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Preface

Dynamic programming, developed by Richard Bellmann, is a powerful method for
solving optimization problems. It has the attractive feature of breaking up a com-
plex optimization problem into a number of simpler problems. The solution of the
simpler problems then leads to the solution of the original problem. Such stage-by-
stage calculations are ideally suited for digital computers, and the global optimum is
always obtained. The drawbacks consisting of the curse of dimensionality and men-
ace of the expanding grid, coupled with interpolation problems, have limited dynamic
programming to solving optimal control problems of very low dimension.

To overcome these limitations of dynamic programming, I suggested ten years ago
to use dynamic programming in an iterative fashion, where the interpolation problem
is eliminated by using the control policy that was optimal for the grid point closest to
the state, and by clustering the grid points closer together around the best value in
an iterative fashion. Such a scheme, however, was computationally not feasible, since
a two-dimensional optimal control problem with a scalar control took over an hour to
solve on the Cray supercomputer. However, a slight change made the computational
procedure feasible. Instead of picking the grid points over a rectangular array, I
generated the grid points by integrating the state equations with different values of
control. For that two-dimensional optimal control problem the computational effort
was reduced by a factor of 100, and the dimensionality of the state vector no longer
mattered. This led to what now is termed iterative dynamic programming. In iterative
fashion, dynamic programming can now be used with very high-dimensional optimal
control problems. The goal of this book is to give a working knowledge of iterative
dynamic programming (IDP), by providing worked out solutions for a wide range of
problems.

A strong background in mathematical techniques and chemical engineering is not
essential for understanding this book, which is aimed at the level of seniors or first-
year graduate students. Although many of the examples are from chemical engineer-
ing, these examples are presented with sufficient background material to make them
generally understandable, so that the optimal control problems will be meaningful.

In Chapter 1, the basic concepts involving mathematical models and solution
of sets of nonlinear algebraic equations are presented. In Chapter 2, two steady-
state optimization procedures that I have found very useful and which provide the
necessary links to ideas pertaining to iterative dynamic programming are presented
and illustrated. In Chapter 3, application of dynamic programming is illustrated with
several examples to give the reader some appreciation of its attractive features. In
Chapter 4, I present the basic ideas underlying iterative dynamic programming.

In Chapter 5, different ways of generating allowable values for control are exam-
ined. In Chapter 6, I examine in a preliminary fashion the effects of the parameters
involved in IDP. Such evaluation of the parameters is continued throughout the book.
In Chapter 7, it is shown that the use of piecewise linear continuous control leads to
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great advantages when the control policy is smooth. Comparison of IDP with solu-
tion of the Riccati equation for a quadratic performance index shows the advantages
of IDP. In Chapter 8, it will become obvious to the reader that the optimal control
of time-delay systems presents no real difficulties. In Chapter 9, the use of variable
stage lengths in optimal control problems is introduced to enable accurate switching.
In Chapter 10, I consider the optimal control of singular control problems that are
very difficult to solve by other methods. In Chapter 11, the application of penalty
functions is illustrated for the optimal control of systems where there are state con-
straints present. The time optimal control problem is considered in Chapter 12, and,
in Chapter 13, the optimal control of nonseparable problems is illustrated with two
examples. Since sensitivity is such an important issue, I have discussed that aspect
in some detail in Chapter 14. In Chapter 15, I consider some practical aspects of
applying optimal control to physical systems in practice and outline some areas for
further research.

To enable the reader to gain direct experience with the computations, I have
given listings of typical computer programs in their entirety in the appendix. The
computer programs make the logic discussed in the text easier to follow, and the
programs may be used by the reader to actually run some cases. It is through this
type of direct experience that one gains the most insight into the computational
aspects. Throughout the book I have also given computation times for some runs to
give the reader some idea of what to expect. Whether a particular problem takes a
few seconds or a few hours to run is useful information for the user. I have not made
any special effort to maximize the efficiency of the computer programs. This exercise
is left for the reader.

I am grateful to Professor Rutherford Aris for suggesting that I write this book
and for providing encouragement during the writing process. I am also grateful to
Professor Árpad Pethö for organizing the annual workshops in Germany and Hungary
to which he has invited me to present the continuing developments of IDP. My thanks
also go to the Natural Sciences and Engineering Council of Canada for supporting
some of this work.

Rein Luus
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Notation

aij element of the ith row and jth column of A matrix
A state coefficient matrix (n× n)
B control coefficient matrix (n×m)
c constant
ci cost associated with ith job
D diagonal matrix of random numbers between -1 and 1
f general function
fi ith element of the vector f
f general vector function

gi continuous function of state variables introduced for convenience
h height
hi ith equality constraint
H Hamiltonian
I performance index
I identity matrix
J augmented performance index
Ji ith job
L length of a time stage
m number of control variables
M number of allowable values for each control variable chosen

from uniform grid
n number of state variables
N number of grid points
P number of time stages
q pass number; raffinate solvent flow rate
Q sum of squares of deviation
Q weighting matrix (n× n)
r region vector over which allowable values of variables are chosen
R number of randomly chosen values for control
R weighting matrix (m×m)
s shifting term
si shifting term corresponding to constraint i
S sum of absolute values
t time

tf final time of operation
u scalar control
uj jth element of control vector u
u control vector (m× 1)
v variable stage length; velocity
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xi ith state variable
x state vector (n× 1)
zi ith adjoint variable
z adjoint vector (n× 1)

Greek letters
α operator; positive constant
αj lower bound on control variable uj
β constant
βj upper bound on the control variable uj
γ region contraction factor by which the region is reduced after every

iteration
δ a small perturbation
ε tolerance
η region restoration factor
θ penalty function factor

Θ matrix (n× n)
ρ penalty function factor
τ delay time
τi time to execute job i
φ integrand of performance index
Φ final value performance index
Φ transition matrix
Ψ matrix (n×m)

Subscripts

f final time

fc calculated final time

i index

in initial value

j index

k index

new new value

old previous value

p predicted

Superscripts
∗ best value obtained from previous iteration
d desired value
j iteration step
0 optimal value

(0) initial value
q pass number
T transpose
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Chapter 1

Fundamental concepts

1.1 Introduction

Optimization, or optimal control, in the sense to be used in this book, is concerned
with determining the largest value or the smallest value for some criterion of perfor-
mance. For example, if we are dealing with economic benefit, then we would like to
choose the conditions for operating the system so that the economic benefit would
be maximized. If, however, the criterion of performance is chosen to be the cost,
then the system should be operated to minimize the cost. In each case we seek the
operating conditions that yield the extreme value for the performance criterion.

It is obvious that the operating procedure is dictated by the choice of the criterion
of operation. The choice of such criterion is not straightforward, since there are
numerous factors that must be taken into consideration, such as productivity, profit,
cost, environmental impact, reliability, yield of a reactor, quality of product, etc.
We may want to have more than one criterion for optimization. For the present
work, however, we assume that all the objectives can be expressed in terms of an
appropriate scalar criterion of performance which we call performance index , with
the understanding that the optimization results will be dependent on such a choice.
It is also important to express this performance index in terms of the same variables
that are used in the mathematical model of the physical system or process under
consideration.

For the development of the mathematical model of the system, we need some
insight into the behavior of the physical system, and how the variables at our disposal
may be used to change its behavior. Such a relationship may be expressed in terms
of algebraic equations, ordinary differential equations, difference equations, partial
differential equations, integral equations, or combinations of them. The simplest
situation arises, of course, if the model is described in terms of algebraic equations
only. In this case we have a steady-state optimization problem, or we may simply call
the process of finding the extreme value of the performance index optimization. If,
however, the model consists of differential equations, difference equations, or integral
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equations, the optimization is carried out over a trajectory and we call such a problem
an optimal control problem. The mathematical procedure to be used for optimization
is primarily dependent on the structure of the mathematical model. Since there is
usually a considerable amount of freedom in the choice of a model, one usually tries
to choose the simplest model that is suitable. The suitability of the model is usually
established from the interpretation of the results obtained from the optimization.

In this book we are concerned mainly with optimal control problems. However,
to gain insight into complex problems, it is useful to understand some fundamental
ideas used in solving sets of algebraic equations and in solving steady-state optimiza-
tion problems. Therefore, in the present chapter we examine the solution of sets
of algebraic equations and in Chapter 2 we consider some aspects of steady-state
optimization.

One of the most difficult problems in optimization or optimal control is estab-
lishing with some element of certainty that the global optimum has been obtained.
The difficulty arises when the equations describing the system are highly nonlinear
and a large number of local optima are present. Therefore, it is necessary to cross-
check the results, even when one is quite certain that the global optimum has been
obtained. If such cross-checking is done by a totally different optimization procedure,
then the confidence in accepting the result is increased. The main goal of this book
is to present a computational procedure called iterative dynamic programming and
to show how it may be used to solve a variety of optimal control problems.

1.2 Fundamental definitions and notation

To present a unified picture throughout this book, we will present certain definitions
and consistent notations. For purposes of clarity, it is worthwhile to briefly outline
some of these items.

1.2.1 Operator

An operator α is a symbol for some mathematical procedure which changes one func-
tion into another function. For example let us consider different operators operating
on the continuous function f(x) = x3 + sinx:

Operator operating on Resulting
f(x) = x3 + sinx function

c = const cx3 + csinx
D = d/dx 3x2 + cosx
square root (x3 + sinx)1/2

The operator α is linear if

α[f(x) + g(x)] = αf(x) + αg(x)
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and

α[cf(x)] = cα[f(x)],

where c is a constant. Thus the constant c and D operators above are linear. By
contrast, an operator that is not linear is called nonlinear , an example being the
square root operator.

If a relationship of the type

αf(x) = cf(x)

exists, where c is a constant, then c is said to be an eigenvalue of the operator α. For
example,

d

dx
e3x = 3e3x, (1.1)

so 3 is an eigenvalue of the operator d/dx and e3x is the corresponding eigenfunction.
Another example of an eigenvalue relationship is

d2

dt2
sinat = −a2sinat, (1.2)

and we see that −a2 is an eigenvalue of the operator d2/dt2 with a corresponding
eigenfunction sinat. Note that the same relationship holds for cosat, so the eigen-
function is not necessarily unique.

Also eigenvalues corresponding to an operator may not be unique. For example,
when we write the energy balance for the hydrogen atom in the form

Hψ = Eψ, (1.3)

where the Hamiltonian operator H expresses the sum of kinetic and potential energies
and E denotes the total energy, we find numerous values for E for which the equation
holds. These values of E, which are eigenvalues of the operator H, are frequently
called “energy levels”.

We will be encountering eigenvalues when dealing with matrices. In that case the
operator is a matrix, operating on a vector to give a constant times the vector. Then
the constant is said to be an eigenvalue of the matrix and the vector is called the
eigenvector corresponding to that particular eigenvalue.

1.2.2 Vectors and matrices

Since we shall be dealing with systems of many dimensions in many variables, the
convenient shorthand notation consistent with vector-matrix terminology will be used.
We shall use small boldface letters to denote vectors and capital boldface letters to
denote matrices. Thus x will denote a vector and A a matrix. All vectors are taken as
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column vectors. To obtain a row vector, we take the transpose of the vector denoted
by the superscript T . Similarly, the transpose of a matrix results in having the rows
and columns interchanged. The designation (m × n) for either a vector or a matrix
will mean m rows and n columns:

x =




x1

x2

.

.

.
xn



, xT = [x1 x2 ... xn].

(n× 1) (1× n)

A =




a11 a12 · · · a1n

a21 a22 · · · a2n

· · · · · · · · · · · ·
am1 am2 · · · amn


 , AT =




a11 a21 · · · am1

a12 a22 · · · am2

· · · · · · · · · · · ·
a1n a2n · · · amn


 .

(m× n) (n×m)

It is relatively easy to verify that

(Ax)T = xTAT . (1.4)

When a square matrix (one in which m = n) equals its transpose,

A = AT (1.5)

the matrix A is called symmetric. Symmetric matrices have some desirable prop-
erties which help in calculations. If the columns of a square matrix A are linearly
independent, inverse of the matrix denoted by A−1 exists, having the property

A−1A = AA−1 = I, (1.6)

where I is the identity matrix, which is a diagonal matrix with 1’s along the diagonal.
Therefore, the identity matrix has the property

AI = IA = A. (1.7)

The convenience of using vector-matrix notation is realized when we consider the
quadratic form

xTAx =
n∑
j=1

n∑
i=1

xiaijxj, (1.8)

where aij are the elements of A.
Frequently, a situation arises where all the elements of a vector are equal to the

same numerical value, let us say 2. Then, instead of writing ri = 2, i = 1, 2, · · · , n, or
r = [ 2 2 · · · 2 ]T , we will use the shortform r = 2. Sometimes, however, we wish
to emphasize some entries in a table of results, by using boldface to make them stand
out. No confusion with respect to this notation is expected.
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1.2.3 Differentiation of a vector

Given a vector

f(x) =




f1

f2

.

.

.
fn



,

we may differentiate this vector with respect to x by first taking the transpose and
then simply using matrix algebra, i.e.,

∂f T

∂x
=




∂
∂x1
∂
∂x2

.

.

.
∂
∂xn




[f1 f2 · · · fn] =




∂f1
∂x1

∂f2
∂x1

· · · ∂fn
∂x1

∂f1
∂x2

∂f2
∂x2

· · · ∂fn
∂x2

· · · · · · · · · · · ·
∂f1
∂xn

∂f2
∂xn

· · · ∂fn
∂xn


 .

The second derivative of a continuous scalar function f (x) with respect to x is

∂2f

∂x2
=

∂

∂x
((

∂f

∂x
)T ) =




∂2f
∂x2

1

∂2f
∂x1∂x2

· · · ∂2f
∂x1∂xn

∂2f
∂x2∂x1

∂2f
∂x2

2
· · · ∂2f

∂x2∂xn

· · · · · · · · · · · ·
∂2f

∂xn∂x1

∂2f
∂xn∂x2

· · · ∂2f
∂x2

n


 .

It is noted that this (n × n) matrix is symmetric, since the order of differentiation
does not matter for a continuous function.

1.2.4 Taylor series expansion

It is convenient at times to expand a vector function f(x) in terms of a small pertur-
bation δx. Such an approximation can be represented by

f(x + δx) = f(x) + (
∂fT

∂x
)T δx + · · · (1.9)

and a scalar continuous function f(x) can be conveniently expanded as

f(x + δx) = f(x) + (
∂f

∂x
)T δx +

1

2
δxT

∂2f

∂x2
δx + · · · (1.10)
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1.2.5 Norm of a vector

The norm of a vector x denoted by ‖x‖ may be thought of as the length of the vector.
It is a scalar function which assigns to every vector x in the vector space a real number
denoted by ‖x‖ such that the following four properties hold:

(1) ‖x‖ > 0 for all x �= 0
(2) ‖x‖ = 0 if and only if x = 0
(3) ‖x + y‖ ≤ ‖x‖+ ‖y‖ for all x and y
(4) ‖λx‖ = |λ|‖x‖ for all x and λ

where λ is a real scalar constant.

Although the best-known norm is the Euclidean measure of length

‖x‖2 = [xTx]
1
2 = (

n∑
i=1

x2
i )

1
2 , (1.11)

in this book we wish to use also the sum of the absolute values norm

‖x‖1 =
n∑
i=1

|xi| = S. (1.12)

It is relatively easy to show that both of these expressions satisfy the four properties
of the norm. They are, in fact, special cases of the general q-norm defined by

‖x‖q = (
n∑
i=1

|xi|q)
1
q . (1.13)

We see that when we take q =∞, the∞-norm is simply the maximum absolute value
of the element amongst all the elements in x.

1.2.6 Sign definite

The scalar function of a vector V (x) is said to be positive definite if V (x) > 0 for
x �= 0 and V (x) = 0 for x = 0. The negative of a positive definite function is called
negative definite. If V (x) ≥ 0 for x �= 0 and V (x) = 0 for x = 0 then V (x) is said to
be positive semi-definite.

The quadratic form V (x) = xTQx, where Q is symmetric, is positive definite if all
the eigenvalues of Q are positive. Then we say that the matrix Q is positive definite.
A beautiful feature about a positive definite matrix is the existence of inverse.
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1.2.7 Stationary and maxima (minima) points

If ∂f(x)/∂x = 0 at some value x = x0, then x0 is said to be a stationary point.
However, this is not necessarily the maximum or a minimum of the function f(x). If
∂2f
∂x2 is negative definite, then x0 is a local maximum and if ∂2f

∂x2 is positive definite,
then x0 is a local minimum. The point x0 is an absolute or global maximum if

f(x) ≤ f(x0)

and a global minimum if the inequality sign is reversed. For an unconstrained contin-
uous function with continuous first derivative, the global maximum or minimum may
be obtained by examining all the stationary points of the function and comparing the
values of the function at those stationary points.

1.3 Steady-state system model

For a steady-state model we assume the system under consideration can be repre-
sented in terms of the variables x1, x2, · · · , xn. The model is given by a set of equality
constraints

φi(x1, x2, ..., xn) = 0, i = 1, 2, ...,m (1.14)

where m ≤ n, and a set of inequality constraints

gj(x1, x2, ..., xn) ≤ 0, j = 1, 2, ..., s. (1.15)

1.4 Continuous-time system model

In the major portion of this book, we shall assume that the physical system is de-
scribed mathematically by a set of deterministic lumped-parameter ordinary differen-
tial equations, where the initial conditions are given. There are two types of variables
under consideration. The state variables, denoted by xi, represent the state of the
system. The other type of variables, denoted by uj, represent the control variables,
or inputs into the system. The model showing the effect of the inputs on the state of
the system is assumed to have the general form

dx1

dt
= f1(x1, x2, ..., xn, u1, u2, ..., um, t) (1.16)

dx2

dt
= f2(x1, x2, ..., xn, u1, u2, ..., um, t) (1.17)

· · · · · · · · · · · ·
dxn
dt

= fn(x1, x2, ..., xn, u1, u2, ..., um, t) (1.18)
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or, in vector form, the system can be described more compactly by

dx

dt
= f(x,u, t) (1.19)

with the initial state specified
x(0) = c. (1.20)

Here x is an (n× 1) state vector and u is an (m× 1) control vector.
We can remove the explicit time dependence on the right hand side of Eq. (1.19)

by introducing an additional state variable xn+1 by the differential equation

dxn+1

dt
= 1, xn+1(0) = 0 (1.21)

and incorporating xn+1 into the state vector x. Then we have a simpler form

dx

dt
= f(x,u) (1.22)

with
xT (0) = [cT 0]. (1.23)

Therefore, the number of state variables describing a particular system is not unique,
since auxiliary state variables may be introduced for convenience to describe the same
system.

1.5 Discrete-time system model

We assume that the discrete-time system model of a physical system can be written
in the form

x(k + 1) = h(x(k),u(k)) (1.24)

with the given initial state
x(0) = c. (1.25)

Such a difference equation can arise if the system consists of a number of stages or
units, as in an extraction train in chemical engineering. We can also obtain a difference
equation by integrating the differential equation repeatedly over a sampling period.
For example, suppose we have a linear continuous-time system

dx

dt
= Ax + Bu (1.26)

and suppose u is kept constant at its value u(0) over the entire time interval from 0
to T . Then integration of Eq. (1.26) gives

x(T ) = Φ(T )c +
∫ T

0
Φ(t− λ)Bu(0)dλ (1.27)
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where the transition matrix Φ(T ) is given by

Φ(T ) = exp(AT ) =
∞∑
i=0

(AT )i

i!
. (1.28)

Eq. (1.27) can be written as

x(T ) = Φ(T )c + Ψ(T )u(0) (1.29)

where we have introduced the (n×m) matrix

Ψ(T ) =
∫ T

0
exp[A(T − λ)]dλB = T

∞∑
i=0

(AT )i

(i + 1)!
B. (1.30)

Let us now repeat the procedure but integrate from t = T to t = 2T using a constant
value of u(T ). Since we are integrating again over a time interval of the same length
as before, we get

x(2T ) = Φ(T )x(T ) + Ψ(T )u(T ). (1.31)

Continuing the procedure, we obtain

x[(k + 1)T ] = Φ(T )x(kT ) + Ψ(T )u(kT ), k = 0, 1, 2, · · · . (1.32)

The sampling time T is usually dropped to give a simpler looking equation

x(k + 1) = Φx(k) + Ψu(k), (1.33)

which is a special case of a linear difference equation. If the series expansion for
Φ is asymptotic, then the most convenient way of getting the matrices is to take a
truncated series of N + 1 terms:

Θ =
N∑
i=0

(AT )i

(i + 1)!
. (1.34)

Then
Φ = I + ΘAT (1.35)

and
Ψ = ΘBT. (1.36)

Such a procedure with N = 20 was used by Luus and Smith [23] to convert a differ-
ential equation describing a gas absorber into a difference equation. If the series is
not asymptotic, we can always use the identity

exp(AT ) = [exp(
AT

β
)]β (1.37)

and choose the constant β sufficiently large to make the series asymptotic.
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1.6 The performance index

In most of the book we denote the performance index by I. There are times, however,
when an augmented form of the performance index is used, and a different letter such
as J may be used, or when a profit function is implied, the letter P is sometimes
used.

When the model describing the system is a set of algebraic equations, the perfor-
mance index is an algebraic expression in the form

I = f(x1, x2, ..., xn). (1.38)

When the system is described by differential equations or difference equations, there
are different forms that the performance index can take. For example, we may have
the performance index

I =
∫ tf

0
φ(x,u)dt, (1.39)

where tf denotes final time, or we may have a performance index of the form

I = kTx(tf ) =
n∑
i=1

kixi(tf ). (1.40)

Both of these are equivalent, as we will now show. Suppose we define a new state
variable xn+1 by the equation

dxn+1

dt
= φ(x,u), xn+1(0) = 0. (1.41)

Then the performance index in Eq. (1.39) is equivalent to

I = xn+1(tf ). (1.42)

This is a special form of Eq. (1.40). Therefore, for most of our work, we choose the
performance index as an explicit function of the state at the final time in the form

I = Φ(x(tf )), (1.43)

with the understanding that we have the freedom to choose the state variables ac-
cordingly. There are situations, however, when the performance index can not be
expressed as a function of the final state. Then we have a nonseparable performance
index that requires special attention. That will be illustrated and discussed in Chap-
ter 13.
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1.7 Interpretation of results

An important part of optimization is the interpretation of the results. It is realized
that the optimal solution is dependent on the mathematical model and the perfor-
mance index. Therefore, the results of the optimization must be considered with care.
If the mathematical model is an inadequate representation of the physical system, the
results are not optimal with respect to the application that has been intended. In
the same way, the results are dependent on the choice of the performance index.
The choice of the final time tf has a substantial effect on the optimal control policy
[14], but it is frequently chosen quite arbitrarily. Only thorough familiarity with the
physical system will ensure successful application of optimization.

Another important aspect of optimization is to determine whether a local opti-
mum or a global optimum has been obtained. In a highly nonlinear problem this can
be quite a challenge. The best way to assure oneself that a global optimum has been
obtained is to cross-check the optimization by using a different optimization proce-
dure. Simply taking different starting conditions may not yield the global optimum if
there is a very large number of local optima. This was recently pointed out in [19] in
the optimization of a bifunctional catalyst blend along a tubular reactor to maximize
the yield of a desired product. Although 100 different starting conditions chosen at
random were used with sequential quadratic programming (SQP), the global optimum
was not obtained with that well-established optimization procedure. With iterative
dynamic programming, however, the global optimum was readily obtained by Luus
and Bojkov [17].

When numerical methods are used for optimization of nonlinear systems, some
form of iteration is usually used. There is therefore the additional feature that must
be considered, namely the convergence of the iterative procedure itself. The itera-
tions may be ended prematurely, or the iterative procedure itself may fail to converge
because of the nature of the problem or the parameters chosen. The problem of
convergence is very challenging when a large change in the control policy has a very
small effect on the performance index, and one is tempted to accept a highly fluctu-
ating control policy as being optimal. Establishing the optimal control policy for low
sensitivity problems is difficult [15]. These are some of the aspects of optimization
that we wish to explore in later chapters.

1.8 Examples of systems for optimal control

1.8.1 Linear gas absorber

A linear system that has been widely used for optimal control studies is the six-plate
gas absorber that was used for optimal control studies by Lapidus and Luus [11].
The model was used for time-optimal control studies by Bashein [2] and for time
sub-optimal control by Bennett and Luus [3]. More recently it has been used for
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investigation of the viability of iterative dynamic programming by Luus and Smith
[23] and for time-optimal control studies by Bojkov and Luus [4]. Here, based on
that six-plate gas absorber model, we consider a more general case of an n-plate gas
absorber controlled by inlet feed stream concentrations (see Figure 1.1). A material

Figure 1.1: Gas absorber system consisting of n equilibrium stages

balance around the mth plate of the absorption tower yields

H
dym
dt

+ h
dxm
dt

= L(xm−1 − xm) + G(ym+1 − ym), m = 1, 2, ..., n, (1.44)

where

xm, ym = composition of liquid and vapor leaving the mth plate (kg solute/kg
inert),
h,H = inert liquid and vapor hold-ups on each plate (assumed constant) (kg),
L = flow rate of inert liquid absorbent (kg/min),
G = flow rate of inert gas stream (kg/min),
t = time of operation (min).

Expressing the flow rates in terms of inerts ensures that L and G remain constant from
stage to stage, even though the physical flow rates change because of the absorption
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process. If a linear relationship is assumed between the compositions in the liquid
and vapor in every stage

ym = axm, (1.45)

the mass balance equation can be converted to

dxm
dt

=
d

e
xm−1 − (

d + 1

e
)xm +

1

e
xm+1, m = 1, 2, · · · , n (1.46)

where d = L/Ga and e = (Ha+h)/Ga. The use of the convenient set of parameters:
a = 0.72, L = 40.8 kg/min, G = 66.7 kg/min, H = 1.0 kg, and h = 75 kg yields the
system equations in vector-matrix form

dx

dt
= Ax(t) + Bu(t) (1.47)

where A is a tridiagonal coefficient matrix given by

A = tridiag[0.538998 − 1.173113 0.634115] (1.48)

and the (n× 2) control coefficient matrix B is given by

BT =

[
0.538998 0 · · · 0 0

0 0 · · · 0 0.634115

]
. (1.49)

The initial condition is chosen as

xi(0) = −0.0307− (
i− 1

n− 1
)(0.1273− 0.0307), i = 1, 2, · · · , n. (1.50)

The performance index to be minimized is

I =
∫ tf

0
(xTx + uTu)dt. (1.51)

Two values for the final time have been used recently [16], namely tf = 10 min and
tf = 50 min. Also, a range for the number of stages from n = 10 to n = 1000
has been used to examine the increase of computational effort of iterative dynamic
programming as the dimensionality of the problem increases.

1.8.2 Nonlinear continuous stirred tank reactor

Let us consider the system consisting of a first-order irreversible chemical reaction
carried out in a continuous stirred tank reactor (CSTR) as first formulated by Aris
and Amundson [1] and used for control studies by Lapidus and Luus [11]. Control of
the reactor is achieved by manipulation of the flow-rate of the cooling fluid through
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a coil inserted in the reactor. The heat and mass balances for the reaction A → B in
such a CSTR are given by

V cPρ
dTR
dθ

= qcPρ(T0 − TR)− V U∗ + (−∆H)V R (1.52)

V
dcA
dθ

= q(cA0 − cA)− V R (1.53)

where

cA = concentration of species A leaving reactor
cA0 = concentration of species A in feed stream
TR = temperature of reactants leaving reactor
T0 = temperature of feed stream to reactor
θ = time
V = volume of reactor
q = volumetric flow rate of feed and output streams
R = reaction rate term
−∆H = heat of reaction
cP = heat capacity
ρ = density
U∗ = heat transfer term corresponding to cooling coil in reactor

As shown by Lapidus and Luus [11], these equations may be put into dimensionless
form and, through a choice of a convenient set of parameters, transformed into the
equations

dx1

dt
= −(2 + u)(x1 + 0.25) + (x2 + 0.5)exp[

25x1

x1 + 2
] (1.54)

dx2

dt
= 0.5− x2 − (x2 + 0.5)exp[

25x1

x1 + 2
] (1.55)

where x1 represents deviation from dimensionless steady-state temperature and x2

represents deviation from dimensionless steady-state concentration. In the present
work, the initial conditions x1(0) = 0.09 and x2(0) = 0.09 are used. We consider the
case where the control u is unbounded. The optimal control problem is to determine
u in the time interval 0 ≤ t < tf that will minimize the performance index

I =
∫ tf

0
(x2

1 + x2
2 + 0.1u2)dt (1.56)

where the dimensionless final time tf is specified as 0.78. As was shown by Luus and
Cormack [18], this system exhibits a local minimum I = 0.24425 and a global mini-
mum I = 0.133094 when Pontryagin’s maximum principle is used, and the resulting
boundary value problem is solved by control vector iteration. Therefore, this system
is an interesting test problem for optimal control procedures.
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1.8.3 Photochemical reaction in CSTR

A more challenging problem of higher dimension consists of a photochemical reaction
in an isothermal CSTR, as formulated by Jensen [10] and used for optimal control
studies in [11] and [25]. It served as an ideal system for testing iterative dynamic
programming for moderate dimensional nonlinear optimal control problems [13]. The
mechanism for the reactions among the species A,B,C,D,E,F, and G is given by

A + B
k1→ 2D

C + B
k2→ CB

CB + B
k∗→ 3E

E + D
k3→ 2F

A + F
k4→ 2G

where the fifth reaction is photochemical and its rate is proportional to the square root
of the light intensity. The intermediate compound CB is postulated to be present
in immeasurably small quantities, so it satisfies the stationary condition, namely
d(CB)/dt = 0. By using a convenient set of parameters, Lapidus and Luus [11]
showed that the system is described by the eight differential equations

dx1

dt
= u4 − qx1 − 17.6x1x2 − 23x1x6u3 (1.57)

dx2

dt
= u1 − qx2 − 17.6x1x2 − 146x2x3 (1.58)

dx3

dt
= u2 − qx3 − 73x2x3 (1.59)

dx4

dt
= −qx4 + 35.2x1x2 − 51.3x4x5 (1.60)

dx5

dt
= −qx5 + 219x2x3 − 51.3x4x5 (1.61)

dx6

dt
= −qx6 + 102.6x4x5 − 23x1x6u3 (1.62)

dx7

dt
= −qx7 + 46x1x6u3 (1.63)

dx8

dt
= 5.8(qx1−u4)−3.7u1−4.1u2+q(23x4+11x5+28x6+35x7)−5u2

3−0.099 (1.64)

where

x1, x2, ..., x7 = weight fractions of species A, B, ..., G
k1, k2, ..., k4 = reaction rate constants
u1, u2, u4 = inlet feed rate of pure components A, B and C
u3 = square root of light intensity
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q = u1 + u2 + u4 is the total flow rate of inlet streams.

The initial state is

x(0) = [0.1883 0.2507 0.0467 0.0899 0.1804 0.1394 0.1046 0.0]T . (1.65)

The constraints on the control variables are

0 ≤ u1 ≤ 20 (1.66)

0 ≤ u2 ≤ 6 (1.67)

0 ≤ u3 ≤ 4 (1.68)

0 ≤ u4 ≤ 20. (1.69)

The optimal control problem is to choose u1, u2, u3, and u4 in the time interval 0 ≤
t < tf , so that the performance index

I = x8(tf ), (1.70)

which gives the economic benefit, is maximized. The final time tf is specified as 0.2 h.
This problem served as a good test problem for iterative dynamic programming [13].

1.8.4 Production of secreted protein in a fed-batch reactor

Determination of the optimal feed rate into a fed-batch reactor to yield the maximum
amount of the desired product is a very difficult optimal control problem. The model
for the production of secreted protein in a fed-batch reactor presented by Park and
Ramirez [24] has been used by several researchers in developing robust methods for
handling problems of this nature. The differential equations describing the reactor
are

dx1

dt
= g1(x2 − x1)−

u

x5

x1 (1.71)

dx2

dt
= g2x3 −

u

x5

x2 (1.72)

dx3

dt
= g3x3 −

u

x5

x3 (1.73)

dx4

dt
= −7.3g3x3 −

u

x5

(20− x4) (1.74)

dx5

dt
= u (1.75)

where

g3 =
21.87x4

(x4 + 0.4)(x4 + 62.5)
(1.76)
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g2 =
x4e

−5x4

(x4 + 0.1)
(1.77)

g1 =
4.75g3

(g3 + 0.12)
(1.78)

and

x1 = level of secreted SUC-s2 in culture, arbitrary units/L
x2 = level of total SUC-s2 in culture, arbitrary units/L
x3 = culture cell density, g/L
x4 = culture glucose level, g/L
x5 = culture volume, L
u = feed flow rate, L/h.

The initial condition, as given by Park and Ramirez [24], is

x(0) = [0.0 0.0 1.0 5.0 1.0]T . (1.79)

It should be noted that the three algebraic equations have been arranged in the
“reverse” order so that they can be solved readily by direct substitution. Frequently,
there are situations where the set of algebraic equations can not be rearranged to
provide a solution in a straightforward manner. Therefore, in the next section we
examine methods of solving a general set of algebraic equations numerically.

The control is bounded by
0 ≤ u ≤ 2. (1.80)

The performance index to be maximized is the total amount of the desired product
at the final time, given by

I = x1(tf )x5(tf ) (1.81)

where the final time tf is specified as 15 h. Although there is only a scalar control
variable, the optimal control policy is quite difficult to obtain, and therefore this
problem is a good test for optimization procedures [20].

These four systems provide the reader a feel for the types of problems we wish to
consider in this book. In later chapters a wider variety of systems, such as systems
involving time delays, will be considered as well.

1.9 Solving algebraic equations

It is well known that the most efficient way of solving a set of linear algebraic equa-
tions is Gaussian elimination method, which consists of putting the equations into an
echelon form and then using back-substitution to obtain the variables in reverse order.
However, the solution of a set of nonlinear algebraic equations often requires some
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ingenuity. Research in the development of different ways of solving a set of nonlinear
algebraic equations has been increasing during the past decade. In spite of the re-
search done over the past 40 years, there still does not appear to be any agreement on
the best way of solving an arbitrary set of nonlinear equations. In this section we show
that a fundamental approach developed and used for simulation of multi-component
distillation columns over 25 years ago (see for example the paper by Seppala and Luus
[27]) still provides a very reliable and efficient way of dealing with algebraic equations.

1.9.1 Separation of the equations into two groups

Let us consider a general system of N algebraic equations in N unknowns

gi(x1, x2, ..., xN) = 0, i = 1, 2, ..., N. (1.82)

The problem is to find a set of xi such that all of the N equations are satisfied within
an acceptable tolerance. We may further impose conditions to make sure that the
solution is also feasible so that we do not have negative mole fractions, or unrealistic
temperature for the reaction such as 10K. If these physical constraints are put directly
into the mathematical formulation, then in addition to Eq. (1.82) we also have a set
of inequality constraints and the problem can become computationally more difficult.
Often these physical constraints are left for the engineer to examine, once a solution
to Eq. (1.82) in absence of any additional constraints is obtained.

Let us group the set of N equations into two groups. In the first group we include
N − n equations that we call simple equations, and in the second group we have the
remaining n difficult equations. We shall rename the variables, if necessary, so that
the class of n difficult equations can be written as

fi(x1, x2, ..., xn, xn+1, ..., xN) = 0, i = 1, 2, ..., n. (1.83)

The problem is now reduced to finding an efficient way of obtaining the variables
x1, x2, ..., xn such that these n algebraic equations are satisfied. One of the best
methods is Newton’s method which is well suited for solving sets of nonlinear algebraic
equations (see, for example, [5]), and one generally does not have to be concerned
about having “good” initial estimates even for sets of highly nonlinear and very
complex equations [21].

Let us assume that at iteration j we have a value of x, denoted by xj, for which
Eq.(1.83) is not satisfied within the specified tolerance. Then we try to choose a
perturbation δx such that

f(xj + δx) = 0. (1.84)

By using Taylor series, we therefore choose δx such that

(
∂fT

∂x
)T δx = −f(xj). (1.85)
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Eq. (1.85) is a linear equation which can be easily solved by Gaussian elimination for
δx and the next value of x is then chosen as

xj+1 = xj + δx. (1.86)

It is noted that the partial derivatives are calculated in the presence of the sim-
ple equality constraints, so that these are difficult to obtain analytically, because
xn+1, xn+2, ..., xN are functions of the particular variable under consideration. This
is illustrated by the first example. Computationally, however, the partial derivatives
are easily obtained by perturbing the particular variable, and we can write

∂fj(x1, x2, ..., xi, ..., xN)

∂xi
=

fj(x1, x2, ..., xi + hi, ..., xN)− fj(x1, x2, ..., xi − hi, ..., xN)

2hi
(1.87)

where hi is taken as a very small perturbation such as 10−6xi if xi �= 0.
One great advantage of this method is the very rapid convergence in the vicinity

of the solution. There is also considerable freedom in choosing how many and which
equations to include in each of the two groups. Generally we try to have as many
equations as possible in the first group, so that we have the smallest number of dif-
ficult equations. Since this method is so simple to program, and does not encounter
the types of problems reported by the various methods considered by Shacham [28],
it should really be the “first” approach to try.

1.9.2 Numerical examples

All computations were performed in double precision on a Pentium/120 personal dig-
ital computer using WATCOM version 9.5 FORTRAN compiler. For all the examples
the perturbation hi for evaluating the derivatives was 10−6xi if xi �= 0 and 10−10 if
xi = 0. The computation times reported were obtained by reading the clock at the
beginning and at the end of the calculations and therefore include the time taken to
write to the screen and to the output files. These computation times are given only to
provide an approximate idea of the computational effort required. We choose several
examples for which difficulties have been reported in the recent literature.

Example 1

Let us consider the example involving the oxidation of sulphur dioxide to sulphur
trioxide presented by Fogler [6] and studied by [28], [29], and [31], where the set of
algebraic equations can be arranged into the two groups:

(a) Set of two simple equations

x2 =
43260x1 + 105128

1.84x1 + 77.3
(1.88)
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x3 = exp[
42300

x2

− 24.2 + 0.17ln(x2)] (1.89)

and

(b) one difficult equation

f1 =
0.91− 0.5x1

9.1− 0.5x1

− x2
1

(1− x1)2x3

= 0. (1.90)

Here we have only a single difficult equality constraint, and thus one free variable.
Since x1 is the conversion, a reasonable initial choice would be 0.4, but also the values
0.9 and 0.0, as used by Shacham [28], were used. As is shown in Figure 1.2, for each of
these three starting values convergence to |f1| < 10−10 was readily obtained, resulting
in the same value of x = [0.533373 1637.703 17.9400]T . The initial choice of 0.4
yielded convergence to |f1| < 10−10 in 0.05 s and the initial choice x1 = 0 yielded
convergence in 0.16 s. These computation times are quite negligible.

Figure 1.2: Convergence profile for Example 1, where the equations are arranged so that
there is only one difficult equality, showing the effect of the starting conditions
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Now let us rearrange the same set of equations into the following structure:
(a) Set of one simple equation

x3 = exp[
42300

x2

− 24.2 + 0.17ln(x2)] (1.91)

and

(b) two difficult equations

f1 =
0.91− 0.5x1

9.1− 0.5x1

− x2
1

(1− x1)2x3

= 0 (1.92)

f2 = x2(1.84x1 + 77.3)− 43260x1 − 105128 = 0. (1.93)

Here we now have two difficult equations. We solve these with the same initial
values for x1 as used before, and for x2 we choose x2 = 1600 initially. As with the
other arrangement of these equations, convergence to |f1| + |f2| < 10−10 was read-
ily obtained in almost the same computation times, namely 0.11 s, 0.11 s and 0.28
s, respectively for the three starting points. Although the computational effort per
iteration is larger in the latter configuration, fewer iterations are required to reach
the convergence criterion for the first two starting points, as is shown in Figure 1.3.
Therefore, for this particular example it does not really matter in which of these two
ways the equations are arranged. Although this problem was difficult to solve with
several software packages by Shacham [28] and by Shacham et al. [29], no difficulties
were experienced here, and one is not restricted to choosing initial values for x1 in the
very narrow range 0.5 < x1 < 0.53337. The listing of the program with the output is
given in Appendix A.

Example 2

Let us consider the last example of Gupta [7], which involves 12 variables. The
equations are arranged into the structure where the two difficult equations are pre-
ceded by 10 simple equality constraints:

x11 = x1/(3.846× 10−5) (1.94)

x10 = 3− x2 (1.95)

x6 = 2.597× 10−3√x2x11 (1.96)

x7 = 3.448× 10−3√x10x11 (1.97)
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Figure 1.3: Convergence profile for Example 1, where the equations are arranged so that
there are two difficult equalities, showing the effect of the starting conditions

x4 =
4− 0.5(x6 + x7)

1 + 0.193x2/x10

(1.98)

x5 = 0.193x2x4/x10 (1.99)

x12 = 40 (1.100)

x3 = 2x12 − 0.5x5 (1.101)

x8 =
1.799x4x1

3.846x2

(1.102)

x9 =
2.155× 10−4x10

√
x3x11

x2

(1.103)

f1 = 2(x1 + x10) + x2 + x4 + x7 + x8 + x9 − x12 = 0 (1.104)

f2 =
10∑
i=1

xi − x11 = 0. (1.105)

Here we have two difficult equality constraints. The free variables are x1 and x2.
Two sets of initial values for these variables were taken, namely (0.1, 0.1) and (0.5,
0.5). The only precaution required was to keep x1 and x2 positive so that the square
root could be calculated. Thus, if x1 or x2 were calculated to be less than 10−4, then
10−4 was arbitrarily assigned. This precaution eliminates any possibility of numerical
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difficulty. As is shown in Figure 1.4, convergence from each of these starting values is
very rapid and we obtain |f1|+ |f2| < 10−10 in only 11 iterations, requiring 0.11 s of
computation time. At the eleventh iteration the norm was zero, so the point is not
plotted in the figure. The solution is xT = [0.0044998 0.0023645 79.999698 3.966427
0.000604 0.001366 0.064573 3.530816 26.431550 2.997635 116.999533 40.000000]. Here
the starting point is not very important, but it is noted that after the norm is less
than 1, the convergence rate is very fast.

Figure 1.4: Convergence profile for Example 2, showing the effect of the choice of starting
conditions

Example 3

Let us consider the set of algebraic equations describing a chemical equilibrium
resulting from partial oxidation of methane with oxygen, as considered by Carnahan
et al. [5]. This example was also used by Shacham [28] to test several computer codes
for solving algebraic equations. The equations may be arranged as follows:

x4 =
x1x3

2.6058x2

(1.106)

x5 =
400x1x

3
4

1.7837× 105x3

(1.107)
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x7 =
2

x3 + x4 + 2x5

(1.108)

x6 = x7(0.5(x1 + x3) + x2) (1.109)

f1 = x1 + x2 + x5 −
1

x7

= 0 (1.110)

f2 = −28837x1 − 139009x2 − 78213x3 + 18927x4 + 8427x5

+
13492− 10690x6

x7

= 0 (1.111)

f3 = x1 + x2 + x3 + x4 + x5 − 1 = 0. (1.112)

The equations may also be arranged into the structure where we have five simple
equalities and only two difficult equality constraints:

x3 =
5.2116x2(x1 + x2)

x1 + 2.6058x2

(1.113)

x4 = 2(x1 + x2)− x3 (1.114)

x5 =
400x1x

3
4

1.7837× 105x3

(1.115)

x7 =
2

x3 + x4 + +2x5

(1.116)

x6 = x7(0.5(x1 + x3) + x2) (1.117)

f1 = −28837x1 − 139009x2 − 78213x3 + 18927x4 + 8427x5

+
13492− 10690x6

x7

= 0 (1.118)

f2 = x1 + x2 + x3 + x4 + x5 − 1 = 0. (1.119)

Since the first 5 variables denote mole fractions, it should be possible to make
reasonable choices for the first 3 variables in the first arrangement and for the first
2 variables in the second arrangement. Although, as reported by Shacham [28] this
problem was too difficult for most of the programs he evaluated, there were no diffi-
culties with the recommended procedure. For stability in calculations, if any of the
xi, i = 1, · · · , n would be less than 10−4, the corresponding variable was put to 10−4,
and similarly the upper clipping limit of 0.95 was used. Convergence profiles from
the starting point x1 = 0.22, x2 = 0.075, x3 = 0.001 for the first formulation of this
problem with three difficult equality constraints and from x1 = 0.22, x2 = 0.075 for
the second formulation are shown in Figure 1.5.
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Figure 1.5: Effect of the formulation of the problem in solving Example 3

The use of two difficult equality constraints, rather than three, tends to provide faster
convergence. The difference in computation time could not be measured accurately,
because each required only about 0.06 s of computation time as read from the clock
on the Pentium/120. In each case convergence to xT = [ 0.322871 0.009224 0.046017
0.618172 0.003717 0.576715 2.977863 ] was obtained. These are the same results as
reported by Carnahan et al. [5]

As is shown in Figure 1.6, similar convergence characteristics are obtained with the
initial starting point of xi = 0.1 for i = 1, ..., n. It is interesting to note that once the
norm is below 1, the convergence rate is very fast. This suggests that another means
could be used to get to the vicinity of the solution, and then a switch could be made
to the Newton’s method. One such means is to use the direct search optimization
suggested by Luus and Jaakola [22] to establish a good starting point to be used for
Newton’s method. This optimization procedure is outlined in Chapter 2, where we
examine steady-state optimization.

Example 4

Let us consider the esterification reaction of monobutyl-phthalate with n-butanol
to produce dibutyl phthalate and water in two continuous stirred tank reactors in
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Figure 1.6: Effect of formulation of the problem in solving Example 3, with initial starting
point xi = 0.1, i = 1, · · · , n

series as used by Seader et al. [26] and Gupta [7]. The system of equations can be
written in terms of seven simple equalities followed by two difficult equality constraints
as

x9 = x1 + x2 (1.120)

x3 =
x9(6.875x9 + x2)

5.797x9 + x2

(1.121)

x4 = 1.25x1 + 2.25x2 − 1.054x3 (1.122)

x7 = 0.025714x3 − 0.007346189x2 − 0.2720539x4 (1.123)

x5 = 12.128256x3 − x2 − 124x4 − 1.75x7 − 75.85949 (1.124)

x6 = 61.177− 8.7614x3 − x2 + 91x4 − x5 + x7 (1.125)

x8 = 1.0986x3 − x2 − 9x4 − x5 − x6 + x7 (1.126)

f1 = x4(x3 − x2 − x1)
2 − 2056.4(0.0986x3 − x4)

2 = 0 (1.127)

f2 = 5.5(0.0986x3 − x2 − x5 − 0.01x8)(x5 + x6)− x5x8 = 0. (1.128)

Here x1 represents the amount of BuOH in off-gas and x2 represents the amount of
water in off-gas from the first reactor expressed in lb mol/h.

By picking 100 random starting points in the range 0 ≤ x1 ≤ 100, 0 ≤ x2 ≤ 100,
convergence to xT = [ 61.15373 6.97629 80.57946 7.20807 0.54718 3.65884 0.05979
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12.52943 68.13003] was obtained 66 times. The other 34 starting points gave nonfea-
sible solutions by having some of the variables negative. The total computation time
for the 100 starting conditions was 0.11 s. The success rate was decreased to 28 out
of 100 starting points by taking a smaller range for the initial values for x2, namely
0 ≤ x2 ≤ 10, as was used by Gupta [7], but the computation time was reduced to
0.06 s. By using the range 0 ≤ x1 ≤ 1000, 0 ≤ x2 ≤ 1000, the success rate was 57
times out of 100, obtained also in a total computation time of 0.06 s.

