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23. 6x 9y 54  1 24. 169x 25y 4225  1# # # #� œ Ê � œ � œ Ê � œx x
9 6 25 169

y y# ## #

  c a b 9 6 3  c a b 169 25 12Ê œ � œ � œ Ê œ � œ � œÈ ÈÈ È È# # # #

  

25. Foci:  2 , Vertices:  2 0   a 2, c 2  b a c 4 2 2  1Š ‹ Š ‹È È Èa b„ ß ! „ ß Ê œ œ Ê œ � œ � œ Ê � œ# # #
#

#
x
4

y# #

26. Foci:  4 , Vertices:  0 5   a 5, c 4  b 25 16 9  1a b a b!ß „ ß „ Ê œ œ Ê œ � œ Ê � œ#
#

x
9 5

y# #

27. x y 1  c a b 1 1 2 ; 28. 9x 16y 144  1# # # ## #� œ Ê œ � œ � œ � œ Ê � œÈ ÈÈ x
16 9

y# #

 asymptotes are y x  c a b 16 9 5;œ „ Ê œ � œ � œÈ È# #

 asymptotes are y xœ „ 3
4

  

29. y x 8  1  c a b  30. y x 4  1  c a b# # # ## # # #� œ Ê � œ Ê œ � � œ Ê � œ Ê œ �
y y
8 8 4 4

x x# ## #È È
 8 8 4; asymptotes are y x 4 4 2 2; asymptotes are y xœ � œ œ „ œ � œ œ „È È È
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31. 8x 2y 16  1  c a b  32. y 3x 3  x 1  c a b# # # # #
#

# # # #� œ Ê � œ Ê œ � � œ Ê � œ Ê œ �x y y
8 3

# # #È È
 2 8 10 ; asymptotes are y 2x 3 1 2; asymptotes are y 3xœ � œ œ „ œ � œ œ „È ÈÈ È
  

33. 8y 2x 16  1  c a b  34. 64x 36y 2304  1  c a b# # # #
#

# # # #� œ Ê � œ Ê œ � � œ Ê � œ Ê œ �
y yx x

8 36 64

# ## #È È
 2 8 10 ; asymptotes are y  36 64 10; asymptotes are yœ � œ œ „ œ � œ œ „È ÈÈ x 4

3#

  

35. Foci:  2 , Asymptotes:  y x  c 2 and 1  a b  c a b 2a   2 2aŠ ‹È È!ß „ œ „ Ê œ œ Ê œ Ê œ � œ Ê œa
b

# # # # #

  a 1  b 1  y x 1Ê œ Ê œ Ê � œ# #

36. Foci:  2 , Asymptotes:  y x  c 2 and   b   c a b aa b„ ß ! œ „ Ê œ œ Ê œ Ê œ � œ � œ" " # # # #
È È È3 3 3

b a a 4a
a 3 3

# #

  4   a 3  a 3  b 1  y 1Ê œ Ê œ Ê œ Ê œ Ê � œ4a x
3 3

# ## #È
37. Vertices:  3 0 , Asymptotes:  y x  a 3 and   b (3) 4  1a b„ ß œ „ Ê œ œ Ê œ œ Ê � œ4 b 4 4 x

3 a 3 3 9 16
y# #

38. Vertices:  2 , Asymptotes:  y x  a 2 and   b 2(2) 4  1a b!ß „ œ „ Ê œ œ Ê œ œ Ê � œ1 a 1 x
2 b 2 4 16

y# #

39. (a) y 8x  4p 8  p 2  directrix is x 2,# œ Ê œ Ê œ Ê œ �

 focus is ( ), and vertex is ( 0); therefore the new#ß ! !ß

 directrix is x 1, the new focus is (3 2), and theœ � ß�

 new vertex is (1 2)ß �
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684 Chapter 11 Parametric Equations and Polar Coordinates

40. (a) x 4y  4p 4  p 1  directrix is y 1,# œ � Ê œ Ê œ Ê œ

 focus is ( 1), and vertex is ( 0); therefore the new!ß� !ß

 directrix is y 4, the new focus is ( 1 2), and theœ � ß

 new vertex is ( 1 3)� ß

  (b) 

41. (a) 1  center is ( 0), vertices are ( 4 0)x
16 9

y# #

� œ Ê !ß � ß

 and ( ); c a b 7  foci are 7 0%ß ! œ � œ Ê ßÈ È ÈŠ ‹# #

 and 7 ; therefore the new center is ( ), theŠ ‹È� ß ! %ß $

 new vertices are ( 3) and (8 3), and the new foci are!ß ß

 4 7Š ‹È„ ß $

  (b) 

42. (a) 1  center is ( 0), vertices are (0 5)x
9 25

y# #

� œ Ê !ß ß

 and (0 5); c a b 16 4  foci areß � œ � œ œ ÊÈ È# #

 ( 4) and ( 4) ; therefore the new center is ( 3 2),!ß !ß� � ß�

 the  new vertices are ( 3 3) and ( 3 7), and the new� ß � ß�

 foci are ( 3 2) and ( 3 6)� ß � ß�

  (b) 

43. (a) 1  center is ( 0), vertices are ( 4 0)x
16 9

y# #

� œ Ê !ß � ß

 and (4 0), and the asymptotes are  orß œ „x
4 3

y

 y ; c a b 25 5  foci areœ „ œ � œ œ Ê3x
4

È È# #

 ( 5 0) and (5 0) ; therefore the new center is (2 0), the� ß ß ß

 new vertices are ( 2 0) and (6 0), the new foci� ß ß

 are ( 3 0) and (7 0), and the new asymptotes are� ß ß

 y œ „
3(x 2)

