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Preface

This book covers the analysis and development of online algorithms
involving exact optimization and heuristic techniques, and their applica-
tion to solve two real life problems.

The first problem is concerned with a complex technical system: a
special carousel based high-speed storage system - Rotastore. It is shown
that this logistic problem leads to an NP-hard Batch PreSorting Prob-
lem (BPSP) which is not easy to solve optimally in offline situations. We
consider a polynomial case and develope an exact algorithm for offline
situations. Competitive analysis showed that the proposed online al-
gorithm is 3/2-competitive. Online algorithms with lookahead improve
the online solutions in particular cases. If the capacity constraint on
additional storage is neglected the problem has a totally unimodular
polyhedron.

The second problem originates in the health sector and leads to a
vehicle routing problem. We demonstrate that reasonable solutions for
the offline case covering a whole day with a few hundred orders can be
constructed with a heuristic approach, as well as by simulated annealing.
Optimal solutions for typical online instances are computed by an effi-
cient column enumeration approach leading to a set partitioning problem
and a set of routing-scheduling subproblems. The latter are solved ex-
actly with a branch-and-bound method which prunes nodes if they are
value-dominated by previous found solutions or if they are infeasible with
respect to the capacity or temporal constraints. Our branch-and-bound
method is suitable to solve any kind of sequencing-scheduling problem
involving accumulative objective functions and constraints, which can
be evaluated sequentially. The column enumeration approach developed
to solve this hospital problem is of general nature and thus can be em-
bedded into any decision-support system involving assigning, sequencing
and scheduling.
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The book is aimed at practioners and scientists in operation research
especially those interested in online optimization. The target audience
are readers interested in fast solutions of batch presorting and vehicle
routing problems or software companies producing decision support sys-
tems. Students and graduates in mathematics, physics, operations re-
search, and businesses with interest in modeling and solving real opti-
mization problems will also benefit from this book and can experience
how online optimization enters into real world problems.

Structure of this Book

This book is organized as follows. Chapter 2 addresses the BPSP, where
a formal definition of the BPSP is introduced (Section 2.1) and several
modeling approaches are proposed (see Section 2.2). Complexity issues
of some formulations are investigated in Section 2.3 and Section 2.4. For
one polynomial case of the BPSP several algorithms are presented and
compared in Section 2.5. In Chapter 3 we consider a concrete application
of the BPSP - carousel based storage system Rotastore. In Section 3.1
we describe the system performance, and in Section 3.2 the numerical
results of the experiments are presented.

Chapter 4 focuses on the Vehicle Routing problem with Pickup and
Delivery and Time Windows (VRPPDTW), adapted for hospital trans-
portation problems. After introducing some notations (Subsection 4.2.1),
we suggest several approaches we have developed to solve this problem,
including a MILP formulation (Subsection 4.3.1), a branch-and-bound
approach (Subsection 4.3.2), a column enumeration approach (Subsec-
tion 4.3.3), and heuristic methods (Section 4.4). In Chapter 5 we describe
a problem related to a hospital project with the University Hospital in
Homburg. Detailed numerical results for our solution approaches related
to the VRPPDTW are collected in Section 5.2.
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Conventions and Abbreviations

The following table contains in alphabetic order the abbreviations used
in this book.
Abbreviation ~ Meaning

B&B Branch-and-Bound

B&C Branch-and-Cut

BPSP Batch PreSorting Problem

CEA column enumeration approach

1P Integer Programming

LP Linear Programming

MCP Mixed Complementarity Problem

MILP Mixed Integer Linear Programming

MINLP Mixed Integer Nonlinear Programming

RH reassignment heuristic

SA simulated annealing

SAT satisfiability problem

SH sequencing heuristic

s.t. subject to

TS tabu search

VNS variable neighborhood search

VRP Vehicle Routing Problem

VRPPDTW  VRP with Pickup and Delivery and Time Windows

w.r.t. with respect to
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Chapter 1

INTRODUCTION

What do a logistics manager responsible for an inventory storage sys-
tem and a vehicle fleet dispatcher in a hospital campus have in common?
They both have to consider new objects arriving at short notice and to
decide on what to do with them, how to assign them to given resources or
how to modify previously made decisions. This means they both need to
make decisions based on data suffering from incomplete knowledge about
near future events. Online optimization is a discipline in mathematical
optimization and operations research which provides the mathematical
framework and algorithms for dealing appropriately with such situations.

1.1.  Optimization Everywhere

The need for applying optimization arises in many areas: finance,
space industry, biosystems, textile industry, mineral oil, process and
metal industry, and airlines to name a few. Mathematical program-
ming is a very natural and powerful way to solve problems appearing in
these areas. In particular, see [12], [18], [23], [37] and [83] for application
examples. One might argue that low structure systems can probably
be handled well without optimization. However, for the analysis and
development of real life complex systems (that have many degrees of
freedom, underlying numerous restrictions efc.) the application of op-
timization techniques is unavoidable. It would not be an exaggeration
even to say that any decision problem is an optimization problem. De-
spite their diversity real world optimization problems often share many
common features, e.g., they have similar mathematical kernels such as
flow, assignment or knapsack structures.

One further common feature of many real life decision problems is the
online nature aspect, i.e., decision making is based on partial, insufficient
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information or without any knowledge of the future. One approach (not
treated in this book) to solve problems with only partial or insufficient
information is optimization under uncertainty (cf. [45], [50], or [88]),
and especially, stochastic programming (cf. [14], [53], [77], or [78]). In
that case, the problem is still solved as an offline problem.

However, it is not always appropriate to solve a problem offline. If we
cannot make any assumptions on future data, only the currently available
data can be used. In such situations online optimization is recommended.
We can list a number of problems that were originally formulated as
offline problems but which in many practical applications are used in
their online versions: the bin packing problem, the list update problem,
the k-server problem, the vehicle routing problem, and the pickup and
delivery problem to name a few.

Special optimization techniques for online applications exploit the on-
line nature of the decision process. Usually, a sequence of online opti-
mization problems is solved when advancing in time and more data be-
come available. Therefore, online optimization can be much faster than
offline optimization (which uses the complete input data). To estimate
the quality of a sequence of solutions obtained by online optimization
one can only compare it with the overall solution produced by an offline
algorithm afterwards. A powerful technique to estimate the performance
of online algorithms is the competitive analysis (cf. [11]). A good survey
on online optimization and competitive analysis can be found in [4], [11],
[30]. Online optimization and competitive analysis are based on generic
principles and can be beneficial in completely different areas such as the
storage system and transportation problem considered in this book.

At first we consider an example of a complex technical system, namely
a special carousel based high-speed storage system - Rotastore [73], which
not only allows storing ([56], [57]) but also performs sorting ([49], [70]).
Sorting actions and assignment to storing locations are fulfilled in real
time, but the information horizon may be rather narrow. The quality of
the corresponding decisions strongly influences the performance of the
system in general; thus the need to improve the quality of the decisions.
Due to the limited information horizon online optimization is a promising
approach to solve these problems.

In our second case study, the conditions for the decision making pro-
cess in hospital transportation are similar: the orders often are not known
in advance, the transportation network may be changed dynamically.
The efficiency of order assignment and scheduling of the transport sys-
tem can influence the operation of the whole hospital. That assumes, in
this case, not only economical aspects, but, at first of all, human health
and life issues.
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As will be shown in this book, the mathematical base for the first
problem is the Batch PreSorting Problem (BPSP), for the second one we
naturally can use an online variant of the Vehicle Routing problem with
Pickup and Delivery and Time Windows (VRPPDTW). The efficient
application of the corresponding solution methods allows to improve the
performance of both systems compared to the current real life situation.
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Chapter 2

BATCH PRESORTING PROBLEMS. I
MODELS AND SOLUTION APPROACHES

This chapter is organized as follows: at first, we describe the problem
and give a short classification. In Section 2.2 different formulations of
the BPSP are presented. In Subsection 2.2.2 we consider an optimization
version of BPSP;. In Subsection 2.2.3 we formulate BPSP, and BPSP3
as decision problems and additionally introduce optimization models.
The complexity status of BPSPy is investigated in Section 2.3, and in
Section 2.4 we show that there is a polynomial version of the BPSP.
Also we consider a special subcase of a BPSP with N = 2 in offline and
online situations and present corresponding algorithms in Section 2.5.
Finally, in Section 2.6, some results derived for BPSPs with N L—=9are
adapted to general BPSP.

2.1. Problem Description and Classification

We consider the problem of finding a finite sequence of objects of
different types, that guarantees an optimal assignment of objects to given
physical storage layers with a pre-sorting facility of limited capacity. This
problem will be called the Batch PreSorting Problem (BPSP), because
the objects have to be sorted within one batch before they are assigned
to the layers. After sorting, the object with number 7 will be assigned to
layer . For a more transparent presentation we speak of colors instead of
types and thus consider all objects of type k as having the same color k.
We present three types of BPSP with different objective functions. The
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objective function, z, of BPSP; minimizes the total number of layers
not yet occupied by objects of a certain color k; such objects can be
considered as occupying an empty layer (empty w.r.t to k) at zero
cost. Once each layer has an object of a given color, the cost does not
change with further additions of that color. If the forgoing is true for all
colors, z gives the number of all objects to be distributed minus those
already assigned to the layers. In BPSPy the objective is to minimize
the maximum number of objects of the same color on the same layer.
Finally, BPSP3 aims to minimize the sum of the maximum number of
objects of the same color over all layers.
We use the following example to illustrate the problem:

EXAMPLE 2.1 Suppose, there are six objects of two different colors in
the input sequence (see Fig. 2.1.1) and three layers.

Objects can be sorted within one batch, i.e., the objects 1, 2, 3 can
be sorted, then they are assigned to the layers. After this the objects
4,5 and 6 can be sorted and assigned to the layers. Fig. 2.1.1 displays
the content of the layers without pre-sorting. For this assignment the
objective function value of BPSPy is 2, because the objects of the first
batch occupy the layers at zero cost (layers were empty); the objects 4
and 5 occupy the layers 1 and 2, respectively, each with cost one, and
object 6 occupies layer 3 at zero cost. The objective function value of
BPSP; is 2, because the maximal number of objects of any color on all
layers is 2. Finally, the objective function value of BPSPs is 4, because
the maximal number of objects of the colors 1 and 2 over all layers is
2 for both colors. Clearly, this assignment is not optimal w.r.t. none
of the three objective functions. The optimal objective function values
for BPSPy, BPSP2, and BPSP3 are0, 1, and 2, respectively (see Fig.
2.1.2).

2.2, Formulation of the Batch Presorting Problem
At first we introduce some notations used in this chapter:

m N© is the number of objects of different colors in a given sequence.
These objects are indexed by ¢ or j (for simplicity the positions of the
objects are identified by their index values). S is the set of objects of
color k, and ¢ € S means that the object at position ¢ in the sequence
(also called “i*" object” or “object 3” for short) has color k;

s NX ig the number of colors;
s NZ is the number of layers;

s N¥ is the capacity of the pre-sorting facility.
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batch 2 batch 1 |I| e
/_M_\ /_—L'\
layer 2

2] | 22 ]| —

6 5 4 3 2 1 layer 3

Figure 2.1.1. The input sequence and the content of the storage layers without pre-
sorting. On the left part of the figure, the numbers 1, 2, ..., 6 refer to the objects
while the numbers 1 and 2 in the squares denote the colors.

batch 2 batch 1

p Al 5 7 A % III layer 1

R0 EEO T e
A X_ ¥\ y
0[] || 2] [2] ] (][] tayers

Figure 2.1.2. Optimal permutation and content of the storage layers after the assign-
ment

2.2.1 Feasible Permutations

Before we talk about feasible permutations, recall the definition of
permutation:

DEFINITION 2.2 A permutation § on a set of N objects isa one-to-
one mapping of set {1,...,N®} onto itself, ie., §: {1,...,N°} —
{1,...,NO}. Thus 6(i) = j if the object originally positioned at i, is
placed onto position j.

In other words, if § is a permutation, §(%) denotes the position of object
¢ in the output sequence. In our case, only a subset of all possible
permutations can be performed using the pre-sorting facility.'

"For the concrete technical functionality see Chapter 3.
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layers:

Figure 2.2.3. The set of all possible permutations for N =1

THEOREM 2.3 Let N¥ be the capacity of the pre-sorting facility. A per-
mutation 8 is realizable, if and only if for each object i, §(i) > i—N>. If
NO < NS then there exist N O\ realizable permutations, otherwise there
will be NSI(NS + 1)N7~N¥,

Proof. (see, for instance, [39]) R

Fig. 2.2.3 illustrates the result of Theorem 2.3. Notice, thatif N o < NS
then there exist N©! realizable permutations and NS!(NS + 1)V 0N
otherwise. In this work the terms realizable and feasible permutations
are equivalent. Now we formally introduce the notion of a feasible per-
mutation.

DEFINITION 2.4 A permutation § is feasible if for any i =1,...,N©
8(i) >i— N° (2.2.1)

is fulfilled.

2.2.2 Mathematical Formulation of BPSP,

As was defined above, only the permutations with §(z) > i — N S are
feasible. Note that only the objects at the permuted positions §(z) = j
will be placed onto layer [, where | = jmod N¥, i.e., I is a function of j.
For example, if NO = 5, NL =2, then objects with positions j =1,3,5
will be placed onto layer | = 1, those with positions j = 2,4 onto layer
l=2.

In addition we introduce the following notations:

%:{ i) =5

0, otherwise
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and

1 if layer I, | = jmod N¥, has already an object of the same
Cl. = ? color as object i
ij
0, otherwise
(2.2.2)
The optimal permutation can be constructed from the solution of the
following linear program [39]:

N© NO
min ) Y " Clibi; (2.2.3)
i=1 j=1
NO
Y 6iy=1, 1<i<N? , (2.2.4)
j=1
NO
» 6ij=1, 1<j<N° , (2.2.5)
=1
6i;;=0, Vi,j:j<i—N% | (2.2.6)
65 €{0,1}, 1<i,j <N . (2.2.7)

We can interpret the coefficient C}; as the cost of placing object 4 onto
position j (which uniquely identifies layer 7). As (2.2.3) minimizes the
total placing cost, it minimizes hence the total number of layers not yet
occupied by objects of a certain color k. Such objects can populate an
empty layer (empt w.r.t to k) at zero cost. Infeasible permutations
are excluded (depending on N S), a priori by (2.2.6). Obviously, (2.2.6)
corresponds to (2.2.1).

It is well known that this kind of integer program is totally unimodular
(¢f. [61]) and, thus, may be solved efficiently by some versions of the
Simplex algorithm. Many special matching algorithms solve the problem
in polynomial time (cf,, [72]). In practical applications (see Chapter 3),
the performance very often depends on the number of attempts needed to
output completely a set of orders (an order is a set of objects of different
types). An attempt is considered successful if there exists at least one
object of a given color on each layer (i.e., belonging to the requested
order). Therefore, for a given set of orders, the number of attempts
needed for complete output is the maximum number of objects in these
orders found on a single layer.

Consider, for instance, the following example: N 0= 8 N K -2 (e.g.,
blue and yellow), NI = 2, C{j = 1 for all ¢, (i.e., one blue and one
yellow object already exist on each layer). Let the first four objects be
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blue and the others yellow. Suppose, BPSP; has two optimal solutions
with objective function value 8:

1 Three blue objects are assigned to the first layer and one to the sec-
ond; one yellow object to the first layer and three to the second.

2 Two objects of each color are assigned to both layers.

The numbers of attempts for complete output are 4 + 4 = 8 in the first
case and 3 + 3 = 6 in the second (see Fig. 2.2.4). In terms of suffi-

Figure 2.2.4. The example of two different assignments of objects to the storage
layers.

ciency the second solution is preferable, because it needs fewer attempts
for complete output. For practical applications we want to produce a
solution with minimal number of attempts. Since BPSP; does not nec-
essarily do so, we developed the following problem formulations.

Note that the formulation above does not contain the index k, because
the information about the color of objects is hidden in the coefficients C;;.
More precise, Cj; = Cj;(k). Example 2.5 illustrates how the coefficients
Cj; are constructed.

2.2.3 Mathematical Formulation of BPSP, and
BPSP;

In this section we formulate BPSP, and BPSP3 as decision problems.
Most of the notations used in the previous section will be kept. Analo-
gous to the notation Cj; from Section 2.2.2 we use the notation Cj; - the
number of objects of color &k already present on layer I. Additionally we
define:

® an integer bound B;



Batch Presorting Problems. I 11

m constants

1 ifie S
Sik = { 0, otherwise ’ (2.2.8)
[ 1,ifj=1 mod N
M = { 0, otherwise. (2.2.9)
This allows us to define
Digji == SueMyi . (2.2.10)

Now we can formulate the following decision problems:

D-BPSP3: Is there a feasible permutation é such that the maximal cost

NO N©
C Dirjibij 2.2.11
k:l,...,NI}(l?Jl}f;LM,NL K+ ;; tkjlO4j ( )

does not exceed B?

D-BPSPs: Is there a feasible permutation & such that the total cost

NK NO NO
max Cri + Djxi1bi; 2.2.12
;l:l,...,NL Kl ;r—; 1le ij ( )

does not exceed B?

Remark: The term Dj;;6;; takes the value 1 if an additional ob-
jecti of colork is placed onto layer [ by permutation §. As Ck; denotes
the number of objects of color k£ already present on that layer, the cost
Ckz+zi]g Z;‘fl Digj16:5 yields the number of objects after the permuted
objects have all been placed in the layers. In other words, D-BPSP3 is
the problem of finding a permutation of objects such that the maximal
number of objects of the same color on any layer is less than or equal
to B for all colors. Thus, for practical applications, the total cost term
of D-BPSP, can be interpreted as a worst-case estimation of the per-
formance and the total cost of D-BPSP3, analogously, represents the
average performance over all colors.

2.2.3.1 An Optimization Version of BPSP>
Since the objective is to minimize the maximal cost (2.2.11), we now
formulate the decision problem as an optimization problem:
NO© NO

min max Crt + } : § :D"’“ﬂé’j
k=1,...NK I1=1. NL i=1 j=1
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There appears to be no easy way to solve the above problem efficiently.
Therefore we transform it to an integer linear programming formulation.
The minimax objective function is replaced by an equivalent linear for-
mulation. For this aim new variables are introduced: ux — the maximal
number of objects of color k on any layer, i.e.,

NO N©

up =, _max | G+ ;;Dikﬂ‘sz’j (2.2.13)

and
y= max {ug}

That allows us to define the transformed objective function

miny , (2.2.14)
subject to additional constraints
uw <y, 1<k<NE | (2.2.15)
N© NO K
Cr+ Y > Dikjibij < ug, i i ffI{,VL ; (2.2.16)
i=1 j=1 -
NO
Y 6iy=1, 1<i<N9 | (2.2.17)
j=1
NO
> sy=1, 1<j<N9 , (2.2.18)
1=
6i;=0, Vi,j:j<i—-N° | (2.2.19)
6; €{0,1}, 1<i,j<NO . (2.2.20)

Let us make some remarks related to the above constraints:
Note that (2.2.14) and (2.2.15) imply the identity y = max {ug}.

k=1,...,.NK

The inequalities (2.2.16) express that the number of objects of color k
already on layer [ plus a number of objects of color & assigned to this
layer cannot be greater than the maximal number ug of objects of color k&
on any layer. The assignment constraints (2.2.17)-(2.2.18) determine the
permutations of the objects, i.e., each object can take only one position
in a new ordering and each new position can be filled only with one
object. Depending on N, certain permutations can be excluded a priori
by (2.2.19).
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In some situations, when the difference between the number of objects
of different orders is very large, it may not be advisable to minimize
just the maximum number of objects of this set of orders found on a
single layer. Instead, it is more efficient to minimize the total amount
of output cycles. We treat this approach in the optimization problem
BPSPj3 introduced below.

2.2.3.2 An Optimization Version of BPSP3
The objective function corresponding to (2.2.12) is:

NEK NO NO
min max | Cia + E E Dixjibi;
=1 =1,...,.N =1 j=1

Using the new variables ug (2.2.13), we get:

NK
min ) " u (2.2.21)
k=1

subject to (2.2.16)-(2.2.20).

Thus, it can be seen that BPSP; and BPSP3 contain BPSP; as a
kernel. Unfortunately, the polyhedrons of BPSPy and BPSP3 are not
integral and, hence, the complexity issues of these problems are very
important. The following section addresses the complexity of BPSPs.

EXAMPLE 2.5 In this example we illustrate in detail the optimization
models BPSPy, BPSPy, and BPSP; with possible optimal solutions using
the following set of input data:

The number of objects, N©, is 6, the number of colors, N¥, is 3.
These objects are grouped together in the sets: S1 = {1}, Sa = {2, 3,4},
Sz = {5,6}. The number of layers, NL, is 3, and the capacity of the
pre-sorting facility is N° = 2. Coefficients reflecting the content of the
layers have the following values: C11 = 1, Co1 = 1, Cog = 2, C33 = 1,
all other Cy = 0. Fig. 2.2.5 shows the input sequence and the content
of the layers before the assignment.

BPSP;y: For this model the construction of coefficients Cy is sim-
plified, so we do not need to calculate the number of objects of color
k on layer l, but only need to indicate whether layer | has an object
of color k (see 2.2.2). Regarding this definition, only the coefficients

11> C1, C22, C31, C3, Cly, Cip, Cig, and Cgg have value 1.

f1 = min(611 + 621 + 22 + 831 + 32 + 641 + a2 + 053 + b63)  (2.2.22)
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Figure 2.2.5. The input sequence and the content of the layers before the assignment

subject to
6
D&y =1, 1<i<6 (2.2.22)
j=1
6
by =1, 1<j<6
=1
641,851, 652, 061, 662,663 =0, (2.2.24)
5ij (S {0,1}, 1<4,7<6 . (2.2.25)
Now consider BPSPy:
fo=miny (2.2.26)
subject to
U, U2, U3 LY (2.2.27)
Cii+(b11+64) < w , (2.2.27)
Ciz+ (b12+615) < wp
Ciz+ (613 +616) < ur

Co1 + (821 + b24 + 631 + 634 + 641 +644) < wp , (2.2.28)
Co2 + (622 + 825 + 032 + 035 + 642 + 615) < wa
Caz + (523 + 696 + 033 + 836 + 43 + 646) < us ,
C31 + (851 + 654 + 661 + 66a) < usz (2.2.29)
Cs2 + (052 + 055 + 862 + b65) < u3
Cs3 + (853 + 056 + 863 + 066) < uz ,
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Figure 2.2.6. 'The input sequence and the content of the layers after the assignment

and (2.2.23)-(2.2.25).
BPSP;:

f3 = min(u; + ug + u3)

subject to (2.2.23)-(2.2.25) and (2.2.28)-(2.2.30).
For all these models, the permutation § = (2,1,3,6,4,5) is optimal. The
objective functions f1, fa and fs have the values 1, 2 and 4, respectively.
Fig. 2.2.6 illustrates this example.

2.3. Complexity Results
THEOREM 2.6 Problem D-BPSP; is NP-complete.

Proof. It is easy to see that BPSP,; € NP, since a nondeterministic al-
gorithm needs only to guess a permutation of the variables and to check
in polynomial time whether that permutation satisfies all the given con-
straints. We proceed by showing that the 3-SAT (3-Satisfiability) prob-
lem can be polynomially reduced to BPSP;. Concerning the complexity
issues of the 3-SAT problem we refer the reader to [32]. Below we give
the definition of the Satisfiability problem [64].

DEFINITION 2.7 Let X = {z1,%2,...,Zn} be a set of n Boolean variables.
A literal y; is either a variable x; or its negation %;. A clause Fj is a
disjunction of literals. Let formula F = FiAFyA...AFy, be a conjunction
of m clauses. The formula F is satisfiable if and only if there is a truth
assignment t : X — {0,1}, which simultaneously satisfies all clauses
Fj in F. The Satisfiability problem is the problem to decide for a given
instance (X, F) whether there is a truth assignment for X that satisfies
F. The 3-SAT problem is a restriction of the Satisfiability problem where
each clause contains exactly 3 literals. The 3-SAT problem is still NP-
complete.



16 Online Storage Systems and Transportation Problems

k| B k|| o K|l 1

S
Eae

K& &| |&]k]k] &

9
I
W

| B A N (A

%
%
R

]
(F¥

K&K &k k] &

5
=29
I

K| & ki || & k| & S
K& K| & & &] |&]|&]|s 6

Figure 2.3.7. The content of the storage before distributing the objects from the
sequence seq

For an arbitrary instance (X, F) of the 3-SAT problem we define an in-
stance of the sequencing problem BPSP2, such that there exists a feasible
permutation of the objects § with

NO NO
max Ck:l + ZDIC l5 <B
k=1,.,NK, i=1,. NL ;——1:3'—1 ikjlOi]

if and only if there is a truth assignment ¢ : X — {0, 1} satisfying F.
We choose B = 3 and N5 =1 (i.e., an object can move forward at
most by one position). The number of layers is

NL:=2m+1) (2.3.1)
the number of objects is
NO :=onNL | (2.3.2)
and the number of sets Sk is
NE :=2n4+m+2mn . (2.3.3)

Specifically, we have
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m 2n colors kix, kiL, one for each variable z;,

®m m colors kf , one for each clause Fj,

= the first group of mn auxiliary colors kfj‘-rF , and

s the second group of mn auxiliary colors kf;( F

The sequence seq consists of 2n subsequent parts seg; of N objects each,
ie., seq:= (seqi, S€qa, ..., S€qn, S€qn+1, SEQn12, ..., $€G2n ). Bach seq; has
2(m + 1) objects, i.e., seq; := (gi1,qi2, ---, Gi2m+2). Now we define the
sets Sk, i.e., the color of each object contained in the sequence seg; :

the first and last objects of seqg;..1 and seqg; always have the colors
of the variable z;, i.e.,

G2i~1,1,42i,1 € Sgx (2.3.4)

92i-1,N%>92i,NL € SgL.- (2.3.5)

The colors of the 2m objects in between are defined depending on the
occurrence of variable x; in the clauses F} asfollows:

q2i,25 € Skf
z; € Fj = q2i,2j+1 € Ski);(F (2.3.6)
42i—1,25,92i—1,25+1 € Sk{g“"

q2i-1,2j € Skf
z; € Fj = P2i-1,2j+1 € Spxr (2.3.7)
42i,2j,92,2j+1 € Skg;f.F

92i-1,25,92i-1,2j+1 € Ski)Jgp

2.3.8
42i,25,92i,2j+1 € Sk§ F ( )

x;, T; ¢Fj =

The values of the cost function Cy; (which reflects the content of the
storage) are defined for any {k,l} as:

[ 2,ifle{t,NF -1} .
Cixy = { 3 else , Vi€ {l,..,n} (2.3.9)
1,ifl=2-1 .
Chr ={ 0, clse I vie{1,..,m} (2.3.10)

Ck')‘gF 19 C’CXF l’Ck-L 1= O,VZ,],I (2311)
1 4 ij i
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Fig. 2.3.7 illustrates these coefficients for an example with » = 3 and
m = 2. In the remaining part of the proof we show that a feasible
permutation of the objects in seq with

NO NO

max Ckl+§ E Dikjibij | <3
k=1,.. NK, 1=1, NI i e IR

exists if and only if F is satisfiable, i.e.,, there is a truth assignment
t: X — {0,1} that satisfies each clause in F.

First, we assume that F is satisfiable. We show that there exists a
feasible permutation of objects with no more than 3 objects of the same
color on any layer. Recall that:

» for each color k¥ there are already exactly three objects on each of
the layers 2, ..., N*—2, N%, two objects on each of the layers 1, NV ~1,
one object in seqz;—1 and one object in seqg;;

m for each color kJF there is one object on layer 2j — 1 and there are
exactly three objects in seq;,

XF 1.XF
’ kij

= for each color kj; there exist at most two objects in seq;

» for each color k¥ only two objects exist in seg;.

Now consider the first object of subsequence sege;—1. This object has
color k. It has to be sent to layer N¥ — 1 or has to remain on the
first layer, because all other layers already contain three objects of this
color. The layers 1 and NL — 1 already contain two objects of color kX
and can accommodate only one additional object each. Therefore, the
second object of color kX — the first object of segy; — has to be sent to
the layer not used by the first object. This will be done by moving the
objects to the nearest layer (i.e., move of minimal distance), such that
for any j € seq; the following holds: 8(j) € seg;. That means we can
discuss each subsequence independently. We will use this alternation to
map the truth assignments into the permutations set é:

6(g2i-1,1) = Gai_1,NL-1

t(CII,L) =1= 6((122_1’.7) _?—21—1,]*1 » 1< Vi <N (2312)
6(Q2i~1,NL) = (9;—1,NL
6(g2ij) =¢q2j; , 1<j<NEL
6(g2i,1) = q2i NL—1 .
Hag) = 0= { O@ig) =g , 1<j<N (2.3.13)

5(‘12i,NL) = q49; NL
6(gi-14) = qai—1; , 1<j<NE
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In this way, if ¢ assigns 1 to z;, then from (2.3.12) the first object of
seqe;—1 moves to layer N L_ 1, and all other objects in seq2;—1 move one
layer up (except for the last object which remains on the last layer). All
objects of seqo; keep their positions. Otherwise, if ¢ assigns O to x;, then
it follows from (2.3.13) that all objects from segq;_1 keep their positions
and the first object of segz; moves to the layer N¥ —1. All other objects
in seqg; move one layer up (except for the last object which remains on
the last layer).

Assume there is a layer I with four or more objects of the same color.
Let us first discuss the color. It cannot be one of ka{F ,kf]{F ,k{’ since
there are at most two of those and Cy; is zero for them. Without loss of
generality we assume that there are four objects of color k'f on layer /.
Since ISle| =3, Ckf,l must be 1 and because of (2.3.10) it follows that I =

24 — 1. Now consider one of the three objects. From (2.3.6) and (2.3.7)
it is known that Sk,F C {q2i,25,q2i—1,25}. We distinguish two cases:
Case 1:

2.3.6
Q@i € Sypr 230z, € Fj N 6(q2i25) = qizj—1  (2.3.13)
sincel = 2j-— 1(2£§—'—1>3)t($i) =0 (2.3.14)

Case 2:

2.3.6) _
g2i-1,2; € Skf(=$)xi € Fj AN6(g2i-1,25) = qai—1,2j—1 (2.3.15)

sincel = 2j— l(gi'lg)t(fi) =0 (2.3.16)

Therefore, in both cases the truth value of the literal of x; in F} is false,
so Fj contains one false literal. The same reasoning holds for the other
two objects. Thus, Fj contains three false literals and is therefore false
itself. This is a contradiction to the assumption that ¢ satisfies (X, F).

For the missing direction of the proof, we assume that (X, F) is un-
satisfiable. Our goal is to prove that for any permutation § there exists
at least one color for which four objects are located on the same layer.
Barring trivial cases, that will be color kJF .

Consider the permutations where 6(gei,1) = ! mod Nl with2 <1 <
NL —1 orl = NE, ie, when the first object of subsequence 2i is not
moved to the first or last-but-one layer. Because of (2.3.9) Ck;",l = 3,
layer ! contains four objects of color kX. Therefore we only need to
consider the remaining cases, i.e., when the first object moved to the
first or to the next to last layer.
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With the same reasoning we can assume that §(gei—1,1) = £1mod N L
So we only deal with cases where

8(g2i1) = 1mod NL and 8(gei—1,1) = —1mod NE (2.3.18)
or
6(g2i1) = —1mod N* and 6(goi_1,1) = 1mod NE . (2.3.19)
Let us define a truth assignment ts by

N 1 if 5((]21',1) = 1modNL
t(ml) - { 0 if (S(qu,l) = —1mod NL (2320)

Furthermore, (2.2.1) tells us that §(j) > j~1as N° = 1 by construction.
Since (X, F) is unsatisfiable by assumption, there must be some clause £j
which is not satisfied by ts.

Case 1: Fj contains a non-negated literal z;.

Then ts(x;) = 0 and from (2.3.20) we know, that§(ge;1) = —1 mod NL
and from (2.3.19) that 6(g2i—1,1) = 1 mod NEL. Because 6(qi1) > 9261 —
1 = 0mod NL, 50 6(gai1) > qoin + NE — 2 since (k) > k — 2, i.e., the
tray goii stays in the additional storage at least until N — 2 objects
passed. Therefore, 6(go;ix) = gqaip —1for 2 < k < N L _ 1, especially
fork = 2j. From (2.3.6) we know that gg;2; € S,Cf, hence there is one

additional object of color kf in layer 25 — 1.

Case 2: Fj contains a negated literal Z;.

Then ts(x;) = 1 and from (2.3.20) we know that §(ga;1) = 1 mod NEL
and from (2.3.18) that 6(q2i_171) = —1mod NL. As in the first case, we
conclude that 6(q2i—1,1) > g2i—1,1+ N L _ 9 and, therefore, it follows that
5((]2,'_1’23‘) = @2i-1,2j — 1= 2j — 1mod NL. Since (2.3.7) q2i-1,25 < Skf

there is an additional object of color kf on layer 25 — 1.

Hence, for each of the three literals of F} there is one object of color k:JF
on layer 2j — 1 and Cy;_;,r = 1 according to (2.3.10). Therefore,
i

layer 25 — 1 contains four objects of color kf and the proof is complete.

To see that this transformation can be performed in polynomial time,
it suffices to observe that the number of layers, the number of colors and
the number of objects in seq are bounded by a polynomial in 2(m + 1),
4n(m+1) and 2n +m+ 2mn, respectively. Hence the size of the BPSP»
instance is bounded above by a polynomial function of the size of the
3-SAT instance (q.e.d). B

We illustrate Theorem 2.6 by the following example.

EXAMPLE 2.8 Suppose there is the following instance of the 3-SAT prob-
lem: F = (x1VzaVx3) A(Z1VxaVT3), ie, n=3and m = 2. Now define
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all data needed for constructing the sequence seq. By (2.3.1)-(2.3.3) we
obtain N* =6, N9 = 36, and the number of sets Sy is N¥ =20, i.e.,

w KX kL i=1,2,3;

n kf; J=12;

o KXF KET, i=1,2,3, j=1,2.

Fig. 2.3.7 shows the content of the storage system w.r.t. formulas (2.3.9)
and (2.3.10) before the objects from seq are distributed. Fig. 2.3.8 shows
the sequence seq = (seqi,seq, ..., segs). In addition, this picture illus-
trates the assignments, e.g., for xi, described by formulas (2.3.12) and
(2.3.13) and the subsequent assignment to the layers. Similar trans-

formations apply to the sequences seqs, seqs, segs, seqs (the first two
correspond to xa, the others to x3).

24. Polynomial Subcases

The decision problem D-BPSP; is shown to be NP-complete (see Sec-
tion 2.3). What makes this problem difficult? In this section we consider
the problem with some additional assumptions. The first assumption is
that the numbers of elements in sets Sk, i.e., values |Sk|, are known in
advance. The second one is that the capacity of the pre-sorting facility
is large enough, i.e., given N¥ > NL — 1, any permutation of objects
can be realized. This assumption is only needed for an alternative model
formulation provided in Subsection 2.4.2.

24.1 Reformulation of BPSP, and BPSP;

In Section 2.2.3.2 we suggested model formulations with continuous
variables ugx. We can decrease the number of variables if the values of
|Sk|, the number of objects of color & in the input sequence, are known in
advance. Clearly, the optimal permutation of the objects is one that al-
lows a uniform distribution of objects over all layers. Of course, we need
to add to the value |Sg| all objects of color k that are already in the layers

NL
mazfv . Cr > [%—Fl&’-‘l Therefore,

=8 SYOTN

E{fi Cri. It can happen that l

ISl ¢
we have to calculate values S; = max ([LWLEl—“-l ,, mmax Ckl).

Thus, the corresponding objective function value for BPSP3 is Z,ICV:KI up =

NK :

1S, and th lit = S; holds for BPSPs.
> k=1 S and the equality k:?,l..éﬁvK ug, k=111,1..a,L,)1(VK + holds for 2
Then we can modify the optimization models from Section 2.2.3.2 and

obtain the transformed model:
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D-BPSP/:
NO
D 6i;=1, 1<i<N° (2.4.1)
j=1
NO
Y &y=1, 1<j<N° (2.4.2)
i=1
NO NO &
* 1<k<N
Cri + ZZDikﬂ(Sij <Sg, 1<1<NE , (2.4.3)
i=1 j=1
6i;=0, Vi,j:j<i—-NS | (2.4.4)
65 €{0,1}, 1<4,j<NO . (2.4.5)

This is not yet an optimization problem since only a feasible point of
(2.4.1)-(2.4.5) need to be found. Ifthe capacity of the pre-sorting facility
is not large enough, the feasible set can be empty.

EXAMPLE 2.9 Here we demonstrate the calculation of Sf values on the
data from Example 2.5:

[1S1[+C11+C ] +1+0+
SI‘:maX( S D12t e ,jr_nla2x301j>=max([1 S, =1

|

" |Sal+C: C. 7
SSZIH&X( |S2|+ 211\-;-L 22+Ca3 ’-5%35‘3021' =ma.x([3+1 2 0] ’2):2;

T ey

*__ [ |S3|+C314+Ca2+Cas ] Y 2404041 _
S}=max < T ,jr=nlag(303J = max([ L] 1)=1.

24.2 An Alternative Model Formulation of
D-BPSP/
In the following we show that D-BPSP/ without (2.4.4) is polynomially
solvable. At first, we present another mathematical model formulation
named D — BPSP/ with the following integer variables:

Ikt 1s the number of objects of color k£ on layer [

Notice that these variables can be derived easily from the §;; variables:

NO NO

Tkl = ZZDikﬂ&'j . (2.4.6)

i=1 j=1
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Suppose N© = pNE where p € Z. Then the decision problem D-BPSP/
concerns whether an assignment exists for xg; satisfying the constraints:

kal = Iskla 1 < k < NK ’ (247)
kal NL, 1<I<NE | (2.4.8)
OkalSSk—Cu, 1<k<NK, 1<i<NI . (2.4.9)

After that we show the correspondence between D-BPSP/ and D-BPSP/
by demonstration that a solution of the first problem implies a solution
of the second one and vice versa.

THEOREM 2.10 Problems D-BPSP! (without 2.4.4) and D-BPSP are
equivalent.

Proof. We show that if there is a solution of D-BPSP! &;; € {0,1},
1 <i4,7 < N° thar satisfies (2.4.1)-(2.4.3), then the solution Ty of

D-BPSP/ satisfies (2.4.7)-(2.4.9), and vice versa.

NE (246 6) VL NO NO (2.2.10) NE NO NO
1: Z T =), ), Z Dikjibi; = DY Z Sik Mj1bi;
= I=1i=1j= l 1i=1j=
NO NO 2.2.9
= Z Szk E 51_7 ZM]l( = )Z Szk: Z‘Sm
\ﬁ,_/
=1 by (2.4.1)
NT  (228) NO
=Y Sk =[S, 1<k<NK<«e= > 6;=1 1<i<NO
i=1 i=1
NE 946 NE NI NG 2.210 NK NO NO
2 % o205 3 5 Dugty =" X 5 3 SuMéy
=1i=1j= k 11i=1j=
NO
(228)
= Z M Z bij Z Sik Z Mji Z‘SU
\-V/
=1 by (2.4.2)

NS (229 po N
=Y My =787, 1<I<Nl— Y 6;=1, 1<j<NO
j=1 i=1
3: The constraints (2.4.3) and (2.4. 9) are the same. Indeed,
NC NO
T S —Cpi = 2+ Ciy < Sk )Ckl + 3 > Dijibi; < S5,
=1 j=1
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Vk={1,..,NK}, wvi={1,..,N} (ged). W

EXAMPLE 2.11 Here we illustrate how to convert a solution of D-BPSP/
to a solution of D-BPSP!. Consider the input sequence and sets

Sk = {ic; lex = 1,..., Skl }

from Example 2.5. Suppose a solution of D-BPSP! to be:

z11 =0, xz2=1, z13=0,
21 =1, x2=0, zo3=2,
231 =0, xz32=1, z33=1.

We construct the solution 0;; of D-BPSP/! as follows:
Forallk=1,..,NK 1=1,..,NL set initially cx := 1 and i; := 0.
Then repeat the following steps while xp; > 1:

m leti* =14, cpi=cp+1;
w et * :=1+4NL, 4 =14 +1;
w let §pjr =1 and Tpy := x8y — 1.

Using this procedure for NX = 3 and N¥ = 3 we obtain the solution: § =
(2,1,3,6,5,4). Notice that this permutation yields the same assignment
to the layers as in Example 2.5. But it is not feasible there, because the
capacity of the pre-sorting facility is not large enough.

Let us now show that the problem D-BPSP/ is polynomially solvable.
We use the following results from [61].

THEOREM 2.12 ([61], Part IIl.1 “Totally unimodular matrices”) Let A
be a (0,1, 1) matrix with no more than two nonzero elements in each
column. Then A is totally unimodular iff the rows of A can be partitioned
into two subsets Al and A? such that if a column contains two nonzero
elements, the following statements are true:

1 If both nonzero elements have the same sign, then one is in a row
contained in A' and the other is in a row contained in A?.

2 Ifthe two nonzero elements have opposite sign, then both are in rows
contained in the same subset.

THEOREM 2.13 ([61], Part Ill.1 “Totally unimodular matrices”) If A
is totally unimodular, if b,b',d and d'are integral, and if P(b,b,d,d') =
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{zxeR*: ¥ < Ax <b, d <=z <d} is not empty, then P(b,b/,d,d') is
an integral polyhedron.

THEOREM 2.14 The problem D-BPSP! is polynomially solvable.
Proof. We re-write (2.4.7)-(2.4.9) as:

Az =Syk, N1 (2.4.10)
0<z<Shxne (2.4.11)
where
Al
(1 1 1 00 0 00 0\
Al 00 0 1 1 1 0 0 0
“l1 00 0 00 0 00 0 ’
\0 0 0 00 0 11 1
(1 0 0 10 0 10 0\
4201 0 01 0 0 1 0
I 0 00 0 00 0 ’
\o0o 1 00 1 .00 1
and

NO NO NO
SIIVK'f'NL = (,S].,? 182,7 sery IS]C’y ]_ny TV_L—, reey _]W)T’
S]ZVKNL =(851—C11,-., ST —Cy NLy oy Sy —CnK 1,5 -, Sk —CNK,NL)T,

and

T
T = (w11,$12, vy Ly NL>T215, 225 «--; LY NLy ooy TNK 1, TNK 2, ---a-'L'NK,NL) .

At first, notice that the matrix A is totally unimodular:

By Theorem 2.12, the matrix A is partitioned into two subsets (2.4.12),
and each subset contains exactly one nonzero element of the same sign
in each column.

Secondly, the polyhedron of (2.4.10)-(2.4.11) is integral by Theorem
213: ¥ =b= SIIVK+NL’ d=0,d= SIZVKNL are integral, and obviously,
the system of linear inequalities (2.4.10)-(2.4.11) always has a solution.
And again from [61] it is well known that such problems are polynomially
solvable (q.e.d). M

2.5. The Case of Two Layers

In this section we analyze the BPSP with N = 2. We show that in
this case the BPSP is polynomially solvable, and construct corresponding
polynomial algorithms.
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2.5.1 Offline Situations

In offline situations we know the arrival sequence of the N o objects
in advance. Consequently, the number |Sg| of objects of type k is also
known. It is obvious that the best solution is to assign half of objects
of each type to layer 1 and the other half to layer 2. If |Sk| is even,

then there are exactly Jii objects of the type k on each layer, otherwise

there can be no more than [li—"l] objects. Thus, the optimal objective

function value is

flu) = zu Z["Z"'] , (2.5.1)

k=1

where ug represents the maximal number of objects of type & over all

layers (we use the objective function for BPSP3). Without loss of gener-

ality we assume that N O is even. The assignment of the objects can be

realized as follows. We group each pair of two consecutive objects so that

the whole sequence is divided into %2 pairs. Let £ = {P1,P2,...,Pyo }
2

be a list of these pairs. Obviously, in each pair only two types are pre-
sented, k1 and k2. Assume that in each pair P; in L the first object
with number (2¢ — 1) has type k1 and the second object with number 2¢
belongs to type k2. For each type k& we define two functions:

® plk], that provides us with information about the objects assigned so
far. This function takes values depending on the relation between the
numbers of objects of type k on the first and second layer (Mp,, and
Mi,, respectively), i.e.,

-1, MLz(k)=ML1(k)+1
p[k] = 0, ML1 (k) = MLz(k) 3
1, M, (k) = ML2(k) +1

s d[k], that gives the number of objects of type k which are already
assigned to the layers.

Algorithm D; generates an assignment with the optimal objective
function value for (2.5.1). The decision variables are defined in the
following way:

P 1, if object number 7 is assigned to position number j
Y 0, otherwise

The algorithm starts with the first pair of £ and 8;; := 0 for all ¢ and
j. The objects from this first pair have types k1 and kg, respectively.
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Let the object of type k1 go to the first layer, and the object of type
ks to the second. We save this assignment in p{ki] and p[ko] and delete
this pair from L. Then we choose the next pair according to the rule
described in Step 4. The next time an object of type k; appears in a
pair, we assign it to layer 2, and the other object of this pair to layer
1. We proceed as long as there are elements left over in L.

Algorithm Dy
Steps of the algorithm:

1 Generate the list of pairs of objects £ = {Py, P2, ..., Pyo }.
7

2 Calculate p[k] forevery k;
If all p[k] = 0 then goto Step 3, else goto Step 4.

3 Take the first element P; from L;
Determine the types ki and ks of objects 2¢ — 1, 2, respectively;

Goto Step 6.

4 Take the first element P; from £ for which the following condition

holds: p[ki] # Oor p[kg] # 0or both, where ki and ks are the types
of the objects 2¢ — 1 and 27, respectively.

+1, then goto Step 6,
5 If p[k1] =< -1, then goto Step 7,
0, then goto Step 8.

6 Assign 89i—192; := 62;2i—1 := 1, i.e., change the order of objects;
Goto Step 9.

7 Assign: 62;-1,2i—1 := 62i2i := 1,i.e., keep the order of objects;
Goto Step 9.

_ +1, then goto Step 7,
8 If plka] = { —1, then goto Step 6.

9 Change p[ki1] and p[kz] correspondingly to the assignment on Step 6
or Step 7;

Delete P; from L, goto Step 2.

Note that the above algorithm does not consider the cases p[ki] = p[ks] =
1 and plk1] = p[k2] = —1. As the following lemma shows, these cases do
not occur.
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LEMMA 2.15 After completing each step of algorithm Dy the following
holds: for any n such that Py € L and for any type k there exist at most
wo plk) # 0. If 3ki,ke : plk1] # 0, plke] # 0, then either plki] = 1
and plka] = -1, or plki] = —1 and plka] = 1, and, additionally, for all
k# ki, k # ko : plk] = 0.

Proof:
Proof. We prove by induction over n =1, ..., -N2—o.

n = 1. This means that we start with the objects with number 1 and
2 and plk] =0, k= 1,..., NX.

