Section 6.6 Moments and Centers of Mass

(b) Applying the symmetry argument analogous to the one
used in Exercise 1, we find that X = 0. The typical
vertical strip has the same parameters as in part (a).

3
Thus, M, = [¥ dm = [ & (9 —x2) dx
3
=2 5(9—x2) dx = 2(%) = 185

M= [dn= [§dA =6 [dA 3
= 6(Area of a semi-circle of radius 3) = § (977) = ? . Therefore, y = % = (186) (9—,2”5) = % , the same y
asinpart (a) = (X,y) = (0, 2) is the center of mass.
11. Since the plate is symmetric about the line x = y and its y
density is constant, the distribution of mass is symmetric 3 (X, 9)
R

about this line. This means that X = y. The typical vertical W%{/’;lg/

strip has ““

\/ 2 /"-";/";,’/
center of mass: (X ,¥) = (x, %) , x2+y2=9 %
length: 3 — /9 — x2, width: dx, Z
area: dA = (3 — /9 — x2) dx,

Ll x

mass: dmzédA:6(3—\/9—x2) dx. 3

The moment about the x-axis is

3+v9-x2) (3-V9—x? ; ) 3, ;
?dmzé(+ X)Q( X)dx:%[9—(9—x2)]dx:‘%dx. Thus,Mx:fo%dx:%[x:‘]g
equals the area of a square with side length 3 minus one quarter the area of a disk with radius 3 = A = 3? — ”79

369

= % . The area

=3%@4—m = M=06A=2%(4—mn). Therefore,y = }* = (%) {m] == = XY= (3%, 7%)isthe

center of mass.

12. Applying the symmetry argument analogous to the one used
in Exercise 1, we find that y = 0. The typical vertical strip

1 _ 1
has center of mass: (X, ) = (x, = “) = (x,0),

length: & — (— %) = 2, width: dx, area: dA = 3 dx,

x3 x3

mass: dm = 6 dA = i—f dx. The moment about the y-axis is

?’dm:x-i—ﬁdx:i—gdx. Thus,My:f?dm:La% dx

)

:26[—%]1:26(—%4—1):@; M:fdm:f]a%dx:é[—%]a:6(—%—1—1):6(322—1). Therefore,
2

X = % = |:_25(aa—l):| |:6(a'~?271):| = % = (i7y) = (aial,()) . Also,allmoo X =

13 M, = [Ydm= [ @ :
(

1 )
=2f=x=2{(-3) -~ =2(3) = &
M, = [Xdm= [x-8-(2)dx
= [Txe @) ax=2f xax=2[%]
—202-1) =4-1=3 M= fdn=[6(2)dx= [ x(2)dx=2 dx=2[x]? =22~ 1) =2. So
x=2=3andy=% =1 = X9 = (,1) is the center of mass.
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370  Chapter 6 Applications of Definite Integrals

14. We use the vertical strip approach:
1 y
M, = f’}\/dm: fo _(ngz) (x —x2) -6 dx
1
= %j; (x? —x1) - 12x dx

:6f1 x3—x5)dx:6[%f%ﬁ}

1

0

—6(L-1 Q,lzl’ x
(3 6) 4 2 1
1 51
M, = [Xdm= [x(x—x)sdx = [ =) 12xdx = 12f (¢ —xhax =125 — %] =12(3- 1)
1
=2=3M :fm fx—x 6dx-12fx—x)dx-12[%—’ﬂ =12(3-7)=1H=1 So
x=2r=23andy=3% =1 = (3,1)is the center of mass.