4
�

  (b) 
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44. (a) 1  center is ( 0), vertices are (0 2)y
4 5

x# #

� œ Ê !ß ß�

 and (0 2), and the asymptotes are  orß œ „
y
2

x
5È

 y ; c a b 9 3  foci areœ „ œ � œ œ Ê2x
5È È È# #

 (0 3) and (0 3) ; therefore the new center is (0 2),ß ß � ß�

 the new vertices are (0 4) and (0 0), the new fociß � ß

 are (0 1) and (0 5), and the new asymptotes areß ß �

 y 2� œ „ 2x
5È

  (b)    

45. y 4x  4p 4  p 1  focus is ( 0), directrix is x 1, and vertex is (0 0); therefore the new# œ Ê œ Ê œ Ê "ß œ � ß

 vertex is ( 2 3), the new focus is ( 1 3), and the new directrix is x 3; the new equation is� ß� � ß� œ �

 (y 3) 4(x 2)� œ �#

46. y 12x  4p 12  p 3  focus is ( 3 0), directrix is x 3, and vertex is (0 0); therefore the new# œ � Ê œ Ê œ Ê � ß œ ß

 vertex is (4 3), the new focus is (1 3), and the new directrix is x 7; the new equation is (y 3) 12(x 4)ß ß œ � œ � �#

47. x 8y  4p 8  p 2  focus is (0 2), directrix is y 2, and vertex is (0 0); therefore the new# œ Ê œ Ê œ Ê ß œ � ß

 vertex is (1 7), the new focus is (1 5), and the new directrix is y 9; the new equation isß � ß� œ �

 (x 1) 8(y 7)� œ �#

48. x 6y  4p 6  p   focus is , directrix is y , and vertex is (0 0); therefore the new#
# # #œ Ê œ Ê œ Ê !ß œ � ß3 3 3ˆ ‰

 vertex is ( 3 2), the new focus is 3 , and the new directrix is y ; the new equation is� ß� � ß� œ �ˆ ‰"
# #

7

 (x 3) 6(y 2)� œ �#

49. 1  center is ( 0), vertices are (0 3) and ( 3); c a b 9 6 3  foci are 3x
6 9

y# #

� œ Ê !ß ß !ß� œ � œ � œ Ê !ßÈ È È ÈŠ ‹# #

 and 3 ; therefore the new center is ( 1), the new vertices are ( 2 2) and ( 4), and the new fociŠ ‹È!ß� �#ß� � ß �#ß�

 are 1 3 ; the new equation is 1Š ‹È�#ß� „ � œ
(x 2) (y 1)

6 9
� �# #

50. y 1  center is ( 0), vertices are 2  and 2 ; c a b 2 1 1  foci arex
2

#

� œ Ê !ß ß ! � ß ! œ � œ � œ Ê# # #Š ‹ Š ‹È È ÈÈ
 ( 1 0) and ( ); therefore the new center is (3 4), the new vertices are 3 2 4 , and the new foci are (2 4)� ß "ß ! ß „ ß ßŠ ‹È
 and (4 4); the new equation is (y 4) 1ß � � œ

(x 3)�
#

#
#

51. 1  center is ( 0), vertices are 3  and 3 ; c a b 3 2 1  foci arex
3

y# #

� œ Ê !ß ß ! � ß ! œ � œ � œ Ê#
# #Š ‹ Š ‹È È ÈÈ

 ( 1 0) and ( ); therefore the new center is (2 3), the new vertices are 2 3 3 , and the new foci are (1 3)� ß "ß ! ß „ ß ßŠ ‹È
 and (3 3); the new equation is 1ß � œ

(x 2) (y 3)
3
� �

#

# #

52. 1  center is ( 0), vertices are ( ) and ( 5); c a b 25 16 3  foci arex
16 5

y# #

� œ Ê !ß !ß & !ß� œ � œ � œ Ê#
# #È È

 (0 3) and (0 3); therefore the new center is ( 4 5), the new vertices are ( 4 0) and ( 4 10), and the newß ß � � ß� � ß � ß�

 foci are ( 4 2) and ( 4 8); the new equation is 1� ß� � ß� � œ
(x 4) (y 5)

16 5
� �

#

# #

53. 1  center is ( 0), vertices are (2 0) and ( 2 0); c a b 4 5 3  foci are ( ) andx
4 5

y# #

� œ Ê !ß ß � ß œ � œ � œ Ê $ß !È È# #

 ( 3 0); the asymptotes are   y ; therefore the new center is (2 2), the new vertices are� ß „ œ Ê œ „ ßx y
5

5x
# #È

È
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686 Chapter 11 Parametric Equations and Polar Coordinates

 (4 2) and (0 2), and the new foci are (5 2) and ( 1 2); the new asymptotes are y 2 ; the newß ß ß � ß � œ „
È5 (x 2)�

#

 equation is 1(x 2) (y 2)
4 5
� �# #

� œ

54. 1  center is ( 0), vertices are (4 0) and ( 4 0); c a b 16 9 5  foci are ( 5 )x
16 9

y# #

� œ Ê !ß ß � ß œ � œ � œ Ê � ß !È È# #

 and (5 0); the asymptotes are   y ; therefore the new center is ( 5 1), the new vertices areß „ œ Ê œ „ � ß�x 3x
4 3 4

y

 ( 1 1) and ( 9 1), and the new foci are ( 10 1) and (0 1); the new asymptotes are y 1 ;� ß� � ß� � ß� ß� � œ „
3(x 5)

4
�

 the new equation is 1(x 5) (y 1)
16 9
� �# #

� œ

55. y x 1  center is ( 0), vertices are (0 1) and (0 1); c a b 1 1 2  foci are# # # #� œ Ê !ß ß ß� œ � œ � œ ÊÈ ÈÈ
 2 ; the asymptotes are y x; therefore the new center is ( 1 1), the new vertices are ( 1 0) andŠ ‹È!ß „ œ „ � ß� � ß

