bounded both  in  the  state and at the  input. 
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4.2.1 Problem  Statement  and Preliminaries 

Consider a class of nonlinear dynamical  systems  with state and input delays 
as well as uncertain parameters of the form: 

(CA) : k ( t )  = [ A  + AA(t)]z(t)+ [G + AG(t)]g[z(t)] 
+ [B + AB(t)]u(t) + [ A d  + AAd(t)]~( t  - ~ ( t ) )  
+ [ B , ,  + ABh(t>l.(t - v ( 0  + W t )  

= AA(t)z(t) + GA(t)g[z(t)] + BA(t)u(t) 
+ AdA(t)z(t - T ( t ) )  + BhA(t)u(t - v( t ) )  + Rw(t) 

Y(t )  = [C + AC(t)]z(t) + [ h  + AHh(t)lh[.(t)] 
+ [ F  + AF(t)]u( t )  + T w ( t )  
zz CA(t)z(t) + ff/lA(t)h[z(t)] "k FAu(t) + Tw(t )  

x ( t )  = Lx(t)  + Ju(t)  (4.25) 

where x E 8" is the  state; U E !Rm is the control input; 'y E 93 is the 
measured output; x E !RP is the controlled output and w(t) E W is an 
input  disturbance signal which  belongs to &[O, m). Here, r, Q stand for the 
amount of delay in the  state and at  the  input of the  system, respectively, 
with the following properties: 

0 5 T ( t )  5 T* < 0 0 ,  i ( t )  5 7' < 1 
0 I V ( t )  L v* < 0 0 ,  .rj(t) L v+ < 1 (4.26) 

such that  the bounds r*, v*, T+ and q+ are known.  In (4.25) the matrices 
A E %nxn,  B E znxm and C E ? P x n ,  represent the nominal system  without 
delay and uncertainties and A d  E !RnXn, H h  E %nXnz,G E L, E % p x n ,  
J E % P x m  and H h  E '%QXn we known constant matrices. The uncertain 
matrices  AA@),  AB@), AC(t ) ,  AA&), AB&), AJ'(t), AG(t) and AH&) 
are given  by: 

AAd(t) f IdAl( t )Ed , AHlt(t)=  HtA,(t)E, 
AG(t)  = HgAg(t)E,  , AH(t) = HnArt(t)En (4.27) 

where A(t) E %"lX"2, Al(t) E 8 * S X a 4 ,  Az(t)  E %"5'"6, A,(t)  E 9 P X * * ,  

A h ( t )  E PQ x a l o  are matrices of uncertain parameters satisfying the bounds 

At(t)A(t) I I ,  nl ( t )A i ( t )  L I ,  A,(t)A",t) I I 
Ag(t)A;(t) 51, &(t)Ak(t) 5 I (4.28) 
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and H E ! R n x a 1 ,  Hc E % P x a 1 ,  Hd E SnXa3, Ht !Rmxa5,  Hg E %nxa7, 

Es E: !Rcr* and Eh E !Ra1ox" are known real constant matrices. The 
unknown vector functions g( .) and h( .) are assumed to satisfy the following 
boundedness conditions: 

H, E Rmxcr9, E E ! F X n ,  E b  E W2Xm, E d  E W4xn, Et E PsXm, 

Assumption 4.1: There exist known scalars IC1 > 0 and IC2 > 0 and 
matrices W', bvh such that for a11 x E %n 

Finally, the initial functions of system (4.25) are specified as 
x0 E C([-qO];  Rn) and 210 E C([-q, 01; R"). 

Remark 4.1: System (EA) represents a general state-space framework 
encompassing models of many physical systems which include water pollu- 
tion systems, chemical reactors with recycling and hot  stripping mills. The 
structure of the uncertainties in  (4.27-4.28) is known to belong to  the class 
of norm-bounded uncertainties. 

Distinct from system (EA) are  the following systems: 

which represent, respectively, the unforced disturbance-free portion,  the un- 
forced portion of system and the disturbance-free portion of system (EA). 
As usual, we examine properties of systems (EA,), (EA,) and (EA,) for the 
determination of the behavior of system (EA). 

We consider the problem of robust stabilization of the  uncertain time- 
delay system (CA) using linear dynamic output-feedback. We will develop 
our  results based  on the properties of systems (EA,) and (EA,). In the 
sequel, we  will establish an interconnection between the  robust  stability of 
(Eho) and  the  disturbance  attenuation  property of the following parameter- 
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ized linear  time invariant system. 

where [ ( t )  E Xn is the  state, $( t )  E X''* is the  disturbance  input which 
belongs to &[O,  m), ? ( E )  E W e  is the controlled output  and  the matrix 
functions &l, p2, p3) and C ( p 1 ,  p2, p3) satisfy 

where W 1  = (1 - T + ) W ~ ,  and  the scaling parameters p1 > 0, p2 > 0 and 
p3 > 0 are such that pF2M'Mg < I and pg2MiM3 < W,. 

The next theorem establishes a robust  stability result of system (CA) 
using the Riccati equation approach. 

Theorem 4.4: Consider  system (EA,) satisfying Assumption 1. Then 
this  system is robustly stable if there  exist a matrix 0 < W 1  = W: and scal- 
ing parameters p1 > 0, p2 > 0 and p3 > 0 such  that: (l)ps2MiMg < I and 
p32MiM3 < (1 - r")TV1; (2) system (C,) has  unitary  disturbance  attenua- 
tion. 

Proof: Introduce a Lyapunov-Krasovslcii functional Vn( zt) 

K(zt) = zt(t)Pz(t)  + (VV,z(v))"Wgx(w)dv l 
where 0 < P = Pt and 0 < W 1  = W: are weighting matrices. Observe that 
Vn(zt) > 0, x # 0, and Vn(rct) = 0, J: = 0. By evaluating the time-derivative 
of Vn(zt) along the solutions of (EA,), we obtain: 
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where W11 = (l - i ) W l .  On completing the squares in (4.36) and using 
(4.26), we get: 

V ~ ( a , t )  = at@) {ALP + PAaz( t )  + P ( G A G ~  + D*W.'Dh)P} ~ ( t )  

+ at@) {k:w;wg + Wl} a( t )  

- [9(4 - G 6 P ~ ( t ) l t [ d 4  - GLP4t) l  
- [ ~ ( t  - T) - W f i l D k P ~ ( t ) ] ~ W 1 1 [ ~ ( t  - T )  - W G I D i P ~ ( t ) ]  
< x t ( t )  {ALP + P A A z ( ~ )  + P ( G A G ~  + D*@r1Di)P} ~ ( t )  

+ 2 ( t )  { I C , 2 w ; w g  + Wl}  z( t )  (4.37) 

For internal  stability, V . ( q )  < 0 for ~ ( t )  # 0. This holds i f  

P A A + A ~ P + P D A W ~ ' D ~ P + P G A G ~ P + ~ : W ~ W , + W ~  cO(4.38)  

On using B.1.2, we get 

PAA  +ALP = PA + AtP + PHAE + EtAtEtP 
- < PA + AtP + pyPHHtP + pr2EtE (4.39) 

By B.1.3, we have 

PDAI@;~DLP P(Ad + HdAlEd)@Cl(Ad + H ~ A I E ~ ) ~ P  
5 P[p;HdHj + Ad(W1 - P, 'E~E~)-~A:]P (4.40) 

P G A G ~ P  = P(G + HgAgEg)(G + HgAgEg)tP 
5 P[p;HgHi + G(1-  pT2EjEg)-1Gt]P (4.41) 

Substituting (4.39-4.41) into  (4.37) yields the ARI 

PA + AtP + pr2EtE + P(p:HHt + p;HgHi + piHdfIj)P 
+ICfW~bVg + PAd(VV1 - py2EiEd)-1A$P 
+PG(I - p ; 2 ~ ; ~ g ) - 1 ~ t ~  + wl < o 

(4.42) 

On the  other  hand, by A.3.1, system (C,) is  robustly  stable with unitary 
disturbance  attenuation if there  exist  matrices 0 < P = Pt and 0 < W1 = 
W! such that 

AtP + PA + P & %  P 2 ,  p3)@(pl, P2,  P3)P + 
C""(P1, P2,  P 3 ) e ( P 1 ,  P29 P 3 )  < 0 (4.43) 
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A comparison of (4.42)-(4.43) in the light of (4.33)-(4.34) shows that (Eho) 
is globally asymptotically stable for all admissible uncertainties. 

Remark 4.2: The key point disclosed  by Theorem 4.4 is that  the ro- 
bust  stability problem of a class of nonlinear systems with norm-bounded 
uncertainties  and time-varying state-delay of the form (EA) can be effectively 
converted into a “parameterized” Hw analysis for a linear time-invariant sys- 
tem without  parameter uncertainties and without state-delay. 

Corollary 4.1: System (EA,) satisfying Assumption 4.1 is  robustly 
stable if there  exist a matrix 0 < W1 = W: and positive scaling parameters 
PI ,  p2 and p3 such  that: (l)pT2EjEg < I and pY2EfiEd < (1 - rt)W1; (2) 
the ARE 

(4.44) 

has a  Stabilizing solution 0 5 P = P t .  

Proof: By Theorem 4.4 and applying A.1, it follows that  the existence 
of a matrix 0 < P = Pt E !Rnxn satisfying inequality (4.42) is equivalent to 
the existence of a stabilizing solution 0 5 p = Pt  E !Rnxn to the ARE (4.44). 

Corollary 4.2: System (EA,) satisfying Assumption 4.1 is robustly 
stable if 
(1) A is  stable matrix,  and 
(2) The  following 3-1, norm bound is satisfied 

Remark 4.3: The combined results of Theorem 4.4, Corollary 4.1 
and Corollary 4.2 provide alternative ways to assess the  robust  stability of 
system ( Z A ~ ) .  For practical implementation, a convenient way  would be to 
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convert (4.42) into  the LMI 

CHAPTER 4. ROBUST 'H, CONTROL 

PA+AtP+ W1 Et p~ 
+ kf W ; W g  

E - P 3  0 0 l < o  

where 

In this  regard,  the software LMI-Tool box [4] provides a numerically efficient 
method for computing  the  matrix P as well as the scaling parameters p1, p2 
and p3. 

Now, we consider the  robust  stabilization of system (EA). In this regard, 
we introduce  the following parameterized linear time-invariant system : 

(C,) j = AC(t) + B ( E ~ ,  €2, €4, ~ 5 ) 6 ( t )  + Bu(t) (4.45) 

x" = [ ] [ ( t )  + [ € l O  -l Et) ] u(t)  
W 9 h  

(4.46) 

where <(t) E '32°C is the  state, u(t)  E is the  input, G(t)  E CRwc is the 
disturbance input, y ( t )  E '32' is the measured output, Z ( t )  E !Rr is the 
controlled Output, bv$M$h = k;T/vgtlvg i- kzr/vLwh and 
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The scaling parameters €1 > 0, €2 > 0, €3 > 0 , €4 > 0 and €5 > 0 are 
such that E,2MiMg < I ,  E Z ~ M ~ I M ~  < and €T2MLMh < I .  

The next theorem provides an interconnection between the  robust  stabi- 
lization of system (CA,) and the  II,-controI of system (C,) using a linear, 
strictly  proper, output-feedback controller G,(s) which has the following 
realization: 

where the dimension of the controller. nf and the matrices At ,  Bt and K f  
are  to  be chosen. 

Theorem 4.5: Consider  system (EA,) satisfying Assumption 4.1, 
Then  this  system  is  robustly stabilixable via  controller G,(s) if there  exist 
scaling parameters € 1  > 0, €2 > 0 and €3 > 0 such  that: (I) €rr2E;Eg c I ,  
cT2E$Ed < W 1  and eT2Eh En < I ;  (2) the closed-loop system  formed bg 
sgstem (C,) and controller G,(s) has a unitary  disturbance  attenuation. 

Proof: We proceed  by augmenting system (CA,) and the controller 
G,(s) to get the closed-loop system: 

where 
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(4.53) 

Alternatively, system (C,) under the action of controller G,(s) yields the 
closed-loop system: 

i ( t> = Aat(t) + ~ a ~ ( t )  
x"@) = C a w  (4.54) 

where 
(4.55) 

Corollary 4.3: Consider system (XL) satisfying Assumption 4.1 with 
all the  state variables being measurable. Then  this  system i s  robustly  stabi- 
lixable via  the state-feedback controller u( t )  = K s < ( t )  where Ks E %"*" is 
a constant  gain  matrix, i j  there  exist scaling parameters €1, €2, €3 such  that: 
(1 )  cT2E;Eg < I ,  E;~E:Ec/ < l/jf1 and eT2ELEn < I ;  (2) system (C,) un- 
der  the control action u( t )  = KsC(t) has a unitary  disturbance  attenuation. 

Remark 4.4: The results of Theorem 4.5, Corollary 4.3 generalize 
previous results and show that the  robust stabilization problem can be con- 
veniently converted to a parameterized R,-control problem which does not 
involve parametric uncertainties, unknown nonlinearities or unknown  delays. 
The solution to  the R,-control  problem is by now quite  standard  and can 
be obtained via algebraic Riccsti equations (ARES), see [214-2191. 
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4.2.2 Robust 3-1,- Performance Results 

We  now examine the problem of robust performance with ?-I,-bound.  For 
this purpose we consider system (EA) and address the following problem: 

Given a scalar y > 0, design a linear  time-invariant feedback controller 
u(t) = Gc(s )y ( t )  such  that  the closed-loop system  is  robustly stable and  guar- 
antees  that  under  zero  initial  conditions, 11~112 < y 11~112 f o r  all non-zero 
W E L2[0,00) and for  all admissible  uncertainties  satisfying (4.3) and for  
unknown  state-delay. In  this case, we say that system (CA) is robustly 
stabilizable with disturbance  attenuation y and the closed-loop system of 
(4.1)-(4.3) with u(t)  = G,(s);v(t) is robzutly stable with  disturbance  attenua- 
tion 7. 

Toward our goal, we  now focus  on system (EA,). In line of the analytical 
development of the previous section, we define the following parameterized 
linear time-invariant system 

(4.58) 

where [ ( t )  E W is the state, q( t )  E !W is the  disturbance  input which 
belongs to &[O, m), Z(t) E %"c is the controlled output , B(pl ,p2,p3),  
C(p1, p2, p3) are given  by (4.33)-(4.34), and A, B,  L axe the same as in (4.25). 

Theorem 4.6: Consider  system (EA,) satisfying Assumption 1. Given 
a scalar y > 0, this  system  is robustly stable with disturbance atten- 
uation if there  exist a matrix 0 < 1471 = TV: and scaling parameters p1 > 0, 
p2 > 0 and p3 > 0 such  that: l)pi2EiE, < I and p z 2  EiEd < (l - r f )W l ;  
2) system (C,,) has  unitary  disturbance  attenuation, 

Proof: By A.1 applied to system (EA,), it follows that there exist 
matrices 0 < P = Pt and 0 < TV1 = TV: such that 

AtP+  PA+ P ~ ( p l , p 2 r p 3 ) ~ t ( p l , p z , p 3 ) P + y - 2 P R R t P +  
LtL + C""(P1, P29 P3)C(Pl, P27 P 3 )  < 0 (4.59) 

On considering (4.33)-(4.34), inequality (4.59) reduces to: 

A t P +  F A +  P(p:HHt + piHgHi  + G(I - pY2EiEg)-'Gt t 
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PiHdH; + &(r/ti - p ~ 2 E ~ E d ) - 1 A ~ } P +  
r - 2 ~ ~ ~ t ~  + L ~ L  + ]c;tv;w, + + wl C o (4.60) 

Using B.1.2 and B.1.3, inequality (4.60) implies: 

P A A + A ~ P + P D A W ~ ~ D ~ P + P G ~ G ~ P + ~ - ~ P R R ~ P +  
(4.61) k,2w;wg + L ~ L  + wl < o 

which means that system (EA,) is  robustly  stable, 

Next, to establish that 11~112 < llwll2 whenever 

J = l"(ztt - y2wtw) dt  

llwl12 # 0, we introduce 

(4.62) 

In view of the  asymptotic  stability of system (EA,) and that W E L2[0, m), 
it  is  readily  seen that J is  bounded. Using (4.1) with x. f 0, it  follows from 
(4.62) that: 

By Assumption 4.1 and inequality (4.61), it is easy to see that J < 0. 
This means that llalla < y llwll2 V0 # w(t )  E &[O,oo) and for  all  admis- 
sible  uncertainties. 

We are now in a position to  attend  to  the problem of robust X, control 
of system (EA) by converting it  into a parameterized H ,  control  problem. 
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The  next theorem  summarizes  the  main  result. 

Theorem 4.7: Consider  system (EA) satisfying Assumption l. Then 
this system is robustly stabilixable with  disturbance  attenuation y via  a  lin- 
ear  dynamic  output-feedback  controller G,(s) if there  exist scaling parameters 
€1 > 0 , ~ 2  > 0 and €3 > 0 such  that: (1 )  €y2E;Eg < I ,  €T2EiEd < W 1  

and tT2E;En < I ;  (2) the closed-loop system  formed b y  system (C,,) and 
controller G,(s) has a  unitary  disturbance  attenuation. 

Proof: Follows directly by applying Theorem 4.8 to  the closed-loop 
system of (4.25) with the controller  (4.50)-(4.51) on one  hand  and  to  the 
closed-loop system of (4.64)-(4.68)  with the  same controller (4.50)-(4.51) on 
the  other  hand. 

Remark 4.5: The result disclosed by Theorem 4.7 indicates that  the 
robust  stabilization problem  with 7-t,- performance for a class of uncertain 
nonlinear  time-delay  systems of the  type (4.25)  can  be  converted into a pa- 
rameterized ‘Hw -control  problem for linear  time-invariant  systems without 
uncertainties  and delay  terms. The solution of the  latter problem  can be 
obtained by standard  methods [214-219]. 

4.3 Discrete-Time Systems 

This section  considers a class of discrete-time  systems  with  norm-bounded 
uncertainty  and unknown constant state-delay. We investigate  conditions 
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of robust state feedback stabilization guaranteeing a prescribed 'H, perfor- 
mance. Using a Lyapunov functional approach, we express these conditions 
in terms of finite-dimensional Riccati equations. 

4.3.1 Problem  Description and Preliminaries 

We consider a class of uncertain time-delay systems represented by: 

(EA) : z ( k  + l) = [ A  + AA(k)]z (k)  + [ B  + A B ( k ) l ~ ( k )  
+ Adz(k - T )  + R w ( ~ )  
= A4(k)s(k)  + B ~ ( k ) u ( k )  + Adz(IC - T )  + R w ( ~ )  

x(k) = Lx(k) (4.67) 

where z ( k )  E 'Rn is the state, u ( k )  E 'Rm is the control input, w(k)  E W is 
the  disturbance  input which  belongs to -t2[0,00) with a weighting matrix R E 
' R n X p ,  z ( k )  E W is the controlled output and  the matrices A E !RnXn, B E 

nominal plant. Here, T is unknown constant scalar representing the amount 
of delay in the  state. For  all practical purposes, we consider T 5 r* with 
T* being known. The matrices AA(k) and AB(k)  represent parameteric 
uncertainties which are represented by: 

X n X m  , A d  E 'Rnxn and L E V x n  are real constant matrices representing the 

[AA(lc) AB(k)]  = H A(k)  [E  E b ]  (4.68) 

where I ;  E 'Rnxa , E E ' R P x n  and Eb E ' R P x m  are known constant matrices 
which characterize how the uncertainties affect the nominal system and we 
assume that the  matrix BLEb is nonsingular. The  matrix A(k) E is 
unknown but bounded in the form: 

A"k) A(k) 5 I Vk (4.69) 

The initial condition is specified as (z(O), z(s)) = (xo, c$(s)), where $(.) E 
l 2 [ - 7 , 0 ] .  

Distinct from system (EA) are  the following systems: 

( C D )  : x (k  + 1) = A ~ ( k ) z ( l c )  + Ads(k - T )  

(C,) : ~ ( k  + 1) 1 Aa(lc)z(k) + A d ~ ( k  - T )  + R w ( ~ )  
x@) = La(k) 

(C,) : z ( k  + 1) = A ~ ( k ) z ( k )  + Adz(k - T )  + Ba(k)u(k) (4.70) 
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We learned from Lemma 2.3 that system ( C D )  is robustly stable inde- 
pendent of delay (RSID) if there exists matrices 0 < P = Pt E !Rnxn and 
0 < W = W t  E !Rnxn satisfying the ARI: 

Algebraic manipulation of (4.71) using A.2, B.1.2 and B.1.3 shows that 
system (CD) is (RSID) if and only if there exists matrices 0 < P = Pt E 
!Rnxn and 0 < W = T V t  E !RnXn satisfying the ARI: 

Extending on this, we have the following result: 

Theorem 4.8: Given a scalar y > 0,  system (C,) is robustlg  stable 
with a disturbance  attenuation y if there  exists a  scalar p > 0 and a matrix 
0 < W = Wt E !Rnxn such  that  the  following ARE 

At {p-' - p H H t  - - A$T/V"A&)-' A-P+p-lEtE+LtLfW = 0 

has a stabilizing  solution 0 5 P = P t .  
(4.73) 

Proof: In order to show that (C,) is robustly stable with a  disturbance 
attenuation y, it is required that  the associated Hamiltonian H(z,  W, k )  = 
A&(ak) + z t ( k ) x ( k )  - y2wt(k)w(k) < 0, where VG(xk) is given  by (2.78). 
Standard  matrix manipulations produce: 

I Rt PAa 

A ~ P A A  

t(k) = [xt@) w"k) z t ( k  - .)lt (4.74) 
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The requirement H ( z ,  W ,  IC) < 0, V {(k) # 0 is implied by R(P) < 0. By 
A.l,  it is expressed as: 

! 0 -721 0 
0 0 -W Ai < o  (4.75) 

AA R Ad -P-' 

Upon expansion using (4.75), i t  becomes: 

-P + T/V + L ~ L  o 
0 -y21 
0 0 
A R 

A(IC)[E 0 0 01 + 
H 

By B.1.4, (4.76) holds if and only if 

-P + T V  + LtL 0 

0 0 
A R 

0 -y2 I 

0 At 1 

0 
0 

A'(IC) [0 0 0 H t ]  < 0 (4.76) 

-P + IV + Lt L 
+p- Et E 

0 0 At 
0 -721 0 Rt 

0 -W Ai  
-P-'+ 

R Ad p H H t  

< 0 (4.77) 
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Define S = [P" - pHHt]- '  and Q = [ W  - A$Ad]-l, Then by 
repeatedly  applying A.1, it can  be shown that the LMI (4.77) is equivalent 
to  the ARI: 

Using A.2, it can easily be shown that 

The use of (4.79) into (4.78) yields 

A~I I (P)A  - P + W + L% + p - l ~ t ~  + 
{ A ~ I - I ( P ) R } { ~ ~ I  - R ~ I - I ( P ) R } - ~ { R ~ I - I ( P ) A }  < o (4.80) 

Once again,  application of A.2 produces: 

By A.3.2, it follows that the existence of a matrix 0 < P = Pt satisfying 
inequality (4.80) is equivalent to  the existence of a stabilizing  solution 0 5 
P = Pt to (4.72). 

4.3.2 Robust 3-1, Control 

Now,  we present the results on robust control synthesis. 

Theorem 4.9: System (C,) is  robustly stabilixable via  memoryless  state 
feedback u(t)  = K,x(t) zf there  exists  matrices 0 < P = Pt E TjZnXn and 
0 < W = TVt E !Rnxn and  a scalar p > 0 such  that  the ARE 
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has a stabilixiry  solution 0 5 P = P t  where the  stabilizing control law is 
given by 

us@) = K .(k) 
= - { B ~ O B  + P - ~ E ~ E ~ }  B ~ O A  

o = [a-’ - A ~ w - ~ A ;  - p ~ ~ 7 - l  (4.83) 

Proof: System (C,) with  the mernoryless feedback control u(t)  = K,z(t) 
becomes: 

~ ( k  + 1) = A~,(k).(k) + A d z ( k  - T) 
= [Ac + H A M c ] ~ ( k )  + A d ~ ( l c  - T )  (4.84) 

where 
A, = A +  SIC,, MC = E + EbKS (4.85) 

It follows that system (4.84)-(4.85) is  robustly  stable if 

AL,(k) [F1  - Adl/V”A~]-lAr\,(k) - P + W < 0 (4.86) 
A’@) A@) 5 I ,  Vlc 

Applying B.1.5 to (4.86) and  then  manipulating using A.2, we obtain: 

@ A ,  - P + , K ~ M ; M ~  + W < o (4.87) 

Expanding (4.87) and using IC, from (4.83), we get: 

AtOA-P + / L - ~ H ~ H  + W - A t O B I B t O B + ~ ” f ~ ~ ] - l ~ t O A  < 0 (4.88) 

Using A.2 once  again: 

~t { P  - ~ ~ ~ - 1 ~ 4 1  - P H H ~  - ~ B ( E : E ~ ) - ~ B ~ ) ”  A 
-P+ p - W E  + T V  < 0 (4.89) 

Finally, from A.3.2, it follows that  the existence of a matrix 0 < P = Pt 
satisfying  inequality (4.89) solution is equivalent to the existence of a stabi- 
lizing solution 0 5 P = Pt  to (4.82). 

Theorem 4.10: Given a  scalar y > 0,  system (CA) is  robustly stable 
with a disturbance  attenuation y via rnernoryless state-feedback  controller if 
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there  exists a scalar p > 0 and  a matrix 0 < W = Wt E 8"'" such  that  the 
ARE 

At {P-' - AdW-l.4; - p H H t  - pB(E&)-lBt - T - ~ R R ~ } - ~  A 

-P + ,+E~E + L ~ L  + W = o (4.90) 

has a stabilizing  solution 0 5 P = P t .  Moreover the  stabilizing  controller is 
given by: 

~ ( l c  + 1) = A~,(lc)z(k) + Adz(k - T )  + Rw(k) 
= [A, + H A M ~ ] x ( ~ )  + Adz(k - 7) + Rw(k)  

z ( k )  = L+) (4.92) 

where A, = A + BI(, and M, = E + E61<*. By Theorem 4.8, system 
(4.92) is  robustly  stable with a disturbance  attenuation y if there  exists a 
stabilizing  solution 0 5 p = to the following ARE 

A: { P - I -  p ~ ~ t  - Y - ~ R R ~  - A ~ T ~ v - ~ A & ) - ~  A, - P + 
, A " i v c  + L ~ L  + W = o (4.93) 

Algebraic manipulation of (4.93) using Q and I(, from (4.91) leads  to: 

A ~ Q A - P  + P - ~ E ~ E  + W -  
AtQB[BtQB + p-1ELE6]-1BtQA + LtL = O (4.94) 

By A.2, inequality  (4.94) reduces to (4.90). 

4.4 Multiple-Delay Systems 

In  this  section, we deal  with the 3-1, feedback control  synthesis problem of 
systems  with  multiple state  and  input time-invariant delays. We address 
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initially the case of certain  systems  with focus on the  stability conditions 
and  the development of IX,-control scheme by state-feedback. Then  the re- 
sults  are extended to norm-bounded uncertainties. All the  results  obtained 
in  this work are conveniently expressed in the framework of LMIs. For ease 
in exposition, the following short-hand  notations will be used. 

Given a set of constant  matrices, A1 ,..., A, f !RnXn, &,...,Bq E 
A dt = [At .... Ap] E S n x n p ,  23t = [B1 .... Elq] f Wx"'J. For some positive 

constants (ul ,  ..., up)  with vectors ~ ( t  - up)  E S", V j  E JP, and some positive 
constants (bl ,  ..., b,) with vectors u(t - b k )  E W ,  Vk E Jq,  we let 

A 

1 e"sap 1 
where t stands for the time and S is the Laplace variable. 

4.4.1 Problem Description 

Consider a class of linear. systems with multiple state  and  input delays: 

where t E !R is the  time, IC E ?Rn is the  state, U E '%" is the control input; W E 
3' is the  input disturbance which  belongs to &[O, cm); x E P i s  the  output, 
and d j ,  h,, 2 0 ( j  E JP,  IC E Jq) are constant  scalars representing the  amount 
of delays in the state and at the  input of the  system, respectively. The 
matrices A E ?Rnxn and B E !Rnxm are real constant  matrices representing 
the nominal plant with the  pair ( A ,  B) being controllable. The matrices 
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D E Snxs  and L E Srxn are real distribution matrices at  the  input and 
output respectively. We shall focus  from now onwards on the case of linear 
constant-gain state-feedback in  which, 

U [ Z ( t ) ]  = Kz( t )  ; I< E !xrnxn (4.96) 

The closed-loop system consisting of (4.95) and (4.96) is given by: 

k ( t )  = + .At X ( t ,  d , P )  + B3t I ( d X ( t ,  h q )  + DW(t)  (4.97) 

The transfer function from the disturbance w ( t )  to the output x ( t )  has 
the form: 

Rom [214-2191, the basis of designing  XI,-controller is to simultaneously 
stabilize (4.97) and to guarantee  the hl,-norm bound y of the closed-loop 
transfer-function Tzw; namely llTzw 11  5 y, y > 0. 

Distinct from (4.97) is the disturbance-free system (W = 0) given  by 

x ( t )  = h ( t )  
for  which we  will start our design. 

4.4.2 State Feedback Fl,-Control 

In this section, basic results for rX,-control and stabilization by state-feedback 
for the closed-loop time-delay systems (4.97) and (4.99) are developed. First, 
a general result will be provided. 

Theorem 4.11: The closed-loop time-delay  system (4.99) is  asyrnptoti- 
cally  stable V d j ,  h k  2 0 ( j E JP,  IC E Jy) if one of the following equivalent 
conditions  is  satisfied: 
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(1) There  exist  matrices 0 < P = Pt E !Rnxn, 0 < Qj = Q$ E !RnXn 

( j  E J P ) )  0 s k  = si E Rnxn ( k  E Jq)  solving the LMI: 

where 

R(d,p) = block - d i a g [ Q 1 ,  ...., Q p ]  ; r(h, q )  = block - diag[Sl,. ..., Sq] 
(4.101) 

(2) There  exist  matrices 0 < P = Pt E RnXn and 0 C Qj  = Q$ E !RnXn 

( j  E JP), 0 < s k  = Si E R"'" (k E Jq)  solving  the ARk 
P Q 

Proof: (1) Define a Lyapunov  function candidate V(lct) 

(4.103) 

where 0 < P = Pt E ! F X n ,  0 < Q j  = Q$ E ?Rnxn ( j  E JP), 0 < Sk = Sk E 
W''" (IC E Jq) .  Observe that V(zt)  > 0, x # 0; V(zt)  = 0, x = 0. It is a, 
straightforward  task  to show that 

V ( x ,  t )  = Zt(t)TVoZ(t) 

Z"t) = [z"t) X t ( 4  d , P )  X V ,  h, d] (4.104) 

where W, is given by (4.100). That V ( x t )  < 0 is implied by WO < 0 as 
desired. 

(2) Follows from application of A.1. 

Corollary 4.4: Consider  the  state-delay  system 
P 

i ( t )  = Az( t )  + Bu(t) + C Ajx(t - d j )  
j=1 

(4.105) 
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under state-feedback u(t)  = I<x(t). Then  the closed-loop system is asymp- 
totically  stable if there  exist  matrices 0 C P = Pt E ?Rnxn and 0 < Q j  = 
Q$ E ?Rnxn ( j  E J P )  solving the LMI: 

(4.106) 

or equivalently  solving  the ARI: 
P 

PAc + AEP + C Q j  + PAtQ-lJlttP < 0 (4.107) 
j=1 

Corollary 4.5: Consider  the  input-delay  system 
4 

k ( t )  = A z ( t )  + Bt@) + C Bku(t - h k )  (4.108) 
k= 1 

under state-feedback u( t )  = I<x(t). The controlled system is  then  asymptot- 
ically stable if there mist  matrices 0 < P = Pt E Rnxn and 0 < sk = S& E 
s n x n  (k E J P )  solving the LMI: 

(4.109) 

or  equivalently  solving  the ARI: 
4 

PA, + A E P  + C sk + rBtr<dr-lrc;t?ttP < o (4.1 10) 
k=l 

Remark 4.6: It is interesting to note that Theorem 4.11, Corollary 
4.4 and Corollary 4.5 generalize the results of Chapters 2 on multiple- 
delay systems and Chapter 3 on stabilization of single-delay systems. The 
existence of the gain matrix I( is guaranteed by the controllability of the 
pair (A,  B). 

Now, we proceed to estabilish the conditions under which the controller 
(4.96) stabilizes the time-delay system (4.97) and guarantees the H,-norm 
bound y of Tzw. 

Theorem 4.12: The controlled system (4.97) is asymptotically stable 
and I ITzw I L  5 Y h' > 0) v d j ,  1x1, L 0 ( j  E JP,  k E Jg), if there  exist 

TLFeBOOK



148 CHAPTER 4. ROBUST H ,  CONTROL 

so that 

Let S = p + ju, p > 0, W E '3, and construct  the  matrices 

such that  the use of (4.97) ensures that 
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Note that Y~(P ,u )  2 0 and Y3(P, U) 2 0. Manipulating (4,114)-(4.116), we 
get: 

D ~ P K ( P ,  W ) D  - r21 + 
DtY:(P, -w)PD - T-~D~Y;(P, -w)PD - DtPY1(P, u )D = 

-r21 + DtY,t(P, -w)[Y2(P, W )  + Y3(P, W) + .L% + MI Yl(P, 
(4.118) 

It then follows that for a11 W E 8: 

- [yr - r-lDtPY1(P, -w)Djt[yl  - r-lDtPY1(p, -w)D] 
= -Y21 + DtY,t(P, -4[Y2(P, 4 + Y3(P, 0) + MI W P ,  4 D  
+ [D";(P, -W)gE,Yl(P, w)Dj  

On noting that 

-[?I - r-WPY,(p,  -W)Dlt[yl  - r-lDtPY1(p, -w)D] 5 0 

we finally obtain from (4.119): 

T,t,(P + jw>T.*w(P + $4 L 
r21 - DtY:(P, -w)[Y2(P, U) + Y3(P, W> + M ]  W ,  0 L 

y21 VD > 0, W E x (4.119) 

We can conclude that ~ ~ T z w ~ ~ m  5 y as desired. 

It is significant to observe that Theorem 4.12 provides a sufficient mea- 
sure, inequality (4,111), for the existence of a, constant matrix l( as the con- 
stant gain of an H,-controller. 

Theorem 4.13: There  exists  a  memoryless state-feedback controller  such 
that  the closed-loop time-delay  system (4.97) is asymptotically stable and 
I lTz,,,l loo L 7 (7 > 0) \d d j ,  h k  2 0 (j E JP, IC E Jq) ,  if there  exist  matrices 
O < Y = Y t  E xnXn, O < Qtj = Qtj E !RnXn (j E JP), O < Qsk = Q:k E 
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SnXn (k E Jq), N E Smxn solving the LMI: 

wr = 

where 

AY + YAt+ 1 

at@, p )  = block - diag[Qt,, ...., St,] 
rt(h 4)  = block - diag[Q,,, ...., Qs,] 

Nod = block - diag[N, N ..., NI E XmqXnq 

Ld = bZock - diag[L, L..., L] E X n p X n p  

(4.120) 

(4.121) 

(4.122) 

Proof: By Theorem 4.12, there exists a state-feedback controller with 
constant gain I< such that the closed-loop system (4.97) is asymptotically 
stable and llT..wl~, L y (y > 0) V dj ,  h k  2 0 ( j  E JP, k E Jq). We 
note that inequality (4.111) is not convex  in P and K. However with the 
substitutions of Y = P " ,  N = ICY, Qtj  = P-lQjP- l ,   Qsk  = P"SkP-l, 
the premultiplication by P-' and postmultiplication of the result by P-' 
yields: 

where Rt(d,p) ,  rt(h, q )  are given  by (4.121). Application of A.l  to (4.123) 
puts it directly to form (4.120) as required. 

Remark 4.7: Theorem 4.13 provides an LMI-based delay-dependent 
condition for a memoryless  H,-controller  which guarantees the norm bound 
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y of the  transfer  function Tzu,. To implement  such a controller,  one has  to 
solve the following minimization  problem: 

Corollary 4.0: For  the case of state-delay  systems,  there  exist  matrices 

- AY +YAt+ -l 

B N +   N t B t +  AtLa YLt D 

T K , ,  = C;=, Qt j  

LdAtt 0 (4.125) - f W ,  P )  0 0 
LY 0 -I 0 

- Dt 0 0 _r21 - 

or  equivalently  solving  the ARI: 

Corollary 4.7: For the case of input-delay  systems,  there  exists  matrices 
0 < Y = Y t  E !RnXn, 0 < Qsk = Q:, E !RnXn (IC E Jq),  and N E !Rmxn 
solving  the LMI: 

or  equivalently solving the ARL 

Q 
AY + YAt + BN + NtBt  + C Q S k  + BtNoJ?;lN:dBtt + 
Y L ~ L Y  + Y - ~ D D ~  < o (4.128) 

k=l 
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4.4.3 Example 4.1 

Extending on the  water-quality  dynamic model [35] with two states and two 
inputs (n = 2, nz = a ) ,  a more realistic system  with  three state delays, and 
two input delays ( p  = 3, q = 2 )  is considered here. The system can be 
written in the form (4.95) with 

A = [ ] ' . = [ h  : 5 ] y L = [  0 0 . 5 1  
-1 1 0.5 0 
-2 -3 

=- [ l 5  -:*l ] ' A2 [ 0.3 0.8 ] ' = [ 0.1 0.5 ] 
= [ 0.1 0.3 ] ' = [ 0 0.2 ] ' D = [ 0 0.1 ] 

0.1 0 0 0.1 

0.7 0 0.3 0.1 0.1 0 

In  this case, z = [zl 1 ~ 2 1 ~  E $22, where the  state variables x1 and x2 are 
the concentrations of pollutants A and B. The matrices Qtl, Qt2, Qt3, Qsl 
and Qs2 axe chosen such that, Qtl=  Qtz=  Qt3 = 0.11, and QS1=QS2 = 0.011, 

With  the help of the LMI Toolbox, it was found that 

0.231 1 -0.0717  -0.0033 0.0092 N =  = [ -0.0717  0.1784 ] ' [ -0.0028 -0.0259 , 7 = 3.29. 

The gain of the memoryless state-feedback controller is 

I' = [ -0.0655 -0.1717 o'oo19 0'0522 1 
4.4.4 Problem  Description  with  Uncertainties 

Extending on system  (4.95), we now consider a class of linear systems with 
multiple state and  input delays as well as uncertain  parameters of the form 

i ( t )  = [ A  + AA(t)]x( t )  + [ B  + AB(t)]u( t )  
P Q 
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z ( t )  = LZ(t) (4.129) 
z( t )  = +(t) vt E [-nzaz(dj,h/J ( j  E J P ,  IC E J q ) ,  01 

where 

Adt ( t )  = [AAl( t )  .... AAP(t)]  E 9 Y x n p  

A&(t) = [ABl( t )  .... ABq(t)]  E SSZnxmq (4.130) 

The real-valued functions {AA@), AB(t),  AA&), AB&)} represent the 
uncertainty  structure.  In  the sequel, we consider that  this  uncertainty  struc- 
ture belongs to  the class of norm-bounded  uncertainties  represented Vt  E 32 
by: 

where the elements A;j(t), (A,(t))ij, (A,(t)) , j  are Lebsegue measurable Vi ,  j; 
H E % n X L ,  A ( t )  E pxQ, E E %Qxn and E b  E % Q x m ,  H, E SnxLa, A,(t)  E 
RJZLaxQa and G, = [GI .... GP] E S Q a x n p .  I3b E S n X r b ,  &(t)  E SLbXv*  and 
Tb = [Ti .... Tq] E %77bxmq. 

Under the  state feedback control  (4.96) and using (4.130)-(4,131), the 
closed-loop system is given by: 

A 

A 

For system (4.132), it turns  out (195,1961 that  the L2-induced norm from 
v(t) = yw(t) to ~ ( t )  is less than  unity if the associated  Hamiltonian 

H(z,  v, t )  = V ( Q )  + (2% - v") (4.133) 

is negative  definite V z ( t )  and v(t). 

The following theorem  establishes the main  result. 

TLFeBOOK



154 CHAPTER 4. ROBUST 3-1, CONTROL 

Theorem 4.14: There  exists a memoryless state-feedback controller  such 
that  the closed-loop system (4.132) is  asymptoticallg stable and ~ ~ T z w ~ ~ w  5 7 
(7 > 0) 'd d j ,  hk 2 0 ( j  E JP) k E .lq), i j  there  exist  matrices 0 < Y = Y t  E 

, 0 < Qtj = Qt .  t 3  E 8"'" (j E JP), 0 < QSk Qik f !BnXn (IC E J d  

N E and scalars al, a2, a,, a b  > 0, a, = o(a1 +  CY^) such  that 
aa.M:Ma C I and abh!i![h!i!. C I solving the LMk 

S n X n  

(4.134) 

Proof: By differentiating (4.103) along the solutions of (4.132) and ma- 
nipulating, we get: 

where 

1 (4.136) 
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(4.137) 

A sufficient condition  for stability is that W, < 0. Expanding  this  condition 
using A. 1, we get: 

By employing the convexification procedure of Theorem 4.13 and in- 
troducing Y = P-', N = I (Y,  Qtj = P-lQ,P-l, Qs, = P-lSkP-' , 
Y d  = diug(Y, ..., Y) with (4.137), then  premultiplying (4.138) by P-l and 
postmultiplying  the  result by P " ,  we obtain: 

AY + Y A t  + B N  + NtBt  + (HAEY + Y H t A t H t )  + 
(HAEbN + NtEiAtHt)  + YLtLY + + 
(At + HaAaGa)Y,n,lYd(Att + G!A!H:) + 

P 4 

(at + f&Ab7b)Nodrt1N:d(Btt + ELAiT,") + C Qtj + C Qs, < 0 
j=1  k = l  

(4.139) 

Applying B.1.2, B.1.3 repeatedly  and by selecting scalaxs a1 > 0, a2 > 
0, > 0, ab > 0 such that CUaHkEi, < I ,  ab.ffLHb < 1, we obtain  the 
following bounds: 
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By substituting inequalities (4,140)-(4.143) and grouping similar terms, 
we get, 

P 4 
AY + Y A t  + BN + NtBt  + C Qtj + x QSk + H(a,I)I-P + Y E t Y  + 

j= 1 k=l 

NtTsN AtGQecAtt f EaYdQsfiEat f L3tNodI'eN;dBtt + 
Et,NodI'sN~dE~ + 5 0 (4.144) 

Simple rearrangement of (4.144) using A.1 yields the block  form (4.134) as 
desired. 

Remark 4.7: Theorem 4.14 provides a necessary and sufficient  delay- 
dependent condition for a memoryless  f.X,-controller  which guarantees  the 
norm bound y of the transfer function Tzw . To implement such a controller, 
one has to solve the following minimization problem: 

min Y 
L,W,U,Qtl,...,Qtp,Qsl'.. .,Qsg 

s.t. t o  L > 0, W,, 5 0 (4.145) 

Corollary 4.8: For the case of multiple state-delay systems with pa- 
rameter uncertainty, there exist matrices 0 < Y = Y t  E !RnXn, 0 < Qtj = 
Q:, E !Rnxn ( j  E JP) ,  N E !Rmxn solving the LMI: 

= 

where 

.c 0 (4.146) 

It is interesting to note that Corollary 4.8 recovers the  results of [165]. 