Example 5

Sometimes it is important to capture all the possible solutions to a set of nonlinear
algebraic equations. For example, in the problem of finding the maximum distance
from the origin to the intersection of an ellipsoid with a hyperboloid, as considered
by Luus [12], and by Wang and Luus [30], when Lagrange multipliers are used, the
optimum lies at one of the 8 stationary points. Therefore, it is important to locate all
of the stationary points, and the stationary point that gives the maximum value for
the square of the distance P = x1

2 + x2
2 + x3

2 provides the solution to the problem.
The system of algebraic equations is

x7 =
x3

2x3 + 0.2x2

(1.129)

x6 = 4(x2 − 0.2) + 0.1x1 + 0.2x3 (1.130)

x5 =
(x6x7 − x2)

x2 + 2x6x7

(1.131)

x4 = (4x5 − 2)x7 (1.132)

f1 = 2x1 + x4[8(x1 − 0.5) + 0.1x2] + 4x1x5 (1.133)

f2 = 2(x1
2 − x3

2 − 1) + x2
2 (1.134)

f3 = 4(x1 − 0.5)2 + 2(x2 − 0.2)2 + x3
2 + 0.1x1x2 + 0.2x2x3 − 16, (1.135)

where x4 and x5 are Lagrange multipliers, and we have introduced x6 and x7 to sim-
plify the formulation of the problem. By choosing 200 random starting points for
x1, x2, and x3 in the range −2 ≤ xi ≤ 2, i = 1, 2, 3, we were able to locate all the 8
stationary points with the frequencies given in Table 1.1. It is noted that one of the
stationary points was obtained only twice and another one only three times, whereas
the stationary point related to the maximum distance was obtained 21 times. To
solve the algebraic equations from the 200 starting points took a minimum of 6 itera-
tions and a maximum of 15 iterations, with a total computation time of 0.11 s on the
Pentium/120 for the 200 starting points. Therefore, the computation time is quite
negligible.
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Table 1.1: Solutions to Example 5, showing the existence of 8 solutions

x1 x2 x3 x4 x5 P Frequency
0.98842 2.67366 -1.88446 -0.67341 0.21106 11.67664 21
1.03962 2.49153 1.78457 -0.59958 0.15835 10.47324 97
1.37627 -2.12617 1.77606 -0.59704 0.23721 9.56909 2
2.22372 -0.15747 1.98930 -0.48910 0.25739 8.92702 6
1.56816 -1.80074 -1.75513 -0.53053 0.20752 8.78227 41
2.04323 -0.95605 -1.90573 -0.49408 0.24057 8.72063 10
-1.41865 -0.16020 1.01262 -0.31252 0.34621 3.06362 3
-1.40504 -0.24481 -1.00205 -0.30976 0.34134 3.03818 20

Example 6

Another problem for which computational difficulties have been recently reported
by Shacham et al. [29] is the calculation of the dew point temperature for a 20%
isobutanol and 80% water mixture. This is based on the problem in Henley and
Rosen [8]. The problem consists of 16 algebraic equations that can be arranged into
a structure of 13 simple equations and 3 difficult equations:

x4 = 1− x1 (1.136)

x5 = 1− x2 (1.137)

log10x6 = 7.62231− 1417.90

191.15 + x3

(1.138)

log10x7 = 8.10765− 1750.29

235.00 + x3

(1.139)

log10x8 =
1.7x2

4

(1.7x1/0.7 + x4)2
(1.140)

log10x9 =
0.7x2

1

(x1 + 0.7x4/1.7)2
(1.141)

log10x10 =
1.7x2

5

(1.7x2/0.7 + x5)2
(1.142)

log10x11 =
0.7x2

2

(x2 + 0.7x5/1.7)2
(1.143)

x12 = x6x8/760 (1.144)

x13 = x7x9/760 (1.145)
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x14 = x10x6/760 (1.146)

x15 = x11x7/760 (1.147)

x16 =
0.2/x1 − x12/x14

1− x12/x14

(1.148)

f1 = x12x1 + x13x4 − 1 (1.149)

f2 = x2 −
x1x12

x14

(1.150)

f3 = x4 −
0.8

x16 + (1− x16)x13/x15

. (1.151)

Table 1.2: Four solutions to Example 6, showing the frequency with which the solutions
were obtained from 1000 randomly chosen starting points

Variable Definition Solution 1 Solution 2 Solution 3 Solution 4
x1 x1,1 0.022698 0.686748 0.200000 0.200000
x2 x1,2 0.686748 0.022698 0.031601 0.904122
x3 Temperature 88.537830 88.537830 86.423947 86.423947
x4 x2,1 0.9773028 0.313252 0.800000 0.800000
x5 x2,2 0.313252 0.977302 0.968399 0.095878
x6 P1 357.050288 357.050288 326.679334 326.679334
x7 P2 498.658802 498.658802 459.435969 459.935969
x8 γ1,1 33.366490 1.102821 4.551692 4.551692
x9 γ2,1 1.004606 3.134222 1.258639 1.258639
x10 γ1,2 1.102821 33.366490 28.807440 1.006876
x11 γ2,2 3.134222 1.004606 1.008729 4.391885
x12 K1,1 15.675677 0.518108 1.956505 1.956505
x13 K2,1 0.659152 2.056457 0.760874 0.760874
x14 K1,2 0.518108 15.675677 12.382625 0.432797
x15 K2,2 2.056457 0.659152 0.609798 2.654987
x16 β 0.732999 0.267001 1.000000 1.000000

Frequency 16 30 10 23

The 16 variables are defined in Table 1.2, where also the 4 solutions are given.
These solutions were obtained by taking 1000 starting points in the range 0.01 ≤ x1 ≤
0.99, 0.01 ≤ x2 ≤ 0.99, and 80 ≤ x3 ≤ 90. If during the course of calculations any
of the variables became negative, if either x1 or x2 became less than 10−4 or greater
than 0.9999, or if x16 exceeded 1.01, then the calculations for that initial point were
stopped and a new starting point was taken. From the 1000 starting points only 79
led to solutions where the absolute value norm of the left hand sides of the difficult
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equality constraints was less than 10−10. The total computation time for the run was
0.38 s on a Pentium/120, showing a computation time of about 0.005 s per successful
solution.

Figure 1.7: Convergence profile to Solution 1 for Example 6, showing the effect of starting
conditions

The convergence profile from three different starting conditions is given in Fig-
ure 1.7, where no difficulties were encountered and convergence to Solution 1 was
readily obtained. Since the convergence is so rapid, it is natural to take numerous
starting points chosen at random over some allowable range, to capture all the pos-
sible solutions. The constraints restricting calculations for only meaningful solutions
not only reduce the computational effort, but ensure stability during calculations.

Now that the personal computers are very fast, the computation time is negligible
for all of these 6 examples that have been outlined here. Of greater concern is the
robustness of the method. One of the greatest advantages of separating the set
of algebraic equations into two groups is that starting conditions must be specified
only for the set of difficult equalities. Also, by minimizing the number of equations
included in that set, we minimize the computational effort. Although for these 6
problems outlined here, the computational effort is negligible, if a situation arises
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where a set of algebraic equations must be solved repeatedly a large number of times,
the way the equations are set up can have a profound effect.

Figure 1.8: Convergence profile for multicomponent distillation column described by 750
algebraic equations

1.9.3 Application to multicomponent distillation

In simulation of multicomponent distillation at steady state, we encounter a very large
number of nonlinear algebraic equations called the MESH equations that include the
material balance (M), equilibrium equations (E), the summation of mole fractions (S)
and the heat balance equations (H). For a distillation column consisting of n stages,
in which a feed of m components is distilled, there are a total of 2mn + 3n equations
to be solved simultaneously. A feed consisting of 11 components fed into a distillation
column of 30 stages thus presents a problem of solving 750 algebraic equations, many
of which are nonlinear.

By using the thermodynamic data given by Seppala and Luus [27] for 11 compo-
nents, and using a distillation column of 30 stages with feed to the 11th stage and a
reflux ratio of 0.4, by grouping of equations, the 750 algebraic equations were solved
in 0.11 s on a PentiumII/350 digital computer giving a mass imbalance of less than
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10−6 in 56 iterations as is shown in Figure 1.8. The mass imbalance is defined by

M =
m∑
i=1

|FziF −DKi1xi1 −Bxin|, (1.152)

where F is the feed flow rate to stage F , here taken as 11, with composition ziF , D
is the distillate flow rate from the partial condenser with liquid composition xi1 and
B is the bottom flow rate with liquid composition xin.

The only starting points required to solve the algebraic equations are very crude
estimates for the top and the bottom temperatures of the distillation column. For
this particular run we chose the bottom temperature of 810 and top temperature of
510. The actual temperatures for the bottom and top stages are 764.75 and 589.84
respectively. When another run was made with initial estimates for the bottom and
top temperatures of 765 and 590, 57 iterations were required for convergence. The
same temperature profile was obtained and the computation time was also 0.11 s.
Needless to say, such an approach is very easy to use.

1.10 Solving ordinary differential equations

There are numerous methods of numerically integrating a set of ordinary differential
equations. For some common methods, the reader could refer to the excellent book
by Carnahan et al. [5]. To balance the accuracy with speed, it has been found that
the fourth order Runge-Kutta method is well suited for many problems. One has
direct control over the integration time step, so that the most appropriate step size
can be used for well behaved problems.

There are situations, however, when a constant step size is not appropriate, so one
method which has been found very useful is an IMSL routine based on the Runge-
Kutta method called DVERK, programmed by Hull et al. [9]. Here the user specifies
the local error tolerance and the routine chooses the step-size required. We have
found this method most useful and, with the permission of the authors, we have
included the listing of DVERK in Appendix E. This routine is also available by
connecting to their website, http://www.cs.toronto.edu/NA/index.html, moving to
the topic Mathematical Software and clicking on DVERK.
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Chapter 2

Steady-state optimization

2.1 Introduction

We consider the general problem of minimizing or maximizing the real-valued perfor-
mance index

I = f(x1, x2, ..., xn) (2.1)

subject to the set of equality constraints

φi(x1, x2, ..., xn) = 0, i = 1, 2, ...,m (2.2)

with m ≤ n, and a set of inequality constraints

gj(x1, x2, ..., xn) ≤ 0, j = 1, 2, ..., s, (2.3)

through the appropriate choice of x1, x2, ..., xn.
There are many excellent books written to deal with steady-state optimization

as described by Equations (2.1)-(2.3). For example, one may refer to the books
by Himmelblau [7] and Edgar and Himmelblau [4]. Here we wish to outline only
two optimization procedures: linear programming and the direct search optimization
procedure of Luus and Jaakola [29], referred to as the LJ optimization procedure.
Linear programming is important to give the reader an understanding of shadow
prices that provide useful sensitivity information. The shadow prices are related to
Lagrange multipliers, which in turn are similar to the adjoint variables encountered
in optimal control. The LJ optimization procedure provides the basis for iterative
dynamic programming where we use a systematic reduction in the size of the regions
allowed for control candidates.

2.2 Linear programming

One of the most useful and powerful means of solving multi-dimensional steady-state
optimization problems is linear programming . There are three requirements for its
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use. First, the performance index must be a linear function of the variables. Second,
the model, as expressed by the constraining equations, must be linear, and, third, the
variables must be positive semi-definite. Specifically, the problem for linear program-
ming can be posed as follows.

Problem:
Determine the values of the variables x1, x2, · · · , xn such that the performance

index
I = p1x1 + p2x2 + · · ·+ pnxn (2.4)

is maximized, subject to the constraints

Ax = b (2.5)

and
xi ≥ 0, i = 1, 2, · · · , n (2.6)

where b is an (m× 1) vector with bj ≥ 0, j = 1, 2, · · · ,m. Also, the (m× n) matrix
A has the special form

A =




1 0 0 · · · 0 0 a1,m+1 · · · a1j · · · a1n

0 1 0 · · · 0 0 a2,m+1 · · · a2j · · · a2n

. . . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . . .
0 0 0 · · · 1 0 am−1,m+1 · · · am−1,j · · · am−1,n

0 0 0 · · · 0 1 am,m+1 · · · amj · · · amn




(2.7)

where the first m columns of A consisting of elementary (m × 1) unit vectors make
up an (m×m) identity matrix.

Solution:
Picture A as being partitioned into n column vectors, so that Eq. (2.5) may be

written as

b = x1a1 + x2a2 + · · ·+ xmam + xm+1am+1 + · · ·+ xnan. (2.8)

Since b is a vector of m elements, only m of the vectors a1, a2, · · · , an can be lin-
early independent. Let us choose these to be the first m vectors, since these vectors
constitute the natural basis for the m-dimensional space. Then a feasible solution to
Eq. (2.8) is

xT = [b1 b2 · · · bm 0 0 · · · 0], (2.9)

and the corresponding value of the performance index as calculated from Eq. (2.4) is

I = p1b1 + p2b2 + · · ·+ pmbm + pm+10 + · · ·+ pn0. (2.10)
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The next step is to improve the performance index by changing the basis of the
m-dimensional vector space. We accomplish this by bringing into the basis one of the
aj where j > m, and removing one of the vectors from the basis. Since the basis {a1,
a2, · · · , am} consists of unit vectors, we can expand aj immediately in terms of its
elements as

aj = a1ja1 + a2ja2 + · · ·+ amjam. (2.11)

We can now write Eq. (2.8), by assigning the values of xi from Eq. (2.9), as

b =
m∑
i=1

biai + αaj − αaj, (2.12)

where we have given the flexibility of including aj through the positive constant α.
By using Eq. (2.11), Eq. (2.12) can be rearranged into the form

b =
m∑
i=1

(bi − αaij)ai + αaj. (2.13)

The new value of the performance index now becomes

Inew =
m∑
i=1

(bi − αaij)pi + αpj, (2.14)

which can be rearranged into

Inew =
m∑
i=1

bipi + α[pj −
m∑
i=1

aijpi]. (2.15)

Since the first term of Eq. (2.15) is simply the old value of the performance index
given by Eq. (2.10), we can rewrite this equation as

Inew = Iold + α(pj − zj) (2.16)

where

zj =
m∑
i=1

aijpi. (2.17)

To ensure that the performance index I is increased in value, the quantity (pj − zj)
should be positive. Therefore, to choose which vector aj, j = m + 1, · · · , n should
come into the basis, we choose the aj for which (pj − zj) is maximum. We would like
to choose α as large as possible, but constraint (2.6) must be satisfied. Thus, from
Eq. (2.13) with the new value xi = (bi − αaij), the largest value of α that can be
chosen is

α = min
k

[
bk
akj

] > 0, k = 1, 2, · · · ,m. (2.18)

If for all replacement j we find that (pj−zj) ≤ 0, then we have arrived at the solution
if it exists. The quantity (zj − pj) is called the shadow price of the variable j and
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indicates the amount by which pj needs to be increased so that the variable j would
be in the solution.

After the vector aj enters the basis, elementary row operations are carried out on
Eq. (2.5) so that the basis again consists of elementary unit vectors. The procedure
is repeated until the shadow prices of all the vectors outside the basis are positive or
zero.

The above procedure is easy to program and is computationally fast. Usually
the original problem, however, is formulated in terms of inequalities rather than in
the form of equality constraints. This introduces no difficulty, since inequalities can
be easily converted into equalities by the use of slack variables or surplus variables.
We can also introduce artificial variables to construct the A matrix to include extra
columns if required to make up the identity matrix. The method of introducing these
auxiliary variables is illustrated in the example.

For convenience, in keeping track of the variables in a particular problem, we re-
arrange the columns of A so that the last, rather than the first, m columns constitute
the identity matrix. Such rearrangement of columns makes no difference, since only
the subscripts have to be rearranged. In using linear programming, one does not usu-
ally input the matrix A, but provides sufficient information so that the matrix can
be generated by the computer. These ideas are illustrated by the following example.

2.2.1 Example − diet problem with 5 foods

Let us consider the problem of selecting, from five foods, a snack which gives the
maximum amount of satisfaction, and which also provides some nutritional value. Let
us suppose that while attempting to gain the maximum satisfaction, we are concerned
about cost, calories, protein, and iron. This information, along with constraints, is
given in Table 2.1.

Each food is rated on a satisfaction scale from 1 to 100, called utility, where, for
example beer is given a utility value of 100 and hot dog 20. These utility values
will change from one individual to another, and from day to day. By choosing these
values, we are saying that we prefer beer 5 times more than a hot dog, and we prefer
a hamburger slightly more than a hot dog on that particular day. The nutritional
values for the foods have been taken from the report of the Health and Welfare Canada
[6] and the costs are estimated. The goal is to maximize total utility, obtained by
summing the amount of utility obtained from each food, and to meet the constraints
imposed in Table 2.1. It is assumed that the satisfaction gained from each food is
proportional to the amount of the food consumed.

The total cost should not exceed $4, and we do not want to include more than
800 calories (food calories which are really kcal). However, we would like to gain at
least 25 g protein and 3.5 mg of iron. As indicated in the last column of Table 2.1,
there is also an upper limit placed upon the amount of each food.

If we denote by xi the amount of food i, then the performance index to maximize
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Table 2.1: Diet problem with 5 foods

Food Utility Cost Calories Protein Iron Maximum
dollars gm mg allowed

Beer, 12-oz bottle 100 1.25 150 1.0 0.0 2
Pizza, sector 50 0.90 185 7.0 0.7 3
Hamburger 25 0.99 245 21.0 2.7 2
Hot dog 20 1.10 270 8.6 1.3 1
Grapefruit 35 0.79 90 2.0 1.0 1

Constraints 4.00 800 25 3.50

is

I = 100x1 + 50x2 + 25x3 + 20x4 + 35x5 (2.19)

subject to the constraints

1.25x1 + 0.9x2 + 0.99x3 + 1.1x4 + 0.79x5 ≤ 4 (cost) (2.20)

150x1 + 185x2 + 245x3 + 270x4 + 90x5 ≤ 800 (calories) (2.21)

x1 + 7x2 + 21x3 + 8.6x4 + 2x5 ≥ 25 (protein) (2.22)

0.7x2 + 2.7x3 + 1.3x4 + x5 ≥ 3.5 (iron) (2.23)

with xi ≥ 0. We also have upper bounds on each of the foods. Therefore, there are
the additional inequality constraints as determined from the last column of Table 2.1:

x1 ≤ 2 (2.24)

x2 ≤ 3 (2.25)

x3 ≤ 2 (2.26)

x4 ≤ 1 (2.27)

x5 ≤ 1. (2.28)

To put this problem into standard form, we start with the inequalities (2.22) and
(2.23) and convert them into equalities by subtracting positive semi-definite surplus
variables x6 and x7 from the left hand sides to yield

x1 + 7x2 + 21x3 + 8.6x4 + 2x5 − x6 = 25 (2.29)

0.7x2 + 2.7x3 + 1.3x4 + x5 − x7 = 3.5. (2.30)
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To convert inequalities (2.24)-(2.28) and (2.20)-(2.21) into equalities we add positive
semi-definite slack variables x8 to x14 to give

x1 + x8 = 2 (2.31)

x2 + x9 = 3 (2.32)

x3 + x10 = 2 (2.33)

x4 + x11 = 1 (2.34)

x5 + x12 = 1 (2.35)

1.25x1 + 0.9x2 + 0.99x3 + 1.1x4 + 0.79x5 + x13 = 4 (2.36)

150x1 + 185x2 + 245x3 + 270x4 + 90x5 + x14 = 800. (2.37)

Now all the constraints have been converted into equalities. However, to start
the iterations in linear programming we need an identity matrix in the partitioned
part of A. Thus we introduce non-negative artificial variables x15 and x16 into Eq.
(2.29)-(2.30) to give

x1 + 7x2 + 21x3 + 8.6x4 + 2x5 − x6 + x15 = 25 (2.38)

0.7x2 + 2.7x3 + 1.3x4 + x5 − x7 + x16 = 3.5. (2.39)

These nine equations can now be written in the form

Ax = b (2.40)

where the (9× 16) matrix A is

A =




1 0 0 0 0 0 0 |
0 1 0 0 0 0 0 |
0 0 1 0 0 0 0 |
0 0 0 1 0 0 0 |
0 0 0 0 1 0 0 | I

1.25 0.9 0.99 1.1 0.79 0 0 |
150 185 245 270 90 0 0 |
1 7 21 8.6 2 −1 0 |
0 0.7 2.7 1.3 1 0 −1 |




(2.41)

where I is a (9× 9) identity matrix, and

bT = [2 3 2 1 1 4 800 25 3.5]. (2.42)

As mentioned earlier, in the formulation of the problem, the identity matrix usu-
ally appears as the last m columns of A, but this makes no difference in computer
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programming, since proper subscripts can easily be assigned. The performance in-
dex must now be changed to take into account the extra variables that have been
introduced. Obviously, there is no cost associated with surplus variables and slack
variables. However, the artificial variables x15 and x16 have been introduced only to
provide the necessary entries for A to contain the identity matrix. Since the artificial
variables must not appear in the final solution, then to achieve such a goal compu-
tationally, we assign to these artificial variables in the performance index arbitrarily
large negative cost factors (such as -1000). Therefore, the performance index to be
maximized is given by

I = 100x1 + 50x2 + 25x3 + 20x4 + 35x5 + 0x6 + 0x7 + 0x8 + 0x9 + 0x10

+0x11 + 0x12 + 0x13 + 0x14 − 1000x15 − 1000x16. (2.43)

Although there are now 16 variables, the computation time on a personal computer
is very short, yielding results almost instantaneously. It must be realized that the
programming effort is very small. The algorithm itself is easily programmed with
only 64 lines of FORTRAN code, as is shown in Appendix B. More effort is required
in programming the input and output subroutines to handle the input data than to
program the linear programming simplex algorithm. It is important to have the input
as simple as possible, and to have the output meaningfully presented, where the foods
are properly identified and numbered.

Figure 2.1: Input data file for the 5 food problem

The input data file is given in Figure 2.1. The first line is a general title. The
second line of input gives the number of foods, the number of slack variables required
in general inequality constraints, the number of surplus variables required, and the
number of slack variables required for simple upper bound constraints. The third line
provides the inequality constraints in the proper order. The rest of the numbers are
self-explanatory by reference to Table 2.1. It should be noted that the foods in the
input file are not numbered, so that the input data can be easily changed if additional
foods or different foods are to be considered.
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The output from the computer program is given in Figure 2.2. It is noted that
in the output, the foods are numbered so that the shadow prices can be properly
identified. In this example, the computations were so fast that the printed CPU time
of 0.02 s is not meaningful.

Figure 2.2: Output file for the 5 food problem

The output provides the solution and, more importantly, the shadow prices for
the foods that are not in the solution. We see that maximum utility is achieved by a
snack of 1.21 hamburgers, one third of a pizza sector and 2 beers. We may wonder
why the other two foods were not part of the snack and here is where the shadow
prices play the most useful role.

2.2.2 Interpretation of shadow prices

In Figure 2.2 we see that the shadow price for the hot dog is 34.203 and for the
grapefruit the shadow price is 2.896. The shadow price is the amount by which these
commodities are “underpriced” in value. This means that if the utility for each of
these foods is increased (individually) by slightly more than these values, then they
will be included in the solution. Let us illustrate this by changing the utility of
grapefruit from 35 to 38, and rerunning the problem. The output given in Figure 2.3
shows that now grapefruit is, indeed, included in the snack. Also it is noted that the
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performance index is marginally increased from 247.06 to 247.12. Also it is observed
that the pizza sector is no longer part of the snack, having the shadow price 0.158.

Figure 2.3: Output file for the 5 food problem showing the effect of increasing the utility
for grapefruit from 35 to 38

Suppose now we increase the utility for pizza from 50 to 51. The output in Figure
2.4 shows that, as expected, the pizza is back in the solution. We also note that
the grapefruit is out, having now a shadow price of 0.554. In linear programming,
the shadow prices provide very useful insight into the problem. Such information is
not available, however, for the variables that appear in the solution. When a more
realistic diet problem is considered, involving all the important nutritional values
required for daily intake and a larger number of foods is used, this same computer
program can be used. All that is required is to allow larger arrays by changing the
dimension statements. Even with 60 foods, and including all the important nutritional
requirements, such a diet problem can be solved in less than a second on a personal
computer.

However, for solving problems where nonlinearities are present, linear program-
ming can not be used directly. Linearization may be used to linearize the nonlinear-
ities, as was done by Sauer et al. [36] in solving the alkylation plant optimization
problem. A preferred method, however, is to use an optimization procedure that does
not require any changes to the original problem. One possibility is to use the direct
search optimization of Luus and Jaakola [29], which is presented in the next section.
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Figure 2.4: Output file for the 5 food problem showing the effect of increasing the utility
for pizza from 50 to 51

2.3 LJ optimization procedure

Let us now consider a totally different type of optimization procedure to solve steady-
state optimization problems as given by Eqs. (2.1) − (2.3). For now, suppose the
equality constraints in Eq. (2.2) are not present, or that they are simple in nature
so that they are removed by proper rearrangement of the equations. We will deal
with difficult equality constraints later. The direct search optimization procedure
suggested by Luus and Jaakola [29] may then be used. Conceptually, the optimization
procedure is very simple, involving only three steps:

1. Given some initial point x∗, choose a number of random points in the n-
dimensional space around this point through the equation

x = x∗ + Dr (2.44)

where D is a diagonal matrix, where randomly chosen diagonal elements lie in the
interval [−1,+1], and r is the region size vector.

2. Check the feasibility of each such randomly chosen point with respect to the
inequality constraint (2.3). For each feasible point evaluate the performance index I
in Eq. (2.1), and keep the best x-value.

3. An iteration is defined by Steps 1 and 2. At the end of each iteration, x∗ is
replaced by the best feasible x-value obtained in step 2, and the region size vector r

c© 2000 by Chapman & Hall/CRC



is reduced by γ through
rj+1 = γrj (2.45)

where γ is a region contraction factor such as 0.95, and j is the iteration index. This
procedure is continued for a number of iterations and the results are examined.

To increase the efficiency of this optimization procedure and to make it applicable
to high-dimensional optimization problems, it was found by Luus et al. [27] in solving
an 84-dimensional cancer chemotherapy optimization problem that the use of a multi-
pass procedure (in which a relatively small number of randomly chosen points is used
in each iteration) improved the computational efficiency. In the multi-pass method
the three-step procedure is repeated after a given number of iterations, usually with a
smaller initial region size than that in the previous pass. Recently, Luus [22] showed
that the strategy of choosing the region size at the beginning of a pass to be the range
over which the variables have changed during the previous pass is an effective way of
increasing the efficiency.

The procedure is easy to program and, with the availability of very fast personal
computers, computational inefficiency can be tolerated. One of the great advantages
of the method is that no auxiliary variables are required, so that the user is closer to
the problem at hand.

This optimization procedure enabled several difficult optimization problems to be
solved in the original paper [29], and provided a means to solve a wide variety of
problems in optimal control, such as time suboptimal control [10,11] and gave good
approximation to optimal control by providing a means of obtaining the elements for
the feedback gain matrix [12]. The possibility of using LJ optimization procedure
for general optimal control problems was demonstrated by Bojkov et al. [2]. LJ
optimization procedure was found very useful for stabilizing systems through shifting
of poles [30] and testing stabilizability of linear systems [14]. Research was done to
improve the likelihood of getting the global optimum for non-unimodal systems [38],
but even without any modification, the reliability of the LJ procedure was found
to be very good [39], even for the difficult bifunctional catalyst blend problem [26].
Therefore, the LJ optimization procedure could be used effectively for optimization of
complex systems such as heat exchanger networks [19], a transformer design problem
[37], design of structural columns in such a way that the amount of material would
be minimized [3], study of plant expansion possibilities [17], and problems dealing
with metallurgical processes [35]. The simplicity of the method was illustrated by the
computer program given in its entirety in reference [19].

When the variables are restricted to be integers, special procedures may be nec-
essary [16], since we cannot simply search on integer values to obtain the global
optimum. Thus the scope of problems where LJ optimization procedure has been
successfully applied is quite wide. In parameter estimation, Kalogerakis and Luus [8]
found that by LJ optimization reliable estimates could be obtained for parameters in
very few iterations, so that these estimates could then be used as starting values for
the quadratically convergent Gauss-Newton method, without having to worry about

c© 2000 by Chapman & Hall/CRC



nonconvergence. In model reduction the LJ method has been found useful to match
the reduced system’s Nyquist plot to that of the original system [18], or used directly
in time domain [40]. LJ optimization procedure has also been used successfully in
model reduction in sampled-data systems [41].

2.3.1 Determination of region size

One of the aspects of LJ optimization procedure that was not considered until very
recently is how to choose the region size vector r effectively at the beginning of the
iterations, especially when a multi-pass procedure was used. This problem was re-
cently addressed by Luus [22], by suggesting that the initial region size be determined
by the extent of the variation of the variable during the previous pass, and, using
this approach, rapid convergence resulted in parameter estimation problems [23,25].
With the use of reliable values for the region size at the beginning of each pass in
a multi-pass run, the computational efficiency is increased quite substantially. For
example, let us consider the nonseparable optimization problem introduced by Luus
and Tassone [32] where we have a system described by three difference equations:

x1(k + 1) =
x1(k)

1 + 0.01u1(k)(3 + u2(k))
(2.46)

x2(k + 1) =
x2(k) + u1(k)x1(k + 1)

1 + u1(k)(1 + u2(k))
(2.47)

x3(k + 1) =
x3(k)

1 + 0.01u2(k)(1 + u3(k))
(2.48)

with the initial condition
x(0) = [2 5 7]T . (2.49)

The control variables are constrained by

0 ≤ u1(k) ≤ 4 (2.50)

0 ≤ u2(k) ≤ 4 (2.51)

0 ≤ u3(k) ≤ 0.5. (2.52)

The performance index to be minimized is

I = x2
1(P ) + x2

2(P ) + x2
3(P ) + [(

P∑
k=1

x2
1(k − 1) + x2

2(k − 1) + 2u2
3(k − 1))

(
P∑
k=1

x2
3(k − 1) + 2u2

1(k − 1) + 2u2
2(k − 1))]

1
2 (2.53)

where P is the number of stages.
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When P is taken as 100, then we have a 300 variable optimization problem,
because at each stage there are three control variables to be determined. Without
the use of a reliable way of determining the region sizes over which to take the control
variables, the problem is very difficult, but with the method suggested in [22], the
problem was solved quite readily by the LJ optimization procedure by using 100
random points per iteration and 60 passes, each consisting of 201 iterations, to yield
I = 258.3393. The problem is difficult because of the lack of smoothness in the
optimal control policy. There is a sudden change in controls u1 and u2 at stage 69,
as is shown in Figure 2.5.

Figure 2.5: Optimal control policy, yielding I = 258.339218 obtained with IDP

Although the computational requirements appear enormous, the actual compu-
tation time was less than 20 min on a Pentium/120 personal computer [22], which
corresponds to less than 6 min on the PentiumII/350. This value of the performance
index is very close to the value I = 258.33922 obtained by use of iterative dynamic
programming [21]. To solve this problem, IDP is much more efficient in spite of the
nonseparability of the problem, because in IDP the problem is solved as a 3 variable
problem over 100 stages, rather than a 300 variable optimization problem. We will
discuss IDP and nonseparable problems in Chapter 13.
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Here, the control policies obtained by IDP and LJ optimization procedure are
almost identical, where a sudden change at stage 69 occurs in the control variables
u1 and u2. Therefore, LJ optimization procedure is ideally suited for checking results
obtained by other methods, especially when the optimal control policy differs from
what is expected, as is the case with this particular example. There are some prob-
lems, for example, model reduction, where LJ optimization method is well suited [24].
To illustrate the procedure, we consider several examples.

2.3.2 Simple example − 5 food diet problem

Let us first consider the food problem as specified in Table 2.1 which we solved by
linear programming earlier. To solve this with the LJ optimization procedure is
straightforward, since the number of variables is small and no auxiliary variables are
required.

By denoting the amount of each food by xi, let us choose as starting conditions
xi = 0.5, i = 1, · · · , 5, and the initial region size for each variable 2.0. Although the
initial starting point is infeasible, that does not matter, because the initial starting
point simply sets the centre point around which the randomly chosen points will be
chosen. Let us choose the reduction factor for reducing the region sizes after every
iteration γ = 0.95, 101 iterations per pass, and a maximum of 20 passes. Let us use
the number of randomly chosen points per iteration as a parameter and use the 50,
100, 150, 200, and 300 for this parameter. After every pass we put the region sizes
equal to the extent of the variation of that particular variable. If the variation is less
than 10−6, then the region size is put equal to 10−6. This scheme of determining the
initial region sizes for variables has been found effective in solving several optimization
problems [22, 23, 25]. The listing of the computer program for this problem is given
in Appendix C.

The results of the computations are given in Table 2.2. When more than 50 ran-
domly chosen points were chosen, there was no problem in getting convergence to the
maximum utility of I = 247.06390 with x1 = 2.0000, x2 = 0.3368, x3 = 1.2090, x4 =
0.0000 and x5 = 0.0000. These values correspond very closely to the values obtained
by linear programming and reported in Figure 2.2. It is interesting to note that with
R = 200 randomly chosen points, convergence results already after 4 passes. The
computation time for 20 passes with R = 200 was 5.83 s on a Pentium/120 digital
computer, which is considerably greater than required by linear programming, but is
still quite small.

2.3.3 Model reduction example

An important problem encountered in process control is how to reduce the complexity
of a transfer function without losing essential information. Transfer functions of very
high order are difficult to use, and if a transfer function of lower order gives essentially
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Table 2.2: Convergence of the LJ optimization procedure showing the effect of the number
of randomly chosen points per iteration R on the performance index as a function of the
pass number

Pass Number R = 50 R = 100 R = 150 R = 200 R = 300
1 246.91464 245.72210 246.97915 246.93550 247.03129
2 247.02599 245.83314 246.99476 247.01367 247.05779
3 247.06385 245.88798 247.06383 247.06376 247.06389
4 247.06385 245.93883 247.06388 247.06390 247.06390
5 247.06389 246.00646 247.06388 247.06390 247.06390
10 247.06389 246.61040 247.06389 247.06390 247.06390
20 247.06389 247.06390 247.06390 247.06390 247.06390

the same behavior, then it is natural to use the lower order transfer function. Many
methods suggested for model reduction give unsatisfactory results [24]. The method
of reducing the order of the transfer function as suggested by Luus [18] is to minimize
the deviations between the reduced model and the original model in the Nyquist plot.

Let us consider the eighth-order system of Krishnamurthy and Seshadri [9]

F (s) =
194480 + 482964s + 511812s2 + 278376s3 + 82402s4 + 13285s5 + 1086s6 + 35s7

9600 + 28880s + 37492s2 + 27470s3 + 11870s4 + 3017s5 + 437s6 + 33s7 + s8

(2.54)
where we wish to get a reduced model of lower order. The zeroes (roots of the numer-
ator) of the transfer function are −1.0346 ± 0.63102j, −2.6369, −3.6345, −4.9021,
−7.8014, and −9.7845. The poles (roots of the denominator) of the transfer function
are −1,−1± j,−3, −4,−5, −8, and −10.

Let us first choose the third order reduced model in the form

G(s) =
20.2583(1 + x1s + x2s

2)

(1 + x3s)(1 + x4s + x5s2)
(2.55)

where we have chosen the constant in the numerator to preserve the steady-state gain.
As was suggested in [18], we choose 100 values for the frequency by taking ω1 =

0.01 and ωi+1 = 1.1ωi to cover the frequency range from 0.01 to 125 and choose the
parameters xi, i = 1, 2, · · · , 5 by minimizing the sum of squares of deviations expressed
as

I =
100∑
i=1

[Re(F (jωi))−Re(G(jωi))]
2 + [Im(F (jωi))− Im(G(jωi))]

2. (2.56)

The initial values for the five parameters are chosen from the dominant zeroes and
poles of the original system to be x1 = 1.4090, x2 = 0.680928, x3 = 1.0, x4 = 1.0,
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and x5 = 0.5. For the region sizes, we choose for the beginning of the first pass 0.1
times the initial values of the parameters; for the second pass we choose 0.95 times
this initial values for the parameters. For all subsequent passes the initial region
sizes were calculated from the extent of the variation of each particular variable. The
region sizes were reduced by γ = 0.95 after every iteration.

There is a trade-off between the number of random points R used per iteration
and the number of passes, each consisting of 50 iterations, required for convergence
to the minimum value of the sum of squares of deviations in the Nyquist plot, Imin =
0.32782509. This is shown in Table 2.3. The computation time is given for the total
number of passes used for the run.

Table 2.3: Effect of the number of randomly chosen points per iteration for convergence to
Imin = 0.3278251

Random Points Number of Passes Number of Function CPU Time s|Passes
per Iteration R for Convergence Evaluations
25 543 13575 176| 600
50 424 21200 299| 500
100 169 16900 348| 300
200 75 15000 231| 100
250 39 9750 434| 150
500 32 16000 577| 100
1000 18 18000 462| 40
2000 11 22000 471| 20
5000 9 45000 635| 10

The convergence profile tends to be quite smooth, as is shown in Figure 2.6.
Although faster convergence in terms of number of passes is obtained when R is
increased, the computational effort increases substantially when R exceeds 2000.

When we measure the computational effort in terms of the number of times the
performance index has been calculated (number of function evaluations), we see that
in the range between R = 100 to R = 1000 we need approximately 20000 function
evaluations, requiring about 4 min of computation time. It is also clear that it is
not advisable here to take R to be greater than 2000. In fact, it is actually most
economical to take R = 25 and allow a large number of passes.

The resulting third order reduced model is

G(s) =
20.2583(1 + 0.84076s + 0.55067s2)

(1 + 0.61769s)(1 + 0.73908s + 0.53529s2)
. (2.57)

Let us now consider a fourth order reduced model with the following structure

G(s) =
20.2583(1 + x1s)(1 + x2s + x3s

2)

(1 + x4s + x5s2)(1 + x6s + x7s2)
(2.58)
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Figure 2.6: Convergence profile for the third order reduced model using N = 50 iterations
per pass

where again we want to preserve the steady-state gain. There are now 7 parameters
to be determined. The initial values are again chosen from the dominant zeroes and
poles of the original transfer function: x1 = 0.37923, x2 = 1.40900, x3 = 0.68093,
x4 = 1.33333, x5 = 0.33333, x6 = 1.0, and x7 = 0.5. From the experience gained
by the third order model reduction, we take a small number of random points per
iteration ( R = 25), but a large number of passes. The convergence rate is very much
dependent on the tolerance ε used as the minimum value for the initial region size to
be used to prevent collapse of the particular region. As can be seen in Figures 2.7
and 2.8, the trend is similar whether 60 iterations are used per pass, or 40 iterations
are used per pass.

This leads us to use the scheme where the tolerance parameter ε = 10−5 is used
for the first 2000 passes; it is then decreased to ε = 10−6 for the next 1000 passes,
and decreased again for the last 1000 passes, as is shown in Figure 2.9. As is seen,
convergence is obtained within 4000 passes with this adaptive choice of the tolerance
parameter. The computation time on a Pentium/120 with R = 25 and N = 50
iterations per pass was 2077s, and very accurate results are obtained. The use of R =
200, with the use of adaptive method of specifying the tolerance parameter, yielded
convergence to Imin = 0.00073136556 in 2929 passes. Computationally, however,
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Figure 2.7: Convergence profile using N = 60 iterations per pass, and using the tolerance
ε as a parameter

rather than trying to get the optimum in a small number of passes, it is better to
take a relatively small number of random points R and allow a greater number of
passes.

The optimum reduced fourth order model is

G(s) =
20.2583(1 + 0.20781s)(1 + 1.39761s + 0.72546s2)

(1 + 1.09872s + 0.16412s2)(1 + 1.03128s + 0.53312s2)
. (2.59)

The zeroes of this reduced model are −4.811,−0.963 ± 0.671j, and the poles are
−5.607,−1.086,−0.967 ± 0.970j. It is noted that the three dominant poles of this
reduced system are quite close to the three dominant poles of the original system,
i.e., −1, −1± j, but the fourth pole is closest to the sixth pole of the original system.
Similar observation is made with respect to the two zeroes closest to the imaginary
axis. The computer program for this problem is listed in Appendix C.

As was shown by Luus et al. [33], instead of carrying out the model reduction in
frequency domain, we get equally good results when the optimization is done in the
time domain. Suppose we use as input a unit step function. Then the output f(t) of
the system described by F (s) is

f(t) =
n∑
i=1

fie
αit (2.60)
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Figure 2.8: Convergence profile using N = 40 iterations per pass, and using ε as a parameter

where αi is the ith pole of the transfer function F (s), and

fi = lim
s→αi

(s− αi)F (s). (2.61)

The output g(t) of the reduced model is

g(t) =
q∑
i=1

gie
βit (2.62)

where βi is the ith pole of the transfer function G(s), and

gi = lim
s→βi

(s− βi)G(s). (2.63)

The performance index to be minimized is

I =
∫ T

0
(f(t)− g(t))2dt, (2.64)

where T is sufficiently large.
By taking T = 10, we obtained the reduced model

G(s) =
20.2583(1 + 0.22972s)(1 + 1.42268s + 0.71952s2)

(1 + 1.15241s + 0.18572s2)(1 + 1.02491s + 0.51747s2)
. (2.65)
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Figure 2.9: Convergence profile with R = 25 to I = 0.00073136556, showing the effect of
the number of iterations per pass. For the first 2000 passes ε = 10−5, for next 1000 passes
ε = 10−6, and for the last 1000 passes ε = 10−7.

The zeroes of this reduced model are −4.3531, and −0.9886±0.6422j, while the poles
are −5.1620,−1.0431, and −0.9990± 0.9756j.

The step responses from these two reduced models are almost indistinguishable
from the step response of the original system.

2.3.4 Parameter estimation

As a practical means of parameter estimation, we consider two parameter estimation
problems from Belohlav et al. [1].

Example 1

Let us first consider toluene hydrogenation, where the catalytic reaction

A
→← B → C

takes place. The changes in concentration are described by three differential equations

dx1

dt
= −r1 + r−1 (2.66)
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dx2

dt
= −r−1 + r1 − r2 (2.67)

dx3

dt
= r2 (2.68)

where r1 = k1θA, r−1 = k2θB, and r2 = k3θB, and the surface coverages are given
by

θA =
k4x1

k4x1 + x2 + k5x3

, θB =
x2

k4x1 + x2 + k5x3

. (2.69)

The concentration of toluene (A) is given by x1, of 1-methylcyclohexene (B) by x2

and of methylcyclohexane (C) by x3. Starting with pure toluene, the experimental
measurements of the concentrations reported by Belohlav et al. [1] are given as the
13 data points in Table 2.4.

Table 2.4: Experimental data of Example 1 of Belohlav et al.[1]

Time, Measured concentrations
min x̂1 x̂2 x̂3

15 0.695 0.312 0.001
30 0.492 0.430 0.080
45 0.276 0.575 0.151
60 0.225 0.570 0.195
75 0.163 0.575 0.224
90 0.134 0.533 0.330
120 0.064 0.462 0.471
180 0.056 0.362 0.580
240 0.041 0.211 0.747
320 0.031 0.146 0.822
360 0.022 0.080 0.898
380 0.021 0.070 0.909
400 0.019 0.073 0.908

The problem is to obtain the best estimate for the k in the sense of minimizing
the sum of squares of deviations of the model values of the concentrations and the
measured values of the concentrations at the 13 points where the data have been
collected. Therefore the performance index to be minimized is

I =
13∑
i=1

[x(ti)− x̂(ti)]
T [x(ti)− x̂(ti)]. (2.70)

By taking as an initial value for the parameter vector k = [0.25 0.25 0.25
0.25 0.25 ]T , giving I = 6.90489, and initial region size for the first pass for each
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variable to be 0.125, convergence to the minimum performance index I = 0.01590003
was readily obtained, giving k = [0.02511 0.00326 0.00873 1.27258 1.24230]T .
These parameter values differ quite substantially from those given by Belohlav et
al. [1], namely, k = [0.023 0.005 0.011 1.9 1.8]T , giving I = 0.01789155, but the
differences in the responses are difficult to detect visually. The computational details
are given by Luus [25].

Example 2

Now let us consider a more demanding problem,where we have four chemical species.
The experimental data, as obtained by Belohlav et al. [1], for methyl ester hydro-
genation

A
r1→ B

r2→ C
r3→ D,

where x1 denotes the concentration of linolinic acid (A), x2 denotes the concentration
of linoleic acid (B), x3 denotes the concentration of oleic acid (C), and x4 denotes the
concentration of stearic acid (D), are given in Table 2.5. The rate of change of the

Table 2.5: Experimental data of Example 2 of Belohlav et al.[1]

Time, Measured concentrations
min x̂1 x̂2 x̂3 x̂4

0 0.1012 0.2210 0.6570 0.0208
10 0.0150 0.1064 0.6941 0.1977
14 0.0044 0.0488 0.6386 0.3058
19 0.0028 0.0242 0.5361 0.4444
24 0.0029 0.0015 0.3956 0.6055
34 0.0017 0.0005 0.2188 0.7808
69 0.0003 0.0004 0.0299 0.9680
124 0.0001 0.0002 0.0001 0.9982

concentrations of the esters is given by

dx1

dt
= −r1 (2.71)

dx2

dt
= r1 − r2 (2.72)

dx3

dt
= r2 − r3 (2.73)

dx4

dt
= r3 (2.74)
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where
r1 = k1θA, r2 = k2θB, r3 = k3θC .

Belohlav et al.[1] gave the following expressions for the surface coverage:

θA =
x1

x1 + k4x2 + k5x3 + k6x4

, (2.75)

θB =
k4x2

x1 + k4x2 + k5x3 + k6x4

, (2.76)

θC =
k5x3

x1 + k4x2 + k5x3 + k6x4

. (2.77)

The parameter estimation problem is to determine the values of the six parameters
ki, i = 1, 2, · · · , 6 from the measurements of the concentrations of the four chemical
species given in Table 2.5. Although Belohlav et al. [1] used a different criterion for
optimization, we choose the sum of squares of deviations

I =
7∑
k=1

4∑
i=1

[xi(tk)− x̂i(tk)]
2. (2.78)

The first data point is used as the initial condition for the integration of the equations;
so, there are only 7 data points to consider for the parameter estimation.

For parameter estimation we used γ = 0.95 and allowed 101 iterations per pass
and used widely different initial values for the parameters. For region sizes for the
parameter search, for the beginning of the first pass we chose rin = 0.5k(0), for the
second pass we chose rin = 0.25k(1), and for subsequent passes, we chose the initial
region size according to the extent of the variation of the variables during the most
recent pass, namely

rq+1
in,i = |kq−1

i − kqi |, i = 1, 2, · · · , 6, (2.79)

where q denotes the pass number, as suggested by Luus [22].
To avoid region collapse, if a particular region becomes zero, because there was

no change in the parameter during the pass, then we assigned arbitrarily a value 10−6

to the region size at the beginning of the subsequent pass.
When we applied the LJ optimization procedure, we found that convergence to

widely different sets of parameter values resulted, as is shown in Table 2.6. It is clear
that the relationship among the parameters k1, k4, k5, and k6 is retained, and if these
are increased proportionately, the performance index is improved to the minimum
value of I = 4.5777 × 10−4. This value of the performance index is almost 10 times
lower than 4.3433 × 10−3 resulting from the parameter values reported by Belohlav
et al. [1]. It is clear, therefore, that x1 should not appear in the denominator of the
surface coverage terms. Based on the given experimental data, therefore, the surface
coverage terms can be simplified to

θA =
x1

k4x2 + k5x3 + x4

(2.80)
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θB =
k4x2

k4x2 + k5x3 + x4

(2.81)

θC =
k5x3

k4x2 + k5x3 + x4

, (2.82)

where we have arbitrarily set k6 to 1. Therefore, for this problem there are only 5
parameters to be determined.