 ( 1 2), and the new foci are 1 1 2 ; the new asymptotes are y 1 (x 1); the new equation is� ß� � ß� „ � œ „ �Š ‹È
 (y 1) (x 1) 1� � � œ# #

56. x 1  center is ( 0), vertices are 0 3  and 3 ; c a b 3 1 2  foci are ( )y
3

#

� œ Ê !ß ß !ß� œ � œ � œ Ê !ß ## # #Š ‹ Š ‹È È È È
 and ( 2); the asymptotes are x   y 3x; therefore the new center is (1 3), the new vertices are!ß� „ œ Ê œ „ ß

y
3È È

 3 , and the new foci are ( ) and (1 1); the new asymptotes are y 3 3 (x 1); the new equation isŠ ‹È È"ß $ „ "ß & ß � œ „ �

 (x 1) 1(y 3)
3
� #

#

� � œ

57. x 4x y 12  x 4x 4 y 12 4  (x 2) y 16; this is a circle:  center at C( 2 0), a 4# # # # # #� � œ Ê � � � œ � Ê � � œ � ß œ

58. 2x 2y 28x 12y 114 0  x 14x 49 y 6y 9 57 49 9  (x 7) (y 3) 1;# # # # # #� � � � œ Ê � � � � � œ � � � Ê � � � œ

 this is a circle:  center at C(7 3), a 1ß � œ

59. x 2x 4y 3 0  x 2x 1 4y 3 1  (x 1) 4(y 1); this is a parabola: V( 1 1), F( 1 0)# # #� � � œ Ê � � œ � � � Ê � œ � � � ß � ß

60. y 4y 8x 12 0  y 4y 4 8x 12 4  (y 2) 8(x 2); this is a parabola: V( 2), F( )# # #� � � œ Ê � � œ � � Ê � œ � �#ß !ß #

61. x 5y 4x 1  x 4x 4 5y 5  (x 2) 5y 5  y 1; this is an ellipse:  the# # # # # # #�
� � œ Ê � � � œ Ê � � œ Ê � œ

(x 2)
5

#

 center is ( 2 0), the vertices are 2 5 0 ; c a b 5 1 2  the foci are ( 4 0) and ( 0)� ß � „ ß œ � œ � œ Ê � ß !ßŠ ‹È È È# #

62. 9x 6y 36y 0  9x 6 y 6y 9 54  9x 6(y 3) 54  1; this is an ellipse:# # # # # # �
� � œ Ê � � � œ Ê � � œ Ê � œa b x

6 9
(y 3)# #

 the center is (0 3), the vertices are ( 0) and ( 6); c a b 9 6 3  the foci are 0 3 3ß � !ß !ß� œ � œ � œ Ê ß� „È È È ÈŠ ‹# #

63. x 2y 2x 4y 1  x 2x 1 2 y 2y 1 2  (x 1) 2(y 1) 2# # # # # #� � � œ � Ê � � � � � œ Ê � � � œa b
  (y 1) 1; this is an ellipse:  the center is (1 1), the vertices are 2 ;Ê � � œ ß " „ ß "

(x 1)
2
� #

# Š ‹È
 c a b 2 1 1  the foci are (2 1) and (0 1)œ � œ � œ Ê ß ßÈ È# #

64. 4x y 8x 2y 1  4 x 2x 1 y 2y 1 4  4(x 1) (y 1) 4# # # # # #� � � œ � Ê � � � � � œ Ê � � � œa b
  (x 1) 1; this is an ellipse:  the center is ( 1 1), the vertices are ( 1 3) andÊ � � œ � ß � ß# �(y 1)

4

#

 ( 1 1); c a b 4 1 3  the foci are 1 3� ß� œ � œ � œ Ê � ß " „È È È ÈŠ ‹# #
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65. x y 2x 4y 4  x 2x 1 y 4y 4 1  (x 1) (y 2) 1; this is a hyperbola:# # # # # #� � � œ Ê � � � � � œ Ê � � � œa b
 the center is (1 2), the vertices are (2 2) and ( 2); c a b 1 1 2  the foci are 1 2 ;ß ß !ß œ � œ � œ Ê „ ß #È È ÈÈ Š ‹# #

 the asymptotes are y 2 (x 1)� œ „ �

66. x y 4x 6y 6  x 4x 4 y 6y 9 1  (x 2) (y 3) 1; this is a hyperbola:# # # # # #� � � œ Ê � � � � � œ Ê � � � œa b
 the center is ( 2 3), the vertices are ( 1 3) and ( 3 3); c a b 1 1 2  the foci are� ß� � ß� � ß� œ � œ � œ ÊÈ ÈÈ# #

 2 2 3 ; the asymptotes are y 3 (x 2)Š ‹È� „ ß� � œ „ �

67. 2x y 6y 3  2x y 6y 9 6  1; this is a hyperbola:  the center is ( ),# # # # �
� � œ Ê � � � œ � Ê � œ !ß $a b (y 3)

6 3
x# #

 the vertices are 3 6 ; c a b 6 3 3  the foci are (0 6) and ( 0); the asymptotes areŠ ‹È È È!ß „ œ � œ � œ Ê ß !ß# #

   y 2x 3y 3
6 3

x�
È Èœ „ Ê œ „ �È

68. y 4x 16x 24  y 4 x 4x 4 8  1; this is a hyperbola:  the center is (2 0),# # # # �
� � œ Ê � � � œ Ê � œ ßa b y (x 2)

8 2

# #

 the vertices are 2 8 ; c a b 8 2 10  the foci are 2 10 ; the asymptotes areŠ ‹ Š ‹È È ÈÈ Èß „ œ � œ � œ Ê ß „# #

   y 2(x 2)y
8

x 2
2È Èœ „ Ê œ „ ��

69. (a) y kx  x ; the volume of the solid formed by# œ Ê œ
y
k

#

 revolving R  about the y-axis is V dy" "

