CHAPTER 9 FIRST-ORDER DIFFERENTIAL EQUATIONS

9.1 SOLUTIONS, SLOPE FIELDS AND EULER'S METHOD
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Chapter 9 First-Order Differential Equations
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y=[Tla= &=Ly = [Ma=0; & =L y(1) =0

y=2-— f (1+y(t)sintdt = g ' — (1 +y(x))sinx; y(0) =2 — foo(l + y(t))sintdt = 2; gi = —(1 + y)sinx,
y(0) =2

yzl-i—j:y( dt:>di—y( —1+f :y,y(O):1
yi=yo+ (1-2) dx=—1+(1-3)(5) =025,
yo=yi+ (1-2) de=—025+ (1 - $2) (5) =03,

(1

ys = ys + —Y—) dx:0.3+(1—07)(5) 0.75;

j}y(+( )y—l = P =, Qx)=1 = fP(x)dx:f%dx:ln|x|:1nx,x>0 = v(x) =e™ =x
- yz%fx-ldx-%( +C)'x:2,y:—1 S —1=14S =>C=—4=y=}3_14
= y(3.5) =3 — % =22 ~0.6071

¥1= Yo+ X (1= yo) dx = 0+ 1(1 — 0)(.2) =

y2=y1+x (1 —y)dx =2+ 1.2(1 -.2)(2) = .392,

Y3 = vz + X2 (1 — y2) dx = 392 + LAl — 392)(.2) = .5622;

Z=xdx = —In[l-y|=%+Cx=1y=0= -Inl=}+C=>C=—} = In[l—y|=-%+3
= y=1-—el""2 = y(1.6) ~ .5416

Y1 = Yo + (2Xoy0 + 2y0) dx = 3 + [200)3) + 2(3)](:2) = 4.2

Y2 = y1 + (2x1y1 + 2y1) dx = 4.2 + [2(.2)(4.2) + 2(4.2)](.2) = 6.216,

Y3 = ya + (2Xays + 2y2) dx = 6.216 + [2(.4)(6.216) + 2(6.216)](.2) = 9.6969;

Y =2y(x+1) = dy =2(x+1dx = Injy|=x+1)*4+C;x=0,y=3 = Ihn3=14C => C=mh3-1

= Iny=x+ 1)2 +1In3—1 = y=eltHnd1 _ ghdex+2x — 36x(x42) = y(6) & 14.2765

y1 = yo + y2(1 +2x0) dx = 1 + 12[1 +2(=D](.5) =
y2 = y1 + y3(1 4+ 2x1) dx = .5+ (.5)%[1 4+ 2(=.5)](.5) =
y3 = yo + y2(1 + 2x9) dx = .5 + (.5)[1 + 2(0)](.5) = .625;

dY—(1+2x)dx = —§—x+x +Cx=-Ly=1= -1=-1+(-1)’+C=C=-1= [=1-x-x

= y_ xl x2 = Y(S) _5_(.5)2 _4
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Section 9.1 Solutins, Slope Fields and Euler's Method 539

Y1 = yo + 2x0e% dx = 2 4 2(0)(.1) = 2,

yo = y1 +2x.eM dx =24+ 2(.1) e (1) = 2.0202,

Y3 = yo + 2x0% dx = 2.0202 4 2(.2)e2'(.1) = 2.0618,

dy=2xe"dx = y=e*+C;y0)=2 = 2=14+4C = C=1=>y=e+1 = y(3)=e¥ + 1220942

yi=Yo+ (yoe)dx =2+ (2-¢°) (5 =3,

ya =y + (y1e9)dx =3+ (3-e%)(.5) = 5.47308,

y3 =2 + (y2€2) dx = 5.47308 + (5.47308 - €'0) (.5) = 12.9118,

dy—ye = dy—e dx=Inly|=e*+C;x=0,y=2=>mn2=14C=C=mh2—-1=hly|=¢*+In2—1

= y=2e""1=y(1.5) = 2" 1 ~ 65.0292

yi=1+1(2) =12,

yo = 1.2+ (1.2)(2) = 1.4,

y3 = 1.44 + (1.44)(.2) = 1.728,

ya = 1.728 4 (1.728)(.2) = 2.0736,

y5 = 2.0736 + (2.0736)(.2) = 2.48832;

d?y:dx = Iny=x+C; = y=Cey0)=1 = 1=Ce’ = C=1= y=¢" = y(1)=e~2.7183

y1=2+(§)(2) =24,

y2 =24+ (13) (2) =28,

ys =28+ () (2) =32,

ya =324 (32)(2) =36,

ys =3.6+ (32)(2)=4;