Consider the following cases:

1 Suppose the objects have different types. Let 1 € Sg,, 2 € S, (the
case 2 € Sg,, 1 € S, is analogous). The first object goes to the first
layer, i.e., we assign p[ki] := 1 in Step 8, the second one goes to the
second layer, i.e., we assign plks] := —1 in Step 8. All other values
p{k] remain unchanged, i.e., p[k] =0, k # ki, k2.

2 Suppose both objects have the same type. Let 1,2 &€ Si, (the case
1, 2 € S, is analogous). After Step 8: p[ki] = 0+1—1 = 0. All other
values plk] are left unchanged, i.e., pk] = 0, k # ky. So, we have
plk] =0 for any k.

Thus, for n = 1 the statement is true. Now let us consider the induction
step. Suppose the assumption is true for n — 1. Let us evaluate p[k] for
the case n:

1 The objects have different types k; and kg. Depending on step n — 1
there are the following six possibilities:

w plki] = 1; plk] =0, k # k1.

After Step 8: plk1] = 1—~1=0; plk2) = 0+1 = 1; plk] = 0, k # ky;
o plki] = —1; o[k = 0, k # k.

After Step 8: plk1] = -1 +1=10; plka) = 01 = —1; plk] = 0,

k # ka;

= p[kl] =1, p[kZ] = -1 p[k] =0, k 75 klak2'
After Step 8: plk1] = 1—1 = 0; plke] = =1+ 1 = 0; So, Vk :
plk] = 0;

w plki) = -1, plko] = 1; plk} = 0, k # k1, ka.
After Step 8: plk1] = —1+1=0; plk2] =1 — 1 = 0; p[k] = 0; So,
Vk : plk] = 0;

m plki) =1, 3k3 : plks] = ~1; plka] = 0; plk] = 0, k 5 k1, k # ks.
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After Step 8: plk1] = 1-1=0; plko] =0+1 = 1; plk3] = -1+0 =
~1; plk] = 0, k # kg, k # ks;

w plki] = —1, 3ks : plks] = 1; plke] = 0; p[k] =0, k # k1, k # ks.
After Step 8: plk1] = -1+ 1 = 0; plko) = 0—1 = —1; plks] =
1+0=1;p[k]=0,k#k2,k7ék3.

These variants are symmetric with respect to k3 and k2 in the sense
that we can replace k1 by k2 and vice versa. So, one can see that in
any case we have no more then two values k with p[k] # 0. If we have
exactly two such k, p[ki] and p[k2] have different signs.

2 Both objects have the same type k;. Depending on the previous
information during step n there are four possibilities:

s plki] = 1; plk] = 0, k # k1.
After Step 8: plk1] =1-1+1=1; plk] =0, k # k1;
» plki] = —1; plk] =0, k # k.
After Step 8: plk1] = -1+1—1=—1; plk] =0, k # ky;

w plki] =1, plka] = —1; plk] = 0, k # k1, k # ko.
After Step 8: plk1] =1—1+4+1=1; plko] = -14+0 = —1; plk] =0,
k# ki, k # ka;

w plk1] = =1, plko] = 1; plk} = 0, k # k1, k # ke.
After Step 8: plk1] = -1+1—1=—1; plko] = 14+0=1; p[k] =0,
k # ki, k # ka.

Again, these variants are symmetric with respect to k1 and k. Thus,
in any case we have no more then two k: p[k] # 0. In case we have
exactly two k, p[k1] and p{kz2] have different signs (g.e.d).

The following theorem ensures that the algorithm D; finds an optimal
solution in polynomial time.

THEOREM 2.16 Algorithm Dy constructs an optimal solution in polyno-
mial time.

Proof. The optimality of the generated assignment follows directly from
algorithm Dy and the lemma above, because we always assign the objects
in such a way that one half of the objects of type k is assigned to section
1 and the second half to section 2. This is possible as long as we have the
pre-sorting facility of capacity one. Let us see how many operations are
necessary to construct the optimal solution. All steps of algorithm Dy
are repeated at most % times, because each time we delete one element
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from L. Initially, £ contains —21! elements. In order to check if i € Sy we
need no more than N¥ operations. Checking if all plk] = O requires also
NX operations. And finally, Step 3 can be repeated at most 5 —3 times,
because © has a value at least two before the step. So, in total there are
O(NO,NX) = N2(NK 4 NK 4 82 _3) = W22 | NONK _ 302 4
one can see it is polynomial in the number of objects N© as well as in
the number of types NX (g.e.d). W

2.5.2 Online Situations

In the following we present an online algorithm that is linear in N¢
and NX. Tt is, therefore, much faster than the offline algorithm D;.
The sequence of objects appears in pairs: P1,Pa, ..., Pyoj2. When we
assign layers for the objects from P;, the online algorithm does not have
any knowledge of P;, j > i. Only after P; has been served, the next
pair Pi+1 becomes known. In total there are N 0 objects. Without loss
of generality, N© is assumed to be even. We group two consecutively
objects into —N2—O~ pairs. Obviously, in each pair of objects there are no
more than two types k1 and ka. Let Cy; specify the number of objects
of type k already assigned to the layer .

Algorithm Do

For i:=1to %2 do:
1 Determine types ki and kg of the objects 2¢ — 1, 2¢ respectively.

2 If (k1 = ko) or (Ck,1 = Chy2) and (Cg,1 = Chy2), then goto Step 4,
else goto Step 3.

3 If (Ck;1 > Ck,2) or (Cry1 = Ck,2 and Cry2 > Ch,1), then goto Step 5,
else goto Step 4.

4 Assign 62;_12:-1 := b239; := 1, i.e., keep the order of objects un-
changed;

Goto Step 6.

5 Assign 89;—1.2; := 62;2:~1 := 1,i.e., change the order of objects;
Goto Step 6.

6 Change Cy,1, Ck,2, Ck,1 and Cg,2 with respect to the assignment.
End For.

THEOREM 2.17 The algorithm D finds the best online solution in poly-
nomial time.
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Proof. We prove the theorem by induction over n = 1,...,%’—.

n=1,ieCk-—0 k_l - NE.
fHu) = Zuk—Zmax{CerZéu, + 2 bia}

= i€Sk,
Consider the followmg cases:

1. Both objects have the same type: {1,2} C Sg, .

NK
fllu)= Y up=
k=1
Z max{C}; + Z 6i1;Cp + 3 b2}
1E€SE 1ESE
—maX{Ck11+ Z 611’Ck12+ Y. bia}
kl ’LGS;CI
'*‘max{cl(c) 1+ Z 511,Ck o+ O b2}
1€S ko 1€5k2

= max{C,c 1 +0611+ 621,Ck g+ 012+ 622} + max{Ck21, C’kzz}

= max{511 + 821; 612 + 522} =1,

Therefore, the objective functlon value is 1, independent of how we
permute the objects. Only one and exactly one element of the sums
611 + 621 and 612 + 892 has to be equal to 1. Consequently, 611 + b12 =
021 + 22 = 1.

2. The case{1,2} C S, is analogous to Case 1.

3. The objects have different types: {1} C Sk,, {2} C Sk, (k1 # k).

K

1) — =, 1
fHw) E“k

Z max{Cp, + Z bi1; Ciy + Z iz}

1€8; 1€S)
—ma'x{ck1+ Z 6i1;C k12+ Y. bi2}
= k1 'LGSkl
+max{Ch,+ Y 6i;Cho+ 3 bin}
i€$k2 'Leskz

= maX{Cgll + d11; 0212 + 812} + max{C,821 + 0215 0222 + 620}

= max{éu; 512} + max{égl; 622} =1+1=2.

Therefore, the objective function value is 2, independent of how we per-
mute the objects. Only one and exactly one element of the pairs {611; 612}
and {621; 622} has to be equal 1. Consequently,

max{éu;&lz} = max{ézl;égz} = 1.

4. The case {2} C Sk,, {1} C Sk, is symmetric to Case 3.
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Thus, forn = 1 we get the minimal objective function value. Now
consider the induction step. Suppose, the assumption is true forn — 1.
Let us now analyze the case n. Again, we have to consider several cases:

1. Both objects are of the same type: {2n —1, 2n} C Sk, .

NK
fr(u) = E ug
= Z max{C} 1y Z 8i; 5 + Z b2}

1€Sy 1€Sk
NK )
n— n—
= > max{Cy + Y by + > iz}
k=1,k#k1,ko ieSk ‘LESk
—1
+ma‘X{CITcL11 + Z 6i,2n~1; k12 + Z 6z2n}
’iGSkl €S, Ky
+ma‘x{ k21 + Z 612n~1, k22 + Z 512n}
1€S ko i€S, ko
= maX{CZﬂ +b2n_1,2n-1 + O2n,2n—1; Cklz + 82n—1,2n + 62n,2n}
NK
n—1, —1 n—1
+max{Cp " Cpy } + . up
k=1,k£k1, k2
NK
=} -1 n—1
- ukl + 1 + qu + Z uk:
k=1,k#k1,ks
= ") +1

The objective function value increases by 1, independent of the per-
mutation of the objects. Cf. Case 1 in the initial step of the induction.
2. The case {2n —1,2n} C Sk, is analogous to Case 1.
3. The objects have different types: {2n — 1} C Sk, {2n} C Sk,.
K

N
fu) =32 ug
k=1

NK
= Z max{ + Z 0i1; Z 612}
k=1 €Sy iESk
NK
= Y max{CH'+ X i L+ Z biz}
k=1|k#k1 k2 1€Sy €S
+max{C',? 11+ 2 6 2n—1,021 + 2. bign}
1€Sg, €Sk,
+max{0,?2_11 >, bin-1;Ch 5 Lt Z bi2n}
1€Sk, 1€Sk,
_ n—1 .
=max{Cp7" + 62n-1,20-1;Cpg" + b2n—1,2n}
NK

+max{Cp ! + b2n2n-1;Chg’ + baman} + 2, up !
k=1{kk1 k2
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In this case the objective function value depends on the permutation of
the objects. Consider all possible combinations and calculate the objective
function value after changing the order of the objects, or if the order of
objects was kept:

Change Keep
Cen >Crp | " (w)+1 | " (u)+1
Cii >Rt [Cod =Cs | () +1 ]~ (u)+2
Cin <Cira ) 7 (u) +2
Con >Cin | () +2] A (u) +1
Cril =Ci3 I_Q;‘;‘ =Cro | " (w)+2 | f" (u) +2
Coni <Cra | Im ) +1 [ " (w)+2
Co >Cr [ /" T(u)+2 ™ (u)
Gl <CR [Ca=Cen | M) +2 | u)+1
Con <Cip [ MW +1] " (w)+1

Keeping the order implies 62pn—12n-1 := 62n2n =1,
Changing the order implies §an—12n := 02n,2n-1 1= 1;

Note that algorithm Da assigns the values to the decision variables
in such a way that the objective function is minimized, i.e., the value
for f*(u) is minimal as long as f*~Y(u) is minimal (assumption of the
induction step).

4. The case {2n} C Sg,, {2n — 1} C Sy, is symmetric to Case 3.
Thus, instead of keeping we need to change the order of the objects. This
is what algorithm Do does.

Let us now see how many operations are necessary to construct the
optimal solution. For checking if i € Sy we need no more than N¥
operations, since in the worst case the set Sy, can contain all input objects.
Steps 1 to 6 are repeated _1\_/5‘2 times. Thus, in total we have O(N 0) =
%QN K As one can see, it is polynomial with respect to the number of
objects N© as well as to the number of types N¥ (q.e.d). B
2.5.3 Algorithms for Online Situations with
Lookahead

2.5.3.1 Definition of a Lookahead

Very often the knowledge of future requests would help to improve the
objective function value and to construct more efficient algorithms. Such
situations will be referred as situations with lookahead. In recent years,
a lot of problems with lookahead have been studied (paging problems,
bin packing problems, graph problems and so on). It was expected that
knowing a lookahead will improve the solution for the BPSP as well. The
reason is the following: suppose we have the input sequence described in
Example 2.23. Obviously, in this case, if we knew the third pair while
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serving the second - we will obtain a better solution. So, in this section
we describe algorithms with lookahead for the BPSP with N* = 2 (later
we make a brief comparative analysis of algorithms with lookahead and
without).

Formal definitions of lookahead can be found in [3], [38]. In this book
we use the simplified definitions given in [29]:

DEFINITION 2.18 Weak lookahead with respect to the number of requests
(WLNR) The online algorithm sees the present request at time t and the
next A—1 succeeding requests. Request t+ X is not seen by the algorithm
at time t. However, once the request 6(t) is processed, a new request,
i.e., 8(t + ), becomes known.

DEFINITION 2.19 Strong lookahead with respect to the number of re-
quests (SLNR) The online algorithm sees A present requests at time t,
and before all these are processed no new request becomes known.

In our case, we consider a lookahead containing not simple requests (ob-
jects), but pairs of objects, i.e., we say that the size of the lookahead
is A = nif the algorithm sees the present pair at time ¢ and sees and
considers n succeeding pairs.

2.5.3.2 An Algorithm with a Weak Lookahead, size A =1

The idea of this algorithm is quite simple: the sequence of objects
is represented in pairs as was described above (for algorithm D3). At
the time we have to serve the current pair P;, also objects from pair
Pi+1 are known. It means there are four objects (two in each pair) and
there are four possibilities to permute the objects: to keep the order
of objects in both pairs, to change the order in both pairs and to keep
the order of objects in one pair, changing the order in the second one.
Then, depending on the values of the evaluated objective function z =
Z,ICV:I le\g{ Cri, we realize the most efficient (2 is minimal) permutation
on objects from the current pair P;. Next we consider the following pair
of objects, P;+1, and produce the same calculations. For the last pair,
Pno, we take the decision based on the previous assignment.

: Algorithm WL,
Initialize 7 := 1.

1 Determine the types k1 and k2 of the objects 2 — 1, 24, respectively.
2 Ifi< A;E, then goto Step 3, else goto Step 5.

3 Determine the types [, and Iy of the objects 2i+1, 2i+2, respectively;
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Goto Step 4.
4 If ky # l1,ly and ke # 1,12, then goto Step 5, else goto Step 6.
5 For the current 7, k1 and k2 apply Steps 2-6 of algorithm Dy;
Ifi = &2, then STOP, otherwise Goto 15.

6 Assign temporarily 62i—1,2i—1 := 8252 := 1, 62541,2i+1 = 62i42,2i42 :=
1, i.e., keep the order of both: the first pair of objects and the second
pair of objects.

7 Calculate the value of SE =33 Ch.
k1

8 Assign temporarily 622’—1,21‘—1 1= 52,"2,' =1, (52,'_,_1,22'4_2 = 621'_1,.2,2,'.’_1 =
1, i.e., keep the order of objects for the first pair and change the order
of objects for the second pair.

9 Calculate the value of SE =33 Ci.
P
10 Assign temporarily 62;—1,2i := 62;,2i—1 := 1, 82i41,2i41 := 62i42,2i+2 1=

1, i.e., keep the order of objects for the second pair and change the
order of objects for the first pair.

11 Calculate the value of S =YY" Ch.
k1
12 Assign temporarily d9;-1,2; := 62i,2i—1 := 1, 82i41,2i42 := 62442,2i41 =

1, i.e., to change the order of both: the first pair of objects and the
second pair of objects.

13 Calculate the value of S§ =35 Ch.
kT

14 Compare the values of S, S¥, 8¢, S&. 1f SK or S& has the minimal

value, then finally assign §2;—1,2i—1 := 82;,2; := 1, otherwise assign
89i-1,2i 1= 62;2i—1 := 1.

15 i:=i41;
Goto Step 1.

2.5.3.3 Algorithms with a Weak Lookahead, size A > 2

If we have a lookahead of size A > 2 there are two different strategies to
handle the rest of the input sequence with number of pairs in lookahead
less or equal than A. The first possibility: when we consider pair Py,
such that A = l;— — % to run the offline algorithm D; for the rest of
the sequence (algorithm WLJ); the second possibility: to serve each
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individual pair separately irrespective of how many pairs are left in the
lookahead (algorithm WL32).
Algorithm WL}

1 Fori:=1 to -N2—O do:

2 IfA= ﬂ;—i then apply the offline algorithm D to the input sequence
Pi, ..., Pixa and STOP, else goto the next step.

3 Call algorithm D; with Piy1, ..., Pi4a as input sequence.

4 Assign temporarily 89;_1,2i—1 := 82i2i := 1, i.e., keep the order of
objects in P; unchanged.

5 Calculate the value of Sk =535 Cp.
k1
6 Assign temporarily §2;-1,2: = 82;,2:—1 := 1, i.e., change the order of
objects in P;.
7 Calculate the value of S¢ =33 Cp.
k1
8 If Sk < Sc then assign constantly 2;—1,2;—1 := 824,2; := 1, else assign
constantly 89;_19; 1= 62;,2i—1 := 1.

End For.
Algorithm WL2

Fori:=1to -NTO- do:
1IfA< (_1\/2_0 — ), then goto Step 2, else goto Step 3.

2 Apply algorithm D; to the input sequence Pit1, ..., Piya and goto
Step 6.

31If NTO —1 =0, then goto Step 4, else goto Step 5.

4 Apply algorithm Ds to the last pair P; and STOP.

5 Apply algorithm D; to the input sequence Piy1,..., Pyo and goto
Step 6. i

6 Assign temporarily 82;-12i~1 := 62:2; := 1, i.e., keep the order of
objects in P; unchanged.

7 Calculate the valueof Sk =33 Cu.
k1
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8 Assign temporary 62;—1,2; := 62i2i—1 := 1, i.e., change the order of
objects in P;.

9 Calculate the value of S¢ =) Chu.
P

10 If Sk < Sc then finally assign §2;—1,2i—1 = 622 := 1, else assign
02i—1,2i i= 024251 := 1.

End For.

2.5.3.4 An Algorithm with a Strong Lookahead

In the following we present an online algorithm with strong lookahead
of size A. It means that at the beginning pairs P4, ..., Py are known, after
serving them pairs Pxy1, ..., P2y become known, and so on. Therefore,

we divide the input sequence into q := [ﬂ)\g] groups and operate with
each group individually.
Algorithm SLj
For 7 :=1to gdo:
Apply the offline algorithm D to the input sequence Pp_1)a41 > Pia-
End For.

254  Competitive Analysis

The efficiency of online algorithms can be evaluated using competitive
analysis, where online algorithms are compared with an optimal offline
algorithm. First we collect some definitions and terms used throughout
this chapter. One basic concept used for estimating the performance
of online algorithms is the competitive ratio. The competitive ratio of
an online algorithm can be defined with respect to an optimal offline
algorithm, which knows an input sequence in advance and produces an
optimal solution with minimal cost. Let A be an online algorithm, § is
an input sequence of requests and f4(6) is the cost achieved by A on the
input sequence . Denote by fopr(6) the cost achieved by an optimal
offline algorithm OPT on the same input. Now we can give the definition
of the competitive ratio of the online algorithm A.

DEFINITION 2.20 ([11])An online algorithm A is c—competitive if there
is a constant o such that for all finite input sequences 6,
fa(6) < c- fopr(6) + .

When for the additive constant a < 0 holds, we may say for emphasis
that A is strictly c—competitive.
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In the following the competitiveness of the algorithms from Section 2.5
is analyzed. We will show that algorithm Ds is strictly %— competitive.
To do this we have to prove the following two lemmas.

LEMMA 2.21 Any online algorithm which solves the given sequencing

problem is strictly NV— competitive, where N is the number of layers.

Proof. The objective function has the largest value if all objects of the

same type are assigned to the same layer. Thus, the maximum number,

uk, of objects of type k in any layer is |Sg|. Evaluate the objective func-
N NK

tionvalue: f(u) = Y ug = > |Sk|- Clearly, the corresponding optimal
k=1 k=1

NK NK
offline objective function value is fp,(u) = Z ug =y, [L‘&l] Suppose,
k=1
that for all k : |Sk| = 0 mod NL, then P‘-S—’i;l] = Ls—kl If there exists k
such that |Sg| = {1,...,NL' — 1} mod NZ| then |- ] ﬁ’z and

K NK K
Z 1Skl > Sk Z |Skl
flu) &= < k=1 < _k=1
fDl (u) NK - NK |Skl - 1 N%
Z [ 1 1:21 N mlgl 15

< NF

This implies that the competitive ratio is N¥ (q.e.d). W

Consider a situation with only two layers, ie., N L = 2. Then the fol-
lowing lemma holds.

LEMMA 2.22 If an algorithm A is a c—competitive online algorithm,
then % <c<2.

Proof. From Lemma 2.21 with N¥ = 2 we conclude that the upper
bound for ¢ is 2. We show that ¢ cannot be less than % For any positive
integer number G we define K := 4G, N := 8G and |Sk| = 2 for all
k=1,...,NK, ie, we only have two objects of each type. Consider
the following input sequence S = S1Sa...8q, where Sq (g = 1,...,G)
consists of eight elements. Sg = {8¢~7,...,89 —4,89 —3,...,8g}. Let
89 — 7 € S49-3; 89 — 6 € Syg_2; 89 — 5 € Syg—1; 89 — 4 € Sag. Define
the types for the next four objects {8g — 3,...,8g} depending on how
algorithm A operates. Any online algorithm (with the same number of
known objects) gets the input sequence of objects in pairs. The algorithm
has to decide whether to keep the order of objects or to change it. If
the algorithm keeps the order, the first object goes to the first layer, the
second one to the second. Otherwise, the first object is sent to the second
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layer, and the second one to the first layer. Hence, after serving the first
two pairs {8g —7,8g — 6} and {8g — 5,89 — 4} we can get four cases (see
Table 2.1) and depending on the decision we can construct the next two
pairs of objects: {89 —3,8g —2} and {8g —1,8g} for Sy (see Table 2.2):

Table 2.1: Results sequences after running the algorithm A

8Bg — 7€ 845-3;89—66€ Syg—2; 89— 5€ S4g-1;8g9 — 4 € Say;
Bg—TE Ssg-3;890—6€ Sag—2; 89— 5€ Suy;89—4€ Sag—1;
Bg—TE S4y—2i890—6€ Sag_3; 89 —5€E S4y-1;89 —4 € Syy;
Bg—T7E Syg-2;890 —6E€ Say_3; 8g—5€E Suy;89—46€ Suq_1;

| ce| tef ~

Then an algorithm has to serve the next 2 pairs: {8g — 3,8g — 2}, {8g —
1,8g}.

Table 2.2: Recommended sequences for the next objects: {89 —3,...,8¢g}

89 —3 € S49-3;89 —2 € Syg—1; 89— 1€ Sag—2;8g € Sag;
B9 —3 € Ssg-3;89 —2 € Sag; 89— 1€ S4g-2;8g € Sug—1;
8g—3 6849_2;89—2 6349_1; 8g—1¢ 849—3;89€S4g;
89 —3 € 849-2;89—2€ S4y; 89— 1€ S4g-3;8g € Sag—1;

| el te] ~

Let us determine the objective function value after serving these pairs.
Regardless of the algorithm’s decision, the maximum number, ug, of ob-
Jjects in any layer has the following values. Consider case 1:

If an algorithm changes the order of {4g — 3,49 — 1},then u4g—3 =1,
Ugg—1 = 2; otherwise usg 3 = 2, uqg-1 = 1. If an algorithm changes
the order of {4g — 2,4g}, then usg_2 = 1, ugy = 2; otherwise ugg_3 = 2,
uag—1 = 1. Thus, for Sg we have fAsg (u) = ugg—3+usg—1+usg—2+usg =
3+3 =06. We get the same result for the remaining cases. Since objects
from different Sg have different types, we obtain

¢ K
fA(u) = gz—_;fAsg(u) =6G = 6%_ - _Z_NK

At the same time the optimal objective function value is

NK

NE NK N,
f@y =Y u=3Y =3 1=N¥
k=1 k=1 k=1

This means c= 3 (q.e.d). W

Let us illustrate Lemma 2.22 by the following example.
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EXAMPLE 2.23

IfG=1=> NK =4, N9 =8; |S¢| = 2for k = 1,...,4, we have to
construct the input sequence S = S) where Sy consists of eight objects.
The first four objects have types 1,2,3,4, respectively. After executing
the algorithm we get one of the following cases:

m the algorithm kept the order of objects for both pairs. Therefore, we
get the output sequence: 1,2,3,4. In this case the next four objects
(from 5 to 8) must have types 1,3,2,4, respectively;

m the algorithm changed the order of the first pair and kept the order of
the second. We get: 2,1,3,4. In this case the next four objects (from
5 to 8) must have types 2,3,1,4;

m the algorithm kept the order of the first pair and changed the order of
the second. We get: 1,2,4,3. In this case the next four objects (from
5 to 8) must have types 1,4,2,3;

m the algorithm changed the order of both pairs. We have: 3,1,4,2. In
this case the next four objects (from 5 to 8) must have types 3,4,1,3.

For the first case, independently of the actions of the algorithm on the
objects 5,6,7,8, after these actions the following statements hold:

Both objects of the same type, either 1 or 3 are on the same layer;
Both objects of the same type, either 2 or 4 are on the same layer.

An equivalent argumentation holds for all other cases. Therefore, the
best value of the objective function for the online case is

4
fa) =3 up=1+2+14+2=6 . (25.2)

At the same time we get the optimal value of the objective function for
the offline case:

4 4 S
flw) = ux= 2—2— = (2.5.3)
k=1

k:
Using the Lemmas 4 and 5 we can now prove the following theorem.
THEOREM 2.24 The algorithm Da is strictly %—competitive.

Proof. The algorithm Dy operates as follows. At first, the sequence of
all incoming objects is grouped into a list of pairs of objects. These pairs
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are numbered from 1 through 1_V2_‘2- From each pair of objects with types
ki and ko, the object of type ki is assigned to section Ly and the object
of type ko is assigned to section Lo. Thus, the next time an object of type
k1 appears in a pair, it is assigned to section La and the other object of
the current pair to section L1. A problem could only occur if both objects
of the current pair should be assigned to the same section, but this is not
possible.  This case was already considered in the proof of Lemma 2.22.
Therefore the competitive ratio of algorithm Dz is g— (g.e.d). B

2.5.5 Comparison of D, and Online Algorithms
with Lookahead

Here we show that additional knowledge of input data improves the
objective function value. Consider the worst case for the algorithm Da,
i.e., the following input sequence (1,2,3,4,1,3,2,4) (the construction
rule was described in Lemma 2.22 and Example 2.23). In Table 2.3,
the objective function values, f(z), for offline and online algorithms are
presented, as well as the resulting permutations 6(z).

Table 2.3: Comparison of offline and online algorithms

alg. | A | () 5(3)
D, |0 4 | (1,2,4,3,6,5,7,8)
D, |0]| 6 | (1,2,3,4,6,5,7,8)
Wi, | 1| 4 | (1,2,4,3,6,5,7,8)
WLL | 1| 6 | (21,3,4,5,6,7,8)
2| 4 |(1,2,4,3,6,5,7,8)
3| 4 |(1,2,4,3,6,5,7,8)
WL: | 1| 4 | (2,1,3,4,5,6,8,7)
2| 6 | (2,1,4,3,6,58,7)
3| 6 | (2,1,4,3,6,5,8,7)
SL | 1| 6 | (1,2,3,4,5,6,7,8)
2| 6 |(1,2,3,4,5,6,7,8)
3| 4 |(1,24,3,6,5,7,8)

Thus, with only one pair of objects in the lookahead algorithms WL,
WL§ produce an optimal permutation. Algorithms WL}\ and SL) require
the knowledge of two and three pairs, respectively, to get an optimal
permutation.

2.6. Extensions

In this section we consider a specific case of the sequencing problem, in
which the number of layers is a power of 2, i.e., 2F. Accordingly, without
loss of generality, the number of known objects, N©, is divided by 2F.
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We show that for this problem there exists a polynomial algorithm if the
capacity N¥ of the pre-sorting facility is sufficiently large.
In this case we can use the algorithm Dy consequently 27 -1
the following, we refer to this modification as algorithm D¥.
Algorithm D¥

Apply the algorithm Dz to

times. In

s the whole sequence of N objects.

o .
Output: two subsequences of I—V—2— objects;

o .
® cach of two subsequences of %— objects.

(o} .
Output: four subsequences of 14— objects;

o .
» each of 2°~1 subsequences of EJFY_—l objects.

Output: 2¥ subsequences of %s- objects.

THEOREM 2.25 The D algorithm described above is strictly (%)P -compe-
titive.

Proof.  Follows directly from Theorem 2.24 and the description of Dy
(ged). N

THEOREM 2.26 The algorithm Dg constructs a solution in polynomial
time.

Proof. By Theorem 2.17 the complexity of D is O(N?,NK) =
NTON K Now we calculate the complexity of D§ . The first step of Dg
Costs %?-N K operations, the second - 2—1%90—N K Then we run Dy four

times for the %’120— objects, and thus the number of operations is 45232N K
and so on. In total the complexity is:

NONK —~ NONK NONK
O(NO,N¥) = ——— 2+ ..+ 27—
p ONK ONK
NONK  NON
pE=12 5 5 P (q.e.d)

|

As soon as a polynomial algorithm for three layers will be constructed, it
is possible to develop an algorithm similar to Dg for the problems with
number of layers 3¥, and 2F13F%.
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2.7. Summary und Future Research

In this chapter we developed mathematical formulations and inte-
ger programming models for the Batch PreSorting Problems (BPSP).
The main result is the proof of NP-completeness. So far it is still open
whether BPSP3 is polynomial or NP-complete. However, we expect that
BPSPj3 is NP-complete as well. As the complexity proof for BPSPy in-
volved the SAT problem, it is useful to adapt some existing efficient
algorithms that have been developed to solve the SAT problem to the
BPSP; problem.

In addition, we have investigated what makes this problem difficult.
We constructed an alternative formulation and showed that it has an
integer polyhedron and is equivalent to a restricted variant of BPSP3
and BPSP3; thus, this restricted version is also polynomially solvable.
In addition we considered a polynomial subcase of the original formula-
tion - the case of two layers. For this special case, we constructed one
exact offline algorithm and several online algorithms with and without
lookahead. We compared them using competitive analysis. One of those
algorithm was adapted for a more general case of 2F layers.

For further research, we suggest to construct a similiar polynomial al-
gorithm for the case of three layers, and then to modify it for the problem
with 2F13F2 layers in online case. For a better estimation of the efficiency
of such algorithms it would be helpful to get a non-trivial (different from
a constant) lower bound for a general BPSP. Another possible research
direction is to construct a transformation from the problem with two
layers/many colors to the problem with many layers/two colors.
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Chapter 3

BATCH PRESORTING PROBLEMS. II
APPLICATIONS
IN INVENTORY LOGISTICS

In this chapter we consider a concrete application of BPSP to the
storage system Rotastore, which is introduced in Section 3.1. Numerical
results obtained when we applied our BPSP algorithms and models to
the Rotastore system, are summarized in Section 3.2.

3.1. The Storage System Rotastore

In the following we describe the storage system Rotastore, developed
and produced by psb GmbH, Pirmasens, Germany [73].

3.1.1 A Brief Description of the Rotastore

This system overcomes the poor performance of stacker crane systems
by implementing a modular multi-carousel principle. This principle al-
lows parallel loading and unloading by means of elevators interfacing the
vertically staked carousel layers. As shown in Fig. 3.1.1, a typical config-
uration consists of two elevators and a stack of carousels each with iden-
tical numbers of slots. Identically sized objects are transported to and
from the lifts by conveyors. Each carousel and each elevator may move
independently. As indicated by the arrows, two combs of punches push
objects simultaneously on all layers in or out of the carousel stack. The
whole assembly is controlled by a sophisticated high-level programmable
computer system which keeps track of operations and inventory.
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Figure 3.1.1. Typical Rotastore configuration with elevators

The system normally operates in an output-driven mode, i.e., an
input/output-cycle (I/O-cycle) starts with accepting a set of orders with
one ordered object on each layer. The carousels then place, by rotation,
the ordered objects in front of the output elevator (“seeking”). Next, the
punches push out all ordered objects onto the output elevator which im-
mediately starts unloading them onto the leaving conveyer (‘“stepping”).
The carousels move the now empty slots in front of the input elevator
and the punch push in the waiting objects. While the elevators load and
unload, the next I/O-cycle starts with seeking the next set of orders.
The expected performance of a Rotastore with m slots on each of n lay-
ers was investigated by Hamacher et al. [39]. In Subsection 3.1.2 most
important results from their work are reviewed.

3.1.2 Stochastic Measures

For the performance of the system, the number of [/O-cycles per time
unit is of course critical, therefore in [39] the expected duration of an
I/0O-cycle under uniform assumptions was computed. For the following
analysis it is assumed that the outgoing conveyor is fast enough, never
blocked and there are always objects waiting for input. These assump-
tions can be met by installing sufficient buffer space before and after the
elevators.
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THEOREM 3.1 ([39]) Let the orders be independently uniformly distributed.
Then the expected duration of an I/O cycle of a Rotastore with n layers

A

n+ o+l

Etro = “—m max(tmseekv t’elev) + 2tpush + tshift 3

where tmseek IS the maximal time needed to seek an object on one layer,
telev IS the time the elevators need for stepping, t.,... = teiev —tpush —tshift
is the part of the stepping time which happens in parallel to seeking,
toush and tspipr are the times for pushing and shifting, and finally, b :=

min (t—ﬁjﬁ;, 1) is the ratio between stepping and seeking time.

The same result has been derived for a combined input/output elevator
(paternoster) by Kartnig [51] and Klinger [54]. The ratio b then simplifies
to b := ﬁ:ﬁ:, since the elevator starts stepping only after the second
push of the cycle.

The next result, derived by Hamacher et al. is related to the expected
number of the occupied layers. It is assumed that the Rotastore accepts
more than n orders which are fulfilled at a time. The assumption of one
independent order, uniformly distributed over the layers is generalized to
nr independent uniformly distributed orders anywhere in the Rotastore,
where nz may be larger than n.

THEOREM 3.2 ([39])Let there be a set of ny independent uniformly dis-
tributed orders. Then the expected number of occupied layers is

e () (£) (4 (3) o

k=0 i=0

Direct computation of Ene. shows, that for practically relevant cases
one can expect between 50% and 80% of the layers to be occupied by
orders. Practical experience shows that additional measures have to be
taken into account to distribute the objects eventually with respect to
the layers in order to realize the parallelizing speedup of the Rotastore.
We will consider the case of a distribution center of a mayor German de-
partment store company. In this case, the objects are already partitioned
into sets of orders when input into the Rotastore and the Rotastore may
output a complete set of orders as soon as all objects of the set of or-
ders are present. To improve the performance, the incoming objects are
pre-sorted such that each batch spreads over as many layers as possible.
Conveyors transport the objects throughout the system. Reordering is
done online by stacker frames. A stacker frame is a small robotic device
that lifts one object from the conveyor to let an arbitrary number of
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Figure 3.1.2. Three stacker frames

objects pass. As Fig. 3.1.2 illustrates, usually several stacker frames are
placed in a row along the conveyer so an object may overtake several
preceding objects easily. The assembly is usually located above the in-
put accumulating conveyor (e.g., roller conveyer) directly in front of the
Rotastore.

3.2. Numerical Tests

Because we can formulate the problem of minimizing the number of
I/0 cycles of the Rotastore as the BPSP, we can apply all solution ap-
proaches developed in Chapter 2. First, we check which model is more
efficient, i.e., gives the best performance of the Rotastore. Second, we
compare offline and online algorithms for the polynomial case when the
Rotastore has only two layers, i.e., NV L =9

3.2.1 Models

As was already mentioned, all proposed BPSP model formulations can
be used to model the Rotastore. Thus, in this section we test the models
BPSP; to BPSP3. Computational experiments were carried out with
randomly generated examples of the sets Sg using ILOG’s OPL-studio
[47]. Input data were chosen using real-world data knowledge: the usual
number of objects in the input sequence is about 900, the Rotastore
has eight layers of 113 slots each. We do not take in consideration the
number of slots, because the layers are occupied only about 50% - 80%
as mentioned above. The input of Rotastore could be rearranged by
two stacker frames. Since the average size of the sets of objects is ten,
the number of different orders is about 90. Thus, using the notations
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introduced in Section 2.2 we set:

N = 900 (the total number of objects);
N°= 60 (the number of known objects);
N¥ = 90 (the number of colors);

NE = 8 (the number of layers);
N% = 2 (the number of stacker frames).

In order to distribute all objects among the layers of the Rotastore (each
time only N9 objects are available, the next N© objects become known
only after distribution of the first N© objects) it is necessary to solve
the model [N/N©] times. The input sequence is generated as N¥ sets
Sk. For example, if NX =4, N9 = 7, then the generated sets could be:

S1={1,4}, S ={0}, S3=1{2,5,6,7}, Ss={3}

We want to observe the number, N9¢, of output cycles for the Rotastore
using the solutions of the models BPSP; and BPSP;,. Obviously, BPSP3
gives a minimal value for N9C| because the objective function of BPSP3
(2.2.21) minimizes this directly. Asin BPSPs3, the variables uy, are related

to the output cycles in BPSP,, therefore N oC = 2{;’2"1 ug. In BPSPy
we do not have those variables, but they can be calculated indirectly as
follows: ug = max LRkl,where Ry is a number of objects of color &

I=1,..,
on layer ! after assigning of all objects to the layers of the Rotastore.
For instance, for the input sequence in Example 2.5, R11 = 1, Ri2 = 1,
Ri3=0,Ro; =2, Rpo =2, Ro3 =2, R31 =1, R32 = 1, R33 = 1 (see Fig.
2.2.6). Thus u3 =1, upg =2, ug =1 and NOC = 4.

We summarize the results of the experiments for BPSP; and BPSP;
in tables such as Table 3.1 and Table 3.2, respectively (further result
tables are collected in Appendix A.A.1). Values in column “opt N9C”
are calculated by BPSP3 and A is the optimality gap, which measures
how far a solution is away from the optimum for the current cycle :

NOC — optNOC

A= NOC

-100% . (3.2.1)
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Table 3.1: Results for BPSP;

cycle | N5 | cpu, see. | N | opt N | A, %
1 2 2.45 45 44 2.27
2 2 2.34 75 68 | 10.29
3 2 2.38 93 79 | 17.72
4 2 2.31 107 86 | 24.42
5 2 2.15 124 88 | 40.91
6 2 2.16 140 92 | 52.17
7 2 2.17 154 98 | 57.14
8 2 2.15 175 103 | 69.90
9 2 2.20 187 112 | 66.96
10 2 2.23 199 120 | 65.83
11 2 2.40 210 128 | 64.06
12 2 2.19 225 134 | 67.91
13 2 2.19 242 142 | 70.42
14 2 2.22 254 152 | 67.11
15 2 2.22 262 161 | 62.73
Table 3.2: Results for BPSP3

cycle | N° | cpu, see. | NOC | opt N9 | A, %
1 2 10.82 44 44 0.00
2 2 7.03 68 68 0.00
3 2 6.75 79 79 0.00
4 2 6.81 85 86 | -1.16
5 2 6.75 87 88 | -1.14
6 2 7.20 99 92 7.61
71 2 7.14 109 98 | 11.22
8] 2 6.82 117 103 | 13.59
9 2 6.81 129 112 | 15.18
10| 2 6.70 135 120 | 12.50
11 2 6.71 142 128 | 10.94
12 2 6.98 148 134 | 10.45
13 2 6.86 161 142 | 13.38
14 2 6.81 170 152 | 11.84
15 2 15.60 181 161 | 12.42

For each value N, ten runs were made (each one starting with an empty
Rotastore, i.e., at the beginning all Cy; = 0) with different inputs. Fig-
ures 3.2.3 and 3.2.4 show the average values of CPU time (in seconds)
and the number of output cycles, respectively.

It was observed that BPSP; and BPSP2 produce solutions which are
on average worse by 54% and 7% than those obtained by BPSP3, re-
spectively. The CPU time for BPSP; is usually about 2 seconds and for
BPSP; is 7 seconds. Similar results were obtained for different values of
N5 = [1,..., NF]. For BPSP; the CPU time varies between 8 seconds
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(NS =13,...,NE]), 10-15 seconds (N¥ = 1), and above 200,000 seconds
(N5 =2).
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Figure 3.2.3. The average CPU time versus the number of stacker frames
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Figure 3.2.4. Average number of I/O cycles versus the number of stacker frames

The CPU time seems to depend on the degree of filling of the Ro-
tastore (see, for instance, Fig. 3.2.5). On average, one observes that
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Figure 3.2.5. CPU time for BPSP3 with N¥ = 2

the CPU time decreases when the Rotastore contains more objects (C;
becomes larger). This is explained by the fact that the feasible region
becomes smaller, and therefore, there are less possible combinations of
the binary variables §;;. As a consequence of this, the number of ac-
tive nodes in the branch-and-bound algorithm becomes smaller, that in
turn decreases the running time. So, we recommend to use BPSP3 when
the Rotastore is not empty. However, in practical situations this hap-
pens very seldom. In some rare cases, when the Rotastore is empty, we
can fill it using BPSPy, and continue with BPSP3. In this case, the
computed solution is near-optimal (A = 1 —2%) and the CPU time is
drastically decreased. Sometimes the combination of BPSPy and BPSP3
(for the first cycle to run BPSP, and for the cycles 2-14 to run BPSP3)
can produce better solutions than applying BPSP3 repeatedly 15 times.
Consider, for instance, the data in Table 3.3. For cycle 6, both BPSP,
and BPSP3, produced solutions with the same objective function value
92, but the solutions differ w.r.z. the assignment of the objects to the
layers. Thus, before cycle 7 starts, these models have different initial
data and, therefore, the combination of the models produced, after 15
cycles, solutions with better results in shorter time (compare the CPU
time displayed on Fig. 3.2.5 with CPU time displayed on Table 3.3) than
applying BPSP3 15 times.
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Table 3.3: Results using the combination of BPSP, and BPSP3

cycle | N° | cpu, sec. | N9¢ | opt N9C | A, %
1 2 10.82 44 44 | 0.00
2 2 21.07 68 68 | 0.00
3 2 2.51 79 79 | 0.00
4 2 2.52 86 86 | 0.00
5 2 2.54 88 88 0.00
6 2 2.61 92 92 | 0.00
7 2 2.59 97 98 | -0.01
8 2 3.04 102 103 | -0.01
9 2 2.82 107 112 | -0.04
10 2 2.84 115 120 | -0.04
11 2 2.70 124 128 | -0.03
12 2 3.24 134 134 0.00
13 2 2.54 141 142 | -0.01
14 2 3.49 150 152 | -0.01
15 2 2.91 158 161 | -0.02

In addition, we observe that it is not useful to have more than four
stacker frames because this does not lead to a smaller number of output
cycles. This fact was also confirmed for different input sequences.

3.2.2 Algorithms

In this section we present computational results for the algorithms
described in Section 2.5.3.1. In order to compare the efficiency of those
algorithms we implemented them using the programming language C++-.
At first, we want to estimate the quality of the solutions produced by the
online algorithm Ds. Secondly, we check the influence of the lookahead
on those solutions. The size of the lookahead, A, i.e., the number of
pairs known in advance, varies between one and five pairs. Finally, we
investigate how often the competitive ratio of % is reached on randomly
generated example. For N = 900, N¥ = 90 the result of the compar-
ative analysis of all algorithms compared to the exact offline algorithm
D; is given in Table 3.4; NOC is the number of output cycles needed for
complete output; A is the optimality gap defined in Section 3.2.1. More
results of the experiments are presented in Appendix A.A.2; note that
the CPU time is not reported there, because it always was smaller than
6 seconds.
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Table 3.4: Comparative analysis of all algorithms

alg. | A | N9 | A, % | cpu, sec.
D, 472 0
Do 0 481 1.91 0
WL; | 1| 480 1.67 0
WL; | 1| 479 1.48 5
2| 479 1.48 3
3| 479 1.48 1
4 | 486 2.97 2
5 | 486 2.97 3
WL | 1] 477 1.06 2
2 478 1.27 4
3| 478 1.27 5
4 484 2.54 3
5| 483 2.33 5
SLn | 1| 559 | 18.43 1
2 | 555 | 17.58 1
3| 557 | 18.01 5
4 554 17.37 1
5| 553 | 17.16 5

Table 3.4 shows that algorithm Dy is very efficient and produces near-
optimal objective function values, i.e., the competitive ratio ¢ = 1.5 is
reached only on a worst case example. Using the algorithms Dy, WLy,
WL}, WLZ the optimality gap A usually does not exceed 2% and 20%
for SLy. The knowledge of the lookahead of different sizes does not
improve the solution produced by the online algorithms without looka-
head. For instance, if Dy produces the solution with A = 1.91%, then
WL; decreases this value till 1.67%, WL} till 1.48%, WL? till 1.06%. The
observation also shows that increasing the lookahead does not improve
the value of A, i.e., the number of output cycles (see Fig. 3.2.6) in most
cases. This is to be expected. If the Rotastore has only two layers, not
more than two objects at the same time can be distributed, therefore the
knowledge of more objects (i.e., A > 2) has no advantages.

3.3. Summary

In this chapter we considered one real life application of BPSP: the
storage system Rotastore. We demonstrated that BPSP; produced so-
lutions quickly but very far from the optimal solution (integrality gap
of almost 50%). BPSP, gives near optimal results in short time (inte-
grality gap less than 10%). Finally, BPSP3 produces optimal solutions,
but the running time can become sometimes very long. Therefore, we
suggest to use a combination of BPSPy and BPSP3 to get solutions
with integrality gaps of less than 1% in short time. For the polynomial
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Figure 3.2.6. Solutions of the online algorithms with lower bound 472 versus size of
the lookahead

case we compared all algorithms described in Section 2.5 and showed
that a lookahead brings almost no further improvement, i.e., the online
algorithm without lookahead is already good by itself (it produces near-
optimal solutions). For this reason, this online algorithm was extended
to the case of 2F layers.
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Chapter 4

VEHICLE ROUTING PROBLEMS
IN HOSPITAL TRANSPORTATION. I
MODELS AND SOLUTION APPROACHES

In this chapter we focus on the VRPPDTW, adapted for hospital
transportation problems. After a description of the problem (Subsection
4.1.1) and introducing some notations (Subsection 4.2.1), we suggest
several approaches for solving this problem, including a mixed integer
linear programming (MILP) formulation (Subsection 4.3.1), a branch-
and-bound approach (Subsection 4.3.2), a column enumeration approach
(Subsection 4.3.3), and heuristics methods (Section 4.4).

4.1. Problem Formulation and Solution OQutline

4.1.1 Problem Description

In this subsection we give a formulation of the vehicle routing problem
with pickup and delivery and time window constraints (VRPPDTW).
Solutions of the problem are needed for managing the transport of pa-
tients and goods in a hospital campus by a dispatcher responsible for
coordinating vehicles. The setup for the hospital-oriented VRPPDTW
problem differs from the standard VRPPDTW in the following aspects:

m loads may include not only independent single items (patients or ma-
terials), but also groups of people (patients with accompanying per-
sonnel);
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target times for pickup and delivery have to be met instead of strict
time windows, or the delay w.r.z. target times should be minimized,
respectively;

passengers should not spend more than, say, 30 minutes in a vehicle,
i.e., the time between pickup and delivery is limited;

some items may require special transport equipment (e.g., wheelchair,
bed, or special vehicle);

certain items cannot be transported simultaneously (e.g., infectious
patients);

a dispatcher receives new requests or orders and needs to assign them
to free vehicles or to add them to existing tours, i.e., an online version
of the VRPPDTW is required.