15. (a) We use the shell method: V = fb 27 (;‘:ﬁl‘}q) (}fgg}lﬁ) dx = f 27X [7 - (— ix)] dx = l67rf14% dx
— 167 [ xV/2 dx = 167 [2x3/2] 1 = 167 (28— 2) = 3= (8 — ):%

(b) Since the plate is symmetric about the x-axis and its density 6(x) = < 1s a function of x alone, the distribution of its

mass is symmetric about the x-axis. This means that y = 0. We use the vertical strip approach to find X:
4
Myzf'fdmzfl X - [%— (—7)} 6dx_f T 1dx_8f —1/2dx—8[2x1/2} =82-2-2)=16;

M:fdmzﬁ4[\/— ( )] 5dx_8f( ) x_sf X732 dx = 8 [~2x V2] = §[—1 — (~2)] =

=3 =2 =2= (X,y) = (2,0) is the center of mass.

16. (a) We use the disk method: V = [ 7R dx = [ 7 (%) dx = 4r [ x2 dx = 4 [= 1]} = 4n [5- — (=1)]
=7[—-1+4] =37

4 4
(b) We model the distribution of mass with vertical strips: M, = f ¥ dm = f] @ . (%) -odx = fl X% . ﬁdx
4 4 4 4 7 4
:2flx’3/2dx:2[\_/—27} :2[—1—(—2)]:2;My:f?(dm:flx~%~6dx:2flx1/2dx:2[2";/2}1:
4 4
2[8 -2 =2 M= [dn=[2.5ax=2 Lax=2f xV2ax=2[2x12] | =24 ~2) = 4. So
() 1

2 =Tandy="%=2=1 = (x,y) = (,1) is the center of mass.

X

I
sz

ST I o
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Section 6.6 Moments and Centers of Mass

(©)

The mass of a horizontal strip is dm = § dA = éL dy, where L is the width of the triangle at a distance of y above

its base on the x-axis as shown in the figure in the text. Also, by similar triangles we have % = h%y
h 2 37h
= L="t(h—y). Thus, M, = [Tdm= [ oy (%) -y dy =2 [ (hy —y?) dy = & [%—%}0
h 57 h
:%(%B—h—s)fébh2(2—%): M= [dn=[6(D)h-ydy="2[ (h—Y)dy:i—b[hy—y?]o

= (h2 hz) &’h . S0y = M* = (‘SbThz> (ﬁ) = % = the center of mass lies above the base of the
triangle one-third of the way toward the opposite vertex. Similarly the other two sides of the triangle can be
placed on the x-axis and the same results will occur. Therefore the centroid does lie at the intersection of the

medians, as claimed.

From the symmetry about the y-axis it follows that X = 0. (0,3)
It also follows that the line through the points (0, 0) and |
(0, 3) is amedian = ?:%(3—0):1 = (X,y) =(0,1). +
(-1,0) : (+1,0)

From the symmetry about the line x =y it follows that (0,1)
X =Y. It also follows that the line through the points (0, 0)
and(2,2)1samed1an:>y—x—% (3-0)=3 (0, 0)

- 4
= xy=(31). (1,00
From the symmetry about the line x = y it follows that (0,a)

X =Y. It also follows that the line through the point (0, 0)

and (3,%) isamedian = y=x=3(3-0)=1a (0, 0)
= Xy = (%7 %) 0

The point of intersection of the median from the vertex (0, b) (0,b)

to the opposite side has coordinates (0, 2)

=y=0b-0-1=2andx=(4-0)-3=1

7

= &N =(3%). (0,0) o)
From the symmetry about the line x = 5 it follows that ( ,b)
X = §. Italso follows that the line through the points
g )and (g b) isamedian = y=1(b—-0)=2
(a,0)

(0,0)

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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372  Chapter 6 Applications of Definite Integrals

23. y=x? = dy=1x"12dx
= ds = /(dx)2 + (dy)? = /1 + & dx;
2
M, =6 \/xy/1+ & d

zéfz x+ldx:%‘$[(x+%)3/2}z
—2 [+ - )]

(- =2E-H=12

«[8

24, y=x3 = dy = 3x%>dx

Y )

= dx = 4/(dx)? + (3x2 dx)* = /1 + 9x* dx; 7
1

1
:5f x34/1 4 9x4 dx;