Corollary 4.9: For the case of multiple input-delay systems with pa- 
rameter uncertainty, there exists matrices 0 < Y = Y t  E !RnXn, 0 < Qsk = 
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Q:, E P X "  (IC E JP), and N E 'Rmxn solving the LMI: 

157 

14 7) 

4.4.5 Example 4.2 

The nominal data of the water-quality  dynamic model  given in Example 
4.1 will be used  here. The matrices  representing  parameter  uncertainties on 
the  system axe  given  by 

H = [ 0.8 ] A(t) = [ 0 0.3 sin(3t) 
-0.2 0.7 sin(t) 0 

0.6 0.4 0.25 0 0 0 0 0 
E6 = [ 0 -0.4 ] ' [ 0 0 0 0 0 0 . 2  1 

H 6 = [  0 0 0 0 .25 ] ' * '=  [ 0 0 0 0 0 O.4sin(t) O I  
0.15 0 0 0 0.5sin(2t) 0 0 0 0 

0.4 sin(2t) 0 0 0 0 0.G sin(t) 0 ] , = [ 0.4 0 ] Ai = -0.2 0.6 

-0.2 0.4 0.1 -0.4 
E2 = [ 0 0.21 ' E3 = [ 0.2 0 ] 

"l = [ 0 0.2 ] ' '" = [ 0,2 0.8 ] 
The matrices Q t l ,  Q t 2 ,  Q t 3 ,  Qsl and Qs2 are chosen such that, Qtl= Qtz= 
Qt3 = 0.0011, and Qsl=Qs2 = 0.00011. The  other design parameters are 

the LMI toolbox, it was found that y = 3.2394 and 

0.2 -0.8 -0.4 0 

a1 = a2 = a, = 0.001, Q, = a6 5, (T = 0.5, (Tu 0.5 and 0 6  = 0.4, Using 

0.0014 -0.0004 ] , N = [ -0.1429e - 3 0.0602e - 3 
= [ -0.0004 0.0015  0.0381e - 3 -0.2073e - 3 1 
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The gain of the memoryless state-feedback controller is 

-0.0975 0.0174 
-0.0083 -0.1413 1 

4.5 Linear Neutral Systems 

In Chapter 2, we considered a class of neutral functional differential equa- 
tions (NFDE) described by a linear model with parameteric uncertainties: 

where z E !Rn is the state, A c Z n x n  and Ad E $ P x n  axe known real constant 
matrices, T > 0 is an unknown constant delay factor and AA E ?RnXn and 
AAd E !RnXn are matrices of uncertain parameters represented by: 

[AA(t)  AA,(t)] = H A(t)[B Ed] , At((t)A(t) 5 I ; 'G' t (4.150) 

where H E $ P x a  , E E % p x n  , E d  E % p x n  are known real constant matrices 
and A(t) E !Rax@ is an unknown matrix with Lebsegue measurable ele- 
ments. The initial condition is specified as (z(to), z(s)) = (xo, $(S) ) ,  where 
@ ( e )  E -7, to] .  Note that when AA E 0, AAd 0, system (EA,) reduces 
to the  standard linear neutral systems (1221. We also proved that subject  to 
Assumption 2.1 and Assumption 2.6, the  neutral system (can) is ro- 
bustly asymptotically stable independent of delay if the following conditions 
hold: 

(1) There exist matrices 0 < P = Pt E !Rnxn , 0 < S = St E ?Rnxn 

and 0 < R = Rt E !RnXn and scalam E > 0, p > 0 satisfying the ARI: 

PA + AtP + ( E + ~ ) P H H ~ P + ~ - ~ E E ~ + S +  
[P(AD + Ad) + SD][R - E-'(D~@ED + E,!jEd)]-l 
[P(AD + A d )  +SDIt < 0 (4.151) 

(2) There exist matrices 0 < S = St E !RnXn and 0 < R = Rt E 
satisfying the Lyapunov equation (LE) 

D t S D  - S + R =  0 (4.152) 

Our task in the following sections is to develop robust 3-1, control results. 
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4.5.1 Robust Stabilization 

Here, we consider a controlled-form of system (can) represented by: 

(EA,,) : k ( t )  - Di( t  - 7) = ( A  + AA)x( t )  + (Ad + AAd)z(t - T )  

+ [B + AB(t)]u( t )  
= AAx(t) 4- A ~ A z ( ~  - T )  f BAu(t) (4,153) 

X ( G 3  + 77) = +(v) 9 vv E [-T,OI (4.154) 

where u(t)  E !RP is the control input, B E ! R n x p  is a real matrix and AB(t )  
represents time-varying parameteric uncertainties at the  input which is of 
the form: 

AB( t )  = .ffA(t)Eb (4.155) 

and Eb E X p x P  is a known constant  matrix. The remaining matrices are as 
in (4.148)-(4,150). We restrict ourselves  in the robust stabilization problem 
of the uncertain  neutral system (EA,,) on  using a linear memoryless state- 
feedback u(t)  = I(,z(t) and establish the following result. 

Theorem 4.15: System (EA,,) is robustly stable via memolryless state 
feedback u(t)  = I(,z(t) if there  exist scalars ( E  > 0, p > 0)) matrices 0 < 
Y = Y t  E !Rnxn, 0 < R = Rt E P X n ,  0 < S = St E !Rnxn and X E !Rmxn 

satisfying  the LMls: 

Moreover,  the feedback gain  is  given by: 

K S  = x Y-l (4.157) 

where 

W ( X ,  Y,  S )  = YAt  + AY + ( E  + p)HHt  + Y S Y  + B X  + X t B t  
G(X ,  Y,  S )  = AD + Ad + BX-lYD + Y S D  

J s  = R - E-l(Ed [E + l!?6XY-1)D)t(Ed [E  + AY,XY-~]D) 
(4.158) 

TLFeBOOK



160 CHAPTER 4. ROBUST ?&, CONTROL 

Proof: System (EA,,) with the memoryless feedback control law u(t) = 
Kss(t) becomes: 

(EA,,) i ( t )  - Di( t  - T )  AAc(t)X(t) + AdA(t)Z(t - T )  

= [A, + HA(t)M,]z(t) + A d ~ ( t ) ~ ( t  - T )  

(4.159) 

where 
A, = A + B .Ks , MC = E + Eb K, (4.160) 

By Theorem 2.6, system (4.159)-(4,160) is robustly, asymptotically stable 
i f  

PAA, + Ai,P + S + 
(PAacD + S D  + PAd~)R-l(PAA,D + SD + P A ~ A ) ~  c 0 

(4.161) 

for all admissible uncertainties satisfying (4.150). Applying B.1.2 and B.1.3, 
it can be shown that (4.160) reduces for some (6 > 0, p > 0) to: 

PA + AtP + ( E  + p)PHHtP + S + PBK, + KtBtP+ 
p"(E + EbKs)t(E + E6Ks) + { P [ ( A  + BKs)D + A d ]  + SD} 
{ R  - €-l(& [E  i- &,Ics]D)t(Ed i- [E  i- EbKS]D)}-l 

{ P [ ( A  + BKS)D + Ad] + SD}t 0 (4.162) 

Premultiplying  and  postmultiplying (4.162) by P-', letting Y = P'l and 
using (4.157), we get: 

AY + YAt  + ( E  + p)HHt  + Y S Y  + pY1(EY f EbX)t(EY  Ebx) 
BX + XtBt  + { ( A  + BX-'Y)D + Ad + Y S D }  

{ R  - €-'(Ed [ E  E6XY-']D)'((Ed [E  &,xY"]D)} 

{ ( A  + BX-'Y)D + Ad + Y S D } t  < 0 (4.163) 

Finally by A.1, the LMI (4.156) follows from the ARE (4.163). 

Corollary 4.10: Svstern (C,) with A A  0, AAd S 0 is robustly stable 
via memoryless  state feedback u( t )  = Ksx(t)  if there  exist matrices 0 < Y = 
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Y t  E sSZnxn, 0 < R = Rt E !RnXn, 0 < S = St E !Rnxn and X E 91mxn 
satisfying  the  LMIs: 

YAt + AY+ A D  + Ad+ 
YSY + B X + X t B t  B X - l Y D + Y S D  
DtStY + D t Y X - t B t  

+Ai + DtAt -R 

D t S D  - S < 0 (4.164) 

Moreover,  the feedback gain  is  given by: 

I(, = x Y-l (4.165) 

Proof: Set E = 0, H = 0, E h  = 0 in  (4.1G3). 

4.5.2 Robust 7-lm Performance 

We proceed further and extend the  robust stabilization results developed in 
the previous section to the case of robust 7-t, performance problem. For 
this purpose, we consider the following system: 

where x E %P is the controlled output, N E ! R n x p  , C E ! R P x n  are known  real 
constant matrices and w ( t )  E &[O, CO) is the external input. 

Theorem 4.16: Subject  to Assumption 2.1 and Assumption 2.6, 
the  neutral  system (CAnw) is robustly asymptotically stable independent of 
delay  with  disturbance  attenuation y if the  following  conditions hold 

(l) There  exist  matrices 0 < P = Pt E !Rnxn , 0 < S = St E !Rnxn and 
0 < R = Rt E !Rnxn and scalars E > 0, p > 0 satisfying  the ARI: 

PA + AtP + P[(€  + p ) H P  + y - ' N N t ] P +  S + CtC+ p-'EEt + 
[ P ( A D  +Ad) + (S  + CtC)D][& - € - l ( D t E t E D  + l3:Ed)l-l 
[P(AD + A d )  + ( S  + CtC)DIt < 0 (4.169) 
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( 2 )  There  exist  matrices 0 < S = St E !Rnxn and 0 < R = Rt E 
such  that = R + CtC satisfying the LE 

D t ( S f C t C ) D  - (S+CtC)  + 5= 0 (4.170) 

Proof: In order to show that system (EA,) is robustly  stable with a dis- 
turbance  attenuation y , it is required that  the associated Hamiltonian 
H(z,  W, t )  satisfies 12181: 

H(z,  w,t) = V7(zt) + z t ( t ) z ( t )  - 72W"t>W(t)  c 0 

where V7(zt) is given by (2,118). By differentiating (2.118) along the trajec- 
tories of (4.166)-(4.167), it yields: 

H(z, W ,  t )  = [ A ~ z ( t )  + Adaz(t - T)jtP[x(t) - Dz(t - T)] 
4" [x( t )  - h ( t  - T)ltP[&Z(t) A d ~ z ( t  - T ) ]  

+ ztSz(t)  - zt(t - T)SX(t  - 7) + XtCtCX - y 2 W t W  

+ wtNtP[z( t )  - Dz(t - T ) ]  + [z ( t )  - DZ(t - T)ltPNW 
(4.171) 

In terms of M ,  we manipulate (4.171) to reach: 

H ( x ,  W, t) = Mt(Xt)[PAA + ALP + S + CtC]M(zt)  
+ Mt(Zt)[PAAD + (S  + CtC)D + P A d ~ ] z ( t  - T )  

+ zt(t - T)[DtAkP + Dt(S + CtC) -l- A;&P]M(Zt) 
-k Zt ( t  - T)[Dt(S f CtC)D - s]Z(t - T )  

+ wtNtPM(Zt)  + Mt(zt)PNw - y-2Wtw 

(4.172) 

Using & = R+CtC, completing the squares in  (4.172) and arranging terms 
we reach: 

H ( z ,  W ,  t )  5 M t ( z t ) [ P A ~  + A i  P + S + CtC + ym2PNNtP]M(zt)  
+ Mt(zt)[PAAD + ( S  + CtC)D + P&A]R,' 

[PAAD -l- (S + CtC)D i- p A d ~ ] ~ M ( z t )  (4.173) 

For asymptotic stability of system ( C A ~ , ) ,  it is sufficient that 

P& + ALP + S + CtC + Y - ~ P N N ~ P  + 
[PAAD + ( S  + CtC)D + PA~A]R;' 
[PAAD + (S + CtC)D + PAda] < 0 (4.174) 
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Using B.1.2 and B.1.3 in  (4.174), it  follows for some p > 0, o > 0 that 

PA + AtP + P[(€  + p ) H H t  + T - ~ N N ~ ] P  + S + CtC + p-'EEt + 
[P(AD  +Ad) + (S  + CtC)D][& - €"(DtEtED + E:Ed)]-l 
[P(AD  +Ad) + (S  + CtC)DIt < 0 (4.175) 

Finally, ART (4.175) corresponds to (4.169) such that S and R satisfy (4.170). 

Corollary 4.11: Subject  to Assumption 2.1 and Assumption 2.6, 
the  neutral  system (EA,,) is  asymptotically stable independent of delay if 
there  exist  matrices 0 < Q = Qt E !Rnxn , 0 < S = St E !RnXn and scalars 
E: > 0, p > 0 satisfying  the LMXs 

.- AQ + &At + cHHt  AD+Ad  Y-lN - 
+Q(p-lEEt + S  + CtC)Q H +QSD 

Ht  -p-lI 0 

- 7 - 1  Nt  0 0 -I - 

DtAt + Ai  
+DtSQ 

O < o  
0 - JW 0 

Dt ( S +   C t C )  D - ( S +  CtC) < 0 
€[Dt(S + CtC)D - ( S  + C")] + [DtEtED + E&] < 0 

(4.176) 

where 

J ,  = Dt(S + CtC)D - ( S  + C") + €-l(DtEtED + EjEd) 

Proof: By A.1, ARI (4.169)  and (4.170) with Q = P-' are equivalent to 
the LMI (4.176). 

We now consider the  robust synthesis problem for system (CAnwu): 

The following theorem  establishes  the main result. 

Theorem 4.17: System ( C A ~ ~ ~ ~ )  is  robustly stable with  a  disturbance 
attenuation y via  memoryless  state feedback if there  exist scalars ( E  > 0, p > 
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0) ,  matrices 0 < Y = Y t  E ?Rnxn, 0 < R = Rt E !RnXn, 0 C S = St E W x n  
and X E ?Rmxn satisfying  the LMIs: 

[ G ( X ,  y, S) 0 - J, I < O  

W,(X, Y, S )  YEt + XtEl G,(X, Y, S) 
EY + GbX PI 0 

Dt(S + CtC)D - (S + CC) < 0 
( E d  + [ E  + E6xY-1]D)t((E/’d + [ E  + EbxY”]D) - €(R + CtC)  < 0 

(4.179) 

Moreover,  the  feedback  gain is given by: 

K&? = x Y- l  (4.180) 

where 

Proof: System (CAnlou) subject to the  control law u(t) = K,z(t) has 
the form: 

k ( t )  - Dk(t - 7) = na*(t)X(t) i- A d ~ ( t ) z ( t  - 7 )  f Nw(t) 
= [A, + HA(t )M,]z ( t )  + NW@) (4.182) 

x ( t )  = CX(t) (4.183) 

where 
A,  = A + B K, , = + x<* (4.184) 

In terms of Vr(xt) in (2.118), we evaluate  the  Hamiltonian H(z ,w ,  t )  asso- 
ciated with (4.182)-(4.183) in  the  manner of Theorem 4.16 to yield: 

. f I ( X ,  W, t )  [AA*X(t> f   AX(^ - 7) l tP[z ( t )  - h ( t  - T ) ]  

4- [z( t )  - D x ( ~  - ~ ) ] ~ P [ A a , z ( t )  + A d ~ z ( t  - T ) ]  

+ d S X ( t )  - zt(t - 7)SX(t - r )  + ztctcz - y - w w  
+ wtNtP[z( t )  - DX(t - 7)] + [X@) - Dz(t - T)]tPNW 

(4.185) 
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In terms of M ,  we manipulate (4.185) to reach: 

from  which it is sufficient  for asymptotic stability that 

Using B.1.2 and B.1.3 in (4.187), it follows  for some p > 0,a > 0 that 

Finally, premultiplying (4.188) and postmultiplying by P-', letting Y = P-l 
and using (4.180), the LR4Is (4.179) follow. 

4.6 Notes and References 

For  basic results on 7-1, control of time-delay systems, the reader can consult 
[13,17,19,22,32,47,191,222]. What we have attempted in this  chapter is to 
present general results on robust Z, control for  wide  classes of uncertain 
time-delay systems. Despite this effort, there are ample interesting problems 
to be solved. These include, but are not limited to, 3-1, control incorporating 
delay-dependent internal stability, 'FI, control of other classes of nonlinear 
time-delay systems and discrete-time systems. 
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Chapter 5 

Guaranteed Cost Control 

In  Chapter 3, we addressed the problem of designing stabilizing feedback 
controllers  using a standard state-feedback  approach. Then in Chapter 4, 
we discussed a second approach  to  the  same problem  based  on E,  theory. 
Here, we move another  step  further and examine a third design approach 
called guaranteed cost control. As we shall  see  in  the sequel,  this  appraoch 
uses a fixed Lyapunov  functional to establish an  upper  bound  on  the closed- 
loop value of a quadratic cost  function. Keeping up with our objective 
throughout  the boolc, we will start by treating continuous-time  systems and 
then  deal  with  discrete-time  systems. 

5.1 Continuous-Time  Systems 

5.1.1 Uncertain  State-Delay  Systems 

We consider a class of uncertain  time-delay  systems  represented by: 

(EA) : k ( t )  = [A + AA(t )]x( t )  + [R  + AB(t)]u( t )  
+ [ A d  + A A d ( t ) ] ~ ( t  - T) 

= A ~ ( t ) z ( t )  + B ~ ( t ) u ( t )  + A d ~ ( t ) x ( t  - r )  (5.1) 

where ~ ( t )  E 8" is the  state, ~ ( t )  E !RTn is the control input  and  the  matrices 
A E !Rnxn, B E !RnXm and A d  E !RnXn are real constant  matrices  representing 
the nominal plant. Here, r is an unknown constant integer  representing the 
number of delay units in the  state. For all practical  purposes, we consider 
0 5 r 5 T* with T* being known. The matrices AA(t)  , AB(t )  and AD(t)  

1 G7 
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represent parameteric ullcertainties which are of the form: 

[AA(t) AB(t)  AAd(t)] = H A(t)  [ E  E b  E d ]  (5.2) 

where fI € !RnXa , E E ! R P x n ,  Eb E X p x m  and E d  E Rpxn are known 
constant matrices and A ( t )  E P x p  is an unknown matrix satisfying 

The initial condition is specified as (z(O), z(s)) = (xo, 4(s) ) ,  where 4(.)  E 
L2[-7,01* 

Associated with the uncertain system (Ea) is the cost function: 

J = l* [ z'(t)Qz(t) + ut(t)Ru(t) ] dt 

where 0 < Q = Qt E ' W X n  , 0 < R = Rt E '?Rmxrn are given state and 
control weighting matrices. 

Distinct from system (EA) is the free-system 

for which we associate the cost function: 

In the sequel, we consider the problem of designing a robust  state- 
feedback control that renders the closed-loop system  robustly  stable and 
guarantees a prescribed level of performance, 

5.1.2 Robust Performance  Analysis I 
Since the  stability of system (CD) is crucial to  the development of the 
guaranteed cost control for (EA), we adopt hereafter the notion of robust 
stability  independent of delay which was discussed in  Chapter 2. Recall 
from Lemma 2.1 with Lyapunov-Krasovskii functional (2.5) that system 
( C D )  is robustlu stable (RS) independent of delay if there  exist  matrices 
0 < P = Pt E ' W x n  and 0 < 147 = 147' E !Rnxn satisfying the ARI: 
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Or equivalently, there exist matrices 0 < P = Pt E !RnXn and 0 < W = 
Wt E !RnXn satisfying the LMI 

Based on this, we have the following definition: 

Definition 5.1: System (ED) with cost function (S) is said to  be robustly 
stable (RS) independent of delay  with  a quadratic  cost matrix (QCM) 0 < 
P = Pt E !Rnx" if there  exists a matrix 0 < v(r = W t  E !RnXn such that 

AL(t)P + PAh(t)  + P A ~ A ( ~ ) W - ~ A : ~ ( ~ ) P  + W + Q < 0 
VA : At@) A(t) 5 I W 

Then, we have the following result : 

Theorem 5.1: Consider  system ( C D )  and  cost function (G). If 0 < P = 
Pt is  a QCM, then ( C D )  is RS and the cost function  satisfies  the bound 

Conversely, if system ( C D )  is RS then  there will be a QCM for  this  system 
and cost function (5.6). 

Proof:(==+) Let 0 < P = Pt be a QCM for system ( C D )  and cost 
function (5.6). It follows  from Definition 5.1 that there exists a matrix 
0 < W = Wt E 9 F X n  such that 

VA : At A 5 I , X ( k )  # 10 01 

where 
X ( t )  = [ x t ( t )  zt(t - T ) l t  (5.11) 

Therefore,  system ( C D )  is RS. 
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Now by evaluating the derivative Vl(at) of the functional (2.5), we obtain: 

I - . ' (k)Q~(k)  (5.12) 

from which we conclude that 

integrating (5.13) over the period t E [O, m] and using (5.6),  we get: 

By (5.10), system ( C D )  is RS leading to V(z( t )  + 0 as t + 00 and 
therefore (5.14) reduces to 

(e) Let system ( C D )  be RS. It follows that there  exist 0 < P = Pt and 
0 < W = I/Vt such that 

Hence, one can find some p > 0 such that  the following inequality holds: 

The above inequality implies that there exists a matrix l@ = p-lW such 
that the  matrix P = p-lP is a QChl for system (CD) .  

Remark 5.1: In applying Theorem 5 .  l to a particular example we 
will  need the bound T* on the time-delay factor r to evaluate the upper 
bound on Jo . 

Theorem 5.2: A matrix 0 < P = Pt E W'" is a QCM for system ( C D )  
and cost function (5.6) if and only if there  exists a matrix 0 < W = W t  E 
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PA+AtP+W+ P&+ - 
Q + p-' Et E pH P - I E ~ E ~  

HtP - p - l I  0 < o  
AiP+ 

- p-'E$Ed 0 -1Vd 

p-'EtEd -W < O (5.17) 

Proof: By Definition 5.1 and A. l ,  system ( C D )  with  cost  function 
(5 .6)  is &CM which implies that 

pAA(t) A i ( t ) P  + W + Q PAdA(t) 
Ai* ( W  -W 1 - 

l PAd+ l 
- 

P A + A ~ P + W + Q  

AiP+ 
PHA(t )E  + EtAt( t )HtP PHA(t)Ed (5.18) 

EiAt ( t )  Ht  P - T V  

Q A :  At A 5 I Q t  

Inequality (5.18) holds if and only if 

L 

[ i; 
QA : 

] At( t ) [LtP 01 < 0 

At(t) A(t) L X V t 

By B.1.4, inequality  (5.19) for some p > 0 is equivalent to 

(5.19) 
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Simple rearrangement of (5.20)  yields LMIs (5.17). 

For  convenience, we define the following matrix expressions: 

Corollary 5.1: A matrix 0 < P = Pt E !BnXn is a QCM for sgstern 
(CD) and cost function (5.6) if and  only if there  exists a matrix 0 < W = 
kVt E Z n x n  and a scalar p > 0 such  that kvd = W - p-'A;Ad > 0 and 
satisfying the ARI 

PA  + Atp + P [ ~ H H ~  + rrt]p + W + Q + p-lRtn < o (5.22) 

Proof: Follows  from application of A . l  (5.21) using A.2 and (5.21). 

Recalling A.3.1, it is possible to cast Theorem 5.2 into  an Hm-norm 
bound setting in the following  sense. There exists a matrix 0 < P = Pt E 
P X n  such that inequality (5.17) is satisfied if and only if the following 
conditions hold: 

(a) A is I-Iurwitz 
(b) The following  H,--norm bound is satisfied 

An important point to observe is that  the  set Y = { ( p ,  W )  : p > 0 , 0 < 
W = W t  } over  which inequality (5.17) has a solution 0 < P = Pt can be 
determined by finding those values of p > 0 , 0 < W = W t  such that (5.23) 
is satisfied. More importantly, for any such p , W the following ARE 

has a stabilizing solution P 2 0. 

Corollary 5.2:  Consider the time-delay system 

(5.25) 
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where the  matrix A is Hurwitx. A matrix 0 < P = Pt E !Rnxn is a QCM for 
sgstem (CD,) and cost function (5.6) if and only if any  one of the  following 
equivalent  conditions  hold: 
(1) There  exists a matrix 0 < W = Wt E !Rnxn and  a  scalar p > 0 
satisfying  the  LMI 

PA  + AtP + W + Q + p-'EtE PH PAd 
HtP --p-'I 0 < 0 (5.26) 
Ai P 0 - T V  I 

(2) There  exists a matrix 0 < TV = T V t  E !Rnxn and  a  scalar p > 0 
satisfying  the A R I  

P A  + AtP + P[pHHt + Ad'l/v-'AL]P + W + Q + p-'EtE < 0 (5.27) 

(3) There  exists a matrix 0 < T/V = T V t  E !RnXn and  a  scalar p > 0 such 
that  the A R E  

P A  + AtP + P [ p H H t  + AdlY-'A;]P + T V  + Q + p-'EtE = 0 (5.28) 

has a stabilizing  solution P < P. 
(4) There  exists a matrix 0 < T V  = TVt E !Rnxn and  a  scalar p > 0 
satisfying  the  following  HW-norm b0un.d 

[ pil!: ] [ S I  - A]"' [ p 1 / 2 N  A - dT&"1/2] 

Ed = 0. 
Proof: Follows  easily  from Theorem 5.2 and Corollary 5.1 by setting 

< 1 (5.29) 
00 

5.1.3 Robust performance Analysis I1 
To complete our work, we deal here with robust performance analysis based 
on the delay-dependent robust stability. This was  previously  discussed in 
Lemma 2.2. In the following,  reference is made to the delay system 

(CD :) k ( t )  = ( A  + A d ) ~ ( t )  

(5.30) 
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which represents a functional differential equation  with  initial  conditions over 
the interval [-2r*, 01. To deal  with  system ( C D ) ,  we introduce a Lyapunov- 
Krasovsltii functional Vj(zt) of the form: 

where 0 < P = Pt E ?Rnxn and r1 > 0 , 7-2 > 0 are weighting factors.  Note 
that  the second and  third  terms  are  constructed  to  take  care of the delayed 
state. Recall that VS(xt) here is slightly modified from (2.59) in  Chapter 2. 

Definition 5.2: System  (CD)  satisfying Assumption 2.2 is  said to be 
robustly stable for  any  constant  time-delay r satisfying 0 5 r 5 r* $, 
given r* > 0, there  exists  matrix 0 < P = Pt E !Enxn and  scalars r1 > 0 
and r2 > 0 satisfying  the ARI 

P(AA + A d A )  + (AA -k AdA)tP -k T*PAda&P 
+ r * r d i A a  + r * r a A : ~ A d ~  < 0 b' A : At(t) A(t) 5 I 'Jt 

Definition 5.3: System ( C D )  satisfying Assumption 2.2 with cost 
function (5.6) is said  to be robustly stable with a quadratic  cost  matrix 
(QCM) 0 < P = Pt E !Rnxn for  any  constant  time-delay r satisfying 
0 5 r 5 r* if) given r* > 0, there  exist  matrix 0 < P = Pt E !Enxn 

and  scalars r1 > 0 and 7-2 > 0 satisfoing  the ARI 

P(AA + Ada) + (AA AdA)tP T*PAdAA:AP + r*rlAiAa 
+ r * r 2 A i a A c i ~  + Q < 0 V A : A'(t) A(t)  5 I V t  

The following theorem  derives an  upper  bound on the cost  fucntion Jo 
in the case of robust delay-dependent  stability. 

Theorem 5.3: Consider  system ( C D )  and cost function (5.6). Given 
scalars r* > 0,  o > 0, p > 0,  r1 > O,r2 > 0, if 0 < P = Pt is a QC" then 
( C D )  is robustly stable for any  constant  time-delay r satisfying 0 5 r 5 r* 
and  the cost function  satisfies  the bound 
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Conversely, if system  (CD)  is  robustly stable for  any  constant  time-delay r 
satisfying 0 5 r 5 r* then  there will be a Q C "  for  this  system and  cost 
function (5.6). 

Proof:(*) Let 0 < P = Pt be a QCM for system ( C D )  and cost 
function (5.6). It follows  from Definition 5.3 that there exist scalars r* > 
0, r1 > 0, r2 > 0 such that 

Note that the  matrix in (5.33) is continuously dependent on r*. Therefore, 
system ( C D )  is robustly stable for  any constant time-delay r satisfying 0 
7- 5 r*. 

obtain: 
Now  by evaluating the derivative r/5(x(t) of the functional (5.31), we 

from  which we conclude that 

zt(q&+) I -i;(.t) (5.35) 

l Integrating (5.35)  over the period t E [O,CQ] and using (5 .6 ) ,  we get: 

(5.36) 
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By (5.33), system (CD) is robustly stable for any  constant time-delay T 

satisfying 0 5 r 5 r*. This leads to V,(xt)  + 0 as t - 00 . With  the 
help of B. l .2 for some scala3 CT > 0, p > 0 (5.3G) reduces to 

(e) Let system (CD) be robustly stable for any constant time-delay T 

satisfying 0 5 7 5 T* .  It follows that there exist matrix 0 < P = Pt and 
scalars r1 > 0, ~2 > 0 such that 

Hence, one can find some p > 0 such that the following inequality holds: 

The above inequality implies that there exist scalars T O  > 0, r"l > 0, r " ~  > 0 
such that the matrix P = F I P  is a QCM for system (CD). 

5.1.4 Synthesis of Guaranteed Cost Control I 

In this section, we focus attention on the problem of optimal guaranteed 
cost control based on state-feedback for the uncertain delay system (EA) 
with uncertainties satisfying (5.3) and based  on delay-independent robust 
stability, Here the cost function is given  by (5.4). To proceed further, we 
provide the following definition: 

Definition 5.4: A state-feedback controller u(t) = K,x(t) is said to 
define a quadratic guaranteed cost control (QGCC) associated with cost 
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matrix 0 < P = Pt E ?Rnxn for   system (EA) and cost function (5.4) if there 
exists a matrix 0 < W = W t  E !RnXn such  that 

"(A, + HA(t)Ec)  + (A, + HA(t )EJtP + W + Q + K:RKs + 
P(&  .ffA(t)Ed)W-'(Ad + HA(t)Ed)tP < 0 (5.39) 
VA : At(t) A(t) 5 I V t 

where 
A, = A + BIC,, E, E + E61(s (5.40) 

The following theorem  establishes that  the problem of determining a QGCC 
for  system (EA) and cost  function (5.4) can be recast to  an algebraic matrix 
inequality (AMI) feasibility problem, 

Theorem 5.4: Suppose  that  there  exist a  scalar p > 0 and  a matrix 
0 < W = W t  such  that  the  p-dependent ARE 

has a stabilizing  solution 0 < P = Pt.  I n  this case, the  state-feedback con- 
troller 

as a QGCC for  system EA with cost matrix P which  satisfies P < P < P+pI 
for any p > 0. 

Conversely  given  an4y QGCC with cost matrix 0 < P = pt , there  exists 
a scalar p > 0 and  a matrix 0 < T V  = T V t  such  that  the ARE (5.41)  has a 
stabilizing  solution 0 < P, = Pi where P, < p. 

Proof: (=+) Let the control law u(t)  be defined by (5.42). By substi- 
tuting (5.40) and (5.42) into (5.41) and manipulating  using A.2, it  can be 
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shown that (5.41) is equivalent to: 

PA, + A:P + pPHHtP + p"E:Ec + W + Q + K:RK, + 
(PA, + p-'E:Ed)WT'(A:P + p-lE:E,) = 0 (5.43) 

By B .l. 1, it follows that there exists a matrix 0 < p = pt  such that 

?Ac + A:? + p .FHHtP + p-'E:E, + W + Q + K;RK, + 
(PA, + p"E~E~)r / vd l (A~P + p-'EiEc) < 0 (5.44) 

which  implies that there exists a matrix @ > 0 such that 

PA, + A:P + p P H H t P  + p-'E:Ec + W + Q + K:RK, + 
(PA,  + p-'E:Ed)VVT'(A:P +p-'EiE,) + Qi = 0 (5.45) 

Given (T E (0, l), it follows  from (5.45) and the properties of the ARE that 

PAc + A:P + pPHHtP + p-' EfE, + W + Q + K:RK, + 
(PA,  + p-'ELEd)W,'(A:i' + p-'EjEc) + (T@ 0 (5.46) 

has  a stabilizing solution 0 < P = P'. In addition, p > P and as 
(T 3 0, P -+ P. Therefore, given any p > 0, we can find a a > 0 such 
that P < = P < P + p l .  

(e) Suppose that I@) = I(,z(k) is a QGCC with a cost matrix p. 
By Theorem 5.2, it follows that there exists a scalar p > 0 and a matrix 
0 < T V  = T V t  such that 

PA,  +ALP+ p P H f I t P  + p-'E:Ec + W + Q + Ic,"RK, + 
(PAd + p - l E ~ E d ) T / V ~ ' ( A p  + p-'E:E,) < 0 (5.47) 

In terms of (5.40), inequality (5.47) is equivalent to: 

P(A  + BK,) + ( A  + BK#P + pPHHtP + 
p-l(E .E61(s)t(E E61c.9) + I/V Q + K:RKs + 
{PAd + p-'(E+ EbK,)'E,} W,' {AiP+ p"Ei(E+ EbK,)} 
< o  (5.48) 

Define 

.Ks = . K s  , R = p R 
B = B + p-'&~d$-'E:E6 (5.49) 
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By substituting (5.21), (5.49) into  (5.48), it follows that there exists P > 0 
satisfying 

Now, consider the  state feedback 3-1, control problem of the system: 

It follows that from  [l821 that system (5.42) with the  state feedback u(t)  = 
R,z(t) has  the p-dependent ARE (5.41). Moreover, it has a stabilizing so- 
lution P* 2 0 such that P* < P. Since Q > 0, T V  > 0, it follows that P* > 0. 

Corollary 5.3: Consider  the  system 

(EA,) : k ( t )  = [ A  + AA(t)]z(t)  + [B  + A B ( t ) ] u ( t )  + &z(t - T )  (5.52) 

which is obtained from  system (EA) b y  setting E d  = 0; I n  this case, the 
A R E  (5.41) and  controller (5.42) reduce to: 

u(t) = I(,x(t) 
ICs = -(R + p-'EiEb)-' { BtP + p-'E$} (5.54) 

Corollary 5.4: Consider  the  system 
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which  is obtained from  system (EA) b y  setting E d  = 0, H = 0, E b  = 0 
corresponding  to  the case of delay  systems  without  uncertainties. In such 
case, the A R E  (5.51) and controller (5.54) reduce to: 

PA + AtP + TV + Q + P(AdW-'A; - BR-'Bt)P = 0 (5.56) 
up)  = -R-WPz( t )  (5.57) 

which  provides a guaranteed cost control for linear continuous-time systems 
with state-delay. 

5.1.5 Synthesis of Guaranteed  Cost  Control I1 

Here, we deal with the problem of optimal guaranteed cost control based on 
state-feedback for system ( C D )  and adopting  the notion of delay-dependent 
stability. Here the cost function is given  by (5.4). The following definition 
is given: 

Definition 5.5: A state-feedback controller u(t)  = K,z(t) is said to de- 
f ine a quadratic guaranteed cost control (QGCC) associated with cost matrix 
0 < P = Pt E ?Rnxn for system (EA) and  cost function (5.4) for any con- 
stant  time-delay r satisfging 0 < r < r* if, given r* > 0, there  exist 
matrix 0 < P = Pt E !Rnxn and  scalars r1 > 0 and r2 > 0 satisfping  the ARI 

P A c d ~  + A$AP + T* P A d ~ A i A P  + K:RK, 
+r*r1A:&ACn + r*raA2AAda < 0 
V A : At((t) A(t) ,< I Vt  (5.58) 

where 

AcdA = A c d  f +ffA(t)Ecd 
= ( A  + Ad + Bl(s) + HA( t ) (E  + E d  + EbK,) 

A,& = A, + H A(t) E, 
( A +  BKS) + f . A ( t ) ( E +  E b l c , )  (5.59) 

The following  two theorems establish that  the problem of determining a 
QGCC for system ( C D )  and cost function (5.4) can be recast to an ARI or 
LMI-feasibility problem, 

Theorem 5.5: Given  system (EA) and cost function (5.4). Suppose 
that  there  exist matrix 0 < P = P t ,  scalars TI  > o,r2 > 0, p1 > 0, p2 > 
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0, p3 > 0, p4 > 0 and r* > 0 such  that for ang  constant  time-delay r such 
that 0 5 r r* satisfying  the ARI 

{ BtP + p;'E;(E + E d )  + T * N ~ N ~ } ~  < 0 

with 

(5.60) 

is a QGCC for  system CA with cost matrix 0 < P = Pt. 

Proof: From (5.59) and A.1, B.1.2, we get: 
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(Ad + H A J T ~ ) ~ ( A ~  + HAEd)  ,< pglE:Ed + A;(I - p3HHt)-'Ad (5.65) 

P(Ad + HABd)(Ad + HAEd)tP 5 p T I P H H t P  
+ P[Ad(I - p4E;Ed)-'A:]P 

(5.66) 

for any  scalars p1 > 0, ..., p4 > 0 satisfying ( I  --p2HHt) > 0, ( I  - p 3 H H t )  > 
0, (I-pd E:&) > 0. It follows from Definition 5.3 , (5.61) and (5.63)-(5.66) 
with some arrangement  that 

P ( A  + Ad + BKs) + ( A  + Ad + BKs)tP + P[plHHt + T M ' M ~ I P  + 
[p,'(E + Ed>"E + Ed) + TM;M2] + 
IC: { B ~ P  + ~ Y ~ E ; ( E  + E ~ )  + ~ N ; N ~ }  + 

K ~ ; ( R + I . L ; ~ E ; E , , + ~ N ; N ~ } K ,  < o (5.67) 

{ PB + /-lY1(E + Ed)th!b + ~ N p 1 )  . U s  + 

Observe that (5.G7) is continuously dependent on r.  On  completing the 
squares in (5.67) with respect to K, and  arranging  terms,  one  obtains the 
control law (5 .62)  such that 0 < P = Pt satisfies ARE (5.60). 

Theorem 5.6: Given  sgstem (Ea) and cost function (5.4)) suppose  that 
there  exist  matrices 0 < Y = Y t ,  0 < S = St ,  scalars r1 > O,r2 > 0, p1 > 
0, p2 > 0, p3 > O , p 4  > 0 and r* > 0 such  that for any  constant  tirne-delay T 

such  that 0 5 r ,< r* satisfying  the LMIs 

1 r*A.l,Y T* N2S 0 0 -r*x 0 q < o  0 

r(Y,r*,p) r*M1 r*YMl r*SN; 
r*M;  "7*1 0 

"7*1 
p 2 H H t - I  < 0 ,  p ~ E ~ i 3 d - I  < 0 ,  p3HHt - X  < 0 (5.68) 

where 

r(Y, 7, p)  = ( A  + Ad)Y + Y ( A  + Ad)t + p l H H t  + SBt + BSt + 
p l ' Y ( E  4- Ed)Y s(h! pTIE;Eb)s 
s[p;%;(E + E ~ )  + T N : N ~ J Y  + Y[pT1(E + E ~ ) ~ B ~  + T N , ~ N ~ ] S  

(5.69) 
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Then,  the state-feedback controller 

u(t) = SY-lz(t)  

183 

(5.70) 

is a QGCC for sustern CA with  cost  matrix 0 < P = Pee 

Proof: Starting from (5.67) and  substituting Y = P-l, K s  = SP and 
manipulating using A.1, one immediately obtains (5.68). 

Remark 5.2: I t  is  important  to observe the difference between Theo- 
rem 5.5 and Theorem 5.6, While the former gives  closed-form solution 
for the feedback gain matrix  after solving the ARI (5.60), the  latter provides 
a numerical value of the gain matrix based on the  solution of LMI (5.68). 

Corollary 5.6: Consider  the  time-delay  system 

(CD,) : k ( t )  = A ~ ( t ) x ( t )  + Adx( t  - T )  (5.71) 

with cost function (5.4) and  matrix A is  Hurwitx.  Suppose  that  there  exist 
matrix 0 < P = P', scalars r1 > O,r2 > O,p1 > 0, p2 > 0 and r* > 0 such 
that  for  any  constant  time-delay I- such  that 0 5 r L r* satbfying  the 
A RI 

with 

Then,  the state-feedback controller 

(5.73) 

(5.74) 
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is a QGCC for   system CA with cost matrix 0 < P = Pt. 

Corollary 5.7: Consider  the  time-delay  system 

with  cost  function (5.4) and matrix A is  Hurwitx.  Suppose  that  there exist 
matrix 0 < P = Pt,  scalars r1 > 0,ra > 0, p1 > 0, p2 > 0 and r* > 0 such 
that  for  any  constant  time-delay r such  that 0 5 r 5 r* satisfying  the 
LMIS 

! ~ ' ( Y , T * , P )  ~ * A a 1  T * Y A ~ ~  T * S N ~  
r*A%i -r* I 0 

T*A?~Y r*N+ 0 
-r*I 0 O ] < O  

0 0 -r* I 
p 2 ~ ~ t - ~  < o (5.76) 

where 

Then,  the state-feedback controller 

u ( t )  = SY-lx( t )  (5.78) 

is  a QGCC for sustern CA with cost matrix 0 < P = Pt. 

5.2 Discrete-Time  Systems 

5.2.1 Problem Formulation 

We consider a class of uncertain time-delay systems represented by: 

( E A )  : + 1) = [ A  + AA(k)]z(k) + [B + AB(k)]u(k) + - 7) 

= AA(k)z(k) -k BA(k)'U(k) + &Z(k - 7) (5.79) 

where x ( t )  E !Rn is the state, u ( t )  E !Rm is the control input  and  the matrices 
A E !Rnxn, B E !Rnxm and A d  E !Rnxn axe real constant matrices representing 
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the nominal plant, Here, r is an unknown constant integer representing the 
number of delay units in the  state, For  all practical purposes, we consider 
0 5 r 2 r* with r* being known. The matrices AA(k) and AB(k)  and 
represent parameteric uncertainties which are of the form: 

[AA(k)  AB(k)1 = H A(k) [E  Eb] (5.80) 

where H E !Rnxa , E E %pxn and Eh E % p x m  are known constant matrices 
and A(k) E !Raxp is an unknown matrix satisfying the norm-bound condition 

a " @ )  A(k) 5 I V k  (5.81) 

The initial condition is specified as  (z(O),z(s)) = (xo, +(S)), where $(-) E 
e2 [ - ~ , 0 ] .  

Associated with the uncertain system (EA) is the cost function: 

00 

J = C [ z t ( k ) Q z ( k )  + ut(k)Ru(k)  ] (5.82) 
k=O 

where 0 < Q = Qt E X n x n  , 0 < R = Rt E are given state and 
control weighting matrices. 

Distinct from system (EA) is the free-system 

(COD) : ~ ( k  + 1) = (A0 -I- AA(k)jz(k) + D , x ( ~  - T) 
= A ~ ( k ) z ( k )  + D,z(k - r )  

for  which we associate the cost function: 

5.2.2 Robust Performance Analysis I11 

(5.83) 

(5.84) 

Since the  stability of system (Coo) is crucial to the development of the 
guaranteed cost control for (EA), we adopt  the notion of robust  stability 
independent of delay as discussed in Chapter 2. Reference is particularly 
made to Lemma 2.3 and based  upon  which we introduce the following: 

TLFeBOOK



186 CHAPTER 5. GUARANTEED COST CONTROL 

Definition 5.6: System (COD)  with cost function (5.84) is said to  be 
robustly stable (RS) with a quadratic cost matrix (QCM) 0 < P = Pt E ?Rnxn 

if there  exists a matrix 0 < W = W E ?RnXn such  that W - A$PAd > 0 and 

It is  interesting to observe that  Definition 5.6 extends  the  result of Corol- 
lary 2.3 by treating F as a quadratic cost matrix. Based thereon, we have 
the following results: 

Theorem 5.7: Consider  system (CD,) and cost function (5.84)* If 
0 < P = Pt i s  a QC", then ( C D D )  is RS and the cost function  satisfies  the 
bound 

0 
Jo 5 x ~ P x ,  + x d(a)Wz(a)  (5.85) 

Conversely, if system ( C D )  is RS then  there will be a QCM f o r  this system 
and cost function (5.84). 