#

œ '
0

kxÈ

1 Š ‹y
k

#

  y  dy ; the volume of the rightœ œ1 1

k 5
x kx

#

#'
0

kxÈ
% È

 circular cylinder formed by revolving PQ about the

 y-axis is V x kx  the volume of the solid#
#œ Ê1 È

 formed by revolving R  about the y-axis is#

 V V V .  Therefore we can see the$ # "œ � œ
4 x kx

5
1 #È

 ratio of V  to V  is 4:1.$ "

 

 (b) The volume of the solid formed by revolving R  about the x-axis is V kt  dt k t dt# "

#

œ œ' '
0 0

x x

1 1Š ‹È
 .  The volume of the right circular cylinder formed by revolving PS about the x-axis isœ 1kx#

#

 V kx x kx   the volume of the solid formed by revolving R  about the x-axis is# "

#
#œ œ Ê1 1Š ‹È

 V V V kx .  Therefore the ratio of V  to V  is 1:1.$ # " $ "
#

# #œ � œ � œ1 1 1kx kx# #

70. y x dx C C; y 0 when x 0  0 C  C 0; therefore y  is theœ œ � œ � œ œ Ê œ � Ê œ œ' w w x wx wx
H H 2H 2H 2H

w(0)Š ‹# # ##

#

 equation of the cable's curve

71. x 4py and y p  x 4p   x 2p.  Therefore the line y p cuts the parabola at points ( 2p p) and# # #œ œ Ê œ Ê œ „ œ � ß

 (2p p), and these points are [2p ( 2p)] (p p) 4p units apart.ß � � � � œÈ # #

72.  lim  x x a   lim  x x a   lim  x x xÄ _ Ä _ Ä _
Š ‹ Š ‹È È – —b b b b

a a a a

x x a x x a

x x a
� � œ � � œ# # # #

� � � �

� �

Š ‹Š ‹È È
È

# # # #

# #

   lim    lim  0œ œ œb b a
a a

x x a

x x a x x ax xÄ _ Ä _
’ “ ’ “# # #

# # # #

#� �

� � � �

a b
È È
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688 Chapter 11 Parametric Equations and Polar Coordinates

73. Let y 1  on the interval 0 x 2.  The area of the inscribed rectangle is given byœ � Ÿ ŸÉ x
4
#

 A(x) 2x 2 1 4x 1  (since the length is 2x and the height is 2y)œ � œ �Š ‹É Éx x
4 4
# #

  A (x) 4 1 .  Thus A (x) 0  4 1 0  4 1 x 0  x 2Ê œ � � œ Ê � � œ Ê � � œ Ê œw w # #

� �
É É Š ‹x x x x x

4 4 41 1

# ## # #

# #É Éx x
4 4

  x 2 (only the positive square root lies in the interval).  Since A(0) A(2) 0 we have that A 2 4Ê œ œ œ œÈ ÈŠ ‹
 is the maximum area when the length is 2 2 and the height is 2.È È
74. (a) Around the x-axis:  9x 4y 36  y 9 x   y 9 x  and we use the positive root# # # # #� œ Ê œ � Ê œ „ �9 9

4 4É
  V 2 9 x  dx 2 9 x  dx 2 9x x 24Ê œ � œ � œ � œ' '

0 0

2 2

1 1 1 1Š ‹É ˆ ‰ � ‘9 9 3
4 4 4

#
#

# $ #

!

 (b) Around the y-axis:  9x 4y 36  x 4 y   x 4 y  and we use the positive root# # # # #� œ Ê œ � Ê œ „ �4 4
9 9É

  V 2 4 y  dy 2 4 y  dy 2 4y y 16Ê œ � œ � œ � œ' '
0 0

3 3

1 1 1 1Š ‹É ˆ ‰ � ‘4 4 4
9 9 27

#
#

# $ $

!

75. 9x 4y 36  y   y x 4 on the interval 2 x 4  V x 4  dx# # # �
# #

# #
#

� œ Ê œ Ê œ „ � Ÿ Ÿ Ê œ �9x 36 3 3
4

# È ÈŠ ‹'
2

4

1

 x 4  dx 4x 16 8 8 (56 24) 24œ � œ � œ � � � œ � œ � œ9 9 x 9 64 8 9 56 3
4 4 3 4 3 3 4 3 4
1 1 1 1 1'

2

4a b ’ “ � ‘ ˆ ‰ˆ ‰ ˆ ‰#
%

#

$

1

76. Let P ( p y ) be any point on x p, and let P(x y) be a point where a tangent intersects y 4px.  Now" "
#� ß œ � ß œ

 y 4px  2y 4p  ; then the slope of a tangent line from P  is #
"

�
� �œ Ê œ Ê œ œ œ

dy dy 2p y y dy 2p
dx dx y x ( p) dx y

"

  y yy 2px 2p .  Since x , we have y yy 2p 2p   y yy y 2pÊ � œ � œ � œ � Ê � œ �# # # # # # #
" " "

"
#

y y
4p 4p

# #Š ‹
  y yy 2p 0  y y y 4p .  Therefore the slopes of the twoÊ � � œ Ê œ œ „ �"

# #
# #

" "
„ � # #2y 4y 16p"

# #È
" È

"

 tangents from P  are m  and m   m m 1" " # " #� � � � � �
œ œ Ê œ œ �

2p 2p 4p
y y 4p y y 4p y y 4p
" "

# ## #

#

# # #È È a b
" " " "

  the lines are perpendicularÊ

77. (x 2) (y 1) 5  2(x 2) 2(y 1) 0  ; y 0  (x 2) (0 1) 5� � � œ Ê � � � œ Ê œ � œ Ê � � � œ# # # #�
�

dy dy
dx dx y 1

x 2

  (x 2) 4  x 4 or x 0  the circle crosses the x-axis at (4 0) and ( 0); x 0Ê � œ Ê œ œ Ê ß !ß œ#