[u=14+9x* = du=36x3dx = 3—6du—x3dx

x=0=u=1,x=1 = u=10]

- M _5f1 36 0% du = 5 [Fu??] 102%(103/2_1) '

25. From Example 4 we have M, = j: a(a sin )(k sin ) df = a2k\/: sin? 6 df = "‘27]“/:(1 —cos 20) df = 2‘;—" (6 — sin2f] g

:azé‘”;My:j: a(acosH)(ksinG)dH:anLﬂsinﬁcosedﬂz%[sinzﬁ]g:0;M:fonaksinﬁdﬁzak[fcosﬁ]g

= 2ak. Therefore,X = 37 =0andy = 3 = (#) () =% = (0,2) is the center of mass.

26. szf?dm:ﬁw(asin9)~6~ad9
= ['(a? sin ) (1 + kcos 0]) d6

/2
= aZJ; (sin 8)(1 + k cos 8) df

+a2f jz(sin 6)(1 — k cos §) df
/2 /2 g T
:a2f0 sin 6 d§ + a2kf0 sin @ cos @ df + azfmsinﬁdﬁ - anL/ZsiHGCOSGdG
772 ek
= [-eos 07"+ @k [52] T ol cos I, - otk [ "2
=220 — (— D]+ 2%k (L —0) +a?[—(—1) — 0] —a%k (0 — 1) = 2% + ¥k 2% 4 ok — 252 4 2%k = 222 + k);
My :fr)\( dm = ﬁﬂ(acose).(s.adaz j:(aZ COSG)(1+k|C050D do
/2 7
= a2f0 (cos B)(1 +k cos A) df + asz/2 (cos O)(1 — k cos ) df

7r /2 ™
=a’ fo/zcosﬂdﬁ + a’%k [ (1E2) df + a L cos 6 df — a2kf (120 dg
0

= a’[sin 0]”/2+“27k[0+““229]”/ +a’[sin 017, — [9+Sm20]”/2
:a2(170)+a%k[(%*0)*(0+0)]+az(071)7%[(ﬂ'+0)7(§+0)]:a2+2ﬁ¥7a27aé¥:0;
M= [ 5-ad0=af (1 +klcosf)do=a [ (1 +kcosf)dd+af (1 —kecosd)df
=a[9+k5in9]ﬂ/2+a[9—ksin9]f/2=a[(5+k)—0]+a[(7r+0)_(£_k)]

=% fak+a(Z+k) =ar+2ak = a(m +2k). SoX = 3 = Oandy = Y = QY _ 220

(0 2a+ka

P ) is the center of mass.
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Section 6.6 Moments and Centers of Mass

f(x):X+6,g(X):X2,f(X):g(x):>x+6:X2
X —x-6=0=x=3x=-2;6=1

3
M:ffz[(x+6)—xz]dx: [%X2+6x—%x3]
(2+18-9) - (2— 12+ 8) = 128
: 3
- ﬁfﬂx[(xﬁ) = wdx = 5 [ [ + 6x = xldx

= S 4+3e — W]

3
-2

2

= B x4 36x — 1) = 2 (94544108 - 23) — 3 (-8 104724 2) =4

= (4, 4) is the center of mass.

f(x) =2, g(x) =x*(x + 1), f(x) = g(x) = 2 =x*(x + 1)
=x34+x2-2=0=>x=1;6=1

M:ﬁl[Z—xz(x+l)]dx:j;l[Z—x3—x2]dx

=[x - - %X3](1) =(2-1-5-0=143 g(x)=x"(x+1)
X= %ﬁ) X2 —=x*(x+ D]dx = 2 | [2x — x* — xdx .
— Bl b - i) 1

= %(1 - é —3) —0= %’y: 17}121;1%[22 — (x*(x+ 1))2}‘1?( = 1—671;1[4—)(6 —2x° — x*dx
= {5 [4x = x7 = 3x - %XS](I) =L(@-1-1-1)-0=5 = (3, %) is the center of mass.