Cl=-?- 

Proof(==+) Let 0 < P = Pt be a QCM for system (Coo) and  cost 
function (5.84). It follows  from Definition 5.8 that there  exists a matrix 
0 < TjV = T V t  E !Rnxn such that 

Q A :  At A 5 I , X ( k )  # [O 01 (5.86) 

where 
X ( k )  = [ z t ( k )  z t (k  - .)lt (5.87) 

Therefore, system ( C O D )  is RS. 

Now by evaluating the first-forward difference A & ( x ~ )  of the Lyapunov- 
Krasovskii functional (2.78), we obtain: 

from which we conclude that 
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Summing up inequality (5.89) over the period IC = 0 -+ 00 a d  using 
(5.84), we get: 

Jo h &(x,) - VG(xw) (5.90) 

By  (5,8G), system (Cor>) is RS leading to VG(xk) -+ 0 as k 3 00 and 
therefore (5.90) reduces to 

(-) Let system (COD)  be RS. It follows that there exist 0 < P = Pt and 
0 < W = Wt such that VV - AiPAd > 0 and 

A ~ ( I c ) P A ~ ( ~ )  - P + W + 
A ~ ( ~ ) P A ~ ( w  - A ~ P A ~ ) - ~ A : P A ~ ( I C )  < o (5.91) 
VA : a" (k )  A(k) 5 I V k  

Hence, one can find some p > 0 such that  the following inequality holds: 

The above inequality implies that there exists a  matrix f V  = p-lW such 
that the  matrix P = p-lP is a &CM for system (CDD). 

Remark 5.3: In applying Theorem 5.7 to a  particular example we 
will need the bound r* on the time-delay factor r to evaluate the upper 
bound on Jo. 

Theorem 5.8: A matrix 0 < P = Pt E SfZnXn is a QCM for  system 
(COD) and  cost function (5.84) if and on1.y if there  exists a scalar p > 0 
such that 

(5.93) 

TLFeBOOK



Proof: (d) Suppose that 0 < P = Pt satisfies (5.86) for some p > 0 .  
By A.2, we have: 

Applying B.1.5 and  grouping like terms, we get: 

Inequality (5.95) is implied from (5.93). 

"P+'v+Q ] + [ P [ A a  Ad] < 0 (5.96) -W 

By A.l ,  inequality  (5.96) can be expressed as 

-P+T.Y+Q 0 A i  ] [ :A A d  -P-' 
--W Ai < o  (5.97) 

Using (5.80) and  rearranging, we obtain: 

-P+ W' + Q 0 At 
0 -W Ai ] + [ i ] A(k) [E 0 01 + 
A Ad -P-' 

[ 4' ] At@) [O 0 .Ht] < 0 (5.98) 
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By B.1.4, (5.98) is equivalent to 

[ 1 -P+W+Q+p- 'EtE 0 At 
0 -W A$ < 0 (5.99) 
A A d  -[P" - pHHtl  

Application of A.1 to (5.99) produces: 

which, in turn, corresponds to  the algebraic matrix inequality 

-P + T V  + Q + p-'EtE + At(P" - pHHt) - 'A  + 
A'(P-' - pHHt)- 'Ad {W - A;(P-l - pHHt)"Ad} 
A;( P-' - pHIJt)- 'A < 0 (5.100) 

Finally by A.2, inequality (5.100) is equivalent to (5,93). 

At this  stage, it is possible to  cast Theorem 5.8 into an H,-norrn 
bound setting. Recall that A.3.2 suggests that there exists a matrix 0 < 
P = Pt E RnXn such that inequality (5.93) is satisfied if and only if the 
following conditions hold: 

(a) A is Schur-stable 
(b) The following H,-norm bound is satisfied 

[ pil!:] [ d  - AI-' [p1/2H AdTY-1/2] < 1 (5.101) 

Much  like the continuous-time case, we observe that  the  set Y = { (p ,  W )  : 
p > 0 , 0 < W = W'} over  which inequality (5.93) has a solution 0 < P = 
Pt can be determined by finding those values  of p > 0 , 0 < W = Wt 
such that (5.101) is satisfied. More importantly, for any such p , W the 
following ARE 

00 

has a stabilizing solution P 2 0 . 
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5.2.3 Synthesis of Guaranteed  Cost  Control I11 

In  this  section, we focus attention on the problem of optimal gumanteed cost 
control based on state-feedback for the uncertain delay system ( E A )  with 
uncertainties satisfying (5.81). Here the cost function is given by (5.82). To 
proceed further, we provide the following definition: 

Definition 5.7: A state-feedback controller u ( k )  = K,z(lc) is said to de- 
fine a quadratic guaranteed cost control (QGCC) associated with  cost  matrix 
0 < P = Pt E ZnX7' for  system ( E A )  and cost function (5.82) if there  exists 
a matrix 0 < 1/17 = E Z n x n  such  that W - > 0 and 

- P + W + Q  c 0 
VA : At(IC) A(k) 5 X V IC 

or  equivalently 

Afi,PA,, - P + W + Q Kt 
0 

"R-1 

VA: At A 5 I V k  

where 

A,A = AA + BAK, 

(5.103) 

(5.104) 

The following theorem establishes that the problem of determining a QGCC 
for system (EA) and cost function (5.82) can be recast to an AMI feasibility 
problem. 

Theorem 5.9: Suppose  thut  there  exist a scalar p > 0 and a matrix 
0 < VV = VVt such  that  the p-- dependent ARE 

&PA - P +  p-lEtE + Q + W 
-(AtPB + p-lEtEb)(.R+ BtPB)-l(AtPB + P - ~ E ~ E ~ ) ~  
= 0, (5.106) 
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where 

A = (AdW-lA:+pLL t ) 1/2 

B = [A  B1 

(5.107) 

u(k)  = I ( , z ( k )  
I(, = -[O X](.&? + BtXXB)-'(AtPB + p-lEtEb)t (5.108) 

is  a QGCC for   system CA with cost matrix 3 which  satisfies P < P < 
P + P I  for   any p > 0. 

Conversely  given  any QGCC with cost matrix 0 < P = Pt , there  exists 
a scalar p > 0 and a matrix 0 < T V  = T V t  such  that  the ARE (5.106) has 
a stabilizing  solution 0 < P, = Pi wh.ere P, < P. 

Proof: (==+) Define X = {P-' - D,T/V"DA - pLLt)-' , then it is 
easy to see that (5.106) is equivalent  to: 

AtPA + AtPA(I - AtA)"AtPA - P + T,V + p-'EtE + Q 

- { A ~ P B  + A ~ P A ( I  - 1 ~ ~ h l - l ~ ~ ~ ~  + P - w E ~ }  

{ R  + p - 1 ~ ; ~ ~  + B ~ P B  + B ~ P A ( I  - A~A)-wPB}- '  

{ B ~ P A  + B ~ P A ( I  - A ~ A ) - Y P A  + P - I E ~ E }  = 0, (5.109) 

Let u(k) be as defined  in (5.108). Now, using (5.107)-(5,108) with repeated 
application of A.2 and B.1.5, it can be shown that (5.109) reduces to: 

By A.3.2, it follows that there  exists a matrix 0 < P = Pt such that 
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which implies that there  exists a matrix > 0 such that 

( A  + m q t  {P-' - A ~ w - ~ A ;  - p ~ ~ t ) - l  ( A  + m , )  - P + 
p-'(E Ebl(s)t(B &&I<,) Kf,RI<, W Q + Q, = O (5.112) 

Given CT E (0, l), it follows from (5.102) and  the  properties of the ARE that 

( A  + B I Q ~  { P - 1  - ~ ~ w - 1 ~ :  - p ~ ~ t ) - I  ( A  + B K ~ )  - P + 
p- ' (E  + E b . K s ) ' ( E  + EbICs) + .K;RI(, + W' + Q + O@ O(5.113) 

has a stabilizing solution 0 < P = P t .  In  addition, P > P and as 
U "+ 0, P "+ P. Therefore, given any p > 0, we can find a D > 0 such 
that P < P = P  < P + p I .  

(e) Suppose that u ( k )  = K S z ( k )  is a QGCC  with a cost  matrix p. 
By Theorem 5.8, it follows that there  exist a scalar p > 0 and a matrix 
0 < W = VVt such that 

( A  + B K , ) ~  { P - 1  - A ~ w - ~ A ;  - p ~ ~ ~ t } - l  ( A  + BK,) - P + 
LL-'(E EbI<,)t(Ef EbKs) K;RI(, W Q < O (5.114) 

Letting X = {P-l - A.dlY-'A$ - p.FINt}" in (5 .84 )  and  completing the 
squares, we get: 

R~,TA - (X-l+ M ) - ' +  ,.L"E~E - nr-W + 
(K, + r-lnt)tr(j{s + r-W) + W + Q < o (5.115) 

that is  

A%A - (X-l+ A A ~ ) - ~  - nr-W + 
p-lEtE + T V  + Q < 0 (5.116) 

where 

r = ( R  + , x - ~ E ; E ~  + B ~ Z B )  
Q = (At%B +p-'EtEb) (5.117) 

Therefore,  the ARE (5.106) has a stabilizing  solution P, and P, < p. 
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Corollary 5.8: Consider  the  system 

(E,A) : ~ ( k  + 1) = [A + AA(k)]z(k) + Bu(k) + Adz(k - 7) (5.118) 

which is obtained from  system (EA) b y  setting Eb = 0; In this  case,  the 
A R E  (5.106) and  controller (5.108) reduce to: 

AtPA - P - AtPB(R + BtPB)-'BtPA + 
l - L - l ~ t ~  + Q 3- T,V = o (5.119) 
u ( k )  = -[0 4 ( R +  BtPB)-lBtAP (5.120) 

where 

A = [ ,  R ]  
-I 0 (5.121) 

Corollary 5.9: Consider  the  system 

( C ~ A )  ; ~ ( k  + 1) Az(k)  + Bu(k)  + A d ~ ( k  - T )  (5.122) 

corresponding  to  the case of sgstems  without  uncertainties ( H  = 0, E = 0). 
In such case, the ARE (5.89) and controller (5.90) reduce to: 

AtPA - P + Q + M7 - AtPB(A + BtPB)- lBtPA = 0 (5.123) 
~ ( l c )  = -10 X](R + BtP.B)-'BtAP (5.124) 

where 
B = [ (AdT4~-1A~)1 /2  B] (5.125) 

which provides a guaranteed cost control for linear state-delay discrete-time 
systems without uncertainties. 

5.3 Observer-Based Control 

This section contains the design of robust observer-based controllers for a 
class of uncertain linear time-lag systems. Like most of our work, the uncer- 
tainties stre assumed to be norm-bounded, We extend the previous results 
on quadratic-cost control (section 5.1) to the case of observer-based control 
for uncertain systems with unl<nown state and input time-lags. 

TLFeBOOK



194 CHAPTER 5, GUARANTEED COST CONTROL 

5.3.1 Problem Description 

The class of nominally linear systems with parametric  uncertainties  and 
time-lags under consideration is represented by: 

(EA) : k ( t )  = [ A  + AA(t)]z(t) + [ B  + A.B(t)].(t) 
+ [ A d  + AD(t)]x(t - T) + B h ~ ( t  -v) 

~ ( t )  = [C + AC(t)]z(t) + [G + A c ( t ) ] ~ ( t )  (5.126) 

where t E 8 is the time, ~ ( t )  E !Rn is the  state, u(t)  E !Rm is the control 
input; g ( t )  E 'V is the measured output, and r ,  q are  constant  scalars 
representing the  amount of lags  in the state and at  the  input of the system, 
respectively. There is no restriction placed  on r and q except that they 
are constants but otherwise unknown, The matrices A E !RnXn, B E P"'"', 
A d  E !l?nxn, Bh E ?RnXm, C E % P x n  and G E % P x m  are real constant matrices 
representing the nominal plant with the pair ( A ,  B )  being controllable, and 
the pair ( A ,  C) being  observable. The uncertain matrices AA(t),  AB(t), 
AC(t) ,  A D ( t )  and AG(t) are assumed to be represented by: 

AA(t) AB(t )  
AC( t )  AG( t )  ] = [ E 

AD(t) = HdA(t)Ed (5.127) 

where A(t) E ! W x c r 2  is a matrix of uncertain  parameters  satisfying  the 
bounds 

at(t)a(t) 5 I (5.128) 

and H E !RnXcu1,  fIc E %Pxcu1, H d  RnXal ,  E E p2Xn, E b  E p2'"' 
and Ed E W a X n  are known real constant matrices. The initial function of 
system (1)-(2) is specified as (xo, @ l ( p ) ,  @2(p)) where @ I ( . )  E &[-T, 01 and 

In what follows, we extend section 5.1 to the case of uncertain systems 
with state and input delays. More importantly, we develop a linear dynamic 
output-feedback controller to yield a closed-loop system which is asymptot- 
ically stable for all admissible uncertainties and unknown time lags. 

Associated with system (CA) is the  quadratic cost function: 

Q 2 ( . )  E L2[-77, 01. 

J = L m [ d ( t ) Q x ( t )  + ut(t)Ru(t)]dt (5.129) 
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with 0 < Q = Qt E !Rnxn and 0 < R = f i t  E !Rmxm. Our objective is to 
design an observer-based controller of the form: 

(C,) : i ( t )  = Ak(t)  + Bu(t) + Ko[9(t)  - @(t)] 
c(t) = C?(t) + Gu(t) 
u(t) = Kc2(t)  (5.130) 

such that  the closed-loop system (5.126) and (5.130) is robustly stable inde- 
pendent of delay and a prescribed level of performance is guaranteed inde- 
pendent of the  amount of time-lags and for  all admissible values of uncer- 
tainties satisfying (5.128). In (5.130), K O  E !RnXp is the observer  gain and 
Kc E !Rmxn is the feedback control gain. 

5.3.2 Closed-Loop System 

In terms of the error vector 

e ( t )  = ~ ( t )  - 2( t )  (5.131) 

and  the extended state vector, 

z ( t )  = [ ] E !R2n (5.132) 

It should be noted that u( t )  in (5.130), can be written as, 

u(t)  = [ K c  - I ( , ]x ( t )  = K t x ( t )  (5.133) 

We combine (5.126) and (5.130) to produce the closed-loop system: 

( C c )  : .i(t) zz [Ac+AAc(t)l~(t)+[Dc+AD,(t)l~(t-~)+E~~(t-q) (5.134) 

where, 

(5.135) 
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AA, = 

CHAPTER 5. GUARANTEED COST CONTROL 

AA+  ABKc  -ABKc 

A A +  ABKC - K0AC - KoAGKc -ABKc + KOAGK, 

= [ AD(t)  0 ] AD(t)  0 

(5.136) 

5.3.3 Robust Performance  Analysis IV 

Before embarking on the control design, we present hereafter some results 
in relation to  the  robust performance of system (Cc)  when associated with 
the  quadratic cost function 

00 

Jo = zt(t)Rz(t)dt ; 52 = &g(&, 0) (5.137) 

Theorem 5.10: Given  matrices 0 < W = W t  and 0 < S = St, the 
uncertain  time-lag  sgstem (C,) i s  said to be robustly stable af there exists a 
matrix 0 < n = I I t  satisfying  the LMX: 

Proof: We  use a Lyapunov-Krasovslcii functional of the form: 

J "7 J "I) 

(5.139) 
where the weighting matrices W ,  S are such that 0 < W = Wt E !R2nx2n 

and 0 < S = St E %2Tzx3n. Note that, V ( z t )  > 0 for  all ~ ( t )  # 0 and 
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V(xt) = 0 for x ( t )  = 0. Let the extended state vector Z ( t )  be such that 
Z(t)  = [x t ( t )   z t ( t  - T) xt(t - 7 7 ) l t .  By differentiating (5.139) along the 
solutions of (5.134), it is easy to see that 

If V ( z )  < 0 then x ( t )  -+ 0 as t -+ 00. This is  implied by SA < 0. By A. l ,  
this yields (5.138). 

Remark 5.4: It should be stressed that Theorem 5.10 is independent 
of the time lags r and and extends the standard RSXD to  the case of sys- 
tems with input and state  time-hgs, By setting AA, = 0, D, = 0, AD, = 0 
and E, = 0, one obtains  the known definition of &S for norm-bounded un- 
certain systems (see Lemma 2.1). 

Extending on Definition 5.1, we have the following: 

Definition 5.8: A matrix 0 < l2 = IIt  E iR2nx271. is  said  to be a quadratic 
cost (QC) matrix  for  the  system (C,) and cost function (5.129) if at satisfies 
the LMI: 

n(A, + AA,) + (A ,  + AAJtn 
+W + S + S2 

(D,  + AD,)% - T/Tr 0 

H(& + AD,) HE, 
= - 1  E; Il 0 -S I 

(5.141) 
for all admissible  uncertainties satisfyin.g (5.127). 

Theorem 5 .  I1 : Suppose  that  the  matrix 0 < I1 = nt is a QC matrix 
for system (C,) and  cost function (5.129). Then  the closed-loop system (C,) 
i s  R S I D  and  an  upper bound o n  th3e cost J, is given by  

Conversely, if system (C,) is RSID then  there will exist a &C matrix for 
this system an#d the cost function (5.129). 

Proof: (=+) Suppose that the matrix 0 < Il = nt is a QC matrix for 
system (5.134) and cost function (5.129). It follows from Definition 5.8 
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V ( x )  = z"t)s*z(t) 
-a 0 0 

0 0 0  
< 2"t) [ 0 0 0 1  Z ( t )  

= - x " ( t ) i - l x ( t )  (5.144) 

and therefore zt ( t )Rr( t )  < - V ( , z t ) .  Thus, 

since system (C,) is RSID,  it follows that V ( z t )  0 as t + 00 and therefore 
(5.145) reduces to (5.142). 

(e) Suppose that the closed-loop system (C,) is RSID.  By Theorem 
5.10, there  exist  matrices 0 < I'I = I'It, 0 < W = W t ,  0 < S = St satisfying 
(5.138) for all  admissible uncertainties. Thus, using A. l  on (5.138), we get 

n(A, + AA,) + (A, + AA,)% + TV + S + 
n(o, + AD,)TV-~(D, + A D , ) ~ ~ I  + I-IE,S-~E;II o (5.146) 

We can find a scalar p > 0 such that for I IAl I 5 1, the following inequality 
is satisfied: 

a+ ,Y"{II(Ac + AA,) + (A ,  + AA,)trI + W + S + 
I-I(D, + AD,)W-l(D, + AD&I + lIE,S-lE;rr> < 0 (5.147) 

It  follows from inequality (5,147) that  there exist  matrices = p-'W and 
S = p-'S such that  the  matrix E = p-lI'I is a QC matrix for system (X,). 
W 
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Application of B.1.2 yields  for  some E > 0 

IIAA, +AA:II = I-IZ~A& + E ~ A ~ H ~ I I  

I cnIHlllln+ c- &El 

n t  n t  

n n t  n t  n 

(5.148) 

In a similar way, application of B.1.3 produces for some 0 > 0 

n(Dc + ADc)W"(Dc + AD,)TI = 

n(Dc + E 3 A Z 3 ) T V 1 ( D C  + G3AE3)tIT 5 
n t  A n n t  nD,(TV - O E ~ E ~ ) - ~ D L I ' I  + o - ~ ~ I H ~ H ~ I ' I  (5.149) 

The following theorem  summarizes  the main result by providing an LMI- 
based solution to the robust performance problem. 

Theorem 5.12: Given  matrices 0 < TiV = W t ,  0 < S = St ,  a matrix 
0 < II = ITt is a QC matrix  for  the closed-loop system (C,) and  cost function 
(18) if and on131 if there  exist scalars E > 0 , CT > 0 such  that W > aE3E3 
and Tz. satisfies  the L M I  

n t  n 

0-1ii;rI 0 -I 0 1 
E:Il 0 0 -S 

(5,150) 
Proof: (+) Suppose that  the matrix 0 < ll = IIt satisfies (5.150) for 

some c > 0 and CT > 0 such that W' > aE3E3. By (5.148)-(5.149), inequal- 
ity (5.150) is implied from (5.141) for a11 admissible uncertainties satisfying 
(5.127). 

-t n 

(e) Suppose that  the  matrix l3 > 0 is a &C matrix for system (C,) and 
cost function (5.129). By Definition 5.8, inequality (5.141) is satisfied for 
all admissible uncertainties satisfying (5.127). By B.1.3, this implies that 

x t ( t ) [ I I (A ,  + AA,) + (A, + AA,)tI'I + T V  + S + R]z ( t )  
+2nt(t)II(Dc + AD, ) z ( t  - T) + 2 . ~ ~ ( t ) I ' I E ~ z ( t  - v) 
-at(t  - T ) T V X ( t  - T )  - x t ( t  - q ) S ~ ( t  - v) < 0 (5.151) 
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for all nonzero x ( t ) ,  z ( t  - 7) and z ( t  - v) and for all admissible uncertain- 
ties satisfying (5.127). From the results of [175,176] and applying B.l.1 to 
the term (IIAA, + AAtIT) and B.1.2 to  the term (2xt(t)IIADcx(t - T ) ) ,  

inequality (5.151)  implies that 

."(t)[nAc + A:n + W + S + n]z(t) + 2zt(t)rIDC2(t - T )  

+22(t)rIEcz(t - v) - zt ( t  - T)'CYZ(t - T )  - nt(t - v)Sx(t - v) 
+2llz:nz(t)ll IlE1z(t)ll + 2llE;nz(t - .)I1 IlE34t - T)Il < 0 

(5.152) 

for all nonzero ~ ( t ) ,  z (  t - T) and z( t - v) and A : At A 5 I .  Therefore 

IIAc + AtII + 147 + S + Q nDC nE,  

@n -W 0 
E;II 0 -S 

(5.153) 

and 

(5.154) 

for  all nonzero ~ ( t ) ,  x ( t  - 7) and z ( t  - Q). From a known result of [222], 
inequalities (5.153) and (5.154) imply that there exist parameters E > 0 and 
(T > 0 such that 

Finally, using B.1.3 inequality (5.155) can be converted to  the LMI (5.150). 

5.3.4 Synthesis of Observer-Based  Control 

In this section, we consider the problem of guaranteed cost control via 
observer-based control for the uncertain time-lag system under considera- 
tion. By virtue of Theorem 5.10 and Definition 5.8, we provide the 
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following: 

Definition 5.9: An obseruer-based control  law u( t )  = Kt , z ( t )  is  said 
to  define  quadratic guaranteed  cost  control (QGCC) with associated  cost 
matrix II > 0 for the  system (EA) and cost function (6) if it satisfies  the 
following LMI: 

l 0 - J 

Before proceeding further, we define the weighting matrices: 

(5.157) 

(5.158) 

where 0 < T V ,  = W:, 0 < W O  = W.. , 0 < S, = St, and 0 < S, = SA. 

The following theorem shows that the problem of determining an observer- 
based QGCC for system (&) and cost function (5.129) can be solved via two 
matrix inequalities. One of these inequalities is a bilinear matrix inequality 
(BLMI) and the other is a linear matrix inequality (LMI). For simplicity in 
exposition, we introduce  the following matrices: 
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The  next  theorem  establishes  the  main  result. 

Theorem 5.13 : Consider  the  uncertain  time-delay  system (5.125) sat- 
isfping (5.127). Suppose  that  there  exist  constants E > 0 and U > 0 such  that 
the  matrices 0 < X = X t  and 0 < Y = Y t  satisfy  the  following BLMI: 

xi + itX + S,+ 1 

and  the LMI: 

1 

Then  the closed-loop system is  asymptotically stable with  gains: 

Proof: Define I1 such that 

H = [  0 Y ]  
x 0  

Then expansion of (5.150), using B.1.3, yields: 

(5.170) 
(5.171) 

(5.172) 

(5.173) 

TLFeBOOK



203 

where 

A sufficient condition to satisfy (5.173) is that 

@ l 1  < 0, < 0, @ l 2  = 0 (5.177) 

Choosing the gain Kc as given by (5.170), and using (5,159)-(5,161), in- 
equality Q11 < 0 reduces to  the matrix inequality (5,168), From (5.175), 
and using (5.162)-(5.164), (5.1'70)-(5.171), it is easy to check that = 0, 
where it is assumed that N12A4t2 is nonsingular. 

Finally considering the inequality Q22 < 0. Starting from (5.176) and 
using (5.163)-(5.171),  after some algebraic manipulations we obtain inequal- 
ity (5.169). 

The following  two corollaries represent some special cases of our results. 

Corollary 5.10: Consider the state-delay  uncertain system 

k ( t )  = [ A  C AA(t )]x( t )  + ( B  + AB(t )]u( t )  
+ [ A d  C AD(t)]x(t - 7) (5.178) 

y ( t )  = [C C AC(t)lx(t) + [G' + AG(t)]u( t )  (5.179) 
a ( t )  = $(t)  vt E 1-7, 01 

combined  with  the  observer-based  controller (5.130). Let 

R3Ri = &RLORcRi - RcRL (5.180) 
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v 

A' = E-'R,R&G - 6)x-1E:&,I<c) + ~-'X"E$EbKC (5.181) 

Then  the  resulting closed-loop controlled system  is robustlg stable if there 
exist  constants E > 0 and o > 0 such  that  the  matrices 0 < X = X t  and 
O < Y = Y t  satisfy  the  following  two LMIS: 

~ ~ + . A + s , + Q  XR, Et E;Eb 
+ W c  - XBRTIBtX 

R:X -I 0 0 < o  (5.182) 
E 0 -F2 0 

- E; J!& 0 0 -e2R1 ~ 

and 

I I < O  

v v 

Y ( A  - A') + (At - A')'Y Y R ~  XB + F: 
+ T V ,  + So + Y (5.183) 

RiY -I 0 
B t X  + F1 0 -R1 

The gain matrices are such: 

K c  = -R;'( BAX + F1) 
1c0 = E - ~ ( R ~ R :  + E - ~ Y - ~ K ; E ; E ~ X - ~ ) ~  (5.184) 

Proof: Set Bh = 0 in Theorem 5.13. 

Corollary 5.11: Consider  the  uncertain  system 

k ( t )  = ( A  + AA(t )]x( t )  + [B + AB(t)]u(t) 
y ( t )  = [C + U ( t ) ] z ( t )  + [G + AG(t)]u(t) (5.185) 

combined  with  the observer-based controller (5.130). Let 

R4 R: = E ~ H I - ~ ~ Q X - T H ~  - &Ht (5.186) 

Then  the  resulting closed-loop controlled system  is  robustly  stable if there 
exist  constants E > 0 and o > 0 such  that  the  matrices 0 < X = X t  and 
0 < Y = Y t  satisfy  the  following  two LMIs: 

x2 + A t X  + S, 
+Q + W, - X B R F ~ B ~ X  (5.187) 

Ift x -€-'I 0 
E 0 -F2 
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and 

The  gain  matrices are: 

XB+ - 
E-~E;E  

-R1 

0 < O  

-6 

(5.188) 

(5.189) 
(5.190) 

Proof: Set A d  = 0 and B,, = 0 in Theorem 5.13 

5.3.5 A Computational Algorithm 

To implement the observer-based control design results, we apply the follow- 
ing computationd algorithm: 

(1) Read in the  data A, B, C, A d ,  B/L, G, H ,  Hc, H d ,  E ,  Elt, and Ed. 
(2) Select scalars ck  > 0 and Q > 0 such that F 2 ( c k )  > 0 and set  the 
iteration index IC = l. 
(3) Solve matrix inequality (5.168) for X using the following iterative steps: 

(a) By  using A.1 and setting P ( E ~ , o ~ )  = X-’, 
P* = P-’ (E~ ,  Q), lycc’I/v,t, = T K C  + Sc + Q, 
we rewrite inequality (5.168) as: 

I W L P  -X 0 0 
EP 0 - F 2 ( 4  0 

E; Ed P 0 0 --E: R1 ( E k )  

(b) Select an initial value  for P, and solve inequality (5.191) for 

( c )  Update P, by P* t- (1 - <)P* + <P-’ (E~ ,Q)  with 0 < < 1, 
P(Q, ok) using the LMT-Control Toolbox, 

< O  

,191) 
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(d)  Compute d = lip* - P"(Ek, 0 k ) l l .  
(e) If d 5 S where S is a prespecified tolerance then set 

( f )  If d > S then update E and a using 
Ek = E * ,  Crk = a* and g0 to Step 4. 

ck e ck f a c k  
and ak g k  

where A E k  and Aak are pre-chosen increments; 
go to  step 3 with k + k + 1. 

4) Compute  the controller gain matrix K, from (5.170). 
5 )  Using A . l  on (5.169), setting T = Y-', Wo0W'~,(~*,a*) 
= W' + S, + Y ( E * ,  a*)  and prelnultiplying and postmultiplying the result 
by T yields: 

(A ,  - ; ( E * ,  o*))T+ 
T(Ak - &*, a*))+ TliVoo(c*, a*) TIC: 

&R;(€*, a*) 
W;,( E * ,  a*)T -I 0 

< 0 (5.192) 

- ICcT 0 -R&*) - 
(B) Solve Lh4I (5.192) for T by  using the  LMI-Control Toolbox. 
(7) Compute  the gain matrix K O  from (5.171). 

Remark 5.7: The proposed iterative  steps  (a)-(d) suggested to solve 
(5.191) may be heuristic, however they are simple to implement since (5.191) 
is convex in P ,  Computational experience with several examples has indi- 
cated that only few iterations are usually needed to reach a satisfactory 
solution with 0 < E < 1, 0 < a < 1 and d ,< The LMI (5.192) is 
a standud linear matrix inequality. In this regard, the proposed computa- 
tional algorithm is systematic and it would  seem to be tangible for control 
system design  using dynamic feedback controllers. 

5.3.6 Example 5.1 

Consider a second-order system modeled  in the form (5.126) such that 

0.2 -2 1 ;  B = [  C = [ l  01 

-0.2 0.5 ] ; B h  = [ "0.l ] 
-1 -1 ; G = l ;  
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H = [ ] ; Hc = I0.06 0.11; Hd = 
-0.1 0.04 

-0.05 0.08 -0.06  0.05 1 
= [ -0.08 0.1 ] ‘ Eb = [ i t 6  ] ; = [ -0.2 0.1 ] 0.05 0.08 0.1 0.1 

0.5 sin(2t) 0.3 sin(t) A( t )  = -0.4 sin(t) 0.G sin(3t) 1 
The gain matrices are chosen such that Q = diag(1, l), W C  = diag(1, l), 
W’ = diag(0.1, O . l ) ,  Sc = diag(0.1, O . l ) ,  S, = diag(0.1, 0.1) and R = 1. 
The scalars E and o are selected such that e = 0.5 and o = 1. 

By using the LMI-Control Toolbox, we solve the inequality (5.191) 
employing the computational  algorithm to yield 

x =  [ 1 0.2983  -0.0056 
-0.0056  0.0290 

Using (5.170), the controller gain K c  is found to be: 

I(, = [ 0.2966 -0.078 ] 
Then, solving for Y using LMI (5.192), we obtain 

13556 -4031 
-4031 1199 

Using (5.172), the observer gain K O  is found 

“O = [ 664.86 ] 197.08 

5.4 Notes and References 

For the case of nondelay systelns,  major  results 

to be: 

on guaranteed  cost control 
me available in [15G,224], Extension to continuous time-delay systems is 
found in [165]. There  are  other related approaches 1146,1471 which  would 
prove useful in the time-delay case, For classes of TDS, some promising 
results are found in [24,31,148,149,159,161]. Indeed more work is needed 
particularly  in the direction of observer-based control. 
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Chapter 6 

Passivity Analysis and 
Synthesis 

6.1 Introduction 

In this  chapter, we provide results on the robust passivity analysis and syn- 
thesis problems for  classes of time-delay systems (TDS)  and uncertain time- 
delay systems (UTDS).  This is equally true for continuous-time systems as 
well as discrete-time systems. For analytical tractability, we consider in the 
sequel the uncertainties to be time-varying norm-bounded and the delay fac- 
tor  an unknown constant within a prescribed interval. In systems theory, 
positive real (passivity) theory has played a major role  in stability and sys- 
tems theory [197, 200-202, 205-2081. A summary of the properties of positive 
real systems is given  in Appendix D. The primary motivation for  designing 
strict positive real controllers is for applications to positive real plants. It is 
well-known that when a strict positive real system is connected to a positive 
real plant in a negative-feedback configuration, the closed-loop is guaran- 
teed to be stable for arbitrary  plant variations as long a s  the plant remains 
to be positive real, Although a passivity problem can be converted into a 
small gain by the so-called  Cayley transform [20l], direct treatment is often 
desirable, especially when the system under consideration is subject to un- 
certainty.  A  natural problem is to design an internally stabilizing feedback 
controller such that a given  closed-loop system is passive. In the context of 
linear systems,  this problem is referred to as a positive real control problem 
[202] where a complete solution to the extended strict positive real (ESPR) 
is developed via two ARES or AMs. In the context of nonlinear systems, 
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a geometric characterization is introduced in [225] for systems that can be 
passified  by a state-feedback. 

From another angle, it is well-known that  the notion of positive realness is 
closely related to  the passivity of linear time-invariant systems [194]. Based 
thereon, two main problem will be addressed in this  chapter: passivity 
analysis and passivity synthesis. For the passivity analysis problem, we  will 
derive a  suficient condition for  which the uncertain time-delay system is 
robustly stable and strictly passive  for all admissible uncertainties. The 
condition is given  in terms of an LMX. For the passivity synthesis problem, 
both  state- and output-feedback designs  will  considered and it will be proved 
in both cases that the closed-loop uncertain time-delay system is  stable and 
strictly passive  for  all admissible uncertainties. The controller gains can be 
determined from the solution of LMIs. 

6.2 Continuous-Time  Systems 

6.2.1 A Class of Uncertain  Systems 

The class of linear time-invariant state-delay systems under consideration is 
represented by: 

(EA) : k ( t )  = A A X ( ~ )  + Bw(t )  + A d ~ ( t  - T )  

Z ( t )  = c A X ( t )  -k D W ( t )  (6- 1) 

where x E W is the state, W E W’ is the exogenous input, z E W is 
the output, T is a time delay , A d  E W x n  is a constant delay matrix  and 
AA E W X n ,  and CA E ! P x n  are uncertain matrices given  by: 

where ( A ,  C) are constant matrices representing the nominal matrices, and 
H ,  I&, E are  constant matrices with compatible dimensions with A(t) E 
P x P  being a matrix of time-varying uncertain parameters which satisfies 
the norm-bound form (2.46). 

Distinct from system (6.1) are  the free  nominal system: 

(C,) : k ( t )  z= A z ( ~ )  + A d ~ ( t  - T )  

x ( t )  = CX(t) 
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and  the nominal system 

( C O )  : k ( t )  = A z ( t )  + Bw(t)  + A d ~ ( t  - T )  

x ( t )  = CZ(~)  + Dw(t )  (6.4) 

In the sequel, we examine the problem of passive analysis of (EA) in  re- 
lation to (C,) and (Eo). In particular, it is required that system (C,) to 
be  asymptotically  stable.  With regards to  the definition and  properties of 
passive systems (Appendix D),  we observe that the  transfer function of (C,) 

T ( s )  = C(s1-  A - Ade-Ts)- lB -t D (695) 

is analytic in Re [ S ]  > 0 in  view of the continuity and differentiability of 
eTs. Also T( S )  is real for real positive S. This implies that T ( s )  possesses 
the basic ingredients for positive realness, Since  for linear time-invariant 
systems, positive realness corresponds to passivity (200, 2011, we will use the 
terms, extended strictly passive (ESP), and extended strictly positive red 
(ESPR) interchangeably. Extending on these facts, we associate with system 
(C,) the Hamiltonian: 

I I ( z , t )  = - V ( X )  + 2zt( t )w(t)  (6.6) 

which depends on the  input signal u(t) and the  output signal x ( t )  with  V(x) 
being a Lyapunov functional for system (6.1). A final point to observe is 
that the passivity approach to  system analysis is tightly linked with stability. 
Therefore, we have to  state a priori the  stability concept we are going to 
use. 

6.2.2 Conditions of Passivity:  Delay-Independent  Stability 

Initially, we adopt  the notion of stability independent of delay and replace 
V ( x )  in (6.G) by Vl(xt)  given in (2.5), see Chapter 2. The first result is 
provided by the following theorem: 

Theorem 6.1: System (C,) satisfging Assumption 2.1 is  asymptoti- 
cally stable with  extended  strictly  positive real (ESPR) independent of delay 
if the matrix ( D  + Dt ) > 0 and there  exist  matrices 0 < P = Pt E !Rnxn and 
0 < Q = Qt E !Xnxn sat.tsfying the LMI 

PA + AtP + Q PAd -(Ct - P B )  
AiP ” Q 0 (6.7) 

- (C-  BtP) 0 - ( D + D t )  
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or  equivalently  the  matrix ( D  + Dt)  > 0 and  there  exist  matrices 0 < P = 
Pt E !Rnxn and 0 < Q = Qt E !Rnxn satisfying  the ARI 

PA+AtP+(Ct-PB)(D+Dt)-l(C-BtP)+Q+PAdQ-lA~P < 0 (6.8) 

Proof: Differentiation of Vl(xt) along the  solutions of (6.4) with some 
manipulations yields: 

H(z, t )  = -z t ( t )[PA + AtP + Q].(t) + wt( t ) (D  + D')>w(t) 
+ zt ( t  - 7)Qz(t - 7) - d ( t  - 7)A;Pz(t)  - d( t )PAdz( t  - T )  

+ w"t)(C - BtP)z( t )  + d(t)(C'  - PB)w(t)  
= -2"t) a ( P )  Z ( t )  (6.9) 

where 

Z ( t )  = [x"(t) zt(t - 7.) wt(t)lt 

O(P) = Ai P -Q 0 
PA + AtP + Q PAd -(Ct - PB)  

-(C - P P )  0 - ( D + D t )  1 (6.10) 

If a ( P )  < 0, then -Vl(at) + 2xt( t )w(t)  > 0, and from which it follows that 

(6.11) 

Since VI(.) > 0 for x # 0 and  Vl(z) = 0 for z = 0, it follows that as 
t l  3 00 that system (C,) is extended  strictly positive  real  (passive). 

Remark 6. l: Inequality (6.10) includes the effect of the delayed infor- 
mation on the positive  realness  condition  through the  matrix Ad. By  setting 
Ad = 0, we recover the  results of [202] for delayless systems. 

Remark 6.2: Alternative forms of inequalities  (6.7)-(6.8) are given by 

A.X -t- X A t  + AdQAi X ( X C t  - B) 
X -Q 0 (6.12) 

(CX - 8 1 )  0 - ( D + D t )  

and 

AX+XA~+(XC~-B)(D+D~)-~(CX-B~)+XQ-~X+A~QA: < o (6.13) 
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6.2.3 Conditions of Passivity: Delay-Dependent Stability 

Next we consider the case of delay-dependent passivity, for  which it would be 
more convenient to introduce  the following  Lyapunov-Krasovsltii functional: 

I/d(zt) = x"t)Px(t) 

r ~ [ w t ( s ) B t ~ ~ ~ ( s ) ] d s ) d o  ( G .  14) 

where 0 < P = Ft E !Rnxn and T I  > 0 , ~2 > 0 , 7-3 > 0 are weighting 
factors. Now from (6.1) we get 

z(t - 7 )  = x ( t )  - J" k ( t  + O)dU 
-7- 

= z( t )  - So Az(t + 6)d6 - Adz@ - r + 6)dO 
"7 

- 1: Bw(t + O)dO ( G .  15) 

Hence, the  state dynamics becomes: 

The main result is summarized by the following theorem: 

Theorem 6.2: System (C,) is asymptotically stable with BSPR for any 
T satisfying 0 5 r 5 r*  i! the  matrix (D ,  -l- D:) > 0 and there  exist 
matrix 0 < X = X t  E !RnXn and scalars E > 0 , a > 0 , U > 0 satisfying  the 
LMI: 

-(XC - P )  0 -D + Dt+ 
T*& B ~ B  

- 

< 0 (6.17) 
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or equivalently  there  exist  matrices 0 < X = X t  E !Rnxn and  scalars E > 
0 , a > 0 , CT > 0 satisfying  the ARX 

and  such  that ( D  + Dt - r*a-'BtB) > 0 where 

Proof: By differentiating Vd(xt) along the solutions of (6.16) and ar- 
ranging  terms, we obtain: 

0 

- L r2[xt ( t  - T + O)A;Adx(t - T + O)]dO 

(6.20) 

By B.l.l, we have 

(6.21) 

(6.22) 
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where 

Y( t )  = [st(t) ut(t)lt 
(Ct - P B )  rI(P) = [ (CS0"P)  - (D  + Dt - rr3BtB) 1 < O  

Since T/d(z) > 0 for x # 0 and vd(x) = 0 for x = 0, it follows that as 
ti 4 00 that system ( E d )  is  extended strictly passive, By A.1 it  is easy to 
verify that n ( P )  < 0 is  equivalent to: 

P ( A  3- Ad) f (A  f Ad)tP + r(r lAtA + T2A;Ad) 
+~(r;' f rT1 + rZ1)PAdA:P 
+(Ct - PB)(D + Dt - 7r3BtB)-l(C - BtP)  < 0 (6.28) 

TLFeBOOK



216 CHAPTER 6. PASSIVITY  ANALYSIS AND SYNTHESIS 

Setting r1 = E- ' ,  7-2 = a-', 7-3 = o-', premultiplying (6.28) by l"', post- 
multiplying the result by P-l and letting X = P-l, it shows that (6.18) 
implies (6.28) for any 0 5 r 5 T* .  By A.1, (6.17) is equivalent to (6.18). 

Remark 6.3: It is important  to  note  that the  result of Theorem 6.2 
reduces to Theorem 2.2 when  only the  stability of the system is concerned. 
This can be observed by setting B = 0 and C = 0 in (6.18). 

6.2.4 p-Parameterization 

Now  we proceed to examine the application of the passivity concept to sys- 
tem (Ea). First, motivated by the results of Theorem 6.1 for stability 
independent of delay measure, we pose the following definition: 

Definition 6.1: System (EA) is said to be strongly  robustly  stable with 
strict passivity (SP) if there exists a matrix 0 < P = Pt E ?Rnxn such  that 
for all admissible uncertainties: 

PAA + + Q PAd (Ch - P B )  
Ai P -Q 0 

b o  
(6.29) 

(CA - BtP)  0 - ( D + D t )  

Remark 6.4: It is readily evident from Definition 6.1 that  the concept 
of strong  robust  stability with SP implies both  the  robust  stability  and  the 
SP for system (ZA). Note that  the robust  stability with SP is an extension 
of robust  stability independent of delay (RSID) for uncertain time-delay sys- 
tem to deal with the extended strict passivity problem, 

Now it is easy to realize that direct application of (6.29) would require 
tremendous efforts over all admissible uncertainties. To bypass this  short- 
coming, we introduce the following p- parameterized linear time-invariant 
system: 

(C,) : k ( t )  = Az(t)  + B,G(t) + A d ~ ( t  - T )  

(6.30) q t )  = C/&) + D,G(t) 

where 

B, = [B 0 - p H ]  c, = 
C 

p-' E 
0 

J 
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D 0 - 1-1 , H c  

0 1/2 I 0 
0 0 1/2 I 

(6.32) 

The next theorem shows that  the robust SP of system (Ea) can be  ascer- 
tained from the strong  stability with SP of (C,). 