By using this 5-parameter model, convergence to a unique set of parameters was
obtained from widely different starting points. Figure 2.10 shows the convergence
profile to I = 4.5777× 10−4 from the starting values k

(0)
i = 0.05, i = 1, 2, · · · , 5. This

minimum value for the performance index was obtained in only 6 passes with the use
of R = 100 randomly chosen points per iteration and in 11 passes with the use of
R = 200. It is observed that the use of a larger number of randomly chosen points
does not necessarily increase the convergence rate. In Figure 2.11, however, from
the starting point k

(0)
i = 1.0, i = 1, 2, · · · , 5, the convergence rate with R = 200 is

faster than with R = 100, where in the former case 15 passes are required to get
convergence to I = 4.5777×10−4. In each case the resulting values of the parameters
are: k1 = 0.42786, k2 = 0.026877, k3 = 0.094579, k4 = 10.0760, and k5 = 0.57546.

The close agreement of the model with the experimental data is shown in Fig-
ure 2.12, where the solid lines are obtained from integrating the equations with the
optimally determined five parameters and the symbols indicate the data in Table 2.5.

Since it is puzzling why x1 should not appear in the denominator of the surface
coverage terms, it may be postulated that the presence of A does not hinder the
catalytic activity of the other species and is not affected by the catalyst at all. Thus
the structure of the model can be simplified by eliminating the θA entirely, and writing
r1 = k1x1. With this change, only a marginally higher performance index is obtained,
namely I = 4.7506 × 10−4 with k1 = 0.21093, k2 = 0.027179, k3 = 0.089990, k4 =
9.9521, and k5 = 0.61614. With these values of the parameters with this different
model structure, the relationship between the model predictions and the data is shown
in Figure 2.13. As can be seen, there is a very close correspondence between this model
prediction and the data as well.

2.3.5 Handling equality constraints

In many of the problems if equality constraints are present, they are simple and can be
eliminated by proper substitution. For example in the optimization of the alkylation
plant, there are 7 equality constraints. However, these 7 equality constraints were
rearranged to reduce the dimensionality of the optimization problem from 10 to 3.
This then became a very simple optimization problem for which the solution could
be obtained in a fraction of a second. The question arises about what to do in
cases where we have difficult equality constraints. Suppose that in addition to the
inequality constraints in Eq. (2.3), we also have m equality constraints

hi(x1, x2, ..., xn) = 0, i = 1, 2, ...,m (2.83)
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Figure 2.10: Convergence profile from initial values ki = 0.05, i = 1, 2, · · · , 5 to I =
4.5777× 10−4 for Example 2

where these equality constraints are “difficult” in the sense that they can not be used
to solve for some particular variable.

Although a two-pass method to deal with equality constraints [13] was effective
to solve optimization problems involving recycle streams [15], the general approach
for handling equality constraints with the LJ optimization procedure was not solved
satisfactorily, until quite recently when Hartig et al. [5] showed that penalty functions
can be used very effectively in direct search optimization. The work was extended
by Luus and Wyrwicz [34] , who investigated the use of different types of penalty
functions for steady state optimization problems. This work was extended further by
Luus [20], who showed that shifting terms inside a penalty function can lead to very
accurate values of the optimum. Now it appears that the use of a quadratic penalty
function incorporating a shifting term is the best way of dealing with difficult equality
constraints [20]. We consider the augmented performance index

J = I + θ
m∑
i=1

(hi − si)
2 (2.84)

where a shifting term si is introduced for each equality constraint. To solve this
optimization problem, the LJ optimization procedure is used in a multi-pass fashion,
where, at the beginning of each pass consisting of a number of iterations, the region
sizes are restored to a fraction of the sizes used at the beginning of the previous pass.
The shifting terms si are updated after every pass simply by adjusting the values at
the beginning of pass (q + 1) based on the deviation of the left hand side in Eq. (2.83)
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Figure 2.11: Convergence profile from initial values ki = 1.0, i = 1, 2, · · · , 5 to I = 4.5777×
10−4 for Example 2

from zero, i.e.,

sq+1
i = sqi − hi, i = 1, 2, ...,m (2.85)

where q is the pass number. Upon optimization the product −2θsi gives the Lagrange
multiplier associated with the ith equality constraint, yielding useful sensitivity infor-
mation. We will use this approach in Chapter 10 in dealing with equality constraints
in using iterative dynamic programming (IDP) to solve an optimal control problem
where the final state is specified [31]. Let us illustrate this procedure with a simple
example.

Example: Geometric problem

Let us consider the geometric problem used by Luus [13] to show how to handle
equality constraints in the LJ optimization procedure and then again [20] to show
the use of shifting terms in optimization. The problem is to find the maximum
distance from the origin to the intersection of an ellipsoid with a hyperboloid. For
mathematical convenience we consider the square of the distance. Therefore it is
required to maximize

I = x2
1 + x2

2 + x2
3 (2.86)

subject to the two equality constraints

h1 = 4(x1 − 0.5)2 + 2(x2 − 0.2)2 + x2
3 + 0.1x1x2 + 0.2x2x3 − 16 = 0 (2.87)
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Figure 2.12: Comparison of model prediction (solid lines) to the experimental data (sym-
bols) with I = 4.5777× 10−4

and
h2 = 2x2

1 + x2
2 − 2x2

3 − 2 = 0. (2.88)

We construct the augmented performance index

J = I − θ[(h1 − s1)
2 + (h2 − s2)

2], (2.89)

where θ is a positive penalty function factor and the shifting terms are initially put
to zero and then, after ever pass q, are updated by

sq+1
i = sqi − hi, i = 1, 2. (2.90)

To observe the convergence of the iterative scheme, we look at the performance
index I and the norm of the constraint violation defined by

S = |h1|+ |h2|. (2.91)

To solve this problem with the LJ optimization procedure, we took the initial
value for each xi to be zero, and the region size for each variable to be 10. We used
the region contraction factor of γ = 0.95, and allowed 5 iterations per pass. For the
first five passes the region size was restored to 0.80 of its value at the beginning of the
previous pass (η = 0.80), and for the rest of the passes the region size was determined
by the extent of the variation of the variables, with 10−6 being the minimum value.
We chose R = 25 random points per iteration. The listing of the computer program
is given in Appendix C.

c© 2000 by Chapman & Hall/CRC



Figure 2.13: Comparison of model prediction (solid lines) to the experimental data (sym-
bols) with I = 4.7506× 10−4

The use of three different values for θ gives widely different convergence profiles, as
is seen in Figure 2.14, so the convergence profile is dependent on θ, but the end result
after 100 passes was the same. The value of the performance index in each case was
I = 11.67664 and the norm of the constraint violation was less than 10−6. As is shown
in Table 2.7 the converged values of the shifting terms times the penalty function
factor yield the same result for each case. In fact, 2θsi gives the Lagrange multiplier
for the constraint i. Thus we conclude that the Lagrange multiplier associated with
the first constraint is −0.67341 and with the second constraint, 0.21106. These values
are exactly the same as the Lagrange multipliers x4 and x5 reported in Table 1.1. As
was shown by Luus [20], by choosing different starting points or different parameters
in the optimization procedure, it is possible to get the other three local maxima with
their associated Lagrange multipliers.

Due to its simple nature, the LJ optimization procedure can be programmed very
easily. Computational experience with numerous optimization problems has shown
that the method has high reliability of obtaining the global optimum; so, the LJ
optimization procedure provides a very good means of obtaining the optimum for
very complex problems, and can be used successfully for determining the optimal
control policy for fed-batch reactors [28].
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Table 2.6: Results of parameter estimation with the use of 6 parameters for Example 2,
showing nonuniqueness of the optimal parameter values

Performance Optimal values of the parameters
index, I k1 k2 k3 k4 k5 k6

4.5902× 10−4 2.42939 0.027024 0.094121 56.9225 3.28448 5.67431
4.5883× 10−4 5.43020 0.026942 0.094379 127.614 7.32090 12.6985
4.5782× 10−4 56.503 0.026883 0.094562 1330.377 76.0110 132.0595
4.5777× 10−4 5662.85 0.026877 0.094578 133360 7616.5 13235
4.5777× 10−4 5662800 0.026877 0.094580 133360000 7616500 13235000

Table 2.7: Results after 100 passes with different values of θ for the geometric problem

Penalty Performance Shifting terms Variables
factor, θ index, I s1 s2 x1 x2 x3

0.005 11.67664 -67.34144 21.10645 0.98842 2.67366 -1.88446
0.050 11.67664 -6.73414 2.110645 0.98842 2.67366 -1.88446
0.500 11.67664 -0.673415 0.211065 0.98842 2.67366 -1.88446

Figure 2.14: Convergence profile of the constraint violation norm with different values of
the penalty function factor θ

c© 2000 by Chapman & Hall/CRC



2.4 References

[1] Belohlav, Z., Zamostny, P., Kluson, P., and Volf, J.: “Application
of random-search algorithm for regression analysis of catalytic hydrogenations”, Can.
J. Chem. Eng. 75 (1997), 735-742.

[2] Bojkov, B., Hansel, R., and Luus, R.: “Application of direct search
optimization to optimal control problems”, Hung. J. Ind. Chem. 21 (1993), 177-185.

[3] Dinkoff, B., Levine, M., and Luus, R.: “Optimum linear tapering in the
design of columns”, Trans. ASME 46 (1979), 956-958.

[4] Edgar, T. and Himmelblau, D.M.: Optimization of chemical processes,
McGraw-Hill, New York, 1988.

[5] Hartig, F., Keil, F.J., and Luus, R: “Comparison of optimization meth-
ods for a fed-batch reactor”, Hung. J. Ind. Chem. 23 (1995), 141-148.

[6] Health and Welfare Canada: Nutrient Value of Some Common Foods,
Supply and Services Canada, Cat. No. H58-28/1979E, 1979.

[7] Himmelblau, D.M.: Applied Nonlinear Programming, McGraw-Hill, New
York, 1972.

[8] Kalogerakis, N. and Luus, R.: “Increasing the size of region of con-
vergence for parameter estimation”, Proc. 1982 American Control Conf. (1982),
358-362.

[9] Krishnamurthy, V. and Seshadri, V.: “Model reduction using the Routh
stability criterion”, IEEE Trans. Automat. Control 23 (1978), 729-731.

[10] Luus, R.: “Time-optimal control of linear systems”, Can. J. Chem. Eng.
52 (1974), 98-102.

[11] Luus, R.: “A practical approach to time-optimal control of nonlinear sys-
tems”, Ind. Eng. Chem. Proc. Des. Develop. 13 (1974), 405-408.

[12] Luus, R.: “Optimal control by direct search on feedback gain matrix”, Chem.
Eng. Sci. 29 (1974), 1013-1017.

[13] Luus, R.: “Two-pass method for handling difficult equality constraints in
optimization”, AIChE J. 20 (1974), 608-610.

[14] Luus, R.: “Solution of output feedback stabilization and related problems
by stochastic optimization”, IEEE Trans. Auto. Contr. 20 (1975), 820-821.

[15] Luus, R.: “Optimization of multistage recycle systems by direct search”,
Can. J. Chem. Eng. 53 (1975), 217-220.

[16] Luus, R.: “Optimization of system reliability by a new nonlinear integer
programming procedure”, IEEE Trans. on Reliab. 24 (1975), 14-16.

[17] Luus, R.: “A discussion on optimization of an alkylation process”, Int. J.
Num. Methods in Eng. 10 (1976), 1187-1190.

[18] Luus, R.: “Optimization in model reduction”, Int. J. Contr. 32 (1980),
741-747.

[19] Luus, R.: “Optimization of heat exchanger networks”, Ind. Eng. Chem.
Res. 32 (1993), 2633-2635.

c© 2000 by Chapman & Hall/CRC



[20] Luus, R.: “Handling difficult equality constraints in direct search optimiza-
tion”, Hung. J. Ind. Chem. 24 (1996), 285-290.

[21] Luus, R.: “Application of iterative dynamic programming to optimal control
of nonseparable problems”, Hung. J. Ind. Chem. 25 (1996), 293-297.

[22] Luus, R.: “Determination of the region sizes for LJ optimization procedure”,
Hung. J. Ind. Chem. 26 (1998), 281-286.

[23] Luus, R.: “Parameter estimation of Lotka-Volterra problem by direct search
optimization”, Hung. J. Ind. Chem. 26 (1998), 287-292.

[24] Luus, R.: “Optimal reduction of linear systems”, J. of Franklin Inst. 336
(1999), 523-532.

[25] Luus, R.: “Application of direct search optimization for parameter esti-
mation”, in Scientific Computing in Chemical Engineering II, Keil, Mackens, Voss,
Werther (Eds.); Springer, New York, 1999, 346-353.

[26] Luus, R., Dittrich, J., and Keil, F.J.: “Multiplicity of solutions in the
optimization of a bifunctional catalyst blend in a tubular reactor”, Can. J. Chem.
Eng. 70 (1992), 780-785.

[27] Luus, R., Hartig, F., and Keil, F.J.: “Optimal drug scheduling of cancer
chemotherapy by direct search optimization”, Hung. J. Ind. Chem. 23 (1995), 55-58.

[28] Luus, R. and Hennessy, D.: “Optimization of fed-batch reactors by the
Luus-Jaakola optimization procedure”, Ind. Eng. Chem. Res. 38 (1999), 1948-1955.

[29] Luus, R. and Jaakola, T.H.I.: “Optimization by direct search and sys-
tematic reduction in the size of search region”, AIChE J. 19 (1973), 760-766.

[30] Luus, R. and Mutharasan, R. : “Stabilization of linear system behavior
by pole shifting”, Int. J. Control 20 (1974), 395-405.

[31] Luus, R. and Storey, C. : “Optimal control of final state constrained sys-
tems”, Proc. IASTED Intl. Conf. Modelling, Simulation and Optimization, Singa-
pore, August 11-13, 1997, pp. 245-249. [32] Luus, R. and Tassone, V.: “Optimal
control of nonseparable problems by iterative dynamic programming”, Proc. 42nd
Canadian Chemical Engineering Conference, Toronto, Canada, October 18-21, 1992,
pp. 81-82.

[33] Luus, R., Wong, C.W., and Kostelnik, D.: “Importance of structure
of the reduced model in model reduction”, Proc. IASTED Intl. Conf. Intelligent
Systems and Control, Santa Barbara, CA, October 28-30, 1999, pp. 322-326.

[34] Luus, R. and Wyrwicz, R.: “Use of penalty functions in direct search
optimization”, Hung. J. Ind. Chem. 24 (1996), 273-278.

[35] Papangelakis, V. G. and Luus, R.: “Reactor optimization in the pressure
oxidation process”, Proc. Intl. Symp. Modelling, Simulation and Control of Metall.
Processes (1993), 159-171.

[36] Sauer, R.N., Colville, A.R., and Burwick, C.W.: “Computer points
in the way to more profits”, Hydrocarbon Processing Petrol. Refiner 43 (1964), 84-90.

[37] Spaans, R. and Luus, R.: “Importance of search-domain reduction in
random optimization”, JOTA 75 (1992), 635-638.

c© 2000 by Chapman & Hall/CRC



[38] Wang, B.C. and Luus, R.: “Optimization of non-unimodal systems”, Int.
J. Num. Methods in Eng. 11 (1977), 1235-1250.

[39] Wang, B.C. and Luus, R.: “Reliability of optimization procedures for
obtaining global optimum”, AIChE J. 19 (1978), 619-626.

[40] Yang, S.M. and Luus, R.: “Optimization in linear system reduction”,
Electronics Letters 19 (1983), 635-637.

[41] Yang, S.M. and Luus, R.: “A note on model reduction of digital control
systems”, Int. J. Contr. 37 (1983), 437-439.

c© 2000 by Chapman & Hall/CRC



Chapter 3

Dynamic programming

3.1 Introduction

A very powerful method for optimization of a system that can be separated into
stages is dynamic programming developed by Bellman [2]. The main concept of this
technique lies in the principle of optimality which can be stated as follows:

An optimal policy has the property that whatever the initial state and the initial
decision are, the remaining decisions must constitute an optimal policy with regard to
the state resulting from the first decision.

Many engineering systems are in the form of individual stages, or can be broken
into stages, so the idea of breaking up a complex problem into simpler subproblems, so
that optimization could be carried out systematically by optimizing the subproblems,
was received enthusiastically. Numerous applications of the principle of optimality
in dynamic programming were given by Bellman and Dreyfus [3], and there was a
great deal of interest in applying dynamic programming to optimal control problems.
In the 1960’s many books and numerous papers were written to explore the use
of dynamic programming as a means of optimization for optimal control problems.
A very readable book was written by Aris [1]. Since an optimal control problem,
involving optimization over a trajectory, can be broken into a sequence of time stages,
it appeared that dynamic programming would be ideally suited for such problems.

To understand the principle of optimality and to see the beauty of dynamic pro-
gramming we wish to present a few examples.

3.2 Examples

In order to understand and appreciate dynamic programming, we present several
examples.
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3.2.1 A simple optimal path problem

Let us consider a situation depicted in Figure 3.1, where there are different paths that
could be taken in going from A to B. The costs for sections of the paths are shown
by the numbers. Suppose we wish to find the path, always moving to the right, such
that the total cost in going from A to B is minimized. For ease of discussion, the
nodes are labelled by the letters a, b, · · · , l.

Figure 3.1: Optimal path problem

Starting at node a, we find that there is only one way to go to B and the associated
cost is 5, so we associate the minimum cost 5 with node a. Similarly, there is only
one way to proceed from node b and the cost is 3 plus the cost from going from node
a to B. Thus we associate the minimum cost 8 with the node b. Proceeding to node
c, since we are always going from left to right, we see that there is only one way to
get to B and the associated cost is 7. At the node d, there are two options: one is
to proceed to node c and the other is to proceed to node a. It is noted that here it
does not make any difference, since the cost with each alternative is 11. Therefore we
assign the minimum cost 11 to node d.

At node e there are also two ways of proceeding. We can go to either node d or to
node b. In the former, the cost is 5 + 11 = 16, and for the latter the cost is 5 + 8 =13.
We compare these two numbers and choose the path that gives the smaller number,
namely the path e to b, and associate with node e the minimum cost 13. Similarly
at node f we compare the two costs 9 + 13 = 22 and 4 + 8 = 12, and associate the
minimum cost 12 with the node f and the path f to b rather than f to e. At node
g there is only one way of proceeding, so the minimum cost associated with node g
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is 8 + 7 = 15. At node h we compare the two costs 1 + 15 = 16 and 3 + 11 = 14,
and choose the path h to d. At node i comparison of two costs gives us the minimum
cost of 17 along the path i to h. At node j the minimum cost 14 is achieved by going
from j to f . At the node k we compare the two costs 4 + 15 = 19 and 9 + 14 = 23,
and choose the path k to g. At the node l we compare the two costs 5 + 19 = 24 and
2 + 17 = 19 and choose the path l to i which gives the minimum cost of 19.

Now we proceed to the starting point A. Here we have two ways of proceeding.
For the path A to l the cost is 3 + 19 = 22, and for the path A to j the cost is 9 +
14 = 23. Therefore we conclude that the minimum cost in going from A to B is 22
and that there are two paths that yield this cost: AlihdcB and AlihdaB.

We note here that instead of doing the minimization as a whole problem, we solve
a sequence of very simple minimization problems which involve comparing two num-
bers at the nodes. Some of the nodes were actually “free” where no optimization was
necessary. Also it is observed that it is not possible to miss the global minimum, and
if there is more than one path that yields the minimum, the method captures all of
them, as was illustrated here. The computational advantage of this approach over
exhaustive enumeration becomes more apparent as the size of the problem increases.
For example, if instead of the 3 × 3 grid, we would have a 10 × 10 grid, the ap-
proach with dynamic programming could still be easily done by hand, but exhaustive
enumeration of all the possible paths would be unrealistic.

We now turn to a very similar type of a problem involving the scheduling of jobs
that are to be done on a single facility in such a way that the cost would be minimized
[4].

3.2.2 Job allocation problem

Let us consider a set of P jobs, called J1, J2, · · · , JP to be executed on a single facility.
Associated with each job Jn is a time of execution τn and a cost function cn(t) giving
the cost associated with completing the job at time t. For simplicity, we assume that
only one job is executed at a time, that there is no interruption in a job once it is
started, and the facility is constantly in use. The problem is to choose the ordering of
the jobs such that the total cost is minimized. The performance index is thus chosen
to be

I =
P∑
k=1

ck(tk), (3.1)

and we wish to determine the order in which the jobs are to be executed so that the
performance index is minimized. For all possible orderings we need to examine P !
schedules, which becomes unmanageable when P is large. For this type of problem
dynamic programming is well suited. We illustrate this with the case where P = 5
jobs. This problem is very similar to the optimal path problem discussed earlier. We
picture the problem as involving 5 stages. At stage 1 we have 5 jobs and at stage
5 we have a single job to consider. We start at the last stage (stage 5) involving a
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single job. There is no optimization possible at this stage. The cost of doing job i
incurs a cost ci(τi).

Now let us consider stage 4 where two jobs are to be considered. There are 10
possible sets of two jobs to consider. Each set has two permutations. For example,
if we consider jobs J1 and J2, we ask whether the arrangement should be J1 followed
by J2 denoted by J1J2, or whether it should be J2J1. For the order J1J2 the cost is
c1(τ1) + c2(τ2 + τ1) and for the order J2J1 the cost is c2(τ2) + c1(τ1 + τ2). These costs
are different since the cost of a particular job is dependent on the time when that job
is finished. The two numbers are compared, and suppose that it is found that the
latter arrangement gives a smaller cost. Then we know that in doing jobs J1 and J2,
job J2 should be done first followed by J1. We carry out this comparison with the
other 9 sets and then construct a table showing the arrangement of two jobs to yield
the minimum cost, as is shown in Table 3.1.

Table 3.1: Order and minimum cost for 2 jobs

Ordered Jobs Minimum cost
J2J1 c2(τ2) + c1(τ2 + τ1)
J3J1 c3(τ3) + c1(τ3 + τ1)
J1J4 c1(τ1) + c4(τ4 + τ1)
J1J5 c1(τ1) + c5(τ5 + τ1)
J2J3 c2(τ2) + c3(τ2 + τ3)
J4J2 c4(τ4) + c2(τ4 + τ2)
J2J5 c2(τ2) + c5(τ2 + τ5)
J4J3 c4(τ4) + c3(τ4 + τ3)
J3J5 c3(τ3) + c5(τ3 + τ5)
J5J4 c5(τ5) + c4(τ5 + τ4)

Now we proceed to stage 3 where three jobs are to be considered. There are 10
possible sets of 3 jobs taken from 5 jobs. Let us choose the set consisting of jobs J1,
J2 and J3. We use the information in Table 3.1 to reduce the number of calculations
required to determine the order. If J1 is last, then we know the order in which jobs
J2 and J3 are to be done and the cost associated with these two jobs from the fifth
line of Table 3.1. All that is necessary is to add the additional cost c1(τ2 + τ3 + τ1).
Similarly, if J2 is done last, the cost is the corresponding entry for jobs 1 and 3 from
the second line of Table 3.1 plus c2(τ1 + τ3 + τ2); and if J3 is done last, the cost is the
corresponding entry for jobs 1 and 2 from the first line of Table 3.1 plus c3(τ1+τ2+τ3).
These three costs are compared, and the arrangement that gives the minimum cost
is kept. Let us suppose that of these 3 arrangements, the order J2J1J3 gives the least
cost. This entry appears on the first line of Table 3.2. This procedure is repeated
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for the other 9 sets and the table is completed, showing the minimum costs for three
jobs.

Table 3.2: Order and minimum cost for 3 jobs

Ordered Jobs Minimum cost
J2J1J3 c2(τ2) + c1(τ2 + τ1) + c3(τ1 + τ2 + τ3)
J3J1J4 c3(τ3) + c1(τ3 + τ1) + c4(τ1 + τ3 + τ4)
J1J4J2 c1(τ1) + c4(τ4 + τ1) + c2(τ1 + τ4 + τ2)
J1J5J3 c1(τ1) + c5(τ5 + τ1) + c3(τ1 + τ5 + τ3)
J2J3J4 c2(τ2) + c3(τ2 + τ3) + c4(τ2 + τ3 + τ4)
J4J2J5 c4(τ4) + c2(τ4 + τ2) + c5(τ4 + τ2 + τ5)
J2J5J1 c2(τ2) + c5(τ2 + τ5) + c1(τ2 + τ5 + τ1)
J4J3J5 c4(τ4) + c3(τ4 + τ3) + c5(τ4 + τ3 + τ5)
J3J5J2 c3(τ3) + c5(τ3 + τ5) + c2(τ3 + τ5 + τ2)
J5J4J1 c5(τ5) + c4(τ5 + τ4) + c1(τ5 + τ4 + τ1)

Now we proceed to stage 2 where 4 jobs are to be considered. There are 5 possible
sets of 4 jobs that can be chosen from 5 jobs. Let us choose the set consisting of jobs
J1, J2, J3, and J5. We use the information in Table 3.2 to determine the order and
the minimum cost for the first three jobs, and we simply add the cost of doing the
last job. If J1 is done last, then we know the order in which jobs J2, J3 and J5 are
to be done and the cost associated with these three jobs from Table 3.2. All that is
necessary is to add the additional cost c1(τ2 + τ3 + τ5 + τ1). We proceed for the other
three cases, where J2, J3, or J5 is done last as before and compare the 4 cost values
to give the arrangement yielding the smallest cost. Repeating the procedure with the
other 4 sets provides the information that can be displayed in Table 3.3.

Table 3.3: Order and minimum cost for 4 jobs

Ordered Jobs Minimum cost
J1J4J2J3 c1(τ1) + c4(τ4 + τ1) + c2(τ1 + τ4 + τ2) + c3(τ1 + τ4 + τ2 + τ3)
J1J5J3J4 c1(τ1) + c5(τ5 + τ1) + c3(τ1 + τ5 + τ3) + c4(τ1 + τ5 + τ3 + τ4)
J4J2J5J1 c4(τ4) + c2(τ4 + τ2) + c5(τ4 + τ2 + τ5) + c1(τ4 + τ2 + τ5 + τ1)
J4J3J5J2 c4(τ4) + c3(τ4 + τ3) + c5(τ4 + τ3 + τ5) + c2(τ4 + τ3 + τ5 + τ2)
J3J5J2J1 c3(τ3) + c5(τ3 + τ5) + c2(τ3 + τ5 + τ2) + c1(τ3 + τ5 + τ2 + τ1)
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Let us now proceed to stage 1 where 5 jobs are to be considered. There is only one
set to consider. We ask ourselves which job is to be done last. If J4 is done last, then
the minimum cost of doing the other 4 jobs is obtained from the last line of Table 3.3
and we simply add the cost of doing J4, namely, c4(τ1 + τ2 + τ3 + τ4 + τ5). Similarly,
we find from the second line of Table 3.3 the order and the minimum cost of doing
the first four jobs if J2 is done last and simply add the cost c2(τ1 + τ2 + τ3 + τ4 + τ5).
We continue the process for when J3 is done last, when J4 is done last, and when J1

is done last. These 5 values of cost are compared and the minimum of these gives us
the order of the 5 jobs such that the cost is minimized.

We see in this example that the calculations proceed in a systematic way, so that
at each stage the optimization involves only the addition of a single job to those
that have been already optimally calculated. The procedure is ideally suited for the
use of a digital computer where the same calculational procedure is used repeatedly
numerous times. Instead of simply providing a numerical approach to optimization
problems, dynamic programming also provides functional relationships as can be seen
in the next example.

3.2.3 The stone problem

Let us illustrate the use of dynamic programming in solving the problem of how high
a stone rises when tossed upwards with a velocity of v0. Let us assume that air
resistance cannot be ignored, so the equation of motion for the stone can be written
as

dv

dt
= −g − kv2 (3.2)

with the initial condition v = v0 at t = 0. It is clear that the height is a function
of the initial velocity. Let us break the trajectory into two parts: the first part is
the short distance the stone travels in a short time ∆t and the second part is the
remainder of the trajectory

h(v0) = v0∆t + h(v0 +
dv

dt
∆t) + O(∆t2). (3.3)

Now let us expand the second term on the right hand side by Taylor series, retaining
only the first two terms, and using Eq.(3.2) to give

h(v0) = v0∆t + h(v0)− [(g + kv2
0)∆t]

dh(v0)

dv0

+ O(∆t2). (3.4)

When we rearrange Eq. (3.4) and divide by ∆t, we get

dh(v0)

dv0

=
v0

g + kv2
0

+ O(∆t). (3.5)
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Now we let ∆t→ 0 to yield a first order ordinary differential equation

dh(v0)

dv0

=
v0

g + kv2
0

, (3.6)

which can be immediately integrated with the given initial condition to give

h(v0) =
1

2k
ln(1 +

kv2
0

g
). (3.7)

When k is negligibly small then we see that h(v0) → v2
0/2g, a result which can be

obtained by equating the kinetic energy at the initial time and the potential energy
at the maximum height.

3.2.4 Simple optimal control problem

Let us consider a rather simple optimal control problem where a linear discrete scalar
system is given in the form

x(k + 1) = ax(k) + bu(k), k = 0, 1, 2, · · · , P − 1, (3.8)

where the initial state x(0) is given, and the final state x(P ) = 0. We assume there
are no constraints placed on the control u(k). The optimal control problem is to
choose u(k), k = 0, 1, 2, · · · , P − 1 so that the performance index

I[x(0), P ] =
P∑
k=1

[x2(k) + u2(k − 1)] (3.9)

is minimized. Here we have shown the explicit dependence of the performance index
on the initial state and the number of steps P . Naturally the performance index is
also a function of the control policy which has to be chosen for minimization. To solve
this problem by dynamic programming we first consider a single stage problem and
then progressively increase the number of stages until the posed problem is solved.

P = 1
When we have a single stage problem, the performance index is

I[x(0), 1] = x2(1) + u2(0) (3.10)

and no minimization is possible, since the specification of the final condition requires
that we use

u(0) =
x(1)− ax(0)

b
= −a

b
x(0). (3.11)

The value of the performance index is

I[x(0), 1] =
a2

b2
x2(0). (3.12)
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Next we consider P = 2 stages.

P = 2
With two stages we start at x(0) proceed to x(1) and then go to x(2) = 0. The

performance index to be minimized is

I[x(0), 2] = x2(1) + u2(0) + x2(2) + u2(1) = x2(1) + u2(0) + u2(1). (3.13)

Once we get to x(1), we already know how to get to x(2) = 0, because that is a
1-stage problem that was solved above. We therefore have

u(1) = −a

b
x(1). (3.14)

The performance index becomes

I[x(0), 2] = (1 +
a2

b2
)x2(1) + u2(0). (3.15)

By using Eq. (3.8) with k = 0, we can rewrite the performance index as an explicit
function of u(0) only, namely,

I[x(0), 2] = (1 +
a2

b2
)[ax(0) + bu(0)]2 + u2(0). (3.16)

Differentiating Eq. (3.16) with respect to u(0) gives

dI[x(0), 2]

du(0)
= 2b(1 +

a2

b2
)[ax(0) + bu(0)] + 2u(0). (3.17)

Since the second derivative of the performance index is positive, the choice of u(0) to
minimize the performance index is obtained from the stationary condition that yields

u(0) = −(
ab + (a3/b)

1 + a2 + b2
)x(0). (3.18)

We are now ready to consider P = 3 stages.

P = 3
The pattern for calculations becomes clear with the addition of one more stage.

With P = 3, the performance index is

I[x(0), 3] = x2(1) + u2(0) + x2(2) + u2(1) + u2(2), (3.19)

since x(3) = 0. Here we know that the optimal choices for u(2) and u(1), as deter-
mined before, are

u(2) = −a

b
x(2) (3.20)
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and

u(1) = −(
ab + (a3/b)

1 + a2 + b2
)x(1). (3.21)

The performance index can now be expressed as an explicit function of u(0), and the
process can be repeated.

Although analytically this process is tedious after a while, numerically such opti-
mization can be done very easily. By using dynamic programming, the solution of P
simultaneous equations is replaced by a procedure which handles one single equation,
but does it P times. Thus parallel computation is replaced by serial computation.

3.2.5 Linear optimal control problem

As a further example we consider a linear optimal control problem where the system
is described by

x(k + 1) = Φx(k) + Ψu(k), k = 0, 1, · · · , P − 1, (3.22)

where Φ and Ψ are constant matrices, and the initial condition x(0) is given. The
performance index is assumed to have the quadratic form

I[x(0), P ] =
P∑
k=1

[xT (k)Qx(k) + uT (k − 1)Ru(k − 1)] (3.23)

where R is a positive definite symmetric matrix and Q is a positive semi-definite
symmetric matrix. Let us define

I0[x(0), P ] = minI[x(0), P ] (3.24)

such that I0[x(0), P ] is the optimal value of the performance index over P stages of
control. Thus

I0[x(0), P ] = min
u(0)

min
u(1)
· · · min

u(P−1)

P∑
k=1

[xT (k)Qx(k) + uT (k − 1)Ru(k − 1)]. (3.25)

We can use the principle of optimality in dynamic programming to rewrite the ex-
pression as

I0[x(0), P ] = min
u(0)

[xT (1)Qx(1) + uT (0)Ru(0) + I0[x(1), P − 1]], (3.26)

which provides a recurrence relationship of dynamic programming.
Let us assume that the optimum performance index can be written as

I0[x(0), P ] = x(0)TJPx(0) (3.27)
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where JP is a positive semi-definite symmetric matrix. Then

I0[x(1), P − 1] = x(1)TJP−1x(1) (3.28)

and Eq. (3.26) becomes

I0[x(0), P ] = min
u(0)

[xT (1)(Q + JP−1)x(1) + uT (0)Ru(0)], (3.29)

where x(1) is obtained from Eq. (3.22) as an explicit function of x(0) and u(0). As
is shown in [4], after some mathematical manipulations we get the optimal control
policy

u0(k) = −KP−kx(k), (3.30)

where the feedback gain matrix KP−k is obtained by solving recursively

KP−k = [ΨT (Q + JP−k−1)Ψ + R]−1ΨT (Q + JP−k−1)Φ (3.31)

and
JP−k = ΦT (Q + JP−k−1)(Φ−ΨKP−k) (3.32)

with the initial condition J0 = 0. Therefore, dynamic programming can be used
for optimal control of high dimensional systems if the state equation is linear, the
performance index is quadratic, and the control is unbounded. For general nonlinear
optimal control problems, where the solution can be obtained only numerically, there
are some inherent difficulties in the use of dynamic programming, as will be pointed
out in Section 3.3.

3.2.6 Cross-current extraction system

Let us consider the liquid-liquid cross-current extraction system with immiscible sol-
vents of a single solute, as used by Lapidus and Luus [4] to illustrate optimization
techniques. The system consists of three stages, as is shown in Figure 3.2. The
solvent flow rate in the raffinate stream is denoted by q, and the solvent flow rate
in the extract streams entering and leaving stage k is denoted by w(k). The solute
concentration leaving stage k in raffinate is x(k), and the solute concentration leaving
stage k in extract is y(k).

Mass balance around stage k yields

x(k) = x(k − 1)− u(k)y(k), k = 1, 2, 3, (3.33)

where u(k) = w(k)/q. We assume equilibrium between the raffinate and extract
phases at each stage, and that the solute concentrations in the two phases can be
expressed through the linear relationship

y(k) = αx(k). (3.34)
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Figure 3.2: Cross-current extraction system

The state equation can then be written as

x(k + 1) =
x(k)

1 + αu(k + 1)
, k = 0, 1, 2. (3.35)

We would like to choose the flow rates w(1), w(2), and w(3), or in normalized
form u(1), u(2), and u(3), so that we remove the maximum amount of solute from
the raffinate stream. However, there is a cost associated with the use of the extract
solvent. Therefore, the performance index to be maximized is chosen as

I[x(0), 3] = [x(0)− x(3)]− θ[u(1) + u(2) + u(3)], (3.36)

where θ is a cost factor associated with the use of extract solvent. This optimization
problem is well suited for dynamic programming. When there are P stages, then the
performance index becomes

I[x(0), P ] = [x(0)− x(P )]− θ
P∑
i=1

u(i). (3.37)

As we did with the simple optimal control problem earlier, we solve this optimization
problem by first considering P = 1 and then increasing P until we reach P = 3.

P = 1
When we have a single stage, the performance index is

I[x(0), 1] = [x(0)− x(1)]− θu(1) (3.38)

where

x(1) =
x(0)

1 + αu(1)
. (3.39)
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The maximum value of the performance index is thus

I0[x(0), 1] = max
u(1)

[u(1)(
αx(0)

1 + αu(1)
− θ)]. (3.40)

By taking the derivative of the expression with respect to u(1) and setting it to zero,
we get

αx(0)− θ(1 + αu(1))2

(1 + αu(1))2
= 0, (3.41)

so that the optimal value for u(1) is

u0(1) = [
x(0)

αθ
]
1
2 − 1

α
. (3.42)

From Eq. (3.39) it follows that

x(1) = [
θx(0)

α
]
1
2 (3.43)

and the maximum performance index with the single stage is

I0[x(0), 1] = x(0)− 2[
θx(0)

α
]
1
2 +

θ

α
. (3.44)

P = 2
From the principle of optimality in dynamic programming, we can write the max-

imum value of the performance index as

I0[x(0), 2] = max
u(1)

[u(1)(
αx(0)

1 + αu(1)
− θ) + I0[x(1), 1]]. (3.45)

However, we have already calculated the optimum value of the performance index for
the single stage. All we have to do is to change x(0) to x(1) in Eq. (3.44). Thus

I0[x(1), 1] = x(1)− 2[
θx(1)

α
]
1
2 +

θ

α
. (3.46)

Therefore,

I0[x(0), 2] = max
u(1)

[u(1)(
αx(0)

1 + αu(1)
− θ) +

x(0)

1 + αu(1)
− 2[

θx(0)

α(1 + αu(1))
]
1
2 +

θ

α
]. (3.47)

Differentiating the expression with respect to u(1) and putting the result equal to
zero gives

−θ(1 + αu(1))2 + θx(0)[
α(1 + αu(1))

θx(0)
]
1
2 = 0, (3.48)

c© 2000 by Chapman & Hall/CRC



so that the optimal value for u(1) is

u0(1) = [
x(0)

α2θ
]
1
3 − 1

α
(3.49)

and

x(1) = [
x2(0)θ

α
]
1
3 . (3.50)

The optimal performance index with P = 2 is

I0[x(0), 2] = x(0)− 3[
θ2x(0)

α2
]
1
3 +

2θ

α
. (3.51)

At this time it is interesting to note that

u0(2) = [
x(1)

αθ
]
1
2 − 1

α
= [[

x2(0)θ

α
]
1
3

1

αθ
]
1
2 − 1

α
= u0(1). (3.52)

Therefore, the optimal policy is to distribute the extract solvent in equal quantities
in each stage.

P = 3
The optimal performance index with P = 3 is

I0[x(0), 3] = max
u(1)

[u(1)(
αx(0)

1 + αu(1)
− θ) + I0[x(1), 2]], (3.53)

where the last term that has been previously calculated is

I0[x(1), 2] = x(1)− 3[
θ2x(1)

α2
]
1
3 +

2θ

α
. (3.54)

After substituting Eq. (3.54) into Eq. (3.53) and differentiating the expression with
respect to u(1), we get for the stationary condition

θ(1 + αu(1))2 =
θ2x(0)

α
[

θ2x(0)

α2(1 + αu(1))
]−

2
3 , (3.55)

so that

1 + αu(1) = [
x(0)α

θ
]
1
4 . (3.56)

Therefore, the optimal value for control to the first stage is

u0(1) = [
x(0)

α3θ
]
1
4 − 1

α
, (3.57)

c© 2000 by Chapman & Hall/CRC



and the solute concentration in the raffinate stream leaving this stage is

x(1) = [
x3(0)θ

α
]
1
4 . (3.58)

The optimal performance index with P = 3 is

I0[x(0), 3] = x(0)− 4[
θ3x(0)

α3
]
1
4 +

3θ

α
. (3.59)

It is easy to show that the optimal control policy is

u0(1) = u0(2) = u0(3), (3.60)

showing that the extract solvent should be distributed in equal quantities in each
stage.

3.3 Limitations of dynamic programming

Although dynamic programming has been successfully applied to some simple opti-
mal control problems, one of the greatest problems in using dynamic programming
for optimal control of nonlinear systems, however, is the interpolation problem en-
countered when the trajectory from a grid point does not reach exactly the grid point
at the next stage [4]. This interpolation difficulty coupled with the dimensionality
restriction and the requirement of a very large number of grid points limits the use of
dynamic programming to only very simple optimal control problems. The limitations
imposed by the “curse of dimensionality” and the “menace of the expanding grid”
for solving optimal control problems kept dynamic programming from being used for
practical types of optimal control problems.

3.4 References

[1] Aris, R.: Discrete dynamic programming, Blaisdell Publishing Co., New York,
1964.

[2] Bellman, R.E.: Dynamic programming, Princeton University Press, 1957.
[3] Bellman, R. and Dreyfus, S.: Applied dynamic programming, Princeton

University Press, 1962.
[4] Lapidus, L. and Luus, R.: Optimal control of engineering processes, Blais-

dell, Waltham, Mass., 1967.
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Chapter 4

Iterative dynamic programming

4.1 Introduction

We consider the continuous dynamic system described by the vector differential equa-
tion

dx

dt
= f(x,u, t) (4.1)

with the initial state x(0) given, where x is an (n×1) state vector and u is an (m×1)
control vector bounded by

αj ≤ uj(t) ≤ βj, j = 1, 2, · · · ,m. (4.2)

For the performance index we choose a scalar function of special form to allow the
discussion of the optimization procedure:

I[x(0), tf ] = Ψ(x(tf )) +
∫ tf

0
φ(x,u, t)dt, (4.3)

where the final time tf is specified. The optimal control problem is to choose the
control policy u(t) in the time interval 0 ≤ t < tf such that this performance index
is minimized. We may have also state constraints, but for simplicity we shall leave
these for later consideration in Chapter 11.

The initial ideas on iterative dynamic programming were developed and tested
by Luus [5] and then refined [4] to make the computational procedure much more
efficient. The fundamental ideas about using dynamic programming are based on the
optimal path problem considered in Chapter 3, and are adapted to the solution of
the optimal control problem.
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4.2 Construction of time stages

To set up the problem into a sequence of stages, as required for dynamic programming,
we may approximate the optimal control problem by requiring a piecewise constant
control policy instead of a continuous control policy, over P stages, each of length L,
so that

L =
tf
P

. (4.4)

Then the performance index is approximated by

I[x(0), P ] = Ψ(x(tf )) +
P∑
k=1

∫ tk

tk−1

φ(x(t),u(k − 1), t)dt, (4.5)

where tk−1 is the time at the beginning of the stage k, and u(k − 1) is the constant
control in the time interval tk−1 ≤ t < tk, and we can consider the system at the grid
points set up at these P stages. We may also use a piecewise linear approximation
and the stages do not necessarily have to be of equal length. These ideas are devel-
oped in later chapters. At present we wish to keep everything as simple as possible.

4.3 Construction of grid for x

Each component xi of the state vector x is allowed to take on N values over a region
si at each time stage, with the exception of the first stage, which is taken as the
specified initial condition. Thus there are Nn grid points at stages 2, 3, · · · , P . The
centre point of the grid is taken as the best value for x obtained from the previous
iteration.

4.4 Allowable values for control

Each component uj of the control vector u is allowed to take M values over a region rj
at each stage. The centre point is taken as the best value from the previous iteration.
If the constraints in Equation (4.2) are violated for the component uj, the clipping
technique is used to substitute for that value the upper or lower bound. Thus there
are Mm allowable values for the control vector at each of the grid points for x.

4.5 First iteration

From the given initial condition x(0) and the constraints specified by Eq. (4.2) we
can choose the centre point for the x-grid and the allowable range for control, and
also the regions si and rj. The example will show how this choice may be made.
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4.5.1 Stage P

Let us start the calculations at stage P , which corresponds to the time interval tf−L ≤
t < tf . For each x-grid point evaluate Mm values of the performance index:

I[x(tf − L), 1] = Ψ(x(tf )) +
∫ tf

tf−L
φ(x(t),u(P − 1), t)dt, (4.6)

where each of the Mm allowable values of control are used for u(P − 1) in turn.
Compare these Mm values of the performance index and choose the particular value
of u(P − 1) that gives the minimum value. This is the best control to use at that
particular x-grid point. When we continue for the Nn grid points, we know the
optimal control policy to use at the last stage for each of the grid points.

4.5.2 Stage P − 1

Let us now step backward to stage P −1 corresponding to the time interval tf −2L ≤
t < tf − L. For each grid point, we again consider Mm allowable values for control.
However, when we integrate Eq. (4.1) from tf − 2L to tf − L, it is unlikely that the
state x(tf − L) will be exactly one of the grid points at stage P . This problem of
not hitting a grid point exactly is illustrated in Figure 4.1, where for simplicity we
have taken n = 2, N = 5,m = 1, and M = 4. Therefore the grid consists of a (5× 5)
matrix. At the grid point (2,3) of stage P − 1 we have shown 4 trajectories to stage
P, corresponding to the use of the four allowable values of control, namely u = a, b, c,
and d. None of these trajectories hits a grid point at stage P .

To continue integration to the final time tf , we take the optimal control policy
corresponding to the grid point that is closest to the state x(tf − L). As has been
shown by DeTremblay and Luus [3], this gives a good approximation if a sufficiently
large number of grid points and of allowable values for control are used. As is shown
in Figure 4.1, to continue the integration for the first trajectory, we use the optimal
control at stage P corresponding to the grid point (2,3); to continue the second
trajectory corresponding to u = b, we use the best control policy at (3,3); for u = c
we use (5,5); and to continue the trajectory corresponding to u = d, we use the
optimal control policy established for the grid point (4,2) at stage P . At time tf ,
then, we have four values for the performance index to compare and we select the
control policy that gives the minimum value. Therefore, the control policy for the
grid point (2,3) at stage P − 1 is established. This is continued for the remaining 24
grid points to finish the calculations for stage P − 1.

4.5.3 Continuation in backward direction

We proceed in this manner with stages P − 2, P − 3, · · ·, etc., until stage 1 is
reached. Stage 1 corresponds to the time interval 0 ≤ t < L and the grid consists
only of the initial condition x(0). At this stage we compare the Mm values of the
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Figure 4.1: Illustration of the difficulty of reaching the grid points by assigning 4 values
for control

performance index and pick the control policy that gives the minimum value. This
finishes the first iteration. Even if a reasonably large number of grid points and
allowable values for control are chosen, the optimal control policy obtained is quite
far from the global optimal solution. Therefore, it is necessary to improve the control
policy obtained after the first iteration, and we proceed to the main part of the
optimization procedure.

