CHAPTER 11 PARAMETRIC EQUATIONS AND
POLAR COORDINATES

11.1 PARAMETRIZATIONS OF PLANE CURVES
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648  Chapter 11 Parametric Equations and Polar Coordinates

7. x=4dcost,y=2sint,0 <t <27 8. x=4sint,y=5cost,0<t<2r
:>16(1:gszt+4%nzt:1:>%+};_2:1 :>16i§i6n2t+25(2:gszt:1:>%+¥:1
A I-hyl-ﬂ
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~5't=x
9. x=sint,y =cos2t, -5 <t< 7 10.x=1+sint,y=cost—2,0<t<7
= y=cos2t=1-2sin®t=y=1-2x2 = sint+cos’t=1 = (x— 1)+ (y+2)>=1
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(x=1)"+(y+2)° =1
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t=m
_ 2 6 4 _ =2
1. x =,y =t = 2t*, —o0o <t < 0 12.x =2y, y= 51, —1<t<1
3 2
=y=() -2t) =y=x>-2x* = t= 2 éyzzzx_"l
A Y _2-x
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13. x=t,y=v1-,-1<t<0 14. x=/t+1,y=/tt 0
- y=+1-x = y2=t=x=+y2+1y 0
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Section 11.1 Parametrizations of Plane Curves 649

x=sec’t—l,y=tant, - <t< 3 16. x=—sect,y=tant, — 5 <t <3
= sec’t— 1 =tan’t = x =1y = sec’t—tan’t=1 = x> —y? =1
y
3
0<t<a/2
2L
1+ — 2
t=0 =y X
1 1 1 1 1 1 x
2 -1 1 2 3 4
-1k
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4 —ggt<0
x = —cosht,y =sinht, —co < 1 < 00 18. x =2sinht,y =2cosht, —oo <t < o0
= cosh’t—sinh’t=1 = x> —y?> =1 = 4cosh’t—4sinh’t=4 = y> —x>=4
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(@) x=acost,y=—asint,0 <t <27 20. (a) x:asint,y:bcost,ggtg%
(b) x=acost,y=asint,0 <t <27 (b) x=acost,y=bsint,0 <t <27
(c) x=acost,y=—asint,0 <t<4r (©) x:asint,y:bcost,ggtg977r
(d) x=acost,y=asint,0 <t <4r (d) x=acost,y=bsint,0 <t<4r
Using (—1, —3) we create the parametric equations x = —1 + atand y = —3 + bt, representing a line which goes

through (—1, —3) att = 0. We determine a and b so that the line goes through (4, 1) when t = 1.
Since4 = —14+a=-a=>5.Since ] = —3 +b =- b = 4. Therefore, one possible parameterization is x = —1 + 5t,
y ==-34+4t,0<t< 1.

Using (—1, 3) we create the parametric equations x = —1 + atand y = 3 + bt, representing a line which goes through
(—1, 3) att = 0. We determine a and b so that the line goes through (3, —2) whent = 1. Since3 = —1+a=a=4.
Since —2 = 3 +b = b = —5. Therefore, one possible parameterizationis x = —1 +4t,y =3 —-5t,0 <t < 1.

The lower half of the parabola is given by x = y? + 1 for y < 0. Substituting t for y, we obtain one possible
parameterization X = t2 4+ 1, y=tt<0.

The vertex of the parabola is at (—1, —1), so the left half of the parabola is given by y = x? + 2x for x < —1. Substituting
t for x, we obtain one possible parametrization: x =t, y = 242t < —1.

For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (2, 3) for t = 0 and passes
through (—1, —1) at t = 1. Then x = f(t), where f(0) = 2 and f(1) = —1.

Since slope = 4% = 5122 = —3, x = f(t) = —3t+ 2 = 2 — 3t. Also, y = g(t), where g(0) = 3and g(1) = —1.

Since slope = §¥ = 5123 = 4.y = g(t) = —4t + 3 =3 — 4t.

One possible parameterizationis: x =2 — 3t,y =3 —4t,t 0.
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650  Chapter 11 Parametric Equations and Polar Coordinates

26. For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (—1, 2) for t = 0 and
passes through (0, 0) at t = 1. Then x = f(t), where f(0) = —1 and f(1) =

Since slope = % = % =1,x=1f(t) = 1t+ (—1) = =1 4+ t. Also, y = g(t), where g(0) = 2 and g(1) = 0.
Sinceslope = 3 = 4=2 = 2.y =g(t) = ~2t +2 =2 — 2t

One possible parameterizationis: x = =1 4+t,y =2 —2t,t 0.

27. Since we only want the top half of a circle,y 0, so let

28. Since we want x to stay between —3 and 3, let x = 3sint, then y = (3 sin t)2 = 9sin? ¢, thus x = 3sint, y = 9sin’t,

0<t< o
29. X +yt=al = 2+ P=0= F=—Xlett=F = — =t = x=—yt Substitution yields
y2t2—|—y2:a2iy:mandx—\/ﬁ,—oo<t<oo

30. In terms of 6, parametric equations for the circle are x = acos ,y = asin 6,0 < § < 2w. Since § = § , the arc

length parametrizations are: X = a cos i ,y = asin i ,and 0 < i <27 = 0 <s < 2mais the interval for s.

31. Drop a vertical line from the point (X, y) to the x-axis, then @ is an angle in a right triangle, and from trigonometry we
know that tanf = ¥ =y = xtan9 The equation of the line through (0, 2) and (4, 0) is given by y = —1x + 2. Thus

andy = ;2% where 0 < 0 < %

_ 1 _
xtanf = —3x +2 = x = Ten g1

2tan9+l

32. Drop a vertical line from the point (X, y) to the x-axis, then @ is an angle in a right triangle, and from trigonometry we
know thattanf = ¥ = y = xtan . Since y = \/x = y> = x = (xtanf)’ = x = x = cot’d = y = cot§ where
0<6< 3.

33. The equation of the circle is given by (x — 2)2 + y? = 1. Drop a vertical line from the point (x, y) on the circle to the
x-axis, then 6 is an angle in a right triangle. So that we can start at (1, 0) and rotate in a clockwise direction, let
x=2-—cosf,y=sinf,0 <6 < 2.

34. Drop a vertical line from the point (x, y) to the x-axis, then 6 is an angle in a right triangle, whose height is y and whose
base is X + 2. By trigonometry we have tan 6 = ﬁ =y = (x + 2) tan f. The equation of the circle is given by

2 4y?=1= x>+ ((x+2)tanh)* = 1 = x?sec?d + 4x tan’d + 4tan20 — 1 = 0. Solving for x we obtain

—4tan?6 + |/ (4tan20)* — 4 sec?0 (4tan20 — 1) _ Atan? /1— :
/ 5570 = —HafLIVI =3 — _9sin?g + cos 0/ cos? O — 3sin20

= —2 4+ 2c0s?0 £ cos 0\/4cos?f — 3and y = (72 + 2c0s26 + cos 0\/4cos? 6 — 3 + 2) tan 0
= 2sinf cos § =+ sin 8/ 4cos? § — 3. Since we only need to go from (1, 0) to (0, 1), let

X = —2 4 208?60 + cos 61/ 4cos? 0 — 3,y = 2sinf cos § + sin\/4cos? 0 — 3,0 < 6 < tan~' (1).