Theorem 6.3: System (EA) satisfging (G.2) is strongly  robustly stable 
with SP if and only if there  exists p > 0 such  that  (C,)  is  strongly stable 
with SP. 

Proof: By Theorem 6.1, system (E,) is strongly stable with SP if 
there exist matrices 0 < P = Pt E !RnXn and 0 < W = T V  E !RnXn such 
that 

I 1 < O  

PA + AtP + T V  P& (C: - PB,) 

(Cp - BLP) 0 - (Dp + DL) 
A$ P - T V  0 (6.33) 

Using (6.31)-(6.32), inequality (6.33) is equivalent to: 

PA  +AtP+Q P& (C: - “Bo) p- lEt  /LPN 
A: P -Q 0 0 0 

p - l  E 0 0 -I 0 
= < O(6.34) (C - P P )  0 - ( D  + D t )  0 p H ,  

- / L I P  P 0 0 -I 
By A . l ,  inequality (6.31) holds if and only if 

S21 + a; n,’S23 < 0 (6.35) 
with 

PA + AtP + Q PAd -(Ct - PB)  
S21 = [ A!$‘ -8 0 

- ( C -  P P )  0 - ( D + D t )  1 
I O  p-’Et p P H  

l3y B.1.4, inecluali ty (6.35) holds if and only if 

(6.36) 

+ [ :c ] A( t ) [E  0 01 + [ e‘ ] At(t )[HtP 0 H:] < 0 

Q A : A t A  5 I (6.37) 
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Simple  rearrangment of (6.37) using (6.2) produces 

PAA  +ALP + Q PAd -(CA - PB)  
Ai  P -Q 0 (6.38) 

- (CA - BtP) 0 - (D  + ot) 
which in view of Definition 6.1 implies that system (EA) is strongly stable 
with SP, 

Remark 6.5: Theorem 6.3 establishes an  uncertainty-independent 
procedure  to  evaluate if the  uncertain time-delay  system (EA) is robustly 
stable  with SP. Observe that inequality (6.34) with E = p2 is equivalent  to: 

where 

PA + AtP PAd Ct - PB 

(C - “Bt)  0 - ( D +  Dt )  1 G(P)  = [ AiP -Q 0 

L(P)  = 

Obviously, T/Vt < 0 is linear in P and E which can  be solved by  employing 
the LMI Toolbox. 

Had we adopted  the delay-dependent stability measure, we would then 
follow the analysis in [g] and  introduce  the following definition: 

Definition 6.2: System (EA) is said to be stronglg robustly  stable  with 
SP for any r satisfging 0 5 r 5 r* if there  exist a matrix 0 < X = X t  E 
!RnXn and scalars E > 0 , a > 0 , D > 0 satisfying  the LMI 

r 

T * X A ~  T*XAL  (XCA - B )  

-(r*a)I 0 0 
0 -(r*E)I 0 

0 - (D + D t )  
O +r*a-lBtB 

< O  

TLFeBOOK



6.2. CONTINUOUS-TIME  SYSTEMS 219 

Theorem 6.4: System (EA) satisfying (G.2) is  said  to be strongly ro- 
bustly  stable  with SP for  any r satisfying 0 5 r 5 r* if there  exists a 
,!L > 0 satisfying  the  inequality: 

where 

G1 = 

[ < 0 

( A  + &)X 
+X(A  + A d ) t  r "XAi  r*XAt 

+T(E + Q + 0)AdAi 
T* &X -(r*a)I 0 
r*AX 0 - ( T * € )  I 

(CX - Bt)  0 0 

r H X E ~  1 

L r*H 0 1 
Proof: Note that (G.40) together with B.l.l  implies 

H 
0 

El + 

VA : At A 5 

At ( t )  [H: 
I 

(6.40) 

(XCt  - B )  

0 
0 

- (D  + Dt)  
+ T * o - ~ B ~ B  

(6.4 1) 

0 T * H ~  H:] < 0 

That is, (6.39) holds. By Definition 6.2, the system (EA) is strongly ro- 
bustly  stable  with SP. 

Note that Theorem 6.4 is basically an LA41 feasibility result. 
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6.2.5 Observer-Based Control  Synthesis 

The analysis of robust  stability with SP can be  naturally  extended to the 
corresponding synthesis problem. That is, we are concerned with the de- 
sign of a feedback controller that not only internally  stabilizes the uncertain 
time-delay system but also achieves SP for all admissible uncertainties  and 
unknown delays. A controller which  achieves the  property of robust  stability 
with SP is termed as a robust SP controller, To this  end, we consider the 
class of uncertain  systems of the form: 

where y E !Rn is the measured output and U E W is the control input. The 
uncertain matrices are given  by: 

In the sequel, we focus attention on the controller synthesis for system (C,) 
by using an observer-based controller of the form 

where (Go, L,, IC,) are  constant matrices to be selected. Define the aug- 
mented state-vector by: 

(6.45) 

Applying the observer-based controller (6.43) to  system (Em), we obtain  the 
closed-loop sys tern: 

(6.46) 
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where 

(6.47) 

(6.48) 

and 

On the  other  hand, we introduce  the following p-parameterized  linear  time- 
invariant  system: 

where 

and B, , C, , D, are given by (6.31)-(6.32). Now by combining  systems 
(C,,) and ( C o b ) ,  we obtain  the closed-loop p-parameterized  system (C,): 

(Ecp) : ( ( t )  = &(t)  + BG(t)+ E <(t - 7) 

x ( t )  = Cc$) + D,G(t) (6.53) 

where 

(6. 54) 
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The next theorem provides an interconnection between the observer-based 
passive real control of system (C,) and the passive control of system (Ecp). 

Theorem 0.5: Consider  the  uncertain  time-delay  sgstem (EA) satis- 
fying (6.2). Then an observer-based controller of the  form (6.44) achieves 
strong  robust stability  with SP for  system (EA) for all admissible  uncertain- 
ties if and  only if for  some ,L& > 0 this observer-based controller  achieves 
strong  stability  with SP for  system (C,,). 

Proof: By Theorem 6.1, system (C,) is strongly  stable with SP if 
there exist matrices 0 < X = X t  and 0 < Q = Qt such that 

I ( 6 - B t X )  0 -(D,+DL) I C  x;i+X~x--t--Q X E  (@--X@ 
n t  E x  -$ 0 

Expansion of (6.56) using (6.31)-(6.32) and (6.55) yields: 

0 (6.55) 

Applying A. l ,  inequality (6.57) holds if and only if 

S21 + Rt,R,'S23 < 0 

with 

xx+ 2 x  + Q x E (Ct - X B )  

(6 - B t X )  0 -@+Dt)  
01 = [ $ x  -Q 0 

c 0 (6.56) 

(6.57) 

(6.58) 

R1 + [ :! 1 A(t)[& 0 01 + [ "'1 At@) [ f i 'X  0 H:] < 0 
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or equivalently 

xA+Atx+Q+ (et - XB)" - 
X&A(t)f i  3- @At(t)fitX x E +,!?At(t)H: 

Et x -Q 0 < 0 (6.59) 
(6 - @X)+ 

fIcA(t)h 0 - (D  + D t )  
- - 

for all admissible uncertainties. The substitution of (6.48)-(6.50) into (6.61) 
produces: 

xXA+Zix+Q X E  (Zk-XB) 
n t  E x  -Q 0 (6.60) 

( E A  -@x) 0 -(D+ Dt)  

which in view of Theorem 6.3 implies that system (C,,) is strongly robustly 
stable  with SP. 

Remark 6.6: In general, the gain matrices of the observer-based con- 
troller (6.43) can be determined by appropriately modifying the  results of 
Theorem 4 , l  in [202] to include the additional  quadratic  terms  due  to  the 
state-delay. 

6.3 Discrete-Time Systems 

In  this section, we continue our task of looking into  the passivity analysis 
and control synthesis problems of time-delay systems by considering a class 
of discrete-time  systems with unknown state-delay. The development here 
will be pasallel to  that of Section 2. As usual, we start by focusing on 
delay-independent stability  and  then move to delay-dependent stability. 

6.3.1 A Class of Discrete-Delay Systems 

The class of linear time-invariant state-delay  systems  under consideration is 
represented by: 

(EA) : ~ ( k  + 1) = A A X ( ~ )  + Bw(lc) + &x(k - T )  

x(k) = Cn.(k) + D?.u(k) (6.61) 
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where x E Sn is the  state, W E ?P is  the  input  signal, n E W is the  output 
signal, r is  an unknown  time  delay  within a known  interval 0 5 r* and 
B E ! R n x p ,  D E W x p  and Ad E !Rnxn are real  constant  matrices. The 
uncertain  matrices AA E ?RnXn and CA E % p x n  are given by: 

(6.62) 

where H E r-i, E %Px" and M E % p x n  are known matrices  and 
A(k) E ZRaxP is a matrix of uncertain  parameters  with 

A t ( k )  A(k) 5 I ,  Vk (6.63) 

Distinct  from  system (EA) is the free nominal  system: 

(C,) : ~ ( k  + 1) Az(k )  + A d ~ ( k  - T )  

z ( k )  = CX(k )  (6.64) 

and  the nominal  system 

(C,) : z ( k  + l)  = A X @ )  + B w ( k )  + Adx(k - r )  

z ( k )  = C@) + Dw(k)  (6.65) 

In the sequel, we exmine  the problem of passivity  analysis of system 
(Ea) in  relation to  systems (E,) and (C,). In particular, it is  required 
that  system (C,) to he asymptotically  stable,  that  is, all the eigenvalues of 
matrix A are  within  the  unit circle. 

As a starting  point, we recall from  Chapter 2 that  subject to Assump- 
tion 2.3, system (C,) is asymptotically  stable independent-of-delay if there 
exist  matrices 0 < P = Pt E !RnXn and 0 < Q = Qt E W X n  satisfying the 
LA4 I 

A ~ P A  - P + Q  [ AiPA -Q AtPAd -I- AiPAd 1 O 

or equivalently  satisfying the ARI 

AtPA - P + AtPAd(Q - AiPAd)-lAiPA + Q < 0 

Recall  also that  the transfer  function of system (C,) is given by: 

T,(z) = C[al - A - z"AdIL1B + D 

and note  that To(eis) + T,"(eio) > 0 V0 E [0,27r] 
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6.3.2 Conditions of Passivity:  Delay-Independent  Stability 

In line with the continuous-time systems, we provide the following definition: 

Definition 6.3: The  dynamical  system (C,) is called passive if 

2 wt(j)z( j )  > P b h  E e,p,oo> (6.66) 
j = O  

where w ( k )  is  the  input  signal, n ( k )  is  the  output signal  and p is  some 
constant  depending o n  the  initial  condition of the  system.  It  is  said  to be 
strictly  passive (SP) if it  is  passive and D + Dt > 0. 

Based on the foregoing facts, we  now proceed to develop conditions under 
which systems with time-varying parameter uncertainty and unknown state- 
delay like (CA), which is asymptotically stable independent of delay, can be 
guaranteed to be strictly passive (SP). Towards our goal, we associate with 
system (C,) the Hamiltonian: 

H ( k )  = - AV(X,) + 2zt(lc)w(k) (G. 67) 

which depends on the input signal w ( k )  and the output signal z ( k )  with 
V(k) being the Lyapunov functional for the nominal system (C,) identical 
to V 3 ( z k )  as given by (2.23). The following result is now established. 

Theorem 6.6: System (C,) satisf.yin<g Assumption 2.3 is  asymptot- 
ieallg stable with SP independent-of-delay if there  exist  matrices 0 < P = 
Pt E !RnXn and 0 < Q = Qt E !Rnxn satisfging  the LMI 

[ 1 AtPA-  P - t Q  At PAd (AtPB - C') 
AiPA -(Q - Air&) Ai PB < 0 (6.68) 

(@PA - C )  Ut  P A d  - (D  + Dt - BVB) 
or equivalently  there  exist  matrices 0 < P = Pt E: !R72xn and 0 < Q = Qt E 
p X n  satisfying  the ARI 

A ~ P A  - P + ( A ~ P B  - ct) { D  + ~t - B ~ P B ) - ~  ( B ~ P A  - c) + 

{ Q  - AiPAd - A:PB[D + Dt - BtPB]-lBtPAd}-l 

{AtPEd + (AtPB - C t ) [ D  I- Dt - BtPB]-lBtPAd} 

{ AiPA + AiPB[D + Dt - BtPR]-'(BtPA - C ) }  + Q < 0 (6.69) 
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In  this  situation,  system (C,) is said to be strongly stable with SP. Ob- 
viously, strong stability with SP implies that system (C,) is asymptotically 
stable with SP. 

Proof: By evaluating Afi(zk) along the  solutions of (6.65) and using 
(6.69), we get 

H ( k )  = -z'(k + I )Pa(k  + 1 )  - d ( k ) P ~ ( k )  + z t ( k ) Q z ( k )  
- z t ( k  - +&Lo - 7 )  + 2Zt(k)CtW(k)  + wt(Dt + D)w(lc) 
== - x ~ ( ~ ) { A ~ Y A  - P + Q ) z ( k )  - wt(k){BtPB - (Dt  + D ) ) w ( k )  
- d ( k  - .){Q - AiPAd)12:(k - 7) - 2d(IC)AtPAd~(IC - T )  

- 2z t ( k ) (A tPB - C t ) w ( k )  - 2wt(k)BtPAdz(k - T )  

= -m W (6.70) 
<(k) [Xt(k)  Xt(k - 7 )  Wt(k)lt  

i AtPA - P+ Q At PAd (AtPB - Ct)  
q k )  = A ~ P A  -(Q - AiPAd) A i  PB 

(B'PA - C )  Bt PAd - (D  + Dt - BtPB)  1 
(6.71) 

If R(P)  < 0, then -A&(zk) + 2at(k)w(k) > 0 and from which it 
follows that 

kf k f  x [ x t ( j ) ' w ( j ) ]  > 1 / 2  [n%(zk)] 
j = k ,  j =  k,  

= l/a{Vl(zo) - Vl(Zf)) (6.72) 

Since fi ( k )  > 0 for x # 0 and fi (IC) = 0 for x = 0, it follows as 
kf "+ 00 that system (C,) is globally asymptotically  stable  with SP. 

Remark 6.7: One  can standardize  the LMI (6.68) by applying A.1 to 
yield: 

0 -Ct 

0 - (D+ D"> BtP 
< O PA PAd PB  -P i - Z Q  -Q 0 (6.73) 

which can be conveniently solved by the LMI-Toolbox. 
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Motivated by the foregoing result, we provide the following definition: 

Definition 8.4: The  uncertain  time-delay  system ( C A )  is said to be 
strongly  robustly stable with SP if there  exists a matrix 0 < P = Pt E ?RnXn 

such that for all admissible  uncertainties: 

or equivalently  there  exist  matrices 0 < P = Pt E !Rnxn and 0 < Q = Qt E 
?Rnxn satisfging  the ARI 

for all admissible  tmcertain.ties. 

Remark 6.8: It is readily evident from Definition 8.4 that the concept 
of strong  robust  stability with SP implies both the robust  stability and the 
SP for system ( C A ) ,  Note that the robust stability with SP is an extension 
of robust  stability (RS) for uncertain time-delay system to deal with the 
extended strict passivity problem, By setting A(t) = 0 , Definition 6.4 
reduces to (6.68). 

6.3.3 Conditions of Passivity:  Delay-Dependent  Stability 

Here, we direct  attention to the case of delay-dependent stability, By  fol- 
lowing paallel development to Section 6.2, we establish the following result. 

Theorem 8.8: Consider  the  time-delay  system (EA) satisfying As- 
sumption 2.4. Then  given c1 scalar r+ > 0, the  system (C,) is globally 
asymptotically stable for any  constant  time-delay r satisfying 0 L r 5 r* 
if one of the  following  two  equivalent  conditions  holds: 

TLFeBOOK



(1) There exist matrix 0 < P = Pt E !Rnxn and scalars € 1  > 0 , €2 > 0 , 
~3 > 0 €4 > 0 and ~5 > 0 , satisfging the LMI: 

where 

(6.74) 
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where 0 < P = Pt E X"'" and p1 > 0 , p 2  > 0, p3 > 0 are weighting factors 
to be selected. We start from (6.65) and get 

0 
x (k  - 7 )  = z (k)  - c Aa(k  + 0) 

e= -T 

0 0 

= I ( /? )  - C A h ( k  3- O - I) - C A d & C ( k  + 8 - T - 1 )  
e=-T o= "7 

0 
- c BAw(k + 8 - 1) (6.78) 

0=--7 

Substituting (678) back into (6.65) we obtain: 

(6.79) 

Now by evaluating the first-forward difference A&(ak) along the solutions 
of (6.79) and  arranging  terms, we obtain: 

where 

TLFeBOOK



230 CHAPTER 6. PASSIVITY ANALYSIS AND SYNTHESIS 

+ rpzAxt(k - l)[AiA:PAdAd]Lz(k - 1) 
+ T P ~ A w ~ ( ~  - l)[BtA$PAdB]Aw(k - 1 )  
+ 2wt(k)BLP(A + Ad)z(k) (6.83) 

AV&(k) = -2~~(]G)B~PAd~l ( l c )  - 2wt(Ic)BtPAdJ2(lc) 
- 2wt(k)BtPAd&3(k) 

0 
- p 1  C [nz t (k  + e - I ) A ~ A ; P A ~ A L Z ( ~  + e - l)] 

B=-r 
0 

- p2 c [&(k + 0 - 7 - l)A$A;PAdAdAX(k + e - 7- - l ) ]  
B=-r 

0 
- p 3  C [nwt (k  + 8 - I ) B ~ A ; P A ~ B A W ( ~  + e - l)] (6.84) 

e=-r 
With  the help of €3.1.1, we obtain  the following set of inequalities: 

-2d(k) (A  + Ad)tPAd<l(k) = 

-2d(k) (A  + Ad)tPAd C A&(k + B - 1 )  
0 

0="7 
0 

5 r l l  C [ d ( k ) ( A  + Ad)tP(A + A d ) ~ ( k ) ]  
O= "7 

0 

+rl C [nd((lc + 8 - I ) A ~ A ; P A ~ A A X ( ~  + e - l)] 
o=--7 

= ~ r T l d ( k ) ( A  + Ad)tP(A + A d ) ~ ( k )  
0 

+ T1 C [nzt(lc + o - I ) A ~ A ; P A ~ A A X ( ~  + e - l)] (6.85) 
0="7 

-2d(k)(A + Ad)tPAdJ2(k) = 

-2zt(k)(A + Ad)tPAd C AdAz(k + 6 - - 1) 
0 

o=-r 

5 rr;'d(lc)(A + Ad)!P(A + Ad)z(k) 

+ 7-2 c [ A d ( k  + 0 - r - l)A$A;PAdAdAz(t + 6 - r - l ) ]  
0 

Q="? 

(6.86) 
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( G .  87) 

-2zt(k)(A + Ad)'PA&3(k> = 

-2xt(k)(A + Ad)tPAd C BAw(k  + 6' - r - 1) 
0 

o=-7- 

- rrqlxt(k)(A + Ad)tP(A + Ad)x(k) 
0 

+ 1-4 c [ h u t @  + 0 - r - l)BtA:PAdBAw(t + 0 - r - l ) ]  
e= -7- 

(G. 88) 

+ r5 c [Awt (k  + 0 - 1)BtALPAdBAw(t + e - l)] (6.89) 
e= --7 

0 

5 r i l  C Axt@ + 0 - r - l)AiAiPAdAdAx(k + 0 - r - l )  
$="7 
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0 

+ r6 C [Aw'(k + Q - l)B'AiPAdBAw(t + 8 - I)] (6.90) 
e=--7 

-2wt(k)BtPAd~1(k) _< T T I ~ Z O ~ ( ~ ) B ' P B W ( ~ )  
0 

+ r7 C  AX'(^ + o - I ) A ~ A ; P A ~ A A X ( ~  + e - 1) (6.91) 
e= --7 

-2wt(k)BtYAd<2(k) 5 T T ; ' W ' ( ~ ) B ~ P B W ( ~ )  

+ C [Ax'(k + Q - T - l)A;AiPAdAdn~(t + 6 - T - l)] 
0 

0="7 

(6.92) 

-2~'(k)B~PAd&3(lc) 5 ~ r ; l w ' ( k ) B ' P B ~ ( k )  
0 

+ rg c [Axt@ + 0 - 1)AtAiPAdAAz(t + 8 - l)] (6.93) 

Hence, it follows by substituting (6.85)-(6.93) into (6.80)-(6.84) and letting 
p1 = 1 + r1 i- rgl 4- r;' i- 7-7 i- rg , p2 = 1 4- r2 f 7-3 i- 7-S' Tt3, and 
p3 = 1 + 7-4 + r5 + r6 that 

O= "7 

AK(k) = z ' (k)[(A + Ad)V'(A + Ad) - P ] z ( ~ )  
+ W ~ ( ~ ) B ' P B W ( ~ )  + Tr;lw'(k)B'PBw(k)  
+ ~ r T ' d ( k ) ( A  + Ad)'P(A + Ad)z(k) 
+ ~ r , ' z ~ ( k ) ( A  + Ad)'P(A + Ad)z(k) 
+ TrT1wt(k)BtPBw(k)  + T ~ ~ ~ ~ ' ( ~ ) B ' P B w ( / c )  
+ T P I A X ' ( ~  - l)[A'A;PAdA]Ax(k - l )  
+ ~p2Az ' (k  - l)[A;A;PAdAd]Az(k - 1) 
+ rp3Aw'(k - l)[BtAiPAdB]Aw(k - 1 )  
+ 2wt(k)BtP(A + A d ) ~ ( k )  (6.94) 

On using (G.G5),(G.G7) with AV(zk) = Ax(xk) and (6.94) with  some ar- 
rangement, we express  the  Hamiltonian  into  the form: 

N ( k )  = - [ y k )  Y(P) [ ( k )  
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Y(P) = 

(6.95) 

t ( k )  = [st&) zt(k - 1) w"k) wt(k - 1)It 

where 

Rl(P) = [ ( A  + Ad)tP(A + Ad) - P ]  + T r i l ( A  + Ad)tP(A + Ad) 
+ rpl[AtA$PAdAI + T T T ~ ( A  + Ad)tP(A + A d )  + 7p2[AtA$PAdA] 
+ rplAtA:PAdA + Tp2AtA$PAdA (6.96) 

R2(P) = rp1AtA:PAdA + rp2AtA;PAdA (6.97) 
R3(P) = [ ( A  + Ad)tPAd - C'] , R4(P) 7 p 3  B t A p A d B  (6.98) 

By A.1, Y(P) < 0, if and  only if 

& ( P )  < 0, Y,(P)  - Y2(P),q1(P)r;(P) < 0 (6.99) 

Simple  matrix  manipulations of (6.95)-(6.98) shows that (6.99) is equivalent 
to 
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Y(P) < 0, corresponds to (6.76) and this, via the Schur complements, 
yields the LMI (6.74)-(6.75). 

Now since Y ( P )  < 0, then -"nK(zk) + 2,zt(k;)w(k) > 0 and from 
which it follows that 

In  view of the fact that av,(zk) < 0 when IC # 0, then z ( k )  - 0 as 
IC -+ 00 and the time-delay system (C,) is globally asymptotically stable. 

Remark 6.9: An alternative form of the LMI (6.74)-(6.75) is 

(6.103) 

where 

( A  + Ad)tP(A + Ad) - P T*Adoo T* (AtAi)  
m ( P )  = T * 4 0 0  - Joo 0 

T* (&A) 0 -T*(€3P)-1 

1 
1 

0 0 0 0  O O I  

0 0 T * A ~ B  -T*(EsP)-~ 1 
7*(AtA:) ( A  + Ad)tPAd - Ct 0 O 

0 0 0  
0 0 
0 n2(P) = 

-T*(E.IP)-l  0 0 0 
0 - (Dt  + D )  l?; 0 

n3(p) = 0 B -P-' r*BtAd 

Ado0 [ ( A  + A d ) t  ( A  + Ad)'] , JOo = diag[T*(elP)-' T*(€~P)- ']  

To standardize  the LMI (6.74)-(6.75) or (6,103)-(6.104), we can employ the 
gridding procedure of Remark 2.6 with aj = ~ j (  1 + €j)-l ; j = l ,  ..., 5. 
Alternatively, we can use the following iterative scheme: 

(1) Add an ( d )  term to  the left-hand side of inequality (6.74) or (6.103), 
where a is a scalar variable. 
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(2) Guess  initial  value for (€1,  ..., € 5 ) .  

(3) Search  for P so that a is  maximized. This is now an LMI problem. 
(4) Fix P and find (€1 ,  ..., € 5 )  to  further maximize a which, again, is an 

LMI problem. 
( 5 )  If the maximum a is  negative, repeat  steps (1)-(4) until 

maz(a) 2 0 (implying a feasible solution is found) 
or a prescribed  number of iterations  is reached in  which the  iterative 
scheme  fails, 

Remark 6.10: In principle, the  gridding procedure,  with a sufficiently small 
grid size, can  guarantee a near-optimal  solution, The foregoing iterative 
scheme is generally  more efficient in numerical computations but a global 
feasible solution would require  considerable  effort. 

To deal  with  system (EA), we provide the following definition: 

Definition 6.5: The  uncertain  time-delay  system (EA) is  said  to be 
delay-dependent  strongly  robustly stable with SP ij   for  any r satisjying 0 5 
r 5 r* there  exists a matrix 0 < P = Pt E !Rnxn such  that  for all 
admissible  uncertainties: 

(6.104) 

where 

(AA 4- A d ) t P ( A ~  4- A d )  - P r*AAoo r*(AiA:) 
nl(e A) = 7' AAoo - Joo 0 

T*(AdAA) 0 -T*(€3Y) -1  

l 
I 

0 0 0 0  O O I  

0 0 r*ALB - -T*(E#) -~  ! 
1 

r* (Ai l?: )  (AA + Eo)tPEo - CA 0 0 
0 0 
0 0 0 0  nz(P, A) = 

--r*(EqP)-l 0 0 0 
0 - ( D t   + D )  Bt 0 n3(P) = 0 B -P" r*BtAd 

AAOO = [ (AA 4- Ad)t (AA i" A d > " ]  (6.105) 

Remark 6.11: I t  is readily  evident  from Definition 6.5 that  the con- 
cept of delay-dependent  strong  robust  stability with SP implies both  the 
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robust  stability  and  the  delay-dependent SP for system (CA). By  setting 
A(t) = 0 , Definition 8.5 reduces to (6.74). 

6.3.4 Parameterization 

Here, we restrict  attention on delay-independent  analysis. It is easy to real- 
ize that direct  application of (6.106) would require  tremendous efforts over 
all admissible uncertainties. To bypass this  shortcoming, we introduce the 
following p- parameterized  linear  time-invariant  system: 

(C,) : ~ ( k  + I)  =  AX(^) + B,G(k) + Adz(/? - T )  

Z(k)  = C,z(k) + D,G(k) (6.106) 

where 

B, = [ B  0 p H ]  C, = 

Do 0 - /A L2 

D, = [ 0 1 / 2 1  0 I (6.108) 
0 0 1/2 1 

The next theor-em shows that  the delay-independent  robust SP of system 
(EA) can be ascertained from the strong stability  with SP of (C,). 

Theorem 6.9: System (En)  satisfying (G.2) is strongly  robustly stable 
with SP if and only if th.ere exists / L  > 0 such that (C,) is strongly  stable 
with SP. 

Proof: By Definition 6.4 system (EA) is strongly  robustly  stable with 
SP if there  exists a matrix 0 < P = Pt E W x "  such that for all admissible 
uncertainties: 

ALl'An - l' + Q ALPAd (ALPB - CA) 
Ai PA4 -(Q - AiPAd) AiPB 

(B'l'& - CA) Bt l'& -(D + D' - BtPB) 1 
(6.109) 

Inequality (G.ll.0) can be expressed conveniently as 

[ 0 -Q 
-P+Q 0 

0 
-C& 0 - ( D + D t )  
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(6.110) 

Application of the Schur complements to (6.111) puts it into  the form: 

I -P+Q 0 -CA A i  - 
0 -Q 0 

-CA 0 - ( D f D t )  Bt < 0 (6.111) 

AA Ad B -p- 1 

Substituting  the uncertainty structure  (6.62) into  (6.112)  and  rearranging, 
we get: 

By [229], inequality (G. 113) holds if and only if for some p > 0 

i -p:Q 
0 -Ct . At 

-Q 0 
-c0 0 -(D+ Dt)  Bt 

Ad B 

p-% 0 0 
0 0 -pH: p H t  " ] < O  

(6.113) 
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for all admissible  uncertainties  satisfying (6.62)-(6.63). On using the Schur 
complements in (6.114), it  becomes: 

" P + &  0 -Ct At O 
0 -Q 0 4 0 0 

A A d  B -P-l 0 p H  

- 0 0 --pH: pHt  O -I 

-CO 0 - ( D +  D t )  Bt 0 -pHc 

p - l E  0 0 0 -I 0 

Define 

S =  

- I 0 0 0 0 0  
0 1 0 0 0 0  
0 0 I 0 0 0  
0 0 0 0 0 I  
0 0 0 I 0 0  

~ 0 0 0 0 I 0  

< 0 (6.114) 

(6.115) 

Premultiplying  (6.115) by S and  postmultiplying  the  result by St , we get: 

-P+Q 0 -Ct p - W  0 
0 -Q 0 0 0 
-c 0 - @ + D t )  0 

p l E  0 0 -I 0 0 [ < 0 (6.116) 

0 0 -pH: 0 
A A d  B 0 p H  - - P 1  

In  terms of the  p-parameterized  matrices of (6.108) and (6.109), inequality 
(6.1 19) can  be  written as: 

which is equivalent to 

-P+Q 0 -CL 
0 -Q 0 

- c p  0 - (&+DL)  l +  
J 

< o  (6.117) 
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if and only if 

[ 
AtPA-   P+Q At PAd (AtPB, - CL) 

Ai  PA -(Q - AiPAd)  Ai  PB, 
(BLPA - C,) BbPAd -(D,  -I- DL - BLPB,) 

(6.119) 

which eventually  corresponds  to  the  stability of system (C,) with SP. 

Remark 6.12: Theorem 6.9 establishes an uncertainty-independent 
procedure to evaluate if the  uncertain time-delay  system (EA) is robustly 
stable  with SP. Observe that inequality (6.115) with E = p2 is equivalent 
to: 

I " P i - Q  0 -Ct 

where 
- P + &  0 -Ct 

GT(P)  = 1 -Q 0 
-Co 0 - ( D + D t )  BtP 
PA PAd PB  -P 

0 PfI t  
and  that T Wt T is a s tandad  LMI since it is jointly  linear  in P and E .  

Hence, it  can  be effectively solved by employing the LMI Toolbox. 
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6.3.5 State-Feedback  Control  Synthesis 

The analysis of robust  stability with SP can  be  naturally extended to the 
corresponding synthesis problem. That is, we are concerned with the de- 
sign  of a feedback controller that not only internally stabilizes the uncertain 
time-delay system but also achieves SP for all admissible uncertainties and 
unknown delays. A controller which  achieves the  property of robust  stability 
with SP is termed as a  robust SP controller. To this  end, we consider the 
class of uncertain systems of the form: 

(EA,) ~ ( k  + 1) = A A X ( ~ )  + Bow(k) + B ~ A u ( ~ )  
+ E,X(k - 7) 

x ( k )  = c A X ( k )  + Dow(k) + Dl;?Au(k) 
.y(k) = CL'@) (6.120) 

in which  all the states  are assumed available for instantaneous measurements 
and the Uncertain matrices are given  by: 

a t ( k ) a ( k )  5 I v k  

The objective of the robust SP control design problem is to determine a 
static feedback controller u ( k )  = K,z(lc) that internally stabilizes system 
(cas) for  all admissible uncertainties and achieves the  strict passivity prop- 
er ty. 

The next theorem establishes the main design result. 

Theorem 6.10: The state-feedback  control u ( k )  = K,z(k) stabilizes 
system (Ea,) if there exists a scalar E > O and  matrices O < Y = Y t  E !Rnxn 

and S E sntisfging the LMI: 

(6,122) 

where 
- Y + R  0 -YCt + StDiz YAt + St@ 

0 -Q 0 q Y ,  S )  = A4, 
-CY+D13S 0 - ( D + D t )  Bt 
AY +BlS  A d  B -Y 
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r Y E t   + S t E t  0 

EZ(Y,S) = 
0 0 
0 - H c  

0 fI 

241 

(G. 123) 

Moreover, the gain matrix is ICs = S Y-l .  

becomes: 
Proof: System  (6.123)  under the action of the  controller u ( k )  = K,z(k) 

( E A K )  z ( k  + 1) [ A A  f BlAl(,]z(k) + BAw(k) 
+ Adz(k  - T) 

z ( k )  = [CA + Dl2AI<s]z(k) + DAW(k)  (6.124) 

for all admissible  uncertainties  satisfying  (6,124). Applying Theorem 6.8, 
i t  follows that system ( E A I ~ )  is strongly  robustly stable with SP if and only 
if there  exists a p > 0 such that 

(6.125) 
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-Y 0 (6.127) 0 -€I 0 
-H; I-lt 0 -€"?l 

6.3.6 Output-Feedback  Control  Synthesis 

Consider the class of uncertain time-delay systems 

where the uncertainties are given  by (6.122) in addition to 

Here we consider the problem of designing dynamic  output-feedback con- 
trollers of order  r and represented by 

where F, E ! R T x 7 ' ,  G, E !RTxn', K, E !Rmx' are the controller  matrices. The 
objective is to  ensure  internal closed-loop stability  for  system (EA,) for all 
admissible  uncertainties  satisfying  (6,122). By augmenting the controller 
(Ed!) with system (X*,), we get the closed-loop system: 

where 
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n 

B 
n 

C A  

1 
E b K o ]  

(6.132) 

(6.133) 

(6.134) 
(6.135) 

Now  we introduce  the following p-parametrized linear shift-invariant system 

where 

(6.137) 

(6.138) 
0 l /2 I  

The next theorem shows that the robust stability with SP of system (Ecc) 
can  be ascertained from the  strong stability of system ( E p d ) .  

Theorem 6.11: System (C,,) is  strongly  robustly stable with SP if and 
only if there  exists  a scalar parameter p > 0 such  that  system (E,d) is 
strongly stable with SP. 

Proof: By Remark 6.7 and Definition 6.4, it follows that system 
(C,,) is stongly robustly stable  with SP if 

-Y+W 0 
n t   n t  

- C A  

0 -Q 0 
n n t  (6.139) 

- C A  0 - ( D O + D ; )  B, 
n 

AA E B O  
n n 
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where 

(6.140) 

- y2 0 -Ct At 

At(k)[O 0 0 0 X-lt HiG:] 0 (6.141) 
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[ p-: E p-lEbIco 0 0 0 
0 0 0 p H t  pHjGA 

(G. 142) 

for all admissible  uncertainties  satisfying (6.122) and  (6.130). By similar- 
ity to Theorem 6.8 and using (6.133)-(6.135) with some manipulations, 
inequality  (6.142) is equivalent to: 

I -Y + 1:v 0 
v t  - 
-t 

-c; A 
0 -Q 0 E < o  (G. 143) 
"C, W n 0 - (D,  +DC) B; 

A E B P  -y-1 

which, in turn, is equivalent to 

i x t Y ; i - Y + w  ;it y E ( 2  YBkL - 6;) 
Et Y ;i -(Q- Et Y E )  Et YBp 

(BbY x -C,) BfY E - (Dp  + Df - BLYB,) 
(6.144) 

This obviously corresponds to  the  stability of system (Cpd) with SP. 

6.4 Notes and References 

The results  reported in Chapter G are essentially based on 1203,226,228,2321 
which extend  the  results of [197,200-202,205-2081  for delayless systems.  Ob- 
viously, much more resewch work is needed. 
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Chapter 7 

Interconnected Systems 

7.1 Introduction 

In control engineering research, problems of decentralized control and sta- 
bilization of interconnected systems  are receiving considerable interest  in 
recent years [151-154,  183,  184, 187, 1881 where most of the effort is focused 
on dealing with  the  interaction  patterns.  Quadratic  stabilization of classes 
of interconnected systems have  been presented in [l89, 190, 2331 where the 
closed-loop feedback subsystems  are  cast  into H m  control problems. De- 
centralized output tracking has been  considered  in (153, 1541 for a class 
of interconnected systems with matched uncertainties and in [234, 2351 us- 
ing norm-bounded uncertainties. When the interconnected system involves 
delays, only few studies  are avdable, In [154, 1891, the focus has been on 
delays in the  interaction  patterns with the subsystem dynamics being known 
completely. The same problem within the scope of uncertain systems was 
treated in 12381. In [236, 2371, a class of uncertain systems is considered 
where the delays occur within the subsystems. 

In  this  chapter, we look into two broad classes of problems: 
(l) Decentralized robust stabilization  and  robust Hm performance for a class 
of interconnected systems with unlcnown delays and norm-bounded paramet- 
ric uncertainties, and 
(2) Decentralized control of interconnected systems with mismatched uncer- 
tainties. 

In both problems, the delays are time-varying in the  state of each sub- 
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system as well as in the interconnections among  the  subsystems.  The  main 
objective  is  to design a decentralized feedback controller which renders the 
closed-loop interconnected  system  asymptotically  stable  for all admissible 
uncertainties  and  unknown-but-bounded  delays. All the design effort is un- 
dertaken a t  the  subsystem level. 

7.2 Problem  Statement  and  Definitions 

Consider a class of linear  systems S composed of ns coupled subsystems Sj 
and modeled in  state-space form by 

where j E { 1, ..., n,}; x j ( t )  E WJ is the  state vector; u j ( t )  E 3 1 m j  is the 
control input; u ) j ( C )  E !W is the  disturbance  input; y j ( t )  E 'W is  the mea- 
sured output; z j ( t )  E % r ~  is the controlled output,  and Q j k ,  Tj are unknown 
time-delays  satisfying 0 5 rj 5 r:, O 5 qjk 5 q$k) j ,  IC E { 1, ,,, n,} where 
the  bounds r:, q;k;  j ,  k E { 1, ..,., n,) are known constants  in  order to guar- 
antee  smooth  growth of the  state trajectories.  In  this work, the  matri- 
ces Gj, Fj, rj, Izj are known,  real and  constants  but  the  system  matrices 
A j ( t ) ,   A j k ( t ) ,  Bj(t), Cj(t) ,  D j ( t ) ,  Ej( t )  are uncertain  and possibly fast time 
varying. The inclusion of the  term Ej(t)zj(t - rj) as a separate  term is 
meant to emphasize the delay  within the  jth  subsystem. Finally, the initial 
condition for (l.) is specified as (zj(O),~j(r)) = (zoj,q5j(r));j = 1, . . , S  where 
$ j ( . )  E &[-TT, 01; j = l., .., S 

7.2.1 Uncertainty  Structures 

In  the  literature on large-scale state-space  models  containing  parametric  un- 
certainties,  there has heen different methods  to  characterize  the  uncertainty. 
In  one  method,  the  uncertainty is assumed to satisfy the so-called matching 
condi tion [233, '2431. Loosely speaking,  this  condition  implies that  the un- 
certainties  cannot  enter  arbitrarily  into  the  system  dynamics  but  are  rather 
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restricted to lie in the range space of' the input  matrix. By a second method, 
the  uncertainty is represented by rank-l decomposition. It is well-known 
that  both methods  are  quite restrictive in practice. This limitation can be 
overcome by using the generalized matching conditions 12391 through an  it- 
erative procedure of constructing stabilizing controllers. There is a fourth 
method in which the dynamic model is cast  into  the polytopic format [3] 
which implies that  the systems of the associated state-space model depend 
on a single parameter vector. 

In this section, we follow a linea fra.ctiona1 representation method in 
which the uncertainty is expressed  in terms of a norm-bounded form as 
[215,218]: 

where f 1 j  ( t )  E P#"#' 'Pj, rl,, ( t )  E P"' "k , I1.j ( t )  E WjXrj are unknown 
time-varying matrices whose elements are Lebsegue measurable; the ma- 
trices sj, Lj,  Mj, N j ,  M j k ,  N j k ,  M e j ,  N e j  are red, known and constant 
matrices with appropriate dimensions and Aoj, Boj, Coj, Doj, Eoj are red 
constant and known matrices representing the nominal  decoupled system 
(without  uncertainties and interactions): 

In the sequel, we assume V j  E { l ,  ..., ns} that the n,-pairs (Aoj, Boj) and 
(Aoj ,  Coj) are stabilizable and detectable, respectively. 

The interest in the uncertainty clzsracterization (7.4) is supported by the 
fact that quadratic stabilizabili ty of feedback system with norm-bounded 
uncertainties is equivalent to the  standard fIw control problem [215-2191. 

For sake of completeness, we tackle the decentralized control problem 
when the system uncertainties are mismatched in a later section. 
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7.3 Decentralized Robust Stabilization I 
The objective of the decentralized robust stabilization problem is to design 
decentralized dynamic feedback controllers for the interconnected system 
(7.1) such that the resulting closed-loop system is asymptotically stable for 
all admissible uncertainties, In  this case, the interconnected system (7.1) is 
said to be robustly  stabilixable  via  decentralized  dynamic  feedback control. 

In the following, stabilization of system (7.1) in the absence of the ex- 
ternal  disturbance, wj(t) = 0, is achieved through the use of a class of 
observer-based feedback  controllem of the form: 

where the matrices introduced in (7.5) will be specified shortly. We  now 
look  for a solution to the decentralized robust stabilization problem. For 
this purpose, consider that for j = 1, ... , ns there exist two matrices 0 < 
Pj = P: E ! R n j x n j ,  0 < Qj = Q; E x n j ,  satisfying the two ARIs: 

along with 

where the scalars p j  > 0 ,  cy3 > 0 ,  p j k  > 0, and I j  E ! R n j x n j  is the identity 
matrix. Introducing the error ej(  t )  = xj(t) - xj(t), then it follows from (7.1) 
and (7.3)-(7.5) that  it has the dynamics: 
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In terms of 6; = 1x5 e:] E ! R P n j ,  the dynamics of the augmented system 
(7.1) and (7.9) take the form 

where 

A preliminary result is established first: 

Lemma 7.1: Let  the  matrices 6Aj9 SCj, Oj and Icj be defined as 

then, the  following  inequality holds 
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where Pj, Qj  satisfy  inequalities (7.6) and (7.7) and 

(7.16) 

Proof: Define the  augmented matrices: 

and  the  matrix expressions 

Considering (7.17) and  after some  algebraic  manipulations  using (7. l l) and 
(7.18), it c m  be show11 that 

n. 
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Using (7.12)-(7.14) into (7.19)-(7.21) with some lengthy but  standard  matrix 
manipulations, we obtain, 

Clj  < 0, C2j = 0, C3j = 0, C4j < 0, j = 1, ..., ns (7.22) 

This implies that 

Then, by applying Lemma 7.1 to (7.24) with the help of (7.G), (7.7),  (7.12) 
and (7.23) we get 

which corresponds to (7.15) as desired. 

Remark 7.1: Note that the conditions that NjNj and LjLi being in- 
vertible are necessmy to yield separable expressions for the  matrices SAj 
and SCj that have been introduced to take care of the uncertainties. If these 
conditions do  not hold, the design results can be obtained by applying the 
technique developed in (1581. In the absence of uncertainties, SAj =, 0 and 
SCj 0, we have to follow another  route in the analysis. 