f(x) = x2, g(x) = x>(x — 1), f(x) = g(x) = x> =x>(x — 1)
=X -2x=0=x=0,x=2;6=1

M= 1;2[)(2 —x*(x — 1)]dx = 1;2[2);2 — x%]dx

~ [ = (4 0=
X = ﬁf(‘)zx[xz —x2(x — 1)]dx = %L2[2X3 —x*]dx

2
Sl =1 0=
< A 2 2 3 5 6 37146 _ 1,712 _ 3 (64 _ 128 8
7=/, 5[0‘) - (x (X—l))]dngf 26 —xdx = 3 [3x° — 3] = 3(§ - F) —0=7
= (£, 8) is the center of mass.

f(x) =2 +sinx,g(x) =0,x =0,x =2m;, 6 = 1;

f(x)=2+sinx

2m

M= j; [2 + sinx]dx = [2x — cos X"
2m o

ﬁrﬁ) X[2 +sinx — 0]dx = ﬁj; [2x + x sin x]dx

X =

27 27
zﬁfo 2xdx+ﬁf0 x sin xdx R

2
= ﬁ [X2](2)7T + ﬁ [sinx — x cos x](z)7r
2 2 o 5 2 _ .

= 7-(47%) =04 7-(0-27) -0 =1,y = ﬁj; %{(2+smx) - (0) ]dxz & 0 [4 + 4sinx + sin?x]dx

2 o0 o -
=& . [44—4sinx]dx—i—§f0 [sin’x]dx = &= . [4+4sinx]dx + %j; [L=cos2x) 4y

. o | 27 | 27
25[4x—4cosx+]0+mf0 dx—mﬁ cos2xdx[u=2x=du=2dx,x=0=u=0,x =27 = u = 4n]

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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4m
— g=[4x — 4cosx|gT + e lx Jor — 32%1; cosudu = g-[4x — 4cos x| + 16%T[x]27r — ﬁ[smu]éﬂ

=+@Br—4)—L£0-4)+;-02m) —0-0=3 = (¥, 2) is the center of mass.

31. Consider the curve as an infinite number of line segments joined together. From the derivation of arc length we have that
the length of a particular segment is ds = 1/ (dx)* + (dy)?. This implies that M, = f by ds, M, = f 6x ds and
M, fxds . fxde

M = f 6 ds. If 6 is constant, then X = M T engh & andy = M ffydig _ L?g?; .

32. Applying the symmetry argument analogous to the one used in Exercise 1, we find that X = 0. The typical vertical strip
X2

“p) , length: a — 2—2, width: dx, area: dA = (a — —) dx, mass: dm = 6 dA

a+
has center of mass: (X ,¥ ) = (x, 5

=6 (a— %) dx. Thus, M, = ¥ dm = fzfQ( —p)(a——)éd—éfw( i) dx

:%[a2x_8322:|i2\/a:2.g|:2 80p:| _6<2a2\/—_2"p8€(1)p 3)72326\/7( ——)_2326\/7(80 16)
— 64\ _ 8a%6ypa o [ 2/pa RRENC
s 8 = o= (o= i 5] 20 ]

=26 (2a,/pa — 50 = das /pa (1 — ) = das Jpa (B5) = Y2 soy =3 = (M) (20

3

=3a,as claimed.

33. The centroid of the square is located at (2,2). The volume is V = (27) (¥) (A) = (2m)(2)(8) = 327 and the surface area is
S =) L) =20Q2) (4[ ) — 32,/27 (where /8 is the length of a side).

34. The midpoint of the hypotenuse of the triangle is (2, 3)
= y = 2x is an equation of the median = the line

y = 2x contains the centroid. The point (3, 3) is

3\f

units from the origin = the x-coordinate of the

centroid solves the equation \/ (x — —) + (2x — 3)?