dy—y:d% = hy=hx+C = y=kxyl)=2 = 2=k = y=2x = y2)=4

=1+ [P (5=~

= — (G 5)2 = —
Y2 S+ (.5) 39794,

T

ys = —.39794 + %} (5) = —.34195,

yi= —34195 4 [© j‘ﬂs) } (5) = —.30497,

ys = —.27812, yg = —.25745, y; = —.24088, ys = —.2272;

d_.yz% = —;=2/x+CyHh=-1= 1=2+C = C=~1 = yzﬁ = y(5) = ~ —.2880

MH
S

yi=1+(0-sinl)(}) =1,

y2 =1+ (3 -sinl) (3) = 1.09350,

y3 = 1.09350 + (3 - sin 1.09350) (3) = 1.29089,

ya = 1.29089 + (3 - sin 1.29089) (3) = 1.61125,

ys = 1.61125 + (5 - sin 1.61125) (3) = 2.05533,

y6 = 2.05533 + (3 - sin2.05533) (1) = 2.54694;

y' =xsiny = cscydy = xdx = —In|cscy + coty| = —x + C = cscy+coty = e ' HC = Ce2¥’
Licosy _ Cem 2 = cot(}) = Ce™ »:y(0) = 1= cot(3) =Ce’ = C = cot(%) = cot(i)e’%"2

siny

2.
3
3
3°
4.
3
5

=

=y =2cot™! (cot(%)e_%"2), y(2) = 2cot™! (cot(§)e?) = 2.65591
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540  Chapter 9 First-Order Differential Equations

2. y=—1—x4+(14+x0+yo)e* ™ =y(xo) = —1—%x0+ (1 +x0+yo)e® % =—1—%x¢+ (1+x0+y0)(1) =yo

j—i:—1+(1+x0+y0)e""‘0:>y=—1—x+(1+xo+yo)e""‘°=j—i—x:j—iz“—y

2.y =1(x), y(xo) =yo = y = [ f(0dt+C,y(xo) = [ '()dt+C=C = C=yo =y = [ f(1)dt+yo

X0

23-34. Example CAS commands:

Maple:

ode := diff( y(x), x ) = y(x);

icA =10, 1];

icB :=[0, 2];

icC :=[0,-1];

DEplot( ode, y(x), x=0..2, [icA,icB,icC], arrows=slim, linecolor=blue, title="#23 (Section 9.1)" );
Mathematica:

To plot vector fields, you must begin by loading a graphics package.

<<Graphics PlotField
To control lengths and appearance of vectors, select the Help browser, type PlotVectorField and select Go.

Clear[x, y, f]

yprime =y (2 — y);

pv = PlotVectorField[{ 1, yprime}, {x, =5, 5}, {y, —4, 6}, Axes — True, AxesLabel — {x, y}];
To draw solution curves with Mathematica, you must first solve the differential equation. This will be done with
the DSolve command. The y[x] and x at the end of the command specify the dependent and independent variables.
The command will not work unless the y in the differential equation is referenced as y[x].

equation = y'[x] == y[x] (2 — y[x]) ;

initcond = y[a] == b;

sols = DSolve[{equation, initcond}, y[x], x]

vals = {{0, 1/2}, {0, 3/2}, {0, 2}, {0, 3}}

f[{a_, b_}] =sols[[1, 1, 2]];

solnset = Map([f, vals]

ps = Plot[Evaluate[solnset, {x, —5, 5}];

Show|[pv, ps, PlotRange — {—4, 6}];
The code for problems such as 31 & 32 is similar for the direction field, but the analytical solutions involve
complicated inverse functions, so the numerical solver NDSolve is used. Note that a domain interval is
specified.

equation = y'[x] == Cos[2x — y[x]] ;

initcond = y[0] == 2;

sol = NDSolve[{equation, initcond}, y[x], {X, 0, 5}]

ps = Plot[Evaluate[y[x]/.sol, {x, 0, 5}];

N[y[x] /. sol/.x — 2]

Show[pv, ps, PlotRange — {0, 5}];
Solutions for 34 can be found one at a time and plots named and shown together. No direction fields here.
For 34, the direction field code is similar, but the solution is found implicitly using integrations. The plot
requires loading another special graphics package.