Now, the main stability result is established by the following theorem: 

Theorem 7.1: System (7.1) is  robustly stabilixable via  the decentral- 
ized observer-based controller (7.5) ‘if V j, IC E { l ,  ..., n,) there  exist  positive 
scalars p j )  aj, p j k  such  that  the following conditions are met: 
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(1) the  matrices N; Nj )  Lj L:, ( I j  - C$ NLj N e j )  and ( I j  - N j h  Njk) are 

(2) there  exist  matrices 0 < P; = Pj E ! R n j X n j ,  0 < Q$ Qj E i R n j x n j ,  

The  matrices of the stabilizing  decentralized  controller (7.5) are given by  

invertible, 

satisfying (7. G) and (7,7), respectively. 

(7.12)-(7.14). 

(7.26) 

which  taltes into account the present as  well as the delayed states. Note that 
V(&) > 0 for 6 # 0. The total time derivative dV(&)/dt of the function 
V([t) ,  which  is computed with respect to (7.10), is obtained as: 

+ C { X S X j  - x$ - Tj).j(t - 
j =  1 
nS n.., 

Observing the fact 
ns n s  ns ns 

(7.27) 

(7.28) 
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where 

255 

(7.29) 

(7.30) 

(7.31) 

In view of (7.25), it directly follows from (7.31) that Tj < 0, Hence  from 
(7.30), we get cn/(Q)/dt < 0 V[ # 0. There€ore, V(&)  of (7.26) is a Lya- 
punov function for the augmented system (7.10) and hence this  system  is 
asymptotically  stable for all admissible uncertainties. I t  then follows that 
the interconnected system (7.1) is robustly  stabilizsble by the decentralized 
dynamic feedback controller (7.5). 

Remark 7.3: It is readily evident from the preceding result that  the 
closed-loop system stability is independent of delay. Although it is a con- 
servative result, it is computationally simpler than those available in the 
literature; see [2,233] and  the references cited therein. Had we followed 
another  approach, we would have obtained delay-dependent stability result 
which requires initial data over the period [ -27-3’, 01, j = 1, , ., S]. 

Remark 7.4: It is to be noted that  the developed conditions of The- 
orem 7.1 are only suficient and therefore the results can be generally 
conservative. In order  to reduce this conservativeness, some parameters 
(aj, Pjk, pj) axe left to  be  adjusted by the designer, 

Now to utilize Theorem 7.1 in computer implementation,  the following 
computational procedure is recolmnended: 
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Read the nominal  matrices of subsystem j, V j  E {l, ..., n,} as given 
in model (5 ) .  
Identify the matrices of the  uncertainty  structure (7.2) and (7.3). 
(a) Select initial values for the  scalars a! = c$, = 
V j ,  IC E { 1, ..., n,} such that CY: E [O.l ,  0.21 and ,@ E [0.1,0.2], 
(b) Set  counter = 1 
(C) If Ij  - a:NLjNej > 0 and I j  - @kN$Nj, > 0 then go to (4). 

otherwise, update a: and p$ such that, CY; + CY$( l + A$), ,Ojk * @$(l + Ap? ) and Jk 
Aa; , A,O$ E [0.05,0.1]. 
(d) Increase  counter by 1. 
(e )  If counter exceeds 20 then go back to (2), else go to (3-c) .  
Select the  scalar pj V j  E {l, ..., n,} and solve inequalities (7.6) 

and (7.7) for Pj, Qj.  Change p j  whenever necessary to  ensure  the 
posi tive-defini teness of the  resulting matrices. 
If no solution  exists,  update aj, P j k  and go to (3). 
If a solution  exists, record the result and STOP. 

Corollary 7.1: Consider  system (7.1) without  time-delay;  that  is Tj = 0, 
qjk = 0 Vj, k E {l, ..., n,}. I n  this case we  set Ej = 0 =+- Q e j O b  = 0 
V j  E {l, ..., n,}. It follows that  the ARIs (7.6) and (7.7) reduce to: 

PjAoj + AtjPj - p ; 2 B j ( N j N j ) ” B o j  + Pji2,jR:jPj 
+p;iW;iWj + (12, + 1)Ij < 0 (7.32) 

- p ; J ; ( L j L y J j  + p j 2 e j ( L j L y c o j  < 0 (7.33) 
Q j ( A o j  + flsjatjpj) + ( A o j  + flsjR!jPj)tQj + Qjflsji2:jQj 

R, jRt .  S 3  = R U ~ O ; ~  + pj2sjs; (7.34) 

Remark 7.5: Note that  the term (n, + 1)1 in (7.32) implies that for 
an interconnected  system composed of a large  number of subsystems even 
though weakly coupled, it may not have a positive-definite  solution, In this 
regard,  this gives a measure of the conservativeness of the proposed  design 
method. 

Corollary 7.2: Consider  system (7.1) in the case that all state variables 
are measurable and available for. feedback. I t  is readilg seen  that  this  system 
is robustly stabilizable !via a decentralized state feedback controller  structure 

‘ I l j (2) = -Kjzj ( t )  
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if there  exist pj  > 0 and 0 < Pj = P! E X n j x n j  satisfying 

and  the  inverse (N’’Nj)-l exists, 

Corollary 7.3: The standard centralized solution of the f Im robust sta- 
bilization of dpamical  systems  without delag can be readily deduced from 
our results bp dropping  out  the  subscripts j and IC, setting ns = 1, Ajk = 
O + Ajko = 0, N j k  = 0, M j k  = O 3 ojl, = O in addition  to Ej = O ZJ Eoj = 
0, M e j  = 0, N e j  = 0. It then  follow^ that 

PA, + AiP - p-’[B;P + p2NtA4It(NtN)”[B;P + p 2 N t N ]  + 
p-2PSStr + p2A4tAL! + 2x < 0 

which  implies t h d  

PA, + AiP - p-’[B;P+ P ~ N ~ A ~ I ~ ( N ~ N ) - ~ [ B A P  + p2Nt.M] + 
P - ~ P S S ~  P + p2MtM < 0 (7.37) 

7.4 Decentralized Robust Ifrn Performance 

Now, we move to consider the stabilization of the interconnected system 
(7.1) by solving the problem of decentralized robust H,, performance. This 
problem is phrased as follows: 

Given the n,-positive scalars { 71, 7 2 ,  ... , yn, 1, design decentralized dy- 
namic feedback controllers [or the interconnected system (7.1) such that the 
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resulting closed-loop system is asymptotically stable  and  guarantees  that 
under zero initial conditions 

(7.39) 

for all nonzero wj E &IO, 00) and for  all admissible uncertainties. 

In this case, the interconnected system (7.1) is said to be robustly  sta- 
bilixable with  distwbunce  attenuation y via decentralized dynamic feedback 
control. 

Extending on (7.5), we use the observer-based feedback controller 

which has the same structure as (7.5) in addition to  the auxiliary signal 
zi)j(t) E &IO, 00). This signal affects both  the systems dynamics and  the 
measured output and is introduced in order to cope with the  external dis- 
turbance wj. The different constant matrices in (7.40) are those of (7.5) in 
addition to 

and the gains 6j, l?j; V j  E { 1, ..., n,} will be specified shortly. 

In terms of the error e j ( t )  = li.j(t) - xj(t), we obtain from (7.1), (7.2) 
and (7.40) the error model: 
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k= I 

where 

(7.44) 

and  the remaining  matrices  are given by (7.12)-(7.14). born (7.1) and 
e j ( t )  = iij(t) - x j ( t ) ,  the controlled output  has  the form 

and 
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Theorem 7.2: Given  the desired levels of disturbance  attenuation {yj > 
0, j = I, ..., n,), the  augmented  system (7.43) is robustly stabiliaable with 
disturbance  attenuation y = diag(yi)  via  the decentralized  observer-based 
controller (41) if there  exist  positive scalars p j ,  aj, & ) Qj  = 1, ..., ns such 
that  the  following  conditions are met: 

(I) the  matrices (NjNj ) )  (LjLj))  (Ij  - + N ; j N & ) ,  ( I j  - @ k N j k N j k ) )  

( 5 F ' )  and (njyj)) are all invertible, 
(2) there exast 0 < P; = Pj E ! R n j  x n j ,  0 < Q; = Qj E !Rnj x n j  satisfying 

inequalities (7.46) and (7.47), respectively. The feedback and  observer  gains 
are given by 

(7.49) 

Proof: First, we have to establish  the  stability of the composite  system 
(7.43)-(7.45). Given 0 < TV; = W ,  3 E X n j x n j  such that TVj = diug[Pj, Q j ]  

and 0 < P; = P', 0 < Q: = Qj satisfying  inequalities (7.46) and (7.47), 
define the  augmented  matrix: 

(7.50) 

Algebraic manipulation of (7.50) using (7.12) and (7.19) in the  manner 
of Theorem 7.1 leads to: 

El' < 0, Z2' = 0, "3' = 0, "4' < 0, j = 1, ..., ns (7.51) CI CI 

which in turn implies that 
n t  n n n t  
AjWj + WjAj + !V''(XjXj + ~ J ~ 2 F j F ~ ) W j  + p:.&?j.&?j + 
GjGj 3- U, 0 (7.52) 
n t  n 

By applying Lemma 7.1 to (7.50) with the help of (7.44),  (7.46) and (7.47), 
we get 

n t  A 
na 

AfWj WjAj + GjGj Wj(Ejhi + C A j k A : k ) j v j  + 
k=l  

~3~2Wjf'jf'~T4~j + U, < 0 (7.53) 
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Using a procedure similar to Theorem 7.1, the  asymptotic  stability of the 
closed-loop system (7.43) can  be easily deduced. 

Next, to establish that 11zj112 < rjllwjll2 whenever llwjll2 # 0 which 
implies that  the desired robust Ho0 performance is achieved, we introduce 
the performance measure 

(7.54) 

which is bounded in view of the  asymptotic  stability of the closed-loop system 
(7.43) and since wj E &[O, m), V j  E {l, ..., n,}. Consider the Lyapunov 
function candidate V(&)  of (7.27). The  total time derivative d V ( & ) / d t ,  
which is computed with respect to (7.43), is obtained as: 

(7.55) 

By augmenting (7.27), setting  the initial conditions of system (7.1) to zero 
and using (7.43), we rewrite (7.54) in the form: 
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where %m is a non-negative and finite scalw representing  the bound of Q ( t )  
as t 3 00. Using (7.30) and  the  extended  state-vector 

where 

Y =  

(7,57) 

(7.58) 

In view of the negative-definiteness of Y, it is readily  evident  from (7.58) 
that J& < 0. This in turn implies that condition (2) is satisfied for all 
admissible  uncertainties  and for all nonzero disturbances wj E &[O, m), 
V j  E {l, ..., n,). 

Corollary 7.4: Consider  system (7.1) without  time-delay;  that is Tj = 0, 
qjk = 0 Qj,  k E {I, ..,, n,) . In this case we  set Ej = 0 and thus f2,jRij 
Qj E {l, ..., ns). It follosws that  the ARIs (7.46) and (7.47) reduce to: 

Corollary 7.5: Consider sgstem (7.1) in the case that all state variables 
are  measurable and available for feedback. I t   is  readily seen  that  this  system 
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is robustly  stabilixable  via  a  decentralized  state  feedback  controller  structure 

uJt)  = -I<jzj(t) 
= -p,'2(NjNj)-1Bopj(t) , V j  E {l, ..., n,} (7.61) 

if there  exist p j  > 0 and 0 < Pj = P; E Sfz"j x n j  satisfying 

PjAoj + ALjPj + Pjy3Y:Pj + GiGj + PjMjM' 
-B:jfi-:lBoj + (n, + 1)lj < 0 (7.62) 

7.4.1 Example 7.1 

To illustrate  the design procedures developed  in Theorems 7.1 and 7.2, we 
consider a representative  water  pollution model of three  consecutive  reaches 
of the River Nile. This linearized model forms an interconnected  system of 
the  type (7. l) for ns = 3 along  with the following information: 

= [ 1.2 0 ] ' = [ I02 -0.87 ] ' = [ 0.:8 If2 ] 0.97  -0.31 1 

C o 1 = [ 1  - l ] ;  c&=[ 1 l ] ;  co3=[-1 -11 

The delay  and  disturbance  parameters  are given by 

Eo1 = 0.2, Eo2  = 0.1, Eo3 zz 0.3, Ill = 0.08, Il2 = 0.15, Il3 0.06, 
Do1 = 0.02, D02 = 0.03, Do3 = 0.01, G1 = (0.1 0.1 0.21, G2 = 10.2 0.1 0.21, 
G3 10.2 0.1 0.11, F1 = 0.1, F2 = 0.1, F3 = 0.1. 

The coupling  matrices are given by 
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-0.3 0*3 1 
Nil = [ io: ] ; Ni3 = [ ::l ] ; Nil = [ Oe3 ] ; Ni2 = [ ] -0.3  -0.3 

In terms of the  uncertainty  structure (7.4), the following data is made avail- 

By selecting a1 = 0.5, a2 = 0.5, a3 = 0.5, p1 = 0.5, ,L4 = 0.5, ,B3 = 0.5 
as initial guess, it is found by applying the  computational procedure set 
forth that p1 = 0.2, p2 = 0.3, p3 = 0.4 is a successful (first) choice.  Using 
the above plus the nominal data with the help of MATLAB-Toolbox, we 
obtain 

0.1331  0.0364 
= [ 0.0364 0.9109 ] ' " = [ 0.1445  0.0782 . 

0.0782  0.7923 ' 1 
p3= [ 0.1557 

0.142 1 & l =  [ 0.9070 -0.5361 
-0.5361 
2.3821 

2.2218  0,8047 
Q2 = [ 0.8047  1.9533 ] ' Q3 = [ 2.6863  0.5944 0.5944  2.4828 1 

as a candidate solution of inequalities (7.6) and (7.7). These give the follow- 
ing gain matrices 

K 1  = 122.8166  6.4302]; IC2 = 12.2767  34.41251; K 3  [7.5354  78.91431. 
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Had we followed another  route  and took p1 = 0,02, p2 = 0.03, p3 = 0.04 as 
a second  choice, we then obtain 

= [ 0.0003 0.171 1 ] ' p2 = [ 0.0138  0.0003  0.0139  0.0013 , 

0.0139  0.0021  0.0182  -0.0181 . [ 0.0021  0.1876 ] ' = [ -0.0181 0.0191 1 ' p3 

0.0275  0.0270 
" = [ 0.0270  0.0269 ] ' Q3 = [ 0.1610  -0.0723 

-0.0723  0.1851 1 
and  the corresponding gain matrices 

K1 = 1217.3081  5.63331; K 2  = j4.5533  751.67471; K 3  = [12.0  1302.21. 

8.1091 
'l = [ 8.1291 ] ' O2 = [ 17.8486 ] ' O3 = [ 0.0510 ] ' -17.5038  0.0264 

Note that  the values of the first are 10 times that of the second  choice. In 
both cases, the obtained results indicate the high-gain nature of the  state- 
feedback controller. By reducing the weighting factor p j ,  the  norms llPll 
and llQll decrease almost lineasly. The  rate of decrease of l lQll is less than 
that of I lPl 1. The reverse is true for the associated gain matrices where llKll 
and 1101 I have  increased  with decreasing weighting factor p j ,  

7.5 Decentralized Robust Stabilization I1 

In this section, we follow another  route in dealing with the control problem 
of interconnected systems. The major difference stems from the way the 
uncertainties are modeled, Here we will consider that  the uncertainties are 
mismatched  and develop a decentralized stabilizing controller that renders 
the closed-loop controlled system exponentially stable  to a calculable zone 
about  the origin. 

7.5.1 Problem  Statement  and  Preliminaries 

We knew  from previous chapters  that  a wide  class of uncertain systems  with 
time-varying state delay can be  modeled  by: 

(C) : k ( t )  = AX@)  + Bu(t)  + Adz(t - ~ ( t ) )  
+ e(z, 1 1 ,  t )  -t- g(z, t )  (7.63) 
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where A E SnXn, B E !Rnxm are known constant matrices describing the 
nominal system (without  uncertainties), ~ ( t )  E !RJZ" is the  state vector, u(t) E 
!Rm is the control input and the system uncertianties are lumped into  three 
parts: 

A d  E ! R n x n , e ( . , . , . ) :  x%+ "+E !Rn andg(.,.): ?Rn X % +  +E !Rn. 

In (7.63), the information of the delay depends on the  state variables and it 
is a time function 

v( t )  E N := {p@) : 0 5 cp 5 v* < m;@ 5 v+ < l} 

where the bounds v*, 77' are known constants in order to guarantee  smooth 
growth of the  state trajectories. 

In the absence of uncertainties, the resulting system becomes the familiar 
retarded  type that we have studied in the previous chapters. Here, we build 
on this fact by treating system (C) as an interconnection of Ns subsystems 
and having the following description: 

The dynamics of the uncertain subsystem (Cj) has  the form: 

(7.64) 
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NS 
+ ej(zj,uj, t )  + c S j d %  t )  (7.65) 

k = l , j # k  

From (7.65), it  is clear that  the  uncertainties are due  to local parameter 
changes  within the subsystems  (terms Adj and e j ( z j ,  uj , t ) )  and variation  in 
the subsystem  couplings (term g+). 

In  the following, we focus attention on the  robust decentralized  stabiliza- 
tion  problem using local  state-feedback  controllers 

U j ( t )  = - K j  Z j ( t ) ,  K, E Rrnj x n j  (7.66) 

such that  the closed-loop uncertain  system  (7.63)  under the action of a group 
of controllers of the  type (7.67) is uniformly exponentially  convergent about 
the origin, For this  purpose, we recall the following definition and  result 
[243]: 

Definition 7.1: The dynamical  system 

k ( t )  = f ( a ( t ) ,  t ) ,  t E R, z ( t )  E !Rn 

is (globally, uniformly) exponen.t.iallp con:uergeni to G(r) if and  only if there 
exists CL scalar a > 0 with th.e property  that 

& € R , x ( t )  E 

there exists c(xo)  >_ O such that, if x( .) : [to, t l ]  --+ is any  solution of 
k ( t )  = f(z(t), t )  , z(to) = zo tkerj, 

~lx(t)ll 5 r + c(zo) e-a(t-to) , t 2 to 
Lemma 7.2: Suppose  there  exists a continuously  diflerentiable  function 

V : W'' + %+ and  scalars 71 > 0,72 > 0 which  satisfg 

71llzll' 5 V(z)  5 y2112112, E 8" 

V ( x )  > v, * V V t ( x ) f ( x ( t ) ,  t )  5 -2a[V(x) - V,] 

such  that  for  some scalar a > O,l / ,  2 0 

Define r := (7r1V,)1/2. Then the sy s t em  x ( t )  = f ( x ( t ) ,  t )  is  exponentially 
convergent to G(r)  with  rate a ,  (where 

0 if V(zo) 5 K 
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To proceed further,  the following structural assumptions are needed: 

Assumption 7.1: The  N,-pnirs { A j ,  Bj) are stabilixable. 

Assumption 7.2: For every j ,  k E {l, ..., N s ] ,  the  system  uncertainties 
admit  the  following  decompositions: 

Remark 7.6: It should be noted that Assumption 7.1 is standard 
and pertains  to  the nominal part of the subsystems. Expressions (7.67) im- 
ply that the uncertainties (due  to delay factors, parameters  and coupling 
variables) do not satisfy the matching condition and therefore can be rep- 
resented by a matched part and a mismatched part. Both representations 
are  not unique and the functions involved are unknown-but-bounded with 
the corresponding bounds being  known. Note that F’ = 0, Gj = Adj is an 
admissible decomposition. 

7.6 Decentralized Stabilizing Controller 

It is well-known that a key feature of reliable control of interconnected sys- 
tems (184,  187,  188) is to base all the design  effort  on the subsystem level. 
For this purpose, we choose a Lyapunov-Krasovsltii functional 
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which talces into  account  the present as well as the delayed states at the 
subsystem level, where V j  E [l, .., N,]; pj > 0, ' p j  2 0, Aj > 1 axe design 
parameters  and V j  E [l, . ., Ns] ; rj 2 0 ; 0 < P' = P; E !Rnjxnj such that 

Pj(Aj + T ~ I )  + (Aj  + ~ j . l ) ~ P j  - 9jP'BjBiP-j + PjAjI (7.70) 

Define 

P block - di~g[P1 P2 ..... P N ~ ]  , A Am(P) 
rm = min{q, ....., T N ~ } ,  R = A*d(P)  (7.71) 

Note that V(z t )  > 0 for z # 0 and V ( x t )  = 0 when x = 0. 

Theorem 7.3: Con.sider the  unmrtain  system (7.65) subject to As- 
sumption 7.1. and Assumption 7.2 uith the decentralized  control 

uj = -7j B: P j ~ j ,  j = 1, ...., N, (7.72) 

Choose  the local gain factors ( ~ j }  to satisJy 

rj > ( l / W  + cpj)(l - PJ' (7,73) 
I f  there  exist scalar ' p j ,  p j  E (0, W), A E (1, W) such  that 

pj (l+-) = 1+&j 
(Aj - 1) pj > ~ l j + b j  (7.74) 

where 

(7.77) 

(7.78) 
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then the closed-loop uncertain system (7.63) is uniformly exponentially con- 
vergent  to  the ball G(r) of radius I’ at a rate r, where 

Proof: The  total  time derivative dV(xt)/dt of the  function V ( x t ) ,  which 
is computed  with  respect to (7 .65) ,  is obtained as: 

N S  

dV(xt)/clt = Z[XfP j* j  + k$PjXj] 
j=l 

NS 

-t- c p j [ x s x j  - (1 - fi)x$(t - etuj)x(t - q j ) ]  (7.80) 
j = 1  

(7.81) 

By B.l.l and using (7.67)-(7.68), it follows that: 
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The  substitution of (7.82)-(7.83) into (7.81) using (7.74)-(7.78) yields: 

j=1 j=1 

j=1 

Using B.2.2, it follows that 

Then from (7.74) and (7.85)-(7.86), we get: 

"3 

+ 5 [ 4 [ ( A j  - l)& - aj - b j ]  I 

(7.87) 

Since from (7.69) we have hll~1)~ <_ V ( X )  5 R11~1)~,  it  follows from 
Lemma 7.2 in the light of (7.71) and (7.79) that  the closed-loop system is 
uniformly exponentially convergent about  the origin at a rate of rm. 

Corollary 7.6: I n  the case of afinely cone-bounded uncertainties, it fol- 
lows  that # j ,  q ,  gjk, c ~ j k  = 0 , Vj, k = 1, ..., Ns.  Hence f r o m  (7.76)-(7.78) 
we get cj -+ 0, sj "+ 0 1endin.g to 0 -+ 0 and I' -+ 0. This  implies  that  the 
zone ar0un.d t he  origin reduces lo zero corresponding to  asumptotic  stability 
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with a prescribed  rate of convergence. 

Corollary 7.7: I n  the special  case F’ = 0, G’ = A d j  )V j ,  k = 1, ..., Ns,  
it follows that 6j = 0 V j  and  hence (7.74) reduces to 

7.6.1 Adjustment  Procedure 

Based on Theorem 7.3, the following procedure is  used to decide upon  the 
design parameters: 

(1): Read the  input data from subsystem j ; j = 1, ..., N, as given  by 
(7.65)-(7.66). 
(2): COlnpUte the ]la;ral’neteXX 6 j ,  69) ) 4’) K’, p j ,  c’, ajk, W j k )  T j k ,  , Pj .  

(3): Select pj to satisfy (7.74) and select initial values of pj, Aj)  Tj. 
(4): Compute F‘j from (7.70) and A, a, rm from (7.71). 
( 5 ) :  Check condition (7.74). If it is satisfied, then STOP and record the 
results. 
Otherwise, increment Aj + 6Aj -=+ Aj where 6Aj = (0.05 -+ 0.15)Aj and 
go back to (4). 

7.6.2 Example 7.2 

Consider an interconnected system of the type (7.63) composed of three 
subsystens ( N ,  = 3). In terms of model (7,G5), the nominal matrices are 
given  by: 

-1 0 3 0  
Afl = [ 1 4 ’  B 2 =  [ o  2 1  
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The uncertainties  are described  by the  linear forms: 

(Cl) : dl = [ 0":; ] + [ 0.02 0.01 ] [ 0.01 0 
0 0.05 " 0 0.01 

fl = [ 

r12 = [ 

(C,) : d:! = [ 
f, = I 

0.01 O ] + [ O b o '  2 1  + 

0.1 O ] + [ O; 0;2] x29 

0.01 O ] + [ 0;2 ] x29 
Oa2 0 ] + [ o,;2 ] x39 
Ooo3 1 + ObO3 1 x3, 0 

- I L  J 

O e 2  ] + [ 0 0.04 ] x2 + [ 0.03 0.02 
0 

0.02 ] + [ 0.02 0.03 ] 
0 0 0.01 x2 + 

h 3 1  = [ 06' ] + [ 0.03 0 ] 
r21 = [ 0,2] + [ 0.1 0 ] 
h23 = [ $3 ] + i 0 0.1 1 x39 

0 0.15 

0 0.02 X1 , 

0.3 0 

7-23 = l O t 2  
L 

L J 

+ [ O; ] x39 

0.02 
0 

[ O t 2  

] U19 

0.01 O ] U19 

0.02 O ] U29 
0.02 O ] u2, 

[ 0.01 0.04 ] x3 " [ 0 0.03 
0.03 0.02 0.03 0 

] + [ 0.02 0.02 ] x3 + [ 0.01 0 0.01 0.04 0 0.01 
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- [ Oi5 0;2 ] $1, 

[ O: o q x 2 9  

r -7 

T32 = 1 0.:2 J + [ 0 0.2 ] IC2 

0.2 0 

Evaluation of the decomposition (7.68)-(7.89) gives 

= [ 0 1.1 ] ' [ -0.1 0.05 1 1.3 0 0.05 0.1 

F2 

F3 

[ 1.4 ] G2 = [ 0.04 o.l j 
[ ] 7 G3 = [ 

1.2 0 0.1 -0.04 

0.15  -0.05 
0.05 0.15 

The norms of the delayed states  are  estimated by 

The norms of the local uncertainties  are estimat,ed by 

275 

The norms of the  uncertainties in the coupling terms  are  estimated by 
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;1) njk ajk w j  k aj k 
C1 0.1 1 0.2 1 0.01 I 0.03 0.1 I 0.2 0.1 I 0.2 L I I 

C2 
0.2 0.15 0.02 0.01 0.4 0.2 0.2 0.2 C3 

0.1 0.1 0.02  0.02 0.3 0.15 0.3 0.1 
- 

By selecting the design parameters { r j , p j ,  cpj} to take on the values 
{ 1,O. l, G) ,  { 1 , O .  1, G) , { 1,0.1,7) for the  three  subsystems, respectively, it has 
been found to satisfy condition (7.74) that Aj can take values of 27.9,30.6, 
and 2G.G25 for the corresponding subsystems, Subsequently, the minimum 
values of the gain factors rj satisfying (7.73)  are 13.535,13.571,14.124 for 
the three subsystems. This, in turn, yields 0 = 0.126 and l? = 0.517. To 
examine the  sensitivity of the developed  design procedure, we have consid- 
ered the changes in the paxameters { ~ j ,  pj ,  cpj} .  By considering Tj only and 
increasing it up  to 50 percent,  the  radius of convergence l? decreases by 7.7 
percent to 0.477.  On the  other  hand, decreasing Tj by 20 percent has caused 
l? to increase by 12.57 percent to 0.582. The effect of changing pj leaves 
l? almost intact. Finally, by decreasing (oj to  {4,4,5), l? decreases to 0.481 
and 0 increases to 0.133. These results illuminate two points: 

(l) The developed  design procedure is robust and insensitive to tolerance 
in the design parameters, and 

(2) The radius of convergence can be adjusted by properly selecting de- 
sign parameters at  the subsystem level. 

7.7 Notes  and  References 

We have presented two broad approaches to  the decentralized stabilization of 
uncertain time-delay interconnected systems,  There are a lot of approaches 
in the  deterministic case [l871 that need to be cast within the time-delay 
framework. It is our view that more  work is required to lessen the com- 
putation load  on the subsystem level and  to  produce more flexible design 
criteria. The topics of nonlinear interconnected UTDS and discrete-time 
interconnected UTDS are still at  their infancy. 
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Chapter 8 

Robust Kalman  Filtering 

8.1 Introduction 

State-estimation  forms  an integral part of control systems theory. Estimat- 
ing the state-variables of a dynamic model is important  to help in improving 
our knowledge about different systems for the purpose of analysis and con- 
trol design. The celebrated Kalman filtering algorithm [3,4] is the optimal 
estimator over all possible linea,r ones and gives unbiased estimates of the un- 
known state vectors under the conditions that the system and measurement 
noise processes are mutually-independellt Gaussian distributions.  Robust 
state-estimation arises out of the desire to  estimate unmeasurable state vari- 
ables when the  plant model has uncertain  parameters, In 1171, a Kalman 
filtering approach has been studied with an Hw-norln constraint. For sys- 
tems with bounded parameter uncertainty, the  robust  estimation problem 
has been addressed in [l1 ~2,321.  Despite the frequent occurence of uncertain 
systems with state-delay in engineering applications, the problem of estimat- 
ing the  state of an  uncertain system with state-delay has been  overlooked. 
The purpose of this  chapter is to consider the  state-estimation problem for 
linear systems with norm-bounded parameter uncertainties and unknown 
state-delay. Specifically, we address the  state-estimstor design problem such 
that  the estilnation en*o~  covahnce has a guaranteed bound for all admis- 
sible uncertainties aad state-delay. We will divide efforts into two parts: 
one part for contiouous-time systems and the  other part for discrete-time 
systems.  Both time-varying and steady-state  robust Kalman filtering are 
considered. The main tool for solving the foregoing problem is the Riccati 
equation approach and  the end result is an extended robust Kalman filter 
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the  solution of which is expressed in terms of two Riccati  equations involving 
scaling parameters. 

8.2 Continuous-Time  Systems 

8.2.1 System  Description 

We consider a class of uncertain  time-delay systems  represented by: 

k ( t )  [-4(t) + AA(t)]z(t)  + Ad(t)z(t - T )  + ~ ( t )  
= An( t )z ( t )  + A(l(t);~(t  - T )  + ~ ( t )  (8.1 ) 

P(t)  = [C@) + AC(t)]X(t)  + v(t)  
= C4(t)z(t)  + v(l)  (8.2) 

where z ( t )  E ! R T L  is the stake, y ( t )  E !RR"" is the measured output and w(t)  E 
? R T a  and v(t) E S7'' axe, respectively, the process and  measurement noises. 
In (8.1)-(8.2), A ( t )  E ?RnxTi, Ad(t) E Snxn and C( t )  E !RmXn are piecewise- 
continuous  matrix  functions. Here, r is a constant  scalar  representing  the 
amount of delay in the  state. The matrices AA(t )  and AC(t) represent 
time-varying pamneteric uncertainties which are of the form: 

where H(t )  E ?RnXa, Hc(t)  E ?Rnzxx" and E( t )  E % p x n  are known piecewise- 
continuous  matlix  functions  and A(t) E !Raxp is an unknown matrix  with 
Lebsegue measurable elements satisfying 

The initial  condition is specified as (z(O),z(s)) = (xo, 4 ( s ) ) ,  where 4(.> E 
L,[ -T,O]  which is assumed to  be a zero-mean  Gaussian random vector. The 
following standard  assumptions 011 noise statistics  are recalled: 

Assumption 8.1: K,  S 2 0 

(a)E[w(t)] = 0; €[w( t )wt ( (s )]  = W ( t ) 6 ( t  - S ) ;  W(t )  > 0 (8.5) 
( b ) E [ ~ ( t ) ]  0; E [ v ( ~ ) . u ~ ( s ) ]  = V(t)S( t  - S ) ;  v(t) > 0 (8.6) 
(c)€[z(0) ,wt( t ) ]  = 0; €[z(0)vt( t )]  = 0 (8.7) 
( ~ ) E [ . w ( ~ ) z ? ( s ) ]  = 0; &[x(0)zt(O)] = R, (8.8) 
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where &[.l stands for the mathematical expectation and 6( . )  is the Dirac 
function. 

8.2.2 Robust Filter Design 

Our objective is to design a stable state estimator of the form: 

where G(t) E 'RnXn and K ( t )  E !Rnxm we piecewise-continuous matrices to 
be determined such that there exists a matrix 2 0 satisfying 

&[(x - $)(x - ?)'l 5 XP, VA : A'(t)A(t) 5 I (8.10) 

Note that (8.10) implies 

In this case, the  estimator (8.9) is said to provide Q guaranteed cost (GC) 
matrix 9. 

Examination of the proposed estimator proceeds by analyzing the esti- 

e ( t )  = x ( t )  - i ( t )  (8.12) 

Substituting (8.1) and (8.9) into (8.12), we express the dynamics of the error 
in the form: 

mation error 

e(t) = G(1) e ( t )  -t IA.(t) - G ( t )  - K(t )C( t ) ]z ( t )  
4- [AA( t )  - .K ( t )AC( t ) l~ ( t )  
+ & ( t ) ~ ( t  - 7) + [ ~ ( t )  - K ( t ) ~ ( t ) ]  

By introducing the extended state-vector 

it follows  from (8,1)-(8.2) a.nd (8.13) t h t  

(8.13) 

(8.14) 

(8.15) 
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where q ( t )  is a, stationary zero-mean noise signal  with identity covariance 
matrix  and 

(8,16) 

H ( t )  ] , E ( t )  = [E( t )  01 (8.17) 

(8.18) 
- A t  W ( t  ) 
BB 

= [ TY(t) T V @ )  + K(t)V(t)Kt(t)  1 ’ 
(8.19) 

Definition 8.1: flstimator (8.9) is said to be a quadratic  estimator (QE) 
associated with a matrix Q ( t )  > 0 for  sgstem (8.1) if there  exists a  scalar 
A ( t )  > 0 and a matrix 

(8.20) 

satisfging th.e algebraic inapm1it.y: 

-n(c)+ ;i‘n ( c )  Q ( t )  + n(t) ;if, ( t )  + A ( t )  n(t - 7) 
i - A - ’ ( t )  ( L )  R ( t  - T )  ot ( t )  + g ( t )   ( t )  5 0 (8.21) 

The next  result shows that if (8.9) is QE for system (8.1)-(8.2) with  cost ma- 
trix Q(t) ,  then Q ( t )  defines an upper  bound for the filtering  error covariance, 
that is, 

€ [ e ( t ) e t ( t ) ]  5 R,(t)  V t 

for all admissible  uncertainties  satisfying (8.3)-(8.4). 

Theorem 8.1: Con.sider  the  time-delay (8.1)-(8.2) satisfging (8.3)-(8.4) 
and  with  known  initial  state.  Suppose  there  exists a solution n(t) 2 0 to 
inequality (8.21) for somle X(t) > 0 and for  all admissible  uncertainties. 
Then  the  estimator (8.9) provides  an  upper bound for  the  filtering  error 
covariance,  that is, 

q $ ) e t ( t ) ]  5 Q&) 
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Proof: Supose that  the  estimator (8.9) is QE with  cost matrix SZ(t). By 
evaluating the derivative of the covariance matrix Z ( t )  = €[c( t )  t t ( t ) ]  we 
get: 

Using B.I.1, we get  the inequality: 

(8.23) 

Using (8.23) into (8.22) and  arranging  terms, we obtain: 

+ A-'@) E ( t )  C( t  - T )  Et (t)+ E ( t )  Et ( t )  (8.24) 

Combining  (8.21)  and (8.24) and  letting Z ( t )  = E(t) - Q(t) ,  we obtain: 

+ x-'@) I j  ( t )  z(t - 7)  Et ( t )  (8.25) 

On  considering that  the  state is lmown over the period [ -T ,O ]  justifies  letting 
C(0) = 0. Hence, inequality  (8.25) implies that S(t)  5 0 V t > 0, that is 
E ( t )  5 n(t) V t > 0. Finally, it is obvious that 

8.2.3 A Riccati Equation Approach 

We employ  hereafter a Riccati  equation approwh to solve the  robust  Kalman 
filtering  for  time-delay  systems. To this  end, we define piecewise matrices 
P(t )  = Pt((t) E ! R n X T 1  ; L( t )  = Lt( t )  E V X n  as the  solutions of the Riccati 
differential  equa,tions (RDEs): 

P(t )  = A(t )P( t )  + P(l)At( t )  + X(t)P(t - T )  + I@(t) 

TLFeBOOK



308 CHAPTER 8. ROBUST KALMAN FILTERING 

+ X"(t)Ad(t)P(t - ~ ) A i ( t )  + p ( t ) P ( t ) E ' ( t ) E ( t ) P ( t )  ; 
P(t - 7) = 0 v t  E [O,T] (8.26) 

L( t )  = A(t)L(t)  + L(t)A'(t)  + X(t)L(t - T )  + @(t) 
+ X-'(t)Ad(t)P(t - ~ ) A i ( t )  + p ( t ) L ( t ) E ' ( t ) E ( t ) L ( t )  
- [L( t ) c t ( t )  3- p - l ( t ) H ( t ) H : ( t ) ] v - l ( t )  

[ C ( t ) L ( t )  + p - l ( t ) H c ( t > H t ( t ) ]  ; 
L(t-T) = 0 v t  E [o ,T]  (8.27) 

where X ( t )  > 0, p( t )  > 0 V t are  scaling  paxameters and  the  matrices 
Act), V ( t )  and kV(t) are given by: 

lV(t) = W ( t )  + p" ( t ) f I ( t ) f I t ( t )   ( 8 .28 )  
V ( t )  = V ( t )  + p"(t)fr,(t)ir,"(t) (8.29) 
A(t) = A(t )  + 6A(t) 

x A ( t )  + ~l"(t)L'(t)E'(t)E(t)  (8.30) 

Let the (X, p)-parameterized  estimator  be expressed as: 

where the gain matrix K ( t )  E W x m  is to  be  determined. The following 
theorem  summasizes the main result: 

Theorem 8.2 : Consider  system (8.1)- (8.2) satisfying  the  uncertainty 
structure (8.3)-(8.4) .zuith zero initial  condition.  Suppose  the process and 
measurement  noises satisfg Assumption 8.1. For some p(t) > 0, A ( t )  > 0, 
let P ( t )  = P'((t> and L( t )  = Lt( t )  be the  solutions of RDEs (8.26) and 
(8.27), respecti.ue1.y. Then the (X, p)-parumeterized  estimator (8.31) i s  QE 
estimator  such that 

E [ { & )  - q t ) y  {,.c@) - i ( t ) } l  I tr[L(t)l (8.32) 

Moreover,  the gain m d r i x  K ( t )  is given b y  

K ( t )  = { L(t)C'(t)  I- p - l ( t ) f I ( t ) H : ( t ) }  V - l ( t )  (8.33) 

Proof: Let 

x(t)  = [ L( t )  L ( t )  ] (8.34) 
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where P( t )  and L(t)  are  the positive-definite solutions  to (8.26)and (8.27), 
respectively. By combining (8.26)-(8.30)  with some standard  matrix manip- 
ulations, it is  easy  to  see that 

P ( t )  E ( t )  Et ( t )  + P ( t ) X ( t )  Et ( t )  E ( t ) X ( t )  + 
A- ' ( t )  i5 (2) X ( t  - 7-) Et ( t )  + E ( t )  st ( t )  = 0 (8.35) 

where ;3\ ( t ) ,  g ( t ) ,  r? ( t ) ,  5 ( t )  are given by (8,1G)-(8.19), A simple com- 
parison of (8.9) and (8.31) taking into consideration  (8.28)-(8.31) and (8.33) 
shows that G(t)  = A ( t )  - K ( t )  C( t ) .  By malting use of a version of B.1.1 
that for some p ( t )  > 0 we have 

Using (8.36), it is now a simple task to verify that (8.35) becomes: 

-k ( t )+  2* ( t ) X ( t )  + X ( t )  2: (1)  + A( t )X( t  - 7) 

+ X - ' ( t )  5 ( t ) X ( t  - T )  Et ( t )+ g ( t )  Et ( t )  5 0 (8.37) 

VA : A'(t) A(t) 5 I Vt 

By Theorem 8.1, it  follows that for some p( t )  > 0, A ( t )  > 0, that 
(8.31) is a quadratic  estimator and E [ e ( t ) e t ( t ) ]  5 L(t) .  This implies that 
E[et(t)e(t>l 5 t r [L ( t ) ]  

Remark 8.1: It is known that the  uncertainty  representation (8.3)-(8.4) 
is not unique. We note that H(t) ,I$&) may be  postmultiplied and E( t )  
may  be  premultiplied by any  unitmy  matrix since eventually this  unitary 
matrix  may  be absorbed in A(t). It is significant to observe that such uni- 
tary multiplication  does  not affect the solution cleveloped in this section. 

Remark 8.2: Had we defined 

X ( t )  = [ LYt) ] (8.38) 
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we would  have obtained: 

P(t)  = f '(t)A(t) + At(t )P(t)  + A(t)P(t - r )  + P(t)l/i/(t)P(t) 
+ A"(t)P(t - ~)Ad(t)-?"l(t  - r)A;(t)P(t - 7) 

+ P ( t ) J W ) W  
P(t - T )  = 0 v t  E [o ,T]  (8.39) 

L(t)  A( t )L( t )  -t- L(t)Ae(t)  + X(t)L(t - T )  + W ( t )  

i- A-'(t)-4,(t>P(t - ~ ) & ( t )  + cl(t)~(t)s'((t>~(t)r(t) 
- [L( t )Ct ( t )  + 1I1"(t)H(t)~~(t)jP-l(t) 

[C(t)L(t> + p"(t)rrc(t) l~"t)]  ; 
L(t - T )  = 0 v t E [O,T] (8.40) 

We note that (8.39) is of non-standud form although X(t) in (8.39) is fre- 
quently used  in similar situations for delayless systems 112,321, Indeed, the 
difficulty  comes  from the delay-term X " ( t ) P ( t - . r ) A d ( t > P - ' ( ~ - ~ ) A ~ ( t ) ~ ( ~ -  
7). This point emphasizes the fact that not every result of delayless systems 
are straightforwardly transformable to time-delay systems. 

Remark 8.3: It is interesting to observe that the  estimator (8.31) is 
independent of the delay €actor 7 and it reduces to  the  standard Kalman 
filtering algorithm in the case of systems without uncertainties and delay 
factor W ( t )  = 0, f&( t )  0, E ( t )  zz 0, &(t) S 0, A ( t )  = 0. 

Remark 8.4: In the delayfree  case (Ad(t )  0, A ( t )  E 0), we observe 
that (8.33) reduces to t,he Kalman filter  for the system 

k ( t )  = A( t )  Z ( t )  + G ( t )  (8.41) 
y ( t )  = C( t )  x(2) + q t )  (8.42) 

where G ( t )  and C( t )  are zero-mean white noise sequences with covariance 
matrices fV(t) and V ( t ) ,  respectively, and having cross-covariance matrix 
[p- ' ( t )H(t)H;( t )] .  Looked at in this light, our approach to robust filtering 
in Theorem 8.2 corresponds to designing a standard Kalman filter for a 
related continuous-time system which captures all admissible uncertainties 
and time-delay, but does not involve parameter uncertainties. Indeed, the 
robust filter (8.31) using (8.28)-(8.30) can be rewritten as 

? ( t )  [A( t )  + JA( t ) ]  2 ( t )  + K ( t )  { ~ ( t )  - C( t )  ?( t ) }  
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where 6A(t) is defined in (8.30) and  it reflects the effect of uncertainties 
{AA( t ) ,  AC(t)} and  time delay  factor A d ( t )  on the  structure of the filter. 