= é = (x*=3x+2)+(4x*—12x+9) =2
= 5% - 15x+9=—1
= x> -3x+2=(x—-2)(x—1)=0 = X =1 since the centroid must lie inside the triangle = y = 2. By the

Theorem of Pappus, the volume is V = (distance traveled by the centroid)(area of the region) = 27 (5 — X) [% (3)(6)]
= 2m)(4)9) = 72w

35. The centroid is located at (2,0) = V = 27) (X) (A) = 2m)(2)(w) =

36. We create the cone by revolving the triangle with vertices y N
(0,0), (h,r) and (h, 0) about the x-axis (see the accompanying (h.r)
-

figure). Thus, the cone has height h and base radius r. By Y= R X

~N)

Theorem of Pappus, the lateral surface area swept out by the L .
hypotenuse L is given by S = 2ayL = 27 (%) v/h? + 12 (hz)

= 7ry/12 4+ h2. To calculate the volume we need the position (x,y) ! "

of the centroid of the triangle. From the diagram we see that

2
the centroid lies on the line y = 5- x. The x-coordinate of the centroid solves the equation \/ (x—h)2+ (2L X — %)
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= 1\/h2+£ = (4hil:;r2)x2— (4h2+r) + 5 —1—2“2;4h 0= x=2or® = x=2 since the centroid must lie

inside the triangle = y = 5. X = 3. By the Theorem of Pappus, V = [27r (g)] (§ hr) = % mr’h.

L
S =27yL = 4ra’? = (27y)(ra) = y = £, and by symmetry X = 0
S=2mpL = [27 (a — £)] (wa) = 2ma’(w — 2)

V =2ryA = %mab? = (27y) (Z2) = y = 2 and by symmetry X = 0

V=2mpA = V= [27-‘- (a—|— 431_;)] (%) _ ﬂa3(3;+4)

V = 27p A = (2m)(area of the region) - (distance from the centroid to the line y = x — a). We must find the distance from

(O, ‘31?) toy = x — a. The line containing the centroid and perpendicular to y = x — a has slope —1 and contains the point

(0,22). Thislineisy = —x + $2. The intersection of y = x —aand y = —x + 22 is the point (#£37 $=31) ~Thys,

4a+3a7r)2+(4a 4a +36Lﬂf-r) — \/—(4a+3a7r)

6m 3r ~ 6r (%

the distance from the centroid to the liney = x — a is \/ ( il

a am a2 Tad T
V = 2n) (7@46;3 >) (7“) = V2mid+sm

The line perpendicular to y = x — a and passing through the centroid (0, %) has equationy = —x + % The intersection

of the two perpendicular lines occurs when x —a = —x —1— 2 = x= 23;’ T = y= 22‘2_—‘” Thus the distance from the

centroid to the liney = x — a is \/ (2247 — 0)2 + (B3 - %) = a(\z/i:) Therefore, by the Theorem of Pappus the

surface areais S = 27 {a(z\/f”)] (ma) = \/Ewa2(2 + ).

If we revolve the region about the y-axis:r =a,h=b = A = %ab V= %7’1’ a’b, and p = X. By the Theorem of Pappus:
ima’d = 2rX (ab) = X = %; If we revolve the region about the x-axis:r =b,h =a = A = Jab, V = imb’a, and

p = ¥. By the Theorem of Pappus imb*a=2ry (sab) =y =2 = (&, ) is the center of mass.

Let O(0, 0), P(a, c¢), and Q(a, b) be the vertices of the given triangle. If we revolve the region about the x-axis: Let R be
the point R(a, 0). The volume is given by the volume of the outer cone, radius = RP = ¢, minus the volume of the inner
cone, radius = RQ = b, thus V = —7r c’a — 7rb2a = %w a(c? — b?), the area is given by the area of triangle OPR minus

area of triangle OQR, A = lac — fab = l1a (c —b), and p = y. By the Theorem of Pappus: {7 a(c* — b?)