<<Graphics' ImplicitPlot®

Clear[x,y]

solution[c_] = Integrate[2 (y — 1), y] == Integrate[i-’x2 +4x+2,x]+c¢

values = {—6, —4, —2,0, 2,4, 6};

solns = Map[solution, values];

ps = ImplicitPlot[solns, {x, —3, 3}, {y, —3, 3}]

Show|[pv, ps]

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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% = 2xe"2,y(0) =2= yoi = ya + 2x,e5dx =y, + 2X, €% (0.1) =yn + 0.2x,e%

On a TI-84 calculator home screen, type the following commands:

2 STO >y:0 STO > x: y (enter)

y + 0.2*x*eM(x"2) STO > y: x + 0.1 STO > x: y (enter, 10 times)

The last value displayed gives yguer(1) =~ 3.45835

The exact solution: dy = 2xe¥dx =>y=¢" 4+ C;y(0)=2=e"+C=>C=1=y=1+e¢"
= Yexact(1) = 1 + e ~ 3.71828

dy = 2y (X - l) y(2) = _% = Yo+l = Yn + 2yI21(Xn - l)dX =Y¥n+ 0.2yI21(Xn - 1)

On a TI-84 calculator home screen, type the following commands:

—0.5 STO >y:2 STO > x: y (enter)

y +0.2%y?(x — 1) STO > y: x + 0.1 STO > x: y (enter, 10 times)

The last value displayed gives ygyier(2) = —0.19285

The exact solution: & = 2y?(x — 1) = (;—Z =(2x-2)dx = —; =X’ =2 +C= ;=X +2x+C

y(2):—§:>T/2:—(2) +22)+C=C=>C=-25 =X +2%x-2>y=

_ I —_
YO = grmm = 02

1
—x2+2x -2

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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Chapter 9 First-Order Differential Equations

g_i = g’y >0, Y(O) =1= Yn+1 = Yn + %dx =Yn+ %(01) = ¥n +01%
On a TI-84 calculator home screen, type the following commands:

1 STO >y:0 STO > x: y (enter)

y+ 0.1*(\/§ /y) STO >y: x + 0.1 STO > x: y (enter, 10 times)

The last value displayed gives ygyer(1) &~ 1.5000

12

The exact solution: dy = Ydx = ydy = \/xdx = % = 232 4 U = P o1 — 200 e c= L
S Y o202y AR sy (1) = (A + 1 & 15275

G =1+y4y(0) = 0= ypr1 = Yo + (1 +y2)dx = yo + (1 +y2)(0.1) = ya + 0.1(1 + y3)
On a TI-84 calculator home screen, type the following commands:

0 STO >y:0 STO > x: y (enter)

y +0.1%(1 + y?) STO > y: x + 0.1 STO > x: y (enter, 10 times)

The last value displayed gives ygyer(1) ~ 1.3964

The exact solution: dy = (1 + y*)dx = 1iyy2 =dx=tan'y=x+C;tan"'y(0) =tan"'0=0=0+C=C=0

= tan 'y =X =y = tan X = yexax(1) = tan 1 ~ 1.5574

Example CAS commands:
Maple:
ode := diff( y(x), X ) = x + y(x);ic := y(0)=-7/10;
x0 :=-4;x1 :=4;y0 :=-4; yl :=4;
b:=1;
P1 := DEplot( ode, y(x), x=x0..x1, y=y0..y1, arrows=thin, title="#39(a) (Section 9.1)" ):
P1;

Ygen := unapply( rhs(dsolve( ode, y(x) )), x,_C1); # (b)
P2 :=seq( plot( Ygen(x,c), x=x0..x1, y=y0..y1, color=blue ), c=-2..2 ): #(c)
display( [P1,P2], title="#39(c) (Section 9.1)" );

CC :=solve( Ygen(0,C)=rhs(ic), C ); #(d)

Ypart := Ygen(x,CC);
P3 := plot( Ypart, x=0..b, title="#39(d) (Section 9.1)" ):
P3;
euler4 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/4 ): # (e)
P4 := odeplot( euler4, [x,y(x)], x=0..b, numpoints=4, color=blue ):
display( [P3,P4], title="#39(e) (Section 9.1)" );
euler8 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/8 ):  # (f)
PS5 := odeplot( euler8, [x,y(x)], x=0..b, numpoints=8, color=green ):
euler16 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/16 ):
P6 := odeplot( euler16, [x,y(x)], x=0..b, numpoints=16, color=pink ):
euler32 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/32 ):
P7 := odeplot( euler32, [x,y(x)], x=0..b, numpoints=32, color=cyan ):
display( [P3,P4,P5,P6,P7], title="#39(f) (Section 9.1)" );
<< N|h | *percent error” >, #(2)
< 4| (x1-x0)/ 4 | evalf[5]( abs(1-eval(y(x),euler4(b))/eval(Y part,x=b))*100 ) >,
< 8| (x1-x0)/ 8 | evalf[5]( abs(1-eval(y(x),euler8(b))/eval(Ypart,x=b))*100 ) >,
< 16| (x1-x0)/16 | evalf[5]( abs(1-eval(y(x),euler16(b))/eval(Ypart,x=b))*100 ) >,
< 32| (x1-x0)/32 | evalf[5]( abs(1-eval(y(x),euler32(b))/eval(Ypart,x=b))*100 ) > >;

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 9.2 First-Order Linear Differential Equations 543

39-42. Example CAS commands:
Mathematica: (assigned functions, step sizes, and values for initial conditions may vary)
Problems 39 - 42 involve use of code from Problems 23 - 34 together with the above code for Euler's method.