8.2.4 Steady-State  Filter 

Now, we investigate  the  asymptotic  properties of the  Kalman filter  developed 
in  Section  8.2.3. For this  purpose, we consider the  uncertain time-delay 
system 

k ( t )  = [ A  + f I A ( t ) l ; ; ] ~ ( t >  + Adx(t  - T )  + ~ ( t )  
= A ~ z ( t )  -I- Adx(t - T)+ w ( t )  (8.43) 

y ( t )  = [C + HcA(t )E]z( t )  + v ( t )  
== C A x ( t )  + v( t )  (8.44) 

where A(t )  satisfies (8.4). The matrices A E !RnXn, C E !Rmxn me real 
constant  matrices  representing  the nominal plant, I t  is assumed that A is 
Hurwitz. The objective is to design a time-invariant a priori estimator of 
the form: 

i ( t )  = A i ( t )  + K [ g@)  - C i ( t ) ]  i ( t o )  = 0 (8.45) 

that achieves the following asymptotic performance  bound 

z( t )][ f i ( t )  - z ( t ) ] t }  5 L (8.46) 

Theorem 8.3: Consider the  uncertain  time-delay  system (8.44)-(8.45) 
with A being Hurwitx. If for  some scalars p > 0,  X > 0, there  exist stabilia- 
ing solutions for  the ARES 

Then  the  estimator (8.45) is a  slable  quadratic (SQ) and achieves (8.46) 
with 

W = W + / c I H H ~ ,  v = V + , Y ~ H ~ H ;  (8.49) 
A = A + S A  

= A + 1-1."' LtEtE (8.50) 
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for some L 2 0. 

Proof: To examine  the  stability of the closed-loop system, we augment 
(8.43)-(8.45)  with (w(t) = O,v(t) = 0), to  obtain 

where 

X ' I L  L 1  
P L  (8.54) 

L J 

Introducing a Lya,punov-Krasovsltii functional 

and observe that V(cct) > 0, for <(t )  # 0 for some X > 0 and V ( Q )  = 0 
when [ = 0. By differentiating the Lyapunov-Krasovskii functional (8.55) 
along the  trajectories of system  (8.52), we get: 
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follows from  similar  lines of argument as in the proof of Theorem 8.2. 

The  next  theorem provides an LMI-based solution to  the  steady-state 
robust  Kalman. 

Theorem 8.4: Consider  the  uncertain  time-delay  system  (8.44)-(8.45) 
with A being Hurwitx. The  estimator 

i ( t )  = [ A  + / . ~ - ~ L ~ E ~ E j l i . ( t )  
+ [LCt + / L - l f I H p - ~ [ y ( t )  - C?(t)] (8.57) 

where 
V = V + / L -  ~ H J I ;  (8.58) 

is a stable quadratic  and  achieves (8.dG) jor  some L >_ 0 if for  some scalars 
p > 0, X > 0, there  exist  matrices 0 < Y = Y t  and 0 < X = X t  satisfying 
the LMIs 

* l  < 0 (8.60) 

where 

Proof: By A.3.1 and (8.47)-(8.48), it follows that  there  exist  matrices 
0 < Y = Y t  and 0 < X = X t  satisfying the A.RIs: 

AY + YAt + AY + bjy + A”AdY Ai + pY EtEY _< 0 (8.62) 
AX + XAt + AX -t lli/ + X”n,lYAi + pX Et EX - 
[ X C t  + p-’NI$:]V-1[CX + 5 0 (8.63) 

such that Y > P,X > L. Application of A.3.1 to  the ARIs (8.62)-(8.63) 
yields the LMIs (8.59)-(8.60). 
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Remark 8.6: It should be emphasized the AREs (8.47)-(8.48) do not 
have clear-cut monotonicity properties enjoyed  by standard AREs. The main 
reason  for this is the presense of the  term AdPAi. 

8.2.5 Example 8.1 

For the purpose of illustrating  the developed theory, we focus on the steady- 
state Kalman filtering and proceed to determine the  estimator gains. Essen- 
tially, we seek to solve (8.47)-(8.50) when X E [AI -+ X21 , p € [p1 -+ p2], 
where X I ,  X2, p1, p2 are given constants. Initially, we observe that (8.47) de- 
pends on P only and it is not of the  standard forms of AREs. On the  other 
hand, (8.48) depends on both L and P and it can be put  into the  standard 
ARE form. For  numerical simulation, we employ a Kronecker Product-like 
technique to reduce (8.47) into a system of nonlinear algebraic equations of 
the form 

f(a) = G a + h(a) + g (8.64) 

where a E %n(n4-1)/2 is a vector of the unknown elements of the  P-matrix. 
The algebraic equation (8.64) can then be solved  using an  iterative Newton 
Raphson technique according to the rule: 

where i is the iteration index, a(,,) = 0, V,h(a) is the Jacobian of h(a) and 
the step-size y(i) is given by y(i) = l/[l\f(a(z))\l + 11. 

Given the solution of (8.47), we proceed to solve (8.48) using a stan- 
dard I-Ialrliltolliall/~igenvector method. All the  computations  are carried 
out using the  MATLAB-Software, As a typical case, consider a time-delay 
system of the type (8.43)-(8.44) with 

A = [ 1 - 3 1 ’  Ad [ 0.1 0.4 1 ’  E [ 0 l ]  
-2 0.5 -0.2 -0.1 1 0  

A summary of the computational results is presented in Tables 8.1-8.2 and 
from  which we observe the following: 
(1) For a given X E (0.1 - 0.91, increasing p by 50% results in 0.3% increase 
in I I r C l  I (for small X) and about 1.12% increase in I I K I  I when X is relatively 
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large. 
(2) For a given p, increasing X from 0.1 to 0.9 causes 1 I K J  I to increase by 
about 5.35%. 
(3) For p < 0 3 ,  Xin[O.l, 0.91, the  estimator is unstable. 
(4) Increasing (X, p )  beyond (1,l) yields unstable  estimator. 

Therefore we conclude that: (1) The stable-estimator gains are  practi- 
cally insensitive to  the (X, p)-pmameters, and (2) There is a finite range for 
(X, p )  that guarantees  stable performance of the developed Kdman filter. 

8.3 Discrete-Time  Systems 

It is well-known that the celebrated Kallnan filtering provides an  optimal 
solution to  the filtering problem of dynamical systems subject  to  stationary 
Gaussian input and meas1xrement  noise  processes 131. Its original derivation 
was in discrete-time. As we steered through the previous chapters, we noted 
that most of the research efforts on UTDS have been concentrated on robust 
stability  and stabilizaQion aad the problem of estimating  the state of un- 
certain  systems with sta,te-delay has been overlooked despite its importance 
for control and signal processillg. This is particularly true for discrete-time 
systems. Therefore, the purpose of this section is to consider the state es- 
timation problem for linea discrete-time systems with norm-bounded pa- 
rameter  uncertainties and unknown state-delay. Specifically, we address  the 
state estimator design problem such that the  estimation error covariance has 
a guaranteed  bound for all admissible uncertainties and state-delay. Looked 
at in this  light,  the developed results are  the  discrete-counterpart of the pre- 
vious section, Although for  convenience purposes we  will  follow parallel lines 
to  the continuous case, we caution  the reader that  the discrete-time results 
cannot be derived from the continuous-time results and vice-versa, 

8.3.1 Uncertain  Discrete-Delay  Systems 

We consider a class of uncertain time-delay systems represented by: 

(8. GB) 

(8.67) 
(8.68) 
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where X k  E !Rn is the  state, y~, E !R" is  the  measured  output, xk E is a 
linear  combination of the  state variables to  be  estimated  and wk E %" and 
VI, E !R" are, respectively, the process and  measurement noise sequences. 
The  matrices AI, E Snxn, &I, E Snxn and c k  E XmXn are real-valued 
matrices  representing  the nominal plant, Here, r is a constant scalar rep- 
resenting the  amount of delay in the  state.  The matrices A& and Ack 
represent  time-varying parametric  uncertainties given by: 

(8.69) 

where fII, E X7'xcr , fI& E !Rmx" and EI, E %pxn are known matrices  and 
AI, E %"'p is an unknown matrix  satisfying 

A; AI, 5 I IC = 0,1,2 .... (8.70) 

The initial  condition is specified as (x,, 4(s)), where +( .) E & [  -T,O] . The 
vector x. is assumed to be a zero-mean Gaussian  random vector. The fol- 
lowing standard  assumptions on x, and  the noise sequences { w k }  and {Q}, 
are assumed: 

where &[.l stands for the  mathematical  expectation  and 6(.) is the Dirac 
function. 

8.3.2 Robust Filter Design 

Our  objective is to design a stable  state-estimator of the form: 

where G,,,, E aad l{o,I, E are real  matrices to be  determined 
such that there exists a, Inatl-ix Q 2 0 satisfying 
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Note that (8.74) implies 

In this case, the  estimator  (8.73)  is  said  to provide a guaranteed  cost (GC) 
matrix Q. 

The proposed estimator is now analyzed by defining 

where SA,, and K 0 , k  me unknown matrices  to be determined  later on. Using 
(8.64)-(8.65) and (8.76) to express the  dynamics of the  state-estimator  in 
the form: 

Introduce  the auglnented state vector 

(8.80) 

It follows from (8.64) and (8.77) that: 

where q k  is a stationary zero-mean noise signal with  identity covariance 
matrix  and 

(8,83) 
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Definition 8.2: Estimator  (8.73)  is said to be a quadratic  estimator 
(QE) associated with a  sequence of matrices { G , )  > 0 for sgstem (8.64)- 
(8.65) if there  exist a  sequence of scalars { A k )  > 0 and a sequence of 
matrices { & )  such  that 

(8.85) 

satisfying  the algebraic matrix  inequality 

for all admissible  uncertainties  satisfying (S. 67)-(8.68). 

Our  next  result shows that if (8.73) is QE for system (8.64)-(8.65) with 
cost  matrix &, then i l k  defines an upper bound for the filtering error co- 
variance, that is, E[ek e,!] 5 J22,k, V k 2 0 . 

Theorem 8.5: Consider the tirne-delay  system  (8.@)-(8.65)  satisfying 
(8.6'7)-(8.G8) and with hmoum in>itial  state.  Suppose  there  exists a solution 
f l k  2 0 to  inequality  (8.84)  for  some Ak: > 0 and for  all admissible 
uncertainties.  Then  the  estimator  (8.73)  provides  an  upper bound for  the 
filtering error co.uarian,ce, that  is, 

Proof: Suppose that estimator  (8.73)  is QE with cost matrix By 
evaluating  the  one-step aheaxi covariance matrix C S , ~ + ~  = E[&+l 
we get 
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Using (8.89) into (8.88) and arranging  terms, we get: 

h t t i n g  2.l~ = ctlr, - f ir ,  with e k  = Xk - si.k and considering inequalities 
(8.86) and (8.90), we get: 

By considering that  the  state is known  over the period [-7 ,O] ,  it justifies 
letting c ( , k  = 0 b'k E [-7,0]. Then it follows  from (8.91) that Ek 5 0 
for k > 0; that is, 5 i2k for k > 0. Hence, €[eke:] 5 
[O I ] Q k [ O  X I t  v k 2 0. 

8.3.3 A Riccati Equation Approach 

Motivated by the recent results of robust control theory [1,2,6-8], we employ 
hereafter a Riccati equation approach to solve the  robust Kalman filtering 
for time-delay systems. To this e11d, we assume that A, is invertible for any 
k 2 0, and define matrices P k  = 1'; E 3"'" ; S, = Sk E !Rnxn as the 
solutions of the  Riccati difference equations (RDEs): 

(8.94) 

(8.95) 
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Note that the assumption that A k  being invertible for all k is needed  for the 
existence of '& and S A k .  Let the (X, p)-parametrized  estimator be expressed 
as: 

where the Kslman gain matrix K o , ~  E ! P x "  is to be determined. The fol- 
lowing theorem summad-izes the main result: 

Theorem 8.6: Consider  system (8.G4)-(8.65) satisfging  the  uncertainty 
structure (8.67)-(8.68) with  zero  initial  condition.  Suppose  the process and 
measurement noises satisfy (8.G9)-(8.71). For some P k  > 0 , Ak > 0, 
let 0 < P k  = P: and 0 < S k  = S; be the  solutions of RDEs (8.92) and 
(8.93), respectiuelu. Then the (X, p)--parametrized  estimator (8.102) is  a 
QE estimator 

Moreover, the gain matrix K is given b y  

Proof: Let 

(8.104) 

(8.105) 

where P k  and S k  are the positive-definite solutions to (8.92) and (8.93), 
respectively. By using B.1.2, B.1.3 and combining (8.92)-(8.101), it is a 
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simple  task to  verify that 

where A k ,  &, f f k ,  DI, are given by  (8.80)-(8.82). 
n - n n  

Using (391, it is easy  to see on using B.1.3 with some algebraic  manipu- 
lations  that (8.106)  implies that: 

It follows from Theorem 8.5 that (8.102) is a cludratic  estimator  and 

which implies that €[e:  e,+] L tr (S,). 

Now, in  terms of L, = Pk - Sk aald 
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we manipulate (8.92)-(8.93) to reach 

Lk+l = (1 + x,) (A,L,A; + A, )  ; = o M E [0,4 
I\,+ = @,+ 

- (1 + Xk) {AI,(P, - L,)@iRt + R k @ k ( p k  - Lk)A:} 

-1- {(l -l- x , ) 2 R k Q k ( 2 P ,  - L k ) Q k R k }  
(8.108) 

By iterating on (8.108) and (8.92), it follows that Lk = Pk - Sk > 0 Vlc > 0. 
It can he shown in  the general  case that manipulation of (8.92)-(8.101) 

yields: 

hk4-1  = (1 + X , ) [ A k ( r  + pkL,y,)LI;Ai + n k ] ;  Lk-7 0 vk E [0,7] 

In this case, H, depends on A k ,  H ; , k ,  .f12,,+, D,+, ck, Ph. The derivation of 
l& requires tedious mathematical manipulations and it is therefore omitted. 
Note that Pk  does not depend on the filter matrices and  the structure of Xk 
is identical to  that of the joint covariance matrix of the  state of a certain 
system and i t s  standard fI2-optirnal estimator. By similarity to  the  standard 
H2-optimal filter, an cstima,te of z k  in (8.68) will be given  by & = Cl,ki?.rc. 

Remark 8.8: In the delayfree  case ( A d k  = 0), we supress the  parameter 
XI, and observe that (8.102) reduces to the recursive Kalman filter for the 
system 

J;];+1 = A k  xk + '&k (8.109) 
1Jk = c, 21, -k Gk (8.110) 

where w k  and ijk we zero-mean white noise sequences with covariance 
matrices T/V~ and Fk , respectively, and having cross-covariance matrix &h. 

Hence, our approach to robust filtering in Theorem 8.2 corresponds to 
designing a standard Ksllnan filter for a related discrete-time system which 
captures all admissible uncertainties and time-delay, but does not involve 
parameter uncertainties. In this regard, the  matrix S A k  reflects the effect of 
uncertainties (AA,, ACk) and time delay factor D k  on the  structure of the 
filter. 
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8.3.4 Steady-State Filter 

In  this  section, we investigate  the  asymptotic  properties of the recursive 
Kalman  filter of Section 4. We consider the  uncertain time-delay  system 

where A, satisfies  (8.68). In  the sequel, we assume that A is a Schur matrix; 
that is IX(A)I < 1. The matrices A E !Rnxn , C E !Rmx" are  constant 
matrices  representing  the  nominal  plant. The uncertain  parameter  matrix 
Ar, is, however time-varying. In this regaa.d, the objective is to design a 
shift-invariant a priori estimator of the form 

that achieves the following asymptotic performance  bound 

Theorem 8.7: Consider  the  uncertain  time-delay  system (S. 11 l)-@ 11 2). 
If for some scalars p > 0, X > 0,  th.ere exist  stabilizing  solutions P 2 0, S 2 
0 for the ARES 

W = W + (1 + X)p-lfI1Mf (8.117) 
v = v + (1 + X)p-11121$; ; r = (1 + X)CSCt (8.118) 
fi = ( 1 + X)[CSAt + pSY PGAt + pfI2fIfl (8.119) 

Then  the  estimator (8.11 3) is a  stable  quadratic (SQ) estimator and achieves 
(8.114) with 

A = (1 + X)" (7 - X Z }  72-ls-l (8.120) 

TLFeBOOK



324 CHAPTER 8. ROBUST ICALMAN FILTERING 

Proof: To examine  the  stability of the closed-loop system, we augment 
(8,111)-(8,113) with ( w k  = 0,wk = 0) to  obtain: 

Introduce a discrete Lyapunov-Krasovsltii functional 

for some X > 0. By evaluating the first-order difference AV, = 
along the  trajectories of (8.125) and arranging terms, we get: 

(8.124) 

(8.125) 

vk+1 - v k  
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Using A. l ,  it follows that inequality  (8.127) is equivalent  to: 

Application of A . l  once  again to (8.128) yields 

Now by selecting 

x =  ['; g ]  (8,130) 

with P and S being the  stabilizing  solutions of (8.115) and (8,11G), respec- 
tively, it follows from Definition 8.2 and Theorem 8.5 in the  steady-state 
as IC "+ 00 that  the augmented  system  (8.124) is asymptotically  stable. The 
guaranteed  performance € [ e k e i ]  5 S follows from similas lines of argument 
as in the proof of Theorem 8.6. 

Remark 8.9: Note that  the invertibility of A is needed for the existence 
of 7 and 6A, In  the delayless case ( D  3 0, it follows from (8.115) and 
(8.116) with l/ir = BBt that 

P = (1 + X){APAt + AP[(p-'I  + EPEt)-' PAt} + T;i/ (8.131) 

which is a bounded real lemma  equation  (see A.3) for the  system 

Suppose that for p = p+,  the ARE (8.132)  adlni ts a solution P = P+. This 
implies that  the 7-ioo-norm oi' C is less than It then follows, given 
a X, that system  (8.111)-(8,112) is clusdrsticslly stable for some p 5 p+. 

TLFeBOOK



326 CHAPTER 8. ROBUST KALMAN  FILTERING 

8.3.5 Example 8.2 

Consider the following discrete-time  delay  system 

-0.1 0 

-0.1 0 
0.05 -0.2 0.1 ~k~~ + wk 

0 -0.1 O I  

which is of the  type (8.11 1)-(8.112). We further  assume  that W = I ,  V = 
0.21. To  determine  the  Kalman  gains, we solve (8.115)-(8.116)  with the  aid 
of (8.117)-(8.122)  for selected values of X, p. The numerical computation is 
basically of the form of iterative schemes and  the  results for a typical  case 
of p = 0.7, X = 0.7 are given by: 

0.14.1 0.005 0.003 
0.005 0.255 0.1’75 
0.003 0.175 0.501 1 

-0.841 -1.309 
3.463 5.388 
8.782 13.665 

[ 
0.284 -1.17 “2.966 

, S = -1.17 4.813 12.208 
-2.966 12.208 30.962 

0.331 -0.019 -0.034 
-0.277 0.254 0,175 
- 1.641 -0.897 0.961 1 

The developed estimator is indeed asymptotically  stable since 

X ( A )  = {0.302,0.48,0.765) E ( 0 , l )  

8.4 Notes  and  References 

The results  presented i n  this  chapter were mainly  based  on  [21,25] and es- 
sentially provided some ext,ensions of the delayless results of [12,44,45] to 
UTDS. In principle,  there are ample other possibilities to follow including 
the  approaches of [IO, 171. 

Robust Kalman filtering for interconnected  (continuous-time or discrete- 
time)  systems, UTDS with  uncertain  state-delayed  matrix,  nonlinear UTDS, 
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UTDS with  unknown  delay and robust Kd~nan filtering  with unknown co- 
variance  matrices are only  representative  examples of research topics that 
indeed  deserve further investigation. 
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P P 
0.6 

0.525 0.151 0.9 
0.156 0.431 
0.535 0.156 0.8 
0.175 0.457 
0,574 0.175 

0.151 0.425 
0.6 0.564 0.206 

0.206 0.374 
0.8 0,525 0.1.83 

0.183 0.350 
0.9 0.515 0.177 

0.177 0.344 
0.6 0.603 0.242 

0.242  0.357 
0.8 0.564 0.21.7 

0.217 0.335 
0.9  0.555  0.210 

0.210 0.330 
0.6 

0.9 
0.252 0,348 
0.629 0.252 0.8 
0.276 0.3G9 
0.665 0.276 

0.9 
0.298 0.374 
0.723 0,298 0.8 
0.319 0,392 
0.751 0,319 0.6 
0.247 0.344 
0.822  0.247 

0.336 0.393 
0.805 0.336 0.9 
0.330 0.392 
0.790 0,330 0.8 
0.346 0,407 
0.806 0.346 0.6 
0.298 0.372 
0.726 0.298 

L 
0.566 0.176 
0.176 0.464 
0.500 0.136 
0.136  0.421 
0.480  0.124 
0.124 0.409 
0.554 0.210 
0.210 0.386 
0.488 0.167 
0.167 0,346 
0.468 0.153 
0.153 0.334 
0.576 0.238 
0.238 0.367 
0.508 0.192 
0.192 0.328 
0.486 0.177 
0.177 0,316 
0.G12 0,259 
0.259 0.372 
0.540 0.210 
0.210 0.333 
0.517 0.195 
0.195 0.321 
0,656 0.281 
0.281 0.384 
0.580 0.229 
0.229 0.344 
0.556 0.213 
0.213 0.332 
0.681 0.292 
0.292 0,392 
0,603 0.239 
0,239 0.352 
0.579 0.222 
0.222 0.339 

SA 
0,382 0.784 
0.459 0,919 
0.242 0.483 
0.306 0.612 
0.202 0.404 
0.261 0.523 
0.406 0.811 
0.409 0.818 
0.257 0.514 
0.269 0.537 
0,215 0.430 
0.228 0.456 
0.438 0.877 
0.405 0.810 
0.278 0.557 
0.265 0,530 
0.233 0,466 
0.225 0.449 
0.471 0.942 
0.418 0,836 
0.300 0.600 
0.274 0.548 
0.252 0.503 
0.232 0.464 
0.507 1.015 
0.437 0.874 
0.324 0.649 
0.287 0.574 
0.273 0.545 
0.244 0.487 
0.527 1.055 
0.448 0.897 
0.338 0.676 
0.294 0.589 
0.284 0.569 
0.250 0.501 

Table & l :  Summary of Some of the Computational  Results-I 
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A P  W )  K t  

0.1 -3.227 -0.472 1 0.314 0.301 0,6 
0.1 

-3.258 -1.017 0.315 0,302 0.9 0.1 
-3.249 -0.897 0.314 0.301 0.8 

J" 
0.9 

-3.328 -0.887 0,351 0,307 0.9 0.9 
-3.326 -0,747 0.349 0,307 0.8 

Table 8.2: Summary of Some of thc Computational Results-I1 
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Chapter 9 

Robust %l, Filtering 

9.1 Introduction 

In  control  engineering  research, the  robust filtering (state  estimation) prob- 
lem arises out of the desire to  determine  estimates of unmeasurable state 
variables  for  dynamical  systems  with  uncertain  parameters. Along this way, 
the  robust filtering  problem  can be viewed as an extension of the celebrated 
Kalman  filter [3,4] to  uncertain dynamical  systems. The  past decade has 
witnessed major developments in robust and 3-1,- control  theory [ 1,2,5-81 
with  some focus on the  robust filtering problem using different approaches. 
In [lo-181, a linear N,-filter is designed such that  the “&,--norm of the 
system, which reflects the worst case gain of the transfer  function from the 
disturbance  inputs  to  the  estimation  error  output, is minimized. On the 
other  hand, by constructing a state estimator which bounds  the mean square 
estimation  error [12], one can develop a robust Kalman  filter.  Indeed, the 
3-1,- filtering is superior to  the  standard NZ- filtering since no statistical 
assumption on the  input is  needed. I t  considers  essentially the exogenous 
input signal to be energy  bounded  rather  than  Gaussian. 

Despite the significant role of time-delays in continuous-time  modeling 
of physical systems [19,20], little  attention 1 ” s  been paid to  the filtering 
(state  estimation) problem of time-delay systems.  Only  recently,  some ef- 
forts  towards bridging  this  gap have been pursued in [al-271 where a version 
of the  robust  Kalman filter has been developed for both continuous- and 
discrete-time  systems (see Clmpter S). This chapter  contributes to the fur- 
ther development of the filtering  problem for a class of uncertain  time-delay 
systems  with  bounded  energy noise sources. In particular, we investigate 

331 
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the problem of robust 3-1,- filtering when the uncertainties are real time- 
varying and norm-bounded and the  state-delay is unknown, It pays equal 
attention to continuous-time and discrete-time systems. For both system 
representations, we design a linear filter which provides both  robust  stabil- 
ity and a guaranteed R,-performance for the filtering error irrespective of 
the pararrleteric uncertainties and unltnown  delays. 

9.2 Linear  Uncertain  Systems 

9.2.1 Problem Description and Preliminaries 

We consider a class of uncertain tirne-delay systems represented by: 

( Z A ) :  k ( A  + AA(t ) )z( t )  + [ A d  + A A d ( t ) ] ~ ( t  - 7) + h ( t )  
= A ~ ( t ) z ( t )  -I- Ad4(t)z(t  - r )  + Dw( t )  ( 9 4  

;I/(t) = [c -t AC(t)].(t) -1- NW@) 
C A  (L )+)  + N w ( t )  (9.2) 

x(t) = L z ( t )  (9.3) 

where ~ ( t )  E %'l is the state, ~ ( 2 )  E' P n  is the  input noise  which  belongs 
to L2 [O,m) , y(t) E W' is the measured output, z ( t )  E !Xr, is a linear 
combination of the  state variables to be estimated and the matrices A E 

are real constant matrices representing the nominal plant. Here, r is an 
unknown constant scalar representing the amount of delay in the  state, For 
all practical purposes, we let 7 5 7* where r* is  known. The matrices AA(t),  
AC(t) a d  AA,(t) represent pasameteric uncertainties which are given  by: 

XnXn , B E %'"*, C E: ! P x 7 ' ,  f I  E % p x m ,  Ad E !Rnxn and L E !Xrxn 

where H E !RnXa , H C  E %Pxa , f . d  E W X w  , E E Z P x n  and Ed E !Rvxn 
are ltnown constant matrices and ~ l ( t )  E ~ 2 ( t )  E W x v  are unltnown 
matrices sa,tisfying 

The initial condition is specified as (x(O), z(s)) = (xo, 4(s)), where 4( . )  E 
C2 [ -r,O] a 
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For system (CA) , we wish to design an  estimator of x ( t )  of the form: 

(C,) : i ( t )  = Fo*(t)  + ICog( t )  (9-6) 
2 ( t )  = L q t )  (9.7) 

where a( t )  E !Rn is the  estimator  state  and  the matrices F. E !RnXn, KO E 
are  to be determined. From (9.3) and (9.7), we define the  estimation 

error as: 
e ( t )  := x ( t )  - i ( t )  (9.8) 

In the  subsequent development, we adopt the notion of robust  stability inde- 
pendent of delay a.cj examined i n  Chapter 2. With reference to Lemma 2.1, 
we know that system (EA) is robustly  stable independent of delay if there 
exist  matrices 0 < P = Pt E R'"n and 0 < T V  = T V  E Rnxn satisfying the 
ARI: 

p a x m  

PAa(t)  + A k ( t ) P  -I- 147 + P A . d n ( t ) T Y - l A ~ a ( t ) P  < 0 (9.9) 
v IlAll l  L 1, I lA2 l l  5 1 

The following prelimina,ry result  extends Lemma 2. l a bit  further for 
the case of constant delay. 

Lemma 9.1: System (EA) is robustly stable independent of delay if one 
of the following  equivalent  statements hold: 

(l) There  exist scalars p > 0 , CT > 0 and matrices 0 5 P = P t  E X n x n  
and 0 < T V  = lVt E !Rnxn sati.sf&g the ARE: 

F A  + AtP + P { ~ L I T ~ I ~  + cr1Id.H; 1- A d [ T V  - cr-'E;Ed]-'A:} P 
+p-I&Q -F \ , y  0 (9.10) 

(2) A is stable and the fo1lowin.g ?-lw norm bound i s  satisfied 

Proof: (1) For some p > 0, cr > 0 it follows that by applying B.1.2 and 
A.2 to inequality  (9.9) it reduces to: 

PA + AtP + P { p l l f I t  -I- oJIdI-Jj 4- A.cl[TV - cr- 'E~Ed]-lA~} P + 
p-lEtE + I;lr < 0 (9.12) 
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In  the light of A.3.1, it  follows that the existence of a matrix 0 < P = 
Pt E P X n  satisfying  inequality (9.12) is equivalent to the existence of a 
stabilizing  solution 0 5 P = P t  E ?Rnxn to the ARE (9.10). 

(2) Follows from A . l  applied to inequality (9.12). 

Remark 9.1: I t  is significant to observe that Lemma 9.1 provides 
an alternative  testable  lneasure of robust  stability for the class of uncertain 
time-delay  systelns under consideration. 

9.2.2 Robust 3-1, Filtering 

In  this  section, we study  the following robust 3-1, filtering problem: 

Given a prescribed level of noise  attenuation y > 0, find an  estimator of 
the f o r m  (9.G)-(9.7) for the system (9.1)-(9.3) such  that  the  following 
conditions are satisfied: 
(a) The augmented system of (CA) and (C,) is robustly stable 
indepen,den<t of delay; 
(b) With zero in.itial  conutitions for ( ~ ( t ) ,  f i ( t ) )  , 

l l 4 ~ ) l l 2  < Y Ilw(t>lla (9.13) 
f o r  all admissible  unuxrtainties  satisfying (9.4)-(9.5). 

It is well-known (71 that  an alternative  condition to (a) and (b) above is 
that 

~ ( a ,  W ,  t )  = i ' (xt)  + {et( t>e(t> - y2wt(t)w(t)> < o (9.14) 

for all ad1nissible A,(t) ,  A,(t) sa,tisfying ( 5 ) )  where H(z)  W ,  t )  and V ( x t )  are, 
respectively, the 1I'Iamiltonian and the Lyitpunov functional  associated with 
the  system  undw consicteration. 

Now,  by considering system (CA) and system (C,), it is easy to obtain 
the  augmented system: 
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where 

A a  

Eda 

(9,lG) 

then  th#e robust  fIm-estim!ation problem for  the system ( E a , )  is solvable 
with  estimator (9.6)-(9.7) and yields. 

Proof: Introduce the Lyapunov-Kr-asovskii functional 

By evaluating  the derivative TT(&) along the solutions of (9.15)-(9.1G) and 
grouping  similar  terms, we expms  the I-Tamiltonian H(<,  W, k )  of (9.14) into 
the form: 

where 
C(t) = [t"(t) . d ( t )  p ( t  - .)lt (9.22) 
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For closed-loop system  stability with an 7-loo-norm bound  constraint, it  is 
required that H ( < ,  W ,  t )  < 0 V <( t )  # 0. This is implied by R(X) < 0. By 
A. l ,  it follows that: 

XAAa + ALaX + .IFI:fIa + XEaaQ-113iaX + r-2BaBA + W < 0 (9.23) 

By applying B.1.2 and B.1.3, inequality (9.23) takes the form: 

X A ,  + A6X + 13; f2-a + W -t 
X { L ~ I ’ Y ~ J I ~  + oIiIbII; + E ~ ~ ~ [ W  - o - ~ N : N , ] - ~  E:, + y-2BaBA} X < 0 

(9.24) 

In  view of (9.18), inequality (9.24) reduces to 

X A ,  + AiX + . l f ~ f I a  + XB(/ -L ,  09 7 ) B t ( p ,  O, ?)X  + VI’ < 0 (9.25) 

Finally, by A.3.1 it follows that the existence of a matrix 0 < X = X t  
!Rnxn satisfying  inequality (9.25) is equivalent to  the existence of a stabiliz- 
ing solution 0 5 X = k t  E !Rnxn to the ARE (9.17). 

Remark 9.2: It should be observed that Theorem 9.1 establishes 
an ARE-based feasibility condition for the  robust 7fm -estimation problem 
associated with system (C,) which requires knowledge about  the nominal 
matrices of the system as well as the gain matrices. In this way, i t  provides 
a partial  solution to the 7I,-estimation under  consideration. 

The  next theorem provides explicit formulae for the  robust filter and  the 
associated  gains. 

Theorem 9.2: Con.sicler the augmented system (EA,) for some y > 0. 
Xffor some scalars p > 0, o > 0 th,ere exist  matrices 0 < P = P t  E ?JPxn,  
0 < S = S t  E ?RnXr2 , 0 < ]VT, l= T/Vt E X n X n  and 0 < W3 = TV: E Snxn 
satisjying  the ARES 

P 

P A  + AtP -t p-’EtE + P B ( p ,  O, y)@(p, o, -y)p + r/v, = 0 (9.26) 
AS + A 3  + S{ Lt/J - Gyp, y)G(p, 7))s + 
R ( p ,  o, r)Rt(p, o, y) + T V s  = 0 (9.27) 

then the  estimator 

i ( t )  =’ A q t )  + K0[y(t)  - C q t ) ]  (9,28) 
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is a robust "lm estimator where 

Proof: F'rom Theorem 9.1, we  ltrlow that system (EA,) is robustly 
stable  with  disturbance  attentuation y if for some scalars p > 0, U > 0 
there  exist  matrices 0 < X = X t  E !R2'n x3'n and 0 < TV = T V t  E %2nx 2n 

satisfying  the ARI 

where B ( p ,  a, y ) B t ( p ,  a, y) is given  by (9. IS). Let  us define 

(9.37) 

By substituting (9.16)  into  inequality (9.36) a,nd using (9.29) and (9.37), we 
get: 

r = [ ~ : ] < o  (9.38) 

Next, we complete the squares in (9.41.) with the help of (9.30)-(9.31) to 
produce K O  in (9.34).  Subsequently we use (9.29)-(9.31) and (9.33) with 
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r3 = As + 2 s  + +S{ LtL - Gyp, y)G(p, 7))s + @ ( p ,  0, r)B"p, 0, y) + ws 
(9.42) 

It is easy to see from (9.G), (9.28) and (9.32) that .Fo = A - KoC. Then, 
we manipulate (9.40) using (9.32)-(9.35) to yield I'2 = 0. This yields I' in 
(9.38) a block-diagonal matrix.  Therefore, we conclude that a necessary and 
sufficient condition  for l7 < 0 is: 

Finally, by A.3.1 it follows that  the existence of matrices 0 < P = Pt E 

respectively, is equivalent to the existence of stabilizing  solutions 0 5 p = 
p t  E !RnXn and 0 L S = S t  E W X x "  to  the ARES (9.26) and (9.27). 

S n X n  and 0 < S = S t  E !RnXn satisfying  inequalities (9.43) and (9.44), 

Remark 9.3: I t  is significant to observe  from Theorems 9.1 and 9.2 
that  the effect of the unltnown state-delay has been conveniently  absorbed 
into  the  quadratic  qua8ntitics (B& or BBt)  through  the o---,Ad-- terms. 

Now, we provide a, result on the 'H,-filter design for the following nom- 
inal system: 

(Eo): j .  - -- Az(t)  + A d ~ ( t  - T )  + B w ( t )  

y(1) =: Cz( t )  4- Nzu(t) 
z ( t )  = L z ( t )  (9.45) 

using a linea- filter of the form 

(C,) : i ( t >  = Fo2(t) + KO[&) - Co2(t)] 
i ( t )  = L q t )  (9.46) 

where k ( t )  E !Bn is the filter state  and  the  matrices F. E !Rnxn, KO E !R*xm 
are  the filter  gains to be determined. 

Theorem 9.3: Given a scalar y > 0, af there exist matrices 0 < p = Pt E Z n x n  , O < S = St E !R72xn , 0 < l/&, = W; E ! P x n  and 
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0 < Ws = W: E !RnXn satisfying  the ARES 

PA + AtP + PB(y)@(y)P + riv, = 0 (9.47) 
A$ -l- AtS + S{LtL  - st(y)s(y))S 
+ R ( 7 ) R t ( y )  + 'c;v, = 0 (9.48) 

then  the  estimator (9.dG) is a  robust 'H,  estimator where 

x S i ( ~ ) @ ( ~ )  = y - 2 ~ ~ t  + A ~ w ; ~ A ;  (9.49) 
777) = y " N B t  , V(y) = y -2NNt  (9.50) 

A = A + B(7)Bt(y).P , C = C + 7(y).P (9.51) 
@($G(?) = 7t(y)v-1(y)c + cv"t (r)7(r) 

+ 7 t ( r ) w ( r ) 7 ( 4  (9.52) 
K O  = s-17(,)v(y) (9.53) 
F. = A + B(y)Et(y)P - P"7t(7)V-1(7)7(y)P (9.54) 

Proof: Follows from Theorem 9.2 by setting E-I = 0, E = 0, H d  = 
0, E d  = 0. 

Remark 9.4: The matrices SA = A - A,  SC = C - C given by (9.32)- 
(9.33) reflect the effect of the  pammeteric uncertainties AA@), AC(t), and 
AE(t )  on  the  structure of the filter. In  the absence of the  parameteric 
uncertainties, we obtain  the nominal time-delay system  and hence Theorem 
9.2 reduces to   Theorem 9.3. 

9.2.3 Worst-case Filter Design 

In  this section, we extend  the  results of Section 9.2,2 to the case of worst- 
case filter design. We  will treat a general-version of the problem in  which 
the system  matrices are time-varying. By similarity  to [14], we consider the 
initial state (xo, $(S)) of system (CA,) is unltnown and no a priori estimate 
of its value is assumed, where: 
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and A,(t), Az(t) satisfy (9.5) and the  matrices A(t), B( t ) ,  C(t), D(t) ,  Ad(t), 
L( t )  are time-varying piecewise continuous  functions. In  this regard, the 
worst-case X, -filtering problem  can  be  phrased as follows: 

Given a  weighting matrix 0 < R = Rt for  the  initial  state a, E (xo, 4(s)) 
and a scalar y > 0,  find a linear causal filter for z ( t )  such  that  the  filtering 
error  dynamics is globally uniformly  asymptotically stable and 

and for all admissible  uncertainties. 

Note that  the  matrix R is a measure of the  uncertainty in the initial state 
a, of (C&) relative to  the  uncertainty in W. 

In connection  with  system (CA,), we introduce for some 0 < W = 
W ,  p > 0, CT > O the following parameterized  system (Cot): 

(9.59) 

where CO is an unknown initial state and 

where the  matrices L ( t ) ,  H d ( t ) ,  Ed(t) ,  Ad(t), E ( t )  are the  same as in (9.4)- 
(9.5) such that [ T V  -- o%?3,fi(t)&(t)] > 0 Vt. For system (CD,), we adopt the 
following 7-1, -1ilte performance  measure: 

where 0 < R( = R; is a weighting matrix for Co. 

Theorem 9.4: Given a scalar y > 0 and a matrix 0 < R = Rt, sys- 
tem (En,) sntisfuin,g (9.5) is globallg, uniformly,  asymptotically stable  about 
the oriqin ami  llz112 < y { I I W ~ ~ $  + & R C U ~ ) ' / ~  for  all nonzero (ao, W )  E 
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R" &[O, 00) and for all admissible  uncertainties and unknown  state-delay 
ij system (CD,) is exponentially stable and  there  exist scalars p > 0, 0 > 0 
and a matrix 0 < W = W t  such  that [ W  - a"E~(t)Ed(t)]  > 0 V t ,  and 
m ,  6, CO, W, 4) < Y- 

Proof: It can be easily established using the same arguments of [26] and 
taking  into consideration Remark 9.3. 

A solution to  the robust "l,-filtering problem can now be stated in 
terms of a scaled 'H,-like control problem incorporating unknown initial 
state and  without  uncertainties and unknown state-delay. For this purpose, 
consider the following system: 

where xc(t) E 8" is the  state with xco being unltnown, w c ( t )  E is 
the  input  disturbance, ;Vc(t) E %' is the measured output, xc( t )  E ?RTz is 
the controlled output, uc(t) E %p is the control input and y > 0 is the 
desired 'FI,-performance for the  robust filter. The matrices A,  C, D ,  A d ,  L 
are  the  same as in system (CD,) and 

The main result is summarized by the following theorem. 

Theorem 9.5: Consider  system (Ea) sntisiying (5) and  let y > 0 
be a prescribed level of noise  attenuation. Let 3" be a linear  time-uaryzng 
strictly  proper  filter  with zero initial  condition.  Then  the  estimate x = .Fy 
for some 0 < R = Rt solves  the robust "l,- filtering  problem for system 
(CA) if there  exists scalars p > 0, 0 > 0 and a matrix 0 < T V  = W t  such 
that: (1) ( W  - C"EiEd) > 0 ,  (2) System (CD,) under  the  action of the 
control law uc = .FD, is stable and the  mectswe J ( x c ,  u l , ,  xco, R)  < y. 
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Remark 9.5: Again, we note from Theorem 9.5 that  the effect of un- 
certainties  and unknown state-delay  has been accomodated by the  param- 
eterized model (CD,) and more importantly,  the  robust 3-t,-filtering has 
now been converted into a scaled output feedback &,- l ike  control  prob- 
lem without  uncertainties and unknown delays. The  latter problem  can be 
solved by existing  results on 'NW-theory, for example [2,8]. 

Remark 9.6: We remark that F is taken  time-varying to reflect the fact 
that CY, is unltnown. Also, it is possible to generalize the  result of Theorem 
9.5 to  the case  where all the  matrices  are piecewise continuous  bounded 
matrix functions. 

Remark 9.7: In  the special  case where the  initial  state a, = 0, we 
obtain  the following result. 

Given a scalar y > Q an.$ let F(s) be a  linear  time-invariant  strictly 
proper  filter with zero initial  condition.  Sgstem ( C A )  with CY, = 0 satisfying 
(9.4) is globally asymptotically stable and llell2 < y llwll2 for any  nonzero 
W E Lg[O, 00) and !or ull utlrnissible uncertainties  and  unknown  state- 
delay if there  exist  scalars p > 0, o > 0 and  a  matrix 0 < Q = Qt 
such that ( Q  - 0"' N t N )  > 0 and  the closed-loop system  (CD,)  with  the 
control  law uc = F(s)p, is stable  and  with  zero  initial  condition for  (CD,),  
I l x c l l ?  < y llwcll2 for  any  nomero W, E L&?,cm). 

9.3 Nonlinear  Uncertain  Systems 

I11 this  section, we consider a class of nonlinear  continuous-time  systems  with 
norm-hounded  ullcertainty and unknown state-delay. Moreover, we consider 
the initial state  to be unltnown. The nonlinearity appears in the form of a 
known cone-I>ounded state-dependent  and  additive  term. We investigate the 
problem of E ,  -filtering for this class of systems  and design a nonlinear  filter 
that guarantees  both  robust  stability (and a prescribed 'H,-performance of 
the filtering  error  dynamics  lor the whole set of admissible  systems. 