To obtain the upper limit for 6, note that x =0 and y = 1, usingy = (x +2)tanf = 1 =2 tan = ¢ = tan™' ().

X =

35. Extend the vertical line through A to the x-axis and 1et C be the point of intersection. Then OC = AQ = x
andtant= 2 =2 = x= 2 =2coti;sint= & = OA = 2 ;and (AB)(OA) = (AQ)’ = AB (%) =x’

X tan t sint ’

= AB () = (L)2 = AB = 2t Nexty—2 ABsint = y=2— (280) gin ¢ =

tan t tan? t tan? t

2— 28t — 9 9 cos?t = 2 sin®t. Thereforelet x = 2 cottandy = 2 sin?t, 0 < t < .

tan? t
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37.

Section 11.1 Parametrizations of Plane Curves

Arc PF = Arc AF since each is the distance rolled and y
APE — /FCP = Arc PF = b(/FCP); A€AF — ¢

= Arc AF = af = af = b(LFCP) = /FCP = { 0;
Z0CG = § — 0; ZOCG = ZOCP + /PCE

= Z/OCP + (3 — @) . Now ZOCP = 7 — ZFCP
=m—50. Thus Z/OCG=7—30+5 —a = § —
=r—{0+5—a= azw—%@—l—ﬁzw—(a%’ﬁ).

0

Then x = OG — BG = OG — PE = (a — b) cos § — b cos a = (a — b) cos 6 — b cos (7 — 22 §)

=(a—b)cosf+bcos(226). Alsoy =EG =CG—CE = (a—b)sinf — bsin«

=(a—b)sin0 —bsin (7 — 222 60) = (a— b) sin § — b sin (22 6) . Therefore
x:(a—b)cosﬂ—l—bcos(agbG) andy:(a—b)sin@—bsin(agb )
Ifb=2 thenx = (a— 2) cos § + 4 cos (azﬂ(ﬁ) 9)

:%0059—1—300339:%cos&—i—%(cos&cosZQ—sin@sinZG)

= 32 cos 0 + 2 ((cos 0) (cos? 6 — sin® §) — (sin 6)(2 sin 6 cos 6))
=3
=32 cos 0 + 2 cos® 6 — 2 (cos 0) (1 — cos® 0) = a cos® 6

y=(a—12) sine—%sin(az%()%) 9) = 32 5in 6 — 2 sin 30 = 32 sin 6 — 2 (sin @ cos 20 + cos 0 sin 26)

= 32 5in 6 — 2 ((sin 6) (cos® § — sin® @) + (cos G)(2 sin 6 cos 6))

cos9+§cos39—%cos@sinQH—%singécose

=3 sinf — 2 sin 6 cos’d + 3 sin® 0 — 2 cos? 0 sin ¢
= 32 5in 6 — 3 sin 0 cos?  + 2 sin® ¢

= 32 sin§ — 3 (sin ) (1 — sin?#) + & sin® 6 = a sin® 6.

Draw line AM in the figure and note that ZAMO is a right y

angle since it is an inscribed angle which spans the diameter A(O_ )| L
of a circle. Then AN2 = MN? + AM2. Now, OA = a,
% — tant, and % =sint. Next MN = OP

= OP? = AN? — AM? = a% tan® t — a® sin t

= OP = \/a? tan? t — a2 sin2t

= (asint)y/sec’t—1 = %ﬁ‘ . In triangle BPO, ’ Px,y

. E) .
x = OPsint = 30t — 3gin? t tan t and
cos t X

y=O0Pcost=asin’t = x =asin’ttantandy = asin’t.
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652  Chapter 11 Parametric Equations and Polar Coordinates

38. Let the x-axis be the line the wheel rolls along with the y-axis through a low point of the trochoid
(see the accompanying figure).

y o

> x'

. h=as

>

Let 6 denote the angle through which the wheel turns. Then h = af and k = a. Next introduce x'y’-axes

_9)

= —bcosf = x=h + x'=af —bsinfandy =k +y = a— b cos  are parametric equations of the trochoid.

parallel to the xy-axes and having their origin at the center C of the wheel. Then x’ = b cos « and

y' = bsin o, where o = 37 — 6. It follows that x' = b cos (3 — ) = —bsinf and y’ = b sin (3}

39. =22+ (y-1)=-22+ (-1 = D=t — 4+

—4 =0 = t=1. The second derivative is always positive fort # 0 = t = 1 gives a local

D= \/(x—z)2 (y-1)? = p2=
an?) _
= —a =41
minimum for D? (and hence D) which is an absolute minimum since it is the only extremum =- the closest
point on the parabola is (1, 1).

D:\/(ZCost—%)2—i—(sint—0)2 = D?= (2cost——) +sin’t = d(g)

=2(2cost—3)(—2sint)+2sintcost=(—2sint) (3cost—3) =0 = —Zsint:Oor3cost—%:O

40.

= t=0,mort=7%,2. Now dd(ﬂ?_) = —6cos2t+ 3 cos t + 6 sin®t so that & dt') L (0) = =3 = relative
2 2
maximum, dtz (7r) —9 = relative maximum, d ég ) (%) = % = relative minimum, and
dgétzd) (5—”) = % = relative minimum. Therefore both t = 5 and t = =¢ give points on the ellipse closest to
the point (% ) ( —) and < ,— %) are the desired points.
41. (a b c
@ , (b) , © ,
Tx=4costy=2sint T + .
+0<t<2x L x=4cost y=2sint
2 2 R<ten2 T
_Ql )
X M \
-4 | 4 — —
+ ——t ———
FXx=4cost,y=2sint "r_/
L O<t<ex
-2
42. (a b c
(@) . (b) " (© .
uj j }
Xx=secly=tant 0.4
x=secty=tant | ]-05s1<05 x=sect,y=tant 4
-1.55t51.5 N -0.151<0.1
— X —4—4—4——-&——&—,64—0— X +
—0.51
=0.1
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Section 11.1 Parametrizations of Plane Curves

43,
y
X=2t+3,y=t-1
—-28ts2
3 /
. t\/s -~ X
44. (a b ¢
(a) (b) y (©) y
. Xx=t-sint =t-sint
X=t-sint y=1-cost ;-1-—52351
y=1-cost ] 0stsdn rSt<3x
osts2x
24
2r
45. (a b
@ y ®) X = -2 cOs t + cos(-2t)
2.6 2.6 y = -2sint- sin(-2t)
X =2cost+cos 2t e
y =2sint-sin 2t
X -1
% - & '
46. (a) (b)

4
X = 3 cos t + cos 3t
y =3 sin t- sin 3t
O<st<2r
\
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= -3 sin t - sin(-3t)
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47. (a)

(b)