4.6 Iterations with systematic reduction in region

size

The optimal trajectory from the first iteration provides the centre point for the x-grid
at each stage, and the optimal control policy from the first iteration gives the central
value for the allowable values for control at each stage. The corresponding regions
si and rj are contracted by a small amount to provide a finer resolution, and the
procedure is continued for a number of iterations. When this procedure is carried out
for a sufficiently large number of iterations, it is expected that convergence to the
optimal control policy is obtained with sufficient accuracy. To illustrate and test this
procedure, we take a simple example.
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4.7 Example

Let us consider the continuous stirred tank reactor (CSTR) as outlined in Chapter 1.
The system is described by

dx1

dt
= −(2 + u)(x1 + 0.25) + (x2 + 0.5)exp[

25x1

x1 + 2
] (4.7)

dx2

dt
= 0.5− x2 − (x2 + 0.5)exp[

25x1

x1 + 2
] (4.8)

where x1 represents deviation from dimensionless steady-state temperature and x2

represents deviation from dimensionless steady-state concentration. In the present
work, the initial conditions x1(0) = 0.09 and x2(0) = 0.09 are used. We consider the
case where the control u is unbounded. The optimal control problem is to determine
u in the time interval 0 ≤ t < tf that will minimize the performance index

I =
∫ tf

0
(x2

1 + x2
2 + 0.1u2)dt (4.9)

where the dimensionless final time tf is specified as 0.78. To evaluate the perfor-
mance index conveniently and without introducing any unnecessary approximation,
we introduce a new state variable x3 by

dx3

dt
= x2

1 + x2
2 + 0.1u2 (4.10)

with the initial condition x3(0) = 0, and integrate this equation along with the other
two equations to yield the performance index. However, the x-grid pertains to x1

and x2 only. Suppose we divide the given time interval into 13 stages, each of length
0.06 (P = 13). To test the basic procedure, Luus [5] took the centre of the x-grid
as (0,0) and for control 3.0. The initial region size for each xi was taken as 0.09
and for the control 3.0. A reduction factor of 0.90 was used after every iteration.
The convergence profile is given in Figure 4.2, where the specification of number of
grid points and number of allowable values for control is given as (N × N,M). For
adequate convergence, it is clear that more than 20 iterations are required even when
a relatively large number of grid points are used.

4.8 Use of accessible states as grid points

Although easy to program, the method described above is not computationally attrac-
tive, since a very large number of calculations are required even for the 2-dimensional
CSTR problem. The use of a coarse grid with region contraction to provide an ac-
curate answer worked well with three test problems [5]. But even here the curse of
dimensionality comes to the forefront. If we visualize an x-grid having only 5 values
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Figure 4.2: Convergence profile for the performance index, showing the effect of the number
of grid points and the number of allowable values of control expressed by (N × N,M) for
the CSTR

for each state variable, we see that for n = 3 there are 125 grid points to consider at
every stage, which is still manageable; but when n = 5, the number of grid points
would increase to 3,125, which is a very large number even for fast computers. We also
observe that most of such grid points are inaccessible from the initial state specified;
thus the computational procedure as outlined up to now is not very efficient.

This problem of very large number of grid points is overcome by using only the
points that can actually be reached from the given state by applying the control.
Therefore, instead of choosing the x-grid points independently, it was suggested [4]
to generate the grid points by applying different values for control. Then all the grid
points are accessible from the specified initial state. Furthermore, the dimensionality
of the state vector then does not matter, and a small number of grid points are
required. The computational scheme can now be summarized as follows.

4.9 Algorithm for IDP

To illustrate the underlying logic in IDP, an algorithm is given to solve the optimal
control problem as outlined in Eq.(4.1)-(4.3), where it is required to minimize the
performance index in Eq. (4.3) with the use of piecewise constant control over P
stages, each of the same length:

c© 2000 by Chapman & Hall/CRC



1. Divide the time interval [0, tf ] into P time stages, each of length L.
2. Choose the number of test values for u denoted by R, an initial control policy

and the initial region size rin; also choose the region contraction factor γ used after
every iteration and the number of grid points N .

3. Choose the total number of iterations to be used in every pass and set the
iteration number index to j = 1.

4. Set the region size vector rj = rin.
5. By using the best control policy (the initial control policy for the first iteration)

integrate Eq. (4.1) from t = 0 to tf N times with different values for control to
generate N x-trajectories and store the values of x at the beginning of each time
stage, so that x(k − 1) corresponds to the value of x at beginning of stage k.

6. Starting at stage P , corresponding to time tf − L, for each of the N stored
values for x(P − 1) from step 5 (grid points) integrate Eq. (4.1) from tf − L to tf ,
with each of the R allowable values for the control vector calculated from

u(P − 1) = u∗j(P − 1) + Drj (4.11)

where u∗j(P − 1) is the best value obtained in the previous iteration and D is a
diagonal matrix of different random numbers between −1 and 1. Out of the R values
for the performance index, choose the control values that give the minimum value,
and store these values as u(P − 1). We now have the best control for each of these
N grid points.

7. Step back to stage P − 1, corresponding to time tf − 2L, and for each of the
N grid points do the following calculations. Choose R values for u(P − 2) as in the
previous step, and by taking as the initial state x(P − 2) integrate Eq. (4.1) over one
stage length. Continue integration over the last time stage by using the stored value
of u(P − 1) from step 6 corresponding to the grid point that is closest to the value
of the state vector that has been reached. Compare the R values of the performance
index and store the u(P−2) that gives the minimum value for the performance index.

8. Continue the procedure until stage 1, corresponding to the initial time t = 0
and the given initial state, is reached. This stage has only a single grid point, since the
initial state is specified. As before, integrate Eq. (4.1) and compare the R values of
the performance index and store the control u(0) that gives the minimum performance
index. Store also the corresponding x-trajectory. This completes one iteration.

9. Reduce the region for allowable control

rj+1 = γrj (4.12)

where j is the iteration number index. Use the best control policy from step 8 as the
midpoint for the allowable values for the control denoted by the superscript ∗.

10. Increment the iteration index j by 1 and go to step 5 and continue the proce-
dure for the specified number of iterations and interpret the results. In some problems
it may be beneficial to use a multi-pass method, where, after a number of iterations
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the region sizes are reset and the procedure is repeated.

In this algorithm the candidates for control are chosen at random. In the early
development, the candidates for control were chosen from evenly spaced grids. For
low-dimensional problems, very little difference is noted, but for higher dimensional
control vectors the use of random values is better. The choice of allowable values for
control is discussed in Chapter 5. The improvement in generating the grid points,
rather than choosing the grid points as discussed earlier, is realized by considering the
above CSTR example. By using a single grid point, convergence with 15 randomly
chosen values for control was easily obtained. With P = 13, convergence in 3 passes
yielded I = 0.13558 in computation time of 9.3 s on a Pentium/120 digital computer.
The convergence profile is shown in Figure 4.3.

Figure 4.3: Convergence profile for the CSTR with the use of a single accessible grid point
at each stage and R = 15 randomly chosen candidates for control

The computer program outlining the IDP algorithm and used for this problem
is listed in its entirety in Appendix D. When P = 20 was used convergence to I =
0.13416 was obtained in 3 passes, requiring 14.1 s of CPU time on a Pentium/120
digital computer.
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4.10 Early applications of IDP

Iterative dynamic programming provided a very convenient way of investigating the
effect of the choice of the final time in optimal control problems [6]. However, by
generating the grid points, it was no longer possible to guarantee a global optimum.
This was illustrated by Luus and Galli [13]. Even the use of a very large number of
grid points does not guarantee getting the global optimum. In fact, the number of
grid points can be quite small in many cases and the global optimum is still obtained
with good accuracy [1], [11].

A very challenging problem is the bifunctional catalyst problem, where it is nec-
essary to determine the blend of the catalyst along a tubular reactor to maximize
the yield of a desired component [12]. By using successive quadratic programming
(SQP) and starting from 100 randomly chosen starting points, 26 local optima were
located, but the global optimum was not obtained. With IDP, however, the global
optimum was readily obtained with the use of a single grid point [11]. To avoid the
numerous local optima, all that was required for this system was to take a sufficiently
large initial region size for the control.

Although the optimal control of fed-batch reactors was very difficult to obtain by
methods based on Pontryagin’s maximum principle, iterative dynamic programming
provided a reliable means of obtaining the global optimum, and the results were even
marginally better than had been previously reported [8,9]. The additional advantage
of IDP is that the computations are straightforward and the algorithm can be easily
programmed to run on a personal computer.

Since derivatives are not required in the use of IDP, the method is applicable to
more general types of optimal control problems. Also, since no auxiliary variables
are necessary, except to handle state inequality constraints, the method is easier to
use than variational methods based on Pontryagin’s maximum principle for solving
singular control problems [7]. As convergence properties of IDP are studied in greater
detail, further improvements will inevitably be introduced, to make IDP even more
useful. Recently Luus [10] showed that variable stage lengths can be incorporated into
optimal control problems where state inequality constraints are also present, by com-
bining the approach of Bojkov and Luus [2] along with that of Mekarapiruk and Luus
[14]. Although the best choice for the penalty function to be used in IDP has not yet
been established, good progress has been made in this field [15] and further research
in this area is continuing. Furthermore, since no derivatives are required for IDP,
the method should have important applications where nondifferentiable functions are
encountered.

The goal for this book is to give a good understanding of IDP and also to realize
the limitations. In order to accomplish that, the computational aspects are examined
in depth using numerous examples. These are best presented in separate chapters.
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Chapter 5

Allowable values for control

5.1 Introduction

There are several ways in which the candidates for control can be chosen. The simplest
way, which was used in the early work on IDP, involves taking allowable values of
control uniformly inside the given region. This means taking one point at the center
of the region, one point at each end of the region, and then the rest of the points
uniformly inside the interval. This scheme is easy to program and is also easy to
visualize. For each control variable we therefore have a minimum of 3 values, namely
−r, 0, and r distance from the optimum value obtained at the previous iteration,
where r is the region size. If there are two control variables, the minimum number of
candidates is then 9. For m control variables we must examine then 3m candidates at
each grid point. This is fine if m is less than 5, but if m is large, this number becomes
excessively large. Even with m = 5, the examination of 243 candidates for control at
each grid point may be too much.

To reduce the minimum number of candidates for control, Tassone and Luus [7]
suggested an alternative method of examining only the vertices of the region plus the
center point. This reduces the minimum number of candidates for control from 3m

to 2m + 1, so that with m = 4, only 17 candidates for control need to be examined.
Instead of vertices, the same reduction is obtained by using the center of the faces of
the region. However, a better approach for high dimensional systems, as shown by
Bojkov and Luus [1], is to choose control candidates at random inside the allowable
region. This means that in theory there is no upper limit on m. Conceptually m
could be greater than 100 and iterative dynamic programming could still be used.
In fact, IDP was used successfully on a system with 130 differential equations and
130 control variables [4] and later with 250 differential equations with 250 control
variables [5].

To gain insight into choosing control candidates and to see the relationship be-
tween choosing the candidates over a uniform distribution and choosing them at
random, we consider an example involving 3 control variables.
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5.2 Comparison of uniform distribution to random

choice

Let us consider the CSTR outlined in Chapter 1, where the inlet flow rate for species
A in dimensionless units is specified as q1 = 6, and there are three control variables.
The equations describing the system are:

dx1

dt
= q1 − qx1 − 17.6x1x2 − 23x1x6u3 (5.1)

dx2

dt
= u1 − qx2 − 17.6x1x2 − 146x2x3 (5.2)

dx3

dt
= u2 − qx3 − 73x2x3 (5.3)

dx4

dt
= −qx4 + 35.2x1x2 − 51.3x4x5 (5.4)

dx5

dt
= −qx5 + 219x2x3 − 51.3x4x5 (5.5)

dx6

dt
= −qx6 + 102.6x4x5 − 23x1x6u3 (5.6)

dx7

dt
= −qx7 + 46x1x6u3 (5.7)

dx8

dt
= 5.8(qx1−q1)−3.7u1−4.1u2 +q(23x4 +11x5 +28x6 +35x7)−5u2

3−0.099 (5.8)

where q = q1 + u1 + u2 and q1 = 6. Later we allow q1 to be another control variable,
but here we want to restrict the number of control variables to 3, as was done by
Rao and Luus [6]. The last differential equation gives the performance index. The
problem is to maximize

I = x8(tf ) (5.9)

where the final time tf is specified as 0.2. The initial state is specified as x(0) =
[0.1883 0.2507 0.0467 0.0899 0.1804 0.1394 0.1046 0]T . The control vari-
ables are constrained by

0 ≤ u1 ≤ 20 (5.10)

0 ≤ u2 ≤ 6 (5.11)

0 ≤ u3 ≤ 4 (5.12)

This example was used by Rao and Luus [6] to evaluate numerous algorithms employ-
ing control vector iteration based on Pontryagin’s maximum principle. They found
that the algorithms yielded results between I = 20.05 and I = 20.09 for the maximum
performance index. This example was also used by Luus [2] in showing how itera-
tive dynamic programming overcomes the curse of dimensionality, and by Luus [3] in
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examining the effect of the choice of final time in optimal control. Therefore, this ex-
ample should provide a good illustration of the different ways of choosing candidates
for control in iterative dynamic programming.

Here we use P = 10 stages of equal length (each of length 0.02), and for integration
of the differential equations we use the fourth order Runge-Kutta method with an
integration time step of length 0.005 to provide good accuracy. For all of the runs we
used N = 3 grid points for the state at stages 2 to 10. At stage 1 we simply have the
given initial state as the grid point.

5.2.1 Uniform distribution

By using piecewise constant control over the 10 time stages, convergence to I = 20.09
was readily obtained. The optimal control policy is given in Table 5.1.

Table 5.1: Piecewise constant optimal control policy giving I = 20.08950

Stage Time u1 u2 u3

1 0.00 5.96725 3.03015 1.03413
2 0.02 7.40361 1.15660 1.01755
3 0.04 6.61664 1.78472 1.00934
4 0.06 6.44364 1.73329 1.03118
5 0.08 6.57736 1.98866 1.08532
6 0.10 8.32409 3.67016 1.08425
7 0.12 10.99145 6.00000 0.94330
8 0.14 10.56186 6.00000 0.79619
9 0.16 20.00000 6.00000 0.54567
10 0.18 20.00000 6.00000 0.18901

The convergence profiles showing deviations from the optimum I = 20.08950 are
shown in Figure 5.1 for region contraction factors of γ = 0.85 and in Figure 5.2 for
γ = 0.90.

It is seen that the convergence rate is not very sensitive to the region reduction
factor γ. Only 20 iterations are required to get the value of the performance index
within 0.001 of the optimum. Increasing the number of allowable values for control
increases the convergence rate at the expense of increased computational effort. The
use of 3 values for each control (M = 3) required 5.5 s of computer time for 50
iterations, the use of 5 values for each control required 15.3 s, and the use of M = 7
required 37.0 s on a PentiumII/300 computer for 50 iterations.
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Figure 5.1: Convergence profile showing the effect of the number of uniformly chosen values
for each control using a region contraction factor γ = 0.85

5.2.2 Random choice

To provide direct comparison, the numbers of candidates for control chosen at random
were chosen to correspond to the three above cases, namely R = 27, R = 125, and
R = 343 for the same two values for the region contraction factors. The convergence
profiles are given in Figures 5.3 and 5.4. It is observed that the use of R = 27 does
not provide as fast convergence as was obtained with M = 3, and deviation less
than 0.001 could not be reached. However with R = 125 and R = 343 comparable
convergence rates were obtained as with the choice of uniformly distributed values
for control. It is interesting to note that with R = 125 a better convergence rate was
obtained than with R = 343. The computation times for the three values of R were
2.9, 12.4, and 33.6 s.

We now consider the same example but allow q1 to be another control variable,
q1 = u4, as was done by Luus [2], using three uniformly chosen values for each control
variable. This meant that 81 candidates for control had to be examined at each grid
point. By using P = 11 stages and placing an upper limit of 20 on this additional
control variable Luus [2] obtained a value of I = 21.75722, with the control policy
given in Table 5.2. It is interesting to note that u4 switches between the upper and
lower limits.

The effect of the number of candidates for control chosen at random inside the
region with the use of N = 3 grid points is given in Table 5.3 where a maximum of
150 iterations was allowed and the region reduction factor γ was varied between 0.90
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Figure 5.2: Convergence profile showing the effect of the number of uniformly chosen values
for each control using a region contraction factor γ = 0.90

and 0.99. The global optimum is shown in boldface. As can be seen, there is some
advantage in taking a larger number of candidates for control, but even with R = 25,
the optimum can be accurately determined.

Let us now compare the two different methods of choosing candidates for control.
By taking 3 uniformly distributed values for each control variable at −r, 0, and r from
the best value means taking 81 candidates for control at each grid point at each time
step. As is seen in Table 5.4, the region contraction factor γ can be taken smaller, and
a smaller number of iterations yield convergence. In making the runs, the maximum
number of iterations allowed was 150.

To reduce the number of candidates for uniform search, we may take the vertices
of the region as candidates for control as suggested by Tassone and Luus [7]. Then
instead of 81 values we may take 17 values for control. Although candidates chosen at
random may appear to provide an inefficient means of getting the optimum, we shall
see in Chapter 6, how the scheme is incorporated into a multi-pass method where
the sensitivity of the parameters is reduced and the global optimum is more readily
obtained.

If the number of control variables is small (less than 5), either method may be used
for choosing the candidates for control. However, if the number of control variables
is larger than 5, then choosing the candidates at random is a considerably better
approach. This idea is illustrated with several examples by Bojkov and Luus [1] who
also considered a problem with 20 control variables. For the latter, the only feasible
approach was to use randomly chosen candidates for control. We consider the optimal
control of high-dimensional systems later in Chapter 7.
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Table 5.2: Piecewise constant optimal control policy with four control variables giving the
maximum I = 21.75722

Stage Time u1 u2 u3 u4

1 0.0000 0.00000 0.00000 1.64594 20.00000
2 0.0182 14.17009 0.00000 1.49448 20.00000
3 0.0364 19.30869 0.00000 0.71145 20.00000
4 0.0546 12.21929 6.00000 0.27487 0.00000
5 0.0727 3.61857 3.99978 0.24286 0.00000
6 0.0909 0.00000 0.00000 0.49520 0.00000
7 0.1091 0.00000 0.00000 0.98515 0.00000
8 0.1273 0.00000 0.00000 1.89196 20.00000
9 0.1455 11.67268 0.00000 1.91146 20.00000
10 0.1636 20.00000 6.00000 0.95895 20.00000
11 0.1818 20.00000 6.00000 0.26054 20.00000

Figure 5.3: Convergence profile showing the effect of the number of randomly chosen
candidates for control with γ = 0.85
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Table 5.3: Effect of the number of randomly chosen candidates for control at each grid
point with N = 3 grid points

R = 25 randomly R = 50 randomly
chosen control values chosen control values

Reduction Performance Number of Performance Number of
factor γ index, I iterations index, I iterations

0.90 21.6564 150 21.6149 150
0.91 21.6555 150 21.5067 150
0.92 21.7044 150 21.7572 69
0.93 21.6770 150 21.7572 68
0.94 21.7375 150 21.5115 150
0.95 21.7572 93 21.5115 150
0.96 21.7572 118 21.7572 96
0.97 21.7555 150 21.7572 138
0.98 21.7565 150 21.7570 150
0.99 21.7535 150 21.7505 150

Figure 5.4: Convergence profile showing the effect of the number of randomly chosen
candidates for control with γ = 0.90

c© 2000 by Chapman & Hall/CRC



Table 5.4: Comparison of the use of uniform means of taking control candidates to the use
of randomly chosen values inside the region

Using uniform means Using 81 randomly chosen
of choosing control control values inside the region

Reduction Performance Number of Performance Number of
factor γ index, I iterations index, I iterations

0.80 21.7030 150 21.6112 150
0.82 21.6547 150 21.6669 150
0.84 21.7572 29 21.6405 150
0.86 21.5115 150 21.7231 150
0.88 21.7572 39 21.7463 150
0.90 21.5115 150 21.7549 150
0.92 21.7572 60 21.7572 49
0.94 21.7572 80 21.6927 150
0.96 21.7572 118 21.7572 104
0.98 21.7540 150 21.7571 150
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Chapter 6

Evaluation of parameters in IDP

6.1 Introduction

In iterative dynamic programming there are numerous parameters that can be varied.
Already in Chapter 5 we saw the different ways of choosing candidates for control
and the effects of the number of such values chosen at each grid point, and also the
effect of the region contraction factor γ. If γ is too small, we get premature collapse
of the region, and if γ is too large then either the convergence rate may be rather
slow or convergence may not be obtained at all. Fortunately there is generally a wide
range over which acceptable values for γ may be chosen to yield convergence to the
optimum. There is a balance between the number of allowable values for control R
and the region contraction factor γ. If R is chosen to be sufficiently large, then γ
can be chosen to be quite small such as 0.7 without fear of premature region collapse.
However, if a small value for R is used, then γ must be increased to a value closer to
0.9. Normally we would like to choose R as small as possible to reduce computational
effort.

The choice for the number of grid points, however, is not quite as clear. In a very
difficult nonlinear optimal control problem involving the determination of the optimal
catalyst blend along a tubular reactor [7], convergence to the global optimum was
readily obtained by using a single grid point at each time stage [6]. A straightforward
fed-batch reactor optimization problem, on the other hand, required a minimum of 23
grid points for convergence to the global optimum [3]. Bojkov and Luus [2] studied
the effects of the parameters in IDP and concluded that for many typical chemical
engineering systems the region contraction factor γ should be in the range 0.75 to
0.95, and the use of more than 3 grid points does not increase the likelihood of getting
the global optimum nor improve the convergence rate. Although surprising, with the
exception of a few reactor problems such as the fed-batch reactor considered by Hartig
et al. [3] and the two-stage CSTR we consider later in this chapter, the requirement
of only a small number of grid points appears to be generally true for many optimal
control problems. Therefore, we may use a single grid point at each time stage for
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many problems and still obtain fast and accurate convergence to the global optimum.

The goal here is to illustrate the effects of the parameters used in IDP, such as the
region reduction factor γ used after every iteration to reduce the size of the region,
the region restoration factor η which is used to restore the region size after every pass,
the initial region size, number of allowable values for control, and the number of grid
points used at each time step. The use of several examples is the best way to show
the relationship among the parameters used in IDP.

6.2 Number of grid points

In the early work with iterative dynamic programming, the number of grid points
used was chosen to be quite large, usually greater than 20. The motivation for the
use of large number of grid points was due to the vectorization capability of the
CRAY supercomputer that was used, enabling the calculations to be done in parallel
fashion. When calculations were switched from the CRAY to personal computers,
the need to examine the effect of the number of grid points became necessary, since
doubling the number of grid points more than doubled the computation time. The
investigation of Bojkov and Luus [2] made it clear that a large number of grid points
is not always necessary. Furthermore, it is obvious that if the number of grid points
can be reduced without sacrificing convergence rate, then we should use the minimum
number, namely N = 1, whenever possible.

The choice of the initial region size over which candidates for control are chosen is
also very important, especially when numerous local optima are present. To illustrate
the effects of grid points, the choice of the initial region size, and the relationship of
other parameters, we choose two examples from chemical engineering. In the first
example we use a single grid point, since convergence to the global optimum is so
readily obtained that there is no need to examine the use of a larger number of grid
points. In the second example, the effect of the use of a different number of grid
points is illustrated. In Section 6.3 we examine the multi-pass approach and present
another example for which we need several grid points to get accurate convergence.

6.2.1 Bifunctional catalyst blend optimization problem

In the optimization of the blend of a bifunctional catalyst in converting methylcy-
clopentane to benzene in a tubular reactor, the blend of two monofunctional catalyst
components involving hydrogenation and isomerization is characterized by the mass
fraction u given by

u =
mass of hydrogenation component

total mass of the catalyst
. (6.1)
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The characteristic time can be visualized as the distance along the tubular reactor
defined by

t =
mass of catalyst up to a given section of reactor

inlet molar flow rate of methylcyclopentane
, (6.2)

so that at the exit of the reactor, the final time is

tf =
total mass of catalyst in the reactor

molar flow rate of methylcyclopentane into the reactor
. (6.3)

The chemical reactions taking place are described by seven differential equations:

dx1

dt
= −k1x1 (6.4)

dx2

dt
= k1x1 − (k2 + k3)x2 + k4x5 (6.5)

dx3

dt
= k2x2 (6.6)

dx4

dt
= −k6x4 + k5x5 (6.7)

dx5

dt
= k3x2 + k6x4 − (k4 + k5 + k8 + k9)x5 + k7x6 + k10x7 (6.8)

dx6

dt
= k8x5 − k7x6 (6.9)

dx7

dt
= k9x5 − k10x7 (6.10)

with the initial condition

x(0) = [1 0 0 0 0 0 0 ]T . (6.11)

The rate constants are expressed as cubic functions of the catalyst blend u

ki = ci0 + ci1u + ci2u
2 + ci3u

3, i = 1, 2, · · · , 10. (6.12)

The coefficients cij are given in Table 6.1. It is required to find the catalyst blend u
along the length of the reactor to maximize the concentration of benzene. Thus the
performance index to be maximized is chosen as

I = x7(tf )× 103, (6.13)

where tf = 2000g h/mol. We have scaled the final concentration of x7 by the factor
103 to simplify the presentation of results. The catalyst blend is constrained by

0.60 ≤ u ≤ 0.9. (6.14)
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Table 6.1: Coefficients for the rate constants ki used in bifunctional catalyst problem

i ci0 ci1 ci2 ci3
1 0.2918487D-02 -0.8045787D-02 0.6749947D-02 -0.1416647D-02
2 0.9509977D+01 -0.3500994D+02 0.4283329D+02 -0.1733333D+02
3 0.2682093D+02 -0.9556079D+02 0.1130398D+03 -0.4429997D+02
4 0.2087241D+03 -0.7198052D+03 0.8277466D+03 -0.3166655D+03
5 0.1350005D+01 -0.6850027D+01 0.1216671D+02 -0.6666689D+01
6 0.1921995D-01 -0.7945320D-01 0.1105666D+00 -0.5033333D-01
7 0.1323596D+00 -0.4696255D+00 0.5539323D+00 -0.2166664D+00
8 0.7339981D+01 -0.2527328D+02 0.2993329D+02 -0.1199999D+02
9 -0.3950534D+00 0.1679353D+01 -0.1777829D+01 0.4974987D+00
10 -0.2504665D-04 0.1005854D-01 -0.1986696D-01 0.9833470D-02

As was done by Luus et al. [7], to solve this optimal control problem, we divide the
given time interval into 10 equal sections, each of length 200 g h/mol, and deter-
mine the piecewise constant values for control in each section u(0), u(1), · · · , u(9) to
maximize the performance index given in Eq. (6.13). For integration we used the
integration subroutine DVERK of Hull et al. [4] with local error tolerance of 10−6.
There are numerous local optima. By using sequential quadratic programming as
suggested by Rosen and Luus [12], from 100 initial points chosen at random 25 local
optima were obtained, with the following values of the performance index: 10.053,
9.905, 9.881, 9.866, 9.815, 9.786, 9.722, 9.641, 9.628, 9.608, 9.582, 9.534, 9.501, 9.463,
9.439, 9.343, 9.293, 9.246, 9.148, 9.037, 8.673, 8.645, 8.490, 8.402, and 8.113. However,
none of these is the global optimum.

The global optimal control policy and the next four best ones are given in Ta-
ble 6.2. As was pointed out by Luus et al. [7], there are numerous local optima
for this problem, many of which are not listed above. The aim is to get the global
optimum. From the initial control policy u(0)(k) = 0.75, k = 0, 1, · · · , 9 and initial
region size r(0)(k) = 0.3, k = 0, 1, · · · , 9 with the region contraction factor γ = 0.70,
the number of grid points N = 21 and M = 5 uniformly chosen values for control,
Luus et al. [7] obtained the global optimum with the use of IDP in 16 iterations. The
M candidates for control were chosen from the uniform distribution around the best
value, i.e., u∗, u∗ ± [ 2j

M−1
]r, j = 1, 2, · · · , (M − 1)/2, where u∗ is the best value for

the catalyst blend from the previous iteration.

Luus and Bojkov [6] showed that the global optimum could be obtained with a
single grid point, N = 1, if the initial region is chosen to be sufficiently large. In Tables
6.3 and 6.4 we show the effect of the region contraction factor γ, the initial region
size r(0), and the number of uniformly chosen candidates for control M . The number
of iterations to reach the global optimum to six figures is shown in parentheses. A
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Table 6.2: Control policies for the best 5 local optima

Local optimum 1 (global) 2 3 4 5
Performance index 10.0942 10.0527 10.0395 9.9047 9.8805

u(0) 0.6661 0.6651 0.6671 0.6637 0.9000
u(1) 0.6734 0.6721 0.6744 0.9000 0.6724
u(2) 0.6764 0.9000 0.6777 0.9000 0.6755
u(3) 0.9000 0.9000 0.6796 0.9000 0.9000
u(4) 0.9000 0.9000 0.9000 0.9000 0.9000
u(5) 0.9000 0.9000 0.9000 0.9000 0.9000
u(6) 0.9000 0.9000 0.9000 0.9000 0.9000
u(7) 0.9000 0.9000 0.9000 0.9000 0.9000
u(8) 0.9000 0.9000 0.9000 0.9000 0.9000
u(9) 0.9000 0.9000 0.9000 0.9000 0.9000

Table 6.3: Value of the performance index I with N = 1, and M = 3, showing the effects
of the region contraction factor γ and the initial region size r(0); the number of iterations
required to get the global optimum is shown in parentheses

Reduction factor Initial region size r(0)

γ 0.27 0.30 0.40 0.50
0.70 10.0527 10.0942 (18) 10.0942 (19) 10.0942 (20)
0.72 10.0527 10.0942 (20) 10.0942 (21) 10.0527
0.74 10.0942 (22) 10.0942 (22) 10.0942 (23) 10.0942 (24)
0.76 10.0942 (23) 10.0942 (24) 10.0942 (25) 10.0942 (26)
0.78 10.0942 (26) 10.0942 (26) 10.0942 (28) 10.0942 (29)
0.80 10.0942 (29) 10.0942 (29) 10.0942 (31) 10.0942 (32)
0.82 10.0942 (32) 10.0942 (32) 10.0942 (34) 10.0942 (36)
0.84 10.0942 (36) 10.0942 (38) 10.0942 (39) 10.0942 (40)
0.86 10.0941 10.0941 10.0941 10.0941
0.88 10.0940 10.0940 10.0939 10.0937
0.90 10.0933 10.0930 10.0925 10.0913
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Table 6.4: Value of the performance index I with N = 1, and M = 9, showing the effects
of the region contraction factor γ and the initial region size r(0); the number of iterations
required to get the global optimum is shown in parentheses

Reduction factor Initial region size r(0)

γ 0.27 0.30 0.40 0.50
0.70 10.0395 10.0942 (15) 10.0527 10.0942 (17)
0.72 10.0395 10.0942 (16) 10.0942 (17) 10.0527
0.74 10.0395 10.0942 (17) 10.0942 (18) 10.0942 (19)
0.76 10.0942 (19) 10.0942 (19) 10.0942 (20) 10.0942 (21)
0.78 10.0942 (21) 10.0942 (21) 10.0942 (22) 10.0942 (23)
0.80 10.0942 (22) 10.0942 (23) 10.0942 (24) 10.0942 (25)
0.82 10.0942 (25) 10.0942 (26) 10.0942 (27) 10.0942 (28)
0.84 10.0942 (28) 10.0942 (29) 10.0942 (30) 10.0942 (32)
0.86 10.0942 (33) 10.0942 (34) 10.0942 (36) 10.0942 (37)
0.88 10.0942 (39) 10.0942 (39) 10.0941 10.0941
0.90 10.0941 10.0941 10.0940 10.0940

maximum of 40 iterations were allowed. As can be seen, the number of iterations to
reach the global optimum is reduced when using M = 9, rather than M = 3. In each
case, the global optimum was obtained in almost every case when the initial region
size was chosen greater than 0.27. Of the 44 runs, the local optimum was obtained
3 times with the use of M = 3. With M = 9, local optima were obtained 5 times
in the 44 runs. Therefore, the use of a larger number of allowable values for control
does not necessarily improve the chances of avoiding local optima.

As expected, with M = 9 we can have a larger value for the region contraction fac-
tor γ and still get convergence to the global optimum to 6 figures within 40 iterations.
However, it must be remembered that the use of M = 9 instead of M = 3 requires
three times as much computational effort per iteration. Further results on this system
are given by Luus and Bojkov [6], who showed, in addition, that instead of choosing
the candidates for control in uniform fashion, the random choice gives essentially the
same results. The computation time on a PentiumII/350 for 20 iterations with M = 3
was 6 s.

6.2.2 Photochemical CSTR

Let us consider the photochemical continuous stirred tank reactor (CSTR) used by
Lapidus and Luus [5], which we considered in Chapter 5 to examine the effect of the
number of grid points. Here, we consider the reactor with 4 control variables:

c© 2000 by Chapman & Hall/CRC



dx1

dt
= u4 − qx1 − 17.6x1x2 − 23x1x6u3 (6.15)

dx2

dt
= u1 − qx2 − 17.6x1x2 − 146x2x3 (6.16)

dx3

dt
= u2 − qx3 − 73x2x3 (6.17)

dx4

dt
= −qx4 + 35.2x1x2 − 51.3x4x5 (6.18)

dx5

dt
= −qx5 + 219x2x3 − 51.3x4x5 (6.19)

dx6

dt
= −qx6 + 102.6x4x5 − 23x1x6u3 (6.20)

dx7

dt
= −qx7 + 46x1x6u3 (6.21)

dx8

dt
= 5.8(qx1−q1)−3.7u1−4.1u2+q(23x4+11x5+28x6+35x7)−5u2

3−0.099 (6.22)

where the total inlet flow rate is given by q = u1 + u2 + u4. The last differential
equation is introduced to give the performance index. The problem is to maximize

I = x8(tf ) (6.23)

where the final time tf is specified as 0.2. The initial state is specified as x(0) =
[0.1883 0.2507 0.0467 0.0899 0.1804 0.1394 0.1046 0]T . The control vari-
ables are constrained by

0 ≤ u1 ≤ 20 (6.24)

0 ≤ u2 ≤ 6 (6.25)

0 ≤ u3 ≤ 4 (6.26)

0 ≤ u4 ≤ 20. (6.27)

In Chapter 5 we saw that with P = 11 time stages of equal length, over which
piecewise constant control was used, the maximum value for the performance index
was found to be 21.75722. Here we wish to illustrate how the number of grid points
affects our capability of getting this optimum. As we did in Chapter 5, we choose as
initial values for the control to be in the middle of the allowable region, i.e., u

(0)
1 = 10,

u
(0)
2 = 3, u

(0)
3 = 2, and u

(0)
4 = 10, and let the initial region sizes be r

(0)
1 = 10, r

(0)
2 = 3,

r
(0)
3 = 2, and r

(0)
4 = 10. By choosing R = 81 allowable values at random inside the

allowable region that was contracted by the reduction factor γ after every iteration,
the problem was solved for different values of γ and the number of grid points N .
For each case 100 iterations were allowed. The results are given in Table 6.5. It
is clear that there is a range for the region contraction factor 0.90 ≤ γ ≤ 0.96
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Table 6.5: Effect of the number of grid points on convergence with R = 81; the numbers
in the parentheses give the number of iterations required for convergence

Number of grid points at each time stage
γ N = 1 N = 5 N = 11 N = 27

0.80 21.4649 21.5476 21.6894 21.6575
0.81 21.6019 21.6621 21.5686 21.6263
0.82 21.6145 21.6624 21.6782 21.5847
0.83 21.6222 21.6729 21.7415 21.7272
0.84 21.6350 21.7276 21.6931 21.7547
0.85 21.6286 21.7370 21.6141 21.7360
0.86 21.6293 21.7085 21.4995 21.7353
0.87 21.6427 21.7522 21.7331 21.7329
0.88 21.6556 21.7572 (32) 21.7572 (34) 21.7572 (30)
0.89 21.6603 21.7572 (37) 21.7072 21.7572 (32)
0.90 21.7506 21.7572 (39) 21.7572 (39) 21.7572 (32)
0.91 21.7572 (61) 21.7572 (44) 21.7572 (38) 21.7572 (39)
0.92 21.7572 (53) 21.7572 (43) 21.7572 (41) 21.7572 (34)
0.93 21.7572 (58) 21.7572 (49) 21.7572 (43) 21.7572 (46)
0.94 21.7572 (67) 21.7572 (55) 21.7572 (51) 21.7572 (51)
0.95 21.7572 (75) 21.7572 (72) 21.7572 (44) 21.7572 (52)
0.96 21.7572 (96) 21.7572 (100) 21.7572 (75) 21.7572 (68)
0.97 21.7571 21.7572 (70) 21.5007 21.7572 (95)
0.98 21.7554 21.7554 21.7565 21.7569
0.99 21.7559 21.7554 21.7552 21.5105

over which the global optimum is obtained, regardless of the number of grid points.
Where the optimum was obtained, the number of iterations required to reach the
optimum is given in parentheses. The reduction in the number of iterations required
for convergence is only marginally reduced when N is increased. However, the range is
increased for larger values of N . For example, with N = 27 the range for convergence
to the global optimum is 0.88 ≤ γ ≤ 0.97. It is obvious that for this optimal control
problem, a larger number of grid points than N = 1 is not justified.

6.3 Multi-pass approach

One method of preventing the collapse of the search region is to use the iterative
dynamic programming in a multi-pass fashion, so that the region is restored to a
fraction of its size at the beginning of the previous pass. The question that arises
is, what should the restoration factor be and how sensitive are the results to that
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choice? By taking a single grid point, i.e., N = 1, and only R = 15 random points,
while allowing 20 iterations per pass, we solved the above optimal control problem
for different values of the region contraction factor γ for different values of the region
restoration factor η.

As is seen in Table 6.6, the success rate is almost 100% if the restoration factor
is between 0.70 and 0.85. Of the 80 cases, only two yielded values different from
the global optimum of 21.7572, where a maximum of 20 passes was allowed. When
the restoration factor was 0.90, the region size did not shrink sufficiently fast to
yield convergence to six figures in 20 passes. The use of the multi-pass method is a
good means of keeping the number of candidates for control small and still providing
accurate convergence. This is especially important when we consider systems of higher
dimension.

6.3.1 Nonlinear two-stage CSTR system

Let us consider a very difficult optimal control problem that arose from trying to
get a good initial control policy for a time-delay system [8]. The system consists
of a series of two CSTRs, where there is a transportation delay τ = 0.1 from the
first tank to the second. This system was first investigated by Oh and Luus [11] and
is described in greater detail in Chapter 8. Here we use a truncated Taylor series
expansion for the time delay terms according to Mutharasan and Luus [9], to give a
nondelay approximation

dx1

dt
= f1 (6.28)

dx2

dt
= f2 (6.29)

dx3

dt
= x1 − x3 − τf1 −R2 + 0.25 (6.30)

dx4

dt
= x2 − 2x4 − u2[x4 + 0.25]− τf2 + r2 − 0.25 (6.31)

dx5

dt
= x2

1 + x2
2 + x2

3 + x2
4 + 0.1(u2

1 + u2
2) (6.32)

where
f1 = 0.5− x1 −R1 (6.33)

f2 = −2[x2 + 0.25]− u1[x2 + 0.25] + R1 (6.34)

R1 = [x1 + 0.5]exp(
25x2

x2 + 2
) (6.35)

R2 = [x3 + 0.25]exp(
25x4

x4 + 2
). (6.36)

The state variables x1 and x3 are normalized concentration variables in tanks 1 and
2, respectively, and x2 and x4 are normalized temperature variables in tanks 1 and
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Table 6.6: Effect of the restoration factor η on convergence with R = 15, showing the
number of passes required for convergence in parentheses

Restoration factor used after every pass of 20 iterations each
γ η = 0.70 η = 0.75 η = 0.80 η = 0.85 η = 0.90

0.80 21.7572 (9) 21.7572 (11) 21.7572 (10) 21.7572 (9) 21.7572 (16)
0.81 21.7572 (8) 21.7572 (11) 21.7572 (7) 21.7572 (13) 21.7572 (12)
0.82 21.7572 (9) 21.7572 (10) 21.7572 (8) 21.7572 (7) 21.7572 (10)
0.83 21.7572 (7) 21.7572 (8) 21.7572 (5) 21.7572 (5) 21.7572 (8)
0.84 21.7572 (6) 21.7572 (7) 21.7572 (9) 21.7572 (6) 21.7572 (8)
0.85 21.7572 (10) 21.7572 (9) 21.7572 (11) 21.7572 (10) 21.7572 (16)
0.86 21.7572 (8) 21.7572 (11) 21.7572 (11) 21.7572 (13) 21.7572 (8)
0.87 21.7572 (8) 21.7572 (5) 21.7572 (9) 21.7572 (13) 21.7572 (10)
0.88 21.7572 (9) 21.7572 (11) 21.7572 (11) 21.7572 (12) 21.7571
0.89 21.7572 (6) 21.7572 (8) 21.7572 (12) 21.7572 (15) 21.7572 (16)
0.90 21.7572 (11) 21.7572 (12) 21.7572 (14) 21.7572 (19) 21.7570
0.91 21.7572 (9) 21.7572 (12) 21.7572 (14) 21.7572 (18) 21.7571
0.92 21.7572 (11) 21.7572 (12) 21.7572 (14) 21.7572 (19) 21.7570
0.93 21.7572 (11) 21.7572 (12) 21.7572 (13) 21.7572 (19) 21.7569
0.94 21.7572 (8) 21.7572 (12) 21.7572 (12) 21.7571 21.7568
0.95 21.7572 (11) 21.7572 (13) 21.7572 (15) 21.7572 (18) 21.7570
0.96 21.7572 (10) 21.7572 (11) 21.7572 (16) 21.7572 (20) 21.7567
0.97 21.7572 (13) 21.7572 (12) 21.7572 (17) 21.7572 (17) 21.7571
0.98 21.7572 (12) 21.7572 (13) 21.7572 (16) 21.7572 (20) 21.7565
0.99 21.7572 (10) 21.7572 (14) 21.7572 (19) 21.7571 21.7566

2, respectively. The variable x5 is introduced to provide the performance index to be
minimized:

I = x5(tf ) (6.37)

where the dimensionless final time tf = 2. The initial state is

x(0) = [ 0.15 − 0.03 0.10 0 0 ]T . (6.38)

Let us consider the problem of determining the piecewise constant control in the time
interval 0 ≤ t < 2 that will minimize the performance index in Eq. (6.37).

To solve this optimal control problem we chose P = 30 time stages of equal length,
and an integration time step length of 1/45, γ = 0.95, η = 0.85, with 30 iterations in
each pass, and allowed 50 passes. The initial value for each control was taken as 0,
and the initial region size for each control was 0.5. It was found that more than 7 grid
points were necessary, even when 45 randomly chosen points were used. When R = 5
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Table 6.7: Values of the performance index obtained after 50 passes, each consisting of 30
iterations

Number of grid points Number of random points
N R = 5 R = 15 R = 30 R = 45
3 0.02640 0.02704 0.02701 0.02706
5 0.02560 0.02666 0.02622 0.02588
7 0.02564 0.02396 0.02358 0.02344
9 0.02408 0.02333 0.02328 0.02327
11 0.02347 0.02327 0.02327 0.02327

was chosen, then even 11 grid points were not enough. The relationship between
the number of grid points and the number of randomly chosen points to yield the
minimum performance index of I = 0.02327 is shown in Table 6.7. It is interesting to
note that when a very small number of grid points was used, then better results were
actually obtained with a smaller number of randomly chosen points R. However,
the trend is quite clear that the larger the number of randomly chosen values for
control, the smaller is the number of grid points required to obtain convergence to
the minimum I.

The optimal piecewise constant control policy is given in Figure 6.1 and the state
trajectories are given in Figure 6.2.

6.4 Further example

To show advantages of picking candidates for control variables at random, Bojkov
and Luus [1] used the example presented by Nagurka et al. [10], where the nth-order
linear time-invariant system is described by

dx

dt
= Ax(t) + u(t) (6.39)

with the initial state

x(0) = [ 1 2 · · · n ]T (6.40)

where the coefficient matrix is given by

A =




0 1 0 · · · 0
0 0 1 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · 1
1 −2 3 · · · (−1)n+1n



.
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Figure 6.1: Optimal control policy for the two-stage CSTR system using 30 stages of
piecewise constant control

The problem is to find the control vector u(t) in the time interval 0 ≤ t < 1 that
minimizes the performance index

I = 10xT (1)x(1) +
∫ 1

0
(xTx + uTu)dt. (6.41)

To put the problem into standard form, we introduce an additional variable by the
differential equation

dxn+1

dt
= xTx + uTu (6.42)

with the initial condition xn+1(0) = 0, so the performance index to be minimized is
in the standard form

I = 10xT (1)x(1) + xn+1(1) (6.43)

where the final time tf = 1 has been used. We are interested in establishing the
optimal control for this system when the number of state variables and the number
of control variables n is chosen to be 20. Here the goal is to show the effects of
the region restoration factor η, the region contraction factor γ, and the number of
random points chosen at each grid point R on the convergence of IDP, while using a
single grid point (N = 1). The state equation is linear and the performance index is
quadratic, so the problem is relatively simple.
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Figure 6.2: State trajectories for the two-stage CSTR system resulting from the application
of the control policy in Figure 6.1

6.4.1 Effect of region restoration factor η

To keep the computational requirements reasonably small and yet have a control
policy which approximates the continuous control policy, we choose P = 40 time
stages of equal length and seek a piecewise constant control policy. A reasonable
choice for the region restoration factor η is 0.90. Choosing the region contraction
factor to be γ = 0.95 causes the region to be reduced quite gradually and after 30
iterations the region is 0.215 of the value at the beginning ((0.95)30 = 0.215). We
choose 30 iterations in each pass. The initial region size for each control variable at
the beginning of the first pass is chosen as 20, and the initial value for each control
variable is chosen as 0. For integration we use the fourth-order Runge-Kutta method
with an integration step-size of 0.0125, which gives accuracy to three decimal places
for this problem.

As is seen in Figure 6.3, convergence to I = 6226.047 is readily obtained with the
use of η = 0.70 and γ = 0.95. With the use of R = 3, convergence was obtained in
27 passes, each consisting of 30 iterations. The use of R = 5 reduced the number of
passes required for convergence to 24, but the computation time for 30 passes was
increased from 104 s to 158 s on a PentiumII/350 digital computer.

When η was reduced to 0.65, as is shown in Figure 6.4, premature collapse of the
search region occurs when R = 3 is used. However, with the use of R = 5 there are
no convergence difficulties and the use of R = 11 improves the convergence rate only
marginally, but doubles the computation time to 343 s for 30 passes.
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Figure 6.3: Convergence profile of IDP, showing the deviation from the optimum I =
6226.047 with η = 0.70 and γ = 0.95 using the number of randomly chosen points R as
parameter

When η is increased to 0.75, the convergence rate is slightly slower than with
η = 0.70, as is shown in Figure 6.5.

6.4.2 Effect of the region contraction factor γ

As is the case for the region restoration factor η, there is also a range for the region
contraction factor γ for which reasonable rate of convergence is obtained with a small
number of randomly chosen values for control. As is shown in Figure 6.6, when using
η = 0.70, there is a range 0.93 < γ < 0.98 for which convergence is obtained with the
use of R = 3.

6.4.3 Effect of the number of time stages

The optimal control policy obtained for this example is shown for typical control
variables in Figure 6.7 and the state trajectories for some typical state variables are
given in Figure 6.8. It is seen that the control policy is very smooth. The smoothness
is increased by using a larger number of time stages, yielding a better approximation
to the continuous control policy.

By doubling the number of time stages to P = 80, we obtained the minimum
performance index of I = 6225.568. This result was obtained with the use of R = 3
with η = 0.70 and γ = 0.95 in 24 passes, each consisting of 30 iterations as before.
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Figure 6.4: Convergence profile of IDP, showing the deviation from the optimum I =
6226.047 with η = 0.65 and γ = 0.95 using the number of randomly chosen points R as
parameter

The computation time for 30 passes with 80 stages was 200.5 s. The doubling of the
number of time stages did not slow the convergence rate at all, but the computation
time was doubled.

The use of a smaller number of stages, namely, P = 30 stages, gave I = 6226.543.
By using the same parameters, the computation time was 80.6 s for 30 passes.