The problem is characterized as follows.
Data:

a heterogeneous fleet of vehicles;
a set of requests or orders;

source and destination depots for each vehicle v, s, and d,, respec-
tively;

distances between all locations, i.e., between all possible locations,
including vehicle depots.

Orders:

type of an order, i.e., description of transported goods or type of
transported patient to be picked up and delivered. A patient may be
transported while sitting in the vehicle, lying in a bed, or sitting in a
wheelchair;

service time associated with an order at the pickup and/or at the
delivery location (for instance, to load a patient lying in bed);

target time associated with an order at pickup and/or delivery loca-
tion.

Vehicles:

time intervals during which the vehicles are available;

type of a vehicle (i.e., which type of goods/patients it can transport);
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® capacity of a vehicle with respect to its type (how many goods/patients
of a certain type it can transport simultaneously).

Objectives:

a to minimize the total travel time of the goods/patients (possibly some
goods have to be transported very fast, e.g., blood);

& to minimize the total duration of transportation for each vehicle (bet-
ter exploitation of the vehicle fleet);

® to minimize possible delays at pickup and delivery locations (increase
the satisfaction of patients).

Each order needs to be carried out on time (or if that is not possible,
its delay should be minimized) and served by only one vehicle. Each
vehicle must start from its origin depot and return to its destination
depot at the end of its period of service. In this book, driven by the
real world hospital case, we concentrate mostly on experiments using
the third objective function. However, the other objective functions,
and also combinations of them, can be considered as well.

The problem involves assigning the requests or orders to the available
vehicles. The requests occur at the nodes of a transportation network
and the routes are characterized by the sequence of the nodes to be
visited consecutively by each vehicle. If the assignment of nodes to a
vehicle has been done, both the sequence of the nodes in the routes and
the arrival and departure times have to be determined. Thus, we have
to solve a combined assignment, routing (sequencing) and scheduling
problem:

assignment assigning orders to vehicles

routing putting the nodes in a route in sequence

scheduling ~ computing arrival and departure times, as well as
considering temporal constraints

Let us comment on the temporal restrictions of the real world problem
we will analyze in Chapter 5. Usually, and this also applies to the De-
saulniers et al. formulation [25] (briefly listed and discussed in subsection
4.1.2), the temporal constraints are exact time window constraints such
as (4.1.3): if the vehicle visits a node of its tour, it must arrive within
a time window [a, b]. Should it arrive earlier than time a, the vehicle is
allowed to wait. As was mentioned above our problem is different:

1 Instead of time windows only target times are to be observed, i.e.,
desired pickup and delivery times.
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2 For most orders or requests only one target time is specified and valid
for either the pickup or the delivery node. As passengers should not
spend more than A7 minutes in a vehicle, we define the target time
not specified as a function of the specified one and Ar.

3 The target times are allowed to be met late but lateness is penalized
in the objective function, i.e., they are relaxable temporal constraints.

4 For pickup nodes, the vehicle must wait if it arrives earlier than the
target time. In this case, the target time is to be interpreted as an
earliest pickup time. Earliness, or the equivalent waiting time, is also
penalized in the objective function.

Despite these features we keep calling our model a VRPPDTW (time
window) model, because we do not wish to coin or add a new term to
this research field. Formally, one could classify our problem as a multi-
commodity, capacitated vehicle routing problem with pickup and delivery
and relaxable time window constraints, in which for pickup nodes the
upper time limit, b, is set to 400, and for delivery nodes the lower time
limit, a, is set to —oo.

4.1.2 Discussion of one Particular Model
Formulation

In this subsection we briefly review the model presented by Desaulniers
et al. [25], and comment on it. The model presented is, for general objec-
tive functions, a routing-scheduling model assuming that the assignment
decisions have been fixed previously. Only for special objective functions,
their model can solve the vehicle assignment problem as well. We adapt
the notation used in [25] to that used in this book:

Identify request (we use the term order, synonymously) 7 by two nodes,
1 and N +¢, corresponding, respectively, to the pickup and delivery stops
of the request. It is possible that different nodes may represent the
same geographical locations. Next, denote the set of pickup nodes by
P ={1,...,N°} and the set of delivery nodes by D = {N +1,...,2N°}.
Further, define N' = PUD. If request i consists of transporting D; units
from¢ toN +4, letL; = D; and Lpy; = —D;.

Let V be a set of NV vehicles. Because not all vehicles can service all
requests, each vehicle v may have a specific set N, = P, UD, associated
with it, where N, C N, P, C P, and D, C D are appropriate subsets
of N, P and D, respectively. This subset may have been constructed
within a pre-solving phase. Note that at this level nothing is said about
whether the same request ¢ is contained in several subsets. However,
if the subsets A, Py, and D, have been constructed by an assignment
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heuristic, or by a column generation approach based on a set partitioning
model, then each request ¢ is only contained in one vehicle subset.

For each vehicle v, define now the network G, = (K,, Ay). Set K, =
My U {o(v),d(v)} as the sets of nodes inclusive of the origin, o(v), and
destination, d(v), depots for vehicle v, respectively. The subsets A,
of Ky x K, contain all feasible arcs. The subsets, 4,, may have been
constructed by eliminating infeasible arcs from the full set of all arcs.
The capacity of vehicle v is given by C,, and its travel time and cost
between distinct nodes ¢, j € Vg, by Ti]D,, and Ci?v, respectively.

Vehicle v is assumed to leave unloaded from its origin depot at time
Qo(v) = bo(v). Each admissible pickup and delivery route for this vehicle
corresponds to a feasible path from o(v) to d(v) in network G, visiting
each node at most once. If the vehicle visits node n € N, it must do
so within time window [an,bs] When the service time 75 must begin.
Should it arrive too early, the vehicle is allowed to wait.

The formulation involves three types of variables: binary variables
diju, 1s equal to 1, if arc (4,5) € A, is used by vehicle v, and O otherwise;
time variables 5, specifying when vehicle v starts the service at node
n € Vg; and variables pp, giving the load of vehicle v after the service at
node n € Ky has been completed. The Desaulniers et al. formulation is
as follows:

minz Z C.gvéijv (4.1.1)

veV (i,5)€A,
subject to
Z Z bijy=1 , VieP
vEV jEN,U{d(v)}
> bijw— Y binopin=0 , YWEV,i€P,,
jEN, JEN,
Z 60(0),]'1, =1, Yvel,
jeP,L{d(v)}
Z Oijv — Z bjiw=0 , YWeEV, jeN,
i€N,U{o(v)} €N, U{d(v)}
Z 6i,d('u),'v =1, Ywey,
i€ Dy, U{d(v)}

bijo(ti + T +TH —tju) 0, Yo €V, (3,5) € Ay, (4.1.2)
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an <ty < by R Yv € YV, ne ’CU, (413)
tiy + ﬂ?N+i,v < tN+i,v , VYve V, 1€ P’u,
Siju(Piw +Lj —pjn) =0 , WYweEV, (i,j) € Ay, (4.1.4)

Lisz’vSCv 3 Vv€V7iep’Ua

0<LNntiw LCy—L; , YWeV, N+i€D,y,

Po(v),w = 0, WweV,

51JUZO ’ VUEV, (iaj)EA'va

Sijv € {0,1} , Vv eV, (i,j) € Ay (4.1.5)

Note that the objective function includes only the arc variables &;jy,
but no other variables. This has some important consequences for the
optimal solution of the model (4.1.1) to (4.1.5).

1 It suffices to compute the compound load variables, p,k, and begin-
service time variables, %,x, to obtain feasible solutions. Compound
means that they depend on both node, n, and vehicle, v.

2 The assignment decision, i.e., the assignment of requests to vehicles,
can be derived from the arc variables, é;5,. Once the assignments are
known and represented by v, the real begin-service times, tn, and
load information, pn, are given by t, = tpy, € {tny : v € V} and
Prn = Pnw € {Pnv : v € V}.

If the objective function depends explicitly on ¢, (or pp), the variables
tn (or pp), and 0;j» need to be connected. Of course, if each request is
already assigned to a specific vehicle, then the variable tpy (OF ppy), for
each node n, exists for only one vehicle v.

Note also, that due to nonlinear relations (4.1.2) and (4.1.4) the model
leads to a mixed integer nonlinear programming (MINLP) problem.
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4.1.3 Discussion of Existing Solution Approaches

The vehicle routing problem (VRP) is one of the basic optimization
problems known to be NP-hard [86]. Variants of the VRP, such as the
vehicle routing problem with time windows (VRPTW), and the vehicle
routing problem with pickup and delivery (VRPPDP), the capacitated
vehicle routing problem (CVRP) were thoroughly investigated during re-
cent years. All of them are NP-hard, and thus many researchers looked
for efficient solution methods solving at least instances of modest size.
Early surveys on the literature of vehicle routing with time window con-
straints are given in [81] and [82].

Several approaches can be found in the literature:

1 Exact approaches based on Dynamic Programming, B&B,
B&C, and Column Generation algorithms. These methods
are mostly applied to the capacitated VRP. They include dynamic
programming [60], branch-and-bound (B&B) algorithms ([31], [55]),
branch-and-cut (B&C) algorithms ([5], [6], [8], [63], [69], [19]), and
column generation algorithms ([26], [9], [48]). If time windows are
included as in [26], the time window constraints are treated deter-
ministically and are not subject to relaxation. In the early 1990’s the
best B&P solvers were able to solve multi-vehicles problems with up
to 100 orders [26].

2 Route construction and improvement heuristics. The con-
struction part of such heuristics includes sequential insertion heuris-
tics in which further nodes are inserted into existing routes (see [67],
[80]). The improvement part includes exchange heuristics [68], such as
2-opt*, 3-opt, Or-opt or CROSS-exchange with 2-opt* and Or-opt as
special cases ([21], [46], [58], [81], [84], [85]), see for instance, Figures
4.1.1 and 4.1.2 for 2-opt and 3-opt, respectively.

Figure 4.1.1. The exchange heuristic 2-opt
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Figure 4.1.2. The exchange heuristic 3-opt

3 Metaheuristics. Unlike mathematical optimization approaches, me-
taheuristics are based on simulating a given system or a problem and
evaluating a function of merit (analogous to the objective function
in exact optimization) [35]. Metaheuristics are not problem specific
(for applications to the vehicle routing problem see, for instance, [62],
[10], [16], [17], [13], [36], or [44]), and are based on generic principles
and schemes that can be used to construct problem-specific heuristics:
genetic algorithms (GA), simulated annealing (SA), tabu search (TS),
and variable neighborhood search (VNS). All metaheuristics usually
lack a proof of convergence and a proof of optimality. However they
improve a given solution by performing a local search ([74], [75]), cou-
pled with exchange mechanisms based on appropriate neighborhood
relations. SA links the probability of accepting a solution that is in-
ferior to the reference solution to a temperature-like parameter that
describes the cooling of metals (see, for instance, [1], [2], [28] or [52]).
TS ([20], [35], [66], [79], [84]) is a metastrategy for guiding known
heuristics past the traps of local optimality. It exploits knowledge
from previous solutions and thus uses a kind of memory. GA ([7],
[42], [43], [65]) use a population of solutions subject to survival of
the fittest criteria as well as mutation and recombination of positive
properties in solutions. VNS ([40], [71]) explores increasingly distant
neighborhoods of the current solutions and moves to a new solution
only if there is an improvement.

4.1.4  Outline of Proposed Methods

In this subsection several solution approaches we developed are briefly
described and implemented to solve the VRPPDTW problem of Section
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4.1.1. Notice that the problem has some specific features: vehicles may
have partial availability over the day, i.e., very often the vehicles are
available during different time intervals; vehicles have different capaci-
ties, i.e., not all vehicles can carry patients that are lying down or are
sitting in wheelchairs. As a consequence, orders can only be exchanged
between certain vehicles fulfilling those constraints. If route improve-
ment heuristics and VNS methods do not incorporate these features,
many infeasible tours need to be evaluated.

In addition we should keep in mind the overall motivation. We wish
to develop algorithms to be integrated in a software supporting the daily
work of a dispatcher in a hospital, which requires solving online instances
of the problem. A typical example involves, for instance, 26 orders, 16
of them already assigned to individual vehicles, and 10 of them subject
to assignment, routing and scheduling to the fleet of vehicles. Thus, the
algorithms should be suitable to solve small instances of the problem in
short time. In order to compare the quality of the online solutions to
the overall offline optimal solution over a given period, we would like to
be able to solve offline problems as well. But this is not the main focus
of this book, and therefore it is not necessary to solve large problems to
optimality.

We consider specific features of VRPPDTW discussed in Section 4.1.1
and suggest several solution methods that include exact optimization
approaches, namely mixed integer programming (Section 4.3.1), and
branch-and-bound approach (Section 4.3.2), column enumeration (Sec-
tion 4.3.3), and heuristic approaches (Section 4.4). The heuristics are
necessary to solve VRPPDTWs whose size exceeds those that exact
methods can solve. Below we give an outline of the methods we have
developed and implemented:

= Exact optimization approaches

1 solving a MILP model describing the intra-tour planning problem:
routing and scheduling of orders within one vehicle (single-vehicle
problem);

2 solving a MILP model describing the inter-tour planning prob-
lem: assigning orders to vehicles, and routing and scheduling them
(multi-vehicles problem);

3 a branch-and-bound approach to solve the intra-tour planning
problem; and

4 a special variant of a column generation method based on com-
plete column enumeration to solve the inter-tour planning prob-
lem.
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We have adjusted all approaches to solve both online and offline sce-
narios.

s Heuristic approaches

1 construction of initial tour sets

2 improvement of tour sets

(a) intra-tour improvements using a sequencing heuristic

1 complete enumeration
ii heuristic approaches, including simulated annealing (SA)

iii solving the subproblems to optimally using the MILP model
within the heuristic approach (this will only be suggested, but
not implemented)

(b) inter-tour improvements using a reassignment heuristic

. 1 .. .
1 cross-over heuristics to move one order from one vehicle to
another

ii SA

(c) combined “SH-RH-SH” tour procedure with both the sequencing
and reassignment improvement strategies

The combined ‘“‘sequencing-reassignment-sequencing” tour heuristic works
effectively for all data we have tested. It produces a schedule for an
individual vehicle or a whole fleet in reasonable time. It exploits the se-
quencing and reassignment improvement heuristics. For small instances
the results of the heuristics are compared to the optimal solutions.

'"The term cross-over used in this book should not be confused with its usage in the genetic
algorithms community.
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4.2. General Framework
4.2.1 Notation

Prior to presenting the mathematical model and the heuristics, we
introduce the required notation:

8]

: the total number of orders

: the total number of vehicles

: the set of all vehicles, |V| = NV

: the set of all orders, |O| = N©

: the set of pickup nodes, |P| = N©

: the set of delivery nodes, [D| = N©

: the set of all pickup and delivery nodes; N'=PUD

: the set of pickup and delivery nodes extended by the
depots {sv,dv} for vehicle v; My := N U {s4,d»}

: the set of all possible arcs, (n1,nz2), vehicle can drive along

: the set of orders served by vehicle v

zZ 2
<

Ox ¥ZUYUVGT

<

To address the various objects in those sets, the following indices are
used (especially, in the MILP model):

i : orders or pickup nodes of orders
j  :delivery nodes
n  :nodes (unspecified whether pickup or delivery node)

Nodes are usually addressed by the index n. However, if it is known
that a certain node is a pickup node, then the index ¢ is used; a similar
convention applies to the use of delivery nodes j. If we need to indicate
that j is a delivery node corresponding to pickup node %, then the index
Ji is used. Orders and pickup nodes are used synonymously as each order
uniquely induces one pickup node. Thus, the index ¢ is used for both
pickup nodes and orders.
Additionally, in the MILP model the following data are used:

C,?l ngv : cost for vehicle v to drive from node n1 to node ng

chEA : penalty cost for arriving too early at node i

ChE : penalty cost for arriving too late at node %

ck : capacity of a vehicle for lying patients

cs : capacity of a vehicle for sitting patients

cw : capacity of a vehicle for wheelchairs

CLE : cost per lying patient in vehicle » at node n

CcES :cost per sitting patient in vehicle v at node n

C',IZXV :cost per wheelchair in vehicle v at node n
D;g : demand (sitting persons) associated with order i
DF : demand (lying persons) associated with order¢

DY : demand (persons in wheelchairs) associated with order 2
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L? :load of sitting people at node 4; L := Df

L3, :unload of sitting people at node ji; L, := —Df
LY :load of lying people at node ¢ L¥ := Df

L% :unload of lying people at node ji; LY, .= -DF

LY  :load of wheelchairs at node #; LY = DV

LY :unload of wheelchairs at node ji; L}, := —D}
T3 : service time for node n, e.g., for loading a patient
Tf"l nav : driving time from node n; to node n2 for vehicle v
TE : earliest permissible arrival time at node n
T+ : latest permissible arrival time at node n
TF : target time associated with node n;

TT := TF for pickup nodes, TT := T} for delivery nodes

[TYE;TY*] : the time window during which vehiclev is available
T. : current time
Ar : maximal time difference between delivery and pickup
R#'  : maximal allowed earliness w.r.z. the target time at pickup nodes
R#? : maximal allowed lateness w.r.t. the target time at pickup nodes
R® : maximal allowed lateness w.r.t. the target time at delivery nodes

Instead of time windows for pickup and delivery we use target times.
Lateness w.r.t. these target times should be avoided or at least mini-
mized. The earliest permissible arrival time at a pickup node, TiE , 18
identical to the desired pickup time, i.e., the target time is TiT = TiE .

Now we formally define a tour for an arbitrary vehicle v on a set of
orders, where each order is defined by two nodes: pickup node ¢ and its
corresponding delivery node j;.

DEFINITION 4.1 A tour T on a set of NO orders is a sequence of 2NC+2
nodes to be visited exactly once. Each tour starts at a source depot and
finishes at a destination depot. A tour is feasible if:

1 for every orderi, its pickup node is visited before the corresponding
delivery node j;;

2 the load of a vehicle must never exceed its capacity, i.e., L,-S < C’;,g s
LE <CL, and LY < CW for any orderi;

3 load L; at pickup node i is the same as load Lj, at the corresponding
delivery node j;, i.e., a vehicle at node j; can only deliver the same
number of persons it has picked up at node i, where L; is L;-g , LE or

LY.

)

As illustrated in Fig. 4.2.3 a vehicle can drive not only directly from a
pickup node to a delivery node but from a pickup node to another pickup
node, as well as from a delivery node to another delivery node (of course,
the conditions 1 to 3 of Definition 4.1 need to be observed).
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Figure 4.2.3. Possible tours for vehicles

4.2.2 Characterizing the Quality of Tours

Before discussing solution methods for VRPPDTW in detail, we first
explain how the quality of a vehicle’s tour is measured. The overall goal
is to serve all transportation orders, i.e., to pickup all patients at the
requested times and transport them to their destinations. Due to the
finite capacity of the vehicle fleet, however, it is not always possible to
fulfill all temporal constraints (i.e., delays may occur). For a specific
vehicle, v, and its daily tour, we can thus compute its total lateness, Sf ,
as

2|Oy|
Sp = dm , dpi=max(0,t, —T;) , (4.2.1)
n=1

where d,,, is the lateness of vehicle v in node n, and ¢, and Tg are the
actual arrival time and the target time associated with node n for vehicle
v, respectively. We can also determine the average lateness per order

Sy =87 /Ny,

where N,,O is the number of orders served by vehicle v. Additionally, we
define the maximal lateness, D,, occurring in vehicle v». Note that 5’,?
can be a more useful measure since some vehicles operate only for a few
hours and thus do not serve the same amount of orders. For the whole
fleet of vehicles we can further compute the total lateness, the average
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total lateness, and the standard deviations:

S = Zva"l 5P - total average lateness
Sp = N Dy - total maximal lateness
8= - average lateness
Sp = —f—,% - average maximal lateness
D.:=max{D, :v €V} - the maximal lateness
and
1 1
= | GD _ §)2 — — G.)2
Jgg = NV—].;(SU S) , 0Op = Nv~1;(DU SD)

Ideally, we want to have routes and schedules satisfying the condition
S = 0, which is equivalent to all temporal constraints being fulfilled.
However, for scenarios with insufficient vehicle capacities this is not
likely. Therefore several objective functions to be minimized appear
promising:

S s S sy 0S8 Sp 3 SD » 0D

as well as their combinations. In the context of the MILP model the
objective function contains a driving cost term and penalty terms for
violating the target time constraints (see 4.3.1), while in the heuristic
approaches we will use, for instance, the merit function

f=8+uSp

to measure the quality of tours, where an appropriate value of i can be
defined experimentally.

4.3. Exact Solution Approaches
4.3.1 A Mixed Integer Programming Approach

The formulation presented by Desaulniers et al. [25] (briefly listed and
discussed in Section 4.1.2) has been:

m modified (we have transformed their nonlinear constraints into linear
ones),

s extended (including the assignment decisions for general objective
functions) and

& adjusted to our needs (included special features, e.g., limiting the time
a passenger spends in a car, or more appropriate objective functions).
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As has already been discussed on page 59 this involves the following
model aspects, or decisions to be made by the solver:

m MI: assignment of orders to vehicles (not covered by Desaulniers et
al. for general mixed-integer linear objective functions),

m M2: routing (sequencing the nodes, i.e., establishing a tour for each
vehicle),

m M3: scheduling (computing arrival and departure times; matching
the temporal constraints), and

m M4: more objective functions.

multi-vehicles problems including the assignment problem, if solved with
exact algorithms at all, are nowadays usually approached with branch-
and-price algorithms including column generation (cf. [26], or most re-
cently [48]). Our approach is based on a full MILP model including
variables tracing the assignment decisions. The model developed below
can also support several returns of a vehicle to its depot, i.e., when a
vehicle has several service periods during the day.

As the problem is NP-hard we expect that only small size problems
can be solved, or just single-vehicle problems. Nevertheless optimal so-
lutions help us to check the quality of the tours our heuristics generate.
Depending on vehicle availability, we are able to find an optimal solution
with up to 15 orders and a few vehicles, or up to 25 orders with only
one vehicle (only M2 and M3) within a few minutes using the commer-
cial MILP-solver Xpress-MP [41]; see the examples described in Chapter
5. The MILP-model can be used to calibrate certain strategies such as
2-opt or similar techniques in the heuristic approach.

4.3.1.1 Data, Indices and Variables

The routing and scheduling decisions are represented by the binary
flow variables én;nyv,

5 | 1, if vehicle v drives from n; to node np Y(ni,n2) € A
mnay 0, otherwise VveV

and the assignment binary variables oy,

- 1, if vehicle v serves node n VneN
™71 0, otherwise YoeV

As orders and pickup nodes are represented by the same index, gy =1
implies that order ¢ is assigned to vehicle v. If a single-vehicle problem
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or a problem with known assignment is to be solved, the «y, variables
are just set to one. Here, and whenever the context leads to a unique
interpretation, we use the abbreviated canonical indexing, e.g.,

V{nw}:={Vn,v:neN, veV}

Furthermore, the model contains the following non-negative continuous
variables:

pS,  :number of sitting people in vehicle v when leaving node n
pL,  :number of lying people in vehicle » when leaving node n
p%  : number of wheelchairs in vehicle v when leaving node n
4 : arrival time of vehicle v at node n

t2, : departure time of vehicle » from node n

rﬁ,‘ : earliness w.r.t. the target time at pickup node ¢ of vehicle v
rﬁ,’ : lateness w.r.t. the target time at pickup node ¢ of vehicle v
B

: lateness w.r.t. the target time at delivery node j of vehicle v

4.3.1.2 The Objective Function
The objective function, z,
zi=cl+c+F+eV , Ti=P M 4P (4.3.1)
to be minimized contains several non-negative components:
1 driving costs, cP;
2 penalty costs, ct, ¢A2, and cP associated with the relaxation vari-
ables used to model the target time restrictions as soft constraints;

3 capacity load costs c;

4 penalty costs, ¢, for deviations from given target tours, Opingv- This
can be useful in the online case if the aim is to re-schedule the tours
and keep the re-scheduled tours as close as possible to the existing
ones;

5 aterm, ¢V, added for numerical reasons giving preference to solutions
in which vehicles arrive at the delivery node no later than necessary.

The individual components are defined as follows. The driving costs are

given by
Z Z Cﬁnzv ningu - (4.3.2)

v=1 (nl 7n2)€A
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If all values C,?lnzv are set to the same constant value, e.g., anw =1,
then cP just gives the number of arcs in the graph. The model considers
the three penalty terms related to the time window or target times:
respectively, constraints (4.3.15)-(4.3.17):

early arrivals at pickup nodes ¢*! ;= Z Ele,, chArh

late arrivals at pickup nodes  ¢4? = Eu 1 2iep Civ PB f},z
late arrivals at delivery nodes = Zv 1 2jeD ChE rh

There might be real costs or penalty costs propostional to the load of a
car, i.e.,

NV NV
=ZZC£,Lpiv+ZZ CLS pf, + 35S TCEV ol . (4.3.3)

i€EP v=1 i€P v=1 icP v=1

This term had been added to model the situation that a vehicle’s capac-
ity (for instance, lying capacity) is two, but that it is somewhat incon-
venient to carry two lying passengers. This situation is slightly avoided
by assigning non-zero values to CEF, CLS or CEW.

Penalizing the deviation from target tours can be realized by adding

the following term to the objective function:

NV

P E E P *
¢ = Cnlngvlé’nﬂuv 6n1n2v| )

v=1 (n1,n2)€A

where Cnmzv is a penalty cost for deviation from the target tour for
vehicle v supposed to drive from node ny to ns.

The term, cN

NV
N .—¢ t4 . e:=0.00001
J

FED v=1

is only added for numerical reasons. As the arrival times are coupled
to the departure times by equalities involving the driving time, this is
not necessary from an algebraic point of view. However, it improves the
efficiency of the branch-and-bound process (helps to produce feasible
solutions somewhat faster).

4.3.1.3 The Constraints

Network Flow Constraints. The following constraints apply:
Every pickup node, %, is served exactly once and by one vehicle, i.e.,
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NV
> biw=1, VieP . (4.3.4)
v=1neN

If a pickup node, 7, is visited by a given vehicle, then the corresponding
delivery node?, j;, must be visited as well, i.e.,

> b= Y bnju=0 , VieP , WeV . (4.3.5)
neN neN

Each delivery node is also served exactly once and by the same vehicle
that serves the corresponding pickup node. Therefore, the equalities
(4.3.4) and (4.3.5) ensure that each order is served once and by the same
vehicle.

Each vehicle starts from its source depot. It can drive directly from
the source depot to the destination depot, meaning that it did not serve
any order, i.e.,

> bsm=1, WweV . (4.3.6)
nePU{dy}
Each vehicle ends its route at its destination depot, i.e.,

> bpaw=1 , YWweV . (4.3.7)
neDU{s,}

Every destination node has a source node (flow conservation at each node
is guaranteed), i.e.,

YveV,
S b X mem0 . N
n1EMy\{ds} n1€My\{s,}

(4.3.8)

Temporal Constraints. The temporal constraints basically involve
the arrival and departure times, t2, and t2. The model considers con-
straints

1 relating the departure time from a source node with the arrival time
at a destination node,

2 restricting the time a passenger spends in the vehicle,

?If the orders or pickup nodes, respectively, are indexed by numerical indices 1, ..., N©, then
the delivery node j;, corresponding to the delivery i, is given by j; := i+ N©. In other words,
P={1,..,N% and D = {N© +1,..,2NC}.
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3 expressing either the time window restrictions or the target time re-
strictions.

Further, we explain each group of constraints 1-3 in detail:
1) The departure time, t,L,?lv, at node n; and the arrival time, t,‘?ﬂ, at

node ng are connected by the driving time, Tn[in,_m, ie.,

6n1n2v (tgv + T?ﬁngv - t.,/;,v) = 0, V(nl,nQ) €A ) Yvey .
(4.3.9)
If 6nyngv = 0 then (4.3.9) holds. If p;npo = 1, then t2 ,+ T npw—th,, =0
must be fulfilled, i.e., the arrival time at the destination node ng is equal
to the departure time from the origin node ny plus the time required
to drive from node 71 to node n3. If node n is not served by vehicle
v, then by definition t2 = t;‘}v = 0. The nonlinear complementarity
constraint (4.3.9) is discussed on page 79 and replaced by a system of
linear inequalities.

To tighten the model a set of valid inequalities is added. Observe
that the earliest departure time, 2, from pickup node, i, satisfies the
inequalities

th> (TP + T ey , VieP , WweV . (4.3.10)
This relation can be tightened by the inequalities
tR>th +Tfaww , YieP , WweV . (4.3.11)

Note that the earliest arriving time, TZE , sets a lower limit for departure
(the patient might not be ready). Departure is delayed by the service
time, T°. As a vehicle may arrive later than TF, condition (4.3.11)
might be tighter than (4.3.10).

Observe that the earliest departure time from a delivery node j must
satisfy the constraint

th > th + TPy, , VjeD, WweV . (4.3.12)

Note that we list (4.3.10) and (4.3.12) and thus distinguish between
pickup and delivery nodes because there is a difference for pre-assigned
orders in the online case (in the online case we do not consider con-
straints for pickup nodes because the patients are already in vehicles).
Furthermore, it should be observed that each delivery node is visited
later than the associated pickup node,

th+TH o <th, , YieP , YweV . (4.3.13)

1j;v
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The inequality (4.3.13) ensures that the triangular inequality expressing
that the direct connection is the shortest one is possible.
2) A patient should not be delivered later than Ay hours after pickup

ity — th ~ T — A7) <O . (4.3.14)
3) Time window constraints usually take the form
TE <t <TL |, vnenN |

where TF and T)F are given earliest and latest times. However, it may
be unwise to apply the time windows as hard constraints because the
problem might become infeasible.

In the present problem it is more appropriate to use target time re-
strictions and to treat them as soft constraints. Instead of the time
windowlimits, T.F and TK, only the target times T} := TF or TI :=
TL are used. The earliness and lateness w.r.z. the target times of the
pickup nodes follow as:

TEq;y —r <th | YieP , YweVv , (4.3.15)

and
Tromw+ri2 >t | VieP |, WweV . (4.3.16)

w —

Likewise, the lateness w.r.z. the target times of arriving at delivery nodes
is given by

th <Traj+78 , VjeD , WweV . (4.3.17)

Note that the inequalities (4.3.15)-(4.3.17) contain the assignment vari-
ables ajy. If vehicle v really serves order % (i.e., drives to pickup node
i or to the corresponding delivery node j;), then a4, = 1 leads to the
inequalities

TE - <td | VieP , weV ,
TE+rf2>44 | VieP , WweV ,
A L B ;
thy <Tjy+r; , Vi€ED , YweV

Otherwise, if a;, = 0, (4.3.15)-(4.3.17) reduce to

< 2 VYieP , WweV ,
A A ;
T = th, , VieP , VYweV |
A B :
thw < T ,» VjED , Vvey
; ; A_ A _ A _ A _ B _ ;
Note that in this case t{, = 5, = r;,} =r;,?> = rj;, = 0 are feasible values.
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As the relaxation variables 7"1'/3;1: f}f and rﬁ) appear in the objective
function as penalty terms, the target time restrictions (4.3.15)-(4.3.17)
can be interpreted as soft constraints that penalize deviations from the
target times. The target time restrictions can be transformed into hard
constraints by putting upper bounds on the relaxation variables. By
coupling the relaxation variables with the assignment variables «;, the
model is tightened and the performance of the solution algorithm is im-
proved:

A < RMay, |, VieP |, VeV (4.3.18)

ri2 < R%qy, , VieP , WweV , (4.3.19)
and

rB <RPaj, , VjeD , WweV , (4.3.20)

where RAl, R4 and RP denote the maximum allowed deviations from
target times, e.g., 0.5 hours. However, if the maximal value is too small,
the problem might become infeasible.

Note that in the current case, there is no real reason why a vehicle
should appear too early at a pickup node because it cannot leave the
pickup node before its target time. But because the equality (4.3.9)
relates the departure time from a source node and the arrival time at a
destination node, non-zero values of 1'{3,1 may be interpreted as waiting
time at the destination node.

Capacity Constraints. The capacity constraints balance and track
the load of the vehicles, i.e., they relate the load after leaving a node to
the load state before arriving at the node: for sitting passengers,

YoV,
Srango (P + Ly = Prge) =0 4 =34 (4.3.21)

for lying passengers,

Yo eV,
Sramaw (Phyw + Ly = Pip) =0, G050 4 (4.3.22)
and for wheelchair passengers
Yv €V,
Srangy (Prsy + Iny = Prgy) =0 o= 8 4 (4.3.23)

If 6nyngv = 1, then the terms in parentheses become active, for instance,
L _ L L
png'v - pnl'u + an'
The capacity constraints to be observed by all vehicles at the pickup
nodes are given by

Liow <pl <C% |, YieP , WweV , (4.3.24)
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Lfas, <phl <Cl |, YieP , WweV , (4.3.25)

and

IV, <p <CW | YieP , WweV . (4.3.26)
Likewise, the capacity constraints to be observed by all vehicles at the
delivery nodes, are

0<pl+La;<C5 , VieD , WweV , (4.3.27)

0<ph+Ltaj, <CL |, VjeD , WweVv , (4.3.28)
and

0<pl +L¥aj, <CV , VieD , WweV .  (43.29)

The vehicle loads at the depots are by definition
Popw =Paw =Poy=0 , WweV

Several Tour Constraints. The model developed in [25] allows each
vehicle to have only one tour (driving from the source depot to the
destination depot, which in our case is the same as the source depot
location). To allow for several tours (leaving the source depot several
times) we assume that in the considered time interval (one day) there are
maximum N7 tours. In this case all variables, described in Subsection
4.3.1.1 should also depend on the tour index ¢, for instance:

1, if vehicle vt drives from ny to node ng V(n1,nz2) € A
6n1n2vt = 0 . else YveVy
’ vt=1,...,NT
and
1, if vehicle vt serves node n vne N
Oyt = 0. else YveV
» € Vt=1,...,NT

Our modeling approach is as follows. The departure time from the source
depot s, for a subsequent tour ¢ cannot be earlier than the return time
tfv,v,t—l of the same vehicle from the previous tour £ — 1. Tours can be
connected by

4 A D YneN
t'rwt 2> td,,'ut—l + Tsvnvt ’ YveV -
Vt=2,...,N

No time window constraints are considered for depot nodes s, and d,.
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Assignment Constraints. The assignment variable &y, besides rep-
resenting the assignment decision, is useful to relax the time window
constraints or, in the online case, to implement pre-given assignments of
orders to vehicles. It is related to the flow variables by the equality

Up= Y. bniy , ViEP , WEV , (4.3.30)
neEMy\{d,}
which expresses that “if order ¢ is assigned to vehicle v, then there exists
an arc with destination ¢”. Similar conditions hold for the delivery nodes
J
= Y. o , VjED , WweV . (4.3.31)
neMy\{s+}
Furthermore, if vehicle v serves order ¢ (or pickup node i), then it also
serves the corresponding delivery node, j;, i.e.,
Qiy = Qjp , VIEP , YVEV . (4.3.32)

Each order can be served by one vehicle v, i.e.,
NV
dlaw=1, VieP . (4.3.33)
v=1

If vehicle v drives to pickup node i then it also drives to its associated
delivery node j;

= bnjw , Vi€P , Y0EV . (4.3.34)
neN
If this model is used for routing and scheduling only, i.e., for only one
vehicle, then, |V| =1 and obviously

aw=1 , VYieP , WweV

4.3.1.4 Equivalent Mixed Integer Linear Formulations

As it is quite complicated to solve nonlinear models, it is worthwhile
to transform the nonlinear constraints into linear ones for the model de-
scribed at the beginning of the current section. The first group of non-
linear constraints (4.3.9) implies that if 6y n.w = 1, then t,?lv + Trgnw -

t;‘}w = 0. This is represented by the following linear inequality

tD 4+ TP <t (1 —bnngw) Muynge, Y(ni,me) €A , WYweV

nv nIn2v — “Nov

where Mp,n,v is a sufficiently large number, e.g.,

My ngv i= rnax{T,f‘1 + Tgnw — T,f’;, 0}
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So, the case 8nyny = 1 leads to t2, +TE, , < t4 , and, together with
(4.3.12),t0 t2  + T2, , =t

niv Nnov*
The nonlinear constraints (4.3.14) can be rewritten as follows:

td, <tA+TS +Ar+MP-MPay, , VieP , WweV , (4.3.35)

where MP is a sufficiently large constant, e.g., MP = 4.
Finally, if we set
MS

niN2v

=max{C5}, ML _  .=max{CL}, MY

w
n1Ngv nyngu * max{Cv },

(4.3.36)
the equations (4.3.21) can be linearized. If 65,n,» = 0, then p,‘fl,, -+—L§1 -
pﬁzv < MS ., always holds, in case 6nippw = 1, Py + L - p5 =0,
because all values of pﬁw, LS i, pﬁzv are nonnegative. So, the first of the
three constraints (4.3.21) is transformed into

pﬁ) + L;S' - p}?v < Mgv(l - 61]‘0) ’ V(Za.]) €A ) Vv e V.

The two other groups of constraints (4.3.22 and 4.3.23) are subject to
the same transformation.

4.3.1.5 Online Version of the MILP Model

In the online version, the MILP model supports re-planning of existing
tours or adding new orders to existing tours. At the current time Ty, all
vehicles may be positioned at known location. After re-planning, each
vehicle continues from where it served the last order. It may also happen
that a vehicle is in transit with loaded patients/goods when re-planning
occurs.

When the MILP model is used for online situations there is usually
only a small set of orders involved; see, for instance, the example pre-
sented in Chapter 5. Thus, the problem can be approached fully with
all its components:

= assigning orders to vehicles,
= routing (sequencing),
m scheduling (matching the temporal constraints).

Let OF denote the set of pre-assigned orders, that is orders for which the
passengers have already been loaded to a vehicle and still are in the car
at time point T,. If the patients of order s € OF are in vehicle v;, then
OF denotes the orders pre-assigned to vehicle v. For order ¢ € OF no
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assignment problem needs to be solved, because the assignment variables

are just set to
i, =1, VieOF

The temporal constraints related to pickup nodes of pre-assigned orders,
i € OP, and, hence, the variables 72! and r22 are neglected and set
to zero because the patients have already been loaded to the vehicle.
However, for such orders, the actual arrival times, t{},, are computed
using the given information on the time the passenger spends already in
a vehicle. This allows to apply (4.3.35) to limit the total time a passenger
spends in a vehicle.

The part of a tour related to picking up pre-assigned patients is seen
as a fixed part of the tour, i.e., it is known a priori. The pre-assignment
information is used to fix the corresponding binary variables «;,. From
this, consistent initial conditions regarding the load variables generated.
The real cases usually involve only sets OF with a small number of orders,
usually only one, two or three, i.e., |OF| < 3.

The case |(’)f | =1 allows to fix the binary variables 8,y

bsiv=1, i€0F | weV (4.3.37)

expressing that the vehicle drives from its source location, s,, to the
pickup node of order . Note that in the offline version s, is identical to
the source depot while in the online version it can be any location. The
load variables can also be fixed, i.e.,

o, =LY, ieOf |, wweV

ph=LE, icOf | wev
and
P =LV, icOF |, weV

The case |OF| = 2 with pre-assigned orders i1, and 42, is more compli-
cated because the car might have first driven to the location associated
with order ¢14, and then to is,, or vice versa. Therefore, the constraints
are:

3 beiw=1 WweV ,
icoP
6svi1”v + 6i1vi2vv + 65vi2v” -+ 6i2ui1v'U =2 > VU S V ]
pivy = LS -+ Livvésuizuv , VYve V ,

110V

S S S
p’izu‘v = Ligv’v + Lilv’uésuilvv ’ V'U € v ’

L 7L L .
piluv - Lih,'v + Li2vU63v12uU ’ V'U € V ’
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piL2v'U = Lszuv + Lth,'u&s,,il,,v , YveVy ,
and
pz"ﬁv =L}, + Lg,,,vfss,,ig,,u , Ywev ,
Py = Liy o + L} o0syine , YWEV . (4.3.38)

Note that alternatively to the constraints (4.3.37) to (4.3.38) the infor-
mation about the pre-assigned orders could also be exploited to eliminate
the associated variables completely.

The current time, Ty, is used to tighten the model. If the target time,
TT, of a node n representing a pickup or delivery node associated with
an order i ¢ OF is earlier than T, for all vehicle v € V the following
bounds can be added to the model:

rﬁf > T,—TF, if i is the pickup node associated with order i ¢ ot
and

rj’fv > T —TJ{, if j; is the delivery node associated with order i ¢ orf
The case |OF| = 3 (or more) leads to similar constraints.

4.3.1.6 Comments on the Size and the Structure of the
MILP Problem

The problem formulated above is NP-hard since the standard VRP is a
specific case of it and the latter is NP-hard [86]. Even for small cases one
experiences an exponential growth of the number of nodes of the branch-
and-bound tree. This can be understood as follows. If we consider only
the assignment part of the problem with n = NV vehicles and r = N©
orders, there exist n” possible combinations of assigning these orders
to vehicles. This problem is equivalent to assigning = distinguishable
objects into n cells.

THEOREM 4.2 There exists N(n,r) =n" combinations of how r distin-
guishable requests can be assigned to n vehicles.

Proof. The proof is based on complete induction. Obviously, the
statement is true for n = 1 and any number of requests, r € IN; there is
only 1 = 1" way to achieve this.

a) Let us first do the induction step from r to r + 1, and derive the
number N(n,r + 1) from the known number N(n,r). If we add one re-
quest, then we take the set of all n" combinations obtained for r requests
to n vehicles. Obviously, the new request can be assigned to any of these
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n vehicles, which increases the number of elements the given set of combi-
nations by a factor of n, i.e., we have N(n,r+1) = nN(r) = nn" = n"+1,
(q.e.d.).

b) Now we focus on the induction step for the same number of requests.
Let us increase the number of vehicles by one and show that N(n+1,r) =
(n +1)". The new vehicle, n + 1, can have any number, b, of requests
between 0 and r, leaving ™ — b requests for the original n vehicles. Note

. r o
that there exists b combinations of how to extract b requests from

a set of r requests. Therefore, the number of combinations N(n + 1,7)
becomes
T

Va1 =3 (1 )Mo -n=3 (5 ) o =eryr

b=0 b=0
where we have exploited our induction knowledge about N(n,r —b) =

T
n™~? and the well known relation (z+y)" = Y ( Z ) " byt (qe.d). W
b=
The binary variables, «;y, carry the assignmen(t) of orders to vehicles but
they hide the fact there exists an enormous number of combinations. An
underlying assumption of the proof is that both the requests (orders) and
the vehicles are distinguishable. This is strictly speaking true in our case,
but the vehicles may be almost alike in terms of the capacities but may
have different working periods. The orders are usually distinguishable,
but they are often very much alike regarding the time windows or target
times which differ only little. Thus the assignment problem bears a lot of
symmetry or nearby symmetry when objective functions are used which
measure the delays of arrival times. As a result, the branch-and-bound
tree becomes huge.

Let us now investigate the complexity of the routing and scheduling
problem (intra-tour problem). Here we have to put m < r (distinguish-
able) objects into the right sequence. This gives at most m! permuta-
tions. In our case for each vehicle v, m = 2N2, with N9 denoting the
number of orders served by vehicle v. As each pickup node precedes its
delivery node, there are at most

(2NO)!

R _
N i= ol

(4.3.39)

combinations or routes to be tested for each vehicle. Note that the de-
nominator cancels out a factor of two for each pickup-delivery node pair.
For certain kinds of objective functions we have, in Section 4.3.2, formu-
lated a branch-and-bound approach to solve the intra-tour optimization
problem.
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Despite the hardness of the problem, for small instances the routing
and scheduling problem, we can compute and prove the optimal tours for
each vehicle individually. If the assignment problem is included as well,
we seem to get the optimal solutions but we are not able to prove the
optimality within several hours and even several days using Xpress-MP
[41]. The basic reason is that the lower bound of this minimization
problem improves only very slowly or does not change at all, even when
the internal cuts of Xpress-MP (Release 13.26) are used.

4.3.1.7 Tightening the Model Formulation

Here we discuss some valid inequalities (cuts) which can help to de-
crease the number of arcs. At first, the model formulation can be es-
sentially tightened and the solution time can be significantly reduced by
eliminating impossible or unlikely arcs from the set .A. For deterministic
time window constraints which cannot be relaxed it can be worked out
exactly which arcs can be eliminated. As in the problem we are inter-
ested in the temporal constraints can be relaxed or slightly violated we
can at best argue with some probabilities.

For instance, if orders arrive in 5 minute sequences, it is not likely
that a vehicle will ever drive from a node n; with target time 8:50am
to another node mg with target time 3:30pm. Thus, the variable 6n nyv
needs not to be generated or can be set to zero. This observation leads
to the introduction of a forward cut parameter, AF, Similarly, it is not
likely that an arc exists from a node with target time 3:30pm to another
node with target time 9:50am. Therefore, we introduce a backward cut
parameter, AP, The parameters AF and AP should be chosen with great
care. Otherwise the problem can easily become infeasible.

Furthermore, it is obvious that the node connection (j;,%) needs not
to be considered because a vehicle will not drive from a delivery point
back to the corresponding pickup node. Let us summarize all rules for
eliminating arcs. Arcs corresponding to the variables dn,n,, need not to
be generated or can be eliminated by setting dn,n,w = 0, if

® the arc represents driving back from a delivery to a pickup point, i.e.,
ng is a pickup node and n; is the corresponding delivery node;

- Tg; > T,rg’l + AB, i.e., if the target time, T,Z;, of node ny is much
smaller (by value AB) than the target time, T,z;, of node ng;

m T2 + A¥ < TF ie., pickup time of node ny is much smaller (by
value AF) than the pickup time of node n;

®m 7 is a destination depot;
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m 73 is a source depot and ng is a delivery node;
®m 73 is a pick-up node and ms is a destination depot;
® 79 is a source depot.

Furthermore, special cuts can be applied to tighten the model. Espe-
cially, for cars which have only space for two lying passengers, the cuts

bniv <CE —pk, VneN, YieP, YveV (4.3.40)

turn out to be very useful and represent the fact that a vehicle should
not drive to another pickup point if the capacity is already completely
used.

The same holds for orders with patients in wheelchairs, where C},’V < 2:

bniv SCV —p% VneN, VieP, WweV . (4.3.41)

For single-vehicle problems the model can be tightened if a feasible tour
is known from applying the heuristic approaches described in Section
4.4.2. In that case, the total lateness, sj,, can be introduced as a new
variable and is bounded by

sL= > i+ Y S B <st (4.3.42)

veVieP veV jeD

where SI.J.F is an upper bound obtained, for instance, by a heuristic ap-
proach. Of course, one could also restrict the individual sums for pickup
and delivery nodes. As is illustrated in the two examples in Section 5.2.3,
the effect can be very significant.

4.3.1.8 Concluding Remarks on the Model

The MILP model in its current form described above can solve the
problem in favorable cases. However, this is not sufficient for being
embedded in a real world application. Therefore, various very special
features of the real world problem have not been implemented. This
includes carriage, and infectious persons.