Epicycloid

)
O

48. (a)

x=6cost+5cos3t, y=6sint—S5sin 3,

0<t=<2r
(©)
y
X
10 -5 é 5 10
x =6cos t+5 cos 3t, y = 6 sin 2t — 5 sin 31,

O<t<2n

11.2 CALCULUS WITH PARAMETRIC CURVES

= X_2COS—

\/_y72sm—f\/§

Chapter 11 Parametric Equations and Polar Coordinates

(©)

i x % 6 *
A— \/
-10

1 0 /\ Hypotrochoi
l\

-10.2

(b)

x =6cos 2t + 5 cos 6¢, y=6sin2t— 5 sin 61,
O<t<nm
(d)
X
X
10 -5 é S 10

x =6 cos 2z + 5 cos 6t,

y = 6 sin 4¢ — S sin 6¢,
O<t<nm

dx

T I, Y dy _ dy _ dydt _ 2cost __
4 Sa = 28It g =2008t = 5 = 08 = Sant cott
= % :—cotgz—l;tangenthnelsy—\/E:—l (x—ﬁ) ory:—x—|—2\/7,“gyt =csc?t
=3
d’y _ dy'/dt _ csc’t 1 d?y o
= BT addt T 2smt O Zsidt 7 ad - _\/E
2. t=—-1 = X:Sin(Zﬂ'(*l)) :sin(fﬂ):fﬁ :cos(27r(fl)):cos(fﬂ)*l & — 27 cos 27t
. 6 6 3 TR 6 20 d >
dy _ : dy _ —27msin2mt dy _ 1 _ i .
i = 27 sin 27t = &= Tocesdat = tan 27t = |, = —tan (27r( 6)) = tan( 3) \/g
: : 1 _ _ _ 2 dy _ —2msec?2mt
tangent lineisy — 5 = \/§ [x— (— 7)] ory = \/_x—|—2, G = 2msect2mt = 45 = 5o o5

—__1 &y
= T ofm 7 ad —

1:_8
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10.

11.

Section 11.2 Calculus With Parametric Curves

_ —Adqin T — _ To_ dx dy _ _ dy _ dy/dt _ —2sint
t= $X—4sm4—2\/§,y—2cos4—\/§ =4dcost, i = —2sint = £ = o=

4 > dt > dt 4 cost
—_1 dy —_1 T _ _ 1. ine i _ —_1 _ —_1 .
=—stant = § = 5 tan 7 = — 3; tangent line is y \/77 2(x 2\/§>oryf 2x—|—2\/5,

=3
d 12 dy _ dyde _ —gset &y _ V2
de 3 Sec t= dx? 7 dx/dt T 4cost 8 cos3 t = dx? oz - 4
=4
_ o _ oo 1 2 ABdx o dy . dy _ —/3sint _
tf3 = X = cos 3 z,yf\/gcos3f IR smt,dtf 3smt:>dx*——smt 7\/5
dy — . gy [ V3) _(_1 dy’ _ dy _ _
= ¢ t:;—\/g,tangentlmelsy ( 2)—\/§[x (—D]ory=v3x%=0= &4 =_0_—9

&’y _

= lezi_o

=1 =1 —l.dx _ g dy _ 1 dy _ dy/dt 1 dy _ 1 _ 1. SR
t=4 = X_4’y_2’dl_1’dt_2\/{ = & = addt = 2k = o ‘:l—zﬁ—l,tangentlmels
_1_q. o 1-3/2 dy _ dydt . 1-3/2 )
y—g=1-(x—g)ory=x+3:% =gt / = &= dwa — 4t P = el 2
_ _ 2 _ _ _ d dy _
t=-2 = x=sec’(—%)—1=1y=tan(—5) =—1; & =2sec’ttant, J = sec’t
dy _ _sec®t 1 _ 1 dy 1 _ry - _1. ine i
= & T Tseclttant 2tant_2cott = X sz 2COt( 4) - 2,tangenthne1s
D) = — lx— S lg Lol 12 dy _ —geslt 13
y—(D=—3&x-Dory=—5x—35:;3% =30t = &= 5@ = 4 cott
d2y 1
= | _ .71
=3
- — T2 oy T 1 .dx _ dy _ dy __ dy/dt
t=¢ :>x—sec6—ﬁ,y—tan6—\/§,dl—secttant it sec’t = o = i
sec’t dy _ T __ 9. s 1 _ _ .
= g = cset = 4 tii—csc6—2,tangenthnelsy el ( )ory 2x \/5,
6
& d’y _ dy/dt _ —cseteott _ 13 ay|
dt T cscteott = dx? 7 dx/dt T secttant cot’t = ax*| . T 3\/5
_ 3 @y12
(=3 = x=—3+1=-2y=30) =38 =L+ 1)V, & =33y 12 = &= QPO
t (=3) @+
_3Wirl _dy VAR Y e
S | e —2;tangent lineisy — 3 = —2[x — (—=2)]Jory = —2x — I;
dy _ V33DV T[3G0 ] d? :(mﬁﬁ) 3
dt 3t Zt\/_\/t+ ( L NV
d’y _ 1
i
t=3
_ _ dx dy 3 dy _ dy/dt 463 2 dy o 1\2 1. S
t=—1 = x=5,y=1; S = 4¢, dt74t > o=t = & _ = (—1)” = 1; tangent line is
_ _ dy _ dy'idt 2t 1 d%y 1
y—l—l-(x—S)ory—x—4, r —2t = o T dvdt 4 3 = 2 1:4_5
1 . .
t=1=x=1y= Z,if:*é,%:% = %: ((‘2> =—t = % [l:fl;tangenthnels
e
_(=)) — — _ - 1Y _ dy _ 1 2 &y
y—(=2)=—-1x—-Dory=—x-1,3=-1= & —(7?)—t = 2 L 1
t
t=1= T _ r_z_\3 =1- —1-1_1.d&_1_ Y _dint dy _ dy/dt
=3 T X= 3 oSz =35,y = cos 3 = 3 T 20 a LT COSL g =St = G0 = G
J3
__ _sint dy _ sin(3) _(T)_ . iha 1_ T V3
= = 3 LT coe(g) =0 —\/g,tangentlmelsy—g—\/g X—3+ -5
3
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656  Chapter 11 Parametric Equations and Polar Coordinates

_ _ ﬂf (l—cost)(cosl)—(smt)(smt) —1 (12_y _dy'rdt (I:l.[)
= Y¥y= \/_X +2’ dt (1—cos t)? T 1—cost dx?2 T dx/dt T 17;&3“
-1 dQ_y - _
(1 —cos t)? = dx? 4
12.t=7 = x=cos I =0,y=1+sin 2 =2, & = —sint, ¥ =cost = = 3L = _cott
. 2 2 > dt > dt dx —sint
dy _ T _ 0 _n. Y Py es?t 03 &’y - _
= X = cot 5 = 0; tangent line is y = 2; -7 csc’t = T = Tami = —CsC't = 43 L 1
= -
_ I U 2 _aodx -1 dy -1 dy _ (t+1) dy|  _ (@241 .
13. t_2:>X_2+1_3 Yy == =2 dt_([+1>2’d1_(l,1)2:> dx T (t—1)? dx _(271)2_9’
ey 0w 1.9y 4(t+1) dy _ 4e+1) d’y _42+1)
tangent lineisy = 9x — 1; 5 = 1y o= o) &, T eny T =108
_ _ 0 _ 1 _ a0 _ dx tody it dy _  —et dy - 1.
4. t=0=x=0+e"=lLy=1-e"=0g=1+e, g ="¢= =17 & LT TEe T T
_1 &y _ = &y _ = dyl = 1
tangent line isy = x—|— 2, it = Tre? = 2= (1e) & T Trey 8