Since the state equation is linear and the performance index is quadratic, the
problem is ideally suited for solution by the use of Pontryagin’s maximum principle,
where the optimal control policy is obtained by minimizing the Hamiltonian. This
leads to the (n× n) Riccati equation [6]

dJ

dt
+ JA + ATJ− 0.5JJ + 2I = 0 (6.44)

with the final condition
J(tf ) = 20I. (6.45)

The Riccati equation is solved backwards, yielding the symmetric matrix J, which
is stored at the end of each integration time step. Then the optimal control policy
is obtained by integrating the state equation forward in time and using the stored
values of J

u = −0.5Jx(t). (6.46)

To ensure sufficient accuracy and stability in the integration we used the integra-
tion subroutine DVERK [4] with local error tolerance of 10−4. The accuracy of the
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Figure 6.5: Convergence profile of IDP, showing the deviation from the optimum I =
6226.047 with η = 0.75 and γ = 0.95 using the number of randomly chosen points R as
parameter

solution depends on the number of time stages at which the feedback matrices are
stored, but generally at least 100 time stages are required for a good approximation.
Here we will illustrate the effect of the number of stages by taking a different number
of stages. This also enables us to see the relationship of this standard method to the
results obtained by IDP. The computations are very fast, even when 200 stages are
used, as is shown in Table 6.8.

It is obvious that the solution of the Riccati equation here with n = 20 is con-
siderably faster than IDP, but for the same number of stages the use of IDP gives
slightly better results. In the next chapter we will see that when piecewise linear

Table 6.8: Values for the performance index obtained by solving the Riccati equation

Number of stages Performance index Computation time
P I on PentiumII/350, s
30 6228.42 1.60
40 6227.13 1.92
80 6225.85 3.24
150 6225.53 5.76
200 6225.48 7.69

c© 2000 by Chapman & Hall/CRC



Figure 6.6: Convergence profile of IDP, showing the deviation from the optimum I =
6226.047 with η = 0.70 and 3 randomly chosen points, with region contraction factor γ
used as a parameter

control is used in IDP and the dimensionality increases, then the computation time
for IDP becomes quite comparable to the computation time required to solve the
Riccati equation.

When these values of the performance index are plotted against 1/P 2, as shown in
Figure 6.9, the extrapolated value of the linear plots gives 6225.4, which is the same
value as reported by Nagurka et al. [10]. It is quite clear that piecewise constant
control is not the best choice when the control policy is very smooth. Rather than
using a large number of stages with piecewise constant control, greater accuracy
can be gained by using piecewise linear continuous control for such situations. The
benefits in using piecewise linear continuous control for very high dimensional systems
are illustrated in Chapter 7.
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Figure 6.7: Optimal control policy, showing the piecewise constant control for typical
control variables with P = 40 stages

Figure 6.8: State trajectories for typical state variables resulting from the optimal control
policy
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Figure 6.9: Comparison of results obtained by IDP and those obtained by solving the
Riccati equation, showing a linear variation of the performance index with 1/P 2 with the
extrapolated value of I = 6225.4
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Chapter 7

Piecewise linear control

7.1 Introduction

Up to now, in using IDP to solve an optimal control problem, the given time interval
was divided into P time stages of equal length and at each time-stage the control
would be held constant. Such a piecewise constant control policy provides a reason-
ably good approximation to the continuous control policy, and the approximation
can be improved by taking a larger number of time stages, as we saw with the last
example in Chapter 6. In many situations the optimal control policy is quite smooth,
and therefore we may get very good approximation by using piecewise linear, rather
than constant, sections. We furthermore impose the constraint that the linear sec-
tions form a continuous curve. Piecewise linear continuous control was first used in
IDP for several systems by Luus [4]. It was found that the use of piecewise linear
control does indeed give an excellent result with a relatively small number of time
stages, and allows the optimal control policy for very high dimensional systems to be
determined accurately [3,5].

7.2 Problem formulation

Let us consider the system described by the vector differential equation

dx

dt
= f(x,u) (7.1)

with x(0) given, where x is an (n× 1) state vector and u is an (m× 1) control vector
bounded by

αj ≤ uj ≤ βj, j = 1, 2, · · · ,m. (7.2)

Associated with the system is a performance index

I = φ[x(tf )] (7.3)
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where φ is a positive definite function of x at the given final time tf . The optimal
control problem is to find the control policy u(t) in the time interval 0 ≤ t < tf so
that the performance index is minimized.

Let us divide the given time interval (0, tf ) into P subintervals (0, t1), (t1, t2),
· · · , (tk, tk+1), · · · , (tP−1, tP ), each of length L, so that

L =
tf
P

. (7.4)

We seek a piecewise linear continuous control policy to minimize the performance
index. Therefore, we calculate the control policy in the time interval (tk, tk+1) by the
expression

u(t) = u(k) +
u(k + 1)− u(k)

L
(t− tk) (7.5)

where u(k) is the value of u at the time tk and u(k+1) is the value of u at time tk+1.
The optimal control problem is now to find u(k), k = 0, 1, 2, · · · , P , inside the range
specified by Eq. (7.2), so that the performance index in Eq. (7.3) is minimized. At
the last stage we must determine both u(P ) and u(P − 1). This means that for the
last stage we must determine 2m values for the m control variables. For all the other
stages there are only m values to be determined because of the continuity restriction.

7.3 Algorithm for IDP for piecewise linear control

Here we use IDP with a single grid point, i.e., N = 1, in a multi-pass fashion, where
the region size is contracted by an amount γ after every iteration. After a speci-
fied number of iterations making up a pass, the region size is restored to a value η
times the region size at the beginning of the pass to give the region size to be used
in the subsequent pass. To illustrate this underlying logic in IDP, an algorithm is
given to solve the optimal control problem as outlined in Eq.(7.1)-Eq.(7.4), where it
is required to minimize the performance index in Eq. (7.3) with the use of piecewise
linear control, as specified in Eq. (7.5) over P stages, each of the same length:

1. Divide the time interval [0, tf ] into P time stages, each of length L.
2. Choose the number of test values for u denoted by R, an initial control policy

and the initial region size rin; also choose the region contraction factor γ used after
every iteration and the region restoration factor η used after every pass.

3. Choose the number of iterations to be used in every pass and the number of
passes to be used in the run.

4. Set the pass number index q = 1 and the iteration number index to j = 1.
5. Set the region size vector rj = ηqrin.
6. By using the best control policy (the initial control policy for the first iteration

of the first pass), integrate Eq. (7.1) from t = 0 to tf to generate the x-trajectory and
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store the value of x at the beginning of each time stage, so that x(k− 1) corresponds
to the value of x at the beginning of stage k.

7. Starting at stage P , corresponding to time tf − L, integrate Eq. (7.1) from
tf −L to tf , using as the initial state the stored value x(P −1) from step 6, once with
each of the R allowable values for the control vector calculated from Eq. (7.5), using

u(P − 1) = u∗j(P − 1) + D1r
j (7.6)

u(P ) = u∗j(P ) + D2r
j (7.7)

where u∗j(P − 1) and u∗j(P ) are the best values obtained in the previous iteration
and D1 and D2 are diagonal matrices of different random numbers between −1 and
1. Clip suitably any of the control variables at αj or βj to satisfy Eq. (7.2). Out
of the R values for the performance index, choose the control values that give the
minimum value, and store these values as u∗(P − 1) and u∗(P ). We now have the
best control for the last stage.

8. Step back to stage P − 1, corresponding to time tf − 2L. Choose R values for
u(P − 2) as in the previous step, and by taking as the initial state x(P − 2) integrate
Eq. (7.1) over one stage length by using Eq. (7.5) for the control. Continue integration
over the last time stage by using the stored value of u∗(P − 1) and u∗(P )from step 7.
Compare the R values of the performance index and store the best control as u∗(P−2)
that gives the minimum value for the performance index.

9. Continue the procedure until stage 1, corresponding to the initial time t = 0
and the given initial state, is reached. As before, integrate Eq. (7.1) and compare
the R values of the performance index and store the control u(0) as u∗(0) that gives
the minimum performance index. Store also the corresponding x-trajectory.

10. Reduce the region size for allowable control

rj+1 = γrj (7.8)

where j is the iteration number index. Use the best control policy from step 9 as the
midpoint for the allowable values for the control denoted by the superscript ∗.

11. Increment the iteration index j by 1 and go to step 6; continue the procedure
for the specified number of iterations to finish a pass.

12. Increment the pass index q by 1 and go to step 5; continue the procedure for
the specified number of passes, and interpret the results.
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Figure 7.1: Convergence of IDP for nonlinear CSTR showing deviation of the performance
index from the optimum I = 0.133094

7.4 Numerical examples

To show the advantages of using piecewise linear control, we consider several examples.
As a guide to the amount of computational effort required, the computation time on
a PentiumII/350 is reported.

7.4.1 Nonlinear CSTR

The nonlinear CSTR discussed in Chapter 1 provides a good test problem for opti-
mization procedures. It has been used by Lapidus and Luus [2], Rao and Luus [9],
Luus and Cormack [6], and recently by Luus and Galli [7] to examine the multiplicity
of solutions with IDP. The equations describing the chemical reactor are

dx1

dt
= −(2 + u)(x1 + 0.25) + (x2 + 0.5)exp[

25x1

x1 + 2
] (7.9)

dx2

dt
= 0.5− x2 − (x2 + 0.5)exp[

25x1

x1 + 2
] (7.10)

dx3

dt
= x2

1 + x2
2 + 0.1u2 (7.11)

where x1 represents deviation from dimensionless steady-state temperature and x2

represents deviation from dimensionless steady-state concentration. In the present
work, the initial conditions x1(0) = 0.09 and x2(0) = 0.09 are used. The variable
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Figure 7.2: Piecewise linear continuous optimal control policy with P = 10 for the nonlinear
CSTR, giving I = 0.133169

x3, with initial condition x3(0) = 0, is introduced to put the optimal control problem
into the standard form, so the performance index to be minimized is

I = x3(tf ) (7.12)

where the final time tf = 0.78. The control u is unbounded.
Using control vector iteration procedure based on Pontryagin’s maximum princi-

ple, Luus and Cormack [6] showed that there exists a local optimum of I = 0.244425
and a global optimum of I = 0.133094. The above algorithm for piecewise linear
continuous control with IDP, using P = 10 time stages, initial control policy u(0) =
2 and initial region size r(0) = 2, with region contraction factor γ = 0.85 and region
restoration factor η = 0.70, using 10 passes, each pass consisting of 10 iterations,
yielded rapid convergence to the global optimum I = 0.133169 with the use of R = 5
and R = 7, as is shown in Figure 7.1. The use of R = 3 and R = 10 gave conver-
gence to the local optimum. The problem of convergence to the local optimum was
explored in detail by Luus and Galli [7]. Here we want to emphasize that taking a
large number of random points R does not necessarily guarantee getting the global
optimum. The computation time for 10 passes, using the fourth order Runge-Kutta
method with integration time-step length of 0.00975, was 1.32 s with R = 5 and 1.70
s with R = 7 on a PentiumII/350.

The resulting optimal control policy is given in Figure 7.2 and the state trajectories
are given in Figure 7.3. It is interesting to note that at the final time tf = 0.78 the
state variable x2 is further from the desired state (origin) than at the initial time.
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Figure 7.3: Trajectories of the state variables of the nonlinear CSTR

This shows the need for specifying state constraints, or changing the performance
index if the desired state is to be reached within some tolerance. Handling of state
constraints is considered in Chapter 11.

To get a more refined answer, a larger number of time stages was used. In order
to get the global and not the local optimum, the initial control policy and the initial
region size were increased to u(0) = 2.5 and r(0) = 3, and 20 passes, each consisting
of 10 iterations, were used. The use of P = 20 stages yielded a slight improvement of
the performance index to I = 0.133101, which is within 0.005% of the optimum. The
use of P = 40 stages yielded a further improvement to I = 0.133096, which is within
0.001% of the optimum obtained by Luus and Cormack [6] with the second variation
method. The computation time for 20 passes with P = 20 stages was 6.3 s and with
P = 40 the computation time was 11.3 s.

7.4.2 Nondifferentiable system

We now consider the system used by Thomopoulos and Papadakis [10], who showed
difficulties of convergence of several optimization procedures. The system, also con-
sidered by Luus [4], is described by

dx1

dt
= x2 (7.13)

dx2

dt
= −x1 − x2 + 100[H(t− 0.5)−H(t− 0.6)] (7.14)
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dx3

dt
= 5x2

1 + 2.5x2
2 + 0.5u2 (7.15)

with the initial state

x(0) = [ 0 0 0 ]T . (7.16)

In Eq. (7.14) there is a disturbance term in the form of a rectangular pulse of mag-
nitude 100 from t = 0.5 until t = 0.6. The optimal control problem is to find the
control u in the time interval 0 ≤ t < 2 so that the performance index

I = x3(tf ) (7.17)

is minimized. Here the final time tf = 2.
By using an exponential smoothing technique Thomopoulos and Papadakis [10]

overcame the discontinuity problem and obtained a minimum value I = 58.538. With
IDP the discontinuity produced by the rectangular pulse causes no difficulties pro-
vided that the integration step size is chosen so that the state equations can be
properly integrated. By using IDP, Luus [4] reported a minimum of I = 58.20 by
using 40 stages of piecewise constant control and I = 58.18 with the use of piecewise
linear control over 40 time stages of equal length. Here we consider this problem with
20 stages of equal length.

Figure 7.4: Convergence profile for the nondifferentiable system, showing the deviation of
the performance index from 58.185 as a function of the pass number with P = 20
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Figure 7.5: Piecewise linear continuous optimal control policy with P = 20 for the nondif-
ferentiable system

For IDP we chose P = 20, u(0) = 0, r(0) = 10, γ = 0.95, η = 0.7, and 20 iterations
per pass. As is shown in Figure 7.4, convergence from the initial value of 220.395 to
the minimum value of I = 58.185 was obtained very rapidly. For integration of the
equations we used the Runge-Kutta method with an integration step-size of 0.025.
The computation time for the 5 passes was 0.98 s.

The resulting piecewise linear optimal control policy is given in Figure 7.5 and the
state trajectories are given in Figure 7.6. It is observed that the rectangular pulse in
the time interval from 0.5 to 0.6 causes a very rapid increase in the state variable x2

during this time interval.

7.4.3 Linear system with quadratic performance index

In Chapter 6 we considered the mathematical problem presented by Nagurka et al.
[8] to show the determination of piecewise constant control policy and concluded that
the solution of this problem by solving the Riccati equation was much faster than IDP
when the number of state variables and control variables was 20. Here we consider
this problem again, but use piecewise linear control. Since a fewer number of stages
are required, we shall show that the computational disadvantage of IDP decreases
as the number of variables n increase. Therefore, let us consider the problem again
where the nth-order linear time-invariant system is described by

dx

dt
= Ax(t) + u(t) (7.18)
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Figure 7.6: State trajectories for the nondifferentiable system

with the initial state
x(0) = [ 1 2 · · · n ]T (7.19)

where the coefficient matrix is given by

A =




0 1 0 · · · 0
0 0 1 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · 1
1 −2 3 · · · (−1)n+1n



.

The problem is to find the control vector u(t) in the time interval 0 ≤ t < 1 that
minimizes the performance index

I = 10xT (1)x(1) +
∫ 1

0
(xTx + uTu)dt. (7.20)

Case 1: n = 20

Let us examine the convergence of IDP with n = 20 and P = 10 time stages. By
choosing the initial control region size rin = 40, with γ = 0.95 and η = 0.70, and using
30 iterations per pass with R = 7 allowable test values for control, convergence from
the initial value u(0) = 0 to the optimum I = 6225.46 was very regular and systematic
as is shown in Figure 7.7. The computation time for 30 passes was 49.1 s. As is
shown in the same figure, the rate of convergence is improved slightly by increasing
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Table 7.1: Effect of the number of time stages P used for piecewise linear control on the
optimal performance index

Number of stages Performance index
P I
7 6225.59
8 6225.53
9 6225.49
10 6225.46
11 6225.45
15 6225.42
30 6225.41
40 6225.41

the number of allowable control values to 11. When the region restoration factor η
is increased to 0.75, as is shown in Figure 7.8, fewer number of allowable values for
control may be used to get adequate convergence in 30 passes.

By solving the Riccati equation with P = 200 the minimum value of the perfor-
mance index I = 6225.48 is obtained in 7.7 s on a PentiumII/350 personal computer.
Although we can not come even close to this speed with IDP, it is still worthwhile
to consider this case, especially to examine the number of time stages needed in the
use of piecewise linear continuous control to get the same accuracy as the use of 200
stages for solving the Riccati equation.

As is seen in Table 7.1, the use of 9 stages gives almost the same value I = 6225.48
obtained with the Riccati equation with 200 stages. The use of 10 stages for piecewise
linear control yields a better result than the optimum obtained by the solution of the
Riccati equation. Also it is obvious that very little is gained by taking more than 15
stages.

The optimal control policy for the control variables u1, u10 and u20 with P =
10 is given in Figure 7.9 and the state trajectories for x1, x10 and x20 are given in
Figure 7.10.
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Figure 7.7: Convergence profile for Case 1 showing the deviation of the performance index
from I = 6225.41 with η = 0.70

Figure 7.8: Convergence profile for Case 1 showing the deviation of the performance index
from I = 6225.41 with η = 0.75
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Figure 7.9: Optimal control policies with 10 linear continuous sections for u1, u10 and u20

for Case 1 with n = 20

Figure 7.10: State trajectories for x1, x10 and x20 for Case 1 with n = 20
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Case 2: n = 150

When the number of state variables and control variables was increased to 150,
some changes were made to cope with the larger number of variables. The number of
iterations in a pass was increased to 50, and the region restoration factor η was kept
closer to 0.90, but the region reduction factor γ was kept at 0.95. The number of time
stages was chosen as P = 11, to give sufficient accuracy. To compensate for the larger
values in the initial condition, the initial region size was chosen to be rin = 300.
By taking R = 25 allowable values for control, it was found that convergence to
I = 2.81317×106 was regular and systematic as is shown in Figure 7.11. In each case a
slightly better performance index was obtained after 70 passes than I = 2.81318×106

obtained by solving the Riccati equation with P = 200. The computation time for
70 passes with IDP was 5776 s which compares favorably with 3515 s required to
solve the optimal control problem through the Riccati equation with DVERK [1]
subroutine.

The optimal control policy for typical control variables is given in Figure 7.12 and
typical state trajectories are given in Figure 7.13.

Figure 7.11: Convergence profile for Case 2 showing the deviation of the performance index
from I = 2813167.2 as a function of the pass number for two values of the region restoration
factor η
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Figure 7.12: Optimal piecewise linear control policy for typical control variables with
P = 11 stages for Case 2 with n = 150

Case 3: n = 250

Increasing the number of variables to 250 did not present any difficulties in the use
of IDP. By taking P = 11 and choosing the initial region rin = 250, with R = 40 and
70 iterations per pass and γ = 0.95, convergence to I = 1.31030× 107 was systematic
and regular for η = 0.90, but the use of η = 0.89 caused the region size to collapse
around the 60th pass, giving I = 1.31031× 107. The convergence profiles are shown
in Figure 7.14. One effective means of preventing the region from collapsing is to use
initially a small value for η and then switch to a larger one. This scheme was used by
Luus [5] who took for this problem η = 0.89 for the first 40 passes and then switched
to η = 0.91 for the remainder of the passes to obtain convergence to I = 1.31030×107.
Typical optimal control profiles and typical state variables are shown in Figure 7.15
and 7.16. The computation time for 70 passes was 8.4 h on a PentiumII/350 personal
computer.

Attempts to solve the Riccati equation for this problem on the PentiumII/350
with P = 200 and P = 100 caused memory problems, but with P = 75 the Riccati
equation was solved in 4.1 h, yielding I = 1.31037× 107. Luus [5] solved the Riccati
equation with P = 200 on a Pentium/120 to give I = 1.31030 × 107 without any
difficulty, except that the computation time was 55.0 h. No attempt was made to
reduce the number of equations to be solved in the Riccati equation from 62500 to
32500 because the Riccati matrix is symmetric. For this case IDP is clearly preferred.
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Also, in using IDP, the progress can be followed after every iteration and after every
pass, whereas in solving the Riccati equation intermediate results are not available.

Although there is a systematic and regular reduction of the performance index
from pass to pass, during each individual pass there are three distinct sections as is
shown for pass 20 in Figure 7.17. In the first section, consisting of 13 iterations, the
performance index does not change at all because the region over which the allowable
values for control are taken is too large. In the next section consisting of 8 iterations
the performance index becomes larger, reaching a peak at the 21st iteration. In the
last section the performance index decreases in size to a value lower than the one at
the start of the pass. The analysis of this convergence pattern allows one to determine
whether the region size is adequate and whether a proper number of iterations have
been used in a particular pass. This type of convergence profile was observed by Luus
[5] for this system with n = 100. Further results are given in that paper. The listing
of the computer program for this problem is given in Appendix D.

Figure 7.13: Typical state trajectories for Case 2 with n = 150
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Figure 7.14: Convergence profile for Case 3 with n = 250 showing the variation of the
deviation of the performance index from I = 1.31030 × 107 for two values of the region
restoration factor η

Figure 7.15: Optimal piecewise linear control policy with P = 11 stages for typical control
variables for Case 3 with n = 250
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Figure 7.16: Typical state trajectories for Case 3 with n = 250

Figure 7.17: Convergence profile of IDP during the 20th pass
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7.4.4 Gas absorber with a large number of plates

Let us consider the model of the n-plate gas absorber discussed in Chapter 1, where
the model consists of the linear time-invariant system described by

dx

dt
= Ax(t) + Bu(t) (7.21)

where A is a tridiagonal coefficient matrix given by

A = tridiag[ 0.538998 − 1.173113 0.634115 ] (7.22)

and the (n× 2) control coefficient matrix B is given by

BT =

[
0.538998 0 · · · 0 0

0 0 · · · 0 0.634115

]
. (7.23)

The initial condition is chosen as

xi(0) = −0.0307− (
i− 1

n− 1
)(0.1273− 0.0307), i = 1, 2, · · · , n. (7.24)

The performance index to be minimized is

I =
∫ tf

0
(xTx + uTu)dt, (7.25)

where we choose the final time tf = 15 min. We keep the number of plates n as a
parameter to investigate the effect of increasing the dimensionality of the problem.

Since there are only two control variables, we expect rapid convergence with a
very small number of randomly chosen values for control. For all the runs we choose
P = 20, R = 7, rin = 0.05,u(0) = 0, γ = 0.85, η = 0.25, and allow 2 passes of
20 iterations each, for n = 10, 25, 50, and 100. For all the runs convergence was
obtained within the two passes. Comparison of the computation times with IDP and
the results obtained by solving the Riccati equation with P = 100 are shown in Table
7.2.

It is interesting to note that the computation time for IDP increases linearly with
n, whereas with the Riccati equation the computation time goes up as n3. Already
with n = 50, IDP is 3 times faster than solving the Riccati equation. When n = 100,
IDP is 25 times faster. Actually with n = 100, the solution of the Riccati equation
yielded I = 9.73327 with P = 100. The optimum value of I = 9.73326 was obtained
with P = 200, requiring 500.9 s of computation time.

The optimal control policy for n = 100 is given in Figure 7.18 and the trajectories
for typical state variables are given in Figure 7.19.

c© 2000 by Chapman & Hall/CRC



Figure 7.18: Optimal piecewise linear control policy with P = 20 stages for the 100-plate
gas absorber

Figure 7.19: Typical state trajectories for the 100-plate gas absorber
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Table 7.2: Comparison of IDP to solving the Riccati equation for the gas absorber problem

Number of Optimal Performance CPU time CPU time for
plates index for IDP Riccati equation

n Io s s
10 0.37196 2.9 0.3
25 1.86581 5.9 4.1
50 4.47877 10.9 34.1
100 9.73326 20.9 269.1
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Chapter 8

Time-delay systems

8.1 Introduction

Engineering systems often contain delayed elements such as recycle streams, trans-
portation lags, and time delays associated with the measurement of output variables.
These time delays can have significant effect on the control of the system under con-
sideration, so it is important to incorporate them into the mathematical model. This
gives rise to differential equations with delayed arguments.

Due to the difficulty of solving the optimal control of nonlinear time-delay sys-
tems, Oh and Luus [8] suggested a suboptimal control approach based on the use
of Taylor series expansion of the delayed state to retain sufficient dynamic features
of the original time-delay system, and then using direct search to obtain the best
feedback gain matrix in the sense of minimizing the associated performance index.
For small time delays this approach gave very good results.

With IDP there are no conceptual difficulties, since no equations have to be inte-
grated backwards. The first attempt to use IDP with time-delay systems was made
by Dadebo and Luus [3], who used piecewise constant control policy, and obtained
good results with several problems. In the present chapter, instead of using only
piecewise constant control, we wish to use also piecewise linear continuous control, so
that better results could be obtained with a fewer number of time stages. Here we
will use a single grid point (N = 1). If a single grid point is used, then the problem of
how to determine the initial profiles, which are required for the delay terms, does not
arise. The only difficulty is that of determining sufficiently good starting conditions
for highly nonlinear systems to ensure convergence. The recent work by Luus et al.
[7] shows that a good way of overcoming such difficulty is to use the Taylor series
expansion for the delay terms to convert the given system into a nondelay system for
which the optimal control policy can be readily established. Then the optimal control
policy for the nondelay system provides the starting control policy for the time-delay
system. We will illustrate this approach with the last example.
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8.2 Problem formulation

Let us consider the system described by the vector differential equation with a con-
stant time delay τ

dx

dt
= f[x(t),x(t− τ),u(t)] (8.1)

with the given initial state profile

x(t) = g(t), −τ ≤ t < 0 (8.2)

and the initial condition
x(0) = k. (8.3)

Here x is an (n× 1) state vector, u is an (m× 1) control vector, τ is a constant delay
factor and g is a given function of time that gives the initial profile for the state. Let
us assume that each element in the control vector is bounded by

αj ≤ uj ≤ βj, j = 1, 2, · · · ,m. (8.4)

Associated with the system is a performance index to be minimized:

I = Φ(x(tf )) (8.5)

where Φ is some function of the final state and the final time tf is specified. The
optimal control problem is to find the control u(t) in the time interval 0 ≤ t < tf
such that the performance index is minimized.

Let us divide the given time interval into P subintervals (0, t1), (t1, t2), · · · , (tP−1, tP ),
each of length L, so that

L =
tf
P

. (8.6)

Instead of seeking only piecewise constant control policy, we will use IDP to also find
a piecewise linear control policy that minimizes the performance index. Conceptually
there are no difficulties and the algorithm used earlier can be used. For integration
of the differential equations with time delay we use the integration routine given by
Hairer et al. [4]. To get an appreciation of IDP for the time delay problems, we
consider several examples.

8.3 Examples

8.3.1 Example 1

Let us consider the linear time-delay system used for optimal control studies by Chan
and Perkins [2], Oh and Luus [8], Dadebo and Luus [3], and Luus [6]. The system is
described by the differential equations

dx1

dt
= x2(t) (8.7)
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Table 8.1: Performance index for piecewise constant control policy using different values
of delay factor and number of stages

Time delay Number of time steps Control vector
τ P = 5 P = 10 P = 20 iteration

0.10 2.5764 2.5709 2.5667 2.562
0.25 2.5374 2.5335 2.5283 2.526
0.50 2.6231 2.6189 2.6101 2.609
0.75 2.7918 2.7818 2.7704 2.769
1.00 2.9683 2.9471 2.9343 2.932

dx2

dt
= −10x1(t)− 5x2(t)− 2x1(t− τ)− x2(t− τ) + u(t) (8.8)

dx3

dt
= 0.5(10x2

1 + x2
2 + u2) (8.9)

with the initial state profile

x1(t) = x2(t) = 1.0, −τ ≤ t ≤ 0, x3(0) = 0. (8.10)

The performance index to be minimized is

I = x3(tf ) (8.11)

where the final time is set at tf = 5.
To solve this problem by IDP, we chose a single grid point N = 1, with R = 3

randomly chosen values. The initial control policy was chosen to be zero, and the
initial region size was chosen to be 0.2. Two passes, each consisting of 10 iterations
were used, with the region reduction factor γ = 0.80 and the region restoration factor
η = 0.70. For integration of the equations, the integration program of Hairer et al. [4]
was used. Runs were made for different values of the delay factor τ and the number
of stages P chosen were 5, 10, and 20 for both piecewise constant and piecewise linear
control.

Table 8.1 shows the results obtained with the use of piecewise constant control. It
is noted that even with P = 20, the results are quite close to the results obtained by
control vector iteration procedure based on Pontryagin’s maximum principle by Oh
and Luus [8]. The use of P = 20 already gives very close results to those reported by
control vector iteration.

The results for piecewise linear control are given in Table 8.2. It is obvious that
the use of P = 5 gives an inadequate approximation to the optimal control. However,
with only 10 stages excellent results are obtained. It must be realized that the control
vector iteration procedure based on Pontryagin’s maximum principle was slow to
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Table 8.2: Performance index for piecewise linear control policy using different values of
delay factor τ and number of stages

Time delay Number of time steps Control vector
τ P = 5 P = 10 P = 20 iteration

0.10 2.5700 2.5653 2.5646 2.562
0.25 2.5332 2.5270 2.5258 2.526
0.50 2.6243 2.6076 2.6064 2.609
0.75 2.7996 2.7668 2.7658 2.769
1.00 2.9570 2.9302 2.9292 2.932

converge, especially for higher values for τ , and therefore the results obtained here
for these cases are marginally better than reported by Oh and Luus [8]. Here the
convergence was very rapid, as is shown in Figure 8.1 with τ = 1, and P = 10, where
after 10 iterations with R = 3, convergence to 2.9477 was obtained with piecewise
constant control and 2.9325 was obtained with piecewise linear control. During the
second pass, convergence was obtained to the values reported in the Tables.

The piecewise linear control policy with P = 10 with the delay factor τ = 1.0,
giving I = 2.9302, is given in Figure 8.2. A smoother control policy with P = 20,
yielding I = 2.9292, is given by Luus [6]. The computation time for two passes with
P = 10 was 0.7 s, and with P = 20 was 1.5 s on a PentiumII/350. Therefore, the
computational effort here is negligible.

8.3.2 Example 2

Let us consider the linear time-delay system considered by Palanisamy et al. [9] for
the optimal control of linear time-varying delay systems via single term Walsh series,
which was also used by Dadebo and Luus [3] to test IDP. The system is described by
the delay differential equations

dx1(t)

dt
= tx1(t) + x1(t− τ) + u(t) (8.12)

dx2(t)

dt
= x2

1(t) + u2(t) (8.13)

with the initial state profile

x1(t) = 1.0, −1 ≤ t ≤ 0, x2(0) = 0. (8.14)

The optimal control problem is to find the control u in the time interval 0 ≤ t < 2,
so that the following performance index is minimized:

I = x2(tf ), tf = 2. (8.15)
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Figure 8.1: Convergence profile for Example 1 with the use of N = 1 and R = 3

The delay term τ = 1.
To solve this problem by IDP, we chose again a single grid point N = 1, with

R = 3 randomly chosen values, and chose P = 10 time stages of equal length. The
initial control policy was chosen to be zero, and the initial region size was chosen to be
1.0. To establish piecewise linear control, ten passes, each consisting of 10 iterations,
were used, with the region reduction factor γ = 0.80 and the region restoration factor
η = 0.70. From the initial value of 80.3436 the performance index I was reduced very
rapidly to 4.7968 in a computation time of 1.2 s on a PentiumII/350.

The optimal control policy is given in Figure 8.3. It is seen that the control policy
is very smooth indeed and there is no need to take a larger number of stages to
improve the accuracy.

8.3.3 Example 3 − Nonlinear two-stage CSTR system

The third example consists of a two-stage nonlinear CSTR system in series with a first-
order irreversible chemical reaction occurring in each reactor. The system is based
on the continuous stirred tank reactor originally modelled by Aris and Amundson [1]
and used for Lapidus and Luus [5] for stability studies. The system is described by
the differential-difference equations

dx1

dt
= 0.5− x1(t)−R1 = f1(t) (8.16)

dx2(t)

dt
= −2(x2(t) + 0.25)− u1(t)[x2(t) + 0.25] + R1 = f2(t) (8.17)
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Figure 8.2: Piecewise linear continuous optimal control policy for Example 1 with τ = 1

dx3(t)

dt
= x1(t− τ)− x3(t)−R2 + 0.25 (8.18)

dx4(t)

dt
= x2(t− τ)− 2x4(t)− u2(t)[x4(t) + 0.25] + R2 − 0.25 (8.19)

dx5

dt
= x2

1 + x2
2 + x2

3 + x2
4 + 0.1(u2

1 + u2
2). (8.20)

We have added the last equation to give us the performance index to be minimized
in the standard form, namely,

I = x5(tf ) (8.21)

where the dimensionless final time tf = 2. The state variables x1 and x3 are nor-
malized concentration variables in tanks 1 and 2, respectively, and x2 and x4 are
normalized temperature variables in tanks 1 and 2, respectively. The reaction terms
in tanks 1 and 2 are given by

R1 = [x1 + 0.5]exp(
25x2

x2 + 2
) (8.22)

R2 = [x3 + 0.25]exp(
25x4

x4 + 2
). (8.23)

The normalized control are bounded by

−1 ≤ uj ≤ 1, j = 1, 2. (8.24)
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Figure 8.3: Piecewise linear continuous control policy for Example 2

The initial state profiles are given by

x1(t) = 0.15, −τ ≤ t ≤ 0 (8.25)

x2(t) = −0.03, −τ ≤ t ≤ 0 (8.26)

x3(0) = 0.10 (8.27)

x4(0) = 0. (8.28)

The optimal control problem is to find the controls u1(t) and u2(t) in the time interval
0 ≤ t < 2 so that the performance index given in Eq. (8.21) is minimized for different
values of the delay factor τ . Rather than piecewise constant control as was done by
Dadebo and Luus [3], here we seek piecewise linear control. In order to get convergence
with N = 1, as is required for piecewise linear continuous control, we need a good
initial estimate of the control policy. We can obtain that by approximating the delay-
time system by a nondelay system where we still retain the dynamic characteristics.
We expand the delay terms by Taylor series expansion retaining only the linear terms:

x1(t− τ) = x1(t)− τ
dx1

dt
+ · · · ≈ x1(t)− τf1(t) (8.29)

and

x2(t− τ) = x2(t)− τ
dx2

dt
+ · · · ≈ x2(t)− τf2(t). (8.30)
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By substituting Eqs. (8.29)-(8.30) into Eqs. (8.18)-(8.19), we get the approximate
non-delay system

dx1

dt
= f1 (8.31)

dx2

dt
= f2 (8.32)

dx3

dt
= x1 − x3 − τf1 −R2 + 0.25 (8.33)

dx4

dt
= x2 − 2x4 − u2[x4 + 0.25]− τf2 + R2 − 0.25 (8.34)

dx5

dt
= x2

1 + x2
2 + x2

3 + x2
4 + 0.1(u2

1 + u2
2). (8.35)

We considered this non-delay system with τ = 0.1 in Chapter 6, and found that
more than one grid point was required for obtaining the optimal control. With the use
of 11 grid points, the optimal 30-stage piecewise constant control policy was obtained
without any difficulty. From this 30-stage piecewise constant control policy, we can
get an approximation for the 10-stage piecewise linear control policy that may be
used as a starting policy for the delay-time system.

By taking the delay term τ = 0.1, with γ = 0.95, η = 0.85, and initial region size
of 0.05, and allowing 50 passes, each consisting of 50 iterations, we found that the
effect of the number of randomly chosen points R had very little effect if R was at
least 25. Convergence from the initial value of I = 0.085504 to the vicinity of 0.023
was very rapid. The use of R = 15, however, gave inadequate convergence. The
results are given in Table 8.3, where it is quite clear that at least 25 randomly chosen
points are required. In none of these runs was the optimum obtained within 5 figures;
so, a second run was necessary. For subsequent runs the initial region was chosen as
0.0001 and 30 passes were performed, where the best control policy was used at the
start. After 3 such runs the optimum I = 0.023166 for τ = 0.1 was obtained. Now
using the optimal control policy for τ = 0.1 as the initial control policy, the optimal
control policy for τ = 0.2 was obtained. Such a continuation approach was used to
establish the optimal control policies for the higher values of the time delay factor,
giving the results in Table 8.4.

As can be seen in Figure 8.4, the control policies do not change too much when
the delay factor is increased from 0.1 to 0.8.

Luus et al. [7] showed that almost the same values for the performance index can
be obtained with the use of 7 rather than 10 stages for piecewise continuous control.
For larger values of τ , the values for the performance index are somewhat better
than were reported by Oh and Luus [8] using control vector iteration procedure. For
example, for τ = 0.8, by IDP we obtained I = 0.02550 versus the value I = 0.02561
reported by Oh and Luus [8]. To carry out 30 passes, each consisting of 50 iterations,
with R = 25 took about 4 min of computation time on the PentiumII/350 personal
computer.

c© 2000 by Chapman & Hall/CRC



Table 8.3: Effect of the number of allowable values for control R on convergence with
τ = 0.1

Number of random points Performance index
R I
15 0.023241
25 0.023170
50 0.023171
100 0.023171
200 0.023170

Table 8.4: Minimum performance index for piecewise linear control with P = 10 for the
two-stage CSTR system

Time delay Performance index
τ I

0.1 0.023166
0.2 0.023731
0.3 0.024213
0.4 0.024615
0.5 0.024940
0.6 0.025192
0.7 0.025376
0.8 0.025499
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Figure 8.4: Piecewise linear continuous control policy for the two-stage CSTR system,
showing the effect of the delay τ
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Chapter 9

Variable stage lengths

9.1 Introduction

We saw in Chapter 7 that in using piecewise constant control, increasing the number
of time stages always increases the accuracy with which the control policy is approx-
imated for a linear system with a quadratic performance index. However, there are
nonlinear optimal control problems where an increase in the number of stages does
not necessarily improve the performance index. For example, when the optimal con-
trol policy involves a sudden change from one extreme value to the other, the time
of this switching is very important. In time optimal control problems one anticipates
this type of “bang-bang” control. There are other occasions when one would least
expect such a change in the optimal control policy, and it may come as a surprise.
To get a good approximation to the optimal control policy then is determined not so
much by the number of time stages one uses, but how well the switching time can be
approximated. Let us use a simple example for illustration.

Let us consider the optimal control problem of Ko and Stevens [6] involving a
first-order, reversible, exothermic chemical reaction A ⇐⇒ B in a chemical reactor.
The material and energy balances of the reactor are given by:

dx1

dt
= (1− x1)k1 − x1k2 (9.1)

dx2

dt
= 300[(1− x1)k1 − x1k2]− u(x2 − 290) (9.2)

with the initial condition
xT (0) = [ 0 410 ]. (9.3)

The state variable x1 is the concentration of the desired component B, and x2 denotes
the absolute temperature. The control u is a normalized heat transfer term dependent
on the coolant flow rate, and is bounded by

0 ≤ u ≤ 0.5. (9.4)
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The reaction rate constants are dependent on the temperature in the following man-
ner:

k1 = 1.7536× 105exp(
−1.1374× 104

1.9872x2

) (9.5)

and

k2 = 2.4885× 1010exp(
−2.2748× 104

1.9872x2

). (9.6)

The problem is to find u in the time interval 0 ≤ t < tf such that the performance
index

I = x1(tf ), tf = 5 (9.7)

is maximized. This problem corresponds to Case II of Reddy and Husain [15], who
examined the difficulties in solving this optimal control problem using methods based
on the gradient. Case I has been considered in some detail by Luus [9].

To obtain a piecewise constant optimal control policy by IDP presents no difficul-
ties. However, what causes difficulties is choosing the number of time stages to solve
this problem, since the improvement in the performance index is not very regular
when the number of time stages is increased, as is shown in Figure 9.1. However,
there is a definite pattern, as the three peaks occur at P = 17, P = 26, and P = 35.

Figure 9.1: Effect of the number of time stages P on the maximum value of the performance
index
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It is readily observed that the use of 17 time stages gives a better value for the
performance index than the use of 40 time stages. To understand the underlying
reason, let us examine the optimal control profiles obtained for P = 16, 17, and 18.
In Figure 9.2 with P = 16 it is seen that after two time intervals with t = 0.625, we
are a bit late for switching to the maximum allowed value. Therefore, there is a small
value for control during the second time step.

In Figure 9.3 with P = 17, after the second time step with t = 0.588, the switching
is approximately right and therefore in the third time step we have the control at the
maximum allowed value. This enables the performance index I = 0.72387 to be
obtained.

In Figure 9.4 with P = 18, after two time steps with t = 0.555 the switching is too
early, and the switch is made to a value less than the maximum, and the performance
index of I = 0.72378 is not quite as good as the value obtained with P = 17.

Figure 9.2: Optimal control policy obtained with P = 16 time stages

Therefore, we see a need for using flexible stage lengths, rather than stages of
constant length. The goal in this chapter is to show how flexible stage lengths can
be used in IDP and the improvements that can be obtained. Just to finish off this
example, let us look at the type of control policies that are obtained with flexible
stage lengths. By using 7 stages of varying length, we obtained the 6-stage optimal
control policy in Figure 9.5. Here both stages 2 and 3 gave the same upper bound
for the control. The performance index I = 0.723886 is marginally better than the
value obtained with 17 stages of equal length.
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Figure 9.3: Optimal control policy obtained with P = 17 time stages

Figures 9.6 and 9.7 show that by increasing the number of stages, the performance
index can be improved, but very slightly. The portion of the control policy after the
maximum bound is not very important. This very low sensitivity of this part of the
control policy makes accurate determination of the optimal control difficult. The
most important part of the policy is the switching time, and it is essential to obtain
the switching time from 0 to 0.5 at time t = 0.5796 as accurately as possible.

We can therefore see benefits in using stages of varying lengths for establishing the
optimal control policy. In this chapter we will outline the algorithm to incorporate
the optimization of the stage lengths into IDP and also consider the problem where
the final time is specified as in the example that we just considered.
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Figure 9.4: Optimal control policy obtained with P = 18 time stages

Figure 9.5: Optimal control policy obtained with P = 7 time stages of varying length
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Figure 9.6: Optimal control policy obtained with P = 10 time stages of varying length

Figure 9.7: Optimal control policy obtained with P = 15 time stages of varying length
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9.2 Variable stage-lengths when final time is free

The development of the algorithm for IDP to allow stages to be of varying length was
done by Bojkov and Luus [2]. We consider the stage lengths to constitute another
control variable and the formulation is quite straightforward. Let us consider the
optimal control problem where the state equation is

dx

dt
= f(x,u) (9.8)

with the initial state x(0) given. The (m× 1) control vector is bounded by

αj ≤ uj(t) ≤ βj, j = 1, 2, · · · ,m. (9.9)

The performance index to be maximized is a scalar function of the state at the final
time tf

I = Φ(x(tf )) (9.10)

where the final time tf is not specified.
Let us divide the time interval into P time stages, each of variable length

v(k) = tk − tk−1, k = 1, 2, · · · , P (9.11)

where

v(k) ≥ 0, k = 1, 2, · · · , P. (9.12)

The control is kept constant in each of these time intervals.
Let us now introduce a normalized time variable τ , by defining dτ in the time

interval tk−1 ≤ t < tk through the relationship

dt = v(k)Pdτ (9.13)

so that

tk − tk−1 = v(k)P (τk − τk−1). (9.14)

Therefore

τk − τk−1 =
1

P
(9.15)

and in the normalized time the stages are of equal length and the final time is τ = 1,
so that the algorithm for IDP presented earlier can be used directly. The only change
to be made is that the differential equation now becomes

dx

dτ
= v(k)P f(x,u) (9.16)

in the kth time interval.
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9.2.1 IDP algorithm

For this free final-time problem we can consider the stage length as an additional
control variable and augment the control vector to an ((m + 1) × 1) vector, but for
clarity of presentation we keep it separate. It is clear that, as before, for greatest
efficiency, IDP should be used in a multi-pass fashion, where after a pass the region
is restored to a fraction η of its value at the beginning of the previous pass. The
algorithm can be presented in eight steps:

1. Choose the number of time stages P , the number of grid points N , the number
of allowable values for control (including stage lengths) R at each grid point, the region
contraction factor γ, the region restoration factor η, initial values for the control and
the stage lengths, the initial region sizes, the number of iterations to be used in every
pass, and the number of passes.

2. By choosing N values for control and the stage length, evenly distributed
inside the specified regions, integrate Eq. (9.16) from τ = 0 to τ = 1 to generate N
trajectories. The N values for x at the beginning of each time stage constitute the
N grid points at each stage.

3. Starting at stage P , corresponding to the normalized time τ = (P − 1)/P , for
each grid point generate R sets of values for control and stage length:

u(P ) = u∗j(P ) + Drj(P ) (9.17)

v(P ) = v∗j(P ) + ωsj(P ) (9.18)

where D is an m × m diagonal matrix with different random numbers between −1
and 1 along the diagonal and ω is another random number between −1 and 1; u∗j(P )
is the best value for control, and v∗j(P ) is the best value for the stage length, both
obtained for that particular grid point in the previous iteration. Integrate Eq. (9.16)
from (P − 1)/P to τ = 1 once with each of the R allowable values for control and
stage length to yield x(tf ) so that the performance index can be evaluated. Compare
the R values of the performance index and choose the control and stage length which
give the maximum value. The corresponding control and stage length are stored for
use in step 4.

4. Step back to stage P − 1, corresponding to time τ = (P − 2)/P . For each grid
point generate R allowable sets of control and stage lengths. Integrate Eq. (9.16)
from (P − 2)/P to (P − 1)/P once with each of the R sets. To continue integration,
choose the control and the stage length from step 3 that corresponds to the grid
point that is closest to the x at τ = (P − 1)/P . Now compare the R values of the
performance index and store the control policy and the stage length that yield the
maximum value.

5. Step back to stage P − 2, and continue the procedure in the previous step.
Continue until stage 1 corresponding to τ = 0 with the given initial state as the grid
point is reached. Make the comparison of the R values of the performance index to
give the best control and the stage length for this stage. We now have the best control

c© 2000 by Chapman & Hall/CRC



policy and the stage length for each stage in the sense of maximizing the performance
index from the allowable choices.

6. In preparation for the next iteration, reduce the size of the allowable regions

rj+1(k) = γrj(k), k = 1, 2, · · · , P (9.19)

sj+1(k) = γsj(k), k = 1, 2, · · · , P (9.20)

where γ is the region reduction factor and j is the iteration index. Use the best control
policy and the stage lengths from step 5 as the midpoint for the next iteration.

7. Increment the iteration index j by 1 and go to step 2 to generate another set
of grid points. Continue for the specified number of iterations.

8. Increment the pass number index by 1, set the iteration index j to 1 and go to
step 2. Continue for the specified number of passes, and examine the results.

A reasonable number of iterations per pass is 20 or 30 with the region contraction
factor γ = 0.95, since the region is then well covered. For many problems the optimum
is not found within reasonable accuracy in a single pass. Therefore the region should
be restored to some reasonable value before the iterations are carried out again. An
easy way to restore the region size is to take as its value a fraction η of its value at
the beginning of the previous pass. To help in deciding what value of η to use, we can
refer to Table 9.1 where it is shown how the initial region is reduced by the choice of
η if 20 or 30 passes are made. If 30 passes are used and η is chosen as 0.95, then the
initial region size after 30 passes becomes 0.2146 times its value at the beginning of
the first pass; if η is chosen as 0.85, then the initial region size after 30 passes becomes
0.0076 times its value at the beginning of the first pass. Therefore, a balance is sought
between premature collapse of the region size and the speed of convergence.