  (0 2) (y 1) 5  (y 1) 1  y 2 or y 0  the circle crosses the y-axis at ( 2) and ( ).Ê � � � œ Ê � œ Ê œ œ Ê !ß !ß !# # #

 At (4 0):  2  the tangent line is y 2(x 4) or y 2x 8ß œ � œ Ê œ � œ �
dy
dx 0 1

4 2�
�

 At ( ):  2  the tangent line is y 2x!ß ! œ � œ � Ê œ �
dy
dx 0 1

0 2�
�

 At ( ):  2  the tangent line is y 2 2x or y 2x 2!ß # œ � œ Ê � œ œ �
dy
dx 2 1

0 2�
�

78. x y 1  x 1 y  on the interval 3 y 3  V 1 y  dy 2 1 y  dy# # # # #
# #

� œ Ê œ „ � � Ÿ Ÿ Ê œ � œ �È È Èˆ ‰ ˆ ‰' '
�3 0

3 3

1 1

 2 1 y  dy 2 y 24œ � œ � œ1 1 1'
0

3 a b ’ “#
$

!

y
3

$

79. Let y 16 x  on the interval 3 x 3.  Since the plate is symmetric about the y-axis, x 0.  For aœ � � Ÿ Ÿ œÉ 16
9

#

 vertical strip:    x y x , length 16 x , width dx  area dA 16 x  dxa b � � É Éµ µß œ ß œ � œ Ê œ œ �
É16 x 16 16

9 9

�

#
# #

16
9

#

  mass dm  dA 16 x  dx.  Moment of the strip about the x-axis:Ê œ œ œ �$ $É 16
9

#

 y dm 16 x  dx 8 x  dx so the moment of the plate about the x-axis isµ œ � œ �
É16 x 16 8

9 9

�

#
# #

16
9

# Š ‹É ˆ ‰$ $
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 M y dm 8 x  dx 8x x 32 ; also the mass of the plate isx 3

3

œ œ � œ � œµ' '
�

$ $ $ˆ ‰ � ‘8 8
9 27

# $ $

�$

 M 16 x  dx 4 1 x  dx 4 3 1 u  du where u   3 du dx; x 3œ � œ � œ � œ Ê œ œ �' ' '
� � �3 3 1

3 3 1

$ $ $É É ˆ ‰ È16 x
9 3 3

# #" #

  u 1 and x 3  u 1.  Hence, 4 3 1 u  du 12 1 u  duÊ œ � œ Ê œ � œ �$ $' '
� �1 1

1 1È È# #

 12 u 1 u sin u 6   y .  Therefore the center of mass is .œ � � œ Ê œ œ œ !ß$ 1$’ “Š ‹È ˆ ‰" # �"
"

�"2 M 6 3 3
M 32 16 16x $

1$ 1 1

80. y x 1  x 1 (2x)     1 1œ � Ê œ � œ Ê œ Ê � œ �È a b Š ‹ Š ‹Ê É# "
# � �

# �"Î#

�

# #
dy dy dy
dx dx x 1 dx x 1

x x x
x 1È #

#

# #

#

   S 2 y 1  dx 2 x 1  dx 2 2x 1 dx ;œ Ê œ � œ � œ �É ÉÊ Š ‹ È È2x 1 2x 1
x 1 dx x 1

dy# #

# #

� �
� �

#
# #' ' '

0 0 0

2 2 2È È È

1 1 1

    u 1 du u u 1 ln u u 1 2 5 ln 2 5
u 2x

du 2 dx– —ÈÈ È È È’ “ ’ “Š ‹ Š ‹Š ‹ È Èœ

œ
Ä � œ � � � � œ � �2 2

2 2 22
1 1 1

È È È'
0

2
# # #"

#

!

81. (a) tan m   tan f (x ) where f(x) 4px ;" "œ Ê œ œL
w

! È
 f (x) (4px) (4p)   f (x )w �"Î# w"

# !œ œ Ê œ
2p 2p
4px 4pxÈ È

!

   tan .œ Ê œ
2p 2p
y y! !

"

 (b) tan m9 œ œ œFP
y 0 y
x p x p
! !

! !

�
� �

 (c) tan ! œ œ
tan tan 

1 tan  tan 
9 "

9 "

�
�

Š ‹
Š ‹Š ‹

y
x p y

2p

y
x p y

2p

!

! !�

!

! !�

�

�1

 œ œ œ œ
y 2p(x p)
y (x p 2p) y (x p) y (x p) y

4px 2px 2p 2p(x p) 2p#

! !

! ! ! ! ! ! !

! ! !
#� �

� � � �
� � �

 

11.7  CONICS IN POLAR COORDINATES

 1. 16x 25y 400  1  c a b# #
#

# #� œ Ê � œ Ê œ �x
5 16

y# # È
 25 16 3  e ; F 3 0 ;œ � œ Ê œ œ „ ßÈ a bc 3

a 5

 directrices are x 0œ „ œ „ œ „a 5 25
e 3ˆ ‰3

5

 

 2. 7x 16y 112  1  c a b# # # #� œ Ê � œ Ê œ �x
16 7

y# # È
 16 7 3  e ; F 3 0 ;œ � œ Ê œ œ „ ßÈ a bc 3

a 4

 directrices are x 0œ „ œ „ œ „a 4 16
e 3ˆ ‰3

4
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 3. 2x y 2  x 1  c a b# # # # #� œ Ê � œ Ê œ �
y
2

# È
 2 1 1  e ; F 0 1 ;œ � œ Ê œ œ ß „È a bc 1

a 2È

 directrices are y 0 2œ „ œ „ œ „a
e

2È
Š ‹1

2È

 