9.3.1 P roblel-n Description and Assumptions 

We consider 8, class of uncertain  time-delay sys tem represented by: 

(Ea) : k ( t )  = IA + a A ( t ) ] ~ ( t )  C [Ad + A A d ( t ) ] ~ ( t  - 7) + H h h [ ~ ( t ) ]  
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+ D.w(t) 
= A ~ ( t ) z ( t )  + &4(t)%(t - T )  + H J I [ x ( ~ ) ]  + Dw( t )  (9.67) 

y ( t )  = [C + A C ( t ) l ~ ( t )  + N.w(t) 
= c A ( t ) X ( t )  + N w ( t )  (9.68) 

Z ( t )  = L X ( t )  (9.69) 

where ~ ( t )  E 8" is the  state, w(t)  E P'' is the  input noise which belongs to 
L2 [ O , o o )  , y ( t )  E W is the measured output, z ( t )  E W ,  is a linear combi- 
nation of the  state variables to be cstima,ted, / l [ . ]  : 3" "+ !Rs is a known 
nonlinear  vector  function and  the  matrices A E 9Inxn ,  C' E ' W x n ,  D E % p x m ,  

A d  E !R7''" and H,, E ! X T x n  are real constant  matrices representing the nom- 
inal  plant. Here, r is an  unknown  constant  scalar  representing the  amount 
of delay  in the  state, For all practical  purposes, we let r 5 r* where r* is 
known. The matrices AA(t), AC(t) and AA,(t) are given by (9.4)-(9.5). 

Assumption 9.1: 
(1) h[O] = 0 
(2) There  exists some p > 0 such that for. any xu, zI, E !JP 

ll~l[:G'] - +4,]ll 5 p 11.z.a " Z b l l  

( N N t  + ITCH:) > 0 
Assumption 9.2: 

Remark 9.8: Note that Assumption 9.1 implies that  the function h[.] 
is cone-bounded. Assumption 3 ensures the existence of solution and in the 
absence of uncertainties a8nd time-delays, it eventually  reduces to N N t  > 0, 
which is quite  standard i n  Nm-fi1tering of nominal linear systems. 

Our main  concern is to  determine an estimate 5 of the vector x using 
the  measurements Yt = { ~ ( c T )  : 0 5 CT 5 t }  and where no a priori 
estimate of the initial state of system (Ea) is  assumed. In  this way, we let 
2 = F{Yt) where .F stands for a nonlinear  filter  to he designed and  introduce 
e ( t )  = x ( t )  - i ( t ) .  Specifically, the  rolnst; X,--- filtering problem of interest 
can  be phrased as follows: 
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Given system (EA),  a weighting matrix 0 < R = Rt and a prescribed 
level of noise attenuation y > 0, find a filter F such that the filtering error 
dynamics is globally,  uniformly, asymptotically stable  and 

for  any  nonzero (CY,, W )  E TRn@C2[0, 00) and for all admissible uncertainties 
and unlmown state-delay. 

Consider the uncertain nonlineas  time-delay system 

(CA,) : i ( t )  = Ah(t)X(t) + EdAX(t - 7) + -ff/&[lC(t)l 
[AA + AA(t)]z(t)  + [ A d  + A A d ( t ) ] ~ ( t  - T )  

+ h [x ( t ) ] (9.70) 

subject to (9.4) and Assumptions 9.1. To establish a sufficient stability 
criterion for this  system, we choose a Lyapunov-Krasovskii functional of the 
form: 

(9.71) 

where p > 0, 0 < P = Pt E Enxn ; 0 < 'I/V = 'I/Vt E !BnXn. Observe in 
view of Assumption 9.1 that V(xt)  > 0 for a( t )  # 0 and V ( Q )  = 0 when 
x ( t )  0. Now by evaluating the time derivative V(zt )  along the solutions 
of system (EA,) and arranging terms, we get: 

V ( m )  = X" t )  rI(P) X ( t )  (9.72) 

where 

I rI(P) = E i ( t ) P  -TV 0 ] PAa(1) -1- AL(t )P  + p2X + T V   PEA(^) pH/, 

H; P 0 -X 
X ( t )  = [xt@) x y t  - T )  h"z]lt (9.73) 

If V ( Q )  < 0 when x # 0 then x -+ 0 as t -+ 00 and the  asymptotic  stability 
of (EA,) is guaranteed. This is implied by the ARI: 

PAn(t) + A L ( t ) P +  P {&Hi  + AdA(t)TV-lA&A(t)}  P 
-l-/~'f' + T V  < 0 V IlA,II 5 l ,  IlA,ll 5 1,  p > 0 (9.74) 
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Based on  this, we have the following result: 

Lemma 9.2: The uncertain  time-delay  system (Ea,) is robustly stable 
independent of delay (RSID) if one of the  following equivalent statements 
hold 

(1) There  exist a matrix 0 < 1/17 = T V t  E SJ271X'r1 and  scalars p > 0, U > 0, 
p > 0 satisfying Q - o-lNtN > 0 and such th,at the ARE 

admits  a  stabilizing  solution 0 5 P = P t  E ?Rnxn. 

(2) A is  stable. and  the  following 'Hm norm bound is satisfied for  some 
p > 0, CT > 0, p > 0 an.d 0 < T V  = lVt satisfging T V  - U-' EiEd > 0 , 

(9.76) 

Proof: (1) I t  follows by applying  B.1.2 to  the  term (PA* + A i  P )  and 
B.1.3 to the term (PAdaW-'-4:,P) for some p > O,U > 0, that inequality 
(9.74) is  implied by: 

By A.3 .l it follows that  the existence of a matrix 0 < P = Pt E !Rnxn 

satisfying  inequality  (9.77) is equivalent to  the existence of a stabilizing so- 
lution 0 < P = p' E !Rnxn to  the ARE (9.75). 

(2) Follows ;from A.3.1 applied to A.RE (9.75). 

Remark 9.9: It  is significant to observe that Lemma 9.2 provides a 
testable  measure of robust stability for t-he class of uncertain  nonlinear time- 
delay  systems  under  consickmtion. I t  only requires the nominal matrices as 
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well as the  structural  matrices of the  uncertainties. 

Now, consider the following time-vaxying system 

(C,) k ( t )  = A ( t ) x ( t )  + D(t)w(t)  + E ( t ) ~ ( t  - T ) ,  

x(t)  = C ( t )  x ( t )  (9.78) 

where x ( t )  E is the  state, a, is an unknown  initial state, w ( t )  E is 
the input noise which belongs to L2 [0, m) , ~ ( t )  E 32' is the controlled 
output  and  the  matrices A ( t ) ,  B( t ) ,  C ( t )  are real  piecewise-continuous and 
bounded. For system (C,) we define the  performance  measure: 

(9.79) 

where 0 < R = 13' is a. weighting rna*trix for the initid state (x(O), b(s)). 

Lemma 9.3: Given. s y s t e m  (C,) and a scalar y > 0, the system is expo- 
nentinllg stuble and g(z ,  W ,  Q,, R) < y if either of the following conditions 
holds: 

(1) There exists a bomded matrix f m c t i o n  0 5 Q ( t )  = Q'(t)  , Vt E [0, cm), 
such that for some 0 < 147 = T Y t  < y2R 

and the system k ( t )  = ( A  + (y-'DDt + EIY-lEt)Q]z( t )  is exponentiallg 
stable. 
(2) There exists a bounded matrk function 0 < S ( t )  = S'(t) ,  V t E [0, m), 
satisfying the differential inequality 

S + AtS + S A  + S ( Y - ~ D D ~  + EIV-lEt)S + CtC + T/V < 0, 
S(0)  < y2 R ,  (9.81) 
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Proof: Introduce a Lyapunov-Krasovslcii functional for system (C,) with 
W 0: 

t 
V+(xt) = x t ( t )S( t )x ( t )  + zt(a)TVx(a)da (9.82) 

0 < S ( t )  = S(t) t  E !RnXPa V t ;  0 < T V  = T V t  E !RnXn 

Differentiating  (9.82)  along the  trajectories of system (C,) with W 0, we 
get: 

S + S A + A t S + T V  SE 
dt 

(9.83) 
By A. l ,  inequality (9.81) implies that; &V+(z, t )  < 0 whenever [x( t )  ~ ( t  - 
T ) ]  # 0. That  is, the  system is uniformly asymptotically  stable. 

Toshow that 11~112 < y {~~~~~~+x~(O)Rx(O)+~~,x~(s)&(s)ds}~~~, we 
introduce 

J = l W { z t z  - y2wtw)dt - y2{xt(0)Rx(O) + xt(s)Rrc(s)ds) (9.84) L 
By using  (9.78)  and  completing the squares in (9.84), it follows that 

J = Am(x"tcx + "ztsx - y2wtw)dt + x t (o)s (o)x t (o)  d 
dt 

*O 
- r 2 x t ( 0 ) ~ ( 0 )  - y2 ( zt(s)Pu(s)ds 

J--7 

= i m x t  {S + SA + AtS}  xdt + Lm{wtDtSx  + xtSDw}dt 
00 " I {X~SErc(t - 7) + zt(t  - T)EtSX - y*wtIu} d t  

- l y2[w - y-2DtSx]t[w - y-'DtSx]dt - x t ( s ) [ y 2 R  - W]x(s)ds  L 
- S," 

= J" xt {S + S A  + AtS 1- S(y-"DDt -t ETV-'Et)S + CtC + W }  xdt 
0 

00 

[TVz(t - T )  - EtS~]t lV-1[T17~~(t  - T )  - EtSx]dt 

- xt(O)[y2R - S(O)]x(O) (9.85) 

The condition J < 0 is implied by inequality (9.81) V t [0, m). Therefore, 
we conclude that 11~112 < y { I / w I I z  + x(O)'Pu(O) + J!-7 xt(s)Rz(s)ds}'/2 for 
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Finally, by A.3.1 it follows that  the existence of a matrix 0 < S = St E 
g n X n  satisfying  inequality (9.81) is equivalent to  the existence of a stabiliz- 

ing  solution 0 ,< Q = Qt E W'" to the ARE (9.80). 

Remark 9.10: It is significant to observe that Lemma 9.3 establishes 
a version of the  bounded real lemma for a class of nonlinear  time-varying 
systems  with  state-delay. 

9.3.2 Robust X, Filtering  Results 

We now proceed to study the robust 3-1, filtering  problem  for  system (EA). 
For this  purpose, we introduce the following nonlinear filter: 

(C,) : i ( t )  = A5 + Hh/Z[5] + k [ y ( t )  - c21 
= [ A  + 6A]2 + ,Flhh[g] + R [ y ( t )  - (C + 6C)2] 

2 = Li t ,  ?(O) = o  (9.86) 

where the  matrices 6A E 871x''L, 6C E %pXn, l? E Xnxp are  to  be  determined. 
Now,  by defining 2 = x - 2 ,  we get from (9.67)-(9.69) and (9.86) the 
dynamics of the state-error: 

i(C) = {(A -t &A) - k ( C  + 6C)}f i ( t )  + (AA - SA - l?(AC - 6C)}z(t) 
+ {B - ri.D}~CU(t) -1- IrI,,(h[x] - h[5]}  (9.87) 

Then from system (CA) and (9.87), we obtain  the  dynamics of the filtering 

A 0 
6A + k6C: A 3- AA -- k ( C  + SC) ' 1 
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Observe  in  view of Assumption 9.1, tlmt 

and hence 

Now, we are in a position to present the following result. 

Theorem 9.6: Consider  system (CA) satisfying Assumptions 9.1 
and 9.2 and  the  nonlinear  filter (C,). Given a prescribed  level of noise  at- 
tenuation y > 0 and matrices 0 < \ V p  = W;, 0 < R = Rt) th,e robust 'Hw 

filtering  problem  is solvable iJ for  some scalars p > 0, U > 0, p > 0 satisfying 
W, > a-'ALAd the fo1lotoin.g c0n.dition.s hold 

(1) There  exist a m,atrix 0 5 P = P' satisfyin,g  the ARE:: 

such  that P < y2R an.d mntri:z: {A ,  + B ( p ,  U ,  ? )B t (p ,  0, ? ) P )  is  stable, 
(2) There  exists a bounded matrix  ft~nction 0 5 S ( t )  = St ( t ) ,  t E [0, m) 
satisfying 
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such  that  the unjorced linear  time-varying  system 

$( t )  = { A  - Both-lc + S [ y V L  - Ctii-lC]} q(t)  (9.96) 

is exponentially stable $where 

and the  filter gain is giuen by  

r i ( t )  = { s(t)et + B P } R - l  (9.100) 

Proof: I t  follows fro111 the  standard  results of 3-1, filtering and in  line 
with Lemma 9.3 that condition (2) is a sufficient condition for the solv- 
ability of the infinite-horizon R, filtering for the linear  system 

( ( t )  = A<(t) + B G ( t )  + &<(t - T )  

$( t )  = C@) + h ( t )  
q t )  = L<(t) (9,101) 

where <( t )  E is the state with unknown initial value CO f (<(O), q5(.)), 
G ( t )  E %mts-tcu is the noise signal which is from &[O, 00)) a(t)  E 'W is 
the  measurement, Z ( t )  E 32' is a linear combination of state variables to  be 
estimated ancl the performance  measure for the filtering  problem  is given by: 

(9.102) 

where 2 is an estilnat~e of 2. An R,-filter for 2 can  be  cast  into the form: 

[ ( L )  = a @ )  + ic(t)[l j( t)  - C(@)] 
E = LC (9.103) 

where l? is the filter  gain as given by (9,100). In  the light of Lemma 9.3, it 
is straightforward  to  argue  tha,t  condition (2) is equivalent to  the existence 
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of a bounded solution 0 5 Q( t )  = Rt(t)  , V t E [O, 00) to  the Riccati 
differential equation: 

6 + ( A  - Xic)tR + Q(A - &C) + y"(B - &@(B - RB)ti2 
+ M  = 0 (9.104) 
Q(0) < r2R - P 

and such that the time-varying system: 

7j(t) = { A  - &C + y 2 ( B  - &@(B - &B)"il} q(t)  (9.105) 

is exponentially stable, To proceed further, we introduce 

(9.106) 

Using (9.90),  (9.93)-(9.94) and (9,1O4), it is a simple task to verify for some 
W = block - ding['lil$ W,], 12, = block - dictg[h? R,] that Y( t ) ,  Vt E 
[0, W), satisfies the Riccati diflerential equation: 

Y + AkY + YAa + Y{y-2BaBL + PIiIaIiI; + 
U H a d  H:d + Huh H t h  + Earl ( T V  - 0-l Nfid N U ) -  Etd} Y + 
LEL, + p-'E;Ea + p 2 1  +- T V  = 0 (9.107) 
W, < y2 R ,  Y (0 )  < y'R* (9.108) 

and is such that  the system 

e( t )  = [A,  + [y-2BaRj, 1- ~ I f a  .H: + o.EIad.tIAd 

+ Ifa/zH:/, + EU~(T~T '  - ~-~N;dNad)-'E;dlY] ~ ( t )  

is exponentially stable. Note that  the matrices TV,, R, are arbitrary  and 
they will not affect the subsequent analysis. Since R(0) < r2R - P ,  there 
exists a sufficiently small scalar S > 0 such that 

(9,109) 

L t t ( S )  Yo <(s)ds = S_, d ( S )  (y2 R) J;(s)ds (9,110) 
0 
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By Lemma 9.3, it follows from (9.107) that  there  exists a matrix 0 < 
Y*(t) = Y,"(t) , Q t E [O,m), satisfying Y,(O) < Yo and such that 

Applying Lemma 9.2, it follows from (9.1 11) that 

where AA, = A, + fI&l ( t )E ,  , EA, = E u d  + f f u d a 2 ( t ) N a d .  

Next, we prove the global, uniform, asymptotic  stability of the filtering 
error dynamics of system (CA,). To do this, we introduce a Lyapunov- 
Krasovsltii functional for system (EA,) with W 0: 

+ p2 kt Jt(a)S(cu)da - hi[z]h,[z]da (9.113) 

p > 0, 0 < T V  = T V t  E 

Observe in view of Assumption 9.2 that V*(et) > 0 whenever E(t) # 0. 
The time  derivative of V*(<t) along m y  state  trajectory of system (EA,) 
with W 0 is given by: 

d 
d t  -V*(<, t )  = 

[ j t 
(9.114) 

By taking (9.1.12) into c;onsider.ation, it follows from (9.114) that  dong  any 
state trajectory Of system (EA,)  with W 0 , $V*([,t) < 0 whenever 
( ( t )  # 0 and < ( L  - 7) f 0. Therefore,  the equilibrium state ( = 0 is glob- 
ally, uniformly, asymptotically  stable for all admissible  uncertainties and 
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By applying Lemma 9.3 it is straightforward to show that  the condition 
J ,  < 0 is implied by  inequality (9.116) V t [0, m). Therefore, we conclude 
that Ilel1.l < y(llwl1; + a'(O)Rx(O) + J " T ~ t ( ~ ) R x ( ~ ) d s } 1 / 2  for any nonzero 
( 0 0 ,  W )  E Rn €!3 L2[0,00). 

Remark 9.11: By exalnining  (9.93)-(9.95), it is clear that S(t )  depends 
on P. In line  with "I,-control theory, the Riccati  equation for S( t )  can 
be replaced by one which is decoupled from that of P subject  to a spectral 
radius  constraint. Using the  standard  results of 1271, i t  can he easily shown 
that condition ( 2 )  of Theorem 9.6 is equivalent to the following conditions: 

such that  the unforced linear time-varying system 

is exponentially stable, 

(2b) I - ~ - ~ P o ( t )  > 0, V E [0, W). 

In the case when conditions l, (2a) and (2b) hold, a robust ?l, -filter 
is given by (9.86) but with the filter gain: 

&(t )  = { I  - y-%(t)P}-1{@(t)c;  + DD'}A-1 (9.118) 

Remark 9.12: Considering (9.97) arid (9.100), we can rewrite the  robust 
"too filter (9.86) as : 

(C,) : k ( t )  = [ A  -t- SA,,,]5 + fI,,,lz[ii] + Bij(t) 
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3- l?[&) - (C + SC& - Dqt)] 
2 = L$ (9.119) 

where 

SA, = pH1P.P , SC, = p H , H t P  , G ( t )  = y-2BtF'ii(t) (9.120) 

An interpretation of (9.119)-(9,120) is that  the  matrices {JAW , 6Cw} ac- 
count for the worst-case parameter  uncertainty of {AA(t) , AC(t)) in the 
presence of the estima,tecl worst-case noise input ij(t). 

Remark 9.13: Observe from (9.100) and (9.120) that  the known struc- 
tural  matrices of the  parsmeteric  uncertainty  are only needed to determine 
the filter  gain. In  the absence of nonlinearities, h[z] = 0, and  state delay 
factor E, 0, the  robust filter (9.86) reduces to  the  one derived  in 1131. 
However with h[.] 0 only, the resulting  filter extends  the  result of 1131 
to the case of unknown sta,te-delay. The effect of state-delay  appears in 
(9.93)-(9.95)  through the quantities I&, A d  and E d ,  

9.4 Linear  Discrete-Time  Systems 

We learned from Chapter 1 that tirne-delays occur  quite  naturally in discrete- 
time  systems.  Little  attention however, has been paid to estimating  the  state 
of linear  uncertain  discrete-time  systems  with  delays. A preliminary  result 
to bridge this  gap is reported in [24] by developing a robust  Kalman filter 
for a class of discrete  uncertain  systems  with  state-delay. 

This section  builds  upon the  results of Chapter 4 and  extends  them  to  an- 
other dimension by considering the 3-1, estimation of a class of discrete-time 
systems with real titne-va,rying llornl-bounded  parameteric  uncertainties and 
unknown state-dclay. 

9.4.1 Problem Description 

We consider a class of uncertain  time-delay  systems  represented by: 

(CA) : ~ ( k  + 1) = [A + A t l ( k ) ] ~ ( k )  + D w ( ~ )  + Ads(lc - T )  

x k I ~ ( k ) X ( k )  i- h ( k )  4- Adz(k - 7) 
y(k) = [C + A C ( k ) ] x ( k )  + N w ( k )  

= c A ( k ) X ( k )  f N w ( k )  
x @ )  = L z ( k )  (9.121) 
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where .(/c) E !Xn is  the  state, w(k) E !Rm is the  input noise  which  belongs 
to t 2  [0, m) , y(k) E !RP is the measured output, x ( k )  E !Xr, is a linear com- 
bination of the  state variables to be estimated and the matrices A E !RnXn, 

C E ! R P x n  , D E ! R P x m ,  A d  E !Rnxn and L E !Rrxn are real constant matrices 
representing the nominal plant. Here, 7 is an unknown constant scalar rep- 
resenting the amount of delay  in the state. For all practical purposes, we let 
r r* where r* is ltnown. The matrices AA(k)  and AC(k)  are represented 
by: 

where H E !Xnx" , I& E %Px" and E E % p x n  are ltnown constant matrices 
and A ( k )  E is unknown matrices. The initial condition is specified as  
a,(.) = (xo ,  +(S)), where #(.) E &I", 01. 

In the sequel, we refer to the following systems: 

(EA,) : z (k  + 1) = A ~ ( k ) z ( k )  -t Adz(IC - 7) (9.123) 
(EA,) : z(k  + 1) = A ~ ( k ) : l ; ( k )  -I- D w ( ~ )  C Adz(lc - r )  

x ( k )  = L z (k )  (9.124) 

Fkom Chapter 2, we learned that system (ZA,) is robustly stable inde- 
pendent of delay (RSID) if given a matrix 0 < W = T V t  E P X n ,  there exists 
a matrix 0 < P = Pt E !Xnx7' satisfying ARI: 

for all  admissible uncertainties sa,tisfying (9.1 22). Based on this, we have 
the following result. 

Theorem 9.7: System (EA,,) is robustly  stable with disturbance  atten- 
uation y if given  a  matrix 0 < W = l Y t  E !Rnxn there  exist a matrix 
O < P = Pt E !Rnxn satisfriny  the LMI: 

" P + W  0 0 L' A6 
0 -y21 0 0 Dt 
0 0 -Q 0 A.: 
L 0 0 - I  0 

A A  D A d  0 --P-' 

l 
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Proof: By evaluating the first-order difference AVi(z,+) of (2.78) along 
the  trajectories of (9.124) and considering the  Hamiltonian 

H(x ,  W) = AV(z,) + { 2 ( k ) z ( k )  - r2w"k)w(k)) 

it yields: 

(9.126) 

where 

The stability  condition with &-gain  constraint N ( z , w )  < 0 is implied 
by R(a,  IC) < 0. By A . l  and using (9.127), it follows that R(a,  IC) < 0 is 
equivalent to 

-P + T V  + LtL 0 0 
0 
0 0 -W -y21 0 I + [ 

The above  inequality holds if and only if 

] P[& DB A d ]  < 0 

Simple arrangement of the above inequality with the help of A.1 yields 
(9.125). 

Remark 9.14: We note that LMI (9.125) holds if and only if the ART: 

AL { P  - A ~ Q - ~ A :  - T - ~ B ~ B : } - '  AA - P + L ~ L  + Q < o 
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This  further reduces,  via B.1.3, to 

At {P-' - AdQ-'A; - - p f I f I t ) - l  A 
-P + LtL + p-lEtE + Q < 0 (9.128) 

Motivated by Theorem 9.7 and Remark  9.14, we state  the following 
result . 

Lemma 9.4: For the  uncertain  time-delav  system (9.121), the  following 
statements are equiualen>t: 

System (EolL,) is robustlg  stable with disturbance attenuation y. 
There  exists a matrix 0 < P = P t  .sat.isf.ying th.e LMI (9.125). 
There  exists a matrix 0 < P -- Pt satisfying the ARI  (9.128). 
The  following "l, norm bound is satisfied 

There  exists a m,ntrix 0 5 P = P t  sntisJying  the A RE 

Remark  9.15: It  is significant to ohserve that; Lemma 9.4 establishes a 
version of the  bounded real Lelnms A.3.2 as applied to  uncertain  discrete- 
time systems  with  state-delay,  Additionally,  it provides alternative numeri- 
cal  techniques for testing  the robust' stability of the class of discrete  systems 
under  consideration. 

9.4.2 'H,-Estimation Results 

The robust 'FI, state-estimation problern we are going to  examine  can be 
phrased as follows: 

For system (En), design a linear  estimator o f a ( l c )  of the form 

(C,) : it(k + 1) = A.;i.(k) -t R [ v ( k )  - (??(/C)] 
= [ A  + &A]$(k)  + & [ v ( k )  - (C + SC)2(k)] 

i = L?,  q o )  = 0 (9.131) 
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In (9.131), 6A E ?RnXn, 6C E ! R P X n ,  E ?Rnxp axe the design matrices 
to be  determined. 

5 ( k  + 1) -x { ( A  -1- SA) -- R(C i- 6C)}5 (k )  + { D  - . l ? N } ~ ( k )  
4- {AA - 6A -- k(AC - SC)}z(k)  (9.132) 

Then from system (EA)  and (9.131), we obtain  the dynamics of the filtering 
error e ( k )  : 

where 

(9.135) 

Theorem 9.8: Given. a prescribed level of noise  attenuation y > 0 
and a matrix 0 < Q = Qt E CR2nx2n. If for  some scalar p > 0 there  exists 
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a m a t ~ x  o < y = Yt  E %f22nx2n satisfying  the LMI: 

359 

- -[Y+pl;,Lkj-' +p-'A4;Mu + Q 0 0 .€I: Ai  - 
0 -Y21 0 0 l?; 
0 0 -Q 0 E: 

Kl 0 0 - I O  
< o  

Ba &U 0 -Y ~ 

(9.136) 
then the robust Hm-estimation  problem  for th.e system ( C A ~ )  is solvable 
with estimator (9.132) and yields. 

Proof: By Theorem 9.7, system (EA,) is QS with  disturbance  attenuation 
y if given a matrix o < Q = E P n x 2 "  there  exists a matrix o < P = 
Pt E satisfying 

By A.1, inequality  (9.138) holds if and only if 

-P+ Q +  /.L-'M~M, 0 0 .HA A i  - 
0 "'I 0 0 B$ 
0 0 .-Q 0 E: 

Kl 0 0 - I  0 
< 0 

A a  13, 0 -P-I ~ 

(9.139) 
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By B.1.4, inequality (9.139) is equivdent  to 

- / L - 1 / w :  

0 
0 
0 
0 
0 

0 -  
0 

0 
0 [o 0 0 0 p1'2L3 + 

L p L ,  

for some p > 0. Rea,rrangjng, we get 

C O  

(9.140) 

- -P + Q + ~-W;A& o o H: A: 
0 - 7 2 1  0 0 B; 
0 0 " Q  0 E: 
r-r, 0 0 -I 0 

< o  

l 

- A Q l?, E a  0 - p 1  --pL,L:] 
(9.141) 

Letting Y = [P-' -pLaLL] in (9.141) we obtain  directly  the LMI (9.136). 

Remark 9.15: It should be  observed that Theorem 9.8 establishes an 
LMI-feasibility condition for the robust Id,-estimation problem associated 
with  system (Ea) which requires knowledge about  the nominal  matrices of 
the system as well as the  structural  lmtrices of the  uncertainty.  In  this way, 
it provides a partial solution to  the "l, -estimation  under  consideration. 

To facilitate  further development, we introduce 
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for some matrices 0 < SI = S! , 0 < S2 = Si, 0 < Q1 = Sf and 0 < Q2 = S;, 
Accordingly we define the matrices: 

It is important  to  note  that  the indicated inverses in (9.142-9.143) exist  in 
view of A.2 and  the selection of matrices 0 < Q1 and Q2. Observe  in (9.143) 
using (9.135)-(9.142) that (R1 -- R?) > 0. 

The next theorem  estsblishes the maill result. 

Theorem 9.9: Consider the nugmen.ted system (En,) for some y > 0 
and given  matrices 0 < Q1 -1 Q! E !Rnx ‘l and 0 < Q 2  = Q$ E ?JPxn.  If 
for some  scalar p > 0 there exist matrices 0 < S1 = Si E !Xnxn and 
O < S2 = S; E !RnxT1 satisfying  the LMIS 

-S1 + Q1 H t  Dt 
H - p 1  0 

A 0 0 “RT1 
D 0 - 7 2 1  0 (9.144) 

c 

- S 2  + Q2 

“Tt2-’7 < o  (9.145) 
-AR$8At - 8.AR2A 8A A 

SAt -RC1 0 
L A t  0 --R,;’ - 
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then the robzlst %,-estimation problem for the system (Ea,) is solvable 
with  the  estim!ntor 

q l c  + l)  = A q k )  3- 7 t z - 1 [ y ( k )  - &(/c)] (9.146) 

which yields 
Ile(k>llz < Y l l 4 ~ > 1 1 2  (9.147) 

Proof: Given a matrix 0 < Q = Qt E !J?2nx2n and by Theorem 9.8, it 
follows that there  exists a matrix 0 < P = Pt E that satisfies LMI 
(9.136). Applying A . l ,  this is equivalent to: 

From the  results of 1131, it follows that (9.148) holds if and only if there 
exists a matrix o < S = St E ! P n x z n  satisfying 

Expansion of (9.149) using (9.1.35)-(9.13G) and (9.150) yields: 

El (S) a,(s) Z(S) :== qs, =,(S) 1 (9.151) 

where 
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For internal  stability with la-bound  it required that Z(S) < 0. Necessary 
and sufficient conditions  to achieve this  are 

qs) < 0, a+) = 0, S@) < 0 (9.155) 

It is readily seen from  (9.152) that the condition Z,(S) < 0 is equivalent to 
the LA41 (9.144). Using (9.143) in (9.153) and  arranging  terms, we conclude 
that  the condition Zz(S) = 0 is satisfied. Finally, from (9.142)-(9.144) and 
using the “completion of scluc2res” argument with some standard algebraic 
manipulations we conclude that  the Kallnan  gain is given by Izr = P3-l 

and  the LMI (9,145)  corresponds  to Z3(S) < 0. 

Two important special cases follow. 

Lemma 9.5: Consider  the  emcertain.  discrete system without  delay 

r 

then the robust ?-t,-estimation. problem is so1,vnble ,with the  estimator 

ii(k + 1) = &(h) -I- ?;“ZTl[y(k) - L‘!i(k)] (9.159) 

(9.160) 
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and where 

Proof: Follows from Theorem 9.9 by setting A d  = 0 and Q1 = Q 2  = 0 in 
(9.143)-(9.144) and ohserving that R 2  = 0. 

Lemma 9.6: Consider  the  sgstem 

~ ( k .  + 1) = R ~ ( l c )  + Dw(lc) + Adz(lc - T) 
g ( k )  = CX(lc) +NW@) 
z ( k )  = L z ( k )  (9.161) 

-y21 At 0 ] < 0 (9.162) 

l- 

-S2 + Q2 

--ARi6At -- GAR2A 6A A 
" & t z ~ l z  < 0 (9.163) 

611 --RC1 0 
- A.t 0 -%-l - 
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Remark 9.16: It is  interesting  to  observe that Lemma 9.5 gives an 
LMI-based version of the  results in [13]. Lemma 9.6 presents an 7&, filter 
for a class of discrete-time  systems with unltnown state-delay.  Both Lemma 
9.5,  9.6 are new results for state estimation of time-delay systems. 

9.5 Linear  Parameter-Varying  Systems 

Stability  analysis  and  control  synthesis  problems of linear  continuous-  time 
systems where the  state-space  matrices depend  on  time-varying  parameters 
have received considerable attention recently [33-381. When  dealing  with lin- 
ear parameter-varying (LPV) systems,  there have been two basic  approaches. 
One  approach developed in [33-351 where it  has been assumed that  the  tra- 
jectory of the  parameters is not I<nown n priori  although  its value is known 
through  real-time  measurements a,nd the~dore  the sta.te-space matrices de- 
pend  continuously  on  these paa*amet,ers. Quadratic  stability  has been the 
main vehicle in the analysis and coutrol synthesis using a single quadratic 
Lyapunov  function. In [35-381, cm alternative  approach has been pursued 
where the  red uncertain  parameters  and  their  rates have been assumed to 
vary  in  some  prescribed  ranges and hence allowing the  state-space  matrices 
to  depend affinely on these  parameters. Affine quadratic  stability  has been 
introduced to facilitate  the analysis  and  control  synthesis using parameter- 
dependent  quadratic Lyapunov  functions. We examine  here the problems of 
stability and 3-1, filtering for a class of linear  parameter-varying  discrete- 
time (LPVDT) systems in which the  state-space  ma'trices  depend d h l y  on 
time-varying parameters  and has unl<nown consta~nt  state-delay. We employ 
the notion of affine qua,dratic  stability using I>a,ranletez.-dependent Lyapunov 
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functions and establish LMI-based procedures for testing the internal sta- 
bility. Then, we develop a linear parameter-dependent filter such that  the 
estimation  error is affinely quadratically  stable with a prescribed perfor- 
mance measure. It is shown that the solvability conditions  can  be expressed 
into LMIs which are then evaluated at  the vertices of the polytopic range 
of parameter values. The developed results extend those of [29-311 further 
aad  study a class of LPVDT systems with state-delay which is frequently 
encountered i n  industriad  process control. 

9.5.1 Discrete-Time Models 

We consider a class of lineas parameter-varying discrete-time (LPVDT) sys- 
tems with state-delay represented by: 

~ ( k  + 1) = A ( o ( k ) ) z ( k )  + B ( o ( k ) ) w ( k )  + E(a(k) )z (k  - v), 
?/(IC) = C(o(k ) ) z ( k )  + D ( o ( k ) ) w ( k )  
x(k) = L(cr(k) )z (k )  , 2(0) = x, (9.166) 

where z ( k )  E !R'' is the state, w ( k )  E W 2  is the  disturbance input which 
belongs to t,(O,co), z ( k )  E P'' is the controlled output, y(k) E ?B' is the 
measured output , a ( k )  = (01, ...., 07.) E 3 C W is a vector of uncertain and 
possibly time-vwying parameters with 3 being compact , is an unknown 
constant delay and A ( . ) ,  13(.), C( . ) ,  D( . ) ,  L(.) ,  E(.)  are known real matrix 
functions and affinely depending on (T, that is: 

(9.167) 

where A,, ..., A,. ;Bo, ..., B,. ; C,, ..., C,. ; D,, ..., D,; E,, ..,,E,. and Lo, ..., L, 
are known constant mstrjces of appropriate dimensions. From  now onwards, 
we consider the  parameter  uncertainty (T to be quantified by the range of 
parameter values and its incremental variation. In  the sequel, an admissible 
parameter. vector U E 8' is a time function that satisfies at each instant: 

(AI) Each parameter: q ( k ) ,  ( j  = l ,  ..., r )  is real and ranges between two 
extreme values 6j and 6j: 

q ( k )  E [6j , 4 1  (9.168) 
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(A2) The incremental  variation Gcrj(k) is well-defined a t  all times and 

60 j (k )  E [fij , f i j ]  (9.169) 

where the  bounds ( i j ,  6j,  fij,  fij are known for all ( j  = l ,  .. ., T ) .  

It follows from (Al )  and (A2) that each of the  parameter vector a and  its 
incremental  variation 60 is valued in an  hyper-rectangle of the  parameter 
space W ,  the vertices of which me in the  sets: 

W := { W  = ( W l ,  ...,iLl,.) : W j  E p j  , 4) (9.170) 
V := { v  = (VI, ...) : Vj E [fij , 4) (9.171) 

Note that W and V represent  the  sets of the 2' corners of the  parameter box 
and  the  parameter-rate box, respectively. 

For the LPVDT system (9.1G6), we are mainly concerned with  obtaining 
an  estimate, , i (k),  of .(!c), via a causal  linear  parameter-dependent  filter 
using the  measurement g ( k )  and which provides a uniformly small  estimation 
error, z ( k )  - i(lc), V w(k) E t2[0,00). Towards our goal, we provide in the 
next  section  relevant  stability  lneasures that w i l l  be used in developing the 
main  results. 

9.5.2 Affine Quadratic  Stability 

Distinct from (9.166) is the linear I,c?.ra~ll(:ter-vasying free (LPVF) system: 

~ ( k  + 1) = A(.(k))z(k) + E ( a ( k ) ) ~ ( k  - 77) ; ~ ( 0 )  = 2, (9.172) 

Definition 9.1: Sgstem (C,,) is said to be a@in,ely quadratically  stable 
(AQS) if given  a  set of ( r  -t 1) matrices (Q,, .., Q,.) such t h d  0 < Qj = 
&" 3 j = 0, ..,r and Q(.) := Q, -1- alQ1 -I-- .. + a,*Q' > 0 there  exists a set of 
( r  + 1) matrices (P,, ...., P,.) and such that 0 < Pj = 1'; j = 0,  .., T and 

P(.) := P, + a& + .... 3- .,.P,. > 0 (9.173) 

- P(.) + Q(.) 0 (9.174) 
R(a,Ga) := At(a){[P(o)  + P(Go) - P,]-1 - E(o)Q- l (a )Et (a)}"A(~)  

hold for all admissible  values and trajectories of the  parameter  vector cr. The 
function V ( k , a )  := z t ( k ) P ( o ( k ) ) x ( k )  + ~ ~ ~ ~ - v d ( j ) Q o ( j ) ~ ( j )  is  then  a 
quadratic Lpapunov function for sgstem (C,,) i n  the  sense  that 

V ( k , o )  > O  V z # O  , A V ( k , a )  < O  
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for all initial condit0n.s and parameter  trajectories a (k) .  

The following theorem provides an LMI-based procedure to check the 
AQS for system (9.172). 

Theorem 9.10: Consider  system (C,,) where the  matrix A ( . )  depends 
afinely on a an the  manner of (9*167).  Let W ,  V denote  the  sets of corners 
of the  parameter box (9. i70) and the  incremental  variation box (9.1 7 l ) ,  re- 
spectivelu and let i? = (161 -t &]/2, .,.., [ 5 r  + 6,)/2) denote  the average value 
of the parameter veclor such. lhnt A(i?) is  stable.  This  system  is  ajjinely 
quadratically stable if given a set of ( r  + 1) matrices (Q,, .., Q r )  such  that 
0 < Q j  = Q: j = 0, .., r  and Q(a) := Q, + alQ1 + .. + or$, > 0 there  exists 
a set of (T + 1) matrices (P,, ...., e.) such  that 0 < Pj = P; Q j = 0, ,,,,, r ,  
satisfying 

At(w>{ [P(,) + P(.) - - ~(W)Q(W)- 'E'((W)>"A(W) 
-P@) + & ( W )  0 V ( w , v ) E W x V  (9.175) 
P ( W )  > 0 V W w E W  (9.176) 
Ai {F';' - E o Q ~ l E ~ } - l  Aj L 0 j = l, ..., T (9.177) 

where 
" ( 0 )  := Po + 01 P1 + + or PT (9.178) 

Whm the LMI system (9. .l 75)-(9.177) is  feasible, a Lyapunov-Krasovskii 
function for (C,,) and jor all trajectories a ( k )  satisfying  (9.1  68)-(9.169)  is 
then  given by  V ( z ,  a )  = z t ( k ) P ( a ) x ( k )  + C:=',.., z'(a)Q(a)x(a). 

I Proof: Note that under assumptions (AI),  (A2) and (9.178), we have: 

From Definition 9.1, the  positivity  constraint  (9.174) is affine  in 0 and 
hence it holds for all U i n  the pa8rsmeter box W if and  only if it  holds at 
all corners. '.i'his yields condition (11). For a, given U E V the  quantity 
P(,) - Po is constant, The fact that A,   E ,  P we affinely dependent  on 0 
and (9.175)-(9.177) hold for all W E W ensure that 

P(.) > 0 
-7'(0) + At(a){[P(,)  i- P(6,) - P,]-' - 

E(a)Q(a)-lE.'"(a))-lA(a) + Q(0) < 0 (9.180) 
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for  any value of a in the  parameter box (9.170). Since (9.180) holds for  any 
corner v E V and P ( b )  is affine  in 60, it can be deduced by a standard 
convexity argument that  the inequality 

-P(.> + At(a){P"(a -I- 60) - 

E(a)Q(a)"E'(a))"A(a) + Q(a) < 0 (9.181) 

holds over the  entire incremental  parameter box (9.171) since it is satisfied 
at dl its vertices v E V .  Using (9.180), it follows that 

AV(z, 0) = z t ( k ) ( A t ( a ) P ( ~  -t ~ o ) A ( o )  - " ( 0 )  + Q ( a ) ) ~ ( k )  
+ zt (k){At(a)P(a + 60)13(0) 

[Q(a)  - Et(a)P-l(a + 60)n(a)]- 'Et(a)P(a + sa) )z (k )  
< o  (9.182) 

for  any parmeter trajectory ~ ( k )  satisfying  (9.168)-(9.169), which estab- 
lishes AQS. It remains to clarify the multiconvexity constraint  (9.177). Given 
the affine expressions of A, P ,  E: a ~ l d  Q, it can be easily shown that for any 
O # X  E P :  

for some scalars ( ~ ~ , ~ ~ , ~ ~ k , p j , 6 j k , ~ j ) .  By 14, Lemma 3.11 and with some 
standaxd algebraic  manipulations, i t  follows that: 

This implies that the multiconvexity recluirement corresponds to  the con- 
straint (9.177). Observe that (9.175) e~~sures  the  negativity of g ( a )  a t  all 
corners of the  parameter box and hence 

over the  entire  pasameter box ancl therefore we conclude that AV(x, cr) < 0 
for dl admissible a. 

Remark 9.17: The relevance of Theorem 9.10 stems from the fact 
that it replaces the solution of an infinite numher of LhUs to  determine 
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Po, ..,, e. by a finite  number of Lh4Is a t  the  corners of the  hyper-rectangles 
plus the multiconvexity  condition (9.177). In turn, these LMIs can  be effec- 
tively solved by the LNII Toolbox. 

A special  case of Theorem 9.10, when the  a-parameters are constants, 
is presented below. 

Corollary 9.1: Consider  system (C,,) where the  matrix A(.) depend 
affinely on  constant  parcmeters a E 9' satisfying ('9.168). Let W denote 
the  set of corners of the param.eter Don: (9. i70). This  system as afinely 
quadratically stable ij yiuen a set of ( r  + l) matrices (Q,, .., Q T )  such  that 
0 < & j  = Q; j = 0, .., r and Q(a) := Q0 + olQ1 + .. + urQT > 0 there  exists 
a set of ( r  + I )  matrices (]lo, ...., P,) satisfying o < Pj = P: V j = 0, . ..., T ,  

s d z .  that P(.) := Po -t- 01 P1 + . ... + aT F, and 

At(w){P"(w) - ~ ( W ) Q - ' ( W ) E ~ ( W ) ) - ' A ( W )  
-?(W) + & ( W )  < 0 h w E W  (9.184) 
P ( w )  > 0 v w E W  (9.185) 
.A; {P;' -- E,Q;'E~}-' Aj 2 0, j = 1, ..., T (9.186) 

When  the LMI spstern (9.18~)-(9.186') i s  feasible,  a  Lyapunov  function  for 
(Euo) and for all trajectories a(t> satisjying (9.169) is  then  given by 

k-l 
V ( k ,  a) = d ( k ) P ( o ( k ) ) x ( k )  + C d ( . j ) Q ( ~ ( . j ) ) ~ ( j )  

j = k - q  

Proof: Set P(6a) = Po in Theorem 9.10. 

Definition 9.2: System (C,) is said to be afinely  quadratically  sta- 
ble (AQS) with distwrban.ce attenuation y if given  a  set  of ( r  + 1) matri- 
ces (Q,, ...,Q,) such. lh.nt 0 < Qj = Q$ V j = 0, ...., r and Q(.) := 
Q, + alQl + .... + ar.Q,. > 0 Ihwe  exists  a set of ( r  + l)  matrices (Po, ..., PT) 
and such. that 0 < Pj = F'; v j = 0, .. . , r and 

P(,) := Po + 01 PI 3- . e . .  -l- a, E' > 0 (9.187) 
At(a)P(a -t- Ga)A(a) - P(.) + Lt(a)L(a)  
-I-At(a)P(a -t- Gn)B(a, GO)P(O, 60)A(a) + &(a) < 0 

(9.188) 
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hold for  all admissible  values and trajectories of the  parameter  vector U = 
(Q, ...., a,.) where 

B(a, 60) = B(a)[ I  - y 2 B " 0 ) P ( a  + sO)B(0)]-fB"a) 
+ E(a)Q-l(a)I" t (o)  (9.189) 

at then also follows that  the  Junction 

k- 1 

V(z, U )  = z"k)P(.)x(k) + c xt(a)Q(a)z(a) 
Q=k-q  

is a  Lyapunov  function for sgstem (9.1 GG). 