Although this method of restoring the region size after every pass is not the best
method, since it depends very much on the initial choice of the region size, we will
use this method for all the examples in this book. Recently Luus [11] showed that
the use of the extent over which a variable changes during a pass as the value to use
as the region size for the next pass in steady state optimization yielded significant
improvement in the convergence rate, and that approach enabled difficult fed-batch
reactor problems to be optimized with great accuracy [13].

9.3 Problems where final time is not specified

The best way to gain insight about the choice of parameters in IDP is to examine
some optimal control problems. Here we look at problems where the final time tf is
not specified.
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Table 9.1: Effect of the region restoration factor η on the region size after 20 and 30 passes

Region restoration factor Number of passes
η 20 30

0.95 0.3584 0.2146
0.94 0.2901 0.1563
0.93 0.2342 0.1134
0.92 0.1887 0.0820
0.91 0.1516 0.0591
0.90 0.1216 0.0424
0.89 0.0972 0.0303
0.88 0.0776 0.0216
0.87 0.0617 0.0153
0.86 0.0490 0.0108
0.85 0.0388 0.0076

9.3.1 Oil shale pyrolysis problem

Difficulties in the determination of the optimal control policy, by methods based on
Pontryagin’s maximum principle, for oil shale pyrolysis were observed by Wen and
Yen [17], and by Luus [7]. This problem was considered by Rosen and Luus [16] with
some modifications to SQP, by Luus [9] using IDP, and by Bojkov and Luus [2] using
IDP with flexible stage lengths. There are a series of five chemical reactions:

A1 −→ A2

A2 −→ A3

A1 + A2 −→ A2 + A2

A1 + A2 −→ A3 + A2

A1 + A2 −→ A4 + A2

The system is described by the differential equations

dx1

dt
= −k1x1 − (k3 + k4 + k5)x1x2 (9.21)

dx2

dt
= k1x1 − k2x2 + k3x1x2 (9.22)

dx3

dt
= k2x2 + k4x1x2 (9.23)

dx4

dt
= k5x1x2 (9.24)
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Table 9.2: Kinetic parameters for the pyrolysis problem

Reaction Kinetic parameters
i ai bi
1 8.86 20300/1.9872
2 24.25 37400/1.9872
3 23.67 33800/1.9872
4 18.75 28200/1.9872
5 20.70 31000/1.9872

with the initial condition
x(0) = [ 1 0 0 0 ]T . (9.25)

The rate constants are given by

ki = exp(ai −
bi
T

), i = 1, 2, · · · , 5, (9.26)

where the kinetic parameters ai and bi are given in Table 9.2. The optimal control
problem is to find both the residence time tf and the temperature T in the time
interval 0 ≤ t < tf , so that the concentration of pyrolytic bitumen given by x2 is
maximized. The performance index to be maximized is thus

I = x2(tf ). (9.27)

The constraints on the temperature are

698.15 ≤ T ≤ 748.15. (9.28)

By using control vector iteration based on Pontryagin’s maximum principle, Luus [7]
solved this optimal control problem by fixing tf at 17 different values and then in-
terpreting the results to conclude that the maximum value of the performance index
of 0.35375 occurs at tf = 9.5 min. Rosen and Luus [16] improved the value to
I = 0.35379 at time tf = 9.123 min. By using IDP with P = 80 time steps of
equal length, Luus [9] obtained I = 0.35382 at tf = 9.3 min. By using flexible stage
lengths in IDP, Bojkov and Luus [2] obtained I = 0.35381 with P = 5 time stages
and I = 0.35382 with P = 10 flexible stages. Let us examine this latter approach.

Preliminary run
For a preliminary run we chose P = 10 stages each of length 1 min initially, R = 25
random points, N = 1 grid point, γ = 0.95, 20 iterations per pass, 20 passes with
region restoration factor η = 0.85, initial temperature of 723.15 for each stage, and
initial region size for the temperature of 50 and for the stage lengths 0.01.
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The run took 42.3 s on a PentiumII/350, and resulted in the temperature profile
shown in Figure 9.8. There are 4 distinct stages. Of the original 10 stages, the first
four collapsed to the lower limit with a total length of 3.595 min; the next stage of
length 1.369 min yielded the upper limit; the sixth stage of length 0.901 min gave
a temperature of 699.50; and the last four stages collapsed to a single stage on the
lower boundary. The value of the performance index is I = 0.35377 and tf = 9.368
min. It is interesting to note that this four-stage control policy gives a marginally
better value than the maximum yield of 0.35375 obtained by control vector iteration
procedure by Luus [7].

Next run
For the next run, we chose the same parameters for IDP as before. For initial con-
ditions, we divided the third stage into seven stages, each of length 1.369/7 min and
kept the other three stages as obtained in the preliminary run. For these seven stages
we took an initial temperature of 723.15. For the other three stages we used the
values obtained in the preliminary run. After 20 passes we obtained a 9-stage control
policy shown in Figure 9.9 with I = 0.353820 and tf = 9.283 min. This value of the
performance index is marginally better than 0.353794 obtained by Rosen and Luus
[16], and just very slightly less than 0.353821 obtained by Bojkov and Luus [2] with
the use of P = 20 flexible stages. Although Bojkov and Luus used more than 1 grid
point, we found here that a single grid point worked very well.

Figure 9.8: Four-stage optimal control policy for the pyrolysis problem resulting from the
preliminary run, yielding I = 0.3537724
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Figure 9.9: 9-stage optimal control policy for the pyrolysis problem, yielding I = 0.3538200

9.3.2 Modified Denbigh reaction scheme

Let us now consider the system of reactions used by Denbigh [3] and by Aris [1] with
a small modification by adding the reaction where the desired product is converted
into waste, as was done by Luus and Dong [12]. The reaction scheme is

A + B −→ X

A + B −→ P

X −→ Y

X −→ Q

Y −→ Z

where X is an intermediate, Y is the desired product, and P , Q, and Z are waste
products. It is desired to maximize the yield of Y by choosing the temperature of
the reactor as a function of time. Although there are seven chemical species, we are
concerned only with the concentrations of A, X, and Y , and therefore choose as state
variables their concentrations expressed as mole fractions, respectively. The equations
describing the system are

dx1

dt
= −k1x1 − k2x1 (9.29)

dx2

dt
= k1x1 − (k3 + k4)x2 (9.30)
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Figure 9.10: 5-stage control policy for the modified Denbigh reaction scheme resulting from
the preliminary run giving a bitumen yield of 0.54530

dx3

dt
= k3x2 − k5x3 (9.31)

with the initial condition
x(0) = [ 1 0 0 ]T . (9.32)

The rate constants are given by

ki = ki0exp(
−Ei
RT

) (9.33)

where the kinetic parameters ki0 and Ei/R are given in Table 9.3.
The constraints on the temperature are

273 ≤ T ≤ 415. (9.34)

Table 9.3: Kinetic parameters for the modified Denbigh reaction problem

Reaction Kinetic parameters
i ki0 Ei/R
1 103 3000
2 107 6000
3 10 3000
4 10−3 0
5 1 3100
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Figure 9.11: 14-stage optimal control policy for the modified Denbigh reaction scheme
giving a bitumen yield of 0.54927

Luus and Dong [12] considered the case where the final time tf was specified as 500 s.
Here, we consider the case where tf is not specified, but we do not want it to be
excessively large. Therefore we introduce a penalty for the final time, and choose the
performance index in the form

I = x3(tf )− θtf (9.35)

where the choice of the penalty function factor θ influences the final time obtained
at the optimum. It will be interesting to see if we can find the value for θ which will
give a final time of approximately tf = 500 s.

Preliminary run
We took P = 10 time stages each of length 40 s, N = 1 grid point, R = 25 randomly
chosen values for control and stage length, γ = 0.95, η = 0.85, penalty function factor
θ = 10−6, 20 iterations per pass and allowed 20 passes. The initial temperature was
chosen as 344 for each stage, the initial region size for the temperature was 142 and
the initial region size for the stage length was 1.0.

Convergence to x3(tf ) = 0.54530 resulted with the 5-stage control policy shown
in Figure 9.10. The final time tf = 508.35 s.

Next run
For a more refined control policy, the stages where the control was on the lower and
upper bound were left as calculated, but the remaining 3 stages were each split into
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Figure 9.12: Effect of the region restoration factor η on convergence rate, showing the
deviations of the yield from the optimum 0.54928 as a function of the pass number

4 stages, resulting in a 14-stage initial control policy. The initial region sizes were
reduced by a factor of 10 from the values used in the preliminary run (i.e., 14.2 for the
temperature and 0.1 for the stage lengths), the number of passes was doubled to 40,
the number of iterations in each pass was increased to 30, and the region restoration
factor η was increased to 0.95.

Convergence to x3(tf ) = 0.54927 resulted in a computation time of 3843 s on a
PentiumII/350 for 40 passes, giving the 14-stage control policy in Figure 9.11. This
value of the yield is very close to 0.54937 obtained by Luus and Dong [12] by using
37 time stages and final time tf = 500 s. By using 50 stages, Bojkov and Luus [2]
obtained a yield of 0.54948 with a final time of 508.4 s. The region restoration factor
here had to be chosen sufficiently large to avoid premature collapse of the search
regions as is shown in Figure 9.12. From this figure it is quite obvious that the initial
region sizes have been chosen too small, preventing us from using a smaller value for
the restoration factor η. It should also be possible to reduce the number of randomly
chosen candidates for control and stage lengths.

To see whether R could be reduced by a better initial choice for region sizes,
and also to gain better accuracy by using a larger number of stages, we followed the
strategy as suggested by Luus [9]. Let us take a total of P = 30 stages. Initially
the first stage was taken of length 89 s and stage 27 was taken of length 332 s, with
control values of 273 and 415 respectively. The remaining 28 stages were initially
chosen of length 0.5 s with control value of 344. The initial region size for each stage
length was taken as 5 and the initial region size for control was taken as 25. The
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region contraction factor was taken as γ = 0.95, and the region restoration factor
was chosen to be η = 0.85. A single grid point N = 1 was used with 40 passes,
each consisting of 30 iterations. To get a final time closer to 500 s, we increased the
penalty factor θ to 1.3× 10−6.

Convergence to the optimum x3(tf ) = 0.54946 with tf = 499.55 was obtained
with both R = 7 and R = 9, but premature collapse occurred with R = 5, giving
only x3(tf ) = 0.54945 after 40 passes. The computation time for R = 7 was 2802 s
on a PentiumII/350. The convergence profile is shown in Figure 9.13. The resulting
optimal control policy is given in Figure 9.14, and the state trajectories are shown in
Figure 9.15.

Figure 9.13: Effect of R on the convergence rate for 30-stage control policy, showing
deviations from x3(tf ) = 0.54946

By decreasing the penalty function factor θ, the final time can be increased, so
that by trial and error the value of θ could be found to yield a final time of 500 s
as was specified for this problem by Luus and Dong [12]. To find the appropriate
value for θ, we performed a couple of further runs, yielding the results in Table 9.4.
A better way of using flexible stage lengths when the final time is specified is given
in the next section.

9.4 Systems with specified final time

The use of IDP with variable stage lengths and fixed final time was considered by
Luus [10]. The problem is centered around the maximization of a performance index
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Figure 9.14: Optimal 30-stage control policy yielding x3(tf ) = 0.549461

Table 9.4: Effect of the penalty function factor θ on the resulting final time tf

Penalty function factor Resulting final time Bitumen yield
θ tf x3(tf )

1.00× 10−6 508.42 0.54946
1.28× 10−6 499.93 0.54946
1.29× 10−6 499.74 0.54946
1.30× 10−6 498.78 0.54946

in Eq. (9.10) subject to the constraint

v(1) + v(2) + · · ·+ v(P ) = tf . (9.36)

Let us define the calculated value of the final time as

tfc =
P∑
k=1

v(k). (9.37)

Then the restriction of Eq. (9.36) is

tfc − tf = 0. (9.38)

Let us now introduce the augmented performance index

J = I − θ(tfc − tf − s)2 (9.39)
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Figure 9.15: State trajectories for the modified Denbigh reaction scheme giving a bitumen
yield of 0.54946

where s is a shifting term. The shifting term is updated after every pass by

sq+1 = sq − (tfc − tf ) (9.40)

where q is the pass number. Unless sensitivity information is available, the initial
value for s is taken to be zero. The effect of this shifting term s is to decrease the
difference between the calculated and the specified value of the final time, so that
θ can be kept reasonably small. Also the use of the shifting parameter enables the
optimum to be accurately obtained.

To illustrate this procedure we first consider the modified Denbigh reaction scheme
considered in Section 9.3. We will use P = 30 stages, where the first stage is initially
chosen to be of length 89 s and stage 27 is taken to be of length 332 s, with control
values of 273 and 415 respectively. The remaining 28 stages are initially chosen to be
of length 0.5 s with control value of 344. We take a single grid point (N = 1), R = 7
randomly chosen allowable values for control and stage lengths, γ = 0.95, η = 0.85,
with initial region size for control 25 and for stage lengths 5.0. We allow 40 passes,
with 30 iterations in each pass.

When the penalty function factor θ ≤ 10−5, then convergence to I = 0.54946 was
obtained in each run. With θ = 2× 10−5, convergence to 0.54945 was obtained, and
with θ = 5 × 10−5, I = 0.54938 resulted. When the penalty function factor was less
than 10−8 the final time constraint was no longer satisfied to 5 figures. With θ = 10−9,
for example, the optimum value of the performance index of 0.54946 was obtained,
but the final time was 500.02. Thus, there is a wide range for θ where the optimum is
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Figure 9.16: Shifting parameter s as a function of the penalty function factor θ, showing
a linear relationship on the log-log plot for θ ≤ 1.0× 10−5

accurately obtained and the final time constraint is satisfied. As is shown in Figure
9.16, there is a relationship between the shifting parameter s and the penalty function
factor θ on a log-log plot, showing that θs is a constant. In fact, the product −2θs
gives the sensitivity of the performance index on the final time. Here s is negative,
showing that the performance index is increased if the final time is increased by the
relationship

δI = −2θsδtf . (9.41)

Here the product−2θs is 1.28×10−6, so increasing the final time by 1 s does not change
the performance index in the fifth figure. It must be realized that this sensitivity
information is local information only, like the sensitivity information provided by
Lagrange multipliers or shadow prices in linear programming.

9.4.1 Fed-batch reactor

Let us consider the fed-batch reactor model presented by Park and Ramirez [14],
and used for optimal control studies by Luus [8], Yang and Wu [18] and Gupta [4].
The difficulties in establishing the optimal control policy are partly due to the low
sensitivity of the performance index on the control policy. The bioreactor is described
by five differential equations

dx1

dt
= g1(x2 − x1)−

u

x5

x1 (9.42)
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dx2

dt
= g2x3 −

u

x5

x2 (9.43)

dx3

dt
= g3x3 −

u

x5

x3 (9.44)

dx4

dt
= −7.3g3x3 +

u

x5

(20− x4) (9.45)

dx5

dt
= u (9.46)

where

g3 =
21.87x4

(x4 + 0.4)(x4 + 62.5)
(9.47)

g2 =
x4e

−5x4

0.1 + x4

(9.48)

g1 =
4.75g3

0.12 + g3

(9.49)

with the initial condition
x(0) = [ 0 0 1 5 1 ]T . (9.50)

Here x1 denotes the concentration of secreted SUC-s2 in culture and x2 denotes the
concentration of total SUC-s2 in culture, both expressed in arbitrary units; x3 is the
culture cell density (g/L), x4 is the culture glucose level (g/L), and x5 is the culture
volume (L). The feed rate to the reactor u is bounded by

0 ≤ u ≤ 2. (9.51)

The performance index to be maximized is the amount of secreted SUC2-s2 produced
at the final time tf

I = x1(tf )x5(tf ) (9.52)

where the final time tf is specified as 15 h. We also analyze the effect of changing tf .
For integration of the differential equations with DVERK [5], the local error tol-

erance of 10−6 was used. However, to ensure stability during integration, each time
step was broken into a number of subsections approximately one-half of the number
of stages P . The first run consisted of taking P = 15, and the number of subsections
for integration was chosen as 7 to ensure stability. For the first run it was decided to
use R = 5, γ = 0.95, η = 0.85, initial values for control and stage lengths of 1 and
0.5, respectively, 50 passes, each consisting of 40 iterations, penalty function factor
θ = 100, and initial value for the shifting parameter s = 0. The computer program
is listed in Appendix D. In a computation time of 372 s on a PentiumII/350, con-
vergence to I = 32.6691 and s = −0.04878 was obtained, yielding the control policy
shown in Figure 9.17.
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Figure 9.17: Control policy resulting from the first run with P = 15, giving I = 32.6691

To see if the result could be improved, a second run with P = 15 was performed
where the number of passes was increased to 100, and the control policy in Figure
9.17 was used as the initial control policy. The region restoration factor was increased
to η = 0.88 and the value of s = −0.04879, as obtained from the previous run, was
used as the starting value for the shifting parameter. The performance index was
improved to I = 32.6754 with the resulting optimal control policy in Figure 9.18.
The only noticeable change is the more regular sized steps before the first peak. This
value of the performance index is slightly better than the value 32.6134 obtained with
31 stages of equal length by Luus and Hennessy [13].

Table 9.5: Comparison of predicted and computed values for the performance index with
the use of P = 30 and θ = 100

Batch time Shifting parameter Sensitivity factor Predicted Computed
tf s −2θs Ip I

15.0 -0.04880 9.760 - 32.693
15.1 -0.05025 10.050 33.459 33.683
15.2 -0.05173 10.346 34.688 34.703
15.3 -0.05323 10.646 35.738 35.753
15.4 -0.05477 10.954 36.818 36.833
15.5 -0.05635 11.270 37.928 37.944
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Figure 9.18: Optimal control policy for the fed-batch reactor with P = 15, giving I =
32.6754

The same approach was used with P = 20, where the preliminary run with R = 7
and N = 1 gave the control policy in Figure 9.19, with I = 32.6697. After several
runs, with R = 25 and N = 1, always using the best control policy obtained from the
previous run with a slight perturbation as the initial control policy, the performance
index was improved to I = 32.6939. The resulting optimal control policy is quite
smooth, as is shown in Figure 9.20, with the shifting parameter at the optimum of
s = −0.04880.

Effect of tf

One advantage of having the shifting parameter s is having the sensitivity information.
From the product −2θs we can predict the effect of the final time without carrying
out the computations. By rewriting Eq. (9.39) in the form

J = I + 2θs(tfc − tf )− θ(tfc − tf )
2 − θs2 (9.53)

we see that −2θs provides the Lagrange multiplier for the equality constraint at the
optimum.

The information is only local, but it provides a very good estimate. This is shown
in Table 9.5, where we have provided results obtained by increasing the final time
by increments of 0.1 from 9 to 9.5 h. The predicted values are obtained by adding
the sensitivity times 0.1 to the previous value of the performance index obtained by
computation. It is interesting to note that s increases in magnitude as the batch time
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Figure 9.19: Control policy resulting from the first run with P = 20, giving I = 32.6697

tf increases, showing that the curve of performance index versus batch time curves
upward.

There is no visible difference between the computed values and the estimated
values in Figure 9.21. It is also noted that the curve is convex upward, as predicted
from the values of s. The optimal control policy for tf = 15.5 h is shown in Figure 9.22.
It is noted that the plateau of the first peak is longer than with tf = 15.0 and the
zero stage occurs at a slightly later time.

The real difference in the control policy is noted with tf = 19 and tf = 20 h, as
shown in Figures 9.23 and 9.24. The very short zero-stage disappears as the batch
time is increased beyond tf = 20 h.
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Figure 9.20: Optimal control policy for the fed-batch reactor with P = 20, giving I =
32.6939

Figure 9.21: Use of the shifting term s to predict the effect of the final time tf on the
performance index
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Figure 9.22: Optimal control policy for the fed-batch reactor with tf = 15.5 h, giving
I = 32.9438

Figure 9.23: Optimal control policy for the fed-batch reactor with tf = 19 h, giving
I = 97.1118
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Figure 9.24: Optimal control policy for the fed-batch reactor with tf = 20 h, giving
I = 120.9208
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Chapter 10

Singular control problems

10.1 Introduction

When the structure of the mathematical model is such that the control vector appears
linearly in the state equation, i.e.,

dx

dt
= f(x) + B(x)u (10.1)

and if conditions exist such that over some finite time interval(s) the gradient of the
Hamiltonian with respect to the control vector

∂H

∂u
= BT (x)z (10.2)

is zero, where z is the adjoint vector, then we have a singular optimal control problem.
Singular optimal control problems are very difficult to solve, since the gradient of the
Hamiltonian does not provide any information with respect to control when it is
zero. In using IDP we are not concerned with such auxiliary variables, as the adjoint
vector z or the Hamiltonian H. Nevertheless, computationally such problems are
still difficult since the sensitivity of the performance index with respect to changes
in control is very low, and care must be exercised to obtain accurately the optimal
control policy. Such low sensitivity of singular control problems was pointed out by
Luus [12], and a large number of figures have to be retained in the performance index
to get an accurate optimal control policy. The initial intent for the development of
IDP was to handle problems of this type [9-11], but now it is apparent that there is
a wide variety of problems for which IDP is well suited.

We have already encountered a singular optimal control problem in Chapter 9,
dealing with the determination of the optimal feed rate policy for the fed-batch reactor
problem of Park and Ramirez [16]. Although care must be taken, we saw that the
solution can be obtained quite readily with IDP, using the computer program for
variable stage lengths given in Appendix D. Due to the low sensitivity, a large number
of passes is usually required to obtain an adequately accurate solution.
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In this chapter the goal is to present initially several singular optimal control prob-
lems that have puzzled researchers for over two decades, three of which were solved
just recently by Luus [13]. The aim is to show that even simple-looking problems can
be very challenging, and to provide guidelines of how to approach a problem when
the solution does not arise in a single computer run. We conclude the chapter by
including a realistic optimal control problem from chemical engineering that has been
very difficult to solve by using methods based on Pontryagin’s maximum principle,
but can be solved quite readily with IDP. To solve singular optimal control problems
we use stages of varying length, and a quadratic penalty function with a shifting term
for the final time as described in Chapter 9. For integration we use the subroutine
DVERK [6], which is listed in Appendix E, with a local error tolerance of 10−6, unless
otherwise stated.

10.2 Four simple-looking examples

10.2.1 Example 1

Let us consider a simple example that can be solved analytically simply by using
one’s intuition. The problem was considered by Jacobson et al. [7] and more recently
by Chen and Huang [1] who showed that getting the solution numerically is not quite
as easy. The equations of the system are

dx1

dt
= u (10.3)

dx2

dt
= 0.5x2

1 (10.4)

with x(0) = [ 1 0 ]T , and final time tf = 2. The constraints on the control are

−1 ≤ u ≤ 1. (10.5)

It is required to find the control policy that minimizes the performance index

I = x2(tf ). (10.6)

It is obvious that to minimize the performance index, we should decrease the value of
x1 as fast as possible, which means using the control policy u = −1 until x1 reaches
zero, and then use u = 0. The value of the performance index then is

I = 0.5
∫ 1

0
(1− t)2dt =

1

6
, (10.7)

since the value of the integral from t = 1 to t = 2 is zero. Although the result is
obtained very easily analytically, numerically it has been much more difficult to get
this result.
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Jacobson et al. [7] reported a value I = 0.1717, and Chen and Huang [1] managed
to improve the result to I = 0.1683, which is still quite far from the optimal value of
I = 0.1666667.

To put the problem into the form that allows us to use IDP with variable stage
lengths, we introduce the augmented performance index

J = x2(tf ) + θ(tfc − tf − s)2 (10.8)

where tfc is the sum of the variable stage lengths, θ is a positive penalty function
factor, and s is a shifting term, chosen initially zero, and is then updated after every
pass by the deviation of the calculated final time from the specified final time tf

sq+1 = sq − (tfc − tf ) (10.9)

where q is the pass number. The goal then is to minimize the augmented performance
index J . However, to keep track with respect to progress made, we report the value of
the original performance index I and check whether the final time that is calculated
is sufficiently close to the specified final time.

Figure 10.1: Convergence profile for Example 1 with P = 20 time stages, showing the
deviation from I = 0.1666666
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Figure 10.2: Convergence profile for Example 1 with P = 15 time stages, showing the
deviation from I = 0.1666666

To solve this as a preliminary problem by IDP, we chose P = 20 stages, initially
each of length 0.1, θ = 100, 60 passes, each of 30 iterations with γ = 0.95 and
η = 0.88. We chose an initial control policy of u = 0, initial region size for the
control 1.0, and initial region size for the stage lengths 0.2. For the first 5 passes,
the stage-lengths were kept constant and after this the stage-lengths were considered
as additional control variables, as in Chapter 9. The number of randomly chosen
points was chosen to be R = 25, and the number of grid points N was allowed to
be a parameter, chosen as 1 for the first run and 5 for the second run. As is shown
in Figure 10.1, rapid convergence to I = 0.1666667 was obtained with both N = 1
and N = 5 grid points, yielding the control policy obtained analytically, i.e., u = −1
for the time interval 0 ≤ t < 1 followed by u = 0. The choice of P = 20 made
the problem very easy, since the switching occurred exactly at the end of a sampling
period. Suppose we had chosen P = 15. Then the use of flexible stage-lengths should
still allow accurate switching from −1 to zero, but the convergence rate is expected
to be slower.

A series of runs was performed with P = 15 stages with the same parameters for
IDP as earlier with P = 20. As is shown in Figure 10.2, the choice of N = 5 grid
points is no longer adequate. After 100 passes, convergence to I = 0.1666988 occurs.
With N = 9 we get convergence to I = 0.1666672, and with N = 25, convergence
to I = 0.1666667 results, giving the switch from −1.0 to 0.0 at almost exactly at
t = 1.000. The optimal control policy obtained with N = 25 is shown in Figure 10.3.

Therefore, for this seemingly simple singular control problem we require more than
just a few grid points to ensure accurate switching time. If multiple switchings are
required, then it is even more important to use time stages of varying lengths.
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Figure 10.3: Optimal control policy for Example 1 obtained by using P = 15 stages of
variable length

10.2.2 Example 2

We now consider a slightly more difficult optimal control problem used by Jacobson
et al. [7], and used for optimal control studies by Flaherty and O’Malley [5], Dadebo
and McAuley [2], and Luus [13]. There are only two state variables in the original
formulation of the problem, but we have introduced the third variable to give, at the
final time, the performance index. The system equations are

dx1

dt
= x2 (10.10)

dx2

dt
= u (10.11)

dx3

dt
= x2

1 (10.12)

with x(0) = [ 0 1 0 ]T , and final time tf = 5. The constraints on the control are

−1 ≤ u ≤ 1. (10.13)

It is required to find the control policy that minimizes the performance index

I = x3(tf ). (10.14)

For this problem Jacobson et al. [7] reported a minimum performance index I =
0.2771. Flaherty and O’Malley [5] reported an improved value of I = 0.269, which was
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also obtained by Dadebo and McAuley [2]. By using IDP with flexible stage-lengths
Luus [13] reported a further improvement to I = 0.2683941 with a 4-stage control
policy and I = 0.2683938 with a 5-stage control policy. Here we wish to provide some
computational details to show how IDP can be used to solve this optimal control
problem. Since we are using stages of varying lengths, as before, we introduce the
augmented performance index

J = x3(tf ) + θ(tfc − tf − s)2 (10.15)

where tfc is the sum of the variable stage lengths, θ is a positive penalty function
factor, and s is a shifting term, chosen initially zero, and is then updated after every
pass by the deviation of the calculated final time from the specified final time tf

sq+1 = sq − (tfc − tf ) (10.16)

where q is the pass number. The goal then is to minimize the augmented performance
index J . As before, to keep track with respect to progress made in solving the optimal
control problem, we report the value of the original performance index I and check
whether the final calculated time is sufficiently close to the specified final time tf = 5.

The parameters chosen to solve this problem were essentially the same as in the
previous example, except here we chose P = 10 stages rather than 20 stages. With
R = 25, γ = 0.95, η = 0.88, 30 iterations per pass, and allowing 100 passes, the
convergence rate was very much dependent on the choice of the number of grid points
N . Generally lower values of the performance index were obtained with larger N , as
is shown in Table 10.1. In each case, after 100 passes the calculated value of the final
time was 5.0000.

The convergence profiles for three values of N are shown in Figure 10.4. It is clear
that no matter how many grid points are taken, it is not likely that the optimum
control policy is obtained in a single run with initial control policy of zero.

Also, it is wise not to take too many grid points, since the computation time
increases substantially when N is increased, as is shown in Figure 10.5. The best
approach, therefore, is to perform several runs with a relatively small number of grid
points, using as the initial control policy the best control policy that can be chosen
by using the information gained in the previous run. To illustrate this approach, we
examine the control policies in Figures 10.6 and 10.7, and note that the control for
the first two stages is on the lower and upper bounds respectively. The control at
the third stage is becoming more negative as the performance index is improved very
slightly from I = 0.268423 obtained with N = 25 to I = 0.268405 with N = 101 grid
points.
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Table 10.1: Effect of the number of grid points on the value of the performance index after
100 passes

Number of grid points Performance index after 100 passes
N I
1 0.2717966
3 0.2717966
5 0.2708626
7 0.2700064
9 0.2686786
11 0.2685747
13 0.2685627
15 0.2686263
17 0.2685267
19 0.2684801
21 0.2684809
25 0.2684234
37 0.2684354
51 0.2684088
101 0.2684049

Thus a run was performed where the control policy resulting with N = 25 after
100 passes was adjusted to make the control at the third stage more negative and
a bit shorter, before being used as an initial control policy with P = 5 stages. The
resulting optimal control policy, consisting of only 4 stages, is shown in Figure 10.8.
It gives an improved value of the performance index of I = 0.2683941. Now by adding
another stage, and rerunning the program, we get the 5-stage optimal control policy
shown in Figure 10.9 with I = 0.2683938. The addition of the extra stage thus causes
an insignificant improvement in the performance index.

This example shows that interpretation of results after a computer run plays an
important part in establishing the optimal control policy efficiently. In this particular
case, the approach described was used to get the optimal control policy with little
computational effort.
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Figure 10.4: Convergence profile for Example 2, showing the deviation from I = 0.2683941

Figure 10.5: Effect of the number of grid points on the computation time on a Pen-
tium3/500 for Example 2 with R = 25 and 100 passes, each consisting of 30 iterations
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Figure 10.6: Control policy for Example 2, resulting from the first run with the use of
N = 25 grid points, giving I = 0.268423

Figure 10.7: Control policy for Example 2, resulting from the use of N = 101 grid points,
giving I = 0.268405
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Figure 10.8: Optimal 4-stage control policy for Example 2, giving I = 0.2683941

Figure 10.9: Optimal 5-stage control policy for Example 2, giving I = 0.2683938
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10.2.3 Example 3

In this example the quadratic term x2
2 is added to the integrand of the performance

index in Example 2, so the system of equations is

dx1

dt
= x2 (10.17)

dx2

dt
= u (10.18)

dx3

dt
= x2

1 + x2
2 (10.19)

with x(0) = [ 0 1 0 ]T , and final time tf = 5. The constraints on the control are

−1 ≤ u ≤ 1. (10.20)

It is required to find the control policy that minimizes the performance index

I = x3(tf ). (10.21)

For this problem Jacobson et al. [7] reported a minimum performance index
I = 0.8285, which was improved by Dadebo and McAuley [2] to I = 0.754016 by
the use of 80 time stages of equal length, and further improved by Luus [13] to
I = 0.7539848 with the use of a 10-stage control policy, where the stages were of
varying lengths. Since we are using stages of varying lengths, as before, we introduce
the augmented performance index

J = x3(tf ) + θ(tfc − tf − s)2 (10.22)

where tfc is the sum of the variable stage lengths, θ is a positive penalty function
factor and s is a shifting term. As before, the shifting term is chosen initially zero,
and is then updated after every pass by the deviation of the calculated final time
from the specified final time tf

sq+1 = sq − (tfc − tf ) (10.23)

where q is the pass number.
The additional term x2

2 in Eq. (10.19) makes the problem easier to solve than
Example 2. With the use of a single grid point N = 1, convergence was rapid and
systematic, leading to the control policy in Figure 10.10, yielding I = 0.7539845. The
first 6 stages collapsed into a single stage at the beginning, giving in essence a 15-stage
optimal control policy. By using now a larger number of stages, and rerunning the
problem, the performance index can be improved marginally, as was done by Luus
[13] to get a 19-stage optimal control policy with I = 0.7539839 with the use of 19
stages. The improvement, however, is very slight, and quite negligible.
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Figure 10.10: Optimal control policy consisting of 15 stages for Example 3, giving I =
0.7539845

10.2.4 Example 4

A third-order system considered by Flaherty and O’Malley [5] consists of the following
equations

dx1

dt
= x2 (10.24)

dx2

dt
= x3 (10.25)

dx3

dt
= u (10.26)

dx4

dt
= x2

1 (10.27)

with x(0) = [ 1 0 0 0 ]T , and final time tf = 5. The constraints on the control are

−1 ≤ u ≤ 1. (10.28)

It is required to find the control policy that minimizes the performance index

I = x4(tf ). (10.29)

Flaherty and O’Malley [5] stated that the optimal control policy consists of an infinite
number of switches, yielding a value of I = 1.2521, and provided an approximate
technique that gave a finite number of switches and I = 1.2665. By using IDP with
variable stage lengths, Luus [13] obtained an improved value I = 1.25211 with only 4
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switches, giving a 5-stage control policy. To use stages of flexible length, we consider
the augmented performance index

J = x4(tf ) + θ(tfc − tf − s)2 (10.30)

where tfc is the sum of the variable stage lengths, θ is a positive penalty function
factor and s is a shifting term. The shifting term is chosen initially zero, and is
then updated after every pass by the deviation of the calculated final time from the
specified final time tf

sq+1 = sq − (tfc − tf ) (10.31)

where q is the pass number.
To solve this problem with IDP, we used the same parameters as in the other

examples, except we took a tighter tolerance for integration with the DVERK sub-
routine using a local error tolerance of 10−8, rather than 10−6, and we used the penalty
function factor θ as a parameter.

As can be seen in Figure 10.11, the effect of the penalty function factor is quite
pronounced. Here it is very important to allow the length of the time stages to vary,
and so the use of a very small value θ = 0.001 gives the optimal control policy given
in Figure 10.12. The low sensitivity can be appreciated by comparing this result to
the previously obtained control policy by Luus [13], which is only 0.00004% higher
than the present result, yet the last two stages of the control policy are quite different.
The problem of low sensitivity is considered in greater detail in Chapter 14.

Figure 10.11: Effect of the penalty function factor θ on convergence for Example 4, showing
the deviation from I = 1.25211 with the use of R = 25, γ = 0.95, η = 0.88, N = 1 and 30
iterations in each pass
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Figure 10.12: Optimal control policy for Example 4, giving I = 1.2521128

Figure 10.13: Control policy for Example 4, giving I = 1.2521134 obtained by Luus [13]
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10.3 Yeo’s singular control problem

One of the earliest examples tried with iterative dynamic programming ([9], [10]) is
the singular control problem used by Yeo [18] to illustrate the use of quasilinearization
to solve nonlinear singular control problems. The system is described by

dx1

dt
= x2 (10.32)

dx2

dt
= −x3u + 16x5 − 8 (10.33)

dx3

dt
= u (10.34)

dx4

dt
= x2

1 + x2
2 + 0.0005(x2 + 16x5 − 8− 0.1x3u

2)2 (10.35)

dx5

dt
= 1 (10.36)

with x(0) = [ 0 − 1 −
√

5 0 0 ]T , and final time tf = 1. The constraints on
the control are

−4 ≤ u ≤ 10. (10.37)

It is required to find the control policy that minimizes the performance index

I = x4(tf ). (10.38)

The optimal value of the performance index depends very much on the number
of time stages, if the stages are of equal length, as was shown by Luus [9], and is
given in Table 10.2. Although there is an improvement in the performance index as
the number of time stages is increased, this improvement is not uniform because the
optimal control policy involves two switches and the time of the switches is important.
We now consider this optimal control problem by using stages of variable lengths, as
we did for the other examples, and consider the augmented performance index

J = x4(tf ) + θ(tfc − tf − s)2 (10.39)

where tfc is the sum of the variable stage lengths, the penalty function factor θ is
chosen to be 1, and s is a shifting parameter, chosen initially zero, and is then updated
after every pass by the deviation of the calculated final time from the specified final
time tf

sq+1 = sq − (tfc − tf ) (10.40)

where q is the pass number.
To minimize the augmented performance index we choose P = 25 stages, each of

length 0.04 initially, R = 25, γ = 0.95, η = 0.88, 30 iterations per pass, and allow
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Table 10.2: Effect of the number of time stages P of equal length on the minimum value
of the performance index

Number of time stages Optimal performance index
P I
10 0.12011
11 0.11957
12 0.11952
13 0.11975
14 0.11973
15 0.11954
16 0.11951
17 0.11961
18 0.11960
19 0.11948
20 0.11944
21 0.11947
22 0.11944
23 0.11937
24 0.11934
25 0.11937
26 0.11936
27 0.11934
28 0.11933
29 0.11936
30 0.11934
31 0.11935
56 0.11927

100 passes. The initial value for control was chosen as 3.0 for each time stage. The
initial region size for the control was 7.0 and for stage lengths, 0.01. For the first 5
passes the stage lengths were kept at their original lengths.

After 100 passes requiring 855 s of computation time on a PentiumII/350, a per-
formance index I = 0.11928 was obtained with tf = 1.000000, and shifting parameter
s = 0.02233. The optimal control policy obtained is shown in Figure 10.14. There
are only 13 stages in the optimal control policy. The stages which were not on the
boundary were split and another run was made, giving the resulting control policy
in Figure 10.15. The refined control policy gave a slight improvement in the perfor-
mance index from I = 0.11928 to I = 0.11926. This is a very slight improvement
over I = 0.11927 obtained by Luus [9] with the use of 56 stages of equal length.
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Figure 10.14: Optimal control policy, consisting of 13 stages, for Yeo’s problem, giving
I = 0.11928, obtained by using initially 25 stages

10.4 Nonlinear two-stage CSTR problem

Let us now consider the two-stage CSTR system used for optimal control studies by
Edgar and Lapidus [4], Luus [8], Nishida et al. [15], Rosen and Luus [17], Dadebo
and McAuley [3], and by Luus et al. [14]. The system is described by

dx1

dt
= −3x1 + g1(x) (10.41)

dx2

dt
= −11.1558x2 + g1(x)− 8.1558(x2 + 0.1592)u1 (10.42)

dx3

dt
= 1.5(0.5x1 − x3) + g2(x) (10.43)

dx4

dt
= 0.75x2 − 4.9385x4 + g2(x)− 3.4385(x4 + 0.122)u2 (10.44)

where the reaction term in the first tank is given by

g1(x) = 1.5× 107(0.5251− x1)exp(
−10

x2 + 0.6932
)

−1.5× 1010(0.4748 + x1)exp(
−15

x2 + 0.6932
)− 1.4280 (10.45)
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Figure 10.15: Optimal control policy for Yeo’s problem, giving I = 0.11926, obtained by
using initially 24 stages of variable lengths

and the reaction term in the second tank is

g2(x) = 1.5× 107(0.4236− x2)exp(
−10

x4 + 0.6560
)

−1.5× 1010(0.5764 + x3)exp(
−15

x4 + 0.6560
)− 0.5086. (10.46)

The initial condition is given by

x(0) = [ 0.1962 − 0.0372 0.0946 0 ]T (10.47)

and the constraints on the control are

−1 ≤ uj ≤ 1, j = 1, 2. (10.48)

The state variables x1 and x3 are normalized concentration variables in tanks 1 and
2 respectively, and x2 and x4 are normalized temperature variables in tanks 1 and 2
respectively. It is required to find the control policy that minimizes the performance
index

I = x2
1(tf ) + x2

2(tf ) + x2
3(tf ) + x2

4(tf ) = xT (tf )x(tf ) (10.49)

where the dimensionless final time tf is not specified, but we would like it to be
reasonably small.

Therefore, to penalize the final time, we introduce the augmented performance
index where we append the final time multiplied by the penalty function factor θ to
the original performance index

J = I + θtf (10.50)

c© 2000 by Chapman & Hall/CRC



Table 10.3: Effect of the penalty function factor θ on the value of the performance index
and the final time

Penalty function factor Performance index Final time
θ I = xT (tf )x(tf ) tf

1× 10−7 1.8470× 10−13 0.32498
1× 10−6 1.6699× 10−11 0.32479
3× 10−6 1.4728× 10−10 0.32444
1× 10−5 1.6267× 10−9 0.32361

1.2× 10−5 2.3350× 10−9 0.32353
1.5× 10−5 3.6344× 10−9 0.32343
3× 10−5 1.4735× 10−8 0.32316
1× 10−4 1.4325× 10−7 0.32078

and use IDP to minimize this augmented performance for several values of θ.
With the use of IDP there were no difficulties in using the flexible stage lengths,

except to maintain stability, the local error tolerance in DVERK [6] had to be taken
very small, namely 10−10. As is seen in Table 10.3, as expected, when θ is increased,
then the final time at the optimum is decreased. There is a trade-off between the
value of the performance index I and the final time tf .

For the case with θ = 1.2 × 10−5, the control policy is given in Figure 10.16 and
the resulting state trajectories are given in Figure 10.17. The optimal control policy
is very similar to that obtained by Luus [8], and by Luus et al. [14]. It can be readily
seen that all state variables have reached the origin within adequate tolerance, in line
with the 4 decimal point accuracy to which the initial conditions are given.
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Figure 10.16: Optimal control policy for the two-stage CSTR problem giving I = 2.335×
10−9 with tf = 0.32353

Figure 10.17: Trajectories of the state variables resulting from the use of the optimal
control policy shown in Figure 10.16
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Chapter 11

State constraints

11.1 Introduction

In optimal control problems constraints are frequently imposed on state variables.
For example, if one of the state variables is the reactor temperature, then it should
be quite obvious that there should be an upper limit on the temperature. If a state
variable is the volume of the reaction mixture, this volume should not surpass the
physical volume of the reactor. Such constraints take a form of inequalities that
should be incorporated into the model of the system.

Another occasion when we encounter state constraints is in transferring a system
from one state of operation to another. For example, in starting up a reactor, the
system starting conditions are usually not the same as the desired conditions of the
system operation. In these situations the constraints on the system state variables
are in the form of equality constraints at the final time tf , where we want some of the
state variables to have the specified desired values at time tf . The methods of dealing
with these two types of state constraints are somewhat different; so, we consider these
separately.

11.2 Final state constraints

11.2.1 Problem formulation

Let us consider the system described by the differential equation

dx

dt
= f(x,u) (11.1)

where the initial state x(0) is given. The state vector is x is an (n× 1) vector and u
is an (m× 1) control vector bounded by

αj ≤ uj ≤ βj, j = 1, 2, · · · ,m. (11.2)
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At the final time tf , there are k state variables that must be at the desired values,
i.e.,

hi = xi(tf )− xdi = 0, i = 1, 2, · · · , k ≤ n. (11.3)

The optimal control problem is to find the control policy u(t) in the time interval
0 ≤ t < tf that minimizes the performance index

I = Φ(x(tf )) (11.4)

where the final time tf is specified. This problem differs from what we have considered
earlier by having the k equality constraints that must be satisfied at the final time.
Numerically the equality constraints are expressed explicitly as

|xi(tf )− xdi | ≤ εi, i = 1, 2, · · · , k, (11.5)

where εi is the tolerance for the ith constraint and is chosen sufficiently small. We
would also like to know how the choice of the tolerance εi affects the value of the
performance index I at the optimum.

11.2.2 Quadratic penalty function with shifting terms

Let us construct an augmented performance index to take into account the k equality
constraints by adding to the performance index a quadratic penalty function contain-
ing shifting terms

J = I + θ
k∑
i=1

(hi − si)
2 (11.6)

where θ is a positive penalty function factor and the shifting terms si are chosen
so that computationally Eq. (11.3) becomes satisfied and the performance index in
Eq. (11.4) becomes minimized as the iterative procedure progresses. The use of such
shifting terms in the quadratic penalty function was first explored by Luus [13] for
steady state optimization. It is noted that

(hi − si)
2 = h2

i − 2sihi + s2
i (11.7)

so that near the optimum when Eq. (11.3) is almost satisfied, the term h2
i is negligibly

small with respect to the other two terms and the minimization of the augmented
performance index in Eq. (11.6) becomes equivalent to minimizing

J = I − 2θ
k∑
i=1

sihi, (11.8)

since the term involving the square of the shifting term is simply a constant. Thus,
the product −2θsi gives the Lagrange multiplier or sensitivity of the performance
index to the change in the ith equality constraint in Eq. (11.3). This aspect of the
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shifting term was pointed out by Luus [13], in using penalty functions in dealing with
difficult equality constraints in steady state optimization, and has been outlined in
Chapter 2. The use of shifting terms was illustrated with IDP by Luus [14], and by
Luus and Storey [19], and was outlined here in Chapter 10. When prior information
on the sensitivity is not available, we choose initially the shifting term si equal to
zero, and then, after every pass of IDP, update it according to

sq+1
i = sqi − hi (11.9)

where sqi is the value of si at pass number q. We may choose to update the shifting
terms after every iteration instead of after every pass if a very small number of passes
is used. To show the computational aspects of the use of the quadratic penalty
function with shifting terms, we consider several examples.

Example 1

Let us consider a very simple example with final state constraint that can be readily
solved by Pontryagin’s maximum principle. This problem was considered by Goh and
Teo [4] and optimized by IDP by Luus [10] and by Dadebo and McAuley [3]. The
system is described by

dx1

dt
= u (11.10)

dx2

dt
= x2

1 + u2 (11.11)

with the initial state x(0) = [ 1 0]T , and final time tf = 1. There are no constraints
on the scalar control variable u, but there is the equality constraint to be satisfied at
the final time

h1 = x1(tf )− 1 = 0. (11.12)

It is required to find the unconstrained control policy that minimizes the performance
index

I = x2(tf ). (11.13)

The augmented performance index to be minimized is therefore chosen as

J = I + θ(h1 − s1)
2. (11.14)

To determine how closely the equality constraint is satisfied, we examine the
absolute value of the deviation from the desired state at the final time |x1(tf )− 1|.

To solve this problem with IDP, we chose P = 10 stages, N = 1 grid point, R = 5
randomly chosen points, 30 passes with region restoration factor η = 0.70, and 5
iterations with region reduction factor γ = 0.70 in each pass. The initial value for
control was zero, the initial region size was 1.0, and the initial value for the shifting
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Table 11.1: Effect of the penalty function factor θ on convergence for Example 1

Penalty Deviation from Performance Shifting Sensitivity
factor desired state index term factor

θ |x1(1)− 1| I = x2(1) s1 −2θs1

0.7 5.210× 10−7 0.924235 0.660319 −0.92445
0.8 2.585× 10−7 0.924235 0.577780 −0.92445
1.0 2.485× 10−8 0.924235 0.462224 −0.92445
3.0 5.404× 10−8 0.924235 0.154075 −0.92445
10 1.226× 10−7 0.924235 0.046223 −0.92446
30 3.077× 10−8 0.924235 0.015407 −0.92442
50 1.454× 10−6 0.924239 0.009243 −0.92430
80 1.317× 10−6 0.925144 0.005847 −0.93552
100 2.257× 10−5 0.925661 0.004719 −0.94380

term s1 was zero. The goal is to choose a piecewise linear control policy to minimize
the augmented performance index J .