15, X +20 =9 = 3x> L 4+ 4t=0 = 32 & = 4t = &=,

3 a2 2 dy _ dy _ 6 _ t. dy _ dyfdt _ (%) G L,
2y 32 =4 = 6y —6t=0 = 5 = By = 32 sthus f = o0 = (%) = Pap — 4y =2
3x-

= X +22°=9=>x+8=9=xX=1=x=1Lt=2 = 2y’ -302)?* =4
3

= 2y3: 16 = y3:8 = y:2;therefore§—i

16, x=1/5— 1= S =L1(5— ) (-l = e D=1t = y+ (- D = L1/

1 9\/'
= ((-DF=5,-y=>$= A Y/ VR SN e v S 2V 5oV
' @D a2y d £ m\];fw 2\/t(t-1) 1

T :4:>x:\/5—\/_:\/§;t:4:>y-3:\/Z:>y:%
B 2(172(5 Va)5- V4 10\/3

s 1-4

therefore, g—i

17. x+2x3/2:t2+t = S 4xI2E =241 = (1+3x2) E =241 = & =2y /t+ 142ty =4

VETHY () D425+ 23y ) E =0 5 $ Vi T+ o425+ () § =0

W) oy -
-y dy _ (zm y/Y—4y
= ( t+1+\/§) iy 2y = @ = (Vivies)  2FerDTan/isn’ > thus

( -y Y —4y/iH T )
dy _ dy/dt _ 2\/)7(I+1)+21\/l+1 L. 3/9 1/2\ .
O t=0 = x+2x*?2=0 = x(1+2x/?) =0 = x=0;t=0
|+3x1/2
( —4v/A— 4@ /05T )
o . dy _ \2vso+n+20y0+1) .
= y\/0+1+2(0)\/§—4 =y = 4; therefore e e w 6
1+30)1/2
18. xsint+2x =t = Lsint+xcost+2% =1 = (sint+2) & =1—xcost = ¢ =1xext,
tsint—2t=y = sint4tcost—2 = %,thus dy %;t:w = xsinT+2x=n
sint+2
7. dy __ sinm4mcosm—2 _ —4r—8 __
= x = 7 ; therefore § = 1(g)cm} =5 =4
sin_w+2
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19. x=C+t,y+20 =2x+ 2= L =32+ 1|, L 462 =2% + 2t = L =23+ 1) + 2t — 62 =2t +2
dy _ 2142 _ d _2<1)+2_
j%‘mﬁliﬁ [:]_3(1)2+1_1
20 t=In(x—t),y=te'=>1=(E - ])=x-t=0-1=% —xft+1,i{:te +eb
d 0
:>d—i:;ijl,t:0:>0:ln(x—0):>x:1:>alzozﬁleoffl:%

2m 2m 2m 2 2m
21. A= j; ydx = j; a(1 — cost)a(l — cost)dt = azj; (I —cost)"dt = azfo (1 — 2cost + cos’t)dt
127
= azf%(l — 2cost + Lresdt) g = azf%(é — 2cost+ 1 cos2t)dt = a® | 3t — 2sint + 1 sin 2t
=4 2 =4, \2 2 =43 3

=a’(3mr—0+0) — 0 =37 a’

1 1 1
22. A= j; xdy = j; (t—)(—eY)dt [u =t—¢=du=(1-20d;dv=(—eV)dt=>v=e"

(- )

1

(
=e Y(t—t?) Y1 —2t)

f 2e- ‘dt} - {et(ttz) Fei(1—2t) — Ze‘]
= (e7'(0) +e1(~1) —2e7") — ( 000) +e%(1) —2e°) =1-3e ! =1-2

1 1
ffoe*‘(let)dt [u_lzt;sdu_zdt; dv_e‘dt:>v_e‘]
0
[
0

0

0 0 s m T
23. A=2 ydx=2J (bsint)(~asint)dt = 2ab [ sin’tdt=2ab [, =2 dt=ab [ ' (1 — cos2t)dt
—ablt — Lsin2(| " = ab((r—0) ~ 0) = mab

24. (a) x =12 —t60<t<1:>A—f] dx—f](té)tht—f12t7dt—[ltg}l—1—0—1
: =Ly=bhvsts =Jo Y& =J, =J = |at, T 1 =g
1 1 1 1

__ 43 _ 19 _ _ 9 2 _ 11 _ 1,12 —
(b)x_t,y_t,0§t§1:>A_f0 ydx_fo(t)3t dt_f0 3t dt_[zt ]0_

(=)

1 _o=1
1 !

25. %:—sintandﬂ:1+cost:> (‘é’t‘ ( ) \/ smt 1+Cost) \/2+2cost
= Length = [ v/2 5 2costat=v/2 [[\/(1=5) (L teos = /2 [/ 72 a

7\/>f sin ¢ dt(smcesmt Oon[0,7]);[u=1—cost = du=sintdt;t=0 = u=0,

t=m = u=2] — ﬁj; u_l/Qdu:ﬁ[2u1/2]§:4

2
26 & =3and § =3t = \/(5)7+ (%) = /() + G0 = VO +92 =3t/ 41 (sincet 0on [0,/3])

V3
= Length:fo 3t/ t2 4+ 1dt; {u:t2—|—l = Jdu=3td;t=0 = u=1t=+/3 :>u:4]

= [T3u2du= [ =8 -1)=7

1

2
27. & =tand & = 2t+ D? = (%)2+(‘j‘j—{) =2 F 2=/ (t+ 1)’ =|t+ 1] =t+1since0 <t <4

4
= Length:f0 (t+1)dt= [§+t}0:(8+4): 12
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@)+ (#) = e 0y

3 3
since0 <t<3 = Length:j;(t—i—Z)dt: [%—i—Zt}

28 & = (2t+3)and ¥ =1+t =

=vEe+4t+4=1|t+2|=t+2

21
2

_ dy_ d y
E 8t cos t and 8tsint = \/ d T \/Stcost

29.