9.2 FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS

L x@4y=e=2+H)y=%.P0=1.Qx =%
fP(x)dx:f;dx:ln|x|:lnx,x>O:>v(x): Jroax — ginx — x
y=s [v0Qudx =1 [x(£)dx=L(e* +C) = £, x>0

2. e P42y =1=Lt2y=ePx) =2Qx) =c*
fP(x)dx:f2dx:2x:>v(x):ef“d":ez"
yzﬁfez"- dx—Tfe dx——(e +C) =e*+Ce™

€

3xy 43y = x>0= P+ () y = Px) = 2, Q) =
f%dx:3ln|x\:1nx x> 0= v(x) =" =x3

y:%fx?’(si;ﬁ) :—fsmxdx— L(—cosx+C) = Ccosx’x>0

4.y +(tanx)y =cos’x, -5 <x < § = d—y Y + (tan x)y = cos? X, P(x) = tan x, Q(x) = cos” X

ftanxdx:fSinX x=—In|cosx| =In(cos )", =5 <x < § = v(x) =" = (cos x)"!

COS X

y = Wf(cos x)~! - cos?x dx = (cos x)fcos x dx = (cos x)(sin x 4+ C) = sin x cos x + C cos X

5. x¥42y=1-1x>0=2+(3)y=1:-5.P0=2,Qu=1-1

X X

f%dx:21n|x\:lnx2 X > 0= v(x) =" =x2

y=4[e(-fa=dfa-nd=4(5-x+C)=1-1+5 x>0

6. (1+x)yf+y:\/§=>§—i+(1ix)y—I[X,P(x) 1<1FX’Q(X):1\£;X
flﬂdx_ln(l%—x) since x > 0 = v(x) = "™ =]

yi l+x f(l+x)(l\+[x) dX* l+x f\/_dX—(ﬁ) (%X3/2+C):3(21)‘71/2X)+%

7o E-ly=1e” > P =-1.Qu=1e" = [P di=—1x = vx) ="

= y=5 e (5e7) dx = e‘/zf dx = e*? (5 x4 C) = § xe"/? 4 Ce*?

8. ¥ 42y=2xe™ = P(X)=2,Qx) =2xe> = [PR)dx= [2dx =2x = v(x) =¢>
= y= %fez‘ (2xe ™) dx = e%fo dx =e > (x> +C) = x’e > + Ce™

9. ¥ _(I)y=2Inx = P =-1,Qu=2Ix = [Pedx=—[ldx=-Inxx>0
= vx)=em™=1= y:xf(%)(21nx)dx:x[(lnx)2+C]:x(lnx)2+Cx

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



544  Chapter 9 First-Order Differential Equations

10. ¥4 (2)y=22 x>0 = Px) = 2,000 = = [Pedx=[2dx=2In[x=Inx%x>0

x2

2 1 : 1 1 (e inx +C
= vx) =" =x = y:gf)@(c‘)’%) dx:gfcosxdx:x—z(smx—i—C):%

1L G+ () s= (t+11)‘ = P() =2, Q0) = (tt:rll)3 = fP(t)dt:f% dt=4Int—1]=In(t— 1)
S v = = - 5 os= Ay [ L;j})s] di= 2 [ (@~ 1) dt

_ 1 8 I t C
T = <§ _H'C) G e i e v

2. (+ D F+2=3t+D+ 75 = §+(F7)s=3+ g5 = PO=7.Q0=3++17?
= [Poydi= [ 2 dt=2In[t+ 1] =In(t+ D? = v(©) = G = (t4 1)2
= s= i SO DB+ D di= o [ B+ D2+ DY de

= G+ D +Inft+ 1] +C =+ D+ @+ DI+ D+ .t > 1

13. &+ (cotf)r =sec § = P() = cot §, Q(6) = sec § = fP(@) do = fcot&d@zln\sin 0] = v(0) = enkind

=sinf because 0 < 0 < 2 = r= L f(sm f)(sec ) df = = ftan&d& = L (In[sec 6] + C)
= (csc 6) (In |sec 8] + C)
14. tan 0 j—g +r=sin’f = jg + g = i;’ﬁg = % + (cotO)r =sin O cos § = P(A) = cot 0§, Q(f) = sin 6 cos