With both θ = 1 and θ = 50, rapid convergence to the minimum value of I =
0.92424 resulted with the absolute difference from the desired state of less than 10−6

in 30 passes, as is shown in Figure 11.1. The computation time for 30 passes was 0.8
s on a Pentium3/500 digital computer. From the further results as given in Table
11.1, it is seen that the product −2θs1 is constant and equal to −I in the range
0.7 ≤ θ ≤ 30. In this range of θ, the minimum value of the performance index is
I = 0.924235. For the penalty function factor greater than 30, the deviation from
the desired state is larger and also the performance index is larger than the optimum
value.

The control policy and the state trajectory are shown in Figure 11.2.

Relationship of the sensitivity factor to the adjoint variable
Let us now solve this optimal control problem analytically by using Pontryagin’s

maximum principle using the approach outlined by Lapidus and Luus [8]. The Hamil-
tonian for this system is

H = z1u + x2
1 + u2 (11.15)

where the adjoint variable z1 is defined by

dz1

dt
= −∂H

∂x1

= −2x1. (11.16)

At the minimum value of the performance index I, the Hamiltonian is at its minimum
value obtained through the stationary condition

∂H

∂u
= z1 + 2u = 0, (11.17)
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Figure 11.1: Effect of the penalty function factor θ on convergence for Example 1

so that the optimal control is given by

u = −0.5z1. (11.18)

By substituting Eq. (11.18) into Eq. (11.10) and differentiating with respect to t,
and using Eq. (11.16), we get the second order differential equation

d2x1

dt2
− x1 = 0. (11.19)

Eq. (11.19) with the given boundary conditions (x1(0) = x1(1) = 1) is easily solved
to give

x1 =
et + e(1−t)

1 + e
. (11.20)

Differentiating Eq. (11.20) with respect to t gives the optimal control from Eq. (11.10),
namely,

u =
et − e(1−t)

1 + e
. (11.21)

The minimum performance index is obtained then by integrating

I =
∫ 1

0
(x2

1 + u2)dt (11.22)

giving

I =
2(e− 1)

e + 1
= 0.9242344. (11.23)
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Figure 11.2: Optimal control policy with 10 piecewise linear sections and the corresponding
state trajectory for Example 1, giving I = 0.924235

It is noted that the performance index I = 0.924235 in Table 11.1 is very close to
this analytical result.

This example was also used by Luus [10] with P = 20 piecewise constant control
policy and a quadratic penalty function without the shifting term and by Dadebo
and McAuley [3] with the use of P = 40. Although the value I = 0.92431 obtained
by the latter was better than 0.92518 reported by Goh and Teo [4], it comes short
of I = 0.9242345 obtained here with P = 10 piecewise linear control sections. The
smoothness of the control policy as seen in Figure 11.2 contributes to the excellent
agreement with the analytical solution.

From Eq. (11.18) we see that

z1 =
2(e(1−t) − et)

1 + e
, (11.24)

so that at the final time t = 1,

z1 =
2(1− e)

1 + e
(11.25)

which is negative of the performance index I. Therefore, as found computationally
and reported in the fifth column of Table 11.1, the adjoint variable at the final time,
in terms of the shifting term s1, is equal to −2θs1.
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Example 2

Let us consider the first example used by Chen and Mills [1], which was also used
by Luus and Storey [19]. The dynamics of the system are described by two state
variables, but we introduce the third variable to put the performance index into the
standard form for use of IDP:

dx1

dt
= x2 + u1 (11.26)

dx2

dt
= −x1 + u2 (11.27)

dx3

dt
= u2

1 + u2
2 (11.28)

with x(0) = [ −1 1 0 ]T , and final time tf = π/2. There are no constraints on the
control variables, but there are two equality constraints to be satisfied at the final
time

h1 = x1(tf )− 1 (11.29)

and
h2 = x2(tf ) + 1. (11.30)

It is required to find the unconstrained control policy that minimizes the performance
index

I = x3(tf ). (11.31)

The augmented performance index to be minimized is therefore chosen as

J = I + θ[(h1 − s1)
2 + (h2 − s2)

2]. (11.32)

To determine how closely the equality constraints are satisfied, we consider the sum
of squares of deviations

Q = h2
1 + h2

2. (11.33)

For optimization with IDP, we chose P = 15 stages, each of equal length and
sought to find piecewise linear control policy for each of the control variables. We
chose the initial control policy u = 0, the initial region size rin = 2, the reduction
factor γ = 0.85 and the region restoration factor η = 0.90, R = 5, and allowed 100
passes, each consisting of 30 iterations. We used a range of values for the penalty
function factor θ. The computation time for 100 passes was 41 s on a PentiumII/350.

As is shown in Table 11.2, there is a wide range 1 ≤ θ ≤ 500 for which convergence
to I = 2.5464796 occurs, the shifting parameter s1 is very small, and the factor −2θs2

is constant at 2.54648 which is equal to the optimum value of the performance index.
As in Example 1, this is not a numerical coincidence, but can be proven, since this
example can also be solved analytically, as we see shortly, to give the optimum value
for the performance index I = 8/π = 2.546479. Therefore, the value obtained with
15 stages of piecewise linear control is excellent. The optimal control policy is given
in Figure 11.3 and the state trajectories are given in Figure 11.4.
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Table 11.2: Effect of the penalty function factor θ on convergence for Example 2

Penalty function factor Sum of squares Performance index Shifting terms
θ Q I s1 s2

0.1 7.85× 10−13 2.5464773 0.00015 -12.73239
1.0 1.99× 10−15 2.5464796 0.00000 -1.27324
10 3.01× 10−15 2.5464796 0.00000 -0.12732
100 2.32× 10−16 2.5464796 0.00000 -0.01273
500 3.49× 10−16 2.5464796 0.00000 -0.00255
1000 1.09× 10−12 2.5467489 0.00000 -0.00127

Relationship of the sensitivity factors to the adjoint variables at tf
Let us now solve this optimal control problem analytically by using Pontryagin’s

maximum principle. The Hamiltonian for this system is

H = z1(x2 + u1) + z2(−x1 + u2) + u2
1 + u2

2 (11.34)

where the adjoint variables z1 and z2 are defined by

dz1

dt
= −∂H

∂x1

= z2 (11.35)

and
dz2

dt
= −∂H

∂x2

= −z1. (11.36)

At the minimum value of the performance index I, the Hamiltonian is at its minimum
value obtained through the stationary condition

∂H

∂u1

= z1 + 2u1 = 0 (11.37)

and
∂H

∂u2

= z2 + 2u2 = 0, (11.38)

yielding the optimal control policy

u1 = −0.5z1 (11.39)

and

u2 = −0.5z2. (11.40)
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Figure 11.3: Optimal control policy with 15 piecewise linear sections for Example 2, giving
I = 2.5464796

Therefore, the state equations become

dx1

dt
= x2 − 0.5z1 (11.41)

and
dx2

dt
= −x1 − 0.5z2. (11.42)

In order to remove the adjoint variables from these equations, we differentiate with
respect to time t to yield the two equations:

d2x1

dt2
= x1 + 2

dx2

dt
(11.43)

and
d2x2

dt2
= x2 − 2

dx1

dt
. (11.44)

To uncouple these equations, we differentiate Eq. (11.43) twice with respect to t to
yield

d4x1

dt4
= −2

d2x1

dt2
− x1 (11.45)

which is readily solved to give

x1 = (A1 + A2t)sint + (B1 + B2t)cost (11.46)

c© 2000 by Chapman & Hall/CRC



Figure 11.4: State trajectories for Example 2 resulting from the control policy in Figure
11.3

where A1, A2, B1, and B2 are constants to be determined from the boundary condi-
tions, i.e., the given initial state and the desired state.

It immediately follows that, in terms of the same integration constants, we can
write

x2 = (A1 + A2t)cost− (B1 + B2t)sint. (11.47)

So the four constants are readily determined: A1 = 1, A2 = 0, B1 = −1, and
B2 = 4/π.

Thus the optimal trajectory is given by

x1 = sint− (1− 4t

π
)cost (11.48)

x2 = cost− (1− 4t

π
)sint. (11.49)

The optimal control policy is therefore

u1 =
4cost

π
(11.50)

u2 = −4sint

π
. (11.51)

Thus the minimum value of the performance index is

I =
∫ π/2

0
(u2

1 + u2
2)dt =

8

π
= 2.5464791. (11.52)
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The adjoint variables at the optimum conditions are

z1 = −8cost

π
(11.53)

z2 =
8sint

π
, (11.54)

so that at the final time tf = π/2, z1 = 0, and z2 = 8/π = I. Numerically we were
able to get these results from the shifting terms.

Example 3: Fed-batch reactor

Let us consider the batch reactor of Park and Ramirez [23] that we considered in
Chapter 9. When the batch time is allowed to be increased, then the yield, as mea-
sured by the performance index, increases quite rapidly. Also what increases is the
volume at the final time, as is shown in Figure 11.5. Suppose we have an upper
constraint on the volume of 14.35 L, as postulated by Luus and Rosen [18]. This
volume constraint is reached with a batch time of approximately tf = 15.3 h giving
a yield of 35.8. Let us suppose that we are able to allow a batch time of 20 h. It
is then clear that the performance index can be improved substantially by taking
the volume constraint directly into consideration and solving the state constrained
optimal control problem. In the presence of the volume constraint and the final time
tf of 20 h, we therefore have the following optimal control problem:

Figure 11.5: Increase of the performance index and volume as the batch time is increased
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dx1

dt
= g1(x2 − x1)−

u

x5

x1 (11.55)

dx2

dt
= g2x3 −

u

x5

x2 (11.56)

dx3

dt
= g3x3 −

u

x5

x3 (11.57)

dx4

dt
= −7.3g3x3 +

u

x5

(20− x4) (11.58)

dx5

dt
= u (11.59)

where

g3 =
21.87x4

(x4 + 0.4)(x4 + 62.5)
(11.60)

g2 =
x4e

−5x4

0.1 + x4

(11.61)

g1 =
4.75g3

0.12 + g3

(11.62)

with the initial condition
x(0) = [ 0 0 1 5 1 ]T . (11.63)

The feed rate to the reactor u is bounded by

0 ≤ u ≤ 2. (11.64)

The performance index to be maximized is the amount of secreted SUC2-s2 produced
at the final time tf

I = x1(tf )x5(tf ) (11.65)

where the final time tf is specified as 20 h. In addition, we also have the volume
constraint

x5(tf )− 14.35 = 0, (11.66)

where we have used the equality, rather than inequality, since it is clear from Figure
11.5 that the maximum yield occurs at the maximum volume.

In using IDP with flexible stage lengths, we then have two equality constraints to
consider. This presents no problem, since we simply deal with two shifting terms in
the augmented performance index to be maximized

J = I − θ[(tfc − tf − s1)
2 + (x5(tfc)− 14.35− s2)

2] (11.67)

where tfc is the calculated final time obtained by adding up the time stages, and
update them after every pass as follows:

sq+1
1 = sq1 − (tfc − tf ) (11.68)
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Table 11.3: Effect of the penalty function factor θ on convergence for Example 3

Penalty function Performance Calculated Calculated Shifting terms
factor index final time final volume in J

θ I tfc x5(tfc) s1 s2

0.4 78.611 20.0000 14.3500 -9.7545 -4.7113
0.5 78.662 20.0000 14.3500 -7.7980 -3.7742
1 78.656 20.0000 14.3500 -3.8996 -1.8867
3 78.647 20.0000 14.3500 -1.3001 -0.6288
10 78.652 20.0000 14.3500 -0.3900 -0.1886
30 78.662 20.0000 14.3500 -0.1300 -0.0630
100 78.647 20.0000 14.3500 -0.0390 -0.0189

sq+1
2 = sq − (x5(tfc)− 14.35). (11.69)

We have used the same penalty function factor θ for both of the equality constraints
to keep everything as simple as possible.

We chose P = 30 stages, each taken initially of length 2/3 h, N = 1 grid point,
R = 5, γ = 0.95, η = 0.85, and allowed 50 passes, each consisting of 30 iterations.
As is seen in Table 11.3, the penalty function factor θ can be chosen between 0.5 and
30 to get reliable convergence after 50 passes from the initial control policy of u = 0
with initial region size r = 2, and initial region size for the stage lengths of 0.1. By
using as initial condition the control policy and shifting terms as obtained in the first
run with θ = 0.5, a run was performed to refine the control policy, giving the optimal
control policy in Figure 11.6 with I = 78.6625. There is only a slight improvement
over I = 78.60, obtained by Luus and Rosen [18] with the use of 20 stages of equal
length.

Example 4

Let us now take an optimal control problem where four final states are specified. We
consider the third example used by Chen and Mills [1] and by Luus and Storey [19].
The system is described by

dx1

dt
= x2 + cos2t + tu1 + exp(t2)u2 + t2u3 (11.70)

dx2

dt
= −x1 + sin5t + t2u2 (11.71)

dx3

dt
= x3 + et + 2tu1 + tu3 (11.72)
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Figure 11.6: Optimal control policy for the fed-batch reactor with tf = 20 when the volume
is constrained by V ≤ 14.35L, giving I = 78.6625

dx4

dt
= 2x4 + sin10t + t2u1 + cos3tu2 + 4tu3 (11.73)

dx5

dt
= [t4x1 + sintx2 + (4t2 − 1)x3 + 3e−tx4 − cos4t]2

+(3 + t)u2
1 + u1u2 + 2u1u3 + (4 + t2)u2

2 + (3 + t3)u2
3 (11.74)

with the initial state

x(0) = [ 1 − 1 0 − 2 0 ]T . (11.75)

The desired state at the final time tf = 2 is specified as

xd = [ −1 0.5 − 2 1 free ]T . (11.76)

The fifth variable has been added to put the problem into the standard form; so, the
performance index to be minimized is

I = x5(tf ). (11.77)

We introduce the augmented performance index with a quadratic penalty function
containing four shifting terms

J = I + θ[(x1(tf ) + 1− s1)
2 + (x2(tf )− 0.5− s2)

2

+(x3(tf ) + 2− s3)
2 + (x4(tf )− 1− s4)

2]. (11.78)
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Table 11.4: Effect of the penalty function factor θ on convergence for Example 4

Penalty function Sum of Performance Shifting terms
factor squares index in J

θ Q I s1 s2 s3 s4

0.2 2.132× 10−7 118.62 -32.2118 30.9303 -50.7931 0.1217
0.3 3.560× 10−10 118.63 -21.4789 20.6224 -33.8669 0.0810
0.5 1.565× 10−11 118.63 -12.8874 12.3735 -20.3202 0.0486
1.0 4.338× 10−11 118.63 -6.4437 6.1867 -10.1601 0.0243
5.0 1.187× 10−9 118.63 -1.2887 1.2371 -2.0320 0.0049
10.0 7.264× 10−10 118.70 -0.6446 0.6222 -1.0182 0.0029

Again, for simplicity, we use the same penalty function factor θ for all the equality
constraints.

The optimal control problem is then to find the control policy u in the time
interval 0 ≤ t < 2 that minimizes the augmented performance index J . To solve this
optimal control problem, Luus and Storey [19] used initially 50 stages of constant
length and piecewise constant control, and then showed that the use of 40 stages of
piecewise linear continuous control yielded a lower value of the performance index,
namely I = 114.81, as opposed to I = 121.20. Here we use P = 30 stages of piecewise
linear control with N = 1 and provide detailed computational results.

To minimize the augmented performance index we chose θ = 1, initial control
policy u(0) = 0, 30 iterations per pass with reduction factor γ = 0.90, 200 passes
with the region restoration factor η = 0.95. The shifting terms were initially put to
zero and updated after every pass according to Eq. (11.9). To measure the rate of
convergence we examine the sum of squares of deviations from the desired states

Q = (x1(tf ) + 1)2 + (x2(tf )− 0.5)2 + (x3(tf ) + 2)2 + (x4(tf )− 1)2. (11.79)

As is seen in Figure 11.7, it makes very little difference whether R = 3 or R = 21
randomly chosen values for control are chosen. With R = 3 we obtained Q = 3.73×
10−11, whereas with R = 21, we obtained Q = 9.29 × 10−12 after 200 passes, both
giving the minimum value of I = 118.63.

The effect of the penalty function factor θ is shown in Table 11.4 that was obtained
by using R = 5 with the parameters used earlier. In the range 0.3 ≤ θ ≤ 5, we get
reliable values for the minimum value of the performance index and have the final
state constraints satisfied with Q < 1.2× 10−9.

The optimal control policy is given in Figure 11.8. The control profiles u1 and u3

are smooth for the entire time interval. It is interesting to note, however, the highly
oscillatory nature of the control variable u2 after t = 1.5. The same type of behavior
was observed by Luus and Storey [19] with the use of 40 stages.
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Figure 11.7: Sum of squares of deviations from the desired states as a function of the
number of passes, using piecewise linear control with P = 30 time stages of equal length

The corresponding state trajectories are shown in Figure 11.9 where a very rapid
change in the state variable x1 is noted near the final time.

Example 5: Two-stage CSTR system

Let us now consider the two-stage CSTR system we used in Section 10.4, but chang-
ing it very slightly with respect to the performance index. Instead of choosing the
performance index as the sum of squares of the state variables at the final time, we
introduce another variable x5 to reflect the sum of squares of deviations from the
desired state and the control effort, and impose the final state constraints at the final
time tf = 0.325. The system is described by

dx1

dt
= −3x1 + g1(x) (11.80)

dx2

dt
= −11.1558x2 + g1(x)− 8.1558(x2 + 0.1592)u1 (11.81)

dx3

dt
= 1.5(0.5x1 − x3) + g2(x) (11.82)

dx4

dt
= 0.75x2 − 4.9385x4 + g2(x)− 3.4385(x4 + 0.122)u2 (11.83)

dx5

dt
= x2

1 + x2
2 + x2

3 + x2
4 + 0.1(u2

1 + u2
2) (11.84)
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Figure 11.8: Optimal control policy using P = 30 piecewise linear sections for Example 4,
yielding I = 118.63 and Q = 9.3× 10−12

where the reaction term in the first tank is given by

g1(x) = 1.5× 107(0.5251− x1)exp(
−10

x2 + 0.6932
)

−1.5× 1010(0.4748 + x1)exp(
−15

x2 + 0.6932
)− 1.4280 (11.85)

and the reaction term in the second tank is

g2(x) = 1.5× 107(0.4236− x2)exp(
−10

x4 + 0.6560
)

−1.5× 1010(0.5764 + x3)exp(
−15

x4 + 0.6560
)− 0.5086. (11.86)

The initial condition is given by

x(0) = [ 0.1962 − 0.0372 0.0946 0 ]T (11.87)

and the constraints on the control are

−1 ≤ uj ≤ 1, j = 1, 2. (11.88)

The state variables x1 and x3 are normalized concentration variables in tanks 1 and
2 respectively, and x2 and x4 are normalized temperature variables in tanks 1 and 2
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Figure 11.9: State trajectories for Example 4 resulting from the use of the optimal control
policy shown in Figure 11.8

respectively. It is required to find the control policy that minimizes the performance
index

I = x5(tf ) (11.89)

where the dimensionless final time tf = 0.325. We impose the final state constraint

x(tf ) = 0. (11.90)

Therefore, we introduce the augmented performance index

J = I + θ
4∑
i=1

(xi(tf )− si)
2 (11.91)

and use IDP to minimize this augmented performance for several values of the penalty
function factor θ.

We used the same parameters as were used by Luus et al. [17] for this problem.
We chose P = 20 stages of equal length, N = 1 grid point, 30 iterations per pass with
region contraction factor γ = 0.70, and allowed 250 passes with region restoration
factor η = 0.95. The initial region sizes were chosen as r

(0)
1 = r

(0)
2 = 1, and the

initial control was chosen zero. To measure the closeness of meeting the final state
constraints, we used the norm

‖x(tf )‖ = (
4∑
i=1

x2
i (tf ))

1
2 . (11.92)
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Table 11.5: Effect of the penalty function factor θ on convergence for Example 5

Penalty function Final Performance Two shifting terms
factor state norm index in J

θ ‖x(tf )‖ I s1 s3

20 3.072× 10−4 0.044334 1.242× 10−1 −1.105× 10−1

50 1.224× 10−4 0.045608 6.652× 10−2 −5.401× 10−2

2× 102 3.028× 10−5 0.046478 2.348× 10−2 −1.767× 10−2

5× 102 9.568× 10−6 0.046737 1.102× 10−2 −8.082× 10−3

1× 103 1.299× 10−6 0.046853 5.760× 10−3 −4.181× 10−3

1.5× 103 1.158× 10−7 0.046870 3.861× 10−3 −2.799× 10−3

2× 103 8.110× 10−9 0.046872 2.898× 10−3 −2.101× 10−3

5× 103 2.386× 10−10 0.046872 1.159× 10−3 −8.403× 10−4

1× 104 3.643× 10−10 0.046872 5.797× 10−4 −4.201× 10−4

1.5× 104 6.515× 10−7 0.046863 4.409× 10−4 −3.198× 10−4

2× 104 1.963× 10−6 0.046853 2.818× 10−4 −2.052× 10−4

5× 104 4.505× 10−7 0.046967 8.027× 10−5 −5.902× 10−5

1× 105 2.228× 10−7 0.047169 3.481× 10−5 −2.559× 10−5

5× 105 8.078× 10−8 0.047651 5.890× 10−6 −4.076× 10−6

1× 106 2.345× 10−8 0.047830 1.205× 10−6 −9.998× 10−7

5× 106 3.244× 10−9 0.048259 −1.969× 10−8 −8.700× 10−8

Instead of Runge-Kutta method we used DVERK [6] with local error tolerance of
10−6. Figures 11.10 and 11.11 show that R = 7 does not lead to convergence and
that R = 10 is a good number of randomly chosen points to use.

In Table 11.5 we see that there is a range for the penalty function factor 2000 ≤
θ ≤ 10000 for which convergence to the minimum value of the performance index I =
0.046872 occurs so that all the final states are within 10−8 of the origin. With θ = 5000
the shifting terms are s1 = 1.159×10−3, s2 = −2.440×10−5, s3 = −8.403×10−4, and
s4 = −3.450 × 10−4. The shifting terms s1 and s3 are given in Table 11.5, to show
that in the acceptable range for θ, the product −2θsi is constant, but outside the
range where the optimum is not obtained, this is not necessarily true. When θ is too
small, the final state constraint is not adequately satisfied, and if θ is too large then
the performance index is greater than the minimum value. This is shown graphically
in Figure 11.12.

These five examples have shown the viability of a quadratic penalty function with
shifting terms to provide the optimal control policy, and also how the shifting terms
provide sensitivity information with respect to the final state constraints. We now
turn to another type of penalty function that has been found useful in IDP to deal
with final state equality constraints.
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Figure 11.10: Convergence profile for Example 5, showing ‖x(tf )‖ as a function of pass
number with penalty function factor θ = 2000

11.2.3 Absolute value penalty function

Although for steady state optimization difficult equality constraints are handled very
well by the use of quadratic penalty function with shifting terms [13], Luus and
Wyrwicz [20] showed that absolute penalty functions can also be used effectively to
get accurate optimum results for high-dimensional systems in the presence of difficult
equality constraints.

Dadebo and McAuley [3] reported successful results in using in IDP an absolute
value penalty function. Therefore, in this section,we consider the augmented perfor-
mance index in the form

J = I +
k∑
i=1

θi|xi(tf )− xdi |. (11.93)

There are k positive weighting factors θi, which must be provided by the user, or
must be determined during the course of the calculations. One effective method of
getting good values for these weighting factors during the course of the calculations
is to use the suggestion of Mekarapiruk and Luus [22] where the weighting factors are
adjusted after every pass of IDP, being increased in magnitude if the tolerance is not
met, and decreased in value if the final state constraint is satisfied within the given
tolerance. Thus, after starting with some reasonable values for each θi, these penalty
function factors are changed after every pass by

θq+1
i = (1 + δ)θqi if |xi(tf )− xdi | > εi (11.94)

θq+1
i = (1− δ)θqi if |xi(tf )− xdi | ≤ εi (11.95)
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Figure 11.11: Convergence profile for Example 5, showing ‖x(tf )‖ as a function of pass
number with penalty function factor θ = 5000

where δ is a small positive factor such as 0.05, q is the pass number, and εi is the
tolerance for the constraint i. To reduce the size of the fluctuations in the control
policy, δ is decreased by a small amount such as 1% after every pass. We illustrate
this approach with an example where there are six final state constraints.

Example 6: Crane problem

Let us consider the problem of transferring a container from a ship to a cargo truck
by a crane so that the container does not sway too much and it comes to rest on
the truck in the specified time. The hoist and a trolley motor provide two control
variables to achieve the goal. This problem was first presented by Sakawa and Shindo
[25], and then considered for optimal control studies by Goh and Teo [4], Luus [10],
Teo et al. [26], Dadebo and McAuley [3], and by Mekarapiruk and Luus [22]. There
are six state variables; so, with the addition of the performance index integrand, we
have seven differential equations:

dx1

dt
= 9x4 (11.96)

dx2

dt
= 9x5 (11.97)

dx3

dt
= 9x6 (11.98)
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Figure 11.12: Effect of the penalty function factor on the converged value of the perfor-
mance index I for Example 5

dx4

dt
= 9(u1 + 17.2656x3) (11.99)

dx5

dt
= 9u2 (11.100)

dx6

dt
= −9(u1 + 27.0756x3 + 2x5x6)

x2

(11.101)

dx7

dt
= 4.5(x2

3 + x2
6) (11.102)

where x1 is the horizontal distance, and x2 is the vertical distance the container
moves, x3 is the swing angle of the container, x4 is the horizontal velocity, x5 is the
vertical velocity and x6 is the angular velocity of the container. The variable x7

gives the behaviour of the container during transfer, and is introduced to provide the
performance index to be minimized.

The initial state of the container is

x(0) = [ 0 22 0 0 − 1 0 0 ]T (11.103)

and the desired state at the dimensionless time tf = 1 is

xd = [ 10 14 0 2.5 0 0 free ]T. (11.104)

The two control variables consisting of the torque of the hoist and trolley motors are
bounded by

−2.834 ≤ u1 ≤ 2.834 (11.105)
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and
−0.809 ≤ u2 ≤ 0.713. (11.106)

In addition, we have the state constraints on x4 and x5:

−2.5 ≤ x4 ≤ 2.5 (11.107)

−1 ≤ x5 ≤ 1. (11.108)

The optimal control problem is to find u1 and u2 in the time interval 0 ≤ t < 1, so
that the performance index

I = x7(tf ) (11.109)

is minimized, when tf = 1.
Here we choose the augmented performance index to be minimized, as suggested

by Luus[10],

J = I +
6∑
i=1

θi|xi(tf )− xdi |+ ρ
P∑
j=1

(p4j + p5j) (11.110)

where

p4j =



−2.5− x4(tj) if x4(tj) < −2.5
0 if −2.5 ≤ x4(tj) ≤ 2.5
x4(tj)− 2.5 if x4(tj) > 2.5

(11.111)

and

p5j =



−1− x5(tj) if x5(tj) < −1
0 if −1 ≤ x5(tj) ≤ 1
x5(tj)− 1 if x5(tj) > 1.

(11.112)

In the augmented performance index we set ρ = 1, which is sufficiently large to
ensure that the state inequality constraints are satisfied, and concentrate on the
determination of the six penalty function factors θ1, θ2, · · · , θ6.

For the starting point for the first run we chose θi = 10−2, εi = 10−3, i = 1, 2, · · · , 6,
δ = 0.05 and chose P = 10 time stages, each of length 0.1. For integration we
chose the Runge-Kutta method with an integration step size of 0.01. We took initial
values for the control variables u

(0)
1 = 0.5 and u

(0)
2 = 0 and initial region sizes for

the control variables as r
(0)
1 = 1.3 and r

(0)
2 = 0.3. For IDP we chose N = 3 grid

points, R = 25, γ = 0.70, η = 0.95, and allowed 150 passes, each consisting of 30
iterations. After every pass δ was decreased by 1%, and the penalty function factors
were updated. The computation time for 150 passes was 617 s on a PentiumII/350.
The convergence profile as measured by the sum of absolute deviations of the final
states from their desired values is shown in Figure 11.13. The value of the performance
index is I = 0.005370. The final state is

x(tf ) = [ 10.001479 14.000000 − 0.000931 2.500000

0.000000 − 0.001116 0.005370 ]T (11.113)
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Figure 11.13: Convergence profile for the first run for Example 6, showing the sum of the
absolute deviations of the final states from the desired values

giving a sum of absolute deviation from the desired values of 2.272 × 10−3. The
resulting weighting factors are

θ = [ 5.860× 10−4 1.940× 10−4 6.321× 10−2 6.685× 10−3

4.823× 10−4 7.431× 10−2 ]T . (11.114)

For the second run we reduced the size of the initial region sizes for the control to
r
(0)
1 = r

(0)
2 = 0.1, and reduced εi to 10−6. The control policy obtained in the first run

was used as the initial control policy and the initial values for the weighting factors
were the ones obtained in the first run. The parameters for IDP were kept the same.
As expected, a lower value of the sum of deviations was obtained, namely, 1.4× 10−5

with I = 0.005527.
For the final run we chose as initial region sizes r

(0)
1 = r

(0)
2 = 0.001, which yielded

a sum of deviations of less than 10−6 in 38 passes, as is shown in Figure 11.14. The
resulting control policy is given in Figure 11.15 and the state trajectories are given
in Figure 11.16. The final state is

x(tf ) = [ 10.000000 14.000000 − 0.000001 2.500000

0.000000 0.000000 0.005526 ]T (11.115)

giving a sum of absolute deviations from the desired values of 2.272 × 10−3. The
resulting weighting factors are

θ = [ 7.012× 10−4 5.030× 10−5 5.521× 10−2 6.662× 10−3

3.278× 10−4 7.255× 10−2 ]T . (11.116)
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Figure 11.14: Convergence to sum of deviations to 7.37 × 10−7 giving I = 0.005526 for
Example 6

These values of the weighting factors differ somewhat from those obtained by Mekara-
piruk and Luus [22], showing that the weighting factors are not unique, and are not
related directly to the sensitivities, as the shifting terms are in the quadratic penalty
function.

As is shown by Mekarapiruk and Luus [22], the performance index can be reduced
slightly to I = 0.005264 by increasing the number of time stages to 20.

11.2.4 Remarks on the choice of penalty functions

Luus et al. [17] found no clear computational advantage of the absolute penalty
function over the quadratic penalty function with shifting terms in solving the two-
stage CSTR problem considered earlier as Example 5. Therefore, more research in
this area is needed before choosing one over the other. The use of the quadratic
penalty function with shifting terms has the advantage of yielding sensitivity factors
that are related to the adjoint variables when Pontryagin’s maximum principle is used.
This information is useful and it also provides an indication whether convergence to
the optimum has been achieved. It is clear that there must be an upper limit to the
number of final state equality constraints that can be considered conveniently in this
fashion with the use of penalty functions. Fortunately many real problems involve
only a small number of final state constraints; so, the methods used here provide
reliable means for dealing with such constraints.
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Figure 11.15: Optimal control policy with P = 10 stages for Example 6

11.3 State inequality constraints

11.3.1 Problem formulation

Let us consider the system described by the differential equation

dx

dt
= f(x,u) (11.117)

where the initial state x(0) is given. The state vector is x is an (n× 1) vector and u
is an (m× 1) control vector bounded by

αj ≤ uj ≤ βj, j = 1, 2, · · · ,m. (11.118)

Inside the given time interval there are k state constraints of the form

ψi(x) ≤ 0, i = 1, 2, · · · , k. (11.119)

The optimal control problem is to find the control policy u(t) in the time interval
0 ≤ t < tf that minimizes the performance index

I = Φ(x(tf )) (11.120)

where the final time tf is specified.
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Figure 11.16: Optimal state trajectories for Example 6 resulting from the use of the control
policy in Figure 11.15

11.3.2 State constraint variables

To deal with inequality constraints on the state, we follow the approach of Luus [10],
which was also used in Example 6 in the previous section, with a small variation.
Instead of difference equations, we use differential equations as suggested by Mekara-
piruk and Luus [21] to construct the penalty functions. We therefore introduce k
state constraint variables through the differential equations

dxn+i

dt
=

{
0 if ψi(x) ≤ 0
ψi(x) if ψi(x) > 0

(11.121)

for i = 1, 2, · · · , k, with the initial condition

xn+i(0) = 0, i = 1, 2, · · · , k. (11.122)

At the final time tf , xn+i(tf ) therefore gives the total violation of the ith inequality
constraint integrated over time. The advantage of taking such value is that sometimes
a violation may occur for a short time inside a time stage, and such a violation may
go by unnoticed if the difference equation approach is used where the violations are
checked only at the ends of the time stages. We choose the augmented performance
index to be minimized as

J = I +
k∑
i=1

θixn+i(tf ) (11.123)

where θi > 0 are penalty function factors for the inequality state constraints.
Let us consider some illustrative examples.
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Example 7: Chemical reactor control

Let us consider the optimal control of a chemical reactor involving a first-order chem-
ical reaction as studied by Ko and Stevens [7], Reddy and Husain [24], Luus [10,12],
and by Mekarapiruk and Luus [21]. The system is described by two differential equa-
tions

dx1

dt
= (1− x1)k1 − x1k2 (11.124)

dx2

dt
= 300[(1− x1)k1 − x1k2]− u(x2 − 290) (11.125)

with the initial condition
xT (0) = [ 0 380 ]. (11.126)

The state variable x1 is the concentration of the desired component, and x2 denotes
the absolute temperature. The control u is a normalized coolant flow rate bounded
by

0 ≤ u ≤ 0.5. (11.127)

The reaction rate constants are dependent on the temperature x2 in the following
manner:

k1 = 1.7536× 105exp(
−1.1374× 104

1.9872x2

) (11.128)

and

k2 = 2.4885× 1010exp(
−2.2748× 104

1.9872x2

). (11.129)

In addition, there is an upper constraint on the temperature

x2(t) ≤ 460. (11.130)

The problem is to find u in the time interval 0 ≤ t < tf such that the performance
index

I = x1(tf ), tf = 5 min (11.131)

is maximized.
In order to deal with the inequality state constraint in Eq. (11.130), we introduce

the state constraint variable x3 by

dx3

dt
=

{
0 if x2 − 460 ≤ 0
x2 − 460 if x2 − 460 > 0

(11.132)

with the initial condition x3(0) = 0. Therefore, whenever there is a state constraint
violation, x3 is increased in value. If at tf , x3(tf ) is zero, then no violations of the
constraint equation have occurred.

Since the performance index I is to be maximized, we choose as the augmented
performance index to be minimized as

J = −I + θx3(tf ) (11.133)
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Table 11.6: Performance index obtained after 10 passes as a function of the number of grid
points N for Example 7

Number of grid points Performance index I
N θ = 1 θ = 0.1
1 0.39357 0.39431
3 0.67715 0.67715
5 0.67713 0.67713
7 0.63905 0.64110
9 0.67722 0.67722
11 0.67722 0.67722
13 0.67722 0.67722
15 0.67723 0.67723
17 0.67723 0.67723
19 0.67723 0.67723
21 0.67723 0.67723

where θ is a positive penalty function factor.
We chose θ = 1, P = 48 stages, γ = 0.9, η = 0.70, R = 10, initial control policy of

u(0) = 0.25, initial region size of 0.5, and carried out 10 passes, each consisting of 30
iterations for different number of grid points N . Repetition of the runs with θ = 0.1
gave essentially the same type of results. The penalty function avoided any constraint
violation after the 10 passes. The results in Table 11.6 show that the maximum value
of I = 0.67723 was quite difficult to obtain. More than 13 grid points were required
to get the optimum value of the yield to 5 figures. The optimal control policy is given
in Figure 11.17 and the temperature profile is given in Figure 11.18. It is observed
that the upper constraint on the temperature is not violated.

Example 8: Fed-batch fermentor

The fed-batch fermentor involving biosynthesis of penicillin as studied by Lim et
al. [9] and revised by Cuthrell and Biegler [2] is described by the four differential
equations

dx1

dt
= g1x1 −

x1

500x4

u (11.134)

dx2

dt
= g2x1 − 0.01x2 −

x2

500x4

u (11.135)

dx3

dt
= −g1x1

0.47
− g2x1

1.2
− 0.029x3x1

0.0001 + x3

+
500− x3

500x4

u (11.136)

dx4

dt
=

u

500
(11.137)
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Figure 11.17: Optimal control policy with P = 48 for Example 7

with

g1 =
0.11x3

0.006x1 + x3

(11.138)

g2 =
0.0055x3

0.0001 + x3(1 + 10x3)
. (11.139)

The initial state is
x(0) = [1.5 0 0 7 ]T . (11.140)

The constraints on the feed rate are

0 ≤ u ≤ 50, (11.141)

and on the state variables are
0 ≤ x1 ≤ 40 (11.142)

0 ≤ x3 ≤ 25 (11.143)

x4(tf )− 10 = 0 (11.144)

where tf is the batch time. The performance index to be maximized is the total
amount of penicillin produced at time tf , given by

I = x2(tf )x4(tf ). (11.145)

The optimal control problem is to find the batch time tf and the control policy u(t)
in the time interval 0 ≤ t < tf so that the performance index given in Eq. (11.145) is
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Figure 11.18: Optimal temperature profile for Example 7 resulting from the use of the
control policy in Figure 11.17

maximized and all the constraints are satisfied. Cuthrell and Biegler [2] obtained a
maximum performance index of 87.69 at a batch time of tf = 132.14 h. By breaking
the time interval into 20 time stages of equal length and using iterative dynamic
programming Luus [11] was able to improve the yield to 87.948 at tf = 132.00 h.
The same control policy was obtained by Gupta [5]. Further refinements in handling
inequality constraints led to the value 87.959 by Mekarapiruk and Luus [21]. Recently,
Luus and Hennessy [16] showed that the previous investigators had missed the global
optimum, which for tf = 132.00 h and 20 stages of equal length is I = 87.9964. To
enable direct comparisons to be made to these papers, we consider the problem where
the batch time is specified as tf = 132 h.

As was done by Mekarapiruk and Luus [21], and by Luus and Hennessy [16] to
handle the state inequality constraints, we introduce the state constraint variables x5

and x6 through the differential equations

dx5

dt
=




x1 − 40 if x1 > 40
0 if 0 ≤ x1 ≤ 40

1000 if x1 < 0
(11.146)

dx6

dt
=




x3 − 25 if x3 > 25
0 if 0 ≤ x3 ≤ 25

1000 if x3 < 0.
(11.147)

The initial conditions for x5 and x6 are chosen to be zero. If constraints are violated
then these auxiliary variables will become positive. We now form the augmented
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performance index to be minimized:

J = −I + θ1(x4(tf )− 10− s)2 + θ2x5(tf ) + θ3x6(tf ). (11.148)

Here we take all the penalty function factors to be equal, i.e.,

θ = θ1 = θ2 = θ3. (11.149)

Since the computations are very time-consuming and a small number of passes is
intended, instead of after every pass, we are updating the shifting term s after every
iteration according to

sj+1 = sj − (x4(tf )− 10), (11.150)

where j denotes the iteration number in the optimization procedure.
To solve this problem with IDP we chose P = 15 time stages of equal length,

initial control policy u(0) = 11.9, initial region size rin = 10, region contraction factor
γ = 0.90, region restoration factor η = 0.80, R = 11, and allowed 5 passes, each
consisting of 30 iterations, with θ = 5 and θ = 50, for different values of the number
of grid points N . As can be seen in Tables 11.7 with penalty function factor θ = 5,
the global optimum I = 87.970 was difficult to obtain because of the existence of local
optima. The volume constraint is well satisfied. We have entered only those values
for which the volume is not greater than 10 and for which x5(tf ) and x6(tf ) are zero,
because even a small constraint violation can have a large effect on the performance
index. The value of the shifting parameter was s = −2.89. For the volume constraint,
a small amount in excess of 10 will increase the performance index substantially, as
can be seen from the relatively large value of the shifting term s, where we would
expect an increase in I of 2.89× 10−3 if the volume constraint is relaxed by 10−4.

The set of runs was repeated with the use of θ = 50. As can be seen in Table
11.8, the penalty function factor θ does not have much influence in getting the global
optimum. Here the shifting parameter obtained at the optimum was s = −0.289.
The global optimum I = 87.970 was again obtained only once.

To improve the chances for getting the global optimum, we can examine the
findings of Luus and Galli [15] that a larger initial region size promotes convergence
to the global optimum. Therefore, the set of runs was repeated, using the same
parameters, except the initial region size was doubled from 10 to 20 and 10 passes
were allowed. The penalty factor θ = 5 was used to get the results of Table 11.9.
The global optimum I = 87.970 was obtained with N = 3, 5 and 7. The use of
N = 13 led to the second best local optimum I = 87.9572, and the other two values
for N gave two other local optima: I = 87.924 and I = 87.920. The control policies
corresponding to these four local optima are shown in Table 11.10. Trajectories for
the three constrained state variables obtained with the use of the global optimum
control policy are shown in Figure 11.19. It is clear that the constraints are not
violated.
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Table 11.7: Performance index obtained after 5 passes as a function of the number of grid
points N for Example 8 with θ = 5

Number of grid points Performance Index Final volume
N I x4(tf )
3 87.668 10.00000
5 87.920 9.99995
7 87.920 9.99998
9 87.920 9.99995
11 87.970 10.00000
13 87.919 9.99998

Table 11.8: Performance index obtained after 5 passes as a function of the number of grid
points N for Example 8 with θ = 50

Number of grid points Performance Index Final volume
N I x4(tf )
3 87.785 9.99991
5 87.472 10.00000
7 87.667 9.999989
9 87.472 9.99997
11 87.920 10.00000
13 87.970 9.99999

Table 11.9: Performance index obtained after 10 passes as a function of the number of grid
points N for Example 8 with θ = 5 and initial region size = 20

Number of grid points Performance Index Final volume
N I x4(tf )
3 87.970 10.00001
5 87.970 10.00000
7 87.970 10.00000
9 87.924 10.00000
11 87.920 9.99999
13 87.957 10.00000
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Table 11.10: Piecewise constant control policies for the best four local optima for Example 8
obtained by using P = 15 stages

Control policy
Stage number I = 87.970 I = 87.957 I = 87.924 I = 87.920

1 3.741 4.280 3.383 3.747
2 6.970 9.241 15.978 6.983
3 13.187 48.712 42.861 13.219
4 44.624 8.179 8.038 44.575
5 8.680 8.518 8.498 8.682
6 8.916 8.745 8.733 8.914
7 9.058 8.887 8.878 9.060
8 9.162 8.987 8.985 9.162
9 9.244 9.071 9.070 9.249
10 9.317 9.146 9.144 9.314
11 9.385 9.213 9.212 9.381
12 9.449 9.277 9.276 9.451
13 9.513 9.339 9.339 9.508
14 9.574 9.401 9.402 9.575
15 9.6345 9.458 9.461 9.636

To show the usefulness of the sensitivity factor −2θs to predict the effect of chang-
ing the upper constraint on the volume, we compare the predicted effect from

I = 87.97− 2θs(Vmax − 10) (11.151)

to the computed values in the range 9.5 ≤ Vmax ≤ 10.5. As is seen in Figure 11.20,
the agreement is excellent.
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Figure 11.19: Trajectories for the three constrained state variables obtained by the optimal
control policy

Figure 11.20: Comparison of the predicted and computed values of the performance index
I when the volume constraint is changed
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Chapter 12

Time optimal control

12.1 Introduction

There are numerous situations where time optimal control problems arise. For exam-
ple, in startup of a chemical reactor, it is frequently desired to reach the desired state
of operation as fast as possible. In operating a crane system, one frequently would
like the trolley to reach a desired point in minimum time. In the drug displacement
problem, it is desirable to reach some specified concentration of drugs in a patient’s
bloodstream in minimum time. In the operation of a robot arm to deliver a payload
to a certain location, we encounter the time optimal control problem. Therefore, a
considerable amount of research effort has gone into solving the time optimal con-
trol problem. For linear systems, linear programming may be used to determine the
minimum number of time steps to reach the desired state, but for high dimensional
nonlinear systems the determination of time optimal control policy is generally very
difficult.

In this chapter we wish to examine several approaches that have been used with
IDP to solve some time optimal control problems.

12.2 Time optimal control problem

Let us consider the system described by the differential equation

dx

dt
= f(x,u) (12.1)

where the initial state x(0) is given. The state vector x is an (n× 1) vector and u is
an (m× 1) control vector bounded by

αj ≤ uj ≤ βj, j = 1, 2, · · · ,m. (12.2)

At the final time tf the state variables must be at the desired values, i.e.,

hi = xi(tf )− xdi = 0, i = 1, 2, · · · , n. (12.3)
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The time optimal control problem is to find the control policy u(t) in the time
interval 0 ≤ t < tf that minimizes the performance index

I = tf . (12.4)

Numerically, it is required that in a minimum value of the final time tf , we satisfy
the constraint

|xi(tf )− xdi | ≤ εi, i = 1, 2, · · · , n, (12.5)

where εi is some tolerance, such as the measurement error.

12.3 Direct approach to time optimal control

To solve this optimal control problem, we follow the suggestion of Luus [10] to choose
the augmented performance index to be minimized as

J = tf + θ
n∑
i=1

(xi(tf )− xdi − si)
2, (12.6)

and update the shifting terms si after every pass of IDP according to

sq+1
i = sqi − (xi(tf )− xdi ), (12.7)

where q is the pass number in IDP.
To measure the closeness of the final states to the desired states we use the norm

of the sum of absolute deviations from the desired state, namely

S =
n∑
i=1

|xi(tf )− xdi |. (12.8)

In order to solve the time optimal control problem by IDP, we transform the
continuous control policy into a piecewise constant control problem by dividing the
time interval [0, tf ] into P stages, each of variable length,

v(k) = tk − tk−1, k = 1, 2, · · · , P. (12.9)

Computationally, we impose the condition

v(k) > 0, k = 1, 2, · · · , P, (12.10)

so that we do not deal with negative stage lengths.
As we did in Chapter 9, based on the idea of Bojkov and Luus [3], we transform

the time variable through the relationship

dt = v(k)Pdτ (12.11)
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so that in normalized time all the time stages are of equal length

τk =
k

P
, k = 1, 2, · · · , P. (12.12)

The differential equation in the time interval τk−1 ≤ τ < τk becomes

dx

dτ
= v(k)P f(x,u). (12.13)

With this transformation, at t = tf , the transformed time variable τ = 1, and the
time to reach the desired state is

tf =
P∑
k=1

v(k). (12.14)

Minimization of the augmented performance index in Eq.(12.6) should give the min-
imum value to tf and ensure that the state variables at the final time are close to
the desired values. In order to test the computational viability of this approach, we
consider several examples. In all the examples we used the DVERK [7] subroutine,
listed in Appendix E, to integrate the differential equations.

12.4 Examples

12.4.1 Example 1: Bridge crane system

Let us consider the bridge crane system used by Moon and VanLandingham [13],
where the system is described by four differential equations

dx1

dt
= x2 (12.15)

dx2

dt
= u (12.16)

dx3

dt
= x4 (12.17)

dx4

dt
= −0.98x3 + 0.1u (12.18)

with xT (0) = 0, and the desired final state is xd = [ 15 0 0 0 ]T . The constraints
on the control are

−1 ≤ u ≤ 1. (12.19)

It is required to find the control policy that minimizes the performance index

I = tf . (12.20)
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We therefore choose the augmented performance index

J = tf +θ[(x1(tf )−15−s1)
2 +(x2(tf )−s2)

2 +(x3(tf )−s3)
2 +(x4(tf )−s4)

2], (12.21)

where θ is a positive penalty function factor and the shifting terms si are updated
after every pass of IDP according to Eq. (12.7).