(8t sint)? = /642 cos? t + 64t sin2 t
[8t] = 8tsince 0 < t < 5 = Length = fo gudt = 425 = =
2 2
30. & = (gorgr) (secttant+sec’t) —cost=sect—costand F = —sint = /()" + <%)
- \/(Sec t—cost)” + (—sint)’

= /sec?t — 1 = y/tan?t = [tan t| = tan t since 0 < t <

3
/3 /3 r
= Length:j; tantdt:fO Sint gt = [~ In \cost|]0/3:—ln%+ln1:1n2
31. %:—sintand%:cost = " —sint)2+(cost)2:l = Area:f27ryds
2m
= [, 2m(2 + sin)(1)dt = 27 [2t — cos )27 = 2n{(47 — 1) — (0 — 1)] = 87
32. & = ¢1/2and dy =t12 = =Vi+tl= % = Area= f27rx ds
3
_ 2
= [T om 22y e

3
‘Qt“dt:%”fo t\/t2+ldt;[u:t2+l = du=2tdt;t=0 = u=1

(=3 s u=d] = [T ia= [e]) -

28m

Note f 2r ( t3/ 2) £41 dt is an improper integral but lim+ f(t) exists and is equal to 0, where
t—
f(t) = 2m (263/2) /&L

Thus the discontinuity is removable: define F(t)
V3
__ 287

= f(t) fort > 0and F(0) = 0

3. & =1and ¥ =t+2 = \/(;‘l—’;)"ﬁr %{) :\/12+(t+\/§)2:,/t2+2ﬁt+3 = Area= [2mx ds
:fjizﬂ(w\/i)\/t?qtzﬁwsdt- [u:t2+2\/§t+3 = du—(2t+2\/_) d;t=—/2 = u=1
[t:ﬁ:> u:9} —>f1 W\/_du—[— 3/2]

Z27-1)=32
. ax) 2 dy 2 /3 /3

34. From Exercise 30, 1/ (%) + (I) —=tant = Area = f27ry ds= |, 2 costtantdt:27rf0 sin t dt

=27 [— cost]r/3—27r [-1-(-D]=

35 & —2and & =1 = /(&) +(%)2=\/22+12:ﬁ:Area:fzwyds:flzw +1)/5dt

—2#[{ +t} —37r\/_ Check: slanthelghtls\/_ = Areaism(1+2 \/§—3Wf
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Section 11.2 Calculus With Parametric Curves
36 hand § = a0y () g oA = /2 d—f12 h2 + 12 d
. dt* an r = (E) +<E) = +1° = Area = myds = [ 2mrt + 14 dt
1
= 27ry/h? + 12 fo tdt = 27ry/h? + 12 [g} = mry/h? +r2. Check: slant height is v/h? + 12 = Areais
0
7t/ h? +12.
37. Let the density be § = 1. Thenx =cost+tsint = % =tcost,andy =sint—tcost = %:tsint
2
= dm=1-ds= (‘3’2)2 + (%) dt = \/(t cos t)? + (tsin t)> = [t| dt = tdtsince 0 <t < 7. The curve's mass is
/2 ; m/2 /2 /2
M:fdm:‘ﬁ) tdtz”—z. AlsoMx:f?dm:ﬁ) (sint—tcost)tdt:f0 tsintdt—ﬁ) t? cos t dt
= [sint —tcos t] n/2 — [t? sint — 2 sin t + 2t cos t]ﬂ/ ? = 3 — 7, where we integrated by parts. Therefore,
3_x2 /2 m/2 T/
y=%= ((_23> =3 -2 Next,My:f%“dm:j;) (cost—f—tsint)tdt:ﬁ) tcostdt—f—fO t2 sin t dt
k3

= [cos t+tsint] 2y [—t2 cos t+ 2 cos t + 2t sin t] g/2 = 3% — 3, again integrating by parts. Hence
n
X = % = (’EWZ)S) =12 _ 2} Therefore (x,y) = (£ — 23,2} - 2).
B

38. Let the density be 6 = 1. Thenx =e'cost = § =e'cost—e'sint,andy = e sint = % =e'sint+e' cost

=dmn=1-ds= (%)2—1— (%)Zdt: \/(et cost—e! Sint)2+(e‘ sin t + e cost = \/2e2t dt = \/Eet dt.

The curve's mass is M = fdm: foﬂ\/ie‘ dt =+/2e" — /2. AlsoM, = f?/“ dm = foﬂ(et sin t) (\/Ee‘) dt
&1

:ﬁ)l\/iez‘sintdt: \/5 [%(ZSinthOSt)}o = \/5(%+%> = y= %: ﬁ(T+é) = o+l

T2 e -D)-

NextMy:f?( dm:j;)ﬂ(e‘cost) (ﬁe‘) dt:j:\/iez‘costdt:\/i[%z‘ (ZCost—l—sint)]Z:— 2(2‘%2'—%%)
-V2(3+3)

T M _ 2e% 42 — =\ _ 2e27 19 27 4 |
> X=M T o — —S(Cewfw. Therefore (X,y) = (—ﬁ,se(e,—t]))
39. Let the density be 6 = 1. Thenx =cost = ‘é—’t‘:—sint,andy:t+sint = %zl—l—cost
2
= dm=1-ds=4/(% 2—1— d—y dt = \/(—sint)Q—{—(l—}-cost)2 dt = /2 + 2 cos tdt. The curve's mass

isM = fdm f\/mdt V2 [T costdt= /2 [\ /2co () dt =2 [[eos (4)] dt
=2 [Tcos (§) dt(since 0<t<m = 0< { <) =2[2sin(4)]7 = 4. AlsoM, = [¥ dm

—f +s1nt)(2cos ) dt= f 2t cos (%) t+f 2sintcos (§) dt

=2[4cos () +2tsin (5)] g +2 [~ Foos (31) —cos (39)] g =4 - = V= 1§ =
NextM, = [X dm = [["(cos t)(2 cos §) dt = [ cos tcos (&) dt =2 [sin (§) + 0] =2 -2

4
=4 o x=2 0 1 Therefore (x,5) = (1,7 — 4).

dt

v (32)? + 302 dt = 3 |t /22 4 1 dt = 3t/ + 1 dt since 0 < t < /3. The curve's mass
_ Vi 397 V3 N Vi
isM= [dmn= [ 3t/@ 1 1di= [(t2+1)/}0 =7. AlsoM, = [ dm= | %(Bt\/tQ—i-l)dt

V3
:%fo Ve +1dt= ——174(bycomputer):>y——:177—'4z2.49.NextMy:f’>\(dm

40. Let the densitybe § = 1. Thenx =3 = Q:3t2,andy:32ﬁ = %:3'[ = dm=1-ds
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660  Chapter 11 Parametric Equations and Polar Coordinates

NG Ve
= [T 3@ rDdt=3 [t/ 1dt~ 164849 (by computer) = X = M = 1649 + 935

M 7
Therefore, (X,y) = (2.35,2.49).