 4. 2x y 4  1  c a b# #
#

# #� œ Ê � œ Ê œ �x y
4

# # È
 4 2 2  e ; F 0 2 ;œ � œ Ê œ œ ß „È È ÈŠ ‹c

a 2
2È

 directrices are y 0 2 2œ „ œ „ œ „a 2
e Š ‹È2

2

È

 

 5. 3x 2y 6  1  c a b# #
#

# #� œ Ê � œ Ê œ �x y
3

# # È
 3 2 1  e ; F 0 1 ;œ � œ Ê œ œ ß „È a bc 1

a 3È

 directrices are y 0 3œ „ œ „ œ „a
e

3È
Š ‹1

3È

 

 6. 9x 10y 90  1  c a b# # # #� œ Ê � œ Ê œ �x
10 9

y# # È
 10 9 1  e ; F 1 0 ;œ � œ Ê œ œ „ ßÈ a bc 1

a 10È

 directrices are x 0 10œ „ œ „ œ „a
e

10È
Š ‹1

10È

 

 7. 6x 9y 54  1  c a b# # # #� œ Ê � œ Ê œ �x
9 6

y# # È
 9 6 3  e ; F 3 0 ;œ � œ Ê œ œ „ ßÈ È ÈŠ ‹c

a 3
3È

 directrices are x 0 3 3œ „ œ „ œ „a 3
e Š ‹È3

3

È
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 8. 169x 25y 4225  1  c a b# # # #� œ Ê � œ Ê œ �x
25 169

y# # È
 169 25 12  e ; F 0 12 ;œ � œ Ê œ œ ß „È a bc 12

a 13

 directrices are y 0œ „ œ „ œ „a 13 169
e 12ˆ ‰12

13

 

 9. Foci:  0 3 , e 0.5  c 3 and a 6  b 36 9 27  1a bß „ œ Ê œ œ œ œ Ê œ � œ Ê � œc 3 x
e 0.5 7 36

y#
#

# #

10. Foci:  8 0 , e 0.2  c 8 and a 40  b 1600 64 1536  1a b„ ß œ Ê œ œ œ œ Ê œ � œ Ê � œc 8 x
e 0. 1600 1536

y
#

# # #

11. Vertices:  0 70 , e 0.1  a 70 and c ae 70(0.1) 7  b 4900 49 4851  1a bß „ œ Ê œ œ œ œ Ê œ � œ Ê � œ# x
4851 4900

y# #

12. Vertices:  10 0 , e 0.24 a 10 and c ae 10(0.24) 2.4 b 100 5.76 94.24  1a b„ ß œ Ê œ œ œ œ Ê œ � œ Ê � œ# x
100 94.24

y# #

13. Focus:  5 , Directrix:  x   c ae 5 and       eŠ ‹È Èß ! œ Ê œ œ œ Ê œ Ê œ Ê œ9 a 9 ae 9 9 5
5 5 5 5e e e 9

5
È È È È

È
# #

#

  e .  Then PF PD  x 5 (y 0)  x   x 5 y xÊ œ œ Ê � � � œ � Ê � � œ �
È È È

È È
5 5 5

3 3 3 9
9 5 9

5 5
ÊŠ ‹ ¹ ¹ Š ‹ Š ‹È È# # #

# #

  x 2 5 x 5 y x x   x y 4  1Ê � � � œ � � Ê � œ Ê � œ# # # # #È Š ‹5 18 81 4 x
9 5 9 9 45

y
È

# #

14. Focus:  ( 0), Directrix:  x   c ae 4 and       e   e . Then%ß œ Ê œ œ œ Ê œ Ê œ Ê œ Ê œ16 a 16 ae 16 4 16 3
3 e 3 e 3 e 3 4

3
# #

#
#

È

 PF PD  (x 4) (y 0)  x   (x 4) y x   x 8x 16 yœ Ê � � � œ � Ê � � œ � Ê � � �
È È3 3 16 3 16

3 4 3# #
# # # # # ##È ¸ ¸ ˆ ‰

 x x   x y   1œ � � Ê � œ Ê � œ3 32 256 16 x
4 3 9 4 3

yˆ ‰# # #" # #

ˆ ‰ ˆ ‰64 16
3 3

15. Focus:  ( 0), Directrix:  x 16  c ae 4 and 16  16  16  e   e . Then�%ß œ � Ê œ œ œ Ê œ Ê œ Ê œ Ê œa ae 4 1
e e e 4# #

# "
#

 PF PD  (x 4) (y 0)  x 16   (x 4) y (x 16)   x 8x 16 yœ Ê � � � œ � Ê � � œ � Ê � � �1 1 1
4# #

# # # # # # #È k k
 x 32x 256   x y 48  1œ � � Ê � œ Ê � œ1 3 x

4 4 64 48
ya b# # # # #

16. Focus:  2 , Directrix:  x 2 2  c ae 2 and 2 2  2 2  2 2  eŠ ‹È È È È È È� ß ! œ � Ê œ œ œ Ê œ Ê œ Ê œa ae
e e e

2
# #

È # "
#

  e . Then PF PD  x 2 (y 0)  x 2 2   x 2 yÊ œ œ Ê � � � œ � Ê � �1 1 1
2 2 2È È ÈÊŠ ‹ ¹ ¹ Š ‹È È È# #

# #

 x 2 2   x 2 2 x 2 y x 4 2 x 8   x y 2  1œ � Ê � � � œ � � Ê � œ Ê � œ" " "
# # # #

#
# # # # #Š ‹ Š ‹È È È x

4
y# #
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692 Chapter 11 Parametric Equations and Polar Coordinates