= fP(G) df = fcot@ df = In [sin 0] = In(sin f) since 0 < 0 < T = v(f) = """ =sin @
fsm290059d9 = () (Si“;g —i—C) = “"29 +

= r= f(sm 0) (sin 6 cos #) df =

sin 6 sin 0 sin 6 sin (9

15. @ 4+2y=3 = PH)=2, Q(t):3 = [Poydi= [2d=2 = vy =¢* = y= 2% [3e*at

=5(3e+0);y0=1=3+C=1=C=-1 = y=3-1e*

16. L+2=¢ = PH)=2,Q0 ="t :>fP(t)dt:21n|t| = v =e"' =t = y:lf(t2)(t2)dt
Ffea=g(540)=5+6y@=15t+§=15C=-% 5 y=5-2
17. &4 (Dy=9520 = pO)=1,Q0) = ¢ = [PO)dI =[] = v(0) =" = |9

2 ) %f@(sma)dﬂfore#o = y——fsianH:%(—COSH—i-C)
:—acosﬂ—i—%;y(%) C:%:>y:—50059+ﬁ

18. & — (3)y=0*secftan = P() = —2,Q(0) =’ secftanf = fP(O) df =20 = v(f) =e2"
2 = g%f(a‘z) (62 sec 6 tan 0) df = 92fsec 0 tan 6 df = 6*(sec 6 + C) = 6? sec 6 + CH?;

=0 =y
y(3)=2=2=(5)@+C(5) = C=H-2 5 y=0sect+ (4 -2)¢>
2 (x o2 2
19. (x +1) 2 +x)y =57 = %* [(xill)}yi(erl)z = %72Xy7(x+1)2 = P(x) = —2x,

Qx) = ﬁ = [Podx= [-2xdx=—x = v = = y= L [e [(XH)D} dx

-1
= ex2f(x+11)2 dx = e*’ [—(thl) +C} =_

2

“y0)=5 = — L 4C=5= -1+C=5

0+1

= C=6= y=6e" — £
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20.

21. &

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Section 9.2 First-Order Linear Differential Equations

g—i—l—xyzx = Px)=x,Qx) =x éfP(X)dX:fXdXZX; = v(x):e"z/2 = y:eézfe"z/z-xdx
= & (¢ 4C) =1+ S0 =65 14+C=-6 = C=-T = y=1-

ex’/

~ky=0 = PO =-kQO=0 = [POd= [~kdi=—k = v) =e™
= y=:x ) () @dt=e"0+0)=Cey0) =yo = C=yo = y=yoe"

@ ©4 u=0=PO=%5Q0=0= [POdi=[Ed=ki=¥ 5 yo=em
(k/m)t

1 c . C -

= Yy= okt/m fekt/m'()dt: ek[/m,u(o)zllo = Foym — do = C=uy = u=ye

(b) % = —%uz dT“ = —% dt=1Inu= —%t+C:>u:e’<k/m)‘+C =u=c ®mt.eC Lete€ =C;.
Then u = _gm - C1 and u(0) = up = sk - C1 = Cp. Sou = ug e~ /™!

xf% dx =x(In |x| + C) = xIn |x| + Cx = (b) is correct

Colsx fcosxdx— COsx(smx—i—C) tanx+c0bx = (b) is correct
Steady State = ¥ andwewanti=1 (§) = 3 (§) =g (I —e ™) = 1=l ™l = 1= R/t
=hi=-"= —tIni=t= t=FIn2sec
di 4 R: _ _R '___ _ aCia—R{L _ Rt/L. _ _
(a) dt—l— i=0= - d1 L dt = Ini +C; = i=¢e"e =CeH1(0)=1 =1=C
= i=1Ie" Rt/Lamp
(b) sI=Te ™t me®b=3 = ¥ =Inj=-In2 = t=gln2sec

(© t=Ff = i=TeR/DLR =T amp

(a) t= % = i= (1 —e™) ~ 0.9502 ¥ amp, or about 95% of the steady state value

V(] —eRLGLR) = V
) t=2% = i=Y(1—e MR = ¥ (] —e?)~0.8647 ¥ amp, or about 86% of the steady state value

@ $4Ri=Y S PO=2,Q0=Y = [POd=[Rdi=8 = vpy=c""
= =g [ () di= e [t () + €] = §HCe
(b) i(0)=0= g+C=0=>C=-3% =

i=Y _ VerRu
R R
) i=y = %—0 = §1+—1—0+(%) (§) = L = i= g isasolution of Eq. (11); i = Ce~®/"»
y’—y:—yz;wehaven:2,soletu:y1_2:y_l.Theny:u_landg—gz—ly_zg—iég—z— yzg;