4.3.2 A Branch-and-Bound Approach for Solving
the Intra-Tour Problem
For certain objective functions, a recursive approach in the branch-
and-bound style can be used. This applies to objective functions which
can be built-up cumulative when constructing a tour from a given set of
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nodes by adding nodes to it in sequential manner. For computing the
objective function value when the tour has reached a size of n nodes, it is
sufficient to know only the objective function values of the previous nodes
and adding some extra amount for the current node, n, but nothing from
the subsequent levels. The objective functions we consider in this book
fulfill this condition, for instance, objective functions like z = P +cf +
ck + eV (see page 72).

Let us consider the intra-tour optimization problem for one vehicle
and n nodes N, := {n1,ns,...,n,}. The node ns represents the source
depot of the vehicle; the index representing the vehicle is dropped. The
optimization problem is formally broken into a recursive scheme® of
minimization problems depending on a smaller number of nodes. The
overall objective is to determine the optimal sequence of the node set
{n1,mn2,...,nn}. In offline planning, the vehicle leaves the source depot,
ng, at time fo (usually leading to zero delay for the first pickup node).
In an online case, tgp may represent the current time T,. The initial value
of the objective function value is 29 = 0. Finally, we need to track the
load of the vehicle; the vector p (initially set to zero) serves this pur-
pose. After leaving ng, the vehicle can drive to any of the nodes N,. We
express this by ns(ni,n2,...,ny,), to be read as “leave from n,, and the
sequence of the node in “()” is free”. The top-node eventually will have
the value

Zn = fn(th 20, Po, TLS§Nn) = k:—nllin n{fn—l(tO, 20, Po, nk;Nn—l,k)} y
with
Nn—l,k = Nn\{nk} 3
and fn—1(to, 20, Po, Pk; Nn—1,k) is the objective function value in case a
vehicle drives from the top-node to node k.
The functions fm(tn—m,2n—m, Prn—m,nk; Nmk) are computed recur-
sivelyform=n—1,...,2 as

fm(tn——ma Zn—m, Pn—m,Nk; Nmk)

= kzlmilrln_l{fm—l(tn-m-f—ly Zn—m+1; Pn—m+1, nk;Nm—l,k)}

with
Nm-1k := Nmg\{nk}

The functions fp,, m = n,...,2 contain the following arguments: the
time, tn—m, at which the vehicle is ready to leave the source node ng, the

3This recursive structure allows to develop a dynamic programming approach as well.
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accumulated objective function value, 2,_m, associated with the previous
n — m nodes, the load vector, p, the source node from which the tour
should be continued, and the set of nodes, A, to be put in sequence.
The initial value for zp is always zero, for ¢y is the current time or a
starting time leading to zero delay for the first pickup node. The initial
load vector is zero, or if pre-assigned orders are present, to the number
of passengers in the car. The tour always finishes by connecting the last
node (a delivery node!) to the destination depot of the vehicle. The
function, f,, of level m evaluates the new current time, ¢,—m+1, and the
new objective function value, z,_m+1, when node is added to the tour,
and passes those values to the next level function, fr,—1.
Now we illustrate this method with the following example.

EXAMPLE 4.3 Let NO = 2, i.e, n =4 nodes need to be sequenced. The
nodes 1 and 2 represent the orders, or their pickup nodes, and 3 and 4
the corresponding delivery nodes. Thus, we have Ny := {ni,ns, n3,n4}
and

za = fa(to,20,Po,Ms; Na) = min{
fa(to,z0, P, mis NS1) 5 NSy = Ni\{mi} = {ng,n3,n4}
f3(to, 20, P, n2s N3a) , Ny = Ni\{na} = {m1,n3,n4}
fa(to, 20, Po,m3; N3g) . Nis = Ni\{nz} = {n1,n2,n4}
fa(to,20,P0,na; Nay) , N3y = Ng\{ns} = {n1,n2,n3}
}

The functions f3(z0,n3;N§),3) and f3(20,m4; N34) do not need to be eval-
uated since a tour cannot start with a delivery node. Therefore, the next
levels to evaluate are

f3(to, 20,P0,n1;M3,) = min{
foti,z1(m), p1,n2s N o) . Mo = N§i\{n2} = {ns,na}
fa(ty, z1(n1), p1,ma; Nag) , Moz = MP1\{na} = {n2,n4}
f2(t1,z1(n1),p1,n4;/\/'21,4) ) N21,4 = ./\/é),l\{m} = {ng,n3}
} .
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and

f3(to, 20, Po, n2; N3p) = min{
fo(t,21(na), 1,1 NG ), NF1 = Np\{mi} = {n3,ns}
fa(tr,z1(n2), p1,n3; N3s) , N3z = Ng\{ns} = {n1,n4}
fa(t1, 21(n2), P1,mas NGy) . N3a = Nio\{na} = {n1,ns}
} o
Notice, ./\/’21)4 and N22’3 are not considered either. Level three becomes

already the last one to investigate. For example, below the branch derived
from fa(t1, z1(n1), p1, ng;/\fh) is displayed:

fa(ty, z1(n1),n2; N3 5) = min{
fl(t2a22(n1’n2)7n3;Nl3,3) > N13,3 '/\/‘21,2\{’”’3} = {n4}
fi(tz, z2(n1,n2),na; NEy) , NPy Na2\{na} = {n3}
o

Graphically, the tree and the way we move through it (indicated by the
subscripts) can be depicted as shown in Fig. 4.3.4. The subscript indi-

I

(1234),
/1(I3‘1)2\‘ ./2(1]‘4)10 [3(1249)]s  [4(123)]s
'/12(3< 7(1< [1423)} 7(3< [23(4))is 7(“{
1234, 12435 1324;  [1342) 2134,; 21433 24134 [2431]

Figure 4.3.4. The branch-and-bound tree for the intra-tour optimization problem

cates the sequence in which the nodes are created. Those nodes in the
tree displayed as “[]” indicate infeasible nodes; the infeasibility is caused
by the delivery node preceding the pickup node. In addition to this, nodes
might become infeasible and are pruned because they violate the capacity



Vehicle Routing Problems in Hospitals. | 89

constraints. The number of tours to be tested derived from (4.3.39) is six;
this is identical to the number of feasible tours (fulfilling the precedence
constraints) displayed at the bottom line.

Note that 2z, can only be computed until the deepest level of the tree is
reached on all branches, but never before. As indicated by the subscript
in the figure above, we move through the tree in a depth-first type way.
While reaching deeper levels of the tree (the top node has level 1) tours
are built up by adding more and more nodes leading to increasing times,
t, and possibly objective function values, z. If the deepest level of the
tree is reached, and the associated node turns out to be feasible, i.e., a
feasible tour has been constructed and its associated objective function
value, z, has been found and evaluated, the cutoff value, Zg, is tested
for updating. If 2 < Z¢, then Z¢ = 2 (the initial value Z¢ := +00).

Except for eliminations of a priori identified infeasible tours, the tree,
in the worst case, represents a full enumeration scheme. Nevertheless,
this approach is more efficient, i.e., computationally cheaper than the
full enumeration, because nodes and thus whole parts of the tree are
pruned when a node turns out to be

1 infeasible, or

2 value-dominated by a previous solution found, or by a pre-set value,
Zg, computed, for instance, as described in Section 4.3.3.6 or,

3 the optimal node identified by the condition z < 107S.

However, before a new node of the tree is evaluated, the algorithm checks
a priori the two following obvious conditions:

1 precedence constraints (the pickup node of an order needs to be vis-
ited earlier than the corresponding delivery node), and

2 capacity constraints (subtours driving to too many pickup nodes can
be avoided).

Additional computing time savings are obtained because the objective
function and other quantities associated with a tour are computed suc-
cessively when nodes are added. A tour with n nodes requires n suc-
cessive computations of adding a node and updating the accumulated
objective function and other quantities. Thus, for two tours, whose last
and second last node are just exchanged as in 1234 and 1243, the total
computational effort for n nodes is n — 2+ 2 x 2 = n + 2. If both tours
would have been computed independently, the effort would be 2n.
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This approach is limited mostly by memory requirements. The mini-
mal amount of information we have to store for each node is as follows:

1 node number, n,

2 parent node, n,

3 node level, ny

4 number of nodes in the tour already fixed, ny

5 position to be filled when the next child node is created, n,
6 status of the node, n,

7 the sequence of nodes in the tour, ni,ns,...,n

8 accumulated time, ¢

9 accumulated objective function value, z

10 patients load (lying, sitting, wheelchair), p;, ps, Pw

To save memory, our program has the option not to store those nodes
of the tree which have been pruned or fully evaluated. In that case,
the number of nodes of tree’s level to be stored is the number, Nyi,. For
our depth-first search, each child-node is stored into the node position
corresponding to the level of the tree. If there are no pre-assigned orders,
My, is just the number, n, of nodes. If there are mg pre-assigned orders,
then N, = n — mg. Nodes on the deepest level of the tree always show
up as a pair, e.g., 142356 and 142365 with 1423(56) as their parent node.

If one needs the tree only for inspection purposes, it suffices to store
only the first ny nodes instead of storing the full tour-node list for each
tree-node. This would lead to a memory reduction of a factor two. If it is
necessary to store the whole tree, the memory issue becomes problematic.
Table 4.1 summarizes some numerical experiments and lists the number,
N+, of nodes in the tree, the number, Ny, of feasible tours evaluated, as
well as the CPU time (in seconds) needed to evaluate them.

Table 4.1: Numerical experiments for the branch-and-bound approach

NY n Nt Nr sec
2 4 19 6 1
3 6 105 13 2
5 10 39,058 2,591 4
6 12 890,272 7,520 8
7 14 2,525,686 16,193 30
8 16 | 47,706,540 | 124,563 | 300
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This table illustrates the scaling properties of the approach. However,
Nt and Ny depend strongly on whether nodes can be pruned at an early
stage.
The algorithm can be summarized as follows.
Algorithm BBA

1 Initialize the top-node;

2 If the node list is not empty, select a new node; otherwise the last
created tour is optimal;

3 Create a child node and evaluate the partial tour for this node; then
do one of the following substeps

(a) If that child node is on the deepest level of the tree, evaluate
it and thus obtain a new evaluated tour. Evaluate also its next
brother to the right; this gives the evaluation of a new tour - all
nodes of this level and the parent node can be pruned. Goto Step
2.

(b) If it is not on the deepest level of the tree then goto Step 3.

Nodes are selected deterministically following a priori depth first rules.
If one allows less deterministic schemes, it becomes possible to select the
most promising nodes and to continue on those parts of the tree. This
strategy is accompanied by the hope to find good solutions providing
cutoff bounds.

Let us finally summarize and comment on the basic assumption of this
branch-and-bound scheme. The basic assumption is that both the ob-
jective function and the constraints can be evaluated sequentially when
the sequence of objects is constructed, i.e., it is not necessary to know
the complete sequence at the beginning.

The sequencing-scheduling problem involves a set of n distinguishable
objects i (orders, jobs, nodes) which need to be sequenced and sched-
uled, and which are subject to a set of m constraints C;. Let 7 be a
permutation or sequence of those objects, and let 7(7), k =1,...,n, be
the set of the first k£ objects of that sequence 7.

We call an objective function, f(m), cumulative if it can be built up
in sequence, i.e., it depends only on the current and previous objects of
a given (not yet complete) permutation or sequence:

s1 = si(w) = Fi(r1(m))
Sn = Sp(7) := 8pn_1 + Fn(sn-1,7n(m))

f(m) = sn
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The function Fy,(sp—1,Tn(m)) quantifies the contribution of the first n
objects of the sequence to the objective function. A special case is that
Fo(8n—1,Tn(m)) depends only on the ntt object. The total lateness is a
typical example. The current node can be late because there are already
previous lateness. The same “cumulative” concept holds for constraints.
In our branch-and-bound approach, constraints only need to be evaluated
and checked; thus there is no restriction regarding its algebraic character
(linear or nonlinear). If a hard constraint (e.g., capacity constraint) is
violated, this is communicated back to the branch-and-bound scheme,
and the node of the tree is pruned. If a soft constraint (e.g., temporal
constraint) is violated, a penalty function is applied and its value is added
to the objective function.

Thus, our branch-and-bound method is quite general and is suitable
to solve any kind of sequencing-scheduling problem involving cumulative
objective functions and cumulative constraints.

4.3.3 Column Enumeration

In this section, for convenience, we use n instead of NV and r instead
of NO.

4.3.3.1 Motivating a Column Enumeration Approach

On page 82 it had been shown that there exist n” combinations to
assign 7 orders or requests to n vehicles. We later analyze an example
with n = 8 vehicles and r» = 6 orders (in the example, the total number
of orders is 14 and there are already eight of them already pre-assigned),
i.e., 262,144 combinations. Although, it might be possible to compute
all those combinations and select the best one, let us consider another
approach which we call column enumeration approach (CEA). This ap-
proach solves the optimization problem by exploiting its structure. The
assignment decisions are decoupled from the routing and scheduling de-
cisions. The idea of the CEA is illustrated by discussing the example
below. This example is later described in Chapter 5 in greater depth.

If we need to assign r = 6 orders, then we obviously can assign between
0 and 6 orders to each of the n vehicles. There are

T 7!
C.. = = 4.3.43

" ( j ) (r — )i (4.3.43)
combinations, if j indicates the number of assigned orders. Thus, as
shown further down in Theorem 4.4, the total number of scenarios to

evaluate is ., .,
Cr=nY Crj=n "Y=on 4.3.44
SN (7) (4342
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i.e., for n = 8 and r = 6, this gives Cg = 512 subsets. Let us assume,
that for each subset of orders or column, indexed by ¢, we have solved
the individual routing and scheduling problem to optimality, i.e., we
know the objective function value Z,. The optimal tours might have
been computed by the branch-and-bound approach described in Section
4.3.2. Let Cg be the set of all possible assignments, and Cg be the set of
feasible assignments leading to the objective function value Z.. Note that
|C&| < Cg. If the vehicles have the same capacity and time availability,
symmetry could be reduced by excluding those columns ¢, and the time
to compute Z. could be saved.

Now we can formulate a set partitioning problem ensuring that all
orders are assigned exactly once. In order to do so, we introduce the
binary variables, v,:

__J 1, if tour c is used in an optimal solution
Ye = 0, otherwise.

To illustrate the idea, consider the subsets 07 = {1,2,3}, O3 = {6},
and Os = {4,5} of orders which have been identified by solving the set
partitioning problem formulated below. For each of them, the optimal
tour has been computed given the objective function values Z;, Z3, and
Zs. The overall objective function value is just the sum Z3 + Z3 + Zs.
Other subsets, e.g., Oz and O4 have not been selected.

The objective function of the set partitioning problem is thus

Cr
min Z ZYe - (4.3.45)
c=1

The set partitioning model is simple because only one type of constraint
is necessary, namely that one ensuring that each order is covered exactly
once. If I; is an indicator function specifying whether column ¢ contains
order ¢, then the constraints

Cr
ZIC,%=1 , Vi=1,..r (4.3.46)
c=1

ensure that each order is contained exactly once. In addition the inte-
grality constraints hold

v.€{0,1} , Ve=1,..,Cr . (4.3.47)

The optimization problem defined by (4.3.45) to (4.3.47) is easy to solve;
it finds the optimal solution within seconds. If the problem is solved, the
variables v, give, via a look-up table, the orders and the vehicle these
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orders are assigned to. For the larger problems, it might be a problem
to store all these data.

The optimal solution derived from 504 columns (note that this number
is less than the expected one, 512, because for each of the n = 8 vehicles
there is one empty subset we are not interested in) columns takes 30
seconds, the Master problem (4.3.45) to (4.3.47) solves in 10 seconds to
optimality using Xpress-MP.

With this approach it is also possible to solve the problem to opti-
mality with the same set C of columns if the same set of orders need to
be assigned to a smaller set of vehicles. This eliminates the necessity to
re-compute the subsets.

4.3.3.2 Comments on Column Generation Techniques

The term column usually refers to variables in linear programming
parlance. In the context of column generation techniques it has wider
meaning and stands for any kind of objects involved in an optimization
problem. In vehicle routing problems a column might, for instance, as
in the previous subsection represent a subset of orders assigned to a
vehicle. In network flow problems a column might represent a feasible
path through the network. Finally, in cutting stock problems ([33],[34])
a column represents a pattern to be cut.

Column generation is based on a decomposition into a master problem
and a subproblem. In simple cases, such as the ones described by Schrage
[76] in the LINDO manual, it is possible to generate all columns explic-
itly, even within a modeling language. Often, the decomposition has a
natural interpretation. If not all columns can be generated, the columns
are added dynamically to the problem. Barnhart et al. [9] give a good
overview on such techniques. A more recent review focussing on selected
topics of column generation is [27]. In the context of vehicle routing
problems, feasible tours have been added columns as needed by solving
shortest path problem with time windows and capacity constraints using
dynamic programming [26].

More generally, column generation techniques are used to solve well
structured MILP problems involving a huge number, say several hundred
thousand or millions, of variables, i.e., columns. Such problems lead to
large LP problems, if the integrality constraints of the integer variables
are relaxed. If the LP problem contains so many variables (columns)
that it cannot be solved with a direct LP solver (revised simplex, inte-
rior point method) one starts solving this so-called master problem with
a small subset of variables yielding the restricted master problem. Af-
ter the restricted master problem has been solved, a pricing problem is
solved to identify new variables. This step corresponds to the identifi-
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cation of a non-basic variable to be taken into the basis of the simplex
algorithm and coined the term column generation. The restricted master
problem is solved with the new number of variables. The method termi-
nates when the pricing problems cannot identify any new variables. The
most simple version of column generation is found in the Dantzig-Wolfe
decomposition [24].

Gilmore and Gomory ([33],[34]) were the first who generalized the idea
of dynamic column generation to an integer programming (IP) problem:
the cutting stock problem. In this case, the pricing-problem, i.e., the
subproblem, is an IP problem itself - and one refers to this as a column
generation algorithm. This problem is special as the columns generated
when solving the relaxed master problem are sufficient to get the optimal
integer feasible solution of the overall problem. In general this is not so.
If not only the subproblem, but also the master problem involves integer
variables, the column generation part is embedded into a branch-and-
bound method: this is called a branch-and-price algorithm. Note that
during the branching process new columns are generated; therefore the
name branch-and-price.

The reader might ask why we do not use this superior techniques but
use the rather special column enumeration approach. We have done so
for two reasons:

® in the online scenarios we are interested, we need only to solve small
problems instances, where column enumeration is sufficient enough
and

s column enumeration is much easier to implement.

4.3.3.3 Developing a Column Enumeration Approach

If it is possible to generate all columns explicitly rather than implicitly
by a set of linear inequalities, a column enumeration approach [9] might
be possible. The limits of this approach when applied to our problem are
discussed later. Now we describe how to generate the complete set, Cy,
of all columns, i.e., subsets of orders i € O, r = |0], assigned to a set of
vehicles, v € V. Let C, be the union of the sets, Cry, i.e., Cr = Uy—1.. nCrv,
where Cr, contains the subsets of orders assigned to vehicle v. Note that
Crv contains all subsets containing 1, 2, or r orders assigned to vehicle
v. Above it was claimed that C, = 2"n.

THEOREM 4.4 Let r be the number of orders and n the number of vehi-
cles. The cardinality Cy = |Cr|, of the set C,, of all generated columns
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is
T T
,
crznzc,jznz(j ) — '
Jj=0 Jj=0

Proof.  The proof is based on some elementary combinatorial prop-
erties. The factor n is obvious. It just reflects the fact that the same
combinations of orders can be assigned to each vehicle. The coefficient
Crj represents the number of combinations of how to extract j elements
from a set of r distinct elements, and can be found in any book on com-
binatorics. The sum Z;=0 Cy; represents the number of ways in which
a population of r elements can be partitioned into subsets if the size of

the subsets is allowed to be any number j = 0,1,...,r. Noting that
d r
z+1)" = I e 4.3.48
riy =3 (7) (43.48)

it follows that, if we set z = 1 in (4.3.48), we obtain with 1" 7=1

i ( ;” ) =2 (qe.d).

=0

]

We have implemented two different approaches to generate the set Cr.
The first approach works as follows. As there exist 2" subsets for each
vehicle, the construction of the sets explores the binary representation
of the number k£ = 0,1,...,2" — 1. Note that each number n» € IN has
a unique binary representation. Let the orders ¢ be indexed as 1,...,r.
Since k < 27, the binary representation of k is given by

T
k=Y A2 , Awe{0,1} ,
v=0

where Ay, is the coefficient representing the contribution of 2¥ to k.
Assuming for the moment that all vehicles v have the same properties
w.r.t. time availability, we define the subsets C¥, as

Ck ={b+1:1<b<r—1AAwp=1} , YweV ,

which means that the binary coefficients of k select the orders uniquely.
Let us illustrate this by two examples

E = 10=2'4+23 50 ={2,4}
k= 43=2042' 4+ 23425 583 = {1,2,4,6}
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Those numbers of the orders generated in such a way are subject to a
permutation mapping assigning the real names of the orders. If the list
of orders is {A1,B5,A4,C2}, then, for &k = 10, the result is Cé3={B5,C2}.
If the vehicles differ in their time availability, some sets Cp, can be elim-
inated if they contain orders which drastically violate the availability.
For example, if a vehicle is only available in the morning, subsets con-
taining orders with requested pickup times at 4pm hours are completely
infeasible. Note that one would not eliminate them, if they violate a
time availability only slightly. To make this point clearer, consider an
example in which the vehicle is available from 8am to 12am, but the
requested pickup time is 7:55am. Strictly speaking, this order is not
compatible with the availability of that vehicle. But if one accepts a
small delay of only five minutes, then this order can be assigned to this
vehicle. Therefore, the elimination of columns applies more to offline op-
timization scenarios covering several hours, while online scenarios have
a much smaller time range.

The number, N(C,), of operations to generate all columns, Cr, is re-
lated to the computation of the binary representation of the numbers
k=1,...,2" — 1 and thus scales with

NG ~2(r—1) . (4.3.49)

As discussed above in the current section there might be a need to re-
strict the size of the columns to at most, say, m orders. If m < r, we
generate all subsets but just discard those having more than m orders.
For larger values of r it seems to be recommended to use a different vari-
ant to generate the subsets, which considers m right from the beginning;
otherwise the effort to generate all subsets might be too large.

The idea of the second approach is to generate the subsets successively
form/ =1,...,m. For m’ = 1 it is clear how to proceed and to initialize
the procedure. There are r subsets {7} of size m’ = 1 each containing
one order ¢ = 1,...,7. For m’ > 2 we loop over all subsets of size
m’ — 1. Let ¢, _; be the largest order in a subset, S},_;, selected from
level m’. Then we loop over all orders ¢ > i, _;, adding {¢} to S;,_;, i.e.,
Sy, = 8y—1 U {3}, and thus generate r — %},_, subsets of size m. Below
this idea is illustrated by an example for r = 4 and m = 3:

1: ] {1}, {2}, {3}, {4}
=2: | {1,2}, {1,3}, {1,4}
{2,3}, {2,4}
{3,4}
s=3:| {1,2,3}, {1,2,4}
{1,3,4
{2,3,4
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As an example, let us derive the level m’ = 3 subsets from the subset
{1,2}. In this case, we have iy, ; = 2. Thus, looping over i > ¢}, _; +1
adds {3} and {4} to the subset {1,2}, i.e., {1,2} generates ther—iy, ; =
2 subsets {1,2,3} and {1,2,4} and so on (see Fig. 4.3.5).

In order to avoid storing the subsets in memory, it is more efficient
to generate them in a depth-first type fashion in the following sequence
indicated by the subscript (actually, it is a lexicographical order if subsets
of the same level are considered). This algorithm to generate the subsets

1 P 2 " 312 iy
“ & 4
~ \ I
N
~ \ |
N
N \ I
N \ |
12; ¥ 133 ¥ 145 23, —* 24, 3443
A A
X . .
\ I |
| |
\
3 : [
S | |
123 124, 1344 2345,

Figure 4.3.5. Generating all subsets in the column enumeration approach

is, especially for m < r, more efficient than the one based on the binary
representation.

Another complication arises when generating the columns for vehicles
which have already some passengers on board, i.e., mqg, out of mg, + 7
orders have already been assigned to vehicle v. Consider the case that
already two orders have been assigned to vehicle v, and that the size of
the column should not exceed m = 4 orders.

To give an example, we take the set of freely assignable orders to be

O = {A1,A2,A3, A4, A5, A6}

while the orders A7 and A8 have already been assigned to vehicle v. As
moy = 2 and m = 4, only two additional orders, i.e., m — mg, orders
can be assigned. All columns contain the orders A7 and AS8. Then, 0,
1, or 2 orders out of 6 can to be added. Note, this time, we need to add
the empty set corresponding to k = 0 as well. For this special case there
exist Cgo + Cos1 + Cs2 = 1 + 6 + 15 = 22 columns for vehicle v.

In there are no pre-assigned orders for vehicle v, then for m = 4 there
exist Cg1 + Cg2 + Co3 + Csq = 6 + 15+ 20 + 15 = 56 columns (note that
this time the empty column set is not considered) for vehicle v instead
of 512, i.e., we save almost 90% of all columns!
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4.3.3.4 Summarizing the Column Enumeration Approach
Algorithm CEA

1 Explicit generation of all columns C, as outlined before; followed by
a simple feasibility test w.r.z. the availability of the vehicles.

2 Solving the routing-scheduling problem for all columns C,, using the
branch-and-bound approach described in Section 4.3.2 (the optimal
objective function values, Z; or Zcy, respectively, and the associated
routing-scheduling plan are stored).

3 Solving the set partitioning model (4.3.50)-(4.3.53):

Cry NV
mind > ZeaVe (4.3.50)
Yev c=1v=1
subject to
Cr, NV
SN Lnivw =1, Vi=1,.,r , (4.3.51)
c=1 v=1

ensuring that each order is contained exactly once, the inequality

Cro
Y vw<l , Wwev , (4.3.52)
c=1

ensuring that at most one column can exist for each vehicle, and the
integrality conditions

Yo €{0,1} , Ve=1,..,Cpry . (4.3.53)

Unlike the more generic form of the optimization problem defined by
(4.3.45) to (4.3.47), the binary variables 7., and the indicator function
I.,; now depend on the vehicle index v:

_ 1, if column cv is selected
Yev = 0, otherwise.

and
J 1, if column cv includes order 4
cve 0, otherwise.

This allows us to determine easily to which vehicle an order is as-
signed. However, note that not all combinations of index pairs {c,v}
exist; each c corresponds to exactly one v, and vice versa. But much
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more important, this formulation allows us to find optimal solutions
with the defined columns for a smaller number of vehicles. The ob-
jective function and the set partitioning constraints are just modified

by replacing
NV NY
> = 2
v=1jveVY v=1|vEV,
the equations (4.3.51) by

Cro NV
>33 LaYe=1, Vi=l,.,r ,
c=1 v=1|veV,

and the inequalities (4.3.52) by

Cry
ZFYC‘U S 1 s V'U c V* N

where V, C Vis a subset of the set V of all vehicles. Alternatively,
if it is not pre-specified which vehicles should be used but it is only
required that not more than N vehicles are used, then the inequality

Cry NV
Y s (4.3.54)
c=1p=1|vey

is imposed.

4 Re-constructing the complete solution and extracting the complete
solution from the stored optimal solutions for the individual columns.

4.3.3.5 Complexity Aspects and Computational Issues

The complexity and thus, the numerical efficiency and also the size
of the problems which can be solved in reasonable time on a standard
computer (Pentium III, 750 MHz, 512 MB memory, 20 GB harddisc)
depends on the following parameters:

1 the number of vehicles, n,
2 the number of orders to be assigned, r, and

3 the maximal number, m, of orders to be assigned to an individual
vehicle.

Next we discuss how memory and computational time grow as functions
of these parameters.
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The memory requirements of our CEA growths linearly in the number,
n, of vehicles, as the number of columns generated scales with n. Thus,
the computational time to evaluate all the columns is also proportional
to n. From our computational experiments for the number of vehicles
such that 5 < n < 20, the complexity of the set partitioning model does
not grow very fast. Using the commercial MILP solver Xpress-MP [41],
the set partitioning problem is solved to optimality within seconds.

The number, C;, of columns to be generated for r orders, is 27. Note
that 7 is the number of free orders to be assigned. Pre-assigned orders
increase the number of orders contained in the columns but not the
number C,. Typical scenarios to be solved are r = 10 leading to C, =
1,024, while Cis = 32,768 and C2 = 1,048,576. The computational
effort to generate all subsets growths with 27(r — 1) as discussed before
near (4.3.49). This requires solving huge set partitioning problems. The
largest set partitioning problems we have solved so far included 12,030
columns, i.e., 12,030 binary variables. It seems possible to solve larger
set partitioning problems but then more subproblems, and even worse,
larger subproblem have to be solved. However, the subproblems become
smaller in size when only up to m orders are allowed in each column.
Then, only

Cl'=n)_C; (4.3.55)
§=0

columns are considered and need to be stored; let us denote the associ-
ated set of all columns by C™, i.e., C* = |C7*| . The number m may
be derived from the requirement that approximately the same number
of orders should be assigned to each of the available vehicles, i.e.,

ma~l 42 . (4.3.56)
n

Note that we added 2 to the approximate average value to be safe and
not to miss an optimal solution.

If m is significantly smaller than r, the reduction is significant as well,
e.g.,for r =20 and m = 5 we are talking about

5
"y ( % ) = n(L+ 20+ 190 + 1,140 + 4,845 + 15,504) = 21,700n
j=0

rather than 2%n ~ 10°320n = 105n. This example might be realistic
when assigning 20 orders to 10 vehicles; some might have already some
pre-assigned orders.
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For each column the optimal objective function value and its optimal
tour sequencing need to be stored. Assuming that each tour node just
requires 1 Byte to be stored, the total memory requirement (in Bytes)
is (the proof follows after Theorem 4.5)

T ™
. : — . r — r—1 __ T
M, = nj;)(zj)c,,] = 2nj§0] ( j ) =2nr2" = nr2" . (4.3.57)

With 1kB= 1024 = 210 Bytes we get the memory requirements, My, in

MBytes
M,

*:-———-zn

T
T2
Thus, for n = 10 vehicles we get the following results in MBytes

27‘—20

T 13 15 20 25
M; 1016 4.668 200 8,000

This indicates that, in terms of memory, it is hard to use the CEA beyond
r =~ 20. However, the size of the partitioning models to be solved limits
the approach probably already to » = 15. As mentioned above, the
problem may become significantly smaller, if not all subsets but only
those up to a size of m- orders are considered.

The real limiting size is that of the largest routing-scheduling problem
we are able to solve exactly. Thus, the critical quantity is the ratio, N9,
of orders per vehicle to be sequenced. Thus, if the fleet has 20 vehicles,
it is still possible to solve problems with approximate 20N orders.

THEOREM 4.5 For arbitrary v € IN, j € INg and 5 < r the following

equation holds
r
>i(f)=re
g=0 J

Proof. We prove the equation by induction over r.

r=1.

Z}:oj ( Jl ) =0+1=1=1-20 Thus, forr =1 the statement is

true. Now let us consider the induction step. Suppose the assumption is
true for arbitrary r, i.e.,

,-Z:; j ( ; ) =721, (4.3.58)

Let us calculate it for r+1:
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r41 . T+1 r
Zjiéa< i ) 2j=0] ( >+Zr+1 <J—1)

_ . T r— : T
r2t 437 o +1) ( i ) =12+ 07 ( j >+Zj=o ( j ) -
ror—1 _+_,r2r—1+2r =r2" 4+ 2" = (r—{-]_)QT (qed) |

4.3.3.6 Numerical Improvements

In order to compute exact solutions for the overall problem, the routing-
scheduling problem also needs to be solved to optimality. As outlined
in Section 4.3.2 the number of orders, or better, nodes, to be sequenced
is the critical quantity. Thus, the question is whether it is possible to
compute an optimal solution without the need to evaluate all columns
with a higher number of orders. The answer is yes and the approach
works as follows.

Let 2., = 2(C™) be the optimal objective function value derived from
the sets of columns, C*, defined near (4.3.55). Moreover, the cutoff value,
Zgc, 1s initialized to Zg = zqm. The size, m, of the subsets generated,
leading, in the presence of pre-assigned orders, to columns with at most
m + 1 orders, should be chosen as small as possible. If we assume that
the number, r, of free orders to be assigned is r > 6, then a reasonable
choice is

m=min{3,r} , r.:=max{N,:v=1,...,n} ,

where r, i1s the maximum number of pre-assigned orders in the current
vehicle set.

Now we generate all the subsets needed to obtain the columnof C™+1,
Note that ¢ < C™*! and for each C € C™*! there exists a number
ke {1,...,7} and a column C’ € C™ such that

C'=C\{k} ,

i.e., for eachcolumn, C, of the larger set, C**1, of columns we can find a
column, €', in the previous set, C™, of columns. Let 2’ denote the optimal
objective function value of the routing-scheduling problem obtained for
column ¢’. We do not evaluate those columns, C € C™*1, for which
Z' > Z¢ because such columns C can never be part of an optimal solution
of the set partitioning model (4.3.50) and (4.3.53). However, we store the
column and its associated objective function value to zpmy1 = Zc + 1
to be able to use it as a reference column in further iterations. For
those new columns remaining to be evaluated, it is also passed to the
branch-and-bound approach described in Section 4.3.2.
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4.3.3.7 Column Enumeration Coupled to Heuristics

To fully explore the advantages of our CEA, the critical parameters r
and NQ should be matched to each other. While it is possible to solve
the set partition problem with up to r & 15 or a little more, the branch-
and-bound approach becomes inefficient for N¢ > 10. The gap between
10 and 15 can be bridged by solving the routing-scheduling problem
not the approach described in Section 4.3.2 but by solving it using the
sequencing heuristic described in Section 4.4.2. Of course, this cannot be
claimed to be the optimal solution; it is rather a heuristic in itself which
we could call IT3. However, SH has been shown to produce good quality
solutions for those scenarios for which we have been able to compute the
optimal solution via the branch-and-bound approach. Thus, we hope
that this heuristic IT3 produces good solutions for these scenarios as
well.

4.4. Construction and Improvement Heuristics

Here we present heuristics to solve the problem described in Section
4.3.1. The main purpose of the heuristic is to solve larger instances of the
problem. Each heuristic consists of two parts: construction of tours, and
improvement of existing tours. The obtained tours are improved later.
After assigning orders to vehicles, the next step is to sequence the pickup
and delivery nodes associated with these orders in sets O, and to generate
initial tours. The improvement part has two phases: first, improving the
routing and scheduling of each tour separately (the sequence of nodes
in each set O, is changed), and, second, pickup-delivery node pairs are
moved from O,, to Oy,.

4.4.1 Construction Heuristics
All construction heuristics we propose consist of several stages:

1 assigning orders to vehicles;
2 distributing the orders not assigned to any vehicle during step 1;

3 sequencing the pickup and delivery nodes of orders and generating a
tour.

The first stage is common to all heuristics. The basic idea is to distribute
the orders of set ¢ among NV vehicles (i.e., assign them to sets Q) in

such a way that © = UNY,0,, 0;NO; = 0,i # j. Using a set of N? time
bins with a typical value of N2 = 24, it is possible to operate in one-hour
time slices (for instance, if the pickup time of an order is 8:55am, then

the active time slice is 9; if 9:05am, then the active time slice is 10; if
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4:10pm, then the active time slice is 17). First, the orders are sorted in
ascending order of pickup times. Order ¢ is assigned to set (J,, if the
following conditions hold simultaneously:

m the active time slice & of order ¢ falls into the time window during
which vehicle v is available;

® vehicle v has not more than N© /N V orders (average per vehicle) in
time slice k;

® vehicle v has no orders with similar pickup times (i.e., the difference
in pickup times not more than, for instance, 5 minutes);

® the capacity constraints are not violated for vehicle v, i.e., in time
slice k values CX, C¥ or C$ are not exceeded.

If there are several vehicles satisfying these conditions, then the vehicle,
vy, that has the lowest number of orders in time slice k, is chosen. Fi-
nally, NV disjunct sets, @, of orders are produced. Orders that are not
assigned using the heuristic described above, are collected in the set OV
of unassigned orders. The orders i € OV are treated as additional orders
to be assigned during stage 2. As orders involving lying passengers may
lead easier to infeasibilities, such orders are distributed earlier then all
other types of orders.

At stage 2, orders o € OV have to be assigned to the existing tours
Ty. Again, we sort them w.r.z. increasing pickup times. Further there
are two possibilities to distribute the orders. The simpler heuristic, DU,
distributes the orders uniformly to the available vehicles irrespective of
all constraints, i.e., the first order from the set @OV is assigned to the
first vehicle, the second order to the second vehicle and so on. In this
case, the capacity constraints can be violated; this problem is discussed
later. The second heuristic, DB,distributes the remaining orders to the
vehicles, which would suffer less, i.e., each order is added at the best
place of the tour, which gives minimal sum of delays, S2. DB is usually
combined with stage 3.

Finally, stage 3 can be performed using two heuristics, CONH1 and
CONH2 described below.

44.1.1 Heuristic CONH1

This heuristic arranges the orders in each set (J, according to in-
creasing pickup times of the orders, ie., TE < TF | forall m =
om om+

1,...,NQ — 1, where i,,, is the pickup node of order oy, (furthermore,
we define jo,, to be its delivery node). If the target time for order o,
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is set for delivery instead of pickup, then the pickup time is calculated
by the formula: TE = T-L — Ag. The initial tour for each vehicle v
is constructed as foﬁows t171"e vehicle just leaves its source depot, drives
to the pickup node of the first order, delivers the patient at its delivery
node, drives to the pickup node of the next order, and so on, i.e.,:

Sy = foy = Jo, = log ™ Jo ™ -+ D o0 ™ Joyo —
v v
respectively, the tour is defined as a sequence of nodes
Z, =nNg—nNy —>nNg —...— nszO__l d n2NUO — TL2N1(})+1

The target times for such tours may be violated but possibly not too
much. Obviously, the capacity constraints and the Ag limit are satis-
fied. The quality of the tour with respect to the temporal constraints
is qualified by the maximum time deviation, D,, and the total lateness
SP.

If, during the second stage, orders originally not distributed are as-
signed to vehicle v uniformally, some orders in a tour may have similar
pickup times (not differing by more than, say, € = 0.05, in hours). They
are integrated into the tour as follows (let, for instance, the orders oy,
02, o3 have the same pickup times):

Sy = ... Gg; —>loy = Tog — Joi — Jog —> Jog — .- — dy

If vehicle » has pre-assigned orders, at first the pre-assigned patients have

to be delivered. Let op, and op, be pre-assigned orders with T2 < TF |
%p1 opy’

then the nodes are sequenced as depicted:

Sy = Jop, — Jop, ™ty > Joy oz > Jog - — Yoo —"]oNO — dy
v v

4.4.1.2 Heuristic CONH2

For this heuristic, all orders in each set, ©,, have to be sorted accord-
ing to increasing pickup times. Let order o; € O, have the earliest pickup
time and order o), have the latest pickup time. At the beginning, tour
T, consists of only one order, o1:

Sy = Go; = Jo, — dy (4.4.1)

Each subsequent order oy, starting with o2, has to be added to 7,. The
pickup node i,,, and the delivery node j,,,, associated with order om,
will be inserted at the best positions in 7y, i.e., to the positions which
gives minimal value for SP. This will be done by using full enumeration
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illustrated in the example below. Suppose order oz has to be added.
As the delivery node of an order is visited later than the corresponding
pickup node, only six potential tours are possible:

Tl

v 1Sy = loy = Jo, = foy = Jo, — dv

’1:,2:31,—»%1—)1'02—’]'01 — Jog — Ay
7;,3:Sv-—>iol—*ioz_’j02_*j01_)d'v
7;)4:3v_,i02-—>j02—+i01—>j01——>du
7:;5:3v_’i02—’i01—’j02—_)j01_)d'”
TS : 8y — oy = o, = Jo = Jop = o

Now we choose that tour 7,7 for which
sb* .= min{&?”,l SpSG}

Notice, that for some of 7 the capacity constraints can be violated.
Since capacity constraints are hard, the penalty for violating them is
much higher than for violating time constraints. Therefore, in the worst
case CONH2 produces the same solution as CONH1. There are slight dif-
ferences in the construction of the initial tour 7y, if vehicle v has pre-
assigned orders op, ,0p,, ..., 0p,. In this case the initial 7, is constructed
as follows:

v = fop, — Top, — e = oy, — Jop, — d, . (4.4.2)

The pickup and delivery nodes of the remaining orders can be inserted
at positions which follows after the block top, z’om — .. ion’ while
corresponding patients are already inside the vehicle v. The heuristic in-
serts the remaining nodes in 7y, starting with delivery nodes j(,pz s aer jon
of pre-assigned orders. For instance, jo,, has only two possible insertion
positions:

Sy = Toy, > Lo,y — oo ™ Loy, = Jop, ™ Jop, = v
Sy — ioPl - iopz e i"pb - j"m - j"Pz — dy
The following theorem estimates the performance of CONH2.
THEOREM 4.6 Heuristic CONHZ2 constructs the tours in polynomial time.

Proof. Let us see how many operations are necessary to construct one
tour. Consider the case when set O, has no pre-assigned orders. Then
|Oy| — 1 orders have to be added to the initial tour. This means that we
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need to insert 2(|Oy| — 1) nodes. To insert the first node from the set of
remaining nodes, there are three possible insertion positions (see 4.4.1),
for the second one - four positions, for the third one - five positions,
and so on, for the 2(]Oy| — 1)th node there exist 2|0, possible insertion
positions. In total, it takes

20, |
2|0, 1(2|O0y| + 1
3+4+..42|0y| = =3+ ) n= 1O ( '2 +1)_5_ 2(10))%+|0,]-3
n=1

operations to construct one tour. This procedure is applied to each
vehicle, i.e., in total, NV times. Notice, that max,—; _nv(|Oy]) = NO.
Thus, it takes O(NC, NV) ~ NV (N©)? operations to construct all tours.
Obviously, O(N?,NV) is a polynom. If O, has pre-assigned orders, the
initial tour 7, has at least two nodes, therefore at most 2(|O,|—1) nodes
need to be inserted. Thus it takes even less number of operations to
construct tours (q.e.d). M

After the construction phase of the heuristic, each vehicle has a sequence
of nodes, Ty, tobe visited. Combining CONH1 or CONH2 with DUor DB there
are four different ways to construct tours 7,. The following examples
illustrate the construction heuristics.

Table 4.2: Input information about orders

order T type
01 13.50 | sitting
02 13.75 | sitting
03 13.75 | sitting
04 13.76 | lying
o5 14.00 | lying

Table 4.3: Input information about vehicles

o TBV.E.- TDVL;
1| 13.75 | 14.20
2 | 13.75 | 24.00

EXAMPLE 4.7 Consider the set of orders presented in Table 4.2 with
information about the availability of the vehicle from Table 4.3. Here
NO =5 NV =2. Let the current time be 13.75 and CL = 2, C5 = 5.
Notice that some orders have pickup times earlier than the current time
(it means these orders will be certainly delayed).

After distributing all orders, the sets O, looks as follows: Oy = {04,05},
Og = {B}. Orders originally not assigned are collected in the set OV =
{01,02,03}. Orders from OV will be distributed using DU and DB methods.



Vehicle Routing Problems in Hospitals. [ 109

EXAMPLE 4.8 Using the sets Oy from the previous example, the heuris-
tics CONH1 and CONH2 lead to the following results for Ty, Dy and SP (in
hours).

DU and CONH1:

[

0.61 | 1.78 | o, — Jo; — fo3 — Joz —* fog —* Jog — fos — Jos

2 [ 0.00 | 0.00 | i0; — jo

DU and CONH2:

D, |Ss) | T
T | 0.61 | 1.66 | 0, — Jo; — fog — fog — Jos — Jog — Gog — Jos
0 0 ’J:a-z T j02

DB and CONH1, CONH2:

v][D, [STTT,
1| 0.33 | 1.00 [ 2o, — io, — og —* Jog — fos — Jos — Joi —* Jos

2 | 0.00 | 0.00 | i0, — jo,

In this case DU and DB distribute orders contained in OV in the same

way:
O1:=0;U {01,03},
Oy := 0Oy U {02}.

As expected, the method CONH2 produced a better solution. The quality
of the constructed tours with NZ < 2 is estimated by the following
proposition.

PROPOSITION 4.9 Let Ty, be an arbitrary tour. If T, consist of two orders
01 and o2, then a solution produced by CONH2 is optimal.

Notice that this proposition cannot be extended to NS > 3.

4.4.1.3 Penalty Criteria

Tours constructed by the heuristics described above do usually not
fulfill all temporal constraints. Capacity infeasibilities can occur due to
applying DB for distributing remaining orders. In order to remove those
infeasibilities we use a penalty approach in the improvement heuristics.
The following parameters are used to penalize the various constraints
when evaluating node n:

® 7y - penalizes capacity infeasibilities (i.e., an order is assigned to a
vehicle v for which the number of sitting, lying patients or ones in
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wheelchairs exceed C%, C¥¥ or C5 values, respectively); the lateness,
dun, associated with node n assigned to vehicle v is set to dy, := m1
if the vehicle’s capacity is exceeded,

a 7y - used when an order is not in the vehicle’s time windows (i.e.,
an order is assigned to a vehicle which is “not yet” or “already not”
available); dyy 1S set to dyp 1= 72

m 73 - used to avoid that a patient needs to spend more than Ay minutes
in a vehicle. If ¢ denotes the time, a patient spends already in a
vehicle, d,, is set to

dyn == w3 max(0,t — Arp)

4.4.2 Improvement Heuristics

The constructing phase of tours is followed by a tour-improvement
phase. We have developed two different heuristic approaches:

» improving each tour 7, separately (sequencing heuristic; SH) ;

= improving tours by re-assigning orders to other vehicles (reassignment
heuristic; RH).

The sequencing heuristic rearranges each tour, 7, in such a way, that
the sum of lateness and maximal lateness will decrease, if this is possible
at all. Initially, 7 is characterized by S&. The procedure starts by
identifying the node n,,, in this tour which has the maximum lateness
and its associated pickup or delivery node, 7, i.e., in each tour 7, we
identify the node with maximal S@,. The order oy, which contains both
the worst node and the corresponding pickup or delivery node, will be
removed from 7,,. These two nodes, which form oy, will be inserted at
possibly better positions in the same tour such that new characterizing
values SP < SF. This is done by the full enumeration scheme described
in Subsection 4.4.1 for heuristic CONH2 .

After all tours have been improved, one of the two following reassign-
ment heuristics, IT1 and IT2, respectively, is applied to improve the
tours.

4.4.2.1 Heuristic IT1

This heuristic starts with identifying the worst tour, 7,,. The worst
tour may either be identified by

a the total lateness, that is

w=min{j: P >8P v=1,...,5-1,j=2,.,N'}
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w considering both the maximal sum of lateness and the maximal late-
ness:

w = min {j (8P > SPYA(D; > Do), VT }

Then, within tour 7y, the worst order o,, is identified. Note that this is
the order associated with the maximum lateness, dyn. Order o, (with
its associated pickup and delivery nodes) will be removed from 7, and
inserted into the tour of another vehicle.