=21y [ia(c - b)} =y = <2 If we revolve the region about the y-axis: Let S and T be the points S(0, c¢) and T(0, b),

respectively. Then the volume is the volume of the cylinder with radius OR = a and height RP = ¢, minus the sum of the
volumes of the cone with radius = SP = a and height = OS = c and the portion of the cylinder with height = OT = b and
radius = TQ = a with a cone of height = OT = b and radius = TQ = a removed. Thus

V = rma’c — [%w a’c+ (ma?b — im azb)} = 2ra’c — 3ma’b = 3ma?(a— b). The area of the triangle is the same as

before, A = Jac — 1ab = fa(c —b), and p = X. By the Theorem of Pappus: 3w a’(a — b) = 27X { a(c — b)}

=X= 233((03 bb)) = (23"‘((:':]3), Cgb) is the center of mass.
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CHAPTER 6 PRACTICE EXERCISES

3. A(x) = % (diameter)® = 7 (2 sin x — 2 cos x)*

A(x) = § (diameter)” = T (\/x — x* ? P4
=T(x=2y/x-x*+x%);a=0,b=1 y=JxX

- V:j;A(x)dx:gﬁl(x—2x5/2+x4) dx y=x?

1
_m [ X472 Sl _m(l_ 41
*4{2 7X +50*4(2 7+5)

=75035-40+14) = 280

2. A() = L (side)? (sin T) = 22 (2,/x — x)’
:‘/—(4X—4x\f+x) a=0,b=4

= V= [Adc= 2 [ (4x — 4372 4 x?) d
4

- et s] - ok s)
=28 =8B 5244 10) = B

= 2 -4(sin?x — 2 sin X cos X + cos” x)

:W(l—sin2x);a:§,b:¥

b 5n/4
- V:ﬁA(x)dx:wﬁ/4 (1 — sin 2x) dx

=[x+ 2] 70

=r|(F ) - (-5 ==

2
A(x)—(edge)Q—(<\/8—\/§>2—O) :([—\/;)4:36—24J8\/§+36x—4 6x3/2 4 x;
a=0,b=6 = V:f:A(x)dx:foﬁ(36—24\/6\/§+36x—4 6X3/2+X2) dx

= [36;;—24%-§x3/2+18x2—4\/6-§x5/2+’§}i=216—16-\/6\/8-6+18-62—§¢6¢E-62+6;

=216 — 576 + 648 — 1128 72 = 360 — 128 — 18001138 _ 72

2

2
A(x):g(diameterﬁzﬁ(z x—"j) :%(4x—x°/2+16) a=0,b=4 = V= fA(x)dx

T 4 x! m 2 x° 4 T 8 2
=3, (4X_x5/2+_> dx:_{2"2_"‘7/Q+ﬁ}0:1(32—32'7+§'32)
=20 (1 -84 2)=81(35-40+14)=2r

A) = } (edge)? sin (5) = ¥ [2v/x — (~2/%)]”
=3 (4%) =4/3xa=0,b=1

— ["Aw dx = [ 4y/3xdx = [2ﬁx2}i
=23
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(b)

()

(d)

(a)

(b)

(©)

(d)

()

(b)

Chapter 6 Practice Exercises

disk method: y
b 1 1
V= [mRmdx= [ r(3x) dx=n [ 9x°dx
=[xl = 2r
shell method:
1 1 1
V= f 2 (Shell ) (hishi;it) dx = j; 27x (3x1) dx = 27 - 3]; x> dx =27 -3 {x—;} =T

Note: The lower limit of integration is O rather than —1.
shell method:

X 1
V= [l2m () () dx=2m (0 =) (xt) dx = 2 |

washer method:

RX) =3,1(x) =3 —3x' =3 (1 —x%) = V:fubw[Rz(x)—rz(x)} dX:fj]ﬂ{9—9(l—x4)2] dx
2

9

] 1
:9%]!1[1—(1—2X4+x8)] dx:97rfj](2x4—xs) dx =97 [2%—%} = 187 [%—%] = ”5'1

washer method:
RO = %.100=1 = V= [7Rx - 2w dx= [« ()= ()] ax = [ ox7 — 3]
(D - (S Dr - ) = H2 10 e =
shell method:
57 2

Veon [ (- D de=ar a5 san (4o - (- D= () = %

shell method:
2 2
v=on [T (e ) ax =2n [l -x (5 H de=2m (5 - - 14 3) dx
2

—2r {—%+§—x+*ﬂ1:27r[(—1+272+1)7 (—4+4—-1+1)] =2
washer method:

V= fbw R2(x) — 2(x)] dx

wf{ 4——)}dx

=1 _ 167rfI (1 —2x73 +x7%) dx

72
:%—167r{x+x_2—"5}1

= tor [+~ ) — (141 9)]
= 16m (3~ 15+ 3)
=81 _1540-1+32)=21_Ir - 10

g 160 1
disk method:

_wf( x— ) dx:wﬁs(xfl)dx:ﬂ{%zfx}j
=r[(F-5)-G-1)]=n(F-4)=8r
washer method:

Ry =510 =y +1 = V= ["7[R) —o]dy == [ [25 - (52 + 1] ay

5

2 2 2
:ﬂ'fiz(ZS—y‘l—Zy?—l)dy:ﬂ'fiz(24—y4—2y2)dy:7r{24y—y?—%y3}_2:27r(24-2
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=32r(3-3-31)=3F@5-6
(¢c) disk method

_5): 10]8587r
Ry)=5—-(y*+1)=4-y

y
2

= V= [ mRydy= [ m(4—y)dy
2
= [ (1682 +yhd
=iy - 5] —am(2-%+ )
=64 (1-3+%) =%2(15-10+3) =
10. (a) shell method:

h 11 hell 4
V= f ritd?us (hseizhl) dy = L 27Ty (y -
=27 f ( _¥

S12m
15

(b) shell method:

h 11 hell
V= f 2 r;d?us (hseith
_ 4 _ 128«
—on(- 2o )=
(¢c) shell method:

)dx—f27rx 2 x—x)dx:2w£4(2x3/2—x)dx—Zﬂ{
15
V= f27r shell

5/2 ﬁ:|4
31o
4
() (en ) dx = [ 274 =30 (2/x = x) dx =2 [/ (8x1/2 — 4x — 2x3/2 4 x) d
14
X'j
—2#[16 32 _ox —‘5—‘x5/2—|—?}0:27r(13—6-8—32—— 32+ %) =6dn (- 1-442)
e (1-4) = o
(d) shell method:
s 4 2 4 3
V= [lam () () ay = [om@ -y (y - %) ay=2m [ (4y -y -y 4 ) dy
v 2 5, v'? 2 8 32r
—or [ (4y-29"+ %) dy=2n 2 -3y + §5| =2r(32-3-64416) =32r(2-§+1) =
11. disk method:
3v3—m
R(x):tanx,a:O,b:§:>V—7rf tan XdX—TI‘f (sec x—l)dx-w[tanx—x]ﬂ3 <\§_ )
12. disk method:
_’R'f (2 — sin x)? X—7Tf 4 — 4 sin x + sin®x) x:wf 4 —4sinx+ 4 COS2X)dx
=7 [4x+4cosx+ 35— W] = 7 [(41—44+2-0) —(0+44+0-0)] =7 (% —8) =2 (97— 16)
13. (a) disk method:
2 5 2
—ﬂ'f X —2x)2dx:7rf0(x4—4x3—|—4xz)dx:7r["? X +4x3}0:7r(%—16+%)
=2 6-15+10) =¥
(b) washer method:
51