17. x y 1  c a b 1 1 2  e# # # #� œ Ê œ � œ � œ Ê œÈ ÈÈ c
a

 2 ; asymptotes are y x; F 2 ;œ œ œ „ „ ß !
È2

1
È ÈŠ ‹

 directrices are x 0œ „ œ „a
e 2

"
È

 

18. 9x 16y 144  1  c a b# # # #� œ Ê � œ Ê œ �x
16 9

y# # È
 16 9 5  e ; asymptotes areœ � œ Ê œ œÈ c 5

a 4

 y x; F 5 ; directrices are x 0œ „ „ ß ! œ „3 a
4 ea b

 œ „ "6
5

 

19. y x 8  1  c a b# # # #� œ Ê � œ Ê œ �
y
8 8

x# # È
 8 8 4  e 2 ; asymptotes areœ � œ Ê œ œ œÈ Èc 4

a 8È
 y x; F 0 4 ; directrices are y 0œ „ ß „ œ „a b a

e

 2œ „ œ „
È
È

8
2

 

20. y x 4  1  c a b# # # #� œ Ê � œ Ê œ �
y
4 4

x# # È
 4 4 2 2  e 2 ; asymptotesœ � œ Ê œ œ œÈ È Èc

a 2
2 2È

 are y x; F 0 2 2 ; directrices are y 0œ „ ß „ œ „Š ‹È a
e

 2œ „ œ „2
2È È

 

21. 8x 2y 16  1  c a b# # # #� œ Ê � œ Ê œ �x
2 8

y# # È
 2 8 10  e 5 ; asymptotesœ � œ Ê œ œ œÈ È Èc

a
10
2

È
È

 are y 2x; F 10 ; directrices are x 0œ „ „ ß ! œ „Š ‹È a
e

 œ „ œ „
È
È È

2
5 10

2
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22. y 3x 3  x 1  c a b# # # # #� œ Ê � œ Ê œ �
y
3

# È
 3 1 2  e ; asymptotes areœ � œ Ê œ œÈ c 2

a 3È

 y 3 x; F 0 2 ; directrices are y 0œ „ ß „ œ „È a b a
e

 œ „ œ „
È

Š ‹
3 3

2
3È

#

 

23. 8y 2x 16  1  c a b# # # #� œ Ê � œ Ê œ �
y
2 8

x# # È
 2 8 10  e 5 ; asymptotesœ � œ Ê œ œ œÈ È Èc

a
10
2

È
È

 are y ; F 0 10 ; directrices are y 0œ „ ß „ œ „x a
e# Š ‹È

 œ „ œ „
È
È È

2
5 10

2

 

24. 64x 36y 2304  1  c a b# # # #� œ Ê � œ Ê œ �x
36 64

y# # È
 36 64 10  e ; asymptotes areœ � œ Ê œ œ œÈ c 10 5

a 6 3

 y x; F 10 ; directrices are x 0œ „ „ ß ! œ „4 a
3 ea b

 œ „ œ „6 18
5ˆ ‰5

3

 

25. Vertices 1  and e 3  a 1 and e 3  c 3a 3  b c a 9 1 8  y 1a b!ß „ œ Ê œ œ œ Ê œ œ Ê œ � œ � œ Ê � œc x
a 8

# # # # #

26. Vertices 2  and e 2  a 2 and e 2  c 2a 4  b c a 16 4 12  1a b„ ß ! œ Ê œ œ œ Ê œ œ Ê œ � œ � œ Ê � œc x
a 4 1

y# # #
#

# #

27. Foci 3  and e 3  c 3 and e 3  c 3a  a 1  b c a 9 1 8  x 1a b„ ß ! œ Ê œ œ œ Ê œ Ê œ Ê œ � œ � œ Ê � œc
a 8

y# # # #
#

28. Foci 5  and e 1.25  c 5 and e 1.25   c a  5 a  a 4  b c aa b!ß „ œ Ê œ œ œ œ Ê œ Ê œ Ê œ Ê œ �c 5 5 5
a 4 4 4

# # #

 25 16 9  1œ � œ Ê � œ
y
16 9

x# #

29. e 1, x 2  k 2  rœ œ Ê œ Ê œ œ
2(1)

1 (1) cos 1 cos 
2

� �) )

30. e 1, y 2  k 2  rœ œ Ê œ Ê œ œ
2(1)

1 (1) sin 1 sin 
2

� �) )

31. e 5, y 6  k 6  rœ œ � Ê œ Ê œ œ
6(5)

1 5 sin 1 5 sin 
30

� �) )

32. e 2, x 4  k 4  rœ œ Ê œ Ê œ œ
4(2)

1 2 cos 1 2 cos 
8

� �) )

33. e , x 1  k 1  rœ œ Ê œ Ê œ œ"
# ��

ˆ ‰
ˆ ‰
"

#

"

#

(1)
1  cos 

1
2 cos ) )
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34. e , x 2  k 2  rœ œ � Ê œ Ê œ œ"
� �4 4 cos 

(2)
1  cos 

2ˆ ‰
ˆ ‰
"

"

4

4 ) )

35. e , y 10  k 10  rœ œ � Ê œ Ê œ œ"
� �5 5 sin 

(10)
1  sin 

10ˆ ‰
ˆ ‰
"

"

5

5 ) )

36. e , y 6  k 6  rœ œ Ê œ Ê œ œ"
� �3 3 sin 

(6)
1  sin 

6ˆ ‰
ˆ ‰
"

"

3

3 ) )

37. r   e 1, k 1  x 1œ Ê œ œ Ê œ"
�1 cos )

 

38. r   e , k 6  x 6;œ œ Ê œ œ Ê œ6 3
2 cos 1  cos � #�

"
) )ˆ ‰"

#

 a 1 e ke  a 1 3  a 3a b ’ “ˆ ‰� œ Ê � œ Ê œ# "
#

# 3
4

  a 4  ea 2Ê œ Ê œ

 