A set of different strategies is provided to select the vehicle or tour,
respectively, to which order o, is reassigned:

m Insert order oy, removed from 7y, into the tour of that vehicle, which
after checking all potential vehicles, has the smallest sum of lateness
and smallest maximal lateness.

a Insert order o, into that tour, for which this insertion leads to a
minimal increase of the sum of lateness and the maximal lateness for
the tour of this vehicle w.r.z. all other potential vehicles.

s Insert order o, into tour 75, where 7y is the best existing tour, i.e.,
tour with the minimal sum of lateness.

Note that it may happen that no vehicle exists which is able to take this
order o, according to the above criteria.

4.4.2.2 Heuristic IT2

This improvement heuristic, at the beginning, identifies the worst
node, ny, for each7y, v = 1,..., N¥. The associated worst orders,oy,,
corresponding to n;, will be removed from each 7, and collected in the
set, named Of. The orders in the set O will be distributed in sequence
to the vehicles, which would suffer less, i. e., the sum of delays, SD . are
computed for each tour, 7, and the orders are added to the tour with
minimal sum of lateness.

Notice, that it is best to use a combination of the reassignment heuris-
tic RH and the sequencing heuristic SH. The computational experiments
summarized in Appendix B.B.2.2 suggest to start improving tours with
SH, then apply IT1, IT2 or a combination of them, and again apply SH.

4.4.2.3 Adding an Order to a Tour

To add an order ¢ to an existing tour 7Zgy, first, the sum S&’, of lateness
in this tour, and the maximal lateness Dg, of To, are computed. The
basic idea is to determine the best insertion points for these nodes (the
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pickup and the delivery nodes of i) by a complete enumeration procedure.
In an outer loop, the pickup node n; is varied over all possible insertion
points. Then, in an inner loop over all remaining points, the delivery
node, ny, is inserted (those nodes follow after the pickup point w.r.t. the
time, i.e., ng > ny). Let us denote this tour by 7,(i1,%2), the associated
maximal lateness D, (1,72) and the sum of all deviations, S2(i1,42). The
best insertion points follows forall k; = 1,...,43—1land ke = 1,...,i2—1
as the couple

SI,D(il,ig) < Sf(kl,kz)
{i1,15} := min ¢ {k1,k2}| Du(i1,%2) < Dy(k1,k2) + Pp ,  (4.4.1)
Ty (i1,52) € T,F

where 7.7 is a set of all feasible tours for vehicle ». Note that the
formula (4.4.1) contains the tuning parameter Pp which allows a certain
additive increase of the maximal lateness (with respect to the minimal
value found so far), while otherwise, we determine the minimum of the
sum of all lateness over all feasible tours, i.e., Ty (i1,42) € T.F. This
tuning parameter, Pp, is one of the most sensitive parameters in the
heuristic. Its value can be chosen in an experimental way, depending on
D,.

4.4.2.4 Termination Criteria

The improvement heuristics can be applied iteratively. For example,
at first we apply IT1 and IT2, and when IT2 does not produce an im-
provement we can again apply IT1 and so on. How should we control
the moves in our heuristics and when should we stop them? Let us first
list some intuitive criteria and discuss whether they make sense:

s by number of iterations;

= by inspecting the standard deviation of the lateness in the tours;

= by inspecting the improvements in D, and S72;

= by comparing the values of D, and SP with some pre-given values;

» if SP =0 for all tour.

All these criteria might appear arbitrary and it is reasonable to discuss
under which conditions they are useful. The number of iterations needed
to converge may be different for different problems with different orders
and vehicles. Certainly, D, and SP cannot become smaller than zero.
On the other hand, if they are equal to zero, then this tour is optimal.
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If this holds for all vehicles v then the overall solution, i.e., the set of all
tours, is optimal.

If all tours have similar values of Sf , Il.e., the standard deviation, og,
falls below a certain value, then not much can be achieved by moving
an order from one vehicle to another one. This might be a good time to
stop the iterative procedure.

Of course, if SE = 0 for all vehicles we can stop because this is an
optimal solution fulfilling all temporal constraints. This is the ideal
stopping criteria although it probably will be become active only very
seldom. Instead we can trace how S{,) or S decrease. Let S and Sp be the
sum of lateness and the sum of maximum lateness after reassigning an
order from one vehicle to another one, and S° and SP the corresponding
values before reassigning. There are two different schemes implemented
which are applied if a new vehicle has been accepted in the cross-over
routine:

1 If the conditions |§ — §°| < e and |Sp — SB| < e are satisfied we stop
indicating that there is no significant change.

2 If the inequalities S9 < § < 1.0559 hold, we accept this slight increase
and stop.

It may happen that no stopping criteria becomes active and cycling
occurs. A cycle appears, for instance, when the heuristic at first moves
an order from vehicle v; to v (v;y — v2) and the next time back, from
vehicle vp to v1 (v2 — v1). A cycle more complicated to detect looks as
follows: v1 — vg, v3 — w4, V2 — v1, ¥4 — v3. We check for both
types of cycles and change one time from IT1to IT2. If this change has
already been applied and cycling is identified, the reassignment heuristic
stops.

EXAMPLE 4.10 In this example we illustrate the final solutions using
IT1, IT2and CONHI and CONH2 with DB, DU for distributing remain-
ing orders. Also we combine ITI1 and IT2. For this particular exam-
ple CONH1I produces the same result in combination with improvement
heuristics as CONH2. So, further we do not indicate which one is used.
In combination of IT1 and IT2 both heuristics are applied consecutively.

DU and ITI (51_1:%)% D, =026,52%_ 8P = 0.43>:

v | Dy SD T,
1]0.26 | 0.28 | io, = d0, — fo5 — Jo, — Jog — Jos
0.15 | 0.15 | G0 — 90; — Jos —* Jos

DU and IT2 (max Dy = 0.26, Y2 8D =0.42):
v=l,
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DU and combination of IT1 and IT2 Qm% D, = 0.26, 25:1 Sh = O.42> :
v=l1,

Do | 55 |5
1 | 0.26 | 0.42 | 40, — 0y — fog — Jos — Jog —* Jog

0 0 to; — oy — Jos —* Joy
DB and IT1 (max Dy = 0.26, Y2, SD =0.41):

v|D, |8 | T
1 0.26 0.29 i01 - iog _— iog, — joi - jﬂa =P jﬂb
21012 | 012 | 45y, — To; —* Jog —* Jou

DB and IT2 (max Dy = 0.26, Y2 8P =1.00):
v=1,

D, |8 |T
0.26 1.00 | i, — ioy — fog —* Gog — Jog —* Joy —* Jog = Jos

0.00 | 0.00 | 7oy — Joo

b =

DB and combination of IT1 and IT2 <51;:1n§ D, = 0.26, Zf,:l SD = 0.41> :

D, |8 |7
1 0_26 029 ?:al — ia“ =t 3‘95 — j0| _ j";i S jab
2 012 012 'icu = 192 b jﬂq = jo'.]

This simple example is too small to see the efficiency of combining IT1
and IT2, but in offline cases the combination of these two heuristic can
improve the solution significantly.

4.4.3 Simulated Annealing and Vehicle Routing

Simulated Annealing (SA) belongs to the class of metaheuristics for
solving optimization problems using a simulation-based approach. Al-
though SA can be applied to continuous optimization problems [87], it is
frequently used for finding good, not necessarily optimal solutions to a
wide variety of combinatorial optimization problems. The original idea
of SA stems from statistical mechanics and Monte Carlo techniques. It
can be seen as a generalization of a Monte Carlo method for examining
the equations of state and frozen states of n-body systems [59], espe-
cially the slow cooling of metals. The Monte Carlo method is coupled
to a probability acceptance criterion, which allows to escape from local
optima. While often the global optimum is reached, the method neither
can guarantee this, nor can it provide a safe bound on a minimization
problem. However, by finding feasible points it can provide an upper
bound for minimization problems.
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As other metaheuristics, SA has been applied to vehicle routing prob-
lems (cf., [62],[16]). In this section we present our own formulation of
the problem to be set up for an SA routine. This enables us with little
programming overhead to treat larger problems and to find (hopefully)
good feasible tours. Especially, we use the SA for offline optimization
scenarios with 200 to 300 orders.

4.4.3.1 Monte Carlo Methods and Simulated Annealing

In its simplest form, Monte Carlo simulation samples the possible
states of a system by randomly choosing evaluation points. The ensem-
ble of randomly chosen points in the search space provides some infor-
mation about this space. This procedure is useful in some problems,
e.g., finding the area of regions bounded by a complicated curve. Un-
like choosing those points randomly, in SA a new point in search space
is sampled by making a slight change to the current point, i.e., a new
point is selected in the vicinity or neighborhood of the current point.
The choice of the neighborhood depends strongly on the problem. To
illustrate the neighborhood concept, consider a new orientation of the
helium atoms created by making a random, small change to the coordi-
nates of each atom. If the energy of this new orientation is less than that
of the old one, this orientation is added to the ensemble. If the energy
rises, a Boltzmann acceptance criteria is used. If the energy rise is small
enough to fulfill a probabilistic rule involving a term such as e BE/T with
energy change AF, and temperature 7, the new orientation is added to
the ensemble. Conversely, if the energy rise AFE is too large, the new
orientation is rejected and the old orientation is again added to the en-
semble. What is unique about this Boltzmann acceptance probability is
that the temperature of the system must be used.

In 1983, Kirkpatrick and colleagues [52] proposed a method using
a Metropolis Monte Carlo simulation to find the lowest energy (most
stable) orientation of a physical system. Their method is based upon
the procedure used to make the strongest possible glass. This procedure
heats the glass to a high temperature so that the glass is a liquid and the
atoms can move relatively freely. The temperature of the glass is slowly
lowered so that at each temperature the atoms can move enough to begin
adopting the most stable orientation. Ifthe glass is cooled slowly enough,
the atoms are able to “relax” into the most stable orientation. This slow
cooling process is known as annealing and gives the name to this method
simulated annealing.
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4.4.3.2 Optimization Problems and Simulated Annealing

Let us now consider how SA can be applied to optimization problems.
Combinatorial optimization problems are often represented by graphs.
Let us therefore consider a graph with an energy E assigned to each
node. The energy is to be minimized, i.e., the energy plays the role of the
objective function, f(x), in the optimization. In the parlance of SA, the
nodes are called ‘states’, the arcs represent ‘moves’ or ‘transitions’ from
one state to a neighboring state, and the energy is sometimes called ‘cost’.
Table 4.4 compares and relates the language used in both disciplines:

Table 4.4: Analogies between the physics and optimization

Physics Optimization
energy objective function
states, configuration | nodes of a graph, or the decision variables, x
moves, transition arcs of a graph
false solution local solution
ground state global minimum

The analogy and the generalization of this Monte Carlo approach to com-
binatorial problems is straightforward ([15], [52]) for some of the objects
involved. The current state of the thermodynamic system is analogous
to the current solution to the combinatorial problem, the energy function
is analogous to the objective function, and the ground state is analogous
to the global minimum. The major difficulty and art in implementing
the SA algorithm is that there is no obvious analogy for the tempera-
ture 7 with respect to a free parameter in the combinatorial problem.
Furthermore, avoidance of entrainment in local minima (quenching) is
dependent on the “annealing schedule”, the choice of the initial temper-
ature, Tp, the choice of the number of iterations, Nt, to be performed
at each temperature, and the choice of temperature decrement at each
step as cooling proceeds described by either AT or 6.

With a randomly chosen initial state, Sp, the SA algorithm then works
as follows:

initialize state S = Sp

repeat the outer loop (until done)

{ ,

T = new temperature, T”, repeat (until inner-loop criterion)
{ generate new state S’ = random neighbor(.S)
compute the energy difference AE = E(S') — E(S)

SLifAE <0

re-set state 5 = S’ with probability e~2E/T if AE >0
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The temperature T is the control parameter of the algorithm. It is
always decreased gradually as the annealing proceeds, but the choice of
an optimal control of 7 is a very subtle issue. While annealing works
well on a wide variety of practical problems, like other metaheuristics it
always requires considerable fine-tuning depending on the optimization
problem at hand:

= What is the best initial temperature?
m How fast should be done cooling?

® How long should the simulation be run at each temperature, i.e., how
many time the inner loop should be execute?

m When should the outer loop be terminated?

The initial temperature depends on the expected value of the energy,
i.e., objective function. The answer to the third question depends upon
the maximum size of the Monte Carlo step at each temperature. While
a pure Metropolis Monte Carlo simulation attempts to reproduce the
correct Boltzmann distribution at a given temperature, the inner-loop of
SA optimization only needs to be run long enough to explore the regions
of the search space that should be reasonably populated. This allows for
a reduction in the number of Monte Carlo steps at each temperature, but
the balance between the maximum step size and the number of Monte
Carlo steps is often difficult to achieve, and depends very much on the
characteristics of the search space or energy landscape.

4.4.3.3 Improving Tours by Simulated Annealing

In order to improve tours or the driving schedule of the whole vehicle
fleet we have to develop a neighborhood concept, a transition mechanism
and a cooling scheme. We investigated two different SA implementations:

» improving only each tour for each vehicle separately, and
= reassigning orders from one tour to another one.

Improving tours individually, i.e., single-vehicle tour improvement, pro-
duces usually an improvement by 20 to 30% compared to using heuristics
alone. Our implementation of SA applied to reassigning orders was not
successful.

Let us start by adjusting SA variant for improving an individual tour.
If we neglect the temporal and capacity constraints for the moment, such
a tour can be understood as a tour in the traveling salesman problem
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(TSP) with a different objective function. However, this objective func-
tion is not the sum of terms which only depend on the distance between
adjacent nodes but an objective function depending on the whole tour
characterized by the sum of lateness and maximal lateness. Nevertheless,
this analogy with the TSP helps us to define the neighborhood concept
or to define appropriate transitions.

In TSP-like problems one often just reverses the direction between
two nodes. Therefore, we will call this operation swap. It just depends
on two numbers n; and ns, ng # n1, 1 < ny,ne < N and transforms a

given tour 7 with N nodes v1,vs,...,UuN
T :={V1,V2,...,Vn;—1,Vn1sVni+1s- -+ Vng—1,Vng, Vng+1, - - - ,UN }
into
TR .= {v1,v2, .. Unj=1,Vng, Yny+1, - - - yVng—1,Vn, Vno+1, - - - VN }-

Note that the only requirement is ng # mi. In the example we have
ng > n1 but this has been chosen only for demonstration purposes.

Alternative to this operation swap we may also wish to shift whole
tour segment. This operation is called shift and is characterized it by
three numbers n; < ny, and ng; with 1 < ny,n2,n3 < N and another
condition described below. Let us demonstrate this operation by a small
tour consisting of 10 nodes and n; = 3, n2 = 6 and n3 = 4. At first we
extract the node segment starting at node 3 and ending at node 6 from
the original tour

T := {v1,v2,v3,V4,V5,V6,V7,V8,V9,V10}
which gives
T' = {v1,ve,v7,v8,v9,v10} , Te:={vs,va,vs,v6}
where 7; is the extracted path segment. Note that 7. contains
N(T,) :=ng—n1 +1
nodes. Now we insert the node segment 7, after position ng of 7’ which

gives
T5 = }
:= {v1,v2,V7,V8,V3,V4,V5, V6,19, V10

From this small example we can derive the necessary condition
N-n3+1>N(T,)en3<N-N((T)+1

for obtaining a feasible shift.
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We can now define how often the swap and the shift operations should
be applied. We want to use these operations randomly. Thus, we just
need to define the frequency of one operation with respect to another
one. Let p, 0 < p < 1, define the probability that we choose the shift
operation. If we let a uniform random generator decide which operation
to choose, we obtain the following limit:

S
lim & = 2
k—oo N 1-— P
As described in Section 5.2.6, p = 0.0125 turns out to be a good value.

Let us now concentrate on the cooling scheme. We start with an initial
cooling temperature 7p. If z is the objective function value associated
with a tour before applying SA, our numerical experiments in Section
5.2.6 show that Tp = 0.1z is a good value. For each sequence of n
successful transitions, the cooling temperature is decreased according to
the proportional cooling scheme

Ty =61 , k=1,...,K
with § = 0.9 established in Section 5.2.6.

Treating Constraints. Constraints are enforced by penalizing vio-
lations as this gives maximal flexibility to incorporate all the features
present in the real world problem. As was mentioned in Section 4.4.1.3,
penalty parameters 71 and mg are applied to capacity and time window
constraints. Violations of the time windows related to the availability of
vehicles are penalized by the penalty parameter 3.

Objective Function. The objective function is composed of the to-
tal lateness, S, and the maximum lateness, D,. We might choose, for
instance, z = S, + WpD, with Wp = 15. Other test runs with different
values of Wp gave worse results. The values S, and D, contain penalty
contributions if a tour violates a temporal or capacity constraint.

Termination Criteria. Here we might choose either the number of
iterations, i.e., how often the temperature has been decreased, the tem-
perature itself, or the number of successful moves. In our numerical
experiments we stopped after Nt = 100 temperature decreases.

Applications Variants. There are many degrees of freedom in apply-
ing SA to our problem. We use it either after the first improvement of
the constructed tours (IFSA1l= 1), then start the cross-over heuristics,
and then apply it again to the each individual tour (IFSA2= 1), or al-
ternatively (IFSA1= 0, IFSA2= 1), we apply it only after the cross-over
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heuristic finished. The latter worked significantly better. This can be
understood as follows. The better the solutions of the individual tours,
the more difficult is it for the cross-over heuristic to obtain successful
moves and to reassign an order to a different vehicle.

We also developed a SA scheme for cross-over and inter-tour opti-
mization, but this approach turned out not to be successful. Almost all
attempts to reassign an order to another vehicle did not improve the
objective function used in SA. Thus, we gave up on this and used SA
only for intra-tour optimization.

4.5. Summary

In this chapter we have developed several approaches to solve VRP-
PDTWs in hospital transportation. These include exact optimization al-
gorithms (MILP and column enumeration) and heuristic methods. The
exact methods are designed to solve online problems of small or mod-
est size. While the MILP approach (Section 4.3.1) often requires a long
time to prove optimality, the column enumeration approach (CEA, Sec-
tion 4.3.3) allows to compute optimal solutions very fast. This approach
is based on decomposing the problem into a master problem (a set parti-
tioning problem controlling the assignment of orders to vehicles) and a set
of subproblems (intra-tour problem, routing and scheduling). To solve
the routing and scheduling problem exactly we have developed a branch-
and-bound method which prunes nodes if they are value-dominated by
previous found solutions or if they are infeasible w.r.z. the capacity or
temporal constraints. This approach works fast for up to 10 orders per
vehicle. This branch-and-bound method is suitable to solve any kind of
sequencing-scheduling problem involving cumulative objective functions
and constraints, which can be evaluated sequentially.

To solve intra-tour problems containing more than 10 orders we have
developed various construction and improvement heuristics (Section 4.4).
Especially, to treat larger offline problems with several hundred orders we
developed a heuristics to reassign orders to other vehicles, and improve
existing tours by simulated annealing (Section 4.4.3).



Chapter 5

VEHICLE ROUTING PROBLEMS
IN HOSPITAL TRANSPORTATION. 11
APPLICATIONS AND CASE STUDIES

In Chapter 4 algorithms and heuristic methods have been developed
to solve the vehicle routing problem arising in hospital transportation.
Here we apply them to the real world problem described in Section 5.1.
Real world data enable us to test the models and the heuristics (see
Section 5.2).

5.1.  OptiTrans

Here we briefly review only those aspects of the hospital project ”Opti-
Trans” with the Klinikum des Saarlandes in Homburg which are relevant
to the online optimization requirements, because this joint project be-
tween the ITWM and the Klinikum des Saarlandes in Homburg has been
described earlier in great detail [22].

Homburg has a major hospital campus consisting of many buildings
spread over 300 ha (see Fig. 5.1.1). The transportation inside the campus
is served by a vehicle fleet. One may need to use a vehicle, because some
buildings are located very far from each other. Further, the physical state
of some patients may also require transportation by a vehicle (passenger
transport). Moreover, some passengers need to lie in bed while being
transported, others can sit, others can only sit in a wheel chair, some
need assistance, i.e., they are accompanied. A few need a special car
which carries them in their bed. And again, some others are infectious
persons requiring that the car is completely cleaned after a tour.



122 Online Storage Systems and Transportation Problems

Figure 5.1.1. A map showing the hospital campus of the Homburg University

In addition, various objects (medical goods, laundry, food, documents,
etc.) have to be transported between buildings every day (the buildings
will be called as ’pickup location” and “delivery location™).

Usually hospitals run their own vehicle fleet to cover their transporta-
tion needs. There are 13 vehicles in the Homburg hospital. There are
two hospital employees responsible for one vehicle. Each vehicle provides
space for two lying and five sitting passengers. The main daily operating
time is from 7am to Spm, but as shown in Fig. 5.1.2 there are also orders
at other times.

The dispatcher in the central office at first collects the data character-
izing orders, and then passes them to the drivers (Fig. 5.1.3). Orders are
characterized by their name, pickup and delivery location, required or
preferred pickup and delivery times, number and type of passengers or
objects to be transported, accompanying personnel to be transported,
service times for picking-up and delivering a patient. Special orders
are those involving infectious passengers or goods, or those requiring a
doctor accompanying the passengers. The dispatcher has to assign those
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Figure 5.1.3. Information flow in hospitals

orders to the drivers and vehicles, keeping in mind that waiting and driv-
ing times as well as empty drives have to be minimized while passenger
satisfaction has to be maximized (see Fig. 5.1.4).

Each day, about 200 to 300 transport orders have to be served by this
fleet, most of them between 7am and Spm. The life of the dispatcher
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becomes more complicated because many orders arrive at short notice.
Every hour about 20 to 30 new orders appear and need to be assigned and
scheduled to the available vehicles requiring that tours can be modified
and extended. Typically, one or two passengers are already in a vehicle,
when a new order, i.e., pickup location is assigned to a vehicle. The
orders associated with the passengers already loaded to the vehicle are
called pre-assigned or active orders (i.e., not all old orders are fulfilled
when new orders arrive: some patients are still on the way to their
destinations).

Y- l«\)/] Cof - Cndor (ol -~ Bndes
— § (% ]
Johedienst | (don)  Edel) v Gaopy) s
Solam  #t e Wiese ' Ce ™ g\.ug B
wu [ord ivhmh wLF [$D 4_) - sWo rlz Sone a
o )EMr ? = i RC\ L\ S | :*‘\ }, T S | :
I:vim Sabe el | Lm L“H 23 j e ._

::\ﬁ],_ (;)f\-;‘.taﬁ ,_3 — SN0 J\‘} 5- W ukL
10 el ) WiGosde ol (Segiel) - (f‘wn&r\ LY
"3 T A Nodepe
Co-Awo  [EY- MNP g1~ NeOP ANo- il

J{w«n Y| Y] ey (e
mann Lamaety | ?}v% : Thete

- Swo | 3p- BBL3 | K3 Lol | KL-Sovo |

B.E: (3%*) Godl  (Smory 1 Cwong) 2ed 2 CEC0 Bodunl |

Figure 5.1.4. Scheduling of orders to the vehicles that done by hands

Orders are allocated to the vehicles according to their availability. If
there are many orders with the same target time it is important to ensure
that the vehicles are exploited appropriately. Some vehicles may not be
available at all or only partially available during the day, i. e., each vehicle
has its own time window.

Homburg’s university hospital is one of the very few hospitals which
has already implemented an IT-based transport system. This provides
us with a database large enough to use mathematical optimization and
optimal routing to allocate orders to vehicles. The optimization model
helps to allocate them in such a way that all of them are fulfilled in time,
or at least with minimal delay and the capacity of each vehicle is not
exceeded.
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Knowing all orders for a day in advance would lead us to an offline
optimization problem in which a tour starts and ends at the depot. How-
ever, the reality of this hospital transportation needs leads us to an online
optimization situation in which we find a vehicle in a given location and
it stops at the last order served. Of course, in order to evaluate the
efficiency of our online optimization strategies we need to be able to
compare them to the optimal solution of the offline problem. When we
do online optimization it may happen that the patient is already in the
vehicle. In this case, for this active order we have to consider additional
input information, i.e., the number of this vehicle and how long this
patient is already in the vehicle. For offline optimization these data are
not required.

Our online approach solves the online version of the problem but uses
an exact optimization method to do so, i.e., to solve this online version.
For solving online optimization scenarios it suffices to solve problems
which add at most six orders to a vehicle; sometimes there are already
two passengers in the vehicle, i.e., two pre-assigned orders present. Thus,
in total, eight orders need to be assigned and scheduled. In peak hours
there are about 20 to 30 orders, but the dispatcher assigns new orders
and re-schedules existing tours every few minutes; actually, he does this
immediately, when a new order arrives. Thus, the problem size remains
small.

5.2.  Numerical Tests
5.2.1 Input data
Four ASCII data files contain the required input data:

1 a list of orders each characterized by several parameters;

2 a list of vehicles with time windows indicating when each is available,
and the current time;

3 adistance matrix (usually non-symmetric);

4 control files assigning values to the various control parameters.

The content of these files is described in detail in Appendix B.B.1.1.

5.2.2 Offline and Online Versions

Both, the models and the heuristics, are tested for online versions.
Moreover, we compare the solution, produced by the heuristics for the
offline- and online- versions. For the offline version the current time
is not relevant. All orders are known in advance and all vehicles are
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located at their depot. For the online version one or several orders could
be re-planned. At the current time, 7%, all vehicles may be positioned at
any location. After re-planning, the vehicle remains where it served the
last order. It may also happen that a vehicle has already picked up a
passenger, and is just driving from this pickup point to another location
when re-planning starts.

In this section several experiments under various conditions are pre-
sented:

1 intra-tour optimization (no assignment problem involved, single ve-
hicle experiments);

2 an offline optimization scenario covering a full day (200 to 300 orders);
and

3 online optimization scenarios including pre-assigned orders.

5.2.3 MILP Model

The MILP model involves too many binary variables to apply it to
the offline case covering a whole day. Thus, in this section, we present
only experiments for

1 intra-tour optimization (no assignment problem involved, single-vehicle
experiments); and

2 online optimization scenarios for the whole problem (assignment plus
routing and scheduling) including pre-assigned orders.

In the sequel we use the following notations:
m 3 is the number of binary variables;
» 7 is the number of requests (orders), involved in the model;

a N is the number of nodes in the branch-and-bound tree of the MILP
solver.

The cases discussed in this section are named in sequence, MO1, ..., M10
and their detailed tabular results are collected in Appendix B.B.2.1.

5.2.3.1 Intra-Tour Optimization (Single-Vehicle Cases)

In this section we analyze an offline data set to illustrate how strongly
the performance of the MILP approach depends on the data and struc-
ture of the problem. From a given set of orders with overlapping pickup
requests we generated several test examples which only differ by the
number of orders. The input data are shown in Table 5.1.



Vehicle Routing Problems in Hospitals. 11

Table 5.1: The input data of the single-vehicle experiment

i order pickup delivery type flagl flag2 servl serv2
1 A150826 7.50000 , 8.00000 , 1 o, o, 4, 2
2 A150752 7.50000 , 8.00000 , 2 o, o0, 4, b
3 A150869 8.00000 , 8.50000 , 2 o, o, o0, O
4 A150890 8.00000 , 8.50000 , 2 o, 0, 14, 1
5 A150922 8.58333 , 9.08333 , 1 o, o, 12, 8
6 A150920 9.00000 , 9.50000 , 1 o, 1.5 1Bz B
7 A150939 9.50000 , 10.00000 , 2 o, o, o, O
8 A150946 9.60000 , 10.10000 , 1 o, o, 12, 7
9 A150965 9.98333 , 10.48333 , 1 o, o, 2, 3
10 A150970 10.25000 , 10.75000 , 2 o, o, o, 0
11 A150977 10.25000 , 10.75000 , 1 o, o, 16, 8
12 A150749 11.00000 , 11.50000 , 2 o, o, o, O
13 A151000 11.25000 , 11.75000 , 1 o, o, 9, 8
14 A150933 11.50000 , 12.00000 , 2 o, o, 14, 3
15 A151038 12.51667 , 13.01667 , 1 o, o, 18, 6
16 A151022 13.25000 , 13.75000 , 1 o, o0, 9, 86

type : 1 (lying in bed passenger), 2 (sitting passenger)

flagl: indicate, whether the patient is infectious

flag2: number of accomponying personnel

servl: service time (in min.) required to pickup the patient

serv2: service time (in min.) required to deliver the patient
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Especially difficult to assign are the pairs of orders ({1,2},{34},{10,11})
with identical pickup times, because the usually lead to situations in

which a vehicle arrives significantly late.

Table 5.2 shows the results

of the Xpress-MP MILP solver when solving the offline scenarios MO1,
MO02, MO03, and M04:

Table 5.2: The results of the scenarios M01, M02, M03, and M04

name r 3 N time/s z

MO1 4 65 3,184 10 0.179957
MO2 5 97 16,711 64 0.180045
MO3 6 125 39,720 271  0.194901
MO4 7 149 384,649 3,360 0.194997

All problems have been solved without any special tuning of the Xpress-
MP MILP solver (Release 13.26) or special tightening of the model. The
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objective function values are optimal up to a percentage cut of 1%. Al-
ready for seven orders (14 nodes in the tour) the problem cannot be
solved easily and in reasonable time. In order to analyze somewhat
larger scenarios we apply the arc elimination techniques described in
Section 4.3.1.7, and also the cuts (4.3.19) and (4.3.20). Here we re-
port on two experiments using this approach. Case 1 covers 12 orders
{1,2,34,5,6,11,12,13,14,15,16} while case 2 covers all 16 orders. The
results are shown in Table 5.3:

Table 5.3: The results of the scenarios M05 and M06
name r AP AF R4 RE g nodes time/s z

MO5 12 1.00 1.00 149 45496 188 0.265996
MO6 16 0.75 0.75 02 02 241 6,468,076 117,836 0.283891

Note that R42 and RE have been set to 0.2 because the maximal lateness
of the tour obtained by the heuristics was somewhat smaller than this
value. These two examples show how the solution time and number of
nodes required to prove optimality grow as functions of the number of
binary variables. Only four more orders lead to approximately additional
100 binary variables. The running time increases, however, by a factor
of 626.

What is said in the previous paragraph might give an impression that
the MILP model, even in the single-vehicle case, is not useful. This is
definitely not so. Below we summarize two experiments with 13 to 16
orders but this time we supported the branch-and-bound process with
extra knowledge derived from the solution of the heuristic. For such
feasible solutions we know the sum of lateness which is exploited to set
the upper bound, Si, used in (4.3.42). Table 5.4 shows the results of the
exact optima (no percentage cut) of the MILP model. Case M09 includes
all 16 orders while MO7 and MO8 do not include the orders {2,11,13} and
{2,13}, respectively.

Table 5.4: The results of the exact optima based on the MILP model

case = AB AF R4 RB g5 B nodes  time/s z
MO7 13 1.00 1.00 0.16 199 487 3 0.041216
MO8 14 1.00 1.00 0.10 227 834 3 0.074163

MO9 16 070 070 02 02 030 237 247,268 1408 0.283887

Note that M09 produces the same solution and detailed tour as MO06,
but in a much shorter time. Thus the detailed tour is not displayed in
the appendix.

The small examples in this section show that the performance depends
critically on the structure of the problem, less on the number of binary
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variables. The objective function values correspond to those obtained
by the heuristic approach. The main difference between the easy cases
MO7 and MOS8, on the one hand, and the difficult case M09, one the
other hand, is that in the cases M07 and MOS8 the objective function
value is almost zero, while in the latter case it is not. Therefore, in M09
one observes the general problem intrinsic to the problem when using a
MILP model: the lower bound increases only very slowly. This is almost
equivalent to the fact that feasible integer solutions are only found deep
in the tree. If the tree is large it can take a very long time to reach those
nodes deep in the tree.

We conclude this set of numerical experiments by summarizing that
the MILP model can optimally solve single-vehicle problems with a
smaller number of orders, but in each specific case it depends strongly on
the input data and fine tuning. Thus, it might not be easy to implement
this approach into a decision support tool which should work similar in
all situations.

5.2.3.2 An Online Case Including Pre-assigned Orders

Consider the set of orders presented in Table 5.5 containing the in-
formation about the availability of the vehicle from Table 5.6. Here
NO =14, NV = 12. Let the current time be T, = 14.128 and CL = 2,
CS = 5. Notice, that some orders have pickup times earlier than the
current time (this means that these orders will be definitely delayed).
Some vehicles have already patients inside, for instance:

» vehicle 2 has one lying patient (order A25525),
= vehicle 3 has one lying patient (order A25532),
m vehicle 4 has two sitting patients (orders A25524 and A25504),
= vehicle 5 has two sitting patients (orders A25501 and A25531),

» vehicle 6 has one sitting patient (order A25508),

vehicle 7 has one sitting patient (order A25441).

The last column of Table 5.5 indicates how many minutes, A, the pas-
senger is already in the vehicle.
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Table 5.5: Input data for an online case study

order P type | car | A.
A25524 | 13.500 | sitting 4 5
A25501 | 13.750 | sitting 5 5
A25504 | 13.750 | sitting 4 20
A25528 | 13.766 | lying 0 0
A25525 | 14.000 | lying 2 5
A25531 | 13.850 | sitting | 5 5
A25532 | 13.888 | lying 3 5
A25527 | 14.000 | lying 0 0
A25508 | 14.000 | sitting | 6 5
A25441 | 14.000 | sitting | 7 5
A25364 | 14.450 | lying 0 0
A25530 | 14.000 | sitting | 0 0
A25533 | 14.500 | lying 0 0
A25534 | 14.250 | lying 0 0

While all vehicles are available from the current time, T}, = 14.128, they
differ in the latest time of their availability, as shown in the following
Table 5.6.

Table 5.6: The input data of the single-vehicle experiment

v o 1 2 3 4 5 6 7 8 9 10 11 12

24.0 14.2 14.2 15.2 15.7 16.0 16.0 16.2 16.2 16.2 16.7 16.7

The best solution obtained using the MILP model is shown in Table 5.7.

Table 5.7: The best solutions obtained by the MILP model

v node TE tA tL rA2 rB SL
i 25528 14.308 14.266 - 0.042389 00

A25528 13.766 14.143 0.377089 = 01
1 DD1 14.458 N = 00
2 A25525 14.000 * - - 01
2 25525 14.203 14.500 = - 00
2 DD2 14.377 - = 00
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3  A255632
3 A25527
3 25532
3 25527
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4  A25504
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4 25504
4 25524
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4 DD4
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5  A25531
5 25501
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5 DD5

6  A25508
6 25508
6 DD6
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Each line of the Table 5.7 contains the following data (from the left to

the right):

1 the number of the vehicle, v;

2 the name of the node (a node starting with A is a pickup node);

3 the earliest permissible arrival time, TZE , at a pickup node (this is the

desired target time);
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4 the real arrival time, t,’;‘, in the solution (an asterisk indicates that
the passengers assigned to these vehicles were already loaded to the
car);

5 the latest permissible time, TjL , (target time for delivery nodes);

6 the lateness, rfh, for pickup nodes (a hyphen indicates there was none
at all);

7 the lateness, rf , for delivery nodes (a hyphen indicates there was
none at all);

8 the number, p;? , of sitting passengers in the vehicle; and

9 the number, pZ, of lying passengers in the vehicle.

The objective function was (4.3.1) evaluated with Cfvt =1, and all other
components of (4.3.1) were set to zero, ie., z := cT = ¢P contained only
the penalty cost term for earliness and lateness. The objective function
value after 500,000 nodes (or 16 hours CPU time) was z = 1.316780; the
best lower bound was 2z~ = 1.202968 which corresponds to an integrality
gap of A = 8.6%. This values were already obtained after 4000 nodes,
or 4 minutes. In this example, during 16 hours of CPU time the lower
bound increased by less than 1078, Thus, it may take very long to
prove optimality with the MILP solver in this case. Using the column
enumeration approach in Section 5.2.4, this value is proven to be optimal.

Note that in one case vehicle 3 transports two lying passenger simul-
taneously. Strictly speaking, the vehicle has capacity for two lying pas-
sengers but the dispatcher usually tries to avoid this situation. To avoid
this situation, in another run ¢* was included in the objective function
with CEL = CLS = 0.001.

Table 5.8: Optimal tours with no more than one lying passenger

v node TE tA tL TA2 B SL
1 A25528 13.766 14.143 0.377089 - 01
1 25528 14.308 14.266 - 0.042389 00
1 DD1 14.458 e = 00
2 A25525 14.000 * - - 01
2 256525 14.203 14.500 = - 00
2 A25364 14.450 14.450 - = 01
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The results (see Table 5.8) after a few thousands nodes are z := ¢¥ +
c¥ = 1.334780 with ¢* = 1.316780 and an integrality gap of A = 8.5%.
Note that this is again the same value, cT, for the sum of lateness as in
the previous example. But this time, there is no more than one lying
passenger in a vehicle. Numerically, the inclusion of the load term into
the objective function had the consequence that the lower bound, 27,
increased very slowly.
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We also did further experiments, with a driving cost term included
into the objective function (4.3.1) with Crlz)mzv = 0.001. Our intention
was to investigate whether this would destroy the intrinsic symmetry in
the problem. The effect was, however, very small and the integrality gap
even increased.

While these examples show that the MILP model can compute feasible
solutions even in short time, the time to prove optimality is by far too
large for implementing this approach in real world applications.

5.24  Column Enumeration Experiments

In this section we discuss the performance of our column enumeration
approach (CEA) when applied to the online example described on page
129, and present one additional example.

Table 5.9 shows the results of the CEA for the test case TCIRC; the
character R indicates that the restricted availability of the vehicles has
been considered, C stands for CEA. The penalty parameter w3 has been
set to zero, i.e., it might happen that a passengers spends more than
30 minutes in a vehicle. The objective function value, the sum of the
lateness, is z = 1.317333, while the maximal lateness which occurred was
0.526 for vehicle 5 associated with the delivery of order A25364. It took
only 14 seconds to compute this optimal solution involving Cg 3 = 140
columns. Note that the tolerance parameters for the time availability
of the vehicle have been set to 15 minutes (0.25 hours). Therefore, the
tours for vehicle 2 and 3, which are actually only available till 14.20, are
considered as feasible although the arrival time of vehicle 2 at the last
delivery node is 14.203, which is just feasible.

Table 5.9: Optimal tours with restricted availability of the vehicles

v s-node d-node tD D tA T delay z SLIC

1 SLOC80 A25528 14.128 0.015 14.143 13.766 0.377 0.377 01 O
1 A25528 25528 14.243 0.065 14.309 14.266 0.043 0.420 0 0 10
2 SLOC80 A25525 * * * * - 0.000 01 b5
2 A25625 25525 14.128 0.075 14.203 14.500 - 0.000 0 0 10
3 SL0OC54 A25532 * * * * - 0.00001 5
3 A25532 25532 14.128 0.025 14.153 14.388 - 0.00000 7
4 SLOC87 A25524 * * * * - 0.0001 0 b

4 A25524 A25504 * * * * - 0.000 2 0 20
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0.000 0 0 10
0.168 01 ©
0.168 0 0 13
0.144 1 0 0
0.144 00 6
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Note that an asterisk in the Table 5.9 indicates pre-assigned orders. For
the pickup nodes of such pre-assigned orders the arrival times is not
displayed.

To compare the CEA approach with the MILP approach, we applied
it to the example TCORC analyzed in Section 5.2.3.2, i.e., we solved
TCO9RC under the assumption that the vehicles are available the whole
day. In this case, we obtained z = 1.317333 with the tours shown in

Table 5.10.

Table 5.10: Optimal tours with restriction on vehicle availability

v s-node d-node

tD

™D

tA

TT

delay

z

S L IC

1 SLOC80
1 A26528

2 SLOC80
2 A25525

A25528 14.128 0.015 14.143 13.766 0.377
14.243 0.065 14.309 14.266 0.043

25528

A25525
256525

*

*

*

*

14.128 0.075 14.203 14.500

0.377
0.420

0.000
0.000

01 0
00 10

01 5
0010
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3 SLOC54 A25532 * * * * - 0.00001 5
3 A25532 25532 14.128 0.025 14.153 14.388 - 0.00000 7
3 25532 A25534 14.203 0.041 14.250 14.250 - 0.00001 O
3 A25534 25534 14.350 0.074 14.424 14.750 - 0.000 0 0 11
4 SLOC8T7 A25524 * * * * - 0.00010 5
4 A25524 A25504 * * * * - 0.000 2 0 20
4 A25504 25504 14.128 0.062 14.190 14.250 - 0.000 1 0 24
4 25504 25524 14.240 0.079 14.319 14.260 0.059 0.059 0 0 17
5 SLOC34 A25501 * * * * - 0.0001 0 5
5 A25501 A25531 * * * * = 0.000 20 5
5 A25531 25501 14.128 0.061 14.189 14.250 = 0.00010 9
5 25501 255631 14.239 0.081 14.320 14.350 = 0.000 0 0 17
5 25531 A25364 14.370 0.039 14.450 14.450 - 0.00001 0
5 A25364 25364 14.950 0.076 15.026 14.500 0.526 0.526 0 0 35
6 SLOC-5 A25508 * * * * = 0.00010 b
6 A25508 25508 14.128 0.057 14.185 14.500 - 0.000 00 9
6 256508 A25533 14.285 0.025 14.500 14.500 - 0.00001 ©
6 A25533 25533 14.550 0.075 14.625 15.000 - 0.00000 8
7 SLOC-5 A25441 * * * * = 0.000 1 5
7 A25441 25441 14.128 0.074 14.202 14.500 - 0.000 0 0 10
9 SLOC55 A25527 14.128 0.040 14.168 14.000 0.168 0.168 01 O
9 A25527 25527 14.318 0.053 14.371 14.500 = 0.168 0 0 13
12 SLOC73 A25530 14.128 0.016 14.144 14.000 0.144 0.1441 0 O
12 A25530 256530 14.194 0.045 14.238 14.500 - 0.144 00 6

Note that this value is the same as in the more restrictive case described
above. The MILP model gave a slightly different objective function
value z = 1.31678. The difference of 5.53 x 104 is caused by numerical
rounding.

Table 5.9 shows that only 9 vehicles are needed. Using the same set
of columns it is easy to investigate how the objective function value
increases if less vehicles are allowed or available. As there are already 6
vehicles with pre-assigned orders, only the cases 6 < NV < 9 leading to
the results

NY 9 8 7 6
z || 1.317333 | 1.337800 | 1.383455 | 1.459955

are of interest. In this example, the results were obtained within seconds.
Allowing a total increase of about 11% for the sum of the delays, 3
vehicles could be saved completely.
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Let us now solve another online example with Ny = 13 pre-assigned
and Ny = 13 free orders to be assigned to 10 vehicles. This set of
orders involves one, A64439, requiring a wheelchair passenger needs to
be transported, and another one, A64453, which just needs to carry
some goods not requiring any capacity. In this case study the penalty
parameter controlling that a passenger does not spend more than AT =
30 minutes in a vehicle, has been set to a high value of 200.

The solution table below indicates pre-assigned orders by an asterisk
in some lines; the same line shows in the last column how many minutes
the passengers is already in the car when the clock is set to the current
time of T, = 11.004. Vehicle 4 has three pre-assigned orders. With
13 orders to be distributed to 10 vehicles, we set the number, m, of
orders per subset to m = 5, i.e., those vehicles with no pre-assigned
orders can pickup at most 5 orders. The columns for vehicles containing
pre-assigned orders are allowed to have a total of m + 1, i.e., 6 orders.

Note that wheelchair orders are treated as loading two sitting pas-
sengers. Due to the strong penalization of having passengers spending
more than 30 minutes in a car, the orders close to that limits are always
delivered before other orders. It turns out in the optimal solution that
all vehicles have about the same load (number of orders).

The total number of columns generated was C136 = 12030. It took 20
seconds to generate all of them, but 44 minutes to evaluate them. The
set partitioning problem was solved within 3 seconds giving the optimal
solution with an objective function value of z = 0.382422. None of the
10 vehicles had a total of more than 3 orders in the optimal solution,
except for vehicle 4 which had already 3 pre-assigned orders and got one
additional order assigned. Therefore, we did a comparative run based on
Ci3,3 = 3779 columns. Within 10 seconds an optimal solution with the
same objective function value but a different assignment of the vehicles
was obtained.

As the computational time of 44 minutes is too much time for the
online dispatcher, the numerical experiments based on Ci3s and Ci33
triggered those improvements described in Section 4.3.3.6 using the cut-
offvalue, Zg, in the routing-scheduling tree. Using this approach the
problem is solved within 4 minutes giving the same solution with ob-
jective function value z = (0.382422. The detailed solution is shown in
Table 5.11.
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Table 5.11: Online optimization with 13 pre-assigned and 13 free orders

v s-node d-node tD D tA 1T delay z SLIC
1 SLOC60 A64441 * * * * - 0.000 0 1 13
1 A64441 A64439 11.004 0.058 11.062 11.000 0.062 0.062 21 0
1 A64439 64441 11.178 0.059 11.237 11.300 - 0.062 2 0 27
1 64441 64439 11.370 0.052 11.422 11.500 - 0.062 0 0 22
2 SLOC70 A64432 * * * * - 0.000 0 1 16
2 A64432 A6444T7 11.004 0.060 11.064 11.000 0.064 0.064 1 1 O
2 A64447 64432 11.114 0.047 11.161 11.183 e 0.064 1 0 25
2 64432 64447 11.244 0.066 11.310 11.500 - 0.064 0 0 15
3 SLOC57 A64449 * * * * - 0.000 1 0 10
3 A64449 A64456 11.004 0.074 11.250 11.250 - 0.00011 0
3 AG64456 64449 11.283 0.000 11.283 11.400 - 0.000 0 1 27
3 64449 64456 11.383 0.003 11.387 11.750 - 0.000 00 9
4 SLOC57 A64435 * * * * = 0.000 1 0 16
4 A64435 A64433 * * * * - 0.000 2 0 20
4 A64433 A64438 * * * * = 0.000 2 1 16
4 A64438 64435 11.004 0.043 11.047 11.250 - 0.000 1 1 18
4 64435 64433 11.064 0.088 11.151 11.200 = 0.000 0 1 29
4 64433 64438 11.151 0.067 11.219 11.267 - 0.000 0 0 29
4 64438  A64337 11.369 0.000 11.500 11.500 o 0.00001 0O
4 A64337 64337 11.633 0.040 11.674 12.000 - 0.000 0 0 11
5 SLDC80 464430 * * * * - 0.000 1 0 20
5 A64430 A64451 11.004 0.000 11.004 11.000 0.004 0.004 11 O
5 A64451 64430 11.037 0.055 11.092 11.250 - 0.004 0 1 26
5 64430 A64454 11.092 0.017 11.250 11.2560 - 0.00411 0
5 A64454 64451 11.300 0.060 11.360 11.500 - 0.004 1 0 22
5 64451 64454 11.443 0.035 11.478 11.750 s 0.004 0 0 14
6 SLOC23 A64322 11.004 0.032 11.036 11.000 0.036 0.036 1 0 O
6 A64322 A64453 11.036 0.011 11.047 11.000 0.047 0.083 10 O
6 A64453 A64320 11.047 0.021 11.068 11.000 0.068 0.150 2 0 O
6 A64320 64320 11.134 0.044 11.179 11.500 - 0.150 1 0 7
6 64320 64322 11.245 0.000 11.245 11.500 - 0.150 0 0 13
6 64322 64453 11.279 0.062 11.341 11.500 - 0.150 0 0 18
7 SLOC47T A64436 * * * * - 0.000 0 1 10
7 A64436 A64440 11.004 0.070 11.074 11.000 0.074 0.074 11 O
7 A64440 64436 11.157 0.070 11.227 11.250 — 0.074 1 0 24
7 64436 64440 11.344 0.097 11.441 11.500 = 0.074 0 0 23
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8 SLOC71 A64429 * * * * - 0.000 0 1 16
8 A64429 64429 11.004 0.058 11.062 11.066 = 0.000 0 0 19
8 64429 A64455 11.162 0.043 11.250 11.250 - 0.000 01 O
8 A64455 64455 11.400 0.045 11.445 11.750 . 0.000 0 0 12
9 SLOC85 A64356 * * * * - 0.000 0 1 10
9 A64356 A64450 * * * * - 0.000 0 2 26
9 A64450 64450 11.004 0.045 11.049 11.500 = 0.000 0 1 28
9 64450 64356 11.240 0.039 11.279 11.250 029 0.029 0 0 27
9 64356 A64431 11.363 0.045 11.500 11.500 = 0.02910 0
9 A64431 64431 11.550 0.057 11.607 12.000 - 0.029 00 7
10 SLOC34 A64434 * * * * e 0.000 0 1 15
10 A64434 A64444 * * * * - 0.000 1 1 10
10 A64444 64434 11.004 0.020 11.023 11.500 = 0.000 1 0 16
10 64434 A64443 11.173 0.066 11.250 11.250 - 0.00011 O
10 A64443 64444 11.317 0.016 11.333 11.350 - 0.000 0 1 30
10 64444 64443 11.416 0.045 11.460 11.750 = 0.000 0 0 13
5.2.5 Construction and Improvement Heuristics
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Here we present the results of several experiments for the implemented
heuristics described in Section 4.4. For the numerical experiments we use
the real data recorded on September 1, 18 and 19, 2001 (for the input
data see Appendix B.B.2.2.1). We tested our heuristics in an offline
situation (as we know all orders in the morning in advance) and in an
online situation (the algorithm is applied subsequently, when 10 new
orders have been collected). In our program, online and offline cases are
controlled by parameter IOPTMD (see Appendix for the possible values of
all control parameters). The quality of the tours is characterized by the

quantities listed on page 69:

\ 4
1 the total lateness, z = f,vzl SD.