2
4@ &= -2sin2tand § =2c0s2 = [ (%)° 4 (&) = \/(-25in20° + (2cos2)? =2

/2 .
= Length= [ 2dt=[20]" =7

(b) & =7 cosmt and & dt = —msin Tt = U d—y \/ 7rcos7rt 7rsin7rt)2 =

1/2
= Length—f_]/zwdt [ ]1/12/2 T

42. (a) x = g(y) has the parametrization x = g(y)andy =y forc <y <d = g—; = ¢'(y) and g—§ = 1; then

d
Length:fC (g dy—f dy—f V141 (y)? dy
3/2 4 dx _ 3,172 4/3 3,1/2)2 4/3 9 4 2 9.13/2
b) x=y ,ogygg;sgziy ;»L:fo I+ Gy ay= [ 1+ 9ydy = |4 2(1+ )

_ 27( )3/2 ﬁ(l)s/z

1 -

© x=3y?0<y< ?r—y*‘/3:>L f V1+(y7173) dy—f VUt dedy= lim [0 /¥5t dy

[%.g(yz/ul)m] ~ lim ((2)3/2—(a2/3+1)3/2) =2v/2-1
a

4/3

0

— lim ? l(y2/3+1)/ (2y"13)dy = lim

a—0t a a—0t a—0t

43. x = (1 + 2sin6)cos 0,y = (1 + 2sinf)sinf = I = 2cos?d — sin (1 + 2sin ), % = 2cos 0 sinf + cos O(1 + 2sin 6)
= dy _ 2cosfsinf+cosf(l+2sinf) _  dcosfsinf+cosf __ 2sin20+cosd
dx 2c0s?0 —sinf(1 +2sinf)  — 2cos?§ —2sin’§ —sinf ~ 2cos20 —sind

(@ x = (1+2sin(0))cos(0) = 1,y = (1 + 2sin(0))sin(0) = 0; £

=0
_ by T\ _ _ s (T 2“”(2(1))+C05(I) _ 0+0
(b) x = (1 +2sin(5))cos(5) = 0.y = (1 + 2sin(5))sin(5) = 3: S TR () 5o =0
_ s (4T 4\ _ /3-1 _ . (4r . ram\ _ 3—+/3.d 25sin(2(%)) + cos (%)
© x= (1+2sin(4))cos(s) = Yoy = (1 + 2sin(45))sin() = 2505, 87| = 2B el
6=4n/3 3 3
Yo
=== 44343
4. x=t,y=1-cost,0 <t <27 = § & 1,% = sint = dy = Tt =sint= < (di) = cost = % = &L = cost. The
maximum and minimum slope will occur at points that maximize/minimize g—i, in other words, points where % =0
=cost=0=t=Zort=3I = ?K}Z':—H—-i- | — = — | +++
/2 37/2
(a) the maximum slope is dy =sin(3) =1, which occursatx = 5,y =1 —cos(3) =1
t=m/2
(a) the minimum slope is j—i / = sin(%”) = —1, which occurs at x = 377 y=1- cos(%’") =1
t=3m/2

dx _ dy _ dy _ dy/dt _ 2cos2t _ 2(2cos’t—1) . dy 2(2cos’t—1) _
45. de cos t and dt 2cos 2t = dx — dx/dt T cost cos t ’then dx 0= cos t =0

1 3n 5w T

= 2cos?t—1=0 = cost= i\/i = t—Z T*T’%ﬁ' In the 1st quadrant: t=5 = x:singz and

S

y=sin2(3)=1 = (%, 1) is the point where the tangent line is horizontal. At the origin: x =0andy = 0
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Section 11.2 Calculus With Parametric Curves

= sint=0 = t=0ort=wandsin2t=0 = t=0, 2,7, =I;thust = 0 and t = 7 give the tangent lines at

> 90 977

the origin. Tangents at origin: g—i =2 = y=2xand % =-2 = y=-2x
t=0 t=m
dx dy _ dy/dt __ 3cos3t __ 3(cos2tcost—sin2tsint)
46. G =2cos 2t and =3c083t = = Gudt = 2eosky = 2(2 cosZt—1)
_ 3[(2cos? l—l)(cosl) 2sintcostsint] _ (3003()(2005217172sin2t) (3cost) (4cos’t—3) | - th
- 2(2cos?t—1) 2(2cos?t—1) - 2(2cos?t—1) en
%:0 = %:0 = 3cost=0or4cos’t—3=0: 3cost=0 = tz%,%’rand
4cos2t—3=0 = cost= i‘/Tg = t=7,2 7 DT Inthe Istquadrant: t=2 = x=sin2 (%) =

andy =sin 3 (%) =1= (?, 1) is the point where the graph has a horizontal tangent. At the origin: x =0

andy =0 = sin2t=0andsin3t=0 = t—O,g, andt—O,g,—”,w,%ﬁ,%’r = t=0andt= 7 give
the tangent lines at the origin. Tangents at the origin: % L % = % = y= %x, and g—i o
_ 3cos(3m) __ 3 _ 3
72cos(2ﬂ')7—§:>yi_§x
47. (@) x=a(t—sint),y =a(l —cost),0 <t <27 = & =a(l — cost), i—{ = asint = Length
2 D) -
= f \/ 1 —cost))® + (asint)? f \/a2 2a2 cost + a2cos? t + aZsin? t dt

_a\/_f \/mdt—a\/f \/2sin?(3 dt—2a 2sm( ) dt = {_43005(%)]?

= —4acos T + 4acos(0) = 8a
(b)) a=1l=x=t—sint,y=1—-cost,0 <t <271 = ‘C’l—’t‘ =1 —cost, % = sint = Surface area =

2m 2m
:fo 27r(1—cost)\/(l—cost)2+(sint)2 dt:f0 2m(1 — cost)y/1 — 2cost + cos? t + sin? t dt
:27rf2ﬂl—cost 2—ZCOStdt:2\/§7Tj;)2ﬂ(l—COSt)3/2dt:2\/§7Tj(‘)2ﬂ(1—COS(2 ))S/Zdt
2m
—2\/77'('] 2sin?(%)) /zdt:87rf0 sin () dt

[u=4=du=ldt=dt=2dut=0=u=0t=2r=u=r]

oI5

661

™ ™ s m s
= 167 [ 'sin’udu = 167 [ sin?u sinudu = 167 [ (1 — cos?u )sinudu = 167 [, sinudu — 167 [, cosusinu du

{ 16mcos u + 16”005%}0 (16m — L£7) — (—16m + 167) = &=

2w 2w
48. x =t—sint,y =1 —cost, 0 < t < 27; Volume = ‘/;) T ydx = j;) (1 — cost)2(1 — cost)dt

2 2m
= 7rf0 (1 — 3cost + 3cos’t — cos’t)dt = ﬂf 1 —3cost+ 3(1E552) — cos’tcost)dt

2m
Wj; (3 —3cost+ 3cos2t — (1 — sin’t) cost)dt = 7Tf — 4cost+ 3cos 2t + sin’tcos t)dt

:W[%t74sint+ 3sin 2t 4 §sin’ t} 7 =757 -0+ 0+0) — 0 = 577
0

47-50. Example CAS commands:
Maple:
with( plots );
with( student );

X :=t->t"3/3;

yi=t->t"2/2;

a:=0;

b:=1;
=[2,4,81;

fornin N do
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tt := [seq( a+i*(b-a)/n, i=0..n)];

pts := [seq([x(D),y(D],t=tt)];