Theorem 9.11: Consider  system (Eoo) there th.e matrix A( .) depend 
affinely on a in the m.an.n.er of (9.167). Let W ,  V denote  the  sets of cor- 
ners of the  parameter box (9,170) nn<d the in.cremen.ta1 variation box (9, l n ) ,  
respectively  and  let c f  = ([e1 + 61]/2, ...., [er + & r ] / 2 )  denote  the average 
value 01 the  parameter  vector  such  that A(B) is stable. This  system  is 
afinely  quadratically stable tuilla disturbance  attenuation y if given  a  set 
of ( r  4- 1) matrices (Qo,  ..., Q?) such  that 0 < Q j  = Q$ V j = 0,  ...,, r and 
&(a) := Q. + alQ1 + .... + arQf > 0 there emists a set of ( r  + 1) matrices 
(Po, ...., PT) such  that 0 < Pj = Pj V j = 0,  ...., r, satisfging 

At(w)[P(w) + P(.) - Po]A(w) - " ( W )  + Lt(w)L(w) 
- t A " ( W ) [ P ( W )  4- P(,) " Po]B(w, v )  
(P(w) +P(.) - P o ] A ( w )  + Q ( w )  < 0 

V ( W ,  v )  E W x v (9,190) 
P(w) > 0 vw E W (9.191) 
AS(P,-l- EoQ;'E; - Bo 
[I  - ~ - 2 B ~ P o B o ] " B ~ } - 1 A ~  
- > 0 j = 1, . . ,T  (9.192) 
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Proof: F'ollows  by parallel development to Theorem 9.10. 

A special case of Theorem  9.11 when the a-parameters axe constants 
is presented below. 

Corollary 9.2: Consider system (C,,) where the  matrix A( .) depends 
afinely  on  constant  parameters CT E !RT satisfying (9.168). Let W denotes 
the  set of corners of the  parameter box (9.1 70). This  system  is  affinely 
quadratically  stable ,with disturbance  attenuation y if given  a  set of ( r  f 1) 
matrices (Q,, ...,QT) such that 0 < Qj = Q$ V j = 0, ...., r and Q(o) := 
Q. + alQ1+ .... + oTQT > 0 there  exists  a  set of (r + l) matrices (Po, ,..., P T )  

and 
satisfying 0 < Pj = P; V j = 0 ,  ...., T ,  such  that P(.) := Po+UlP1+....+arFr 

At(w)P(w>A4(w) - " ( W )  -I- Lt(w)L(w) + A"(u)P(u)Z?(U, v)P(u)A(w) + 
Q ( U )  < 0 v u  € W  (9.194) 
P ( w )  > 0 V'wEW (9.195) 
A${PJ1 - EoQZ'EL - Bo[I - ~-2B~P,B,]-1B~}"A~ 2 0 

j = 1, ..,r (9.196) 

When  the  LMI  system (9.1 94)-(9.196) is feasible,  a  Lynpunov  function for 
(Eoo) and for all trajectories a ( k )  satisfying (9.168) is  then  given by V ( x ,  U )  = 
."k)P(.).(k) + c:;:._, zt(a)Q(o)a(cY). 

Proof: Set P(v )  = l'o i n  Theorem 9.11, 

Next, we proceed to closely examine the filtering problem  for the class 
of polytopic LPV systems described by (9.166)-(9.72) using an Z,-setting. 

9.5.3 Robust H m  Filtering 

The filtering prohlem we address in this paper is as follows: 
Given  system (9.lGG), design c1 linear  parameter-dependent  filter  that pro- 
vides  an  estimate, i ( t ) ,  o j  z ( t )  based on { ~ ( T ) , O  < T < t )  such  that the 
estim.at%on error system, i s  qP~ndratically  stable Vw(k) E l 2 ( 0 , o 3 )  

112 - a l l . _ !  5 Y 11,tU112 

where y > 0 is CL given, sc&r wllich specifies  the level of noise  attenuation 
in the  estimation.  error. 
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Attention will be focused on the design of m n-th  order  filter,  In  the 
absence of w(k), it  is required that l lx(k) - li;(k)llg -0,  k "+ 00 where $(IC) 
is the  state of the filter. The linea  pmsmeter-dependent filter  adopted  in 
this work is given by: 

?(IC + 1) 1 A(0)2(k)  4- K ( ~ ) { y ( k )  - C(~)r i . ( k ) }  
i ( k )  = L(a)Z(k ) ;  2(0) = 0 (9.197) 

where A(. ) ,  C(.), L(.)  are given by (9.167)-(9.168) and K ( a )  is the  Kalman 
gain matrix  to  be determined. By defining 2 ( k )  = x ( k )  - ? ( k )  and  aug- 
menting  systems (9.166) and (9.197), it follows that  the estimation  error, 
e (k )  = a ( k )  - i ( k ) ,  can be represented by the  state-space model: 

[ (k  + 1) = [xt@ -t- 1) Zt (k  + l)lt E 

= A.,(o)t(k) + n , ( o ) ? u ( k )  + E,(o)((k - v) 
e ( k )  = Lu(o)t(k.) (9.198) 

where 

The main result is then summarized by the following theorem. 

Theorem 9.12: Consider system (C,) ,where ~ ( k )  is a time-varying 
parameter  satisfying (9.1 68)-(9.1 G9), let y > 0 be a given scalar  and given 
afJine matrix 0 < Q = Qt E with Q = cliag[ Q1 Q*]. Then there 
exists a linear  parameter-dependent  filter 

k ( k  + 1) = A(w)li.(k) + " ( U ,  v)S-'(W, ~ ) { y ( k )  - C(w)2(k ) }  (9.199) 
i ( t )  = L ( w ) k ( t )  V ( W , V )  E W x v (9.200) 

+ Bt(w)B(w) (9.201) 
T ( ~ ,  = A ( ~ ) z ( ~ ,  V ) E ( ~ ) Q ; ~ ( U ,  v),@(u)x(u, v ) A ~ ( u )  

S(W, V )  = D ( w ) B t ( w )  -t- C ( W ) ~ ( W ,  Y)E(u)QL'(w,  v ) E t ( w ) X ( w ,  v )At (w)  
(9.202) 
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such  that  the  estimation  error  is nfinely quadratically stable  and 112 - 2112 < 
yIlwll2 Vw(k) E if there  exist afJine matrices X ( w ,  v) and Z ( w ,  v) satisfy- 
ing the  following LMIs: 

where 

&W, v) = / ! ( W )  - 7 ( W ,  v)S-l (w,  V ) C ( W )  

..A(w, V )  = A ( w ,  v ) 2 ( w ,  v ) E ( u )  
A ( W )  =I A ( w ,  v )Z(w,  v)Lt(w) 

B ( W ,  v) =: U ( W )  - T ( W ,  v)S"(w, v)D(w) 
L ( w ,  v) = L ( W ) Z ( W ,  v)L"w) 

(9.203) 

< O  

(9.204) 

(9.205) 

(9.206) 
(9.207) 
(9.208) 
(9.209) 

Proof: By Definition 9.2, system  (9.198) is AQS with  disturbance 
attenuation y if given an afine matrix 0 < Q(.) = Q(.) E !R2" there  exists 
an  affine matrix O < P( .) = P((.) E P n  satisfying the matrix  inequality: 
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where 

&(a, Sa) = 
&&)[l - y 2 g ( a ) P ( 0  + sa)Bu(0)]-'B:(a) 
+Ea(a)Q;l(a)E:(a) (9.211) 

From the  results of [39], inequality (9,210) holds if and only if there exists a 
matrix O < y = Yt  E V t 2 T t  satisfying the matrix inequality: 

Z(a  + 60)  := A,(a)Y(a + Ga)A;(a) 
+ A.,(a)Y(a + 60)La(a, 6a)Y(0, ~ ( T ) A ~ ( o )  
- Y(.) + Bu(a)R%) + Q, 
< o  (9.212) 

where 

Define 

q a  + 6 0 )  = q a  -1- 60) q a  + 6 0 )  
=;(G -l- 60) za(a + 60) 1 

Y(. + Sa) = Z(a + Sa) ] (9.214) 

Expanding (9.212) using (9,214), we get: 

21(0 + 60) A ( o ) X ( O  + ~ G ) A ' ( G )  - X ( G )  + B ( o ) B ~ ( o )  
A(o)X(O + Sa)~(~)Q,'(.)r;i.'((.>x(a + 6a)At(a) + Q1 (9.215) 
E ~ ( o  + 60) = {A(o)  - K(o + 60)C(0)}2(0 + 60) 
{At (a)  - Ct(a)lCt(a + 60)) 

+ {B(a)  - K(a + G O ) D ( O ) } { B ' ( O )  - Dt(a)1P(a + Sa)} + 
{ A ( o )  - K(o + SO)C(O)}Z(O + Go)€(cJ + 60)3(0  + 60) 
{ A t ( a )  - Ct(a)Kt(a + sa)} (9.216) 
S:z(a + Sa) = B(a){B t (a )  - D'(a)IP(a + 6 0 ) )  + 
A(o)X(O + S a ) l " ( a ) ~ , ' ( . > E ' ( ~ ) ~ ( ~  -I- 60) 
{A t (a )  - Ct(a )P( (a  + 60)) 

(9.217) 
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where 

€ ( a  + Sa) = L"a)(y-21 - L(o)Z(o + sa)L"a)]-1L(a> 
+ E(a)Q,l(a>Bt(a) (9.218) 

It is well known that necessary and sufficient conditions for Z(af6a) < 0 me 
Sl(a-I-60) < 0, E3(a+Sa) < 0 and Zz(a-I-60) = 0. Enforcing&(a+ifa) = 0 
in (9.218) yields: 

as the desired  Kalman gain where T(., .) and S(., .) are given by (9.201)- 
(9.202). Applying Theorem 2, i t  follows from (9.215)-(9.216) that  the con- 
ditions S l (a  + Sa) < 0 and =& + Sa) < 0 yields the LMIs (9.203)-(9.204) 
plus the multiconvexity  requirement  (9.205). 

A special case of Theorem 9.12 when the  a-parameters are constants 
is presented helow. 

Corollary 9.3: Con.sitler s:Vstem (C,) where a ( k )  is a constant  param- 
eter  satisfping (9. lGS), let y > 0 be a giuen scalar and given afine matrix 

parameter-dependent  filter 
0 < Q = Qt E g p x 2 n  with Q = ding[ Q1 Then there  exists a linear 

ii(k + 1) = A ( w ) i ( k )  + ?-(w)S"(w)(y(k)  - C(u)i?(k)} (9,220) 
2(t) = L(w)?(t) , Q W E W  (9,22 1) 

?-(W) = B ~ ( ~ ) B ( w )  C A ( ~ ) Z ( ~ ) E ( ~ ) ~ ~ ' ( ~ ) E ~ ( ~ ) X ( ~ ) A ~ ( ~ )  
S(w)  = D ( w ) B t ( w )  C c ( w ) Z ( w ) ~ ( w ) Q 1 l ( w ) E t ( w ) X ( w ) A t ( w )  

(9.222) 

such  that th.e estimcdion, error' is aflinelg  quadratically  stable  and I I x  - ,2112 < 
yl)wlla Vw(k) E zf there exist  afin.e  matrices X ( o )  and Z ( w )  satisfying 
the following LMl;s: 

(9.223) 
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1 - 2 ( w )  + Qn(w) + B(w)B"w)  
-A(cJ)Z(w)At(w) 44 44 

A t ( w )  - Q1 ( 4  0 
# ( W )  0 +I + & ( U )  

< o  9 'd w E W  (9.224) 

where 

A ( w )  A(w)  - T(w)S-~(W)C(W) 

A ( w )  = A ( w ) Z ( w ) E ( w )  (9.226) 
A ( w )  = A ( w ) Z ( w ) L ( w )  (9.227) 
B ( w )  = B ( w )  - 7 ( w ) S - l ( w ) D ( w )  (9.228) 
E ( w )  L(w)Z(w)Lt (w)  (9.229) 

Proof: Set X ( v )  = X, a.nd Z ( Y )  = Zo i n  Theorem 9.12. 

9.6 Simulation Example 

9.6.1 Example 9.1 

Consider a discrete-time  delay  system of the  type (9.121) with 

A = [ 0 1.105 ] ' = [ 0 0.2 ] ' D = [ 0.316 ] 
C = [0.5 0.51, .Ho = [l 21, 

0.67 0.087 0.2 0 0.096 

a = [ : ,  :'l. 2 0  2 ]  

Then we expand  the LMTs (9.144)-(9,145)  into  nonstandard  algebraic  Riccati 
inequalities  and solve them using a sequential computational  scheme.  This 

TLFeBOOK



378 CIIAPTER 9. ROBUST R, FILTERING 

scheme is initialized by dropping  out  the  additional  terms  thereby  obtaining 
standard ARIs. By solving the resulting ARIs, one  gets an initial feasible so- 
lution.  Subsequently, by injecting  the  solutions  continuously into  the  actual 
algebraic  inequalities, it has been found that a satisfactory feasible solution 
can  be  obtained  after few iterations. In one  case  with an accuary of 
the  result of computations are: 

9.0601 -0.4380 140.5205 10.6250 
= [ -0.4380 13.OGGG ] ' s2 = [ 10.6250 125.4550 1 

for p = 0.25 where the associated  matrices  are given by: 

R1 -- 1.1417 -1.0983 ] , = [ 1.3145 -0.4566 ---l.O963 1.1733 -0.4566 0.9339 

1.2225 

1.0433 ] , [ 0.3237 0.6978 ] R3 = [ -1.0433 0.7652 A =  -1.3861 -0.2980 ' 

Tt = [ -8.7517 ] , et = [ "0'2041 ] , Z = -25.5851 -9.6089 
-0.1840 

Hence, from (9.146) the E, estimator is described by: 

0.3237 0.6978 i ( k +  1) = 
- 1. ,3861 -0.2980 

-" [ 0.3421 ] 0*375G [v(/?) - (-0.2041 - 0.1840]i(k)] 

9.7 Notes and References 

Admittedly,  the available results on robust %,-filtering for  time-delay sys- 
tems are few. The  lmterisl reported in this  chapter was basically delay- 
independent. Some potential research areas  include developing delay-dependent 
filter  results,  exploring  the possibility of reducing the  computational load of 
the filter', treating lineax purameter-v~~ying continuous systems with  delay 
and investigating nonlinex systems. In addition, some of the  ideas  that are 
worth  deep  examination w e  found i n  114-18, 451. 
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Chapter I O  

Interconnected  Systems 

10.1 Introduction 

One of the  fundamental  problem of signal and  systems  theory is the  estima- 
tion of state-variables of a dynamic  system  (filtering) using available (past) 
noisy measurements. The celebrated  Kalman filtering approach [3,4] is, by 
now, deeply  entrenched in the control literature  and offers the  best filter 
algorithm  based  on  the  minimimtion of the variance of the  estimation er- 
ror,  This  type of estimation relies on knowledge of a perfect  dynamic model 
for the signal  generation system and the f,xt  that power spectral  density of 
the noise is l<nown. In many cases, however, only an approximate model 
of the  system is avaihble. 1.11 such situations, i t  l l a s  been known that the 
standard  Kalman filtering  nlethotis h i 1  to provide a guasanteed  performance 
in the sense of the  error variance. Colrsidcrable interests have been subse- 
quently  devoted  to the design of estimatoys that provide an upper bound 
to the  error variance for any allowable modeling uncertainty 110-12,14-171. 
These filters are referred to as robust filters a,nd can he regarded as an ex- 
tension of the  standard Kallnan  filter  to the case of uncertain  systems. An 
important class of robust filters is the one tha.t employs the 7-lW-norm as 
a performance  measure.  In X,-fil tering, the noise sources  are arbitrary 
signals with  bounded  energy which is appropriate when there is significant 
uncerta,inty  in  the power spectral  density of tlle exogenous signals (181. 

On another  front of systems resea,rcll, interconnected  uncertain  systems 
are receiving growing interest  since  they reflect numerous  practical  situa- 
tions.  Most of the  time,  the prohlems of decentralized  stability,  stabilization 
and control design have been the main concern [13,40,41]. Recently, inter- 

379 
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ests have  been shifted to classes of interconnected uncertain  systems where 
state-delay occurs within the subsystem [42]. The problem of decentralized 
robust filtering seems to have  been  overlooked despite its importance in  con- 
trol engineering. This chapter attempts  to bridge this  gap by considering the 
problem of decentralized robust filtering for a class of interconnected nonlin- 
ear uncertain delay systems. The nonlinearities are unknown cone-bounded 
and state-dependent,  the uncertainties are real unknown and time-varying 
but norm-bounded and the  state-delay is unknown, We adopt a worst-case 
approach to the filter design 141 based on an unknown initial state and  sub- 
system measurernents. It is important to emphasize that  the obtained  results 
here complement those of Chapter 7 on the control and stabilization. 

10.2 Problem Statement 

Consider a class of nonlinear systems (EA) composed of ns coupled subsys- 
tems (CA,) and  nodel led in  state-space form by 

where 'v' j E { I! .. ., n,]; xi ( t )  E %''j is the  state ; wj( t )  E R ~ J '  is the 
input noise which belongs to L?[O,oo); : y j ( t )  E P ' j  is the measured output; 
z j ( t )  E W j  is a lineaJ* combination of' state variables to be estimated,  and 
rj is a unltnown co~~stant time-delay. The initial condition can be generally 
specified as cy, = (a(O), r#(s)) where 4( .) E &IO, m), but it will be considered 
unknown throughout this work. The matrices A j ,  Bj, Cj, Dj ,  A d j ,  M j ,  G j k  

and Lj me real and constants of appropriate dimensions but  the  system 
matrices AAj(t), A G ' j k ( t ) ,  AA&), ACJt), A M j ( t )  are  uncertain (possibly 
fast time-varying) aald are assumed to be given  by: 

(10.4) 

(10.5) 
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(10.6) 
(10.7) 

where {Hlj, ..., E3j) are known constant  matrices  and {Alj,  Ajk,  A2j,  A3j} 
are unknown real matrix functions  satisfying 

A:j A,j 5 I ,  A2j Ai j  5 I 
5 I ,  njkngk 5 I (10.8) 

The mappings gjk : !R7Q ”+ 8’~’ and h j  : P 1 j  ”+ !RUj are respectively un- 
known coupling and local nonlinearities satisfjhg the following assumption: 

The problem of interest can be phrased as follows: 

(10.9) 

Remark 10.1: Note tlmt the function (10.9) c m  he viewed m a gen- 
eralization of the usual fIW-filtering perfommlce lneasure to account for 
unknown initial states where l$ provides a lneasure of the  uncertainty in 
the initial state ajo relative to  the uncertainty in wj. 

We close this  section by establishing a version of the  strict bounded real 
lemma (see Appendix A) for a class of time-delay systems. Consider the 
following time-varying system (C,): 

C( t )  = A( t ) ( ( t )  -1- R ( t ) ~ c ( t )  - I -  A , l ( t ) ~ ( t  - T ) ,  (10.10) 
q(t)  = C ( t )  ( ( l )  (10.11) 
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where [ ( t )  E 8'' is the state, CO ([(O), $(S)); c#(.) E L2[-7,0] is an unknown 
initial state, w ( t )  E is the  input, q( t )  E is the  output and the 
matrices A(t ) ,  B(t ) ,  C( t )  are red piecewise-continuous and bounded. Here 
T is an unknown constant time-delay. Associated with system (C,) is the 
worst-case performance measure: 

where 0 < R = Rt is a weighting matrix for the initial state ( [ ( O ) ,  c$(s)) .  The 
following result holds: 

C) i- AtQ I- Q A  i- Q ( Y - ~ B B ~  + Er-'Et)Q 
+C'C + l? = 0; Q(0) < y2 R (10.13) 

and the system k ( t )  = [ A  + (r-'13Bt + AJ' - lAi )Q]z( t )  is exponentially sta- 
ble. 

S + A'S' -t S A  + S ( T - ~ B I ? ~  + Adr"lAi)S 
cC'C + I' < 0, S(0)  < y2 R (10,14) 

for some 0 < I' = < y' R. 

Proof: Introduce a Lyapunov-Krasovskii functional for system (Et): 
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o < s(t) = ~ ( t ) ~  E %71Xn v t ;  o < r = rt E %nxn 

Differentiating (10.15) along the  trajectories of system (C,) with W 0, we 
get: 

n(s) = [ S+s~..-~s+r  SA^ 
-r 1 

- r'{<"(o>Iz<(o) -I- I" (t(s)nC(s)ds} (10.17) 
J -7- 

J "7 

(10.18) 
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where 

N ( S )  = S + A ~ S  -I- S A  + ctc + r 
+ S ( T - ~ B B ~  + Adr-lA;)S (10.19) 

N2 = [W - p B t S ( ]  (10.20) 

N3 = [r((t - T )  - A:S(] (10.21) 

Finally, by A.3.1 it follows that the  existence of a matrix 0 < S = St E 
P x n  satisfying  inecl~mlity (10.14) is equivalent to  the  existence of a stabi- 
lizing solution 0 5 Q = Qt E ?Enxn to the ARE (10.13). 

Remark 10.2: In the case of time-invariant systems,  the  matrix func- 
tions S( t )  will be replaced by a constant matrix 0 < S = St [14]. When  the 
initial state CO is known to be zero, the performance  measure (10.11) reduces 
to  the usual  fIw-perfor.mance measure 

10.3 I f m  Performance  Analysis 

In this  section, we will establish  an  interconnection  between the  robust  per- 
formance  a'nalysis problem of system (10.1)-( 10.3) and  the  Hw-performance 
analysis of the inte~connected system 

(10.23) 

where j E { 1, .., n,) , E W : j  is the state; is an unknown initial state, 
z i j j ( t )  E %'jsCuj is Lhe input noise which belongs to &[O, 00) and Z j ( t )  E 
Rrji-@ is the output. The matrices A,, Bj, L, are  the  same as in (10.1)- 
(10.3) and 
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Theorem 10.1: Consider  syslem (1 0.1)- (1 0.3) satisfying  conditions 
(10.4)-(10.7) and Assumption 10.1. Given scalars (71 > 0, ...,rn, > 0) 
and  matrices (0 < Q j  = Ss; 0 < lZ, = I$ } ,V j  E {l, .., n,} such  that 
Qj  < Y j R j ,  system (10.1)-(10.3) is globally uniformly  asymptotically  sta- 
ble about the  origin  and 

j = 1  j =  I 

for any  nonzero (aj,, wj) E CB &IO, CO) and for all admissible  uncer- 
tainties if system (10.21)-(10.22) is  exponentially stable and  there  exist scal- 
ing parameters pj ,  aj, Ajk,  V j ,  k E { 1, ..,R,) satisfyin,g Ay: EjkEjk < I and 
gJ7'EijE3j < Qj and such th.d 

Proof: We will carry out the snalysis at  the subsystem level. Application 
of Lemma 10.1 shows V j  E { 1, .. . , 71,) tha8t there exists a bounded matrix 
function 0 < Pj(l)  = P,j(t), V/, E ( 0 , ~ ) ;  Pj(0) < $IEj such that 
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By B.1.2 and using (10.24)-(10.25), it follows that: 

where 

(10.29) 

In view of Assumption 10.1, it is easy to see that Vj(xtj) > 0 whenever 
xj # 0. DiRerentiating  (10.31) along the  state  trajectories of (10.1)-(10.3) 
with wj(t) FE 0 and using the  interconnection  constraint 

we get: 

(10,32) 
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In view of (10.29), it follows that $V(x,)  < 0 whenever x: # 0 which,  in turn, 
means that  the equilibruim state x = 0 is  globally,  uniformly, asymptotically 
stable for  all admissible uncertainties, Moreover, since wj E &[O, CO) the 
boundedness of I I z j  I 12 is guaranteed. 

Now to show that system (10,1)-( 10.3) has the desired performance (10.26), 
we introduce: 

- y"x$(o)nj;c,(o) -l- z;(s)njxj(s)ds} (10.33) 

By completing the squares i n  ( 1  0.33) and using (l0.29), it follows that 

+ x:;(o)Pj(o)xj(o) - & ( O ) R j X j ( O )  

+ 7; S" xj(s)Rjsj(s)ds - &(m)} 
"7 

nS 

= ~ { x j ( o ) [ P j ( o )  -- 7 & ] X j ( O )  - v,(oo)) 
j = 1  

where 

(10.34) 
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Note that &(m) 2 0 Vt and is bounded. In view  of (10.29), it follows that 
J C 0 for all  nonzero (aj0, wj) E %"j @ &[O, m) and for all  admissible 
uncertainties. 

10.4 Robust H m  Filtering 

where the dimension, 7rj) of the filter Pj and the time-varying matrices A,j, 
B,j(t) and IS',j are to be  se1ec;tecl.  By 1271, it follows that the control law 
uj = Pj(lj3) of systern (l.O.35)-( 10,37) is given by: 

@ j ( t )  I= i l , , j(t)cpj(t) -1- B,j(t)Cj(t), cpj(0) = 0 (10.42) 
u j  ( L )  =- K , j  (l)cpj ( t  ) (10.43) 
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The following theorem summaxizes the main result. 

Theorem 10.2: Consider  system (l 0.1)- (1 0.3) satisfying  conditions 
( l O . d ) - ( l O J )  and Assumption 10.1. Let Pj : y j  "+ Zj,  j E {l, ..,n,) 
denote  a  set of linear  time-varying  strictly  proper  filters  with zero initial 
conditions.  Then,  given scalars (71 > 0,  ..., yns > 0 )  and  matrices { 0 < 
Qj = Q:; 0 < Rj = R:), V j  E { 1, .., n,) S u h  that Qj < 7; Rj, the  esti- 
mate Z j  = P(gj) solves the decentralized  robust fIm-filtering  problem for 
system (10.1)-(10.3) if there ec-cisl scaling parameters p j ,  aj, Xjk, X j ,  V j ,  k E 
{ 1, .., n,) satisjying 

(1) Ay, EjkEjk < I , o ; ' E $ & j  < Qj and A j  Eij E3j < I 
(2) the closed-loop system (10.42)-(10.43) is globally, uniformly,  asymp- 

totically  stable about the  origin p a d  J ( Z j ,  Gj ,  Rj) < yj. 

Proof: By augmenting (10.35)-( 10.37) and (10.42)-( 10,43), we obtain 
the closed-loop system: 

where 

(10.45) 

(10.46) 

On the  other  hand, by introducing c f j ( t )  = [x$(t) v;(t)lt then the  filter- 
ing error , e j ( t )  = z j ( t )  - Zj( t ) ,  associakd with system (10,1)-(10.3) and the 
filter (10.40)-(10.41) is given by: 
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i f k f j  

f"4j 1 i f k = j  
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with 

It is easy to verify using (10.24) that 

391 

+ [W, O]"Wj 01 (10.48) 

By carefully  examining systems (10.44)-(10.4G) and (10.47) in the  light of 
(10.48) and  condition  (2),  the  results follow ilnmedistely from Theorem 
10.1. 

Corollary 10.1: Consider  system (10.1)-(10.3) with a, 0 and  sat- 
isfying (lO,~)-(lU.7) and Assumption 10.1. Let Pj(s),j E { 1, ..,ns} be 
a  set of linear  time-invariant  strictly proper filters  with zero initial  condi- 
tions  and  let .Zj = Pj (s)yj be the  estimate of x j ,  j E { l, .. , n,} Then  given 
scalars 7 1  > 0, ..., T ~ ,  > 0, th.e fillers Pj(s) solve the decentralized robust H= 
filtering  problem for system (1 0.1)-(10.3) if there  exist  matrices 0 < Qj = 
Q$,j E {l,..,n,} and scaling parameters p j  > O,oj,Ajk,Aj, j , IC E (1,..,ns) 
such  that 

(1) A;:EjkEjh < I ,  03:'Eij133j < & j  and AjEijE3.j < X 
(2) the closed-loop system (l 0.35)-(l 0.37) ~ o i t h  zero initial  state un- 

der  the control action t l j  = Pj(S)$j %.S as:t/mptotically stable  and I lZjl12 < 
7jllGjll2 for   any non.zero zirj E & [ O , c m ) .  

Remark 10.3: We note  that Corollary 10.1 is a special version of 
Theorem 10.2 when the system under  consideration is time-invariant  with 
zero initial condition.  Ohserve in this case that  the  robust  Ifm-filter is 
time-invariant  whereas it is time varying in the case of Theorem 10.2. 
The key point here is that  the decentralized  Hm-filtering for a wide class 
of interconnected  systems with norm-hounded pmaLmeteric uncertainties and 
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unknown cone-bounded nonlinearities as well as unknown state-delays  can  be 
solved in terms of parameterized output feedback Woo -conrol problems for 
ns linear decoupled systems which do  not involve parametric  uncertainties 
and unknown nonlineuitics as well as unknown state-delays. The  latter 
problems can be solved  using the results of 12,141. 

10.5 Notes and References 

Indeed, the model treated i n  section 10.2 represents one of the many different 
possible chara.cteriza,tions o.f interconnected time-delay systems  subject  to 
uncertain prameters. Extension of the obtained results to  other models 
is a viable research direction, Examination of delay-dependent stability is 
another reseaxch topic. 
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Appendix A 

Some Facts from Matrix 
Theory 

(2) Let C1 be any sclua.se matrix. Then X2 > 0 a~nd 
and only if 

Remark A.l:  Although (2) c m  be derived from (1) and vice-versa, we 
have illeluded them for direct use i n  the respective chapters. 

A.2 Matrix Inversion Lemma 

For any real nonsingulm lmtrices Cl,  C3 m.d real matrices C2, C4 with 
appropriate dimensions, it follows tl1a.t 
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A.3 Bounded Real Lemma 

A. 3.1 Continuous-Time Systems 

For any realization (A, L?, C),  the following statements are equivalent: 

(I) A is stable t~nd I ~ C ( S I  - A)"~11, < I-; 
(2) There exists c2 matrix P > 0 satisfying  the  algebraic  Riccati inequalit 
(AM):  

PA -F A T  -t rmr + CtC < 0 

has a stabilizing solution 0 L P = Pt.  l?urthermore, if these statements 
hold, then P < p ,  See [ M ]  for further  details. 

A.3.2 Discrete-Time Systems 

Let s ( z )  E %vxd he a, J w d  rational  transfer  function  matrix  with  realization 
S ( n )  = C ( d  - A)"B + D. Then the following statements are equivalent: 

(1) A is Schur-stable and IIC(x1 -- d)-'L? + Dllw < 1 
(2) There exists a, matrix 0 < Y = P' satisfying the A.RI 
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Some Algebraic Inequalities 

B.l Matrix-Type Inequalities 
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if and only if there exists a scalar p > 0 such that the following conditions 
hold: 
(a) p c ;  R C2 < I 
(b) C;Q& + CiQC2[p-11 - C@&]-lCkCE1 + ~ L - ~ C $ C ~  + I' < 0 
Proof: By the Schur complements A . l ,  inequality (13.7) holds if and only 
if 

Inequality (B.8) is equivalent to: 

By inequality B.1.4, it follows that (B.9) for solne p > 0 is equivalent to 

Applying A.1 again, inequality (13.10) holds if and only if 

which corresponds to the makrix esprcssior~ of colditioll (2) as desired. 

B.1.6: For the linear system 

& ( L )  = A x(1) (B.14) 

where X(A) E C-, it follows 121 that 
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B.1.7  Bellman-Gronwall  Lemma:  Continuous Systems 
Let cx(t), p(t),  y(t) and p( t )  2 0 be red continuous  functions. If 

(B.16) 

Special  Case: Let n(L), p ( C )  2 0 he real  continuous  functions and let o be 
a real constant. I f  

B.1.7  Bellman-Gronwall  Lemma:  Discrete  Systems 
Let { cy(k)},  {@(/c)} and { ,u(k)}  > 0 be finitely summable real-valued 
sequences Vk  E Z + .  If 

then 

(B.20) 

(B.21) 

where I'InLE(j,X:)( 1 -I- E L ( ~ I , ) )  is set equal to 1 when j = /c - 1. 
Special Cases: 
(a) Let { ~ ( k ) } ,  {,B(IC)) nnct { p ( k ) )  > 0 be finitely summable real-valued 
sequences V k  E z,., 1:f for some constant p n . 9 ,  p( j )  5 p A 4 v j ,  then 
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(B.23) 

B.2 Vector- or Scalar-Type  Inequalities 

B.2.1 For any vector quantities 11 a.nd v of saane dimension, it follows that: 

for  any scalar. /3 > 0. 
Proof: Since 

(21 + . U ) t ( P 1  -t v) := d Z 1  + vtw + 221% (B.25) 

It follows by talting norm of both sides that: 

B.2.2 For. any scalar yua.nt,ities z ,  CL 2 0 and b f- 0, it follows that: 

Proof: Since 
( b x  - (1/2)a)(bz " (1/2)a) L 0 (B.28) 

It follows  by  expansion that 

(B.29) 
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Appendix C 

Stability Theorems 

C.1 Lyapunov-Razurnikhin Theorem 

Consider the functional differential equation 

where s.t(t), t 2 to denotes the ~.estriction of x(.) to the interval [t - r, t ]  
translated to [ - 7 , O l ,  that is x I ( 0 )  = $ ( L  + O),b'/o E [ - T ) O ]  with 4 E 
Let the function f ( t ,  +) : !R+ X C.,,,.r "+ 3"' be cnntinuous and Lipschitzian in 
4 with f( t ,  0) = 0. Let a,  p, y, 6 : 924- -+ '84- be continuous and 
nondecreasing functions with 

407 
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C.2 Lyapunov-Krasovskii Theorem 

Consider the functional diflererltial equation 

where zt( t ) ,  t 1 to denotes the yestriction of x(.) to  the interval [ C  - r ,  C] 
translated  to 1 -~ ,0 ] ,  that is xL(0) = d ( t  + O),trO E [ - -~ ,0 ]  with c$ E Cn,T. 

Let  the function J' : !Rk X 4 !Xn take bounded sets of Cn,r in  bounded 
sets of a8nd CY, 0, y : %R.t 4 3 - 1 .  be continuous and nondecreasing 
functions  with 

If there  exists a continuous  function V ; 32 X C,n.r 3 3 such that 

then the  trivial solut,ioll ol' (C.].) is uniformly stable. 
If CY(?-) --3 00 as T --j 00, then the solutions are uniformly bounded, 
If y(r) > 0 for T > 0, then the solution x = 0 is uniformly  asymptotically 
st able. 
Throughout  the boolc, i n  applying the Lyapunov-Krasovsltii theorem we 
use a cpaclratic  functional of the form: 

where 0 < P = F" E % r l x r L  and 0 < Q = Qt E !RnXn are weighting matrices. 
We note t h t  this 1~1nct.ional sil,t;isfics the conditions of the theorem and in 
particulaa. we h a w  

We also note that the first term of the functional  takes  care of the present 
state whereas the sccord term accu~r~dates  the effect of the delayed state. 
While  the selection of P is quite  standard,  the selection of Q is governed by 
the problem a t  haa~l .  Sce Clnpter 2 for different forms of Q. 
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Positive Real Systems 

In this  section, we give some deh i t io l~s  and technical results  on  positivity 
of a class of lineas systems without c1ela.y which will be used in Chapter 4. 
The class of systems is given by: 

Denote the transfer  function of (C,) by T,(s): 

Based on the  results of 13-51, we kmve the following: 

Definition D.l: 

(a) The system (E,) is said to be positive x-ed (PR) if its transfer  function 
To(s) is  analytic in Re(s)  > 0 and satisfies T,(s) -I- TL(s*) 2 0 for Re(s) > 0. 
(b) The system (C,) is strictly  positive  rml (SPIt) if its transfer function 
To(s) is analytic in Re(s)  > 0 and satisfies 
T , ( j W )  3- T , t ( - j W )  > 0 v W E p ,  0 0 ) .  
( c )  The system (C,) is said to he exte~?dcd st.rictly  positive  real (ESPR) if 
it  is sprc and T,(~cQ) + T!(--jw) > 0 .  

Definition D.2: The dy11a1.nica.l system (C. J.)-(C.Z) is called passive if 
and only if 

(D.4) 
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where ,8 is some constant  depending on the initial condition of the system. 
Remark D.l: We recall that  the minimal realization of a PR function 

is stable in the sense of Lyapunov [1,2]. In  addition, ESPR implies SPR 
which further implies PR. 

Remark D.2: Bar ing  in Inincl that  testing  the PR conditions of Defi- 
nition C.1 should be done for all  frequencies, an  alternative  procedure would 
be desira.ble to avoid  such excessive computational effort. The  results of [S ]  
have  proviclcd a, state-spme solution to the positive-real control in terms of 
algebraic Riccsti inequalities. 

A version of' the positive real lemma to be used in the sequel is now pro- 
vidcd. 

Then the Jollowing stoterrl,en,t.s are eq&unlen,t: 
(1) System, (C,) is ESPR and A is a stable matrix; 
(2) ( Dt -k D )  > 0 an.d 1her.e exists a matrix 0 < P = Pt E !RnXn solving the 
ARI (12); 
(3) There ezists a matrix 0 < P = Pt E !Rnxn solving the linear  matrix 
inequality (LMI)  
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Appendix E 

LMI Control Software 

Linear matrix inequalities (LM1.s) have 1xen shown to provide powerful con- 
trol design tools [l]. The LMI Cont1.01 Software 121 is so designed to assist 
control  engineers and researchers with a user-friendly interactive  environ- 
ment.  Through  this  environment, one can specify and solve several engi- 
neering problem  that can formulated as one of the following generic Lh4I 
problems: 
l. Feasibility  Problem: I3nd a solution :x E to  the LA41 problem 

(E. 1) 

2. Convex Minimization  Problem: Gjvcn a convex function f(rc), find 
a solution x E !Rn that 

c. Generalized  Eigenvalue  Problem: I.7ind a solution IC E L@n that 

LMIs me being solved by elficiellt convex optimization  algorithms 131. Among 
several cornlncrically av;lilable paclcuges, the LMI Control  Toolbox offers 
high-performance  software for solving general LRU problems. This is evident 
in t e r m  of simple specification and  ~nanipula~tion of LR4Is (either  sylnbol- 
ically with  the LA41 Editor h i e d i t  or incrementally  with the  commands 
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414 APPENDIX E. LMI CONTROL SOFTWARE 

h i z ~ n r ,  lmiter~n,) ,  str'uc:tured-ol.iel\tect representartion (matrix variables) and 
incorpora,tiol~ of efIicie11 t nunwicsl algorithms. The  computational engine 
is formed by three solvers: fensp, rrlincs and gevp, In general, the LMI lab 
can  handle any system of' LhJls of the form: 

where XI, ....,Xlc are matrix variables  with  some  prescribed structure,  the 
left and right  outer Ea.ctors I\! and M are given matrices  with  identical  di- 
mensions and the left and right inner factors L and R are  symmetric block 
matrices  with  identical l~locl< structures, ea.ch block being an affine combi- 
na,tion of .X] , ...., .XI( and their tra,nsposes. 

(1) Declare the dilrlel~sior~s a,nd structure of each matrix variable XI, ...., X K .  
(2) Describe the term COI'Atellt of each LhJI. 

The spe~ i f i ca~ t io~~  of a t l  II,R/II system involves two-steps: 

This computer  description is stored 5s a single vector LMISYS and  is 
used by the LMI. solvers in all subsequent  manipulations. The description 
of an LW11 system starts with sellrnis and  ends with getlmis. The function 
setlmis injtialkes the LA41 system description  with two possibilities: for a 
new systmrr, typc seLlmis([/) a , n d  for adding on to  an existing LMI system 
LMIMSM, t,ypc s e l l ? y b . j . S ( I I ~ ~ M S M ) .  1.n. either case, the  terminal command is 
LMISYS = g c L h i s  d t e r  completing the specification, 

Within a.11 L M l  file, the  matrix vxiables are declared  one a t  a time  with 
l~nivnr and are specified i n  terms of' their structure.  There  are two structure 
types: 
Type 1: Symmetric  Block  Diagonal (SBD) structure.  This  takes  the 
form 

O 1  

(E* 5 )  

where D j  is squaxe m \ d  is c i t h  zero, a full symmetric  matrix,  or a scalar 
matrix Dj x cl X l;  d E 3, 
Type 2: Rectangular   Structure .  This corresponds to  arbitrary  rectan- 
gular matrices  without any pa,rticula.r Eorln. 

The next step is to specify the term  content of each LMI. In this  regard, 
there  are  thrce cl?. c sscs: I 
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1. Constant terms: These include fixed matrices like I in X > I ,  
2. Variable  terms: These include  terms involvirlg a ma8trix  variable like 
X A ,  DtSD,  P X Q ,  
3. Outer  factors: 

In describing the foregoing terms, as a basic rule, we specify only the 
terms in  the blocks on or above the diagonal since the inner  factors are 
symmetric. 

E.l Example E.1 

Consider the feasibility problem of solving inequality (2.4) using the  data 

setlmis( [I); 
Qtaw=( l-taw)*eye(2); 
p=lmivar(1,[2,1]); 
terml=newlmi; 
limterm([terml 1 1 p] , l ,h , ' s ' ) ;  
Imiterm([termI 1 1 O],1); 
llniterm(lterm1 1 2 p],I,b); 
h i t e r m (  [ term1 2 2 01,-Q taw); 
lmisys=getlmis; 
lminbr(lmisys); 
(tmin,xfeas)=feasp(lmissys); 
pf=dec2lnst(lmisys,xfeas,p) 

evlmi=evllmi(l~nisys,xfeas); 
(lhsl,rhsl)=showlmi(evlmi,'2); 
eig(lhs1-rhsl) 

eig(pf); 
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416 APPENDIX E. LMI CONTROL SOFTWARE 

E.2 Example E.2 

Consider a discrete syst,eln of the type (2.74)-(2.75) with  the data 

A =  

Q =  

0.1 0 -0.1 
0.05 0.3 0 

0 0.2 0.e 

0.G 0 0 1 
r -0.2 0 0 

, A, = 0 -0.1 0.1 
0 0 -0.2 

E == 10.2 0 0.31, = 10.4 0 0.11 
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E.2, EXAMPLE E.2 

(lhsl,rhsl)=showlmi(evlmi, 1); 
(lhs2,rhs2)=showl1ni(evl1r~i,2); 
(lhs3,rlzs3)=showlmi(evl1ni,3); 
eig(lhs1-rhsl); 
eig(lha2-rhs2); 
eig(lhs3-rhs3); 
Pf 

4 17 
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[Filtering (see also State estimation)] 
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H-inf performance, 79,  12  1, 135,257- 
343 

260,382 
analysis, 382 
decentralized, 257-260 
measure,  382,  385 

Input disturbance signal, 122 
Interconnected systems, 248,377, 386 

decentralized control, 248 
decentralized filtering, 377 
robust filtering, 386 
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Positive real system (see also 

Power systems, 14 
Passivity), 407-408 
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Stability, 5-9,27-33, 54,75, 365 
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conditions, 28,30,33 
definitions, 6 
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State estimation, 304-321 
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Stabilization, 77-120 
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gain matrices, 305 
parameterized estimator, 308, 320 
problem, 304 
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Time delay systems, 1 - 17 
classes of, 2 
discrete-time, 15-1 7 
mathematical approaches, 3 
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Vehicle following systems,  12 
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