2 the sum of maximal lateness, Sp;

v
3 the average sum of lateness, 2113,:1 2,/NV,;

4 the average maximum lateness, S'D;

5 the maximal lateness, D,.

5.2.5.1

Offline Version

We test and compare all combinations of the heuristic steps CONHL,
CONH2 with IT1, IT2 and distribution of non-assigned orders using DB. We
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do not use DU because in most offline cases there are many orders that are
originally not assigned to any vehicle. If these unassigned order would be
distributed uniformally over the vehicles, too many infeasibilities would
be produced. When applying the combination IT1 and IT2 heuristics,

Online Storage Systems and Transportation Problems

we test the following acceptance criteria:

1 anew tour for a vehicle v is accepted, if:
(SP < S2)&(D, < Dgy)) or
((SP < 0.8 % SE)&(Dy < 1.05 * Dy,)) or

((SP < 1.05 % SE)&(Dy < 0.8 % Dgy));
2 a new tour is accepted unconditionally.

Thus, we have eight possible combinations of how to combine the steps

CONH1, CONH2 with the steps IT1, IT2:

I:

1I:
III:
Iv:
V:
VI:
VII:
VIIIL:

The results of various experiments are summarized in Tables 5.12, 5.13
and 5.14 using the real data for 1, 18 and 19 September, 2001 (see

CONH1 and IT1

CONH1 and IT1+IT2 with the first acceptance criteria

CONH1 and IT1+IT2 with the second acceptance criteria

CONH1 and IT2
CONH2 and IT1

CONH2 and IT1+IT2 with the first acceptance criteria

CONH2 and IT1+IT2 with the second acceptance criteria

CONH2 and IT2

Appendix B.B.2.2.1).

Table 5.12: Comparison of the algorithms for September, 1

Char./Alg. I II II1 v Vv VI VII VIII
1 827 | 880 | 11.29 | 16.65 | 8.27 | 8.80 | 11.29 | 16.65

2 1.90 2.10 2.08 2.75 1.90 | 2.10 2.10 2.75

3 0.69 0.73 0.94 1.39 0.69 | 0.73 0.73 1.39

4 0.16 | 0.17 0.17 0.23 | 0.16 | 0.17 0.17 0.23

5 0.65 0.55 0.55 0.55 0.65 | 0.55 0.55 0.55

CPU, sec. 6.60 | 14.31 | 10.30 5.12 6.79 | 14.41 | 10.29 5.16

Table 5.13: Comparison of the algorithms for September, 18

Char./Alg. I II III IV Vv VI VII VIII
1 19.36 | 20.54 | 17.21 | 23.63 | 19.36 | 20.54 | 17.79 | 23.63

2 3.47 2.97 3.10 3.09 3.47 2.97 2.78 3.09

3 1.76 1.87 1.56 2.15 1.76 1.87 1.62 2.15

4 0.31 0.27 0.28 0.28 0.32 0.27 0.25 0.28

5 0.49 0.53 0.38 0.58 0.49 0.53 0.54 0.58
CPU, sec. | 21.99 | 43.85 | 92.82 | 25.22 | 22.31 | 44.38 | 39.17 | 25.66
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Table 5.14: Comparison of the algorithms for September, 19

Char./Alg. I IT II1 1\% \Y% VI VII VIII
21.18 | 24.17 | 27.18 | 40.22 | 25.44 | 25.80 | 35.44 | 35.92
3.08 2.82 3.44 3.52 3.35 2.88 2.76 2.92
1.93 2.20 2.47 3.66 2.31 2.34 3.22 3.27
0.28 0.26 0.31 0.32 0.30 0.26 0.25 0.26

5 0.66 0.53 0.74 0.79 0.67 0.65 0.90 0.72
CPU, sec. | 25.07 | 59.62 | 357.62 | 24.19 | 22.68 | 34.18 | 75.18 | 23.76

o I

The results in the tables above lead us to the conclusion that there is no
best heuristic which outperforms all other for all data instances. What
in average performed best was a combination of IT1 and IT2 with either
CONH1 or CONH2.

5.2.5.2 Online version

The online version of the construction and improvement heuristic is
only slightly different from the offline version. Instead of the depot, any
position is used as the original location of a vehicle. Furthermore, there
is no need to return to the depot. All information about the original
locations of the vehicles, their availability and the current time is located
in a file displayed in Fig. B.1.2.

In Table 5.15 we show the results of our heuristic approaches for the
test case TCORH; the character R indicates the restricted availability of
the vehicles has been considered, H stands for heuristics. This example
case is the same as TC9RC considered in Section 5.2.4. Using the heuris-
tics, the objective function value, i.e., the total lateness is z = 1.537877,
while the maximal lateness which occurred was 0.528155 for vehicle 6
(again the delivery of order A25364). Note that the objective function
value differs approximately by 17%, i.e., 0.22 from that of the optimal
solution derived in Section 5.2.4.

Table 5.15: Results of experiments for the test example TCORH

v s-node d-node tD D tA T delay z SLIC
1 SLOC80 A25534 14.175 0.075 14.250 14.250 - 0.00001 ©
1 A25534 25534 14.350 0.074 14.424 14.750 - 0.000 0 0 11
1 25534 A255633 14.474 0.000 14.500 14.500 - 0.00001 O
1 A25533 25533 14.550 0.075 14.625 15.000 - 0.00000 8
2 SLOC80 A255256 * * * * - 0.000 01 5
2 A256525 25525 14.128 0.075 14.203 14.500 = 0.000 0 0 10
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3 SLOCB4 A25532 * * * * - 0.00001 5
3 A25532 25532 14.128 0.025 14.153 14.388 = 0.000 00 7
4 SLOC87 A25504 * * * * = 0.000 1 0 20
4 A25504 A25524 * * * * = 0.000 20 5
4 A25524 25504 14.128 0.002 14.130 14.250 = 0.0001 021
4 25504 25524 14.180 0.079 14.259 14.260 - 0.000 0 0 13
5 SLOC34 A25501 * * * * - 0.0001 0 5
5 A25501 A25531 * * * * = 0.000 20 5
5 A25531 A25528 14.128 0.000 14.128 13.766 0.362 0.362 21 ©
5 A25528 26501 14.228 0.061 14.289 14.250 0.039 0.401 1 1 15
5 26501 25531 14.339 0.081 14.420 14.350 0.070 0.471 0 1 23
5 265631 25528 14.470 0.000 14.470 14.266 0.204 0.675 0 0 21
6 SLOC-5 A25508 * * * * - 0.0001 0 5
6 A25508 A25530 14.128 0.036 14.164 14.000 0.164 0.164 2 0 O
6 A25530 25508 14.214 0.027 14.241 14.500 =) 0.164 1 0 12
6 26508 25530 14.341 0.018 14.359 14.500 = 0.164 0 0 12
6 26530 A25364 14.409 0.043 14.452 14.450 0.002 0.167 01 O
6 A25364 25364 14.952 0.076 15.028 14.500 0.528 0.695 0 0 35
7 SLOC-5 A25441 * * * * - 0.0001 0 5
7 A25441 25441 14.128 0.074 14.202 14.500 = 0.000 0 0 10

9 SLOCS5 A25527 14.128 0.040 14.168 14.000 0.168 0.168 0 1 O
9 A256527 26527 14.318 0.053 14.371 14.500 = 0.168 0 0 13

If it is assumed that the vehicles are available the whole day (test case
TC9H), the heuristic produces a set of tours with z = 1.352643 and the
following tours (see Table 5.16).

Table 5.16: Results of the test case TC9H

v s-node d-node tD D tA TT delay z SLIC
1 SLOCBO A25528 14.128 0.015 14.143 13.766 0.377 0.377 01 0O
1 A25528 25528 14.243 0.065 14.309 14.266 0.043 0.420 0 0 10
1 25528 A25364 14.459 0.039 14.497 14.450 0.047 0.467 01 O
1 A25364 25364 14.997 0.076 15.073 14.500 0.573 1.041 0 0 35
2 SLOC80 A25525 * * * * - 0.00001 5
2 A256525 25525 14.128 0.075 14.203 14.500 = 0.000 0 O 10
3 SLDC54 A25532 * * * * = 0.00001 5

3 A25532 25532 14.128 0.025 14.153 14.388 = 0.00000 7
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4 SLOC87 A25504 * * * * = 0.000 1 0 20
4 A25604 A25524 * * * * - 0.000 20 5
4 A25524 25504 14.128 0.002 14.130 14.250 = 0.000 1 0 21
4 25504 25524 14.180 0.079 14.259 14.260 = 0.000 0 0 13
5 SLOC34 A25501 * * * * - 0.00010 5
5 A25501 A25531 * * * * - 0.000 20 5
5 A25531 25501 14.128 0.061 14.189 14.250 = 0.00010 9
5 26501 25531 14.239 0.081 14.320 14.350 = 0.000 0 0 17
6 SLOC-5 A25508 * * * * = 0.00010 5
6 A25508 25508 14.128 0.057 14.185 14.500 = 0.00000 9
T SLOC-5 A25441 * * * * = 0.0001 0 5
7 A25441 25441 14.128 0.074 14.202 14.500 = 0.000 0 O 10
9 SLOC55 A25527 14.128 0.040 14.168 14.000 0.168 0.168 0 1 O

9 A25527 25527 14.318 0.053 14.371 14.500 e 0.168 0 0 13

In this case, the difference to the optimal solution with z = 1.3173 is
again only very small. The large difference obtained for the test case
TCOH indicates that the use of penalty strategies is not ideal for the
inter-tour heuristic; it seems to be difficult to reassign time-critical orders
to a different vehicle.

5.2.6 Simulated Annealing Examples

Simulated annealing when applied to a problem requires to specify the
following tuning parameters:

m the initial tuning temperature, Tp,
= how many iterations, Nt, are performed at each temperature,

& how much the temperature is decreased at each step as cooling pro-
ceeds described by either AT or §, and

= the frequency ratio, p, of swaps and shifts.

In a series of initial numerical experiments we derived some appropriate
values for the tuning parameters p and § involved in the simulated an-
nealing method described in Section 4.4.3. Usually, p = 0.0125 is a good
value to select shifts or swaps, while § = 0.9 should be chosen to connect
subsequently chosen temperatures. The initial temperature, Ty, is set to
Tp = 0.1zp, where zp is the objective function value of the tours initially
provided. The temperature is decreased for at most Nt = 100 times.
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In this section we apply SA to three examples. For these examples,
we tested the following combinations:

A: CIH only; no SA (IFSA1=IFSA2=0)

B:  SA to each individual tour after applying CIH; (IFSAl= 0, IFSA2= 1)

C: after B, the optimal tours are used as input to the CIH, followed by a
final SA step.

For the three September data sets (scenarios Sz, Sf, and Sy) we got the
following results:

Sep 1, 2001 (S2) Sep 18,2001 (Sy) Sep 19, 2001 (S,)
T A B C A B C A B C
| 880 | 595 | 5.76 1721 | 1644 | 1450 | | 27.18 | 2931 | 29.93
2| [210] 153 | 168 310 | 232 250 344 | 379 | 307
3| [073]050 | 048 156 | 149 | 132 247 | 266 | 272
4] [017 013 | 0.14 028 | 021 023 031 | 034 | 028
51 (055029 044 038 | 036 | 036 074 | 074 | 1.00

48 | 872 | 1310 92 | 1363 | 2453 358 | 2940 | 2940

where in each row the quantities introduced at the beginning of Section
5.2.5 are given, and 7 is the CPU time in seconds. The first heuristic
(A) corresponds to combination II (for Sep 1) and combination III (Sep
18 and 19) described in the previous subsection. The last combination
of all heuristics (C) which might be considered less good because of the
strongly increased value of the maximum lateness. Thus, the overall
conclusion is that SA, applied to single-tour optimization and used at
the right places, can improve the quality of offline solutions covering a
whole day.

5.2.7 Summary of the Numerical Experiments

In this section we have applied various algorithms to offline and online
problems. While the offline problems with several hundred orders can
only be solved with heuristics and metaheuristics, we are able to find
optimal solutions for the online cases, relevant to our real world problem,
in short time. The taylor-suited heuristics produces significantly better
results than the simulated annealing method for the overall problem,
however, SA can improve existing single-vehicle tours or can lead to
better solutions in combination with the heuristic. The MILP model
produces optimal solutions only in small and special cases with less than
5 or 10 orders. In some cases, we also have solved intra-tour optimization
problems with up to 16, sometimes even 25, orders to optimality using
the MILP approach. Although the MILP model can solve problems
with a smaller number of orders to optimality, it depends too strongly
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on the data structure and fine tuning and thus is not appropriate to be
implemented into a decision support tool which should deliver a good
quality solutions in all situations. Optimal solutions of online problems
including up to 20 or 30 orders to be assigned to a fleet of 10 vehicles are
obtained by a column enumeration approach. The exact solutions are
further used to evaluate the quality of our heuristic intra-tour algorithms.
This shows that the heuristic methods in many cases produce optimal
or near-optimal solutions.

Table 5.17 shows the range of the number of orders when to apply
which method to solve the intra-tour optimization problem.

Table 5.17: The performance of the solution approaches for solving the
intra-tour problem as a function of the number of orders.

1-5 | 5-8 8-15 | 15-40
MILP v_1 V) )
CIH v |V | * (v)
B&B * *
SA v [V |V A
CIH+SA | v v *

In Table 5.17, the preferred method for each range of number of orders
is indicated by “x”. The symbol “/” means, that for this range the
method works reasonably but may be not the most efficient one; “(/)”
means that this may be possible but is not really recommended due to
its low efficiency.

Table 5.18 shows the range for the ratio, NF/NV, free orders, N,
to be assigned over the number, NV, of available vehicles. It gives the
optimal range for solving the overall problem including the assignment
and the sequencing problem.

Table 5.18: The performance of the solution approaches for solving the complete
VRPPDTW (assignment, sequencing, and scheduling) as a function of the ratio:
free orders over available vehicles.

1-5 | 5-8 | 815 | 15-40
MILP v | )] H)
CEA+B&B x| *

CEA+CIH W)
CEA+CIH+SA (V)
CIH Y v | * ™)
SA v v |V v
CIH+SA & | af Taf *

Note that the range Ng/N V' < 8 covers most of the online scenarios.
In rush-hours about 20 to 30 new orders arrive per hour. Usually, re-
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scheduling is done after each 10 minutes. With a fleet of about 10 vehi-
cles, the ratio Np/NV < 8 is easily met. The range 1540 corresponds
rather to the offline scenarios.

The sequence of online solutions obtained during a day can be com-
pared to the approximate solutions derived from the input data of all
orders assumed to be known in advance. A key quantity to inspect
is the average maximum delay. The numerical experiments covering a
whole day in Section 5.2.5 and 5.2.6 show that the average maximum
delay is of the order of 0.15 hours, i.e.,, nine minutes. This knowledge
and the usage of our online strategy can

= reduce the waiting times for passenger’s pickup,
m decrease delayed pickup and delivery,

m reduce the time a passenger spends in a car, and
m Jead to a better load balance of all vehicles.

Some of the algorithms, especially the column enumeration approach
discussed here, can be embedded into a dispatcher support system for
a hospital. The construction and improvement heuristics have already
been implemented as a decision support tool used for simulation pur-
poses. The heuristics alone lead already to significant reductions of the
passenger waiting time by at least 12% (see Fig. 5.2.5) and vehicle driv-
ing times (see Fig. 5.2.6). More details are given in [22, Section 2.3].

Without Optimization With Optimization

Simulation Time

Figure 5.2.5. Waiting times during the course of a day

5.3. Summary

The quality of the online tours produced by our heuristics has been
compared to the exact optimal solution where available. The comparison
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With Optimization

Figure 5.2.6. Driving times during the course of a day

shows that for small and medium size scenarios the heuristic solutions are
often close to the optimal solution. However, if soft constraints, (e.g.,
the vehicle availability constraints) are modeled by penalty functions
the solution quality decreases. For larger offline scenarios the solution
produced by the heuristic method are improved by simulated annealing.
Thus, there is some room to improve the heuristic methods.

One possible approach to solve the problem faster is to use a com-
bination of the MILP model and heuristic approaches. Because solving
the MILP problem or proving optimality of its solutions may take too
long, it could be reasonable to treat the assignment part, i.e., distribut-
ing orders over all vehicles, using some heuristic (for instance, CONH1 or
CONH2). The heuristic step gives the assignment of the orders to the ve-
hicles and the upper bounds on the sum of lateness. This upper bound
is exploited by the MILP model or the branch-and-bound approach to
compute the optimal solution of the intra-tour problem.

Alternatively, full column generation techniques involving a branch-
and-price algorithm can be applied to solve larger scenarios. The current
version is based on column enumeration generating all possible columns
in advance - this prevents us from solving large problems to optimality.
For the offline case to check the quality of solutions produced by our
heuristics it can be useful to apply a column generation approach, while
for solving subproblems of smaller size - to use our suggested branch-
and-bound approach.

Finally, we want to comment on the quality of the online solutions
compared to the offline solutions. Instead of a competitive analysis we
have estimated the quality of our online algorithms by comparing the
characteristic properties of the online and offline solutions. The most
relevant quantity is the average delay per order. The values of the aver-
age delay of orders are similar in the offline and online solutions. More
cannot be expected.
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Chapter 6

SUMMARY

In this book we have analyzed and developed online algorithms in-
volving exact optimization and heuristic techniques to support decision
making in inventory and transportation logistics. We have applied those
methods to two real life problems: a special carousel based high-speed
storage system - Rotastore and a hospital transportation problem.

In Chapter 2 we showed that some types of logistics problem are NP-
hard and not easy to solve to optimality in offline situations. We con-
sidered a polynomial case and developed an exact algorithm to solve a
certain type of the Batch PreSorting Problem (BPSP) in offline situa-
tions. To estimate the quality of our algorithms developed for online
cases we use competitive analysis showing that the proposed online algo-
rithm is %—competitive. To check how the knowledge of future requests
can improve the performance of the algorithm, we constructed new on-
line algorithms with lookahead. Some of them are able to improve the
online solutions. Moreover, we investigated the origin of the problem
complexity and proved that the problem without the capacity constraint
on an additional storage has an integer polyhedron.

The vehicle routing problem we solved for the health sector is a typical
online optimization problem (Chapter 4). It was demonstrated that
reasonable solutions for the offline case covering a whole day with a few
hundred orders can be constructed with a heuristic approach, as well
as by simulated annealing. For small cases our MILP model and exact
optimization works as well but it is impractical in terms of running times.

Optimal solutions for small instances (up to ten additional orders per
vehicle) are computed by a column enumeration approach (CEA) based
on decomposing the problem into a master problem (a set partitioning
problem controlling the assignment of orders to vehicles) and a set of
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subproblems (intra-tour problem, routing and scheduling). To solve the
routing and scheduling problem exactly we have developed a branch-
and-bound method which prunes nodes if they are value-dominated by
previous found solutions or if they are infeasible w.r.z. to the capac-
ity constraints. This approach works fast for up to 10 orders per ve-
hicle. This branch-and-bound method is suitable to solve any kind of
sequencing-scheduling problem involving cumulative objective functions
and constraints, which can be evaluated sequentially. The CEA we have
developed to solve the hospital transportation problem is of general na-
ture. Thus, it can be embedded into other decision-support systems
involving assigning, sequencing and scheduling, if the size of the prob-
lem and the structure of the sequencing and scheduling problem problem
are appropriate.

Further work in this direction might focus on solving exactly larger
instances of the subproblems with larger numbers of orders per vehicle.
The comparison of the results obtained by the heuristic methods with
those for which we were able to compute the optimal solution shows that
the heuristic in many cases produces optimal or near-optimal solutions.

What can a logistics manager responsible for an inventory storage sys-
tems and the developer of decision support systems for a hospital campus
learn from this book? They can learn that their problems can be solved
using online optimization techniques. The methods and algorithms we
have developed can be adapted to solve similar logistic problems. And
there is good reason to believe that they can improve the quality and
reliability of the decisions significantly.
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GLOSSARY

Arc:  An object within a graph. Arcs, sometimes also called edges,
usually represent roads, pipelines, or similar paths along which some
material can flow. Often arcs have a capacity. Arcs connect the nodes
in a graph.

Basic variables: Those variables in optimization problems whose
values, in non-degenerate cases, are away from their bounds and are
uniquely determined from a system of equations.

Basis (Basic feasible solution): In an LP problem with constraints
Ax = b and x > 0 the set of m linearly independent columns of the
m x n system matrix A of an LP problem with m constraints and n
variables forming a regular matrix B. The vector xg = B~ !b is called
a basic solution. xpg is called a basic feasible solution if xg > 0.

Bound: Bounds on variables are special constraints. A bound involves
only one variable and a constant which fixes the variable to that value,
or serves as a lower or upper limit.

Branch & Bound: An implicit enumeration algorithm for solving
combinatorial problems. A general Branch & Bound algorithm for
MILP problems operates by solving an LP relaxation of the original
problem and then performing a systematic search for an optimal so-
lution among sub-problems formed by branching on a variable which
is not currently at an integer value to form a sub-problem, resolving
the sub-problems in a similar manner.

Branch & Cut:  An algorithm for solving mixed integer linear pro-
gramming problems which operates by solving a linear program which
is a relaxation of the original problem and then performing a system-
atic search for an optimal solution by adjoining to the relaxation a
series of valid constraints (cuts) which must be satisfied by the integer
aspects of the problem to the relaxation, or to sub-problems generated
from the relaxation, and resolving the problem or sub-problem in a
similar manner.

Branch & Price:  An algorithm for solving large structured mixed
integer linear programming problems. This algorithms is usually part
of a column generation algorithms.

Column enumeration: An algorithm for solving large mixed inte-
ger linear programming problems which operates by solving a master
problem and a set of subproblems. Unlike column generation, in this
case all columns are generated and evaluated a priori. The master
problem is often a set partitioning problem. Column enumeration is
a special case of column generation.
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Column generation: = An algorithm for solving large linear or mixed
integer linear programming problems which operates by solving a mas-
ter problem and then generating new columns (variables or more gen-
eral objects) by solving a subproblem. If the subproblem contains
integer variables, a Branch & Price algorithm is used in addition.

Constraint: A relationship that limits implicitly or explicitly the val-
ues of the variables in a model. Usually, constraints are formulated as
inequalities or equations representing conditions imposed on a prob-
lem, but other types of relations exist, e.g., set membership relations.

Feasible point (feasible problem): A point (or vector) to an opti-
mization problem that satisfies all the constraints of the problem. (A
problem for which at least one feasible point exists.)

Graph: A mathematical object consisting of nodes and arcs, useful
in describing network flow problems. The structure and properties of
graphs are analysed in graph theory, a mathematical discipline.

Heuristic solution: A feasible point of an optimization problem
which is not necessarily optimal and has been found by a constructive
technique which could not guarantee the optimality of the solution.

Infeasible problem: A problem for which no feasible point exists.

Node:  An object within a graph. Nodes usually represent plants,
depots, or a point in a network. Nodes can be connected by arcs.

NP completeness:  Characterization of how difficult it is to solve a
certain class of optimization problems. The computational require-
ments increase exponentially with some measure of the problem size.

Objective (objective function): An expression in an optimization
problem that has to be maximized or minimized.

Online Optimization: A sub-discipline of optimization applied to
real life decision problems where decision should be made online based
on partial, insufficient information or without any knowledge of future.

Offline Optimization: A technical term used in opposition to online
optimization. It is assumed that all information about the future are
given completely and deterministically.

Optimization:  The process of finding the best solution (according to
some criterion technically called objective function) of an optimization
problem subject to constraints.

Optimum (optimal solution): A feasible point of an optimization

problem that cannot be improved on, in terms of the objective func-
tion, without violating the constraints of the problem.
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Relaxation: An optimization problem created from another where
some of the constraints have been removed or weakened.

Simplex algorithm: Algorithm for solving LP problems that inves-
tigates vertices of polyhedra.

Unimodularity: A property of a matrix. A squared matrix is called
unimodular if its determinant is +1. An LP matrix is called unimodu-
lar if all its sub-matrices have determinants with value +1, O or —1. If
an LP matrix is unimodular, and the right-side constraint vector has
only integer entries, then all basic feasible solutions to the LP take
integer values.

Variable:  An algebraic symbol used to represent a decision or other
varying quantity. Variables are also called “unknowns” or ‘“columns”.
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Appendix A
Rotastore

A.1. Tabular Results for Different Models

The first set of tables shows the results for BPSP; for test example M60-1 with
N®=2,..,5.

Table: BPSP; for test example M60-1 with N° = 2.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 2 2.4563 45 44 2.27%
2 2 2.343 75 68 10.29%
3 2 2.383 93 79 17.72%
4 2 2.313 107 86 24.,42Y,
5 2 2.153 124 88 40.91%
6 2 2.163 140 92 52.17%
7 2 2.173 154 98 57.14%
8 2 2.163 175 103 69.90%
9 2 2,203 187 112 66.96%,
10 2 2.233 199 120 65.83Y,
11 2 2.403 210 128 64.06Y%
12 2 2.193 225 134 67.91%
13 2 2.193 242 142 70.42%
14 2 2,223 254 152 67.11%
15 2 2,223 262 161 62.73%
total: 33.805 262 161 av: 49.32Y

Table: BPSP; for test example M60-1 with N° = 3.

Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 3 2.274 44 44 0.00%
2 3 2.274 73 68 7.35Y%
3 3 2.183 91 79 15.19%
4 3 2.143 106 85 24.71%
5 3 2.163 123 87 41.38%
6 3 2.133 139 91 52.75%
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T 3 2.133 158 95 66.32%,
8 3 2.163 181 98 84.69Y
9 3 2.193 194 105 84.76%
10 3 2,183 209 114 83.33%,
11 3 2.323 220 126 76.00%
12 3 2.173 235 134 75.37%
13 3 2.133 255 140 82.14Y
14 3 2.163 265 149 77.86%
16 3 2.173 272 156 74.36Y%
total: 32.777 272 156 av: 56.41Y%

Table: BPSP; for test example M60-1 with N° = 4.

Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 4 2.313 44 44 0.00%
2 4 2.233 786 68 10.29%
3 4 2.153 96 79 21.52%
4 4 2,163 112 85 31.76Y%
[ 4 2.154 127 87 45.98Y,
6 4 2.153 142 91 56.04Y%
7 4 2.173 166 95 64.21%
8 4 2.163 177 97 82.47Y%
9 4 2.163 190 102 86.27Y%
10 4 2.143 205 111 84.68Y
11 4 2,153 215 122 76.23Y%
12 4 2,133 230 132 T4.24Y
13 4 2.173 248 139 78.42%
14 4 2.143 260 149 74.50%
16 4 2.173 266 166 71.61Y%
total: 32.566 266 166 av: 57.22%

Table: BPSP; for test example M60-1 with N¥ = 5.

Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 5 2.364 44 44 0.00%
2 5 2.153 74 68 8.82%
3 5 2.383 94 79 18.99Y%
4 5 2.353 110 85 29.41%
5 5 2.123 126 87 44.83Y%
6 5 2.303 146 o1 60.44Y
7 5 2.113 158 96 64.58Y
8 5 2.123 176 98 79.59Y%
9 5 2.313 192 103 86.41Y%
10 5 2.393 203 111 82.88Y%
11 5 2.333 218 122 78.69%
12 5 2.303 227 132 71.97%
13 5 2.193 245 138 77.54Y
14 5 2.323 257 147 74.83%
15 5 2.143 269 155 73.55%

total: 33.916 269 155 av: 56.84l
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The next set of tables shows the results for BPSPy for test example M60-1 with

N®=2,..,5.

Table: BPSP; for test example M60-1 with N¥ = 2.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 2 10.82 44 44 0.00%
2 2 7.03 68 68 0.00%
3 2 6.75 79 79 0.00%
4 2 6.81 85 86 -1.16%
5 2 6.75 87 88 -1.14Y
6 2 7.20 99 92 7.61%
7 2 7.14 109 98 11.22%
8 2 6.82 117 103 13.59%
9 2 6.81 129 112 15.18Y%
10 2 6.70 135 120 12.50%
11 2 6.71 142 128 10.94%
12 2 6.98 148 134 10.45Y
13 2 6.86 161 142 13.38%
14 2 6.81 170 162 11.84%
16 2 15.60 181 161 12.42%
total: 116.79 181 161 av: 7.79%

Table: BPSP> for test example M60-1 with N5 = 3.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 3 8.13 44 44 0.00%
2 3 7.36 68 68 0.00%
3 3 6.64 79 79 0.00%
4 3 6.97 85 85 0.00Y%
5 3 6.31 a7 87 0.00%
6 3 6.75 94 o1 3.30%
7 3 6.97 103 95 8.42Y%
8 3 6.75 110 98 12.24%
9 3 T-41 124 105 18.10%
10 3 7.58 128 114 12.28%
11 3 8.51 139 125 11.20%
12 3 7.96 147 134 9.70%
13 3 7.97 154 140 10.00%
14 3 9.28 161 149 8.05%
16 3 10.66 171 156 9.62%
total: 115.25 171 166 av: 6.86%

Table: BPSP2 for test example M60-1 with NS = 4.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 4 8.40 44 44 0.00%
2 4 6.81 68 68 0.00%
3 4 6.59 79 79 0.00%
4 4 6.64 85 85 0.00%
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5 4 6.64 87 87 0.00%
6 4 7.75 98 91 7.69Y%
7 4 8.40 107 95 12.63%
8 4 6.75 112 97 15.46Y%
9 4 6.59 124 102 21.57%
10 4 6.64 129 111 16.22%
11 4 6.81 141 122 15.57%
12 4 6.65 147 132 11.36Y%
13 4 6.81 152 139 9.35Y%
14 4 6.92 163 149 9.40%
15 4 7.03 172 156 10.97%
total: 105.43 172 166 av: 8.68}

Table: BPSP; for test example M60-1 with N° = 5.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 5 13.12 44 44 0.00%
2 5 8.08 68 68 0.00%
3 5 6.70 79 79 0.00%
4 5 6.54 85 86 0.00%
b 5 6.38 87 87 0.00%
6 5 7.47 94 91 3.30%
T 5 7.14 101 96 5.21%
8 5 6.70 112 o8 14.29Y%
9 b 6.81 123 103 19,42,
10 5 7.04 129 111 16.22%
11 5 T.563 139 122 13.93%
12 b 6.86 149 132 12.88%
13 5 6.98 155 138 12.32%
14 1 9.34 164 147 11.56%
16 1] 7.63 174 155 12.26Y%
total: 114.32 174 166 av: 8.09%

Finally, the results for BPSP; for test example M60-1 with N° = 2,..., 5.

Table: BPSP3 for test example M60-1 with N = 2,

Cycle NS CPU,sec. opt NOC

1 2 263666.65 44
2 2 3.68 68
3 2 1.32 79
4 2 1.37 86
5 2 1.26 88
6 2 1.27 22
T 2 2.42 98
8 2 2.30 103
9 2 2.75 112
10 2 1.32 120
11 2 1.43 128
12 2 1.81 134
13 2 2.52 142
14 2 1.64 152
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15 2 2.91 161

total: 263694.65 161

Table: BPSP; for test example M60-1 with N° = 3.
Cycle NS CPU,sec. opt NOC

1 3 9.11 44
2 3 7.03 68
3 3 7.25 79
4 3 7.08 85
5 3 6.81 87
6 3 10.00 91
¥ 3 8.13 95
8 3 8.07 98
9 3 8.30 105
10 3 8.18 114
11 3 9.83 125
12 3 8.18 134
13 3 7.75 140
14 3 8.79 149
15 3 8.13 156
total: 122.64 156

Table: BPSP3 for test example M60-1 with N5 = 4.
Cycle NS CPU,sec. opt NOC

1 4 10.38 44
2 4 8.13 68
3 4 7.69 79
4 4 7.85 85
5 4 7.76 87
6 4 8.40 91
7 4 7.47 95
8 4 8.02 a7
9 4 7.75 102
10 4 10.98 111
11 4 8.24 122
12 4 8.02 132
13 4 7.80 139
14 4 11.09 148
15 4 8.07 155
total: 127.64 155

Table: BPSP; for test example M60-1 with N¥ = 5.
Cycle NS CPU,sec. opt NOC

1 5 9.06 44
2 5 8.35 68
3 5 8.40 79
4 5 8.07 85
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5 6 8.08 87
6 5 7.86 91
7 5 8.74 26
8 5 8.13 28
9 5 7.96 103
10 5 8.24 111
11 5 8.41 122
12 5 8.18 132
13 5 8.30 138
14 b 8.562 147
15 5 8.18 165
total: 124.48 165

Results for BPSP; for test example M60-2 with NS =2, ...,5

Table: BPSP; for test example M60-2 with N5 = 2.

Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 2 2.473 46 45 2.23%
2 2 2.574 73 64 14.06Y%
3 2 2.494 94 7 22.08Y%,
4 2 2.403 110 82 34.15%
5 2 2,353 126 88 43.18%
6 2 2.493 139 90 54.44
7 2 2.344 162 96 68.75%
8 2 2.494 179 101 77.23Y%
9 2 2.484 191 108 76.85Y
10 2 2.293 201 118 70.34Y
11 2 2.453 218 128 70.31%
12 2 2.433 236 136 73.53Y
13 2 2.323 249 146 70.65Y%
14 2 2.273 257 162 69.08%
16 2 2.483 274 160 71.25Y%
total: 36.370 274 160 av: 54.53%

Table: BPSP; for test example M60-2 with NS = 3.

Cycle NS CPU,sec. NOC opt NOC Optimality gap
1 3 2.484 46 45 2.22)
2 3 2.383 75 64 17.19%
3 3 2.394 96 77 23.38)
4 3 2.293 111 82 35.37%
5 3 2.203 128 88 45.45%
6 3 2.263 145 89 62.92),
7 3 2.243 167 94 77.66%
8 3 2.233 180 97 85.57Y
9 3 2.213 196 103 90.29%
10 3 2.284 206 113 82.30%
11 3 2.264 222 126 77.60%
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12 3 2.243 241 132 82.58%
13 3 2.273 253 141 79.43}
14 3 2,263 260 147 76.87%
15 3 2.333 278 155 T7.42%
total: 34.349 276 1656 av: 61.08%

Table: BPSP; for test example M60-2 with N° = 4.

Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 4 2.423 46 45 2.22%
2 4 2,223 74 64 15.63Y%
3 4 2.193 95 77 23.38Y%
4 4 2.433 112 82 36.59%
5 4 2,474 129 88 46,59
6 4 2.353 143 89 60.67%
7 4 2.264 164 93 76.34Y
8 4 2.403 179 97 84.54Y
-] 4 2.606 191 103 85.44Y,
10 4 2.366 202 112 80.36Y
11 4 2.426 217 124 75.00%
12 4 2.597 231 131 76.34Y
13 4 2.394 243 141 74.50%
14 4 2.284 263 146 71.61%
15 4 2.243 271 153 77.12%
total: 35.672 271 163 av: 59.06%

Table: BPSP; for test example M60-2 with N¥ = 5.

Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 5 2.504 46 45 2.22%
2 5 2,283 75 64 17.19%
3 5 2,263 95 77 23,38},
4 5 2.263 110 82 34.15%
5 5 2,233 130 88 47.73%
6 5 2.263 143 88 62.50%
7 5 2,263 167 92 81.52)
8 5 2.214 183 96 90.63%
9 5 2.463 195 102 91.18%
10 B 2.263 206 111 85.59%
11 5 2.223 220 123 78.86Y%
12 5 2.463 241 132 82.58
13 5 2.463 252 141 78.72%
14 5 2.494 264 147 79.59%
15 5 2.323 283 155 82.58Y
total: 34.938 283 166 av: 62.56}

Results for BPSP;, for test example M60-2 with N¥ =2,...,5
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Table: BPSP, for test example M60-2 with N°¥ = 2.

Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 2 2.72 45 45 0.00%
2 2 2.63 64 64 0.00%
3 2 2.64 77 77 0.00Y%
4 2 2.49 82 82 0.00%
5 2 2.64 131 88 48.86Y
6 2 2.46 132 20 46.67
7 2 2.71 161 96 57.29%
8 2 2.44 162 101 60.40Y%
9 2 2.47 166 108 53.70Y%
10 2 2.65 170 118 44.07%
11 2 2.46 172 128 34.38Y%
12 2 2.48 217 136 59.56%
13 2 2.50 222 146 52.06%
14 2 2.47 2265 162 48.03Y%
15 2 2.53 234 160 46.25Y%
total: 38.34 234 160 av: 36.75%

Table: BPSP; for test example M60-2 with N° = 3.

Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 3 2.97 45 45 0.00%
2 3 3.03 64 64 0.00%
3 3 2.75 77 77 0.00%
4 3 2.81 82 82 0.00%
5 3 2.82 88 88 0.00%
6 3 2.81 126 89 41.57Y,
7 3 2.73 140 94 48.94%
8 3 2.75 153 97 57.73%
9 3 2.71 156 103 51.46%
10 3 2,79 167 113 47.79Y%
11 3 2.82 167 125 33.60%
12 3 2.74 224 132 69.70%
13 3 2.74 224 141 58.87%
14 3 2.81 227 147 54.42Y
15 3 3.05 234 155 50.97%
total: 42,39 234 155 av: 34.19%

Table: BPSP; for test example M60-2 with N° = 4.

Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 4 3.07 45 45 0.00%
2 4 2.94 64 64 0.00%
3 4 2.93 77 77 0.00%
4 4 2.76 82 82 0.00%
5 4 2.74 88 88 0.00%
6 4 2.76 88 89 -1.12%
7 4 2.75 133 93 43.01Y%
8 4 2.91 142 97 46.39Y



Appendix A: Rotastore

9 4 2.88 149 103 44,66
10 4 2.81 160 112 42.86%
i1 4 2.79 161 124 29,847
12 4 3.01 219 131 67.18%
13 4 2.80 224 141 58.87%
14 4 2.80 230 146 57.53%
16 4 2.79 237 153 54.907%
total: 42.78 237 163 av: 29.61%

Table: BPSP, for test example M60-2 with NS = 5.

Cycle NS CPU,sec. NOC opt NOC Optimality gap
1 [ 3.03 45 45 0.00%
2 5 2.88 64 64 0.00Y%
3 5 2.74 77 77 0.00%
4 5 2.69 82 82 0.00%
[ 5 2.72 88 88 0.00%
6 5 2.60 88 88 3.30%
7 5 2.79 133 92 44,57
8 5 2.73 148 96 54.17%
9 5 2.71 155 102 51.96%
10 5 2.82 163 111 46.85Y,
11 [ 2.63 165 123 34.15%
12 5 2.77 222 132 68.18Y
13 5 2.72 231 141 63.83Y
14 5 2.82 231 147 57.14%
15 5 2.65 237 155 12.26Y
total: 41.36 174 165 av: 31.58Y%

Results for BPSP3 for test example M60-2 with N5 =2,...,5

Table: BPSP; for test example M60-2 with N5 = 2.

Cycle NS CPU,sec. opt NOC
1 2 37.22 46
2 2 3.28 64
3 2 3.07 7
4 2 2.91 82
5 2 2.92 88
6 2 2.98 20
7 2 3.61 96
8 2 3.18 101
9 2 3.14 108
10 2 3.64 118
11 2 3.31 128
12 2 2.97 136
13 2 3.14 146
14 2 3.05 162
16 2 2.73 160
total: 81.21 160

163
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Table: BPSP; for test example M60-2 with N5 = 3.

Cycle NS CPU,sec. opt NOC

1 3 4.51 45
2 3 3.02 64
3 3 2.62 77
4 3 2.61 82
5 3 2.66 88
6 3 2.62 89
Z 3 2.1 94
8 3 2.64 a7
9 3 2.72 103
10 3 2.78 113
11 3 2.81 125
12 3 2.97 132
13 3 2.76 141
14 3 2.82 147
15 3 3.20 155
total: 43.51 155

Table: BPSP; for test example M60-2 with N° = 4,

Cycle NS CPU,sec. opt NODC

1 4 3.31 45
2 4 2.63 64
3 4 2.63 77
4 4 2.66 82
5 4 2.62 88
6 4 2.50 89
7 4 2.66 93
8 4 2.70 a7
9 4 2.68 103
10 4 2.71 112
11 4 2.58 124
12 4 2.66 131
13 4 2.98 141
14 4 2.63 146
16 4 2.62 153
total: 40.63 153

Table: BPSP; for test example M60-2 with N5 = 5.

Cycle NS CPU,sec. opt NOC

1 5 3.30 45
2 5 2.58 64
3 5 2.69 77
4 5 2.59 82
5 5 2.65 88
6 5 2.51 88
T 5 2.84 92
8 5 2.72 96
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9 5 2.74 102
10 5 2.69 111
11 5 2.60 123
12 5 2.94 132
13 5 3.01 141
14 5 2.73 147
15 5 3.06 166
total: 41.70 155

Results for BPSP; for test example M60-3 with N° =2,...,5

Table: BPSP; for test example M60-3 with N5 = 2.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 2 2.764 46 42 9.52%
2 2 2.514 76 67 13.43Y%
3 2 2.683 95 76 26.67%
4 2 2.534 115 84 36.90%
B 2 2.593 136 87 56.17%
6 2 2.544 154 92 67.39%
7 2 2.563 171 97 76.29%
8 2 2.554 184 103 78.64%
9 2 2.563 194 111 74.77Y
10 2 2.544 208 121 71.90%
11 2 2.554 223 130 71.54%
12 2 2.594 236 138 71.01%
13 2 2.604 246 144 70.83%
14 2 2.544 262 153 71.24Y
16 2 2.614 275 1569 72.96%
total: 38.666 275 169 av: 57.89Y%

Table: BPSP; for test example M60-3 with N S =3.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 3 2.384 48 42 14.29%
2 3 2.183 80 67 19.40%
3 3 2.153 97 75 29.33%
4 3 2.664 113 84 34.52}
B 3 2.784 130 86 51.16%
6 3 2.724 151 89 69.66%
7 3 2.734 168 93 80.65%
8 3 2.704 184 100 84.00%
9 3 2.824 194 106 83.02%
10 3 2.864 209 116 80.17%
11 3 2.884 227 125 81.60%
12 3 2.804 239 134 78.36%
13 3 3.025 249 137 81.75%
14 3 2.904 263 144 82.64%
15 3 2.994 276 154 79.22}

total: 40.529 276 154 av: 63.32)
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Table: BPSP; for test example M60-3 with N¥ = 4.

Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 4 2.363 45 42 T.14%
2 4 2.173 76 67 13.43%
3 4 2.123 95 75 28.00Y%
4 4 2.474 111 84 32.147%
5 4 2.163 129 86 50.00%
6 4 2.714 147 89 65.17%
7 4 2.724 167 93 79.57%
8 4 2.744 182 98 B5.71%
9 4 2.734 190 105 80.95Y%
10 4 2.764 206 115 79.13Y%
11 4 2.964 221 123 79.67%
12 4 2.724 233 132 76.52%
13 4 2.814 240 137 76.18%
14 4 2.764 257 144 78.47%
15 4 2.885 269 153 75.82%
total: 39.117 269 1563 av: 60.46}

Table: BPSP; for test example M60-3 with NS = 5.

Cycle N3 CPU,sec. NOC opt NOC Optimality gap
1 5 2.423 46 42 9.52%
2 5 2.274 74 67 10.45%
3 B 2.623 a0 75 20.00%
4 5 2.424 111 84 32.14%
5 5 2.744 131 86 52.33Y%
6 [3 2.724 151 89 69,66,
T 5 2.433 164 93 76.34Y%
8 5 2.724 177 98 80.61%
9 5 2,965 192 104 84.62
10 11 2.804 209 114 83.33Y%
11 5 2.704 226 123 83.74%
12 5 2.713 236 132 78.79%
13 5 2.753 244 136 79.41%
14 B 2.814 258 143 80.42%
15 B 2.804 271 162 78.29%
total: 39.826 271 162 av: 61.31Y

Results for BPSP» for test example M60-3 with N S=92..,5

Table: BPSP; for test example M60-3 with N¥ = 2.

Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 2 2.88 42 42 0.00%
2 2 2.55 67 67 0.00%
3 2 2.55 75 75 0.00%
4 2 2.76 84 84 0.00%
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5 2 2.82 124 87 42.53Y
6 2 2.42 133 92 44,577
7 2 2.54 148 o7 52.58Y%
8 2 2.59 156 103 50.49%
9 2 2.59 161 111 45.05%
10 2 2.56 167 121 38.02Y%
11 2 2.77 225 130 73.08Y%
12 2 2.55 226 138 63.77Y%
13 2 2.55 229 144 59.03%
14 2 2.47 236 163 54.25%
16 2 2.50 240 159 50.94%
total: 39.22 240 159 av: 38.29%

Table: BPSP, for test example M60-3 with N = 3.