L := simplify(add( student[distance](pts[i+1],pts[i]), i=1..n )); # (b)

T := sprintf("#47(a) (Section 11.2)\nn=%3d L=%8.5f\n", n, L );

P[n] := plot( [[x(t),y(t),t=a..b],pts], title=T ): # (a)

end do:

display( [seq(P[n],n=N)], insequence=true );
ds := t ->sqrt( simplify(D(x)(t)*2 + D(y)(1)*2) ): #(c)
L :=Int( ds(t), t=a..b ):

L = evalf(L);

11.3 POLAR COORDINATES

1.

a,e; b,g; c,h; d, f

(2)
(b)
(©)
(d)

(a)
(b)
(©)
(d)

(a)
(b)

(©)
(d
(e
()

(@
(h)

(@)
(b)
()
(d)

©)]

(2,2 +2n7) and (2,5 4+ (2n + 1)7) , n an integer
(2,2nm) and (—
(2,3 +2n7) and (—2,3F + 2n+ D), nan integer
(2,(2n + 1)7) and (—2, 2n7), n an integer

2. a,f; b,h; c,g; d,e

2, (2n + 1)), n an integer

(3,% +2n7) and (-3, 2F 4 2n7) , n an integer y
(—3,% + 2nm) and (3, %ﬂ + 2n7) , n an integer . - o
(3, -3+ 2n7r) and (—3, %T + 2n7r) , 1 an integer (=8.-w4) r Sk
(—37 i+ 2n7r) and (3, %Tﬂ + 2n7r) , N an integer [ <
(-3.w4)) : (3,~w4)
e I .

x=rcos =3cos0=3,y=rsinf =3sin0 =0 = Cartesian coordinates are (3, 0)

x=rcos =—-3cos0=-3,y=rsinf = —3sin0 =0 = Cartesian coordinates are (—3, 0)

X =rcos f =2cos %” =—1,y=rsinf =2sin & = \/5 = Cartesian coordinates are (71, \/g)

3

X =r1cos f =2cos 77” =1,y=rsinf =2sin 77” = \/3 = Cartesian coordinates are (1, \/5)

x=rcosf =—-3cosm=3,y=rsinf = —3sinwm =0 = Cartesian coordinates are (3, 0)

x=rcosf =2cos 3 =1,y=rsinf =2sin 5 = \/3 = Cartesian coordinates are (1, \/5)

x=rcosf = —-3cos2nr = -3, y=rsinf = —3sin2nr = 0 = Cartesian coordinates are (—3, 0)

x=rcosf =—2cos (—I)=—1,y=rsinf = —2sin(—T) =+/3 = Cartesian coordinates are (—1, \/3)

3

X = \/5 cosp=1y= ﬁ sin 7 = 1 = Cartesian coordinates are (1, 1)

x=1cos0=1,y=1sin0=0 = Cartesian coordinates are (1, 0)

x=0cos 5 =0,y =0sin § =0 = Cartesian coordinates are (0, 0)

X = ,\/5 cos (%) =—-lLy= ,\/E sin (%) = —1 = Cartesian coordinates are (—1, —1)

_ 5m
X = —3 cos e

= %5 ,y = —3sin 3 = — 2 = Cartesian coordinates are (%5, — %)

(f) x=5cos(tan™? %) =3,y =5sin(tan™! ) =4 = Cartesian coordinates are (3,4)
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(g x=—1lcos7mn=1,y= —1sin7m =0 = Cartesian coordinates are (1,0)

(h) x =2v/3cos & = —f y = 2\/5 sin &* = 3 = Cartesian coordinates are <_\/§, 3)

@ (L)=r=y12412= ﬁ sinf = and cosf = \/— = 6 = 7 = Polar coordinates are (\/5, %)

(b) (—=3,0) =r=1/(—3)>+02=3,sinf =0and cosf = —1 = 6 = 7 = Polar coordinates are (3, )

(=
2
(c) ( 3, —1) =>r= (\/5) +(=1)* =2,sinf = — 1 and cosf = \[ = 0 = 1% = Polar coordinates are (2, ”?”)
3,4) = r=4/(=3)>+42=5,sinf = tandcosf=—-2=0=m— arctan(;—‘) = Polar coordinates are

@ (=
(5, ™ — arctan(g))

(@) (=2, -2)=r=1/(-2)"+(-2)* =2/2,sinf = 77 and cosf = fﬁ = 0 = —3T = Polar coordinates are
(b) (0,3) =r=+/02+32=3,sinf =1 andcos# = 0 = 0 = 5 = Polar coordinates are (3, 7)

2
(c) (—\/§ 1) =r= (—\/5) + 12 =2,sinf = % and cosf = —? = 0= %7 = Polar coordinates are (2, %”)
(

(d (5, —12) = r=1/52+ (—12)* = 13, sinf = — 2 2 and cos = 2 = 0 = —arctan(%2) = Polar coordinates are

(13, —arctan(12))

(@) (3,3)=r=—/32432=-3\/2,sinf = 77 and cos§ = 77 = 0 = 2T = Polar coordinates are

®) (-1,0)=>r=-— (—1)2 +0%2=—1,sinf =0and cos = 1 = 0 = 0 = Polar coordinates are (—1, 0)
2 2 : V3 1 5r .
(c) (—1, \/g) =1r=—/(-1)"+ (\/g) = —2,sinf) = — 5> and cos ) = 5 = 0 = =7 = Polar coordinates are
(=2 %)
d) (4, -3)=r=—/42+(-3)" = —5,sinf = 3 and cos§ = —% = 0 = 7 — arctan(3) = Polar coordinates are

(—5, ™ — arctan(;—‘))

C (@ (=2,0)=r=—/(~2)>+02=—2,sinf = 0and cosfd = 1 = 6 = 0 = Polar coordinates are (—2, 0)
() (1,0)=>r=—v/12+02=—1,sinf =0and cos§ = —1 = 6 = 7w or § = —7 = Polar coordinates are (—1, 7) or

© (0,-3)=r1=—1/0>+(-3)"=-3,sinf = l and cos# = 0 = § = I = Polar coordinates are (—3, T)

2
(d) —3,%>:>r:— (4) —|—(%)2:—l,sin9:—%andcosﬁz—§:>9:%Torﬁ———:>Polarcoord1nates
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11.
14.
y
17.
3 9:%
-1=r=3
@
1 3 1
-1 2
"1
20.
y
I
[ 6-w2
rso
_1-1 1
L 2
23.
77< <3_7T
3=0=7
1| _o=r=1

12.
y
15.
y
0=6=<7Z
r=0 6
18.
y
0=11n/4
T r2
1
+ \1 +—+
...11
+
21.
y
r=1
O=6=w
0 1
24,
Y
-M4<0 sS4
L
-1srs1 |

13.
y
r=1
< 0 )1 *
16.
0 =213
| rs=2
-—F—+—+—F——4—1r4—4— X
-1+ i
2+ \.
19.
y
r=0
) C——
22.
: 0sOsn
i r=-1
+ :_1&)1 +
)
25.