39. r   rœ Ê œ œ25
10 5 cos 1  cos 1  cos � � �) ) )

ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰

25 5
10
5
10

#

"

#

  e , k 5  x 5; a 1 e keÊ œ œ Ê œ � � œ"
#

#a b
  a 1   a   a   eaÊ � œ Ê œ Ê œ Ê œ’ “ˆ ‰"

# # #

# 5 3 5 10 5
4 3 3

 

40. r   r   e 1, k 2  x 2œ Ê œ Ê œ œ Ê œ �4 2
2 2 cos 1 cos � �) )

 

41. r   r   rœ Ê œ Ê œ400 25
16 8 sin 1  sin 1  sin � � �) ) )

ˆ ‰
ˆ ‰ ˆ ‰

400
16
8

16
"

#

 e , k 50  y 50; a 1 e keœ œ Ê œ � œ"
#

#a b
  a 1 25  a 25  aÊ � œ Ê œ Ê œ’ “ˆ ‰"

#

# 3 100
4 3

  eaÊ œ 50
3
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42. r   r   e 1, 43. r   r   e 1,œ Ê œ Ê œ œ Ê œ Ê œ12 4 8 4
3 3 sin 1 sin 2 2 sin 1 sin � � � �) ) ) )

 k 4  y 4 k 4  y 4œ Ê œ œ Ê œ �

  

44. r   r   e , k 4œ Ê œ Ê œ œ4 2
2 sin 1  sin � #�

"
) )ˆ ‰"

#

  y 4; a 1 e ke  a 1 2Ê œ � � œ Ê � œa b ’ “ˆ ‰# "
#

#

  a 2  a   eaÊ œ Ê œ Ê œ3 8 4
4 3 3

 

45. r cos 2  r cos  cos sin  sin ˆ ‰ ˆ ‰È) ) )� œ Ê �1 1 1
4 4 4

 2  r cos r sin 2  x yœ Ê � œ Ê �È È" " " "
È È È È2 2 2 2

) )

 2  x y 2  y 2 xœ Ê � œ Ê œ �È
 

46. r cos 1  r cos  cos sin  sin 1ˆ ‰ ˆ ‰) ) )� œ Ê � œ3 3 3
4 4 4
1 1 1

  r cos r sin 1  x y 2Ê � � œ Ê � œ �
È È2 2

2 2) ) È
  y x 2Ê œ � �È

 

47. r cos 3  r cos  cos sin  sin 3ˆ ‰ ˆ ‰) ) )� œ Ê � œ2 2 2
3 3 3
1 1 1

  r cos r sin 3  x y 3Ê � � œ Ê � � œ1
2 2

3 3
) )

È È"
# #

  x 3 y 6  y x 2 3Ê � � œ Ê œ �È ÈÈ3
3
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48. r cos 2  r cos  cos sin  sin 2ˆ ‰ ˆ ‰) ) )� œ Ê � œ1 1 1
3 3 3

  r cos r sin 2  x y 2Ê � œ Ê � œ1
2 2

3 3
) )

È È"
# #

  x 3 y 4  y xÊ � œ Ê œ �È È È3 4 3
3 3

 

49. 2 x 2 y 6  2 r cos 2 r sin 6  r  cos  sin 3  r cos  cos sin  sin È È È È Š ‹ ˆ ‰� œ Ê � œ Ê � œ Ê �) ) ) ) ) )
È È2 2

4 4# #
1 1

 3  r cos 3œ Ê � œˆ ‰) 1
4

50. 3 x y 1  3 r cos r sin 1  r  cos  sin   r cos  cos sin  sin È È Š ‹ ˆ ‰� œ Ê � œ Ê � œ Ê �) ) ) ) ) )
È3 1

6 6# # #
" 1 1

   r cosœ Ê � œ" "
# #

ˆ ‰) 1
6

51. y 5  r sin 5  r sin 5  r sin ( ) 5  r cos ( ) 5  r cos 5œ � Ê œ � Ê � œ Ê � œ Ê � � œ Ê � œ) ) ) ) )ˆ ‰ ˆ ‰1 1
# #

52. x 4  r cos 4  r cos 4  r cos ( ) 4œ � Ê œ � Ê � œ Ê � œ) ) ) 1

53.  54. 

55.  56. 

57. (x 6) y 36  C (6 0), a 6 58. (x 2) y 4  C ( 2 0), a 2� � œ Ê œ ß œ � � œ Ê œ � ß œ# # # #

  r 12 cos  is the polar equation  r 4 cos  is the polar equationÊ œ Ê œ �) )
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59. x (y 5) 25  C ( 5), a 5 60. x (y 7) 49  C ( 7), a 7# # # #� � œ Ê œ !ß œ � � œ Ê œ !ß� œ

  r 10 sin  is the polar equation  r 14 sin  is the polar equationÊ œ Ê œ �) )

  

61. x 2x y 0  (x 1) y 1 62. x 16x y 0  (x 8) y 64# # # # # # # #� � œ Ê � � œ � � œ Ê � � œ

  C ( 1 0), a 1  r 2 cos  is  C (8 0), a 8  r 16 cos  is theÊ œ � ß œ Ê œ � Ê œ ß œ Ê œ) )

 the polar equation polar equation
  

63. x y y 0  x y  64. x y y 0  x y# # # # # #" "
#

# #
� � œ Ê � � œ � � œ Ê � � œˆ ‰ ˆ ‰

4 3 3 9
4 2 4

  C , a   r sin  is the  C 0 , a   r  sin  is theÊ œ !ß� œ Ê œ � Ê œ ß œ Ê œˆ ‰ ˆ ‰" "
# # ) )2 2 4

3 3 3

 polar equation polar equation
  

65.  66. 
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