Cycle NS CPU,sec. NOC opt NOC Optimality gap
1 3 2.84 42 42 0.00%

2 3 2.66 67 67 0.00%

3 3 2.53 75 75 0.00%

4 3 2.63 B84 B4 0.00%

B 3 2.58 86 86 0.00%

6 3 2.68 132 89 48.31%

T 3 2.65 146 93 56.99%

8 3 2.57 154 100 54.00%

9 3 2.60 161 106 51.89Y%

10 3 2.72 166 116 43.10%

11 3 2.65 172 125 37.60%

12 3 2.67 174 134 29.85Y%,

13 3 2.62 213 137 55.47

14 3 2.56 222 144 54.17%,

15 3 2.59 230 154 49,35

total: 39.10 230 164 av: 32.05%

Table: BPSP; for test example M60-3 with N5 =4,

Cycle NS CPU,sec. NOC opt NOC Optimality gap
1 4 2.67 42 42 0.00%
2 4 2.73 67 67 0.00%
3 4 2.53 75 75 0.00%
4 4 2.69 84 84 0.00%
5 4 2.60 124 86 44.19%
6 4 2.654 143 89 60.67%
7 4 2.58 154 93 65.59Y%
8 4 2.44 1569 98 62.24Y
9 4 2.67 163 106 55.24%
10 4 2.57 167 115 45.22%
11 4 2.66 174 123 41.46Y,
12 4 2.66 174 132 31.82Y%
13 4 2.61 212 137 54.74%
14 4 2.57 224 144 65.56%
15 4 2.61 229 153 49.67%
total: 38.78 229 163 av: 37.76}

167
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Table: BPSP; for test example M60-3 with N¥ = 5.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 5 2.76 42 42 0.00%
2 5 2.54 67 67 0.00%
3 5 2.56 75 75 0.00%
4 5 2.57 84 84 0.00%
5 5 2.59 86 86 0.00%
6 5 2.60 132 89 48.31Y
7 5 2.54 144 93 54.84%,
8 5 2.56 151 98 54.08Y%
9 5 2.56 158 104 51.92%
10 5 2.59 163 114 42.98Y
11 5 2.63 168 123 36.59%
12 5 2.57 172 132 30.30%
13 5 2.76 209 136 53.68Y
14 5 2.99 223 143 55.94%
15 5 2.69 228 152 50.00%
total: 39.58 228 162 av: 31.91%

Results for BPSP3 for test example M60-3 with N¥ =2,...,5

Table: BPSP; for test example M60-3 with N5 = 2,
Cycle NS CPU,sec. opt NOC

1 2 30.44 42
2 2 6.71 67
3 2 2.62 75
4 2 2.78 84
5 2 2.68 87
6 2 3.03 22
7 2 3.01 97
8 2 3.53 103
9 2 3.1 111
10 2 3.81 121
11 2 2.88 130
12 2 2.98 138
13 2 3.29 144
14 2 3.70 153
15 2 2.73 159
total: 77.61 169

Table: BPSP3 for test example M60-3 with N° = 3.

Cycle NS CPU,sec. opt NOC

1 3 4.05 42
2 3 2.76 67
3 3 2.75 75
4 3 2.71 84
5 3 2.71 86
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6 3 2.73 89
{8 3 2.74 93
8 3 2.75 100
9 3 2.566 106
10 3 3.66 116
11 3 2.90 125
12 3 2.85 134
13 3 2.99 137
14 3 2.78 144
15 3 3.00 154
total: 43.99 154

Table: BPSP3 for test example M60-3 with N S =4,

Cycle NS CPU,sec. opt NOC

1 4 3.38 42
2 4 2.83 67
3 4 2.84 75
4 4 2.64 84
5 4 2.88 86
6 4 2.77 89
7 4 2.79 93
8 4 2.78 98
9 4 2.61 106
10 4 2.96 115
11 4 2.80 123
12 4 2.98 132
13 4 2.70 137
14 4 2.95 144
15 4 2.91 153
total: 42.73 153

Table: BPSP; for test example M60-3 with N° = 5.

Cycle NS CPU,sec. opt NOC
1 5 3.44 42
2 5 2.74 67
3 5 2.54 75
4 5 2.84 84
6 5 2.76 86
6 5 2.68 89
7 5 2.77 93
8 5 2.52 98
9 5 2.88 104
10 5 2.89 114
11 5 2.80 123
12 5 2.71 132
13 5 2.85 136
14 5 2.80 143
15 5 2.91 152

total: 42.16 152
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Results for BPSP, for test example M60-4 with NS = 2,...,5

Table: BPSP; for test example M60-4 with N° = 2.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 2 2.794 48 47 2.13Y%
2 2 2.754 74 67 10.45%
3 2 2.904 98 83 18.07%
4 2 2.814 115 86 35.29%
B 2 2.925 131 91 43.96Y%
6 2 2.754 146 94 55.32)
7 2 2.854 161 98 64.29%
8 2 3.014 174 104 67.31%
9 ) 3.085 191 109 75.23Y%
10 2 2.934 205 119 72.27%
11 2 2.974 219 126 75.20%
12 2 2.894 229 135 69.63Y%
13 2 3.034 245 139 76.26Y%
14 2 2.904 259 151 71.52Y%
15 2 2.944 271 160 69.38Y
total: 43.582 271 160 av: 53.75%

Table: BPSP; for test example M60-4 with N = 3.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1: 3 2.744 48 47 2.13)
2 3 2.724 75 67 11.94Y%
3 3 2.324 97 83 16.87%
4 3 2,633 115 86 36.29%
5 3 2.204 132 89 48,31,
6 3 2.383 147 92 69.78Y%
7 3 2.223 165 95 73.68},
8 3 2.233 176 99 T7.78%
9 3 2.213 194 107 81.31%
10 3 2.243 208 116 79.31%
11 3 2.184 223 123 81.30%
12 3 2.293 233 129 80.62Y
13 3 2.213 249 137 81.75%
14 3 2.253 262 148 77.03%
15 3 2.394 274 154 77.92)
total: 35.261 274 164 av: 59.00%

Table: BPSP; for test example M60-4 with N = 4.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 4 2.794 48 47 2.13%
2 4 2.754 75 67 11.94%
3 4 2.784 100 83 20.48Y
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4 4 2.895 116 85 36.47%
5 4 2.864 135 89 61.69Y%
6 4 2.884 151 92 64.13),
7 4 2.874 170 94 80.85%
8 4 2.624 179 99 80.81%
9 4 2.794 196 105 86.67/
10 4 2.834 210 116 81.03%
11 4 2.744 223 123 81.30%
12 4 2.704 233 129 80.62}
13 4 2.604 251 134 87.31%
14 4 2.724 265 146 81.51%
15 4 2.804 278 153 81.70%
total: 41.681 278 163 av: 61.91%

Table: BPSP; for test example M60-4 with N° = 5.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 5 2.464 48 a7 2.13%
2 5 2.693 75 67 11.94%
3 B 2,223 100 83 20.48%
4 5 2.283 116 85 36.47%
5 5 2.273 136 89 52.81%
6 1) 2.164 152 92 65.22%
7 5 2,183 167 94 T77.686Y,
8 5 2.163 174 99 76.76%
9 1) 2.303 188 105 79.05Y%
10 b 2.183 203 115 76.52%
11 5 2.194 212 122 73.77%
12 1] 2,213 222 128 73.44Y
13 5 2.113 242 133 81.95Y
14 5 2.343 266 146 75.34%
15 5 2.294 269 162 76.97%
total: 34.059 269 162 av: 58.63)

Results for BPSP; for test example M60-4 with N° =2,...,5

Table: BPSP; for test example M60-4 with N¥ = 2.

Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 2 2.76 47 47 0.00%,
2 2 2.63 67 67 0.00%
3 2 2.61 83 83 0.00%
4 2 2.58 122 85 43.83),
5 2 2.75 135 91 48.35),
6 2 2.89 146 94 55.32),
7 2 3.03 156 98 58.167,
8 2 3.01 161 104 54.81%
9 2 3.08 166 109 52.29Y%
10 2 3.06 171 119 43.70%
11 2 3.22 173 125 38.40%
12 2 2.94 173 135 28.15Y%
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13 2 2.85 178 139 28.06Y%
14 2 3.01 217 151 43.71Y%
15 2 3.22 229 160 43.13%
total: 43.68 229 160 av: 35.84)

Table: BPSP; for test example M60-4 with N° = 3.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 3 3.07 47 47 0.00%
2 3 3.00 67 67 0.00%
3 3 3.16 83 83 0.00%
4 3 2.99 85 85 0.00%
5 3 2.98 132 89 48.31Y%
6 3 3.10 136 92 47.83Y,
T 3 2.97 148 95 55.79%
8 3 2.93 169 929 60.61%
9 3 2.96 164 107 8§3.27%
10 3 2.82 169 116 45.69Y%
11 3 3.04 171 123 39.02%
12 3 2.76 171 129 32.56Y%
13 3 3.02 175 137 27.74%
14 3 2.98 218 148 47.30%
16 3 3.10 224 154 45.45Y,
total: 44 .93 224 154 av: 33.57%

Table: BPSP; for test example M60-4 with N5 = 4,
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 4 2.84 47 47 0.00%
2 4 2.55 67 67 0.00%
3 4 2.90 83 83 0.00%
4 4 3.09 85 85 0.00%
5 4 3.12 132 89 48.31Y
6 4 3.11 136 92 47.83Y%
7 4 3.04 146 94 55.32%
8 4 3.06 159 99 60.61%
9 4 3.08 159 105 51.43%
10 4 3.12 167 116 43.97Y,
11 4 3.07 167 123 36.77%
12 4 3.03 167 129 29.46Y%
13 4 3.04 173 134 29.10%
14 4 3.02 215 146 47.26Y%
16 4 3.05 219 153 43.14Y,
total: 45.16 219 163 av: 32.69%

Table: BPSP; for test example M60-4 with N =5,

Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 5 2.83 47 a7 0.00%
2 5 2.99 67 67 0.00%
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3 5 3.07 83 83 0.00%
4 5 2.80 85 85 0.00%
5 5 3.00 132 89 48.31Y
6 5 2.84 145 92 57.61%
7 5 2.70 152 94 61.70%
8 5 3.15 162 99 63.64Y
9 5 3.20 164 106 56.19%
10 5 3.08 172 115 49.57Y
11 5 3.16 173 122 41.80Y%
12 5 3.19 171 128 33.59%
13 5 3.20 176 133 32.33%
14 5 3.01 216 146 47.95Y%
15 5 3.18 225 152 48.03Y%
total: 45.45 225 152 av: 36.05%

Results for BPSP3 for test example M60-4 with N 5=2..5

Table: BPSP3 for test example M60-4 with N5 = 2,

Cycle NS CPU,sec. opt NOC

1 2 218974.44 47
2 2 3.84 67
3 2 3.07 83
4 2 3.04 856
5 2 3.26 o1
6 2 3.13 94
T 2 3.46 98
8 2 3.22 104
9 2 3.37 109
10 2 3.74 119
11 2 3.26 125
12 2 3.88 136
13 2 3.24 139
14 2 4.58 151
15 2 3.86 160
total: 219023.43 160

Table: BPSP;3 for test example M60-4 with N° = 3.

Cycle

NS CPU,sec. opt NOC

H OO0 W

= O

.31
.13
o9
.12
17
.04
.08
.61
.79
.66
.19

WWwwwowwwwwowow
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95
929
107
116
123
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12 3 4.18 129
13 3 3.71 137
14 3 3.74 148
15 3 3.23 154
total: 51.98 154

Table: BPSP; for test example M60-4 with N5 = 4.
Cycle NS CPU,sec. opt NOC

1 4 3.68 47
2 4 3.37 67
3 4 3.24 83
4 4 3.19 85
6 4 3.49 89
6 4 3.04 92
7 4 3.31 94
8 4 3.67 929
9 4 3.60 105
10 4 3.33 116
11 4 3.17 123
12 4 3.42 129
13 4 3.41 134
14 4 3.21 146
15 4 3.32 153
total: 50.36 153

Table: BPSP; for test example M60-4 with N° = 5.
Cycle NS CPU,sec. opt NOC

1 5 3.60 47
2 5 3.33 67
3 5 3.32 83
4 5 3.43 85
5 5 3.15 89
6 5 3.05 92
T 5 3.14 94
8 5 3.11 99
9 5 3.19 106
10 b 3.16 115
11 5 3.14 122
12 5 3.18 128
13 5 3.17 133
14 5 3.35 146
15 5 3.19 162
total: 48.55 152

Results for BPSP, for test example M60-5 with N¥ =2,...,5

Table: BPSP; for test example M60-5 with N = 2.

Cycle NS CPU,sec. NOC opt NOC Optimality gap
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1 2 2.554 46 41 12.20%
2 2 2.694 78 67 16.42%
3 2 2.764 100 77 29.87%
4 2 2.874 119 86 38.37%
[ 2 2.874 136 90 51.11%
6 2 2.864 152 93 63.44),
7 2 2.914 164 97 69.07%
8 2 2.774 183 104 75.96Y%
9 2 2.413 197 111 77.48Y%
10 2 2.263 212 119 78.15Y%
11 2 2.834 223 129 72.87Y%
12 2 2.825 241 137 75.91%
13 2 2.794 254 145 76.17Y%
14 2 2.904 263 153 71.90%
15 2 2.824 279 160 74.38Y
total: 41.159 279 160 av: 58.82Y%

Table: BPSP; for test example M60-5 with N = 3.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 3 2.674 46 41 12.20%
2 3 2.684 76 67 13.43Y%
3 3 2.363 95 77 23.38Y%
4 3 2.724 116 85 36.47Y
5 3 2,864 133 89 49.44Y,
8 3 2,244 151 91 65.93Y%
7 3 3.074 163 95 71.58Y%
8 3 2.674 180 98 83.67Y
9 3 2.594 196 105 86.67Y%
10 3 2.253 210 114 84.21Y%
11 3 2.524 219 122 79.51Y%
12 3 2.413 235 129 82.17%
13 3 2.824 249 141 76.60%
14 3 2.955 260 148 75.68%,
15 3 3.124 275 157 75.16%
total: 39.988 275 167 av: 61.07%

Table: BPSP; for test example M60-5 with N = 4.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 4 2.583 45 41 9.76%
2 4 2.264 76 67 13.43%
3 4 2.804 93 77 20.78Y%
4 4 2.714 114 85 34.12%
5 4 2.824 133 89 49.44Y
6 4 2,834 152 91 67.03%
7 4 2.834 164 94 T74.47Y%
8 4 2.513 183 97 88.66Y
9 4 2.804 198 103 92.23Y%
10 4 2.975 212 113 87.61Y
11 4 2.924 223 121 84.30Y%
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12 4 2.283 241 126 91.27%
13 4 2.804 254 138 84.08Y
14 4 3.1256 266 146 82.19Y%
16 4 2.934 278 156 78.21%
total: 41.629 278 156 av: 63.84Y

Table: BPSP; for test example M60-5 with N = 5.

Cycle NS CPU,sec. NOC opt NOC Optimality gap
1 5 2.543 44 41 7.32Y,
2 5 2.614 74 67 10.45Y%
3 5 2.774 a7 77 25.97%
4 5 2.714 118 85 38.82Y%
5 5 2.424 136 89 52.81%
6 5 2.674 151 91 65.93%,
7 5 2.393 161 94 71.28%
8 5 2.123 180 98 83.67Y,
9 5 2.864 191 103 85.44Y,
10 5 2.965 206 113 82.30%
11 5 2.924 218 121 80.17Y%
12 5 2.804 239 126 89.68%
13 5 3.004 250 138 81.16%
14 5 2,934 260 146 78.08Y
15 5 2.874 270 156 73.08Y%
total: 40.628 270 166 av: 61.74%

Results for BPSP, with N° =2,...,5 for test example M60-5

Table: BPSP; for test example M60-5 with N5 = 2.
Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 2 2.67 41 41 0.00%
2 2 2.85 67 67 0.00%
3 2 2.55 77 77 0.00Y%
4 2 3.12 85 86 -1.16Y%
5 2 3.14 130 920 44.44Y,
6 2 2.96 132 93 41.94%
7 2 3.12 142 97 46.39%
8 2 3.07 150 104 44,23%
9 2 3.09 162 111 45.95%
10 2 3.01 167 119 40.34Y%
11 2 3.02 169 129 31.01%
12 o 3.08 219 137 59.85%
13 2 2.99 223 145 53.79%
14 2 3.03 229 153 49.67J,
15 2 3.17 234 160 46.25Y%
total: 45.33 234 160 av: 33.51Y%

Table: BPSP; for test example M60-5 with N¥ = 3.
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Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 3 2.81 41 41 0.00%
2 3 2.55 67 67 0.00%
3 3 2.53 77 77 0.00%
4 3 2.53 85 85 0.00%
5 3 3.13 131 89 47.19Y%
6 3 3.13 132 91 45.05%
7 3 3.07 144 95 51.58%
8 3 3.34 150 98 53.06
9 3 3.26 162 105 54.29%
10 3 3.18 168 114 47.37Y%
11 3 3.22 172 122 40.98Y%
12 3 3.04 175 129 35.66%
13 3 3.11 217 141 53.90%
14 3 3.20 220 148 48.65Y
15 3 3.46 229 157 45.86Y,
total: 46.29 229 157 av: 34.63%

Table: BPSP; for test example M60-5 with N5 = 4,

Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 4 2.63 41 41 0.00%
2 4 2.58 67 67 0.00%
3 4 2.63 77 77 0.00%
4 4 2.45 85 85 0.00%
5 4 2.49 131 89 47.19Y%
6 4 2.43 136 91 49.45Y%
7 4 2.52 147 94 56.38Y%
8 4 2.44 150 97 54.64Y%
9 4 2.61 164 103 59.22%
10 4 2.39 165 113 46.02%
11 4 2.36 167 121 38.02%
12 4 2.45 176 126 38.89%
13 4 2.68 216 138 56.52%
14 4 2.46 223 146 52.74Y
15 4 2.43 231 156 48.08Y%
total: 37.57 231 156 av: 36.48%

Table: BPSP; for test example M60-5 with NS = 5.

Cycle NS CPU,sec. NOC opt NOC Optimality gap

1 5 2.81 41 41 0.00%
2 [3 2.58 67 67 0.00%
3 5 2.61 77 77 0.00%
4 5 2.76 85 85 0.00%
[ 5 2.88 131 89 47.19%
6 5 3.16 133 91 46.15%
7 5 3.00 143 94 52.13Y%
8 5 2.90 152 o8 55.10Y%
9 5 3.05 162 103 57.28Y
10 [ 3.02 166 113 46.02%
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11 [ 3.02 169 121 39.67%
12 5 3.06 173 126 37.30%
13 5 3.05 216 138 56.52Y
14 5 3.04 217 146 48.63%
15 5 3.14 225 156 44,23}
total: 44.12 225 156 av: 35.356Y

Results for BPSP3 for test example M60-5 with NS =2, ...,5

Table: BPSP; for test example M60-5 with N° = 2.

Cycle NS CPU,sec. opt NODC

1 2 26721.14 41
2 2 4.24 67
3 2 3.07 T
4 2 3.36 86
5 2 3.16 90
6 2 3.18 93
7 2 3.08 a7
8 2 3.30 104
9 2 3.40 111
10 2 3.41 119
11 2 3.46 129
12 2 3.48 137
13 2 3.56 145
14 2 3.89 163
15 2 3.22 160
total: 26768.97 160

Table: BPSP; for test example M60-5 with N° = 3.

Cycle NS CPU,sec. opt NOC
i 3 4.29 41
2 3 3.10 67
3 3 3.22 77
4 3 3.18 85
B 3 3.18 89
6 3 3.24 91
7 3 3.38 95
8 3 3.27 98
] 3 3.78 105
10 3 3.41 114
11 3 3.30 122
12 3 3.70 129
13 3 3.59 141
14 3 3.47 148
15 3 3.43 167
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total: 51.566 157
Table: BPSP3 for test example M60-5 with N5 = 4,

Cycle NS CPU,sec. opt NOC
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Table: BPSP3 for test example M60-5 with N° = 5.

Cycle NS CPU,sec. opt NOC

1 5 3.56 41
2 5 3.04 67
3 5 3.26 77
4 5 3.16 85
5 5 3.24 89
6 5 3.09 91
7 5 3.21 94
8 5 3.16 o8
9 5 3.20 103
10 5 3.36 113
11 6 3.26 121
12 5 3.42 126
13 5 3.20 138
14 5 3.80 146
15 5 3.47 156
total: 49.45 156

Results for combination of BPSPy and BPSP;3 for test example M60-4 with NS = 2
(cycle 1: BPSP3; cycle 2-14: BPSP3)

Cycle NS CPU, sec. NOC

1 2 2.76 47
2 2 3.06 67
3 2 2.92 83
4 2 2,52 85
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5 2 3.27 90
6 2 3.80 95
7 2 2.98 a7
8 2 3.04 104
9 2 3.49 113
10 2 3.47 122
11 2 3.21 128
12 2 3.39 133
13 2 4.07 143
14 2 4.21 153
16 2 4.18 161
total: 50.38 161

Results for combination of BPSPy and BPSP3 for test example M60-5 with NS = 2
(cycle 1: BPSPy; cycle 2-14: BPSP3)

Cycle NS CPU, sec. NOC

1 2 3.07 41
2 2 3.71 67
3 2 3.09 TH i
4 2 3.39 86
5 2 3.02 89
6 2 3.08 91
T 2 3.26 97
8 2 3.18 103
9 2 3.30 111
10 2 3.96 120
11 2 3.46 132
12 2 2.70 136
13 2 3.07 145
14 2 3.52 156
15 2 3.76 163
total: 49.567 163

As one can see applying combinations of the models produce near optimal (A =
0.1% — 0.2%) solutions (A = 0.1% — 0.2%) much faster than using BPSPj only.

A.2.  Tabular Results for Different Algorithms

In the following tables and figures the numerical results for the algorithms Dy, WLy,
WLL, WL2, SL,, are presented. Note that the CPU time is not reported because it
is always was less than 6 seconds. The figures do not show the results obtained using
the algorithm SL,, as those values cannot easily displayed on the same scale.

D; | WL; | WL, | WL | SL.
484 | 480 484 484 549
484 | 480 489 489 548
484 | 480 491 490 547
484 | 480 486 485 544
484 | 480 484 483 550

|| =]2

Table 1: Results with lower bound 472
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Table 1
n| D [ WLy | WL. | WLZ | SL,
1 | 484 | 485 483 483 562
2 | 484 | 485 484 484 559
3 | 484 | 485 485 485 557
4 | 484 | 485 482 482 551
5 | 484 | 485 482 482 553
Table 2: Results with lower bound 475
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484 |-
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Dz | WL; | WLL | WLZ | SL,

490 | 489 487 484 562

490 | 489 487 487 564

490 | 489 485 484 561

490 | 489 488 487 561

ol oo b =] 3

490 | 489 485 484 556

Table 3: Results with lower bound 478

B e e o e = - —— i = —— ]
- i — “._ g
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- — / “\‘.‘. " '/ ‘\ “ WL2
7 A =7 '/ LTl - &= WLNI
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1 2 3 4 5
Table 3

D, [ WL, | WLL | WLZ [ SL,

483 | 479 478 477 581

483 | 479 479 476 579

483 | 479 481 479 579

483 | 479 483 481 572

1311 T G G T

483 | 479 481 479 565

Table 4: Results with lower bound 470
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Table 4
n | Da WL, | WL, | WLZ | SL,.
1 | 475 | 477 482 481 552
2 | 475 | 477 483 482 556
3 | 475 | 477 481 482 560
4 | 475 | 4ATT 483 480 558
5 | 475 | 477 484 482 559
Table 5: Results with lower bound 472
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Table 5

183



184 Online Storage Systems and Transportation Problems

D: | WL, | WL, | WLZ | SLn
482 | 482 | 485 | 485 | 562
482 | 482 | 488 | 487 | 562
482 | 482 | 487 | 486 | 562
482 | 482 | 486 | 486 | 559
482 | 482 | 485 | 485 | 557

Gl Cojea| =3

Table 6: Results with lower bound 475

490

480
1 2 3 4 5
Table 6

n| Dy | WLy | WL, | WL: | SL,
1| 479 | 476 477 477 564
2 | 479 | 476 481 480 563
3 | 479 | 476 482 481 556
4 | 479 | 476 479 478 559
5 | 479 | 476 476 475 561
Table 7: Results with lower bound 467
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490

n| Dy | WLy | WL, | WL; | SLa
1 | 482 | 483 486 486 551
2 | 482 | 483 485 485 550
3 | 482 | 483 488 488 544
4 | 482 | 483 488 488 547
5 | 482 | 483 487 487 544

Table 8: Results with lower bound 473

1 2 4 5
Table 8
n | Dy | WLy | WL, | WLA | SL.
1 | 485 | 484 491 489 565
2 | 485 | 484 490 488 565
3 | 485 | 484 492 488 560
4 | 485 | 484 491 487 559
5 | 485 | 484 494 489 557

Table 9: Results with lower bound 478
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D, | WLy | WL, | WL | SLa

479 | 478 | 480 478 548

479 | 478 484 482 547

479 | 478 482 479 543

479 | 478 485 482 551

| ol rof =3

479 | 478 | 485 482 550

Table 10: Results with lower bound 472
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B.
B.

1. Input Data

1.1 Input Data Common to all Solution
Approaches

Our implementation requires the following order-specific information displayed in

Fig. B.1.1:

1

~N N D B W

10
11
12
13
14

15

The name of a pick-up order;

The name of a delivery order;

The name of the pick-up building;

The physical node of the pick-up building;
The name of the delivery building;

The physical node of the delivery building;

Desired pick-up time (if no time specified, then we set this time to zero and do
not consider any pick-up time);

Desired delivery time (if no time specified, then we set this time to zero and do
not consider any pick-up time);

The type of an order (i.e., whether a vehicle transport sitting, lying patient or
some materials and so on...);

A flag, indicating whether a patient is infectious;
The number of accompanied persons;

The service time required for picking-up a patient;
The service time required for delivering a patient;

The number of the vehicle, if the patient is already in that vehicle (if an order still
need to be served, then zero);

In case the previous parameter is not zero, then this is the amout of minutes a
patient is in a car already.
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14
A25524 25524 RA-A BT M5-01 60 13.5 0o 2 0 0 0 6 4 0
A25501 25501  A-04 8 M2-A 86 137 o0 2 0 0 9 3 5 W
A25504 25504 A-02 8 M2-A 8% 1375 0 2 0 0 9 3 4 0
A25528 25528 M3-KARD 71 M3-02 80 13.766 0 1 0 0 6 9 0 0
A25525 25525  M3-0p BO  M5-03 60 14 o 1 0 0 3 6 2 0
A25531 25531 M3-0B 71 M3-0P BO 138 0 2 0 0 6 3 5 0
A25532 25532 NN-A 55 CM-A 69 13.888 0 1 0 0 3 3 3 0
A25527 25527  M5-02 60 RD-CTS7 69 14 o 1 0 0 9 3 0 0
A25508 25508 hHO-0Z 5 G&k-01 89 14 0o 2 0 0 2 5 6 0
A25441 25441  HO-01 5 M2-A 86 14 0o 2 0 0 21 3 7 0
A25364 25364  HO-03 5 RA-A 87 1445 1451 0 0 30 9 0 0
A25530 25530 D-03 21  RD-ROE49 86 14 o 2 0 0 3 3 0 0
A25333 25533 M3-0P BO  M5-03 60  14.5 o 1 0 0 3 6 0 0
0o 1 0 0 6 3 00

rA25534 25534  M5-03 60 M3-0p B0 14.25

Figure B.1.1. Input file: order-dependent information

Column nine might indicate :
® 1 - the patient is in bed;
m 2 - regular patient;
® 3 - the patient is in a wheel-chair;
® 4 - materials should be transported;

® 10 - break for the car, it means the car has to drive to the depo and to stay there
for the time specified in columns 12 and 13.

If the value in column nine is negative it means that corresponding order is urgent.
For offline cases the columns 14 and 15 are neglected, because all values in those are
Zero.

Fig. B.1.2 contains the vehicle-dependent information:

® The total number of vehicles and the current time in seconds;
Starting from the second line, the content of the column:

The number of the vehicle;

Current location of the vehicle (number of the building);
Earliest time when the vehicle is available in seconds;

Latest time when the vehicle is available in seconds;

The number of patients in bed the vehicle can transport;

The number of sitting patients the vehicle can transport;

m The wheel-chair capacity of the vehicle.

In addition, all control parameters specified in Section B.B.1.3.2 are required.

B.1.2  Specific Input Data for the MILP Model
and the Column Enumeration Approach

The MILP models involves several parameters used in the fine tuning process gen-
erating cuts:
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12 50861

1 80 50862 86399 2
2 80 50861 51120 2
3 54 50861 311202
4 87 50861 54720 2
5 34 50861 36520 2
b 5 50861 57600 2
7 5 50861 57600 2
8 69 50861 28320 2
9 55 50861 58320 2
10 11 50861 58320 2
11 69 50861 60120 2
12 73 50861 60120 2

R L R N N RN, N, W R N R, W, |
= =t e bt e et e et el e

Figure B.1.2. Input file: vehicle-dependent information

AP 2.0 - used to reduce the arc system (backward) seen by the MILP model,
AF 2.0 - used to reduce the arc system (forward) seen by the MILP model,

RA! 2.0- the maximum allowed deviations (earliness) from target time for pickup
nodes,

RA? 2.0- the maximum allowed deviations (lateness) from target time for pickup
nodes.

R®B 2.0 - the maximum allowed deviations (lateness) from target time for delivery
nodes,

S{f 2.0 - the maximum allowed sum of lateness, e.g., derived from the heuristic.

B.1.3  Specific Input Data for the Heuristic

Methods

B.1.3.1 Penalty Criteria

We use several parameters to penalize violations of some constraints:
PENINF1 5555.0 - used to penalize capacity infeasibility (i.e., an order is assigned
to a vehicle » for which either c]I-‘ =L, c}” =C% or cf =C5).

PENPAR1 3001.0 - used when an order is not in vehicle’s time windows (i.e., an
order is assigned to a vehicle which is “not yet” or “already not” available, see
Fig. B.1.2).

PENPAR2 1000.0 - used when a pre-assigned order is arrived too late.

PENPAR3 200. 0 - used to avoid that a patient is in a vehicle for more than AT = 40
minutes. All what is more than 40 minutes is penalized.

PENPAR4 444.0 - used to enforce the desired time when a vehicle should take its
lunch break.
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B.1.3.2  Control Parameters of the OptiTrans Software

In this section we provide a detailed list of the control parameters used in our
construction and improvement heuristics.

® IFDRO is used to decide how remaining orders should be distributed.

1 IFDRO 0 implies that remaining orders are neglected;
2 IFDRO 1 implies that remaining orders are distributed using DU heuristic;

3 IFDRO 2 implies that remaining orders are distributed using DB heuristic.
B IFRDSTR is used to choose the imprrovement heuristic.

1 IFRDSTR 0 implies that IT1 heuristic is used;

2 IFRDSTR 1 implies that the combination of IT1 and IT2 is used with first
acceptance criteria (see p.140);

3 IFRDSTR 2 implies that the combination of IT1 and IT2 is used with second
acceptance criteria (see p.140);

4 IFRDSTR 3 implies that IT2 heuristic is used.
m INCOH is used to choose the construction heuristic

1 INCOH 1 implies that remaining orders are distributed using CONH1 heuristic;

2 INCOH 2 implies that remaining orders are distributed using CONH2 heuristic.
® IOPTMD is used to select either offline or online optimization.

1 IOPTMD 1 selects offline optimization;

2 IOPTMD 2 selects online optimization.

® PXINC 0.05 is the permitted increase of the maximal lateness in accepting a tour
to take an order in the cross-over scheme. This tuning parameter is one of the
most sensitive parameters in the heuristic. Its value is recommend to be chosen
as 0.15D, to 0.5D,.

® TIMECT 125.0 defines the cleaning time after transporting an infectious person.
m TIMECC1 5.0 defines the time in minutes for changing a car at the depot.
m TIMECC2 5.0 defines the time in minutes for changing a car at the depot.

m TOLO 0.058 sets the tolerance on accepting two orders having the same pick-up
time for the same vehicle.

B TOL1 0.25 sets the tolerance on accepting the lower limit of the vehicle’s availabil-
ity.

W TOL2 0.25 sets the tolerance on accepting the upper limit of the vehicle’s avail-
ability.
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B.2. Tabular Results
B.2.1 Tabular Results for the MILP Model

Case MO1: optimal tour for the set of 4 orders

v node TE tA tL A2 rB S L
2 A150826 7.500 7.500 - - 01
2  A150752 7.500 7.655 0.154500 = 1.1
2 150826 T7.781 8.000 - - 10
2 150752 7.860 8.000 - = 00
2  A150869 8.000 8.000 = = 10
2 A150890 8.000 8.025 0.025133 = 20
2 150869 8.334 8.500 - = 10
2 150890 8.392 8.500 = = 00
Case M02: optimal tour for the set of 5 orders
v node TE tA tL rA2 B SL

2  A150826 7.500 7.500 - - 01
2  A150752 7.500 7.655 0.154500 - 11
2 150826 7.781 8.000 - - 10
2 150752 7.860 8.000 - - 00
2 A150869 8.000 8.000 = - 10
2 A150890 8.000 8.025 0.025133 = 20
2 150890 8.322 8.500 - = 10
2 150869 8.418 8.500 - = 00
2 A150922 8.583 8.583 - - 01
2 150922 8.828 9.083 - = 00
Case MO3: optimal tour for the set of 6 orders
v node TE tA tL TA2 B SL
2 A150826 7.500 7.500 - - 01
2 A150752 7.500 7.655 0.154500 - 11
2 150826 7.781 8.000 - = 10
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2 150752 7.860 8.000 - - 00
2 A150869 8.000 8.000 - = 10
2 A150890 8.000 8.025 0.025133 = 20
2 150890 8.322 8.500 - - 10
2 150869 8.418 8.500 - == 00
2 A150922 8.583 8.583 = - 01
2 150922 8.828 9.083 - = 00
2 A150920 9.000 9.015 0.014763 - 01
2 150920 9.322 9.500 - - 00
Case M04: optimal tour for the set of 7 orders
v node TE tA tL rA2 rB SL
2 4150826 7.500 7.500 - - 01
2  A150752 7.500 7.655 0.154500 - 11
2 150826 7.781 8.000 - = 10
2 150752 7.860 8.000 - = 00
2  A150869 8.000 8.000 - - 10
2 4150890 8.000 8.025 0.025133 = 20
2 150890 8.322 8.500 - - 10
2 160869 8.418 8.500 - - 00
2 4150922 8.583 8.583 - - 01
2 150922 8.828 9.083 - - 00
2 A150920 9.000 9.015 0.014763 = 01
2 150920 9.322 9.500 - - 00
2  A150939 9.500 9.500 - - 10
2 150939 9.548 10.000 - - 00
Case MO5: optimal tour for the set of 13 orders
v node TE tA tL rA2 rB S L
1 A150826 7.500 7.500 - - 01
1 A150752 7.500 7.655 0.154500 - 11
1 150826 7.781 8.000 = = 10
1 150752 7.860 8.000 - - 00
1 A150869 8.000 8.000 - - 10
1 A150890 8.000 8.025 0.025133 - 20
i 150869 8.334 8.500 - - 10
1 150890 8.500 8.500 = = 00
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1 A150922 8.583 8.583 - - 01
1 150922 8.828 9.083 = o 00
i A150920 9.000 9.015 0.014763 = 01
1 150920 9.500 9.500 = - 00
1 A150977 10.250 10.250 - - 01
1 160977 10.525 10.750 - = 00
1 A150749 11.000 11.000 - - 10
1 150749 11.248 11.500 - -~ 00
1 A151000 11.250 11.250 = = 01
1 A150933 11.500 11.500 = = 11
1 151000 11.804 11.750 = 0.053600 10
1 150933 12.000 12.000 - o 00
1 A151038 12.517 12.517 = = 01
1 1561038 12.900 13.017 = = 00
1 A151022 13.2560 13.250 = - 01
1 151022 13.442 13.750 i = 00
Case M06: optimal tour for the whole set of 16 orders
v node TE tA tL rA2 rB SL
2 A150826 7.500 7.500 = = 01
2 A150752 7.500 7.655 0.154500 - 11
2 150826 7.781 8.000 - = 10
2 150752 7.860 8.000 - = 00
2  A150869 8.000 8.000 = = 10
2  A150890 8.000 8.025 0.025133 = 20
2 150890 8.322 8.500 = = 10
2 150869 8.418 8.500 e = 00
2 A150922 8.583 8.583 = = 01
2 150922 8.828 9.083 . = 00
2 A150920 9.000 9.015 0.014763 - 01
2 150920 9.322 9.500 = = 00
2  A150939 9.500 9.500 = = 10
2 150939 9.548 10.000 = B 00
2  A150946 9.600 9.600 = B 01
2 150946 9.807 10.100 = = o0
2  A150965 9.983 9.983 = = 01
2 150965 10.082 10.483 = - (V]
2  A150970 10.250 10.250 = = 10
2  A150977 10.250 10.284 0.034267 = 11
2 150970 10.611 10.750 =~ = 01
2 1650977 10.635 10.750 = = 00
2 A150749 11.000 11.000 = - 10
2 A151000 11.250 11.250 = = 11
2 160749 11.402 11.500 = = 01
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2 A150933 11.500 11.500 = = 11
2 151000 11.804 11.750 - 0.053600 10
2 150933 11.994 12.000 - - 00
2 A151038 12.517 12.517 - - 01
2 151038 12.900 13.017 - - o0
2 A151022 13.250 13.250 - - 01
2 151022 13.442 13.750 - = oo
Case M08: optimal tour for a special set incl. 14 orders, z = 0.074
v node TE tA tL rA2 B SL

2 A150826 7.500 7.500 = =
2 1650826 7.887 8.000 = =
2 A150869 8.000 8.000 - -
2  A150890 8.000 8.025 0.025133 -
2 150890 8.322 8.500 = =
2 150869 8.418 8.500 = 2
2  A150922 8.583 8.583 e =
2 150922 8.828 9.083 = =
2  A150920 9.000 9.015 0.014763 =
2 150920 9.322 9.500 - =
2 A150939 9.500 9.500 - -
2 150939 9.564 10.000 = =
2  A150946 9.600 9.600 = =
2 150946 9.807 10.100 = =
2  A150965 9.983 9.983 o =
2 150965 10.082 10.483 = =
2  A150970 10.250 10.250 - -
2 A150977 10.260 10.284 0.034267 -
2 150970 10.726 10.750 - =
2 150977 10.7560 10.750 = =
2 A150749 11.000 11.000 = =
2 150749 11.060 11.500 = =
2 A150933 11.500 11.500 = =
2 150933 12.000 12.000 = =
2 A151038  12.517  12.517 = =
2 151038 13.017 13.017 - -
2 A151022 13.250 13.250 B -
2 151022 13.442 13.750 = =

CO0OQ0O0OO0O+H O, OORHKFHODOOODODOHODOOODOHNE OO
O+ O R, OO0ODO0O0CORFR,RHOOROFHDODOOROROODOOO M




Appendix B: OptiTrans 195

B.2.2 Tabular Results for the Heuristic Methods

B.2.2.1 Input Data for a Whole Day - Offline Analysis
The input data for 18 September, 2001' contain 298 orders.

® Information about orders:

298
Al8 18 GEB79-LS 70 GEB79-LS 70 13.00 0.00 10 O O 6.00 5.00
Al 1 GEB79-LS 70 GEB79-1LS 70 13.00 0.00 10 O O 8.00 3.00
Al2 12 GEB79-LS 70 GEB79-LS 70 12.50 0.00 10 O O 2.00 4.00
A8 8 GEB79-LS 70 GEB79-LS 70 12.50 0.00 10 O 0O 9.00 3.00
A5 5 GEB79-LS 70 GEB79-LS 70 12.50 0.00 10 O O 8.00 9.00
Alé 16 GEB79-LS 70 GEB79-LS 70 12.00 0.00 10 O O 8.00 5.00
All 11 GEB79-LS 70 GEB79-LS 70 12.00 0.00 10 0O 0 23.00 15.00
A2 2 GEB79-LS 70 GEB79-LS 70 12.00 0.00 10 0 O 7.00 3.00
Al0 10 GEB79-1S 70 GEB79-LS 70 11.50 0.00 10 O O 6.00 8.00
A150837 150837 CT-BB 69 M2-01 73 0.25 0.00 4 O O 3.00 0.00
A150839 150839 CT-BB 69 M2-01 73 0.25 0.00 4 O O 4.00 4.00
A150841 150841 CM-A 69 KC-40 80 0.17 0.00 4 O O 3.00 0.00
A150843 150843 HO-OP 74 M2-01 73 0.25 0.00 2 O O 3.00 0.00
A150851 150851 FR-03 11 Cr-BB 69 1.50 0.00 4 0O O 0.00 0.00
A150852 150852 CM-01 69 KC-40 80 1.72 0.00 4 O O 3.00 2.00
A150859 150859 M3-08 71 U-A 5 3.20 0.00 1 O O 10.00 5.00
A150860 150860 U-A 5 M3-08 71 4.25 0.00 1 O O 8.00 8.00
A150862 150862 FR-03 11 Cr-BB 69 5.50 0.00 4 O O 0.00 0.00
A150855 150855 NN-03 55 M4-03 30 6.50 0.00 1 O O 17.00 6.00
A150866 150866 NC-03 55 CT-A 36 6.05 0.00 4 O O 1.00 6.00
A150868 150868 CK-09 68 CA-OP 69 7.28 7.33 5 0 2 0.00 0.00
A150878 150878 CK-09 68 CA-OP 69 7.28 7.33 5 0 2 0.00 0.00
A150829 150829 KK-03 75 M3-OP 80 7.25 0.00 1 O 2 12.00 4.00
A150864 150864 KK-04 75 RK-KSN 90 7.25 0.00 1 O 1 9.00 15.00
A150874 150874 M3-08 71 ZE-A 42 7.50 0.00 2 0O O 1.00 0.00
A150842 150842 RA-02 87 M5-A 60 7.75 0.00 1 O O 4.00 5.00
A150752 150752 M5-03 60 U-A 5 7.50 0.00 2 0O O 4.00 5.00
A150826 150826 HO-02 5 RD-ANGIO 87 7.50 0.00 1 O O 4.00 2.00
A150847 150847 NC-02 55 RK-A 85 7.50 0.00 1 O O 2.00 9.00
A150873 150873 M1-01 80 NN-EMG 55 7.75 0.00 1 O O 12.00 2.00
A150846 150846 NC-02 55 M5-A 60 8.00 0.00 1 O 0 12.00 4.00
A150886 150886 NN-02 55 M2-FUSS 8 8.00 0.00 1 O O 2.00 7.00
A150887 150887 NN-02 55 U-A 5 8.00 0.00 2 0 O 3.00 5.00
A150857 150857 NN-03 55 M3-ANGIO 71 8.00 0.00 1 O O 7.00 8.00
A150898 150898 M3-02 80 M5-LUFU 60 7.92 0.00 1 0 O 2.00 4.00
A150869 150869 M2-02 73 M5-ENDO 60 8.00 0.00 2 O O 0.00 0.00
A150889 150889 M2-01 73 M2-A 8 8.00 0.00 1 O O 6.00 6.00
A150870 150870 M2-02 73 M3-KARD 71 8.00 0.00 1 O O 4.00 5.00
A150890 150890 FR-01 11 M2-A 8 8.00 0.00 2 O O 14.00 1.00
A150894 150894 A-03 8 M4-03 81 8.00 0.00 2 O O 0.00 4.00
A150910 150910 M3-KARD 71 M3-OP 80 8.22 0.00 2 O O 14.00 7.00
A150902 150902 M3-06 80 M3-ANG 71 8.25 0.00 1 O O 7.00 9.00
A150838 150838 RA-01 87 HO-A 5 8.25 0.00 2 O O 4.00 0.00
A150899 150899 M4-02 5 MS-ECHO 80 7.95 0.00 2 O O 0.00 0.00
A150909 150909 HO-05 5 NR-CT 55 8.25 0.00 1 O 0 15.00 5.00
A150908 150908 M2-03 73 M3-ECHO 80 8.25 0.00 1 O O 13.00 4.00