= Wyl g2 g—;' +u = 1. With /9 = " as the integrating factor, we have
d

e (& 4 u) = L(e*u) = e*. Integrating, we gete*u =e*+C=>u=1+4+ <& = 5 =Y=11T = 5ic

y' —y=xy* ;wehaven=2,s0letu=y ' Theny=u'and & = —y 2 = & = _y2du — -2y,
Substituting: — u’zg—“ —ul=xu?= g—; +u = —x. Using e & = eXasan integrating factor:

(L 4u) =Ld(eu) = —xe* S efu=e(1-x)+C=>u= ex(l_eﬂ Sy=u'l= -5

xy +y=y?=y+{)y=D)y 2 Letu=y"" P =y = y=uPandy? =u

=38 =y = %= (D)) = () (). Thus we have
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32.

Chapter 9 First-Order Differential Equations
(D) (™) + (L)u!® = (L)u? = ¢ 4+ (2)u= (2) 1. The integrating factor, v(x), is
ef i = nx — enx’ — 3 Thyg 4 L) =0C3)F=3=u=x+C=u=1+S5 =y

éy:(1+xc—3)1/3
><2y’—|-2xy:y3:>y’—|—()y:(%)y3 P(x)—() Q(x)=(%).,n=3.Letu=y'? =y
2

Substituting gives & + (—=2)(3)u = —2(%) = L4+ (=2 )u =%. Let the integrating factor, V( ), be
d
dx

ef(%)d" — e = x4 Thus
12

(x*u) = -2x%=x" 7% S+C=u=2+Cx=y7?

=y=(&4+Cx*)"

9.3 APPLICATIONS

Note that the total mass is 66 + 7 = 73 kg, therefore, v = voe’(k/m” = v = 9e 373
@) s(t f9e‘3 T3 gt — 2190 e 3N 4 ¢

Since s(0) = 0 we have C = 22% and hms( ) =lim 230 (1 — e73973) = 210 ~ 168.5

t—o0 13
The cyclist will coast about 168.5 meters.
(b) 1=09¢3%" = 3 —In9 = t= B2 ~41.13 sec
It will take about 41.13 seconds.

Vv = Voe*(k/m)t — v = 9g—(59:000/51,000,000)t _y  — Qg—59t/51,000

@) st f 9e—59/51,000 44 — 4595(;000 e—59/51.000 |
Since s(0) = 0 we have C = 2500 and[lims(t) = lim 9.9000 (1 — e=39/31.000) — 4399000 , 7780 m
The ship will coast about 7780 m, or 7.78 km.

(b) 1 =9e /31000 = 3% —In9 = t = 302 ~ 1899.3 sec

It will take about 31.65 minutes.

2.75)(39.92)

The total distance traveled = % = % = 4.91 = k = 22.36. Therefore, the distance traveled is given by the
function s(t) = 4.91(1 — e~(2236/3%92)) ' The graph shows s(t) and the data points.
8
A
6
5
4
E s
@ e data
2 ..". — model
1t 48
2 4 6 Chgls
t(sec)

"% = coasting distance = W =132=k= 93938

vom __ k_ 998  _ 20
We know that = = 1.32 and - = Bao9) = 33

Using Equation 3, we have: s(t) = %2 (1 — e~ () = 1.32(1 — e720%33) » 1.32(1 — e~ 000%)
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5. y:mx:>§:m:>¥20:>y’:§.80for
Ldy _ 2 2
orthogonals.d—i_—§:>ydy__xdxz>Y?_;_%_C
$X2+y2:C1

247
6. y:cx2:>%:C:>7ny42Xy:0:>x2y’:2xy

=y = 2% So for the orthogonals: g—i = —2"—y

éZydy:—deéyZ:—x{—l—Céy: j:\/%z—l—C,
C>0

7. kX2+y2:1:>1_y2:kX2:>l;zyzzk

= X — 05 —2yx?y = (1-y?)(2%)
>y = (1:;2(227() = (1:)32) .So for the orthogonals:
% = lfyy2 = 7(1;y2)dy:xdxélnyf y; = "72 +C

8. 2xX*+y’ =c 5 dx+2yy' =0=y =3 = -2 For

orthogonals: g—i =35 => d7y :g—i :>1ny:%lnx+C

=Iny=Ix"?+InC, =y=C [x"?