NE

N A

I
RNTE]
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26.

27.

29.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

Section 11.3 Polar Coordinates 665

rcos § =2 = x = 2, vertical line through (2, 0) 28. rsind = —1 = y = —1, horizontal line through (0, —1)
rsinf =0 = y =0, the x-axis 30. rcos @ =0 = x =0, the y-axis
r=4csch = r= siig = rsinf =4 = y =4, ahorizontal line through (0, 4)

-3
cos 0

r=-3sech = r=

= rcos = —3 = x = —3, a vertical line through (-3, 0)
rcosf +rsinf =1 = x+y =1, line with slope m = —1 and intercept b = 1

rsin =rcosf = y =X, line with slope m = 1 and intercept b = 0

P =1 = x?+y? = 1, circle with center C = (0, 0) and radius 1

2 =drsinf = x2+y? =4y = x> +y? -4y +4=4 = x>+ (y — 2)? = 4, circle with center C = (0, 2) and radius 2

5

r= sin 6—2 cos 6

= rsinf —2rcos =5 = y —2x =5, line with slope m = 2 and intercept b = 5

r?sin20 =2 = 2r’sinfcos@ =2 = (rsinf)(rcos ) =1 = xy = I, hyperbola with focal axis y = x

r=cotfcscl = () (L) = rsin?0 =cosf = r’sin’0 =rcos = y’ = x, parabola with vertex (0, 0)

which opens to the right

r=4tanfsecd = r=4 (L) = rcos’d =4sind = r’cos’d =4rsinf = x> = 4y, parabola with

cos2 0

vertex = (0, 0) which opens upward
r=(csch)e ™’ = rsinfh =e’ = y=e*, graph of the natural exponential function
rsinf =Inr+Incosf =In(rcos §) = y = Inx, graph of the natural logarithm function

?+2rfcosfsinf=1= x2+y’+2xy=1 = x>+ 2xy+y’ =1 = (x+y)?=1 = x+y= =+ 1, two parallel
straight lines of slope —1 and y-intercepts b = =+ 1

cos?f =sin*0 = r*cos?’f =r?sin’f = x> =y? = [x|=|y] = =£x =y, two perpendicular
lines through the origin with slopes 1 and —1, respectively.

P=—drcosf = x> +y’=—4x = X+4dx+y’=0 = X+ +4+y =4 = (x+2)> +y? = 4, acircle with
center C(—2, 0) and radius 2
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46. 12 = —6rsinf = x> +y?=—-6y = x> +y?+6y=0 = x> +y2+6y+9=9 = x>+ (y+3)> =9, acircle with
center C(0, —3) and radius 3

47. r=8sinf = r =8rsinf = x> +y’=8y=x>+y* - 8y=0=>x>+y> -8y +16=16= x>+ (y—4)?= 16,2
circle with center C(0, 4) and radius 4

48. r=3cosf = r’=3rcosf = x*+y?=3x = xX*+y*-3x=0 = x> -3x+ 7 +y’ =7

2 . . .
= (x—3)" +y? =7, acircle with center C (3, 0) and radius 3

49. r=2cosf+2sinf = 1> =2rcosf+2rsinf = x> +y>=2x+2y = x2-2x+y>?-2y=0
= (x — 1)+ (y — 1)2 = 2, a circle with center C(1, 1) and radius /2

50. r=2cosf —sinf =12 =2rcosf —rsinf = x> +y?=2x—y=x>-2x+y’+y=0
= x—1D*+ (y+ %)2 = 3, acircle with center C (1, — }) and radius ‘/TE

51. rsin(0+g) =2 = r(sin@cos%+cos€sin%) =2 = ‘/TErsin0+%rcost9:2 = §y+%x:2
= \/3 y + x = 4, line with slopem:—%and intercept b = %

52. rsin (¥ —0) =5 = r(sin Z cos § —cos ¥ sinf) =5 = ércosﬁ—i—%rsinQ:S = éxﬁ-%y:S

= /3x+y = 10, line with slope m = —4/3 and intercept b = 10

53. x=7 = rcosf =7 54, y=1 = rsinf=1

55. x=y = rcosf =rsinf = 0=7 56. x—y=3 = rcosf —rsinf =3
57. X’ +y’ =4 = 1’ =4 = r=2o0rr= -2

58. x2—y?=1 = r’cos’0 —r?sin’0 =1 = r’(cos’d —sin’f) =1 = r2cos20 =1

&)

59.

[N

+ L =1 = 4x>+9y> =36 = 4r’cos’d + 9r’sin’f = 36

o|%.

60. xy=2 = (rcosO)(rsinf) =2 = r’cosfsinf =2 = 2r’cosfsinf =4 = r’sin20 =4

61. y? =4x = r?sin?0 =4rcosf = rsin’f =4 cos §

62. X2+xy+y?’=1= x>+y?’+xy=1 = r?+r’sinfcosf =1 = r*(1 +sinfcosf) =1

63. x>+ (y—2%=4 = xX>+y’—dy+4=4 = xX>+y> =4y = > =4drsinf = r=4sinf

64. (x =52 +y? =25 = x> —10x+25+y?* =25 = x> +y?=10x = 12 =10rcos# = r= 10cos 6

65. x=32+(y+1)P2=4 = x2-6x+9+y’+2y+1=4 = x> +y>=6x—2y—6 = r>=6rcosf —2rsinf — 6

66. (x+2)2+(y—52=16=x2+4x+4+y>— 10y +25=16 = x> +y? = —4x + 10y — 13
=12 = —4rcos § + 10rsin § — 13
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67. (0,0) where 6 is any angle

a
cos 6
b
sin 0

= r=asecf

68. (a) x=a = rcosf=a = r=
= r=bcsch

(b) y=b = rsinf=b = r=
11.4 GRAPHING IN POLAR COORDINATES

I. 14+ cos(—60)=1+4cosf =r = symmetric about the
x-axis; 1 + cos(—#) # —rand 1 + cos (7 — )
=1 — cos 0 # r = not symmetric about the y-axis;
therefore not symmetric about the origin

2. 2—2cos(—0) =2 —2cos§ =r = symmetric about the
x-axis; 2 — 2 cos(—0) # —rand 2 — 2 cos (m — 0)
=2+42cosd #r = not symmetric about the y-axis;
therefore not symmetric about the origin

3. 1—sin(—0)=1+sinf #rand 1 — sin (7 — )
=1 —sin# # —r = not symmetric about the x-axis;
1 —sin(m—60)=1-—sinf =r = symmetric about
the y-axis; therefore not symmetric about the origin

4. 1+sin(—0)=1—-sinf #rand 1 + sin (7 — 0)
= 1+sin f # —r = not symmetric about the x-axis;
1 +sin(mr —0) =1+4sinf =r = symmetric about the
y-axis; therefore not symmetric about the origin

Section 11.4 Graphing in Polar Coordinates

r=1+cos 6

r=2-2cos@

r=1-sin6
C x
~1 0 1
-2

y

r=1+sin8 |2

(D

-1 1
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