To solve this problem, we made two preliminary runs with P = 5 time stages,
each chosen initially to be of length 1.0. We chose the initial control policy to be
zero, and initial region sizes for both control and stage lengths to be 1.0. The penalty
function factor θ was chosen to be 10, R = 50, region contraction factor γ = 0.80,
region restoration factor η = 0.95, and 100 passes each consisting of 30 iterations
were performed. The runs were made with N = 3 grid points, and with N = 5.
The convergence profiles of these runs were very similar, but a smaller value for tf
was obtained with N = 5, namely, 8.58012 versus tf = 8.58162 with N = 3. The
convergence profile with N = 5 is shown in Figure 12.1. The resulting control policy
consisted of 4 stages with u(0) = 1.0, u(1) = −1.0, u(2) = 1.0, and u(3) = −1.0, with
the length of the stages 2.98534, 1.30471, 1.30394, and 2.98492 respectively. There
was also a very short stage of length 0.00119 with a control value of 0.2963 before the
last stage. The shifting terms were s1 = 0.0090816, s2 = −0.038988, s3 = 0.054761,
and s4 = −0.110204.

To refine these results, we dropped the very short stage, and used the results of this
preliminary run as the initial conditions, including the values for the shifting terms,
and performed a run with R = 25, putting the region size for control to zero, and
reducing the value of the region size for stage lengths to 0.1. After 100 passes, the final
time was reduced to tf = 8.58010 and the sum of absolute value norm of deviations
was 1.098 × 10−7. The stage lengths converged to v(1) = 2.98534, v(2) = 1.30471,
v(3) = 1.30471, and v(4) = 2.98534. It is interesting to note the symmetry where
v(1) = v(4) with u(0) = 1, u(3) = −1, and v(2) = v(3) with u(1) = −1, u(2) = 1.
The run was repeated with θ = 1, and θ = 100.

Convergence patterns for all the three values of θ were very similar, as is shown
for θ = 1 and θ = 10 in Figure 12.2. Identical values were obtained for the stage
lengths. However, the shifting terms, given in Table 12.1, for the three cases are
different, yielding the same value for the sensitivity, as given in the fifth column. In
fact, the factor −2θsi gives the adjoint variable at the final time, corresponding to
the variable i, and should be the same for all the values of θ. It should be noted that
the values for the sensitivity in the fifth column of Table 12.1 are close to the final
values of the adjoint variables obtained by Moon and VanLandingham [13], given in
the sixth column of Table 12.1.

The time optimal control policy is shown in Figure 12.3.
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Table 12.1: Shifting terms and comparison to adjoint variables at tf for Example 1

Variable Shifting terms, si Sensitivity Adjoint variable at
i θ = 1 θ = 10 θ = 100 −2θsi tf = 8.5801 [13]
1 0.090861 0.009086 0.0009086 -0.182 -0.182
2 -0.389797 -0.038980 -0.0038981 0.780 0.782
3 0.547945 0.054793 0.0054782 -1.096 -1.086
4 -1.102032 -0.110203 -0.0110194 2.204 2.216

Figure 12.1: Sum of absolute deviations of the final state variables from the desired values
for the preliminary run N = 5 grid points for Example 1

12.4.2 Example 2: Two-link robotic arm

Let us consider the minimum time control of a two-link robotic arm as considered
by Weinreb and Bryson [17], Lee [8], Bojkov and Luus [1], and Luus [10], where the
equations are given by

dx1

dt
=

(sinx3)[
9
4
(cosx3)x

2
1 + 2x2

2] + 4
3
(u1 − u2)− 3

2
(cosx3)u2

31
36

+ 9
4
sin2x3

(12.22)

dx2

dt
=
−[(sinx3)(

7
2
x2

1 + 9
4
(cosx3)x

2
2)− 7

3
u2 + 3

2
(cosx3)(u1 − u2)]

31
36

+ 9
4
sin2x3

(12.23)

dx3

dt
= x2 − x1 (12.24)

c© 2000 by Chapman & Hall/CRC



Figure 12.2: Sum of absolute deviations of the final state variables from the desired values
for two values of the penalty function factor for Example 1

dx4

dt
= x1 (12.25)

where x1 and x2 are the inertial velocities of the shoulder and elbow links, and x3

and x4 are the angles. The initial state is x(0) = [ 0 0 0.5 0 ]T , and the desired final
state is xd = [ 0 0 0.5 0.522 ]T . The constraints on the control are

−1 ≤ uj ≤ 1, j = 1, 2. (12.26)

It is required to find the control policy that minimizes the performance index

I = tf . (12.27)

We therefore choose the augmented performance index

J = tf +θ[(x1(tf )−s1)
2 +(x2(tf )−s2)

2 +(x3(tf )−0.5−s3)
2 +(x4(tf )−0.522−s4)

2],
(12.28)

where θ is a positive penalty function factor and the shifting terms si are updated
after every pass of IDP. To keep track of the convergence, we record after every pass
the norm of the absolute value deviations of the final state from the desired state

S = |x1(tf )|+ |x2(tf )|+ |x3(tf )− 0.5|+ |x4(tf )− 0.522|. (12.29)
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Figure 12.3: Time optimal control policy for Example 1

We chose P = 5 time stages each initially of length 0.5, and used the same
parameters for IDP as for Example 1, namely, γ = 0.80, η = 0.95, θ = 10, R = 50,
and used 100 passes, each consisting of 30 iterations. The initial control policy was
chosen as zero, and the initial region sizes for control and stage lengths were chosen
as 1.0 and 0.5 respectively. As can be seen from Figure 12.4, there does not appear
to be much difference between the use of N = 3, and N = 5, but the use of N = 5
gave a final time tf = 2.9822, whereas N = 3 gave tf = 2.9824.

By using the results obtained with N = 5 as the initial condition, a refined
run was performed with R = 25, yielding after 100 passes a sum of deviations of
S = 1.219×10−7 and a final time of tf = 2.98228. The shifting terms with θ = 10 are
s1 = −0.13434, s2 = −0.09387, s3 = 0.03620, and s4 = 0.09739. The time optimal
control policy is given in Figure 12.5.

12.4.3 Example 3: Drug displacement problem

Let us consider the time optimal drug displacement problem, considered by Maurer
and Weigand [12], and Bojkov and Luus [1], where a desired level of two drugs,
warfarin and phenylbutazone, must be reached in a patient’s bloodstream in minimum
time. The equations expressing the changes in the concentrations of these two drugs
in the patient’s bloodstream are

dx1

dt
= g1[g4(0.02− x1) + 46.4x1(u− 2x2)] (12.30)
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Figure 12.4: Convergence profiles for the sum of absolute deviations of the final state
variables from the desired values as a function of the number of grid points for Example 2

dx2

dt
= g1[g3(u− 2x2) + 46.4(0.02− x1)] (12.31)

where
g2 = 1 + 0.2(x1 + x2) (12.32)

g3 = g2
2 + 232 + 46.4x2 (12.33)

g4 = g2
2 + 232 + 46.4x1 (12.34)

and

g1 =
g2
2

g3g4 − 2152.96x1x2

. (12.35)

The state variable x1 denotes the concentration of warfarin, and x2 is the concentra-
tion of phenylbutazone.

The scalar control variable u is the rate of infusion of phenylbutazone, and is
bounded by

0 ≤ u ≤ 8. (12.36)

The initial concentrations are given by

x(0) = [ 0.02 0 ]T (12.37)

and the desired values for the concentrations at the time tf are

xd = [ 0.02 2.00 ]T . (12.38)
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Figure 12.5: Time optimal control policy for Example 2

The objective is to find the control u such that the final time is minimized, so the
performance index is

I = tf . (12.39)

To handle the final state constraints, we use the augmented performance index

J = tf + θ[(x1(tf )− 0.02− s1)
2 + (x2(tf )− 2− s2)

2] (12.40)

where θ is a positive penalty function factor, and the shifting terms are updated after
every pass by

sq+1
1 = sq1 − (x1(tf )− 0.02) (12.41)

sq+1
2 = sq2 − (x2(tf )− 2), (12.42)

where q is the pass number.

To solve this time optimal control problem by IDP, as in the two preceding ex-
amples we chose P = 5 time stages. We used the same parameters for IDP as before,
namely γ = 0.80, η = 0.95, R = 50, N = 5, and used 100 passes, each consisting of
30 iterations. We chose θ = 106, initial stage lengths = 30, initial control = 0, and
initial region sizes for control and stage lengths of 8 and 30 respectively. As is seen
in Figure 12.6, the convergence is quite regular, giving a sum of absolute deviation
of 10−7 at the end of 100 passes. The control policy consisted of using u = 8 for the
first 4 stages and then using u = 0 for the last stage of length 32.309, giving a final
time tf = 221.46167. The shifting terms were s1 = −0.0171 and s2 = 0.0000338.
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Figure 12.6: Sum of absolute deviations of the final state variables from the desired values
with N = 5 for Example 3

The results were then refined by a run consisting of only two stages, to give the
switching time at t = 189.15319 and the length of the last stage of 32.30708. The
optimum final time tf was reduced slightly to 221.46027, giving the sum of absolute
deviations S = 2.35×10−10. The time optimal control policy is shown in Figure 12.7.

12.4.4 Example 4: Two-stage CSTR system

A very challenging problem is the determination of the time optimal control policy
for the two-stage CSTR system that we considered in Chapters 10 and 11 for other
types of control objectives. Let us now consider the two-stage CSTR system used
for optimal control studies by Edgar and Lapidus [6], Luus [9], Nishida et al. [14],
Rosen and Luus [15], Dadebo and McAuley [5], and by Luus et al. [11]. The system
is described by

dx1

dt
= −3x1 + g1(x) (12.43)

dx2

dt
= −11.1558x2 + g1(x)− 8.1558(x2 + 0.1592)u1 (12.44)

dx3

dt
= 1.5(0.5x1 − x3) + g2(x) (12.45)

dx4

dt
= 0.75x2 − 4.9385x4 + g2(x)− 3.4385(x4 + 0.122)u2 (12.46)
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Figure 12.7: Time optimal control policy for Example 3

where the reaction term in the first tank is given by

g1(x) = 1.5× 107(0.5251− x1)exp(
−10

x2 + 0.6932
)

−1.5× 1010(0.4748 + x1)exp(
−15

x2 + 0.6932
)− 1.4280 (12.47)

and the reaction term in the second tank is

g2(x) = 1.5× 107(0.4236− x2)exp(
−10

x4 + 0.6560
)

−1.5× 1010(0.5764 + x3)exp(
−15

x4 + 0.6560
)− 0.5086. (12.48)

The initial condition is given by

x(0) = [ 0.1962 − 0.0372 0.0946 0 ]T (12.49)

and the desired state is

xd = 0. (12.50)

The constraints on the control are

−1 ≤ uj ≤ 1, j = 1, 2. (12.51)

The state variables x1 and x3 are normalized concentration variables in tanks 1 and
2 respectively, and x2 and x4 are normalized temperature variables in tanks 1 and 2
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respectively. It is required to find the control policy that minimizes the time to reach
the desired state. Therefore, the performance index is

I = tf . (12.52)

As before, we introduce the augmented performance index to take into account
the final state constraint

J = tf + θ
4∑
i=1

(xi(tf )− si)
2 (12.53)

where the shifting terms are updated after every pass of IDP by

sq+1
i = sqi − xi(tf ), i = 1, 2, · · · , 4. (12.54)

The objective is to use IDP to minimize the augmented performance in Eq. (12.53).

Figure 12.8: Time optimal control policy for Example 4 with the use of 8 stages, giving tf
= 0.323646 with S = 1.2× 10−8

For this problem we chose the penalty function factor θ to be 100, P = 20 time
stages, and for the initial control policy we took the optimal control policy from
Chapter 11 for the quadratic performance index. We used N = 1 grid point, R = 25,
and carried out 100 passes of 30 iterations each, with γ = 0.80 and η = 0.95. The
initial region sizes for control were chosen as 1 and for the stage lengths, 0.001. The
result was a 9-stage control policy with tf = 0.323654 and S = 1.902 × 10−6. Two
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Figure 12.9: Time optimal control policy for Example 4 with the use of 6 stages, giving
tf = 0.323650, with S = 1.4× 10−8

stages were joined and the problem was run again to give the time optimal control
policy in Figure 12.8 with tf = 0.323646 with the sum of absolute deviations of the
final states from desired states S = 1.18×10−8. The shifting terms are s1 = 0.0342416,
s2 = −0.0001473, s3 = −0.0212781, and s4 = −0.0115108. It is interesting to note
the very short last stage of length 0.00260 with u1 = u2 = 1.

Stages 2 and 3, and also, 6 and 7, were combined to give a 6-stage control policy
which was used as the initial control policy for another run. The resulting 6-stage
control policy is given in Figure 12.9. There is a very slight increase, almost negligible,
of the final time to tf = 0.323650, and the final state constraints are well satisfied
with S = 1.37× 10−8.

12.4.5 Example 5

Let us next consider the quadruple-integral system of Chung and Wu [4], which
was also considered by Bojkov and Luus [2]. The system is described by the four
differential equations

dx1

dt
= x2 (12.55)

dx2

dt
= x3 (12.56)
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Figure 12.10: Convergence of the time optimal control for Example 5

dx3

dt
= x4 (12.57)

dx4

dt
= u (12.58)

with the initial state x(0) = [ 0.1 0.2 0.3 0 ]T , and the final state xd = 0.
The constraints on the control are

−1 ≤ u ≤ 1. (12.59)

Although there is only the scalar control, the time optimal control policy is quite
difficult to obtain, as shown by Bojkov and Luus [2]. Since the goal is to reach the
desired state in minimum time, we choose the augmented performance index as

J = tf + θ
4∑
i=1

(xi(tf )− si)
2 (12.60)

where the shifting terms are updated after every pass of IDP by

sq+1
i = sqi − xi(tf ), i = 1, 2, · · · , 4. (12.61)

As in Example 4, we chose the penalty function factor θ = 100.
By taking P = 20 time stages, each initially of length 0.20, and initial control

policy u1 = −1, and using N = 1, R = 25, γ = 0.80, η = 0.95, with initial region
sizes for control of 2.0 and for stage lengths 0.05, the convergence was quite regular as
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Figure 12.11: Time optimal control policy for Example 5

is shown in Figure 12.10. The resulting four stage bang-bang control policy was used
then as the initial condition for the refined run which gave a final time of tf = 4.8319
with the sum of absolute deviations from the final state of S = 2.89 × 10−8. The
values of the shifting terms are s1 = −0.006372, s2 = 0.013975,s3 = −0.012346, and
s4 = 0.005000.

The resulting time optimal control policy is given in Figure 12.11 and the state
trajectories are shown in Figure 12.12. The computation time on a PentiumII/350
for P = 20 was 329 s, and for P = 4 the computation time was 59 s.

12.5 High dimensional systems

The use of IDP for time optimal control of high dimensional systems has not been
fully explored. The approaches used by Bojkov and Luus [2] have been found very
useful in the time optimal control of a 20-plate gas absorber. Here we want to just
outline the main ideas and the interested reader can refer to this paper for the details.
To simplify the discussion, let us assume that the variables have been transformed so
that the desired state is the origin.

Rosen et al. [16] showed that there is a significant effect of the tolerance to which
the origin is reached on the final time tf in the time optimal control. Although
mathematically it is nice to reach the origin to within the computational accuracy
of the computer, this is not necessary. For the 6-plate gas absorber, for example, to
get to the origin within 10−6 tolerance gives a minimum time of tf = 6 min, whereas
to get to within 10−3 of the origin (within the measurement error) reduces the time

c© 2000 by Chapman & Hall/CRC



Figure 12.12: State trajectories for Example 5

to tf = 4.18 min. Therefore, we would like to exploit the flexibility of the tolerance
based on the accuracy of measurements to reduce the time required to reach the
appropriate vicinity of the origin.

Thus we write the final state constraints as

|xi(tf )| ≤ εi, i = 1, 2, · · · , n, (12.62)

where we could have a different tolerance for each state variable. Here, for simplicity,
we take all the tolerances to be the same, namely ε1 = ε2 = · · · = εn = ε.

By trying different structures for the augmented performance index, Bojkov and
Luus [2] found that the following structure was useful in solving a 20-plate gas ab-
sorber time optimal control problem:

J = σ
n∑
i=1

x2
i (tf ) + µ

n∑
i=1

(|xi(tf )| − ε)2 + θtf , (12.63)

where

σ =

{
0 if all |xi(tf )| ≤ ε
1 if any |xi(tf )| > ε

(12.64)

µ =

{
0 if all |xi(tf )| ≤ ε
1 if any |xi(tf )| > ε

(12.65)

θ =

{
ε2/(nQ) if all |xi(tf )| ≤ ε
0 if any |xi(tf )| > ε,

(12.66)
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where Q is an estimate of the final time tf at the beginning of the computer run.

By putting ε = 10−3, Bojkov and Luus obtained a minimum time tf = 4.19 min for
the 6-plate gas absorber and tf = 36.89 min for the 20-plate gas absorber considered
by Wong and Luus [18]. For the 20-plate gas absorber this final time is 34% less than
the previously obtained value of tf = 56 min.
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Chapter 13

Nonseparable problems

13.1 Introduction

In using iterative dynamic programming to solve optimal control problems up to
now, we have broken up the problem into a number of stages and assumed that the
performance index could always be expressed explicitly in terms of the state variables
at the last stage. This provided a scheme where we could proceed backwards in a
systematic way, carrying out optimization at each stage. Suppose, however, that the
performance index can not be expressed in terms of the variables at the last stage
only. In other words, suppose the performance index is also a function of controls and
variables at the other stages. Then we have a nonseparable optimal control problem.
The goal of this chapter is to formulate this problem in general terms and to provide
an approach that enables IDP to be used. Throughout this chapter we use difference
equations rather than differential equations.

13.2 Problem formulation

Let us consider a nonlinear system described by a difference equation

x(k + 1) = f(x(k),u(k)), k = 1, 2, · · · , P − 1, (13.1)

where x is an (n × 1) state vector and u is an (m × 1) control vector. We consider
problems where the initial state x(0) and the number of stages P are given. The
performance index is a nonseparable general function of all the controls and states,
which we write as

I = g[x(0),x(1), · · · ,x(P ),u(0),u(1), · · · ,u(P − 1)]. (13.2)

The control variables at each stage are constrained by

αj ≤ uj(k) ≤ βj, j = 1, 2, · · · ,m; k = 1, 2, · · · , P − 1. (13.3)
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The optimal control problem is to find u(0),u(1), · · · ,u(P − 1), such that the
performance index in Eq. (13.2) is minimized.

The strategy for solving problems where the performance index is not an explicit
function of the final state only was suggested by Luus and Tassone [3]. It was sug-
gested to use for the variables upstream of calculations the best values available from
the previous iteration. The downstream variables are obtained by simply solving
Eq. (13.1). As the iterations proceed and the region is contracted, the effect of such
approximations is expected to become negligibly small. In fact, using two examples,
including the nonseparable problem of Li and Haimes [1], Luus [2] showed that this
scheme works very well.

Here we illustrate the use of this scheme with two nonlinear nonseparable prob-
lems.

13.3 Examples

13.3.1 Example 1 − Luus-Tassone problem

Let us first consider the nonseparable optimization problem that we looked at in
Chapter 2. This example was introduced by Luus and Tassone [3], and used to
examine the convergence properties of IDP. The system is described by three difference
equations:

x1(k + 1) =
x1(k)

1 + 0.01u1(k)(3 + u2(k))
(13.4)

x2(k + 1) =
x2(k) + u1(k)x1(k + 1)

1 + u1(k)(1 + u2(k))
(13.5)

x3(k + 1) =
x3(k)

1 + 0.01u2(k)(1 + u3(k))
(13.6)

with the initial condition
x(0) = [2 5 7]T . (13.7)

The control variables are constrained by

0 ≤ u1(k) ≤ 4 (13.8)

0 ≤ u2(k) ≤ 4 (13.9)

0 ≤ u3(k) ≤ 0.5. (13.10)

The performance index to be minimized is

I = x2
1(P ) + x2

2(P ) + x2
3(P ) + [(

P∑

k=1

x2
1(k − 1) + x2

2(k − 1) + 2u2
3(k − 1))

(
P∑

k=1

x2
3(k − 1) + 2u2

1(k − 1) + 2u2
2(k − 1))]

1
2 (13.11)
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where P is the number of stages; Luus and Tassone [3] used P = 20, and Luus
[2] used P = 100. Here we wish to examine the convergence properties for using
IDP to solve this problem for three different values of P . In each case we take
as the initial region size for the first pass rin = [4 4 0.5]T and the initial control
policy u(0) = [2 2 0.25]T . For all the runs we take the region contraction factor
γ = 0.85, the region restoration factor η = 0.5, and allow 7 passes, each consisting of
30 iterations.

Case 1: P = 20

With the use of P = 20, the results in Table 13.1 show that the global optimum I =
209.26937 was readily obtained with the use of a single grid point. The convergence
was quite regular, as is shown in Figure 13.1. Also the local optimum with I =
209.27547 was obtained three times. When the number of grid points was increased,
the local optimum I = 209.27320 was obtained much more frequently. In the global
optimum solution, there is a sudden change in the control variables at the 15th stage,
as is shown in Figure 13.2.

Figure 13.1: Convergence profile for P = 20, showing the deviations from I = 209.2693696
with N = 1 and R = 7
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Figure 13.2: Optimal control policy for P = 20, showing the sudden change in control
variables at stage 15

Case 2: P = 50

With P = 50, the global optimum I = 240.91700 could not be obtained with N = 1
grid point. However, with N = 5 over half of the runs resulted in the global optimum,
as is shown in Table 13.2. Convergence profile as shown for N = 3 and R = 7 in
Figure 13.3 is quite regular, although not monotonic. The optimal control policy,
shown in Figure 13.4, shows a sudden change in the control variables at stage 36.

Case 3: P = 100

With P = 100 , the global optimum I = 258.33922 was obtained twice with N = 1
grid point, as is shown in Table 13.3. It is interesting to note that with N = 3, the
global optimum was not obtained for any of the eight runs. With N = 5, the global
optimum was obtained in half of the runs. The convergence was found to be regular
and systematic as is shown in Figure 13.5 with N = 1 and R = 5. The optimal control
policy in Figure 13.6 shows a sudden change in the control variables at stage 69. It is
the positioning of this sudden change that determines the value of the performance
index. When the sudden change occurs at stage 68, then the local optimum gives
I = 258.33933, and when the sudden change occurs at stage 70, the local optimum is
I = 258.33928. In fact, the local optima in Table 13.3 can be arranged with respect
to where the sudden change occurs, as is shown in Table 13.4. This is one way to
assure that the global optimum has been obtained for this problem.

c© 2000 by Chapman & Hall/CRC



Table 13.1: Performance index after 7 passes, showing the effects of the number of grid
points N and the number of allowable values for control R for P = 20

Random points Performance index, I
R N = 1 N = 3 N = 5
3 209.26937 209.33307 209.27320
5 209.27547 209.27320 209.26937
7 209.26937 209.27320 209.27320
9 209.26937 209.26937 209.27320
11 209.26937 209.27320 209.27320
13 209.26937 209.27320 209.27320
15 209.27547 209.27320 209.27320
21 209.27547 209.27320 209.27320

Table 13.2: Performance index after 7 passes, showing the effects of the number of grid
points N and the number of allowable values for control R for P = 50

Random points Performance index, I
R N = 1 N = 3 N = 5
3 240.91808 240.91901 240.91896
5 240.91901 240.91767 240.91767
7 240.91734 240.91700 240.91700
9 240.92238 240.91767 240.91767
11 240.91734 240.91767 240.91700
13 240.91901 240.91767 240.91700
15 240.92238 240.91767 240.91700
21 240.91734 240.91700 240.91700
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Table 13.3: Performance index after 7 passes, showing the effects of the number of grid
points N and the number of allowable values for control R for P = 100

Random points Performance index, I
R N = 1 N = 3 N = 5
3 258.33979 258.34023 258.33979
5 258.33922 258.33948 258.33979
7 258.34203 258.34017 258.33922
9 258.33922 258.33928 258.33964
11 258.34342 258.33928 258.33922
13 258.34096 258.33933 258.33922
15 258.34515 258.33928 258.33933
21 258.33933 258.33928 258.33922

Table 13.4: Classification of all the local optima in Table 13.3 with P = 100 according to
the location of the sudden change in the control policy

Performance index Location of the sudden change,
I Stage number

258.34515 62
258.34342 63
258.34203 64
258.34096 65
258.34017 66
258.33964 67
258.33933 68
258.33922 69
258.33928 70
258.33948 71
258.34023 72
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Figure 13.3: Convergence profile for P = 50, showing deviations from I = 240.917000 with
N = 3 and R = 7

Table 13.5: Optimal solution to the Li-Haimes problem obtained after 4 passes, each
consisting of 40 iterations, with the use of R = 5

Stage number control state
k u(k − 1) x(k)
1 -0.427163 0.314498
2 -0.098968 0.283373
3 -0.082382 0.200991
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Figure 13.4: Optimal control policy for P = 50, showing the sudden changes in control
variables at stage 36

Figure 13.5: Convergence profile for P = 100, showing deviations from I = 258.339218
with N = 1 and R = 5
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Figure 13.6: Optimal control policy for P = 100, showing sudden changes in control
variables at stage 69

Figure 13.7: Deviation from the optimum value of the performance index I = 1596.4796778
during the first pass for the Li-Haimes problem
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13.3.2 Example 2 − Li-Haimes problem

Let us consider the nonseparable optimization problem of Li and Haimes [1], where
the system is described by the three scalar equations

x(1) = x(0)u(0) (13.12)

x(2) = [1 + u(1)]x(1) (13.13)

x(3) = x(2) + u(2) (13.14)

with the initial condition x(0) = 15. The control at each stage is constrained by

−1 ≤ u(k) ≤ 1, k = 0, 1, 2. (13.15)

The performance index to be minimized is nonseparable in the form

I = [x2(0)+x2(1)+(2x2(2)+x2(3))exp(x2(1))][50+u2(0)+(u2(1)+u2(2))exp(u2(0))]
1
2 .

(13.16)
To solve this problem with IDP, we chose initial value for control of zero and

the initial region size r = 2, N = 1, R = 5, and used 5 passes, each consisting of
40 iterations with γ = 0.85 and η = 0.25. The convergence was fast as is seen in
Figure 13.7 where the convergence profile is given for the first pass. After 4 passes,
convergence to the values given in Table 13.5 was obtained with I = 1596.4796778.
The computation time for 5 passes was 0.5 s on a PentiumII/350 personal computer.
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Chapter 14

Sensitivity considerations

14.1 Introduction

Sensitivity is a measure of a change in one variable with respect to a change in
another variable. For example, a very small variation in the E/R ratio, where E is
the activation energy and R is the gas constant, has a large effect on the rate of a
typical chemical reaction. In fact, Luus [4] showed that by using for the gas constant
the value 2.00 cal/gm mole K instead of 1.9872, the expected rate of that particular
reaction under consideration was increased by 30%. Such high sensitivities must be
taken into account in the design of reactors.

However, there are situations where very low sensitivities create computational
difficulties. For example, in parameter estimation, Kalogerakis and Luus [2] intro-
duced the information index which relates the effect of the changes in parameters to
changes in the measured output that is used to estimate the parameters, and therefore
provides the sensitivity information. If the information index is very small in some
interval of time, then the data in that time interval can not be used to get reliable
values for the parameters no matter what parameter estimation procedure is used.
For parameter estimation, it was shown that the use of the data in the time interval
where the information index is high not only leads to reliable parameter estimates,
but also avoids computational difficulties.

In optimal control, the problem of low sensitivity of the control policy on the
performance index was addressed by Luus [6]. Although from the practical point of
view, low sensitivity is good, since it means that even if the control policy differs
somewhat from the optimal, the loss is not great. However, from the point of view of
trying to establish the optimal control policy, low sensitivity creates difficulties, since
the iterative procedure may be terminated prematurely, or some crude approximation
may be inadvertently accepted as the optimal one when the performance index is
within reasonable proximity (such as 0.01%) of the optimum. Often the nonoptimal
control policies exhibit highly oscillatory sections that are quite smooth in the optimal
control policy. For example, the control policy obtained with accelerated simulated
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annealing by Yang and Wu [10] for maximizing the yield of the fed-batch reactor of
Park and Ramirez [8] that we considered in Chapter 9 exhibited a highly fluctuating
initial portion of the control policy, as is shown in Figure 14.1. The corresponding
performance index of 32.68319 is within 0.01% of the optimum value of 32.68602. The
optimal control policy is quite smooth, as is seen in Figure 14.2. It was shown by
Luus [6] that even the control policy giving I = 32.68601 is quite oscillatory. Often,
very high oscillations have minimal effect on the performance index [4]. However, the
performance index is quite sensitive to the time of switching; it was shown by Luus
and Hennessy [7] that a better value of the performance index, namely I = 32.68687,
is obtained by using P = 45 stages rather than 80, because the switching times are
very slightly different. As we saw in Chapter 9 by using flexible stage lengths, we
can improve the value further to I = 32.6939 with only 20 time stages, because the
switching times can be obtained very accurately by having stages of flexible length.

Although there is very low sensitivity with respect to changes in control policy,
the performance index is very sensitive to the choice of the final time, as was pointed
out in [5], and illustrated in Chapter 9.

Figure 14.1: Control policy for the fed-batch reactor of Park and Ramirez [8], using 80
stages of equal length, obtained by accelerated simulated annealing by Yang and Wu [10]

Recently, Tholudur and Ramirez [9] reported getting a highly oscillatory control
policy with the use of IDP, and suggested using filtering to reduce such unwanted
oscillations. As we will show, the oscillatory behavior is not present in the optimal
control policy. Therefore, in this chapter we wish to consider their example to illus-
trate the low sensitivity and to show that the optimal control policy is indeed quite
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Figure 14.2: Control policy for the fed-batch reactor of Park and Ramirez [8], using 80
stages of equal length, obtained by IDP

smooth. This fed-batch reactor is interesting from the computational point of view,
since there are two feed streams, and one would expect that to get a reasonably
accurate answer a large number of time stages should be used. We will see that the
low sensitivity allows us to use a small number of stages to get an accurate value for
the profit function.

14.2 Example: Lee-Ramirez bioreactor

The bioreactor of Lee and Ramirez [3] was modified slightly by Tholudur and Ramirez
[9] to give the following set of equations

dx1

dt
= u1 + u2 (14.1)

dx2

dt
= g1x2 −

u1 + u2

x1

x2 (14.2)

dx3

dt
=

100u1

x1

− u1 + u2

x1

x3 −
g1

0.51
x2 (14.3)

dx4

dt
= Rfpx2 −

u1 + u2

x1

x4 (14.4)

dx5

dt
=

4u2

x1

− u1 + u2

x1

x5 (14.5)
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dx6

dt
= −k1x6 (14.6)

dx7

dt
= k2(1− x7) (14.7)

dx8

dt
= u2 (14.8)

where

g1 = (
x3

14.35 + x3(1 + x3/111.5)
)[x6 +

0.22x7

0.22 + x5

] (14.9)

Rfp = (
0.233x3

14.35 + x3(1 + x3/111.5)
)(

0.0005 + x5

0.022 + x5

) (14.10)

k1 = k2 =
0.09x5

0.034 + x5

. (14.11)

The controls are bounded by

0 ≤ uj ≤ 1, j = 1, 2. (14.12)

The performance index to be maximized is the profitability of the process described
by the performance index

I = x1(tf )x4(tf )− 5x8(tf ) (14.13)

where the final time tf is specified as 10 h.
The initial state is

x(0) = [ 1 0.1 40 0 0 1 0 0 ]T . (14.14)

The two control variables are the glucose feed rate u1 and the inducer feed rate
u2. The state variables are the reactor volume x1, the cell density x2, the nutrient
concentration x3, the foreign protein concentration x4, the inducer concentration x5,
the inducer shock factor x6, the inducer recovery factor x7, and the amount of inducer
used x8.

14.2.1 Solution by IDP

To solve this optimal control problem by iterative dynamic programming, we took
initially P = 15 time stages of equal length, the initial control u

(0)
1 = u

(0)
2 = 0.0, initial

region size r
(0)
1 = r

(0)
2 = 0.5, reduction factor γ = 0.95, N = 1 grid point, and used a

multi-pass method with region restoration factor η = 0.90. We used 10 iterations in
each pass, and allowed 100 passes. For integration, DVERK [1] with error tolerance
of 10−7 was used. By taking 15 stages of constant length, convergence to I = 5.56773
with the use of R = 15 was systematic as is shown in Figure 14.3. Even with R = 7
we got good convergence rate, but R = 5 gave inadequate convergence rate with
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the parameters that were used. The computation time on a PentiumII/350 personal
computer with R = 15 for 100 passes was 139 s. Thus, the computational effort is
quite small.

The resulting optimal control policy is given in Figure 14.4. By increasing the
number of time stages, the performance index was increased, but very slightly, as
is shown in Figures 14.5-14.7. The refined control policy with the use of P = 100
gives the profitability function I = 5.56789 which is only 0.003% better than I =
5.56773 obtained with the use of 15 stages. Therefore, this problem exhibits very low
sensitivity, and an accurate optimal control policy is difficult to establish. Whether
or not that small peak around t = 8h is included makes very little difference in the
value of the performance index.

Figure 14.3: Convergence of IDP, showing the effect of the number of allowable values
for control R with N = 1 and P = 15 stages of equal length; the deviations are from
I = 5.56772556
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Figure 14.4: Optimal control policy with P = 15 stages of equal length, giving I = 5.56773

Figure 14.5: Optimal control policy with P = 25 stages of equal length, giving I = 5.56778

c© 2000 by Chapman & Hall/CRC



Figure 14.6: Optimal control policy with P = 50 stages of equal length, giving I = 5.56788

Figure 14.7: Optimal control policy with P = 100 stages of equal length, giving I = 5.56789
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Chapter 15

Toward practical optimal control

15.1 Introduction

In establishing the optimal control of chemical reactors, the control variable used
most frequently is the temperature of the reacting mixture. Although the optimal
control policy, consisting of the temperature profile, is useful for understanding the
reactor behavior, it does not lend itself to practical use, since the temperature can
not be changed directly. As such, temperature is not a practical control variable. The
temperature of the reactor can be changed by withdrawing heat, or adding heat by
means of flowing coolant or heating fluid around the reactor. Then the flow rates of
these streams become the real practical control variables which can be manipulated
to maximize the appropriate performance criterion.

Using flow rates to change the reactor temperature makes the optimal control
determination much more difficult. When faced with the problem of determining the
optimal flow rates of heating and cooling fluids, so that the yield of a desired product
in a batch reactor is maximized, we encounter two additional differential equations
to handle the heat balances for the reactor and the surrounding jacket. Furthermore,
the problem is more difficult, since the constraints on the reactor temperature now
become state constraints, which are more difficult to handle than simple constraints
on the control. Such practical aspects of optimal control were considered by Luus
and Okongwu [5], who showed that the speed of our present-day computers makes the
on-line optimal control of chemical reactors now possible. Even if there is uncertainty
in the heat transfer coefficient, the optimal control problem can be solved sufficiently
fast to enable on-line application. To illustrate these ideas, we consider the oil shale
pyrolysis problem that we considered in Chapter 9. This time, however, instead
of simply determining the optimal temperature profile, we consider the problem of
determining the optimal flow rates of coolant and heating fluid.
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15.2 Optimal control of oil shale pyrolysis

Let us consider the oil shale pyrolysis problem used for optimal control studies by Wen
and Yen [7] and by Luus [1], and for which we determined the optimal temperature
profile in Chapter 9. The equations describing the chemical reactions are

dx1

dt
= −k1x1 − (k3 + k4 + k5)x1x2 (15.1)

dx2

dt
= k1x1 − k2x2 + k3x1x2 (15.2)

dx3

dt
= k2x2 + k4x1x2 (15.3)

dx4

dt
= k5x1x2 (15.4)

where the rate constants are given by

ki = exp(ai −
bi
T

), i = 1, 2, · · · , 5, (15.5)

and the kinetic parameters ai and bi are given in Table 9.2. The residence time or
batch time tf is not specified, but should be approximately 9.3 min. The problem is
to maximize the yield of bitumen x2(tf ) when starting with x1(0) = 1 and the rest
of the concentrations equal to zero. By using the control policy in Figure 9.9, we
showed that we could get x2(tf ) = 0.35382, which is 1.8% better than the yield of
0.34763 obtained by the best isothermal policy of T = 712.5 K. Now let us examine
this problem by using as control variables the flow rates of coolant and heating fluids.

By using a reactor volume of 1.2 m3 and realistic parameters, Luus and Okongwu [5]
obtained expressions for the heat balances for the reactor temperature T = x5 and
the jacket temperature x6:

dx5

dt
=

[602.4k1x1 − 0.833(UA/ρ)(x5 − x6)]

Cp
(15.6)

dx6

dt
= u1(873− x6) + u2(373− x6) + 0.01357UA(x5 − x6) (15.7)

where the slurry density is given by

ρ = 2139x1 + 760x2 + 560x3 + 1800x4, (15.8)

and the heat capacity is given by

Cp = 1.16x1 + 0.827(1− x1) + [3.4x1 + 0.92(1− x1)](x5 − 298)× 10−3. (15.9)

The product of the heat transfer coefficient U and the heat transfer area A, namely
UA, is kept as a parameter and allowed to be in the range 400 to 1500 kJ/min K.
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The hot steam flow rate u1 and the “cold” steam flow rate u2 (m3/min) are bounded
by

0 ≤ uj ≤ 5, j = 1, 2. (15.10)

To avoid simultaneous flows of heating steam and cooling steam, we introduce a
heat flow term w such that

u1 = w, u2 = 0, if w ≥ 0 (15.11)

and
u1 = 0, u2 = −w, if w < 0 (15.12)

with the bounds
−5 ≤ w ≤ 5, (15.13)

and carry out optimization by using the scalar w as the control variable. Once w is
determined, the flow rates u1 and u2 are immediately available.

To handle the upper and lower constraints on the reactor temperature, we intro-
duce the state constraint variables x7 and x8, as outlined in Section 11.3.2, through
the differential equations

dx7

dt
=

{
0 if x5 ≥ 698.15
698.15− x5 if x5 < 698.15

(15.14)

and
dx8

dt
=

{
0 if x5 ≤ 748.15
x5 − 748.15 if x5 > 748.15

(15.15)

with zero initial conditions. Thus if the constraint 698.15 ≤ x5 ≤ 748.15 is not
violated, the state constraint variables remain zero. If a violation occurs at the lower
boundary, then x7 becomes positive, and if the violation occurs at the upper boundary,
then the variable x8 becomes positive.

We now have 8 state variables with the initial condition

x(0) = [ 1 0 0 0 698.15 698.15 0 0 ]T (15.16)

where it is assumed that at t = 0, both the reactor and the jacket surrounding the
reactor are at the temperature 698.15. Since the goal is to maximize the bitumen
yield

I = x2(tf ), (15.17)

we introduce the augmented performance index

J = x2(tf )− θ[x7(tf ) + x8(tf )] (15.18)

where θ is a positive penalty function factor.
By taking P = 10 stages of equal length of 0.93 min, UA = 1200, initial value for

w of zero, initial region size of 5, θ = 0.01, R = 15, γ = 0.90, η = 0.85, and allowing 15
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Table 15.1: Performance index I after 15 passes with the use of P = 10 stages, each of
length 0.93 min

Number of grid points Performance index
N R = 15 R = 25
1 0.34962 0.34924
5 0.35164 0.35037
9 0.34872 0.35211
13 0.35184 0.35168
17 0.35173 0.35165
21 0.35208 0.35173
41 0.35210 0.35211

Table 15.2: Performance index I and the final time tf after 20 passes with the use of
P = 10 stages of flexible stage lengths

Number of grid points Performance index Final time
N I tf
1 0.35086 8.504
3 0.35165 9.626
5 0.35156 9.435
7 0.35180 9.337
9 0.35193 9.254
11 0.35197 9.459
13 0.35211 9.157
17 0.35218 9.173
21 0.35213 9.216

passes, each consisting of 20 iterations, we found that the results were dependent on
the number of grid points that were used. In Table 15.1 it is clear that more than five
grid points are required to get convergence to I greater than 0.3517 from the chosen
starting policy. The effect of increasing the number of randomly chosen candidates
from R = 15 to R = 25 is not great, but the use of the larger number of points
enables the control policy yielding I = 0.35211 to be obtained twice. In each case, at
the final time both x7 and x8 were zero, showing that the temperature of the reactor
did not violate the bounds. The corresponding control policy is shown in Figure 15.1.
In the first half of the time interval, heating is used, then rapid cooling is initiated,
followed by a section of relatively little cooling to keep the reactor temperature at its
lower bound.

Since the time of switching from heating to cooling is important, a set of runs
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Table 15.3: Performance index I and the final time tf obtained with the use of P = 5
stages of flexible lengths as a function of the heat transfer term

Heat transfer term Performance index Final time
UA I tf
1500 0.35228 9.144
1400 0.35226 9.165
1300 0.35224 9.187
1200 0.35222 9.206
1100 0.35219 9.247
1000 0.35216 9.258
900 0.35212 9.341
800 0.35207 9.508
700 0.35201 9.535
600 0.35192 9.646
500 0.35183 9.764
400 0.35169 9.946

was performed with the use of flexible stage lengths. Using the same parameters
as before with R = 25, and choosing the initial region size for the stage lengths of
0.1, but keeping the stage lengths constant for the first five passes, we found that
the maximum value for I was 0.35218, obtained with the use of 17 grid points. The
results were quite erratic, as can be seen in Table 15.2, especially with respect to
the final time that was obtained. It was interesting to note that in each case, the
resulting control policy indicated full heating (w = 5) for the first few stages. When
the control policy in Figure 15.1 was used as the initial control policy, with N = 13
grid points, convergence was readily obtained. The control for the first stage became
5, and the resulting optimal control policy consisted of 5 time stages, as is shown in
Figure 15.2, giving the optimal value J = I = 0.35222 with tf = 9.206 min.

By using the optimal control policy for UA = 1200, convergence for UA = 1100
and UA = 1300 was readily obtained with N = 13 grid points. Using such a contin-
uation procedure, the optimal control policies for other values for UA were obtained,
as is shown in Table 15.3. It is interesting to note the regular decrease in tf and
increase in I as UA is increased. This regularity of the increase in I with UA is
seen more clearly in Figure 15.3. In each case, the control policy consisted of 5 time
stages: the first stage involved full heating, second stage involved full cooling, and
the remaining three stages involved intermediate cooling, with the last stage very
close to zero. As UA is increased, the first two stages became shorter in length, as
is expected. Comparison of the optimal control policy for UA = 400 in Figure 15.4,
with the optimal control policy for UA = 1200 given in Figure 15.2 earlier, shows this
effect.
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Figure 15.1: Optimal control policy obtained with P = 10 stages, each of length 0.93 min,
giving I = 0.35211

The reactor and jacket temperature profiles for UA = 1500, giving I = 0.35228,
are shown in Figure 15.5. As can be seen, the reactor temperature does not violate
the upper and lower bounds that were specified. This yield is only 0.4% below the
theoretical optimum of 0.35382 and is 1.3% above the best isothermal yield of 0.34763
mol/L. Even with UA = 400, the yield of 0.35169 is 1.2% above the yield expected
from the best isothermal operation.

Suppose that while applying the optimal control policy for some value for UA,
from measurements in the first two minutes it becomes clear that the heat transfer
term UA is different from the one used. This creates no problems, since for all the
control policies the initial portion is w = 5; so, the only change is the length of
time that this control policy is kept, followed by the recalculated control policy for
the remaining stages. Since a good initial control policy is already available, such a
calculation can be done with a single grid point and no more than 2 or 3 passes. Such
a calculation can be performed in less than 1 minute of computation time, which
gives adequate time for implementation of the optimal control policy “on-line”. The
computational aspects with stages of equal length have been illustrated by Luus and
Okongwu [5].

15.3 Future directions

Although the inclusion of additional differential equations to handle the flow rates as
control increases the computational effort quite significantly, the computation time
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Figure 15.2: Optimal control policy obtained with P = 5 stages of varying length, giving
I = 0.35222

with IDP is not excessive. The effect of the heat transfer coefficient is quite impor-
tant, and, therefore, accurate modelling is required when implementation of optimal
control is considered in practice. However, even with inaccurate modelling, the pa-
rameters can be updated while running the reactor. With the updated parameters
reoptimization can be carried out over the rest of the batch time even with complex
systems.

Since personal computers now are very fast and will be even faster in the future,
the optimal control approach as outlined here appears to be quite practical. Although
the resulting control policy is open loop in nature, during the course of reaction the
parameters can be updated and the optimization problem can be solved repeatedly.
This means that appropriate changes can be made during the operation of the reactor.
In essence then the optimal control will be feedback in nature, where the control action
is determined from the knowledge of the state of the system at any particular time.

Iterative dynamic programming is well suited for solving complex optimal control
problems, such as the ones encountered by chemical engineers [2]. The main advantage
lies in its robustness in obtaining the global optimum. Although the possibility of
getting a local optimum exists, changing the parameters in IDP such as initial region
size, number of grid points and the number of randomly chosen points per iteration
usually allows one to obtain the global optimum. It must be remembered that IDP is
not an algorithm that can be applied directly to solve any optimal control problem;
IDP is an approach in applying the principle of optimality in dynamic programming
in an iterative manner to obtain the optimal control policy to complex systems.
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Figure 15.3: Effect of the heat transfer term UA on the performance index

Several algorithms, to illustrate the procedure, are given in the Appendix D. There
is no doubt that readers will be able to improve the convergence characteristics of the
procedure for many classes of problems by developing more efficient algorithms. Just
as with the LJ optimization procedure where a systematic procedure was developed
to determine region sizes for the variables at the beginning of each pass [3, 4], such
schemes can be introduced into IDP as well. In fact, by using such an adaptive region
size determination in IDP, Mekarapiruk and Luus [6] showed that, for two typical
chemical engineering optimal control problems, the convergence rate is increased and
there is a factor of two improvement in the computational efficiency. There is much
room for research, especially in the areas of handling state constraints and dealing
with systems that exhibit discontinuities. Further developments in the improvement
of algorithms used to apply IDP to very complex systems are continuing.
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Figure 15.4: Optimal control policy obtained with P = 5 stages of varying length with
UA = 400 kJ/min K, giving I = 0.35169

Figure 15.5: Temperature profiles for the reactor and the jacket for UA = 1500 kJ/min K,
giving I = 0.35228
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Appendix A

Nonlinear algebraic equation solver

Here we include the entire program, written in FORTRAN, to solve a set of nonlinear
algebraic equations as entered into the FUN subroutine. The program includes the
subroutine RLEQ for the Gaussian elimination.

A.1 Program listing
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A.2 Output of the program
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Appendix B

Listing of linear programming
program

Here we include the entire program, written in FORTRAN, to accomplish the 5 food
diet problem with linear programming. The program, written in single precision, is
divided into the main program and 3 subroutines. This computer program is the only
one used in this book that is written in single precision.

B.1 Main program for the diet problem
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B.2 Input subroutine
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B.3 Subroutine for maximization
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B.4 Output subroutine
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Appendix C

LJ optimization programs

C.1 Five food diet problem
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C.2 Model reduction problem
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C.3 Geometric problem
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Appendix D

Iterative dynamic programming
programs

D.1 CSTR with piecewise constant control
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D.2 IDP program for piecewise linear control
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D.3 IDP program for variable stage lengths
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Appendix E

Listing of DVERK

E.1 DVERK

Here we include, with the permission of the authors, the subroutine DVERK written
in FORTRAN by Hull, Enright and Jackson, to integrate nonstiff ordinary differential
equations.
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