9. y=ce = K =c= eixy,_(ey?f);—x)(‘” =0
= e "y = —ye™ =y’ = —y. So for the orthogonals:

g—i:§:>ydy:dX:>y72:x+C

=2y =2x+C, =y=++2x+ C

Section 9.3 Applications

N

y

i
=

v

o

=

kx?+y%=1

s
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548  Chapter 9 First-Order Differential Equations

Y
_ akx _ Iny <)y—lny_
10, y=e"=hy=kx= =¥ =k= 2 =0

= (5) y' —Iny = 0=y’ = ¥ So for the orthogonals:

dy _
dx yln y

= 5y’ Iny — 1(y?) = (-3x°) + C
= yIny— % =-—x+C
ylny - % = —x*+C

=ylnydy = —xdx

11. 2x> 4+ 3y? = Sand y> = x? intersect at (1, 1). Also, 2x> +3y> =5 = 4x + 6yy' = 0=y’ = —‘6‘—; =y'(l,1)=—

yi=x=2y1y] =3 =y = % =y{(1,1) = 3. Sincey’ - y{ = (—2)(2) = —1, the curves are orthogonal.

12. (a) xdx+ydy=0= %2 + y; = C is the general equation ]
of the family with slope y’ = —3. For the orthogonals:

y/:yjdyzdxﬁlny Inx+Cory =Cix

(where C; = ¢©) s the general equation of the
orthogonals. f

(b) xdy —2ydx=0=2ydx=xdy = 3 = & ¥

X

:>%(dy—y> :%iélnyzlnx +C=y=Cx*is

the equation for the solution family.
lln y—lhx=C= -

_ l Y_' Ll_0=y = 2y //
= slope of orthogonals is d—y = fziy x
= 2ydy = —x dx = y? :—72+Cisthegeneral &%
equation of the orthogonals.

13. Let y(t) = the amount of salt in the container and V(t) = the total volume of liquid in the tank at time t.

y@©
0}

(a) Rate entering = % 280 — 10 Ib/min

(b) Volume = V(t) = 100 gal + (5t gal — 4t gal) = (100 + t) gal
(c) The volume at time t is (100 + t) gal. The amount of salt in the tank at time tisy Ibs. So the
concentration at any time t is #ﬂ Ibs/gal. Then, the rate leaving = 15— + (Ibs/gal) - 4 (gal/min)

Then, the departure rate is (the outflow rate).

= 100+l Ibs/min

d d 4 _ _ 4 _ —
@ §=10- g = ¥+ () y=10 = PO = 5. Q0 =10 = [Podt= [ d
=4I (100 +1) = v() = e =100+ 1" = y = a7 f(100+t)4(10 dt)

= Grw (MJFC) = 2(100 + 1) + or s ¥(0) = 50 = 2(100 +0) + oS50 = 50

= C=—(150)(100)" = y =2(100+ 1) — P05 = y = 2(100 + 1) — S
100
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Section 9.4 Graphical Solutions of Autonomous Equations

(e) y(25) =2(100 + 25) — ((1150(2))(+12()5()))14 ~ 188.56 Ibs = concentration = V{)(lﬁfn)e = % ~ 1.5 Ib/gal

14. (@) ¥ =(5-3)=2=V=100+2t

The tank is full when V = 200 = 100 + 2t = t = 50 min
(b) Let y(t) be the amount of concentrate in the tank at time t.

dy _ (11b 1 Ib 1 dy _ 5 _ 3 d _s
@ = (5@) (5%) - (100y+2r@) (3%) &= _(S(H-t) =@t (r+50)y 2
QO =3P = 3 (55) = [Py dt=3 [ L dt = 3In (t+ 50) since t+ 50 > 0
v(t) = eJPOdL _ o3I (+50) _ =(t+ 50)?/2

312 -312
Y(t) = (t+510)”2 f%(t + 50) dt = (t =+ 50) [(t + 50)5/2 + C] = Y( ) =t+50+ +50>3/2
Apply the initial condition (i.e., distilled water in the tank at t = 0):

y(0) =0=50+ 55z = C= —50"2 = y(t) =t + 50 — %. When the tank is full at t = 50,

y(50) = 100 — 1003,7 ~ 83.22 pounds of concentrate.

15. Lety be the amount of fertilizer in the tank at time t. Then rate entering = 1 1 -1 ri‘;l] =1 % and the
volume in the tank at time t is V(t) = 100 (gal) + [1 (gal/min) — 3 (gal/mln)]t min = (100 — 2t) gal. Hence
rate out = (=) 3 = 100 7 [bs/min = (g =(1- m) Ibs/min = ?1? + (o) y =1

= PO = g QO =1 = [P dt= [y dt = 30020 ) — amao-20z
= (100 - 2072 = y = b [(100 = 20792 de = (100 — 2073/2 [ 200202 4
= (100 — 2t) + C(100 — 2t)*/2; y(0) = 0 = [100 — 2(0)] + C[100 — 2(0)]*/> = C(100)*/*> = —100