'For the description of the content of the columns see Section B.B.1.1.
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A150913 150913 M3-08 71 NN-ANGIO 55 8.35 0.00 1 O O 6.00 37.00
A150900 150900 NP-06 55 M2-ESKOP 8 8.25 0.00 2 O O 1.00 2.00
A150901 150901 NP-06 55 M2-ESKOP 86 8.25 0.00 2 O O 0.00 6.00
A150912 150912 KK-04 75 CK-OP 69 8.33 0.00 1 O 1 8.00 6.00
A150865 150865 KK-04 75 RK-KSN 90 9.00 0.00 1 O 1 12.00 10.00
A150877 150877 D-04 21 HO-A 5 8.25 0.00 2 O O 0.00 0.00
A150915 150915 M3-08 71  M3-ECHO 80 8.40 0.00 2 O O 6.00 0.00
A150918 150918 M3-KARD 71 M3-OP 80 8.45 0.00 2 O O 5.00 0.00
A150799 150799 FR-02 76 M5-ENDO 60 8.50 0.00 1 O O 8.00 2.00
A150867 150867 FR-03 11 NN-A 55 8.50 0.00 2 O O 4.00 0.00
A150921 150921 FR-01 11 RD-ROE57 69 8.57 0.00 2 O O 0.00 0.00
A150916 150916 NN-03 55 M3-ECHO 80 8.43 0.00 2 O O 1.00 0.00
A150917 150917 M5-03 60 M2-ESKOP 8 8.75 0.00 2 O O 3.00 37.00
A150914 150914 M5-02 60 RD-CT49 87 8.50 0.00 2 O O 7.00 0.00
A150748 150748 M5-03 60 HO-A 5 8.50 0.00 2 O 1 1.00 0.00
A150920 150920 KK-05 75 RK-KSN 90 9.00 0.00 1 O 1 15.00 5.00
A150853 150853 M4-02 5 M1-A 12 8.50 0.00 1 O O 15.00 5.00
A150854 150854 M4-02 5 CU-A 69 8.50 0.00 1 O O 7.00 9.00
A150919 150919 M5-03 60 M3-ANG 71 8.75 0.00 2 O O 0.00 0.00
A150925 150925 RK-KSN 90 KK-04 75 8.77 0.00 1 O 1 12.00 4.00
A150926 150926 KK-04 11 RK-KSN 90 8.80 0.00 2 O O 0.00 6.00
A150892 150892 M3-04 80 M5-A 60 8.75 0.00 1 O O 5.00 6.00
A150893 150893 M3-04 80 M5-A 60 8.75 0.00 1 O O 10.00 9.00
A150881 150881 M1-05 80 M5-A 60 8.75 0.00 2 O O 0.00 0.00
A150880 150880 M1-05 80 M5-A 60 8.75 0.00 2 O O 5.00 1.00
A150891 150891 M5-02 60 HO-A 5 9.00 0.00 1 O O 3.00 6.00
A150751 150751 M5-03 60 M3-ANG 71 9.00 0.00 3 O O 5.00 9.00
A150871 150871 M2-02 73 M5-LFA 60 8.50 0.00 1 O O 5.00 4.00
A150750 150750 M5-03 60 RN-A 31 9.50 0.00 2 O O 0.00 5.00
A150922 150922 RK-A 85 NC-02 55 8.58 0.00 1 O O 12.00 8.00
A150930 150930 NN-02 55 CU-A 69 8.95 0.00 2 0 O 0.00 0.00
A150929 150929 A-02 8 CA-A 69 9.00 0.00 2 O O 0.00 0.00
A150907 150907 CH-02 34 M4-02 5 8.75 0.00 1 O O 8.00 7.00
A150844 150844 RA-02 87 HO-A 5 8.75 0.00 3 O O 9.00 5.00
A150928 150928 M3-OP 80 KK-03 75 8.88 0.00 1 O O 9.00 3.00
A150923 150923 M3-KARD 71  M3-ECHO 80 8.72 0.00 2 O O 1.00 1.00
A150897 150897 FR-01 76 RN-A 31 9.50 0.00 1 O O 2.00 4.00
A150934 150934 FR-01 76 M3-ANGIO 71 9.75 0.00 1 O O 5.00 2.00
A150882 150882 FR-01 11 M2-A 86 9.00 0.00 2 O O 0.00 0.00
A150883 150883 FR-01 11 RN-A 31 9.50 0.00 2 0O O 3.00 37.00
A150924 150924 M2-02 73 M2-ESKOP 8 8.83 0.00 1 O O 9.00 6.00
A150885 150885 M2-03 73 HO-A 5 9.25 0.00 1 O O 5.00 5.00
A150931 150931 M2-A 86 NN-02 55 9.05 0.00 1 O O 16.00 4.00
A150856 150856 NN-03 55 RN-A 31 9.50 0.00 1 O O 13.00 8.00
A150937 150937 NN-EMG 55 M1-01 80 9.50 0.00 1 O O 12.00 3.00
A150938 150938  M3-ECHO 80 M2-03 73 9.30 0.00 1 O O 13.00 5.00
A150936 150936 M4-01 30 FR-A 76 9.42 0.00 1 O O 8.00 2.00
A150788 150788 U-04 5 RN-A 31 9.75 0.00 1 O O 10.00 15.00
A150941 150941 M3-ANGIO 71 M5-03 60 9.42 0.00 2 O O 1.00 0.00
A150944 150944 CM-01 69 M5-03 60 9.48 0.00 1 O O 4.00 3.00
A150945 150945 M3 -ECHO 80 M4-02 5 9.58 0.00 2 O O 5.00 1.00
A150939 150939 M2-03 73 U-A 5 9.50 0.00 2 O O 0.00 0.00
A150946 150946 M3-ANGIO 71 A-A 8 9.60 0.00 1 O O 12.00 7.00
A150952 150952 HO-OP 74 M5-01 60 9.73 0.00 2 0 4 0.00 0.00
A150950 150950 M5-ENDO 60 RA-02 87 9.75 0.00 1 O O 9.00 5.00
A150935 150935 CK-OP 69 CK-09 68 9.50 0.00 5 O 3 7.00 0.00
A150943 150943 D-04 21 RD-CT49 87 9.50 0.00 1 O O 8.00 5.00
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A150948 150948 M2-ESKOP 86 NP-06 55 9.67 0.00 1 O 0 13.00 7.00
A150947 150947 M2-ESKOP 86 M2-03 73 9.60 0.00 1 O O 3.00 2.00
A150951 150951 HO-A 5 M5-03 60 9.75 0.00 3 0O O 3.00 6.00
A150961 150961 HO-A 5 D-04 21 10.00 0.00 2 O O 0.00 1.00
A150955 150955 M5-LUFU 60 NC-02 55 9.80 0.00 1 O O 10.00 6.00
A150958 150958 H5-LUFU 60 M3-02 80 9.82 0.00 1 O O 5.00 9.00
A150969 150969 D-01 77 CA-A 69 10.25 0.00 3 O O 7.00 6.00
A150967 150967 CU-A 69 M4-02 5 10.02 0.00 1 O O 12.00 3.00
A150949 150949 NR-CT 55 HO-05 5 9.75 0.00 1 0O 0 13.00 6.00
A150968 150968  M3-ECHO 80 NN-03 55 10.05 0.00 2 O O 3.00 4.00
A150963 150963 NR-ANGIO 55 M3-08 71 10.00 0.00 1 O O 5.00 4.00
A150960 150960 RK-KSN 90 KK-04 75 9.87 0.00 1 O 1 12.00 7.00
A150979 150979 KK-04 11 RK-KSN 90 10.38 0.00 2 0 O 5.00 0.00
A150959 150959 KK-04 75 RK-KSN 90 10.42 0.00 1 O 1 7.00 2.00
A150876 150876 0-05 63 RN-A 31 9.50 0.00 1 O O 6.00 2.00
A150973 150973 RD-CT49 87 M5-02 60 10.18 0.00 2 O O 5.00 0.00
A150975 150975 RN-A 31 FR-01 76 10.20 0.00 1 O O 3.00 5.00
A150977 150977 M3-ANGIO 71 FR-01 76 10.25 0.00 1 O 0O 16.00 8.00
A150953 150953 ZE-A 42 M3-08 71 9.77 0.00 2 O O 0.00 0.00
A150964 150964  M3-ECHO 80 M3-08 71 9.98 0.00 2 O O 7.00 1.00
A150965 150965 M3-ANGIO 71 M3-06 80 9.98 0.00 1 O O 2.00 3.00
A150971 150971 M2-ESKOP 86 M2-03 73 10.15 0.00 1 O O 5.00 2.00
A150980 150980 RD-ANGIO 87 HO-05 5 10.40 0.00 1 O O 5.00 4.00
A150974 150974 M4-02 5 M3-ECHO 80 10.20 0.00 1 O O 4.00 6.00
A150957 150957 CT-BB 69 NC-01 90 10.00 0.00 4 O O 4.00 0.00
A150970 150970 CA-04 69 FR-A 11 10.25 0.00 2 O O 0.00 0.00
A150984 150984 M2-A 86 FR-01 11 10.43 0.00 2 O O 0.00 0.00
A150986 150986 RK-KSN 90 KK-05 75 10.62 0.00 1 O 2 2.00 7.00
A150954 150954 D-03 21 RD-A 87 10.00 0.00 1 O O 2.00 4.00
A150987 150987 RN-A 31 U-04 5 10.60 0.00 1 O O 2.00 5.00
A150990 150990 M4-02 5 RD-ANGIO 87 10.75 0.00 1 O O 4.00 5.00
A150985 150985 M3-ANGIO 71 M5-03 60 10.52 0.00 3 O O 13.00 4.00
A150983 150983 M3-ANGIO 71 CA-A 69 10.43 0.00 1 O O 13.00 6.00
A150749 150749 M5-03 60 RA-A 87 11.00 0.00 2 0 O 0.00 0.00
A150888 150888 M5-02 60 RA-A 87 11.00 0.00 1 O O 8.00 6.00
A150998 150998  M5-LUFU 60 M1-05 80 11.07 0.00 2 O O 5.00 0.00
A150966 150966 RA-02 87 D-A 78 10.25 0.00 3 O O 7.00 4.00
A150989 150989 RN-A 31 NN-03 55 10.75 0.00 1 O O 8.00 13.00
A150988 150988 NN-04 55 RA-PA 87 10.75 0.00 3 O O 8.00 5.00
A150996 150996 NN-A 55 FR-03 11 11.00 0.00 2 O 1 14.00 3.00
A150993 150993 U-A 5 NN-02 55 10.95 0.00 2 0O O 3.00 4.00
A150992 150992 NP-04 55 M3-KARD 71 11.00 0.00 1 O 1 7.00 3.00
A150991 150991  M5-ENDO 60 FR-02 76 10.88 0.00 1 O O 5.00 4.00
A150845 150845 RA-02 87 FR-A 76 11.00 0.00 1 O O 10.00 2.00
A150999 150999  RD-CT57 69 D-01 77 11.12 0.00 3 0O 0 23.00 15.00
A151001 151001 RD-CT49 87 D-04 21 11.17 0.00 1 O O 4.00 7.00
A150927 150927 o-01 63 M2-A 8 11.00 0.00 1 O 0O 12.00 3.00
A150997 150997 U-A 5 M2-03 73 11.05 0.00 2 O O 0.00 0.00
A150978 150978 CK-OP 69 CK-09 68 10.75 0.00 5 O 2 0.00 0.00
A150850 150850 KK-07 75 RK-KSN 90 11.25 0.00 1 O 1 3.00 4.00
A151010 151010 KK-04 11 RK-KSN 90 11.48 0.00 2 O O 1.00 0.00
A151005 151005 RK-KSN 90 KK-04 75 11.28 0.00 1 O 1 3.00 4.00
A151006 151006 M5-01 60 HO-OP 74 11.28 0.00 2 O 4 5.00 1.00
A151003 151003 RN-A 31 o-05 63 11.25 0.00 1 O O 12.00 5.00
A150994 150994 Ho-03 5 RD-DL 87 11.20 11.25 1 O O 12.00 6.00
A151017 151017 M3-KARD 71  M3-ECHO 80 11.72 0.00 -1 O O 8.00 3.00
A150995 150995 M3-KARD 71  M3-ECHO 80 10.98 0.00 1 O O 9.00 5.00
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A151008 151008 FR-01 11 RK-A 85 11.45 0.00 2 O O 0.00 0.00
A151012 151012 FR-A 76 M4-01 30 11.57 0.00 1 O O 7.00 7.00
A151000 151000 M2-ESKOP 86 M2-02 73 11.25 0.00 1 O O 9.00 9.00
A151002 151002 M2-ESKOP 86 M2-03 73 11.17 0.00 1 O O 13.00 6.00
A151015 151015 D-03 21 FR-OP 76 11.67 0.00 1 O O 12.00 7.00
A151009 151009 U-04 5 RD-ROE49 8 11.50 0.00 1 O O 2.00 4.00
A150911 150911 M4-03 30 NN-03 55 11.50 0.00 1 O O 7.00 3.00
A150840 150840 RA-01 87 NN-A 55 11.50 0.00 2 O O 0.00 0.00
A151014 151014 M5-LUFU 60 M3-04 80 11.65 0.00 1 O O 9.00 7.00
A151023 151023 A-A 8 NN-03 55 11.82 0.00 1 O O 3.00 4.00
A150972 150972 NN-02 55 RK-A 85 11.50 0.00 1 O O 7.00 7.00
A150933 150933 0-05 63 RD-ANGIO 87 11.50 0.00 2 O 0 14.00 3.00
A151007 151007 NC-01 90 M5-LUFU 60 11.35 0.00 1 O 1 8.00 4.00
A151028 151028 NC-01 90 GK-OP 89 12.25 0.00 -1 O 1 5.00 7.00
A151029 151029 HO-02 5 NN-A 55 12.50 0.00 -1 O O 11.00 5.00
A151016 151016 RD-ROE49 86 D-03 21 11.70 0.00 1 O O 5.00 5.00
A151018 151018 M5-02 60 M3-OP 80 11.75 0.00 1 O O 2.00 4.00
A151019 151019 H5-02 60 M3-OP 80 11.75 0.00 1 O O 3.00 4.00
A151020 151020 M3-OP 80 M3-08 71 12.00 0.00 1 O O 6.00 1.00
A151034 151034 D-A 78 RA-02 87 12.40 0.00 3 O 0 12.00 7.00
A151027 151027  M5-LUFU 60 M3-04 80 12.25 0.00 1 O O 10.00 8.00
A151011 151011 M2-A 86 M2-01 73 11.48 0.00 1 O O 3.00 4.00
A151030 151030 M2-03 73 M3-A 71 12.50 0.00 1 O O 8.00 6.00
A151043 151043 KK-07 11 RK-KSN 90 12.38 0.00 2 O O 4.00 0.00
A151032 151032 RK-KSN 90 KK-07 75 12.38 0.00 1 O 0 12.00 6.00
A151024 151024 KK-05 75 RK-KSN 90 12.50 0.00 1 O 1 11.00 4.00
A150879 150879 NN-04 55 FR-PA 11 11.75 0.00 2 0O 0 10.00 0.00
A151036 151036 FR-02 76  RD-CT57 69 12.48 0.00 1 O O 13.00 8.00
A151004 151004 FR-01 76 RN-A 31 12.50 0.00 1 O 0 13.00 5.00
A151042 151042 RD-DL 87 FR-01 11 12.60 0.00 2 O O 2.00 6.00
A151021 151021 GEB49-RB 87 M5-02 60 12.00 0.00 1 O O 3.00 4.00
A151033 151033  M5-LUFU 60 M2-02 73 12.50 0.00 1 O O 12.00 1.00
A151031 151031 M2-A 86 0-02 63 12.37 0.00 1 O O 2.00 6.00
A151040 151040 M3-ECHO 80 M4-02 5 12.58 0.00 1 O O 15.00 2.00
A151035 151035 HO-A 5 M2-03 73 12.48 0.00 1 O O 3.00 7.00
A151038 151038 M2-A 86 0-02 63 12.52 0.00 1 O O 18.00 6.00
A150895 150895 U-01 5 RN-A 31 12.75 0.00 1 O O 8.00 6.00
A151041 151041 HO-A 5 RA-02 87 12.75 0.00 3 O O 2.00 3.00
A151044 151044 RD-DL 87 HO-03 5 12.78 0.00 1 O O 5.00 3.00
A151037 151037 A-03 8 U-A 512.75 0.00 2 O O 3.00 0.00
A151054 151054 RD-ANGIO 87 M4-02 5 13.13 0.00 1 O O 9.00 4.00
A151046 151046 M3-ECHO 80 M3-KARD 71 12.93 0.00 1 O O 8.00 7.00
A151048 151048 CA-A 69 A-02 8 13.00 0.00 2 O O 3.00 0.00
A151051 151051 CA-A 69 M2-02 73 13.07 0.00 1 O O 15.00 5.00
A151050 151050 M2-02 73 M2-E 86 13.07 0.00 1 O O 2.00 5.00
A151056 151056 M3-KARD 71 NP-04 55 13.20 0.00 1 O O 3.00 15.00
A151039 151039 NN-05 55 M4-03 30 12.75 0.00 1 O O 3.00 3.00
A150982 150982 M4-03 30 A-03 8 12.67 0.00 1 O O 5.00 10.00
A151013 151013 U-04 5 RN-A 31 13.25 0.00 1 O O 8.00 8.00
A151058 151058 RD-CT49 87 U-04 5 13.30 0.00 1 O O 5.00 4.00
A151060 151060 NN-A 55 HO-02 5 13.50 0.00 1 O 3 9.00 09.00
A151055 151055 D-03 21 M5-A 60 13.25 0.00 1 O O 2.00 7.00
A151059 151059 FR-PA 11 NN-04 55 13.43 0.00 2 O O 6.00 0.00
A151049 151049 RD-ANGIO 87 0-05 63 13.05 0.00 1 O O 8.00 4.00
A151026 151026 0-05 63 RN-A 31 13.25 0.00 1 O O 6.00 7.00
A150906 150906 0-02 63 RK-A 85 13.75 0.00 1 O O 7.00 10.00
A151045 151045 CU-01 69 U-A 513.08 0.00 1 O O 8.00 6.00
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A151047 151047 M1-A 12 M4-02 5 13.17 0.00 1 O O 8.00 3.00
A151053 151053 RK-A 85 NN-04 55 13.10 0.00 3 O O 7.00 5.00
A151052 151052 M2-ESKOP 86 M2-02 73 13.25 0.00 1 O O 2.00 6.00
A151061 151061 D-04 21 NN-A 55 13.75 0.00 1 O O 5.00 9.00
A151064 151064 RK-A 85 NN-02 55 13.80 0.00 1 O O 12.00 5.00
A151022 151022 NN-03 55 RN-PET 31 13.25 0.00 1 O O 9.00 6.00
A150858 150858 NN-03 55 M4-A 30 14.00 0.00 1 O O 5.00 8.00
A151063 151063 RK-A 85 FR-01 11 14.00 0.00 2 O O 1.00 0.00
A151066 151066 RA-A 87 M5-03 60 14.00 0.00 2 O O 3.00 1.00
A151068 151068 D-03 21 RD-A 87 14.00 0.00 1 O 0 12.00 7.00
A151065 151065 RD-CT57 69 FR-02 76 13.85 0.00 1 O O 2.00 15.00
A151071 151071 U-A 5 A-03 8 14.13 0.00 2 O O 3.00 0.00
A151067 151067 M3-ANGIO 71 M2-03 73 14.00 0.00 1 O O 4.00 5.00
A151072 151072  RD-FRKI 11 M5-02 60 14.28 0.00 2 O O 4.00 0.00
A151069 151069 KK-04 11 CK-OP 69 14.25 0.00 2 O O 3.00 0.00
A151070 151070 CK-OP 69 KK-04 75 14.50 0.00 1 O 2 3.00 4.00
A151073 151073 RD-FRKI 76 RA-02 87 14.37 0.00 1 O O 5.00 8.00
A151076 151076 FR-02 76 GEB40-EC 80 14.43 0.00 1 O O 8.00 6.00
A151077 151077 RN-A 31 RD-ROE57 69 14.43 0.00 1 O O 17.00 7.00
A151079 151079 RD-ROE49 86 D-03 21 14.48 0.00 1 O O 15.00 4.00
A151078 151078  M3-KARD 71 D-04 21 14.45 0.00 1 O 0 13.00 4.00
A151074 151074 M2-ESKOP 86 M2-02 73 14.38 0.00 1 O O 3.00 5.00
A151080 151080 M2-ESKOP 86 M2-03 73 14.48 0.00 1 O O 9.00 4.00
A151082 151082 M3-08 71 RK-KSN 90 14.75 0.00 2 O O 0.00 2.00
A151081 151081 RK-KSN 90 KK-05 75 14.55 0.00 1 O 1 5.00 7.00
A151083 151083 KK-05 11 RK-KSN 90 14.62 0.00 2 O O 14.00 0.00
A151084 151084 RN-A 31 FR-01 76 14.67 0.00 1 O 0O 9.00 5.00
A151089 151089  RD-FRKI 11 M5-02 60 15.02 0.00 2 O O 4.00 0.00
A151087 151087 M3-OP 80 M5-02 60 15.00 0.00 1 O O 5.00 4.00
A151085 151085 RN-A 31 0-05 63 15.00 0.00 1 O O 5.00 4.00
A150848 150848 0-02 63 RK-A 85 14.75 0.00 1 O 0 12.00 10.00
A151090 151090 RD-CT57 69 U-04 5 15.25 0.00 1 O 1 12.00 4.00
A151092 151092 NN-A 55 D-04 21 15.25 0.00 1 O O 2.00 6.00
A151093 151093 M3-ECHO 80 FR-02 76 15.25 0.00 1 O O 2.00 3.00
A151091 151091 RK-A 85 0-02 63 15.17 0.00 1 O O 7.00 5.00
A151096 151096 RN-A 31 NN-03 55 15.37 0.00 1 O O 6.00 4.00
A151086 151086 NN-02 55 RK-A 85 15.50 0.00 1 O O 7.00 15.00
A151094 151094 NN-03 55 RK-A 85 15.50 0.00 3 O O 8.00 4.00
A151099 151099 CM-A 69 M5-03 60 15.40 0.00 1 O O 10.00 5.00
A151095 151095 CT-BB 69 M5-02 60 15.50 0.00 4 O O 5.00 4.00
A151097 151097 M5-ENDO 60 D-03 21 15.67 0.00 1 O O 17.00 6.00
A151102 151102 M2-ESKOP 86 M2-02 73 15.67 0.00 1 O O 9.00 8.00
A151101 151101 A-01 8 RD-ROE49 8 15.50 0.00 1 O O 6.00 6.00
A151104 151104 M4-A 30 NN-03 55 15.83 0.00 1 O O 7.00 6.00
A151106 151106 NC-02 55 RK-A 85 15.98 0.00 2 O O 0.00 0.00
A151107 151107 RN-A 31 U-01 5 16.00 0.00 1 O O 7.00 11.00
A151103 151103 M2-01 73 RD-CT57 69 16.00 0.00 1 O O 15.00 10.00
A151108 151108 CM-A 69 M1-01 80 16.07 ©0.00 1 O O 5.00 5.00
A151110 151110 RD-ROE49 86 A-01 816.23 0.00 1 O O 8.00 8.00
Al51116 151116 U-A 5 CU-01 69 16.72 0.00 1 O O 7.00 5.00
Al151115 151115 M3-OP 80 M5-02 60 16.75 0.00 1 O O 7.00 4.00
Al51112 151112 RK-KS 85 0-02 63 16.58 0.00 1 O O 8.00 8.00
A151117 151117 RD-CT57 69 M2-01 73 17.00 0.00 1 O O 9.00 5.00
Al151114 151114 CT-BB 69 U-LABOR 5 16.75 0.00 4 O O 0.00 4.00
Al151119 151119 NC-03 55 RK-A 85 17.50 0.00 1 O O 6.00 6.00
A151118 151118 KK-04 75 NR-CT 55 17.50 0.00 1 O 2 6.00 4.00
A151120 151120 RK-A 85 NN-02 55 17.65 0.00 1 O 1 4.00 6.00
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Al51121 151121 RK-KSN 90 M3-08 71 17.75 0.00 2 O O 0.00 0.00
Al51122 151122 M4-03 30 NN-05 55 18.00 0.00 1 O O 9.00 8.00
Al151125 151125 RK-A 85 NN-03 55 18.02 0.00 2 O 1 3.00 0.00
A151127 151127 RK-A 85 NC-02 55 18.40 0.00 2 O O 2.00 0.00
Al151123 151123 M2-ESKOP 86 FR-05 76 17.83 0.00 1 O O 9.00 2.00
A151128 151128 0-06 63 RK-A 85 18.50 0.00 1 O O 3.00 9.00
A151129 151129 CH-01 69 KK-01 11 18.52 0.00 4 O O 3.00 0.00
Al51131 151131 NR-CT 55 KK-04 75 19.00 0.00 1 O O 7.00 6.00
A151130 151130 M3-04 80 RK-KSN 90 19.00 0.00 1 O O 5.00 13.00
A151132 151132 RK-A 85 NC-03 55 19.05 0.00 2 O 1 7.00 1.00
Al151133 151133 A-03 8 RD-CTI57 69 19.53 0.00 2 O O 0.00 0.00
Al151135 151135 CT-BB 69 KK-01 11 19.87 0.00 -4 O O 1.00 0.00
Al151136 151136 CT-BB 69 M5-03 60 20.25 0.00 4 O O 0.00 0.00
A151137 151137 RD-ROE57 69 A-03 820.38 0.00 2 0 O 0.00 0.00
Al151138 151138 RK-A 85 0-06 63 20.73 0.00 1 O 010.00 5.00
A151139 151139 RK-KSN 90 M3-04 80 20.72 0.00 1 O O 9.00 6.00
Al151144 151144 CU-A 69 NN-A 55 21.93 0.00 2 0O 1 3.00 6.00
A151534 151534 CM-A 69 KC-40 80 5.88 0.00 4 O O 0.00 0.00
Al151146 151146 CU-OP 69 CK-09 68 22.42 0.00 5 O 1 0.00 0.00
A151148 151148 NC-01 90 CT-BB 69 23.00 0.00 -4 O O 1.00 0.00
Al151145 151145 CT-BB 69 M1-03 80 22.32 0.00 4 O O 3.00 0.00
A151149 151149 M2-01 73 KC-40 80 23.00 0.00 4 O O 2.00 2.00
A151147 151147 CM-01 69 KC-40 80 22.68 0.00 4 O O 6.00 0.00
A151150 151150 NN-A 55 CM-01 69 23.25 0.00 2 O O 1.00 0.00

s Information about vehicles include the number of vehicles (11 vehicles), the current
time (0), the time when the vehicles are available, and their capacities for lying,
sitting and wheelchair passengers:

11 0

1 70 0 75600 1 3 0
2 70 25200 51120 1 3 0
3 70 25200 86340 1 3 0
4 70 27000 56520 1 5 1
5 70 28080 57600 1 5 1
6 70 28080 57600 1 5 1
7 70 28800 58320 1 5 1
8 70 28800 58320 1 5 1
9 70 28800 58320 1 5 1
10 70 30600 60120 1 5 1
11 70 30600 60120 1 5 1

B.2.2.2 Results for CIH and SA

Here we display the final tours for some combinations of CIH and SA, applied to
the input data of 18 September, 2001 (see page 144).
The table of results obtained when SA applied after the CIH:

v s-node d-node tD TD tA TT delay z SLIC
1 DSl A150841 0.140 0.026 0.167 0.167 - 0.000 00 O
1 A150841 A150837 0.217 0.000 0.250 0.250 - 0.000 00 O
1 A150837 A150839 0.300 0.000 0.300 0.250 0.050 0.050 OO0 O
1 A150839 A150843 0.367 0.060 0.427 0.250 0.177 0.227 1 0 O
1 A150843 150839 0.477 0.039 0.516 0.750 - 0.227 1 0 13
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1 150895 A151049 13.095 0.004 13.099 13 .050 0.049 1.163 01 O
1 A151049 151049 13.233 0.085 13.318 13 .550 - 1.163 0 0 14
1 151049 A151058 13 .385 0.061 13.446 13.300 0.146 1.310 01 O
1 A151058 A151059 13 .530 0.077 13.606 13 .433 0.173 1.483 11 O
1 A151059 151058 13 .706 0.039 13.746 13 .800 - 1.483 1 0 18
1 151058 151059 13.812 0.065 13.878 13 .933 - 1.483 0 O 17
1 151059 A150906 13 .878 0.043 13.921 13.750 0.171 1.653 01 O
1 A150906 150906 14 .037 0.054 14.092 14.250 1.653 00 11
1 150906 A151073 14 .258 0.037 14.367 14 .367 - 1.653 01 O
1 A151073 151073 14 .450 0.072 14.522 14 .867 - 1.653 0 0 10
1 151073 A151079 14.655 0.002 14.657 14 .483 0.174 1.827 01 O
1 A151079 151079 14 .907 0.075 14.982 14 .983 - 1.827 0 0 20
1 151079 A151085 15.049 0.042 15.091 15.000 0.091 1.918 01 O
1 A151085 151085 15.175 0.081 15.256 15 .500 - 1.918 0 0 10
1 151085 A151090 15.323 0.054 15.377 15.250 0.127 2.045 11 O
1 A151090 151090 15.577 0.057 15.634 15 .750 - 2.045 0 0 16
1 151090 A151097 15.701 0©0.088 15.789 15.667 0.122 2.167 01 O
1 A151097 151097 16 .072 0.077 16.148 16 .167 - 2.167 0 0 22
1 151097 Al151114 16 .248 0.025 16.750 16 .750 - 2.167 00 O
1 A151114 151114 16.750 0.057 16.807 17 .250 - 2.167 00 4
1 151114 A151118 16 .874 0.029 17.500 17 .500 - 2.167 21 O
1 A151118 151118 17 .600 0.046 17.646 18 .000 - 2.167 00 9
1 151118 A151120 17 .713 0.039 17.752 17 .650 0.102 2.269 11 O
1 A151120 151120 17.818 0.045 17.864 18 .150 - 2.269 00 7
1 151120 A151122 17 .9¢4 0.047 18.011 18.000 0.011 2.279 01 O
1 A151122 151122 18.161 0.077 18.237 18 .500 - 2.279 0 0 14
1 151122 A151129 18 .371 0.025 18.517 18 .517 - 2.279 00 O
1 A151129 151129 18.567 0.035 18.601 19 .017 - 2.279 00 6
1 151129 Al151130 18 .601 0.076 19.000 19 .000 - 2.279 01 O
1 A151130 A151132 19.083 0.057 19.141 19.050 0.091 2.370 21 O
1 A151132 151132 19.257 0.045 19.303 19 .550 - 2.370 01 10
1 151132 151130 19.319 0.011 19.330 19 .500 - 2.370 0 O 20
1 151130 A151139 19 .547 0.000 20.717 20 .717 - 2.370 01 O
1 A151139 151139 20.867 0.044 20.910 21 .217 - 2.370 0 0 12
1 151139 DD1 21.010 0.072 21.082 24 .000 - 2.370 0 0 12
2 Ds1 A150878 7.177 0.107 7.283 7.283 - 0.000 31 O
2 A150878 150878 7.283 0.003 7.287 7.333 - 0.000 00 1
2 150878 A150868 7.3% 0.107 7.503 7.283 0.220 0.220 31 O
2 A150868 150868 7.503 0.003 7.506 7.333 0.173 0.3%2 00 1
2 150868 A150826 7.616 0.039 7.655 7.500 0.155 0.547 01 O
2 A150826 150826 7.722 0.076 7.798 8.000 - 0.547 00 9
2 150826 A150869 7.831 0.080 8.000 8.000 - 0.547 10 O
2 A150869 A150894 8.000 0.031 8.031 8.000 0.031 0.5799 20 O
2 A150894 150869 8.031 0.074 8.105 8.500 - 0.579 10 7
2 150869 150894 8.105 0.079 8.184 8.500 - 0.579 0 0 10
2 150894 A150909 8.251 0.034¢ 8.285 8.250 0.035 0.613 01 O
2 A150909 150909 8.535 0.065 8.600 8.750 - 0.613 0 0 19
2 150909 A150922 8.683 0.039 8.722 8.583 0.139 0.752 01 O
2 A150922 150922 8.922 0.045 8.967 9.083 - 0.752 0 0 15
2 150922 A150920 9.100 0.053 9.153 9.000 0.153 0.905 11 O
2 A150920 150920 9.403 0.057 9.460 9.500 - 0.905 0 0 19
2 150920 A150939 9.544 0.037 9.580 9.500 0.080 0.985 10 O
2 A150939 A150946 9.580 0.029 9.609 9.600 0.009 0.9% 11 O
2 A150946 150939 9.809 0.028 9.837 10 .000 - 0.994 01 16
2 150939 150946 9.837 0.038 9.87 10.100 - 0.9%4 00 16
2 150946 A150965 9.992 0.005 9.997 9.983 0.014 1.009 01 O
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151029 Al8 12.869 042 13 .000 13.000 - 371 0
Al8 18 13.100 .000 13 .100 13.500 - 371 6
18 A151054 13.183 .024 13.208 13.133 0.074 0

A151054 151054 13.358
151054 A150858 13.469
A150858 150858 14.083
150858 A151070 14.264
A151070 151070 14.550
151070 A151087 14.653
A151087 151087 15.083
151087 A151092 15.225
A151092 151092 15.325
151092 A151086 15.467
A151086 151086 15.620
151086 A151107 15.908
A151107 151107 16.117
151107 Al51116 16.341
Al51116 151116 16.833
151116 A151117 16.972
A151117 151117 17.150
151117 A151119 17.249
Al151119 151119 17.600
151119 A151121 17.739
A151121 A151123 17.795
A151123 A151125 17.993
A151125 151125 18.105
151125 151121 18.150
151121 151123 18.205
151123 A151127 18.247
A151127 A151128 18.433
Al151128 151127 18.550
151127 151128 18.623
151128 A151131 18.811
A151131 151131 19.117
151131 A151133 19.270
Al151133 A151135 19.533
A151135 151133 19.883
151133 151135 19.883
151135 A151136 19.918
A151136 A151137 20.250
Al151137 151136 20.383
151136 151137 20.424
151137 A151138 20.500
A151138 151138 20.900
151138 Al151144 21.036
A151144 151144 21.983
151144 A151145 22.102
Al151145 A151146 22.367
A151146 151146 22.503
151146 A151147 22.613
A151147 151147 22.783
151147 151145 22.807
151145 A151148 22.807
A151148 A151149 23.017
A151149 151149 23.087
151149 Al151150 23.134
A151150 151148 23.267
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Appendix B: OptiTrans
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5 150923 150930 9.169 0.057 9.226 9.450 - 0.297 01 17
5 150930 150924 9.226 0.019 9.245 9.333 - 0.297 00 16
5 150924 A150941 9.345 0.020 9.417 9.417 - 0.297 10 O
5 A150941 A150943 9.433 0.060 9.500 9.500 - 0.297 11 O
5 A150943 150943 9.633 0.046 9.680 10.000 - 0.297 1 0 11
5 150943 150941 9.763 0.081 9.844 9.917 - 0.297 0 0 26
5 150941 Al150958 9.844 0.000 9.844 9.817 0.027 0.325 01 O
5 A150958 150958 9.927 0.074 10.002 10.317 - 0.325 0 0 10
5 150958 A150971 10.152 0.063 10.215 10.150 0.065 0.389 01 O
5 A150971 150971 10.298 0.078 10.376 10.650 - 0.389 0 0 10
5 150971 A150984 10.409 0.039 10 .448 10.433 0.015 0.4 10 O
5 A150984 150984 10.448 0.075 10.523 10.933 - 044 00 5
5 150984 A150985 10.523 0.016 10.539 10.517 0.022 0.426 2 0 O
5 A150985 A150986 10.755 0.085 10.840 10.617 0.224 0.650 4 1 O
5 A150986 150985 10.874 0.044 10.917 11.017 - 0.650 2 1 23
5 150985 150986 10.984 0.087 11.071 11.117 - 0.650 0 0 14
5 150986 A150994 11.188 0.032 11.219 11.200 0.019 0.669 01 O
5 A150994 A150840 11.419 0.076 11 .500 11.500 - 0.669 11 O
5 A150840 150994 11.500 0©0.000 11.500 11.250 0.250 0.919 1 O 17
5 150994 150840 11.600 0.082 11 .682 12.000 - 0.919 00 11
5 150840 A151019 11.682 0.040 11.750 11.750 - 0.919 01 ©
5 A151019 151019 11.800 0.074 11 .874 12.250 - 0.919 00 8
5 151019 All 11.941 0.041 12.000 12.000 - 0.919 51 0
5 All 11 12.383 0.000 12 .383 12.500 - 0.919 0 0 23
511 A5 12.633 0.000 12.633 12.500 0.133 1.052 51 O
5 A5 5 12.767 0.000 12 .767 13.000 - 1.02 00 8
55 A151041 12.917 0.061 12.978 12.750 0.228 1.280 2 0 O
5 A151041 A151045 13.011 0.055 13 .083 13.083 - 1.280 21 O
5 A151045 151041 13.217 0.021 13 .237 13.250 - 1.280 01 16
5 151041 151045 13.287 0.045 13 .333 13.583 - 1.280 0 0 15
5 151045 A151083 13.433 0.036 14 .617 14.617 - 1.280 10 O
5 A151083 151083 14.850 0.087 14 .937 15.117 - 1.280 0 0 20
5 151083 DD1 14.937 0.047 14 .984 24.000 - 1.280 0 0 20
6 DS1 A150898 7.904 0.013 7.917 7.917 - 0.000 01 O
6 A150898 150898 7.950 0.075 8.025 8.417 - 0.000 00 7
6 150898 A150902 8.091 0.074 8.250 8.250 - 0.000 01 O
6 A150902 150902 8.367 0.015 8.382 8.750 - 0.000 0 O 8
6 150902 A150854 8.532 0.028 8.560 8.500 0.060 0.060 O 1 O
6 A150854 150854 8.677 0.055 8.732 9.000 - 0.060 00 11
6 150854 A150880 8.882 0.023 8.905 8.750 0.155 0.215 1 0 O
6 A150880 A150928 8.988 0.000 8.988 8.883 0.105 0.319 11 O
6 A150928 150880 9.138 0.075 9.213 9.250 - 0.319 01 19
6 150880 150928 9.229 0.087 9.317 9.383 - 0.319 0 0 20
6 150928 A150935 9.367 0.128 9.500 9.500 - 0.319 51 O
6 A150935 150935 9.617 0.003 9.620 10 .000 - 0.319 00 8
6 150935 A150883 9.726 0.017 9.743 9.500 0.243 0.563 1 0 O
6 A150883 A150950 9.793 0.075 9.869 9.750 0.119 0.681 11 O
6 A150950 150950 10 .019 0.060 10.079 10 .250 - 0.681 1 0 13
6 150950 150883 10.162 0.004 10 .166 10.000 0.166 0.847 0 O 26
6 150883 A150927 10.783 0.081 11 .000 11 .000 - 0.847 01 O
6 A150927 150927 11.200 0.060 11 .260 11 .500 - 0.847 0 0 16
6 150927 A151008 11 .310 0.075 11 .450 11 .450 - 0.847 10 O
6 A151008 A150972 11 .450 0.076 11 .526 11.500 0.026 0.874 11 O
6 A150972 151008 11 .643 0.039 11 .682 11 .950 - 0.874 01 14
6 151008 150972 11 .682 0.000 11 .682 12 .000 - 0.874 00 10
6 150972 A151018 11.799 0.051 11.850 11.750 0.100 0.974 01 O
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7 151033 A151040 12.926 0.014 12 .939 12.583 0.356 1.814 01 O
7 A151040 151040 13.189 0.039 13 .228 13 .083 0.144 1.959 0 0 18
7 151040 A151013 13.261 0.000 13 .261 13.250 0.011 1.970 O 1 O
7 A151013 151013 13.394 0.072 13 .466 13 .750 - 1.970 0 013
7 151013 A151065 13.600 0.060 13 .850 13 .850 - 1.970 0 1 O
7 A151065 151065 13.883 0.043 13 .926 14 .350 - 1.970 0 0 5
7 151065 A151080 14.176 0.070 14 .483 14 .483 - 1.970 0 1 O
7 A151080 151080 14.633 0.078 14 .711 14 .983 - 1.970 0 0 14
7 151080 A151094 14.778 0.030 15.500 15 .500 - 1.970 2 0 O
7 A151094 151094 15.633 0.039 15 .672 16 .000 - 1.970 0 0 11
7 151094 DD1 15.739 0.053 15.792 24 .000 - 1.970 0 0 11
8 DS1 A150857 8.000 0.037 8.037 8.000 0.037 0.037 01O
8 A150857 A150838 8.153 0.046 8.250 8.250 - 0.037 1 10
8 A150838 150857 8.317 0.021 8.338 8.500 - 0.037 10 19
8 150857 A150918 8.471 0.000 8.471 8.450 0.021 0.058 2 0 O
8 A150918 150838 8.555 0.028 8.583 8.750 - 0.058 1 0 20
8 150838 A150853 8.583 0.000 8.583 8.500 0.083 0.141 1 1 O
8 A150853 150853 8.833 0.032 8.865 9.000 - 0.141 1 0 17
8 150853 A150926 8.949 0.004 8.952 8.800 0.152 0.293 2 0 O
8 A150926 A150882 8.952 0.000 9.000 9.000 - 0.293 3 00
8 A150882 150918 9.000 0.076 9.076 8.950 0.126 0.420 2 0 37
8 150918 150926 9.076 0.087 9.163 9.300 - 0.420 1 0 13
8 150926 A150885 9.263 0.037 9.300 9.250 0.050 0.469 1 1 O
8 A150885 150882 9.383 0.039 9.422 9.500 - 0.469 0 1 26
8 150882 150885 9.422 0.043 9.465 9.750 - 0.469 0 0 10
8 150885 A150937 9.548 0.065 9.614 9.500 0.114 0.583 0 1 O
8 A150937 150937 9.814 0.040 9.854 10 .000 - 0.583 0 0 15
8 150937 A150949 9.904 0.076 9.979 9.750 0.229 0.812 0 1 O
8 A150949 A150968 10 .19 0.040 10.236 10.050 0.186 0.998 1 1 O
8 A150968 150949 10.286 0.039 10.325 10.250 0.075 1.073 10 21
8 150949 150968 10 .425 0.065 10.490 10 .550 - 1.073 0 0 16
8 150968 A150980 10 .557 0.046 10.603 10 .400 0.203 1.276 0 1 O
8 A150980 150980 10 .686 0.045 10.731 10 .900 - 1.276 0 O 8
8 150980 A150988 10.798 0.065 10.863 10.750 0.113 1.389 2 0 O
8 A150988 A150992 10 .996 0.000 11.000 11 .000 - 1.389 31 0
8 A150992 150988 11 .117 0.046 11.163 11 .250 - 1.389 11 18
8 150988 150992 11 .246 0.021 11.267 11 .500 - 1.389 0 0 17
8 150992 A151007 11 .317 0.085 11.402 11 .350 0.052 1.441 1 1 O
8 A151007 151007 11 .536 0.044 11.579 11 .850 - 1.441 00 11
8 151007 A151016 11 .46 0.058 11.704 11.700 0.004 1.445 O 1 O
8 A151016 151016 11 .788 0.075 11.863 12 .200 - 1.445 00 10
8 151016 A151027 11 .%46 0.058 12.250 12 .250 - 1.445 01 O
8 A151027 151027 12 .417 0.074 12.491 12 .750 - 1.445 0 0 15
8 151027 A151039 12 .624 0.076 12.750 12 .750 - 1.445 01 O
8 A151039 151039 12.800 0.047 12.847 13 .250 - 1.445 0 O 6
8 151039 A150982 12.897 0.000 12.897 12 .667 0.230 1.675 0 1 O
8 A150982 150982 12 .980 0.018 12.999 13 .167 - 1.675 0 0 7
8 150982 A151053 13 .165 0.057 13.222 13.100 0.122 1.797 2 0 O
8 A151053 A151052 13.339 0.013 13.351 13 .250 0.101 1.898 2 1 O
8 A151052 151053 13 .384 0.081 13.465 13 .600 - 1.898 0 115
8 151053 151052 13 .548 0.033 13.581 13 .750 - 1.898 0 0 14
8 151052 A151066 13 .681 0.040 14.000 14 .000 - 1.898 1 0 O
8 A151066 151066 14 .050 0.081 14.131 14 .500 - 1.898 0 O 8
8 151066 A151074 14 .148 0.058 14.383 14 .383 - 1.898 0 1 O
8 A151074 151074 14 .433 0.078 14.511 14 .883 - 1.898 0 0 8
8 151074 A151084 14 .595 0.036 14.667 14 .667 - 1.898 01 O
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9 151103 DD1 16.436 0.026 16.463 24.000 - 1.525 0 0 17
10 Ds1 A150921 8.550 0.017 8.567 8.567 - 0.000 1 0 ©
10 A150921 150921 8.567 0.058 8.625 9.067 - 0.000 0 0 4
10 150921 A150919 8.625 0.041 8.750 8.750 - 0.000 10 O
10 A150919 A150893 8.750 0.074 8.824 8.750 0.074 0.074 11 O
10 A150893 150919 8.991 0.015 9.006 9.250 - 0.074 01 16
10 150919 A150751 9.006 0.073 9.079 9.000 0.079 0.153 21 O
10 A150751 150893 9.162 0.000 9.162 9.250 - 0.153 2 0 21
10 150893 A150897 9.312 0.082 9.500 9.500 - 0.153 21 O
10 A150897 150751 9.533 0.009 9.542 9.500 0.042 0.196 0 1 28
10 150751 A150953 9.692 0.052 9.767 9.767 - 0.196 11 0
10 A150953 150897 9.767 0.014 9.780 10 .000 - 0.196 1 0 17
10 150897 A150954 9.847 0.073 10.000 10 .000 - 0.1 11 O
10 A150954 150953 10.033 0.027 10.060 10 .267 - 0.196 0 1 18
10 150953 150954 10.060 0.063 10.123 10 .500 - 0.196 00 8
10 150954 A150975 10.190 0.004 10.200 10 .200 - 0.196 01 O
10 A150975 150975 10.250 0.026 10.276 10 .700 - 0.196 00 5
10 150975 A150977 10 .360 0.009 10.368 10.250 0.118 0.314 01 O
10 A150977 150977 10 .635 0.009 10.644 10 .750 - 0.314 00 17
10 150977 A150991 10.777 0.082 10.883 10 .883 - 0.314 01 O
10 A150991 A150998 10.967 0.000 11.067 11 .067 - 0.314 11 O
10 A150998 A150999 11 .150 0.053 11.203 11.117 0.08 0.400 3 1 O
10 A150999 150998 11.586 0.023 11.609 11 .567 0.042 0.442 2 1 33
10 150998 150991 11 .609 0.024 11.633 11.383 0.250 0.692 2 0 45
10 150991 A151012 11.700 0.000 11.700 11.567 0.133 0.825 21 O
10A151012 150999 11 .816 0.059 11.875 11.617 0.259 1.083 0 1 41
10 150999 151012 12.125 0.051 12.176 12.067 0.109 1.193 0 0 29
10 151012 A151031 12.292 0.064 12.367 12 .367 - 1.193 01 O
10A151031 151031 12 .400 0.084 12.484 12 .867 - 1.193 00 8
10 151031 A8 12 .584 0.037 12.621 12.500 0.121 1.314 51 O
10 A8 8 12..771 0.000 12.771 13 .000 - 1.314 00 10
108 A151037 12.821 0.040 12.861 12.750 ©0.111 1.425 10 O
10 A151037 151037 12.911 0.029 12.940 13 .250 - 1.425 00 5
10 151037 Al 12.940 0.070 13.010 13.000 0.010 1.435 51 O
10 Al 1 13 .144 0.000 13.144 13 .500 - 1.435 00 8
101 A151056 13 .194 0.038 13.231 13.200 0.031 1.466 01 O
10 A151056 151056 13 .281 0.074 13.355 13 .700 - 1.466 00 8
10 151056 A151067 13 .605 0.055 14.000 14 .000 - 1.466 01 O
10 A151067 151067 14.067 0.066 14.133 14 .500 - 1.466 0 0 8
10 151067 A151069 14 .216 0.025 14.250 14 .250 - l1.466 1 0 O
10 A151069 151069 14 .300 0.058 14.358 14.750 - l1.466 00 7
10 151069 A151077 14 .358 0.017 14.433 14 .433 - l1.466 01 O
10 A151077 A151082 14 .717 0.017 14.750 14 .750 - l1.466 11 O
10 A151082 151077 14 .750 0.056 14.806 14 .933 - 1.466 1 0 23
10 151077 151082 14 .922 0.029 14.952 15 .250 - 1.466 0 0 13
10 151082 A151091 14 .985 0.042 15.167 15 .167 - l1.466 01 O
10 A151091 151091 15.283 0.053 15.336 15 .667 - l.466 0 0 11
10 151091 A151101 15.420 0.014 15.500 15 .500 - l1.466 01 O
10 A151101 151101 15.600 0.062 15.662 16 .000 - 1.466 0 0 10
10 151101 A151104 15.762 0.007 15.833 15 .833 - l.466 01 O
10 A151104 151104 15.950 0.077 16.027 16 .333 - 1l.466 0 0 12
10 151104 A151112 16 .127 0.039 16.583 16 .583 - l.466 01 O
10 A151112 151112 16 .717 0.053 16.770 17 .083 - 1.466 0 0 12
10 151112 DD1 16 .903 0.069 16.971 24.000 - l.466 0 0 12
11 Ds1 A150917 8.691 0.059 8.750 8.750 - 0.000 10 O
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