= C=—(100)2 = — & = y=(100—20) — W20 e dy —g o & (U0 WTCY

10
= -2+ 3—”?8_% =0 = 20=34/100 -2t = 400 =9(100 — 2t) = 400 =900 — 18t = —500 = —18t
= t ~ 27.8 min, the time to reach the maximum. The maximum amount is then

y(27.8) = [100 — 2(27.8)] — w ~ 14.8 b

16. Lety = y(t) be the amount of carbon monoxide (CO) in the room at time t. The amount of CO entering the

4 3y 3 3y 3
roomis (145 X 35) = 7a%5 ft*/min, and the amount of CO leavmg the room is (7355) (15) = 1o ft*/min.
dy 12 y dy _ 12 _ _ 12 __ At/15,000

Thus, 3 = 7506 — 5000 =~ @ T 15, oooy o0 — PO = 15,000 QM) = 1550 = V(D =e

= y=g 1 fm /1500 dt — y — g V/1500 (12-11056800 e!/15.000 4 C) = e V1500 (1801500 4 ()
y0)=0 = 0=1(180+C) = C=—180 = y = 180 — 180e~"'*, When the concentration of CO is 0.01%

in the room, the amount of CO satisfies 4500 = % = y = 0.45 ft>. When the room contains this amount we
have 0.45 = 180 — 180e™/13° = 135 — ¢ /1500 = = —15,000 In (153>) ~ 37.55 min.

9.4 GRAPHICAL SOUTIONS OF AUTONOMOUS EQUATIONS

Ly =F+2)(-3)
(a) y = —2is a stable equilibrium value and y = 3 is an unstable equilibrium.

b y'=Q2y—1y =2(y+2)(y—1)(y-3)

I !
y>0 ' y'<0 ' y>0
1 > . < I 1 . —l 5y
—4 2 0 2 M 4
y'<0 o0 ' y'<0 oy 0
1 ! 1
|
0.5
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550  Chapter 9 First-Order Differential Equations

()
y
41 4’/ y'>0,y">0
PEIZN \ ___________________ Yoo
1 \ 1 1 1 x
-0.5 S 1 15
X y<0y>0
// y'>0,y"<0
2.y =(+2)(y-2
(a) y = —2is a stable equilibrium value and y = 2 is an unstable equilibrium.
(b) y" =2yy" =2(y+2)y(y —2)
y >0 l y' <0 l y' >0

A R
y' <0 yu>0

o1 3 y
y//<OT y'>0

()

3.y =y —y=@F+yly-1)

(@) y= —1andy = 1is an unstable equilibrium and y = 0 is a stable equilibrium value.
" __ 2 I __ 1 1
(b) y"=(Q@y* =1y =3(y+ 1)(y+ ﬁ)y(y— %)(y— 1)
y' <0 l y'>0 l ¥y <0 J y' >0
135 1 —-05 ' o:.s 1.:5 y
yll < 0 yll > 0 yIl < yll > 4 yIl < 0 yH > 0
-1 1
V3 V3
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Section 9.4 Graphical Solutions of Autonomous Equations 551

4y =yly-2)
(a) y = 0Ois a stable equilibrium value and y = 2 is an unstable equilibrium.
(b) y"=Q2y—2)y" =2y(y - 1)y -2

y' >0 l y' <0 1 y' >0

:3 y
yu<0T yu>0

-1 » ¢ 1
yu<0 Ty//>0

()

5. =y,y>0

(a) There are no equilibrium values.
n_ 1 r 1 _ 1
(®) y =757 —m\/_—i

y>0

1 L I ) I
0 1 2 3 4 ’

y'>0

6. y=y—/y,y>0
(a) y = 1is an unstable equilibrium.

® ¥ = (1-55) 5 = (1-5) 6~ v9) = (/5 - D51

y'<0 y' <8 | vy >0
¢ 0.5 1.5 Y
yll>0 yll<0 yll>0
0.25
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552 Chapter 9 First-Order Differential Equations

(©)

y'<0 y'>0
10 715 5 25 25 5

7.y =(-Dly-2)(y-3)
(@) y=1andy = 3 is an unstable equilibrium and y = 2 is a stable equilibrium value.

(b) ¥ = (3y* — 12y + 1)y = )y = 2)(y = 3) =30y~ ) (y - 52) v -2 (y - *52) v - 3)

~,
A
(=1

y'>0

3

> Y

N

~<
A
S w

R ¥ N
<
v
o A .
JEg” N

y>0

5

H
N
[
S0

()

8. v =y -y =y(y-1)
(@) y =0andy = 1is an unstable equilibrium.
(b) y" =@y =2y)(y’ —y) =y’By - 2)(y - 1)

y' <0

y'<0 I y' >0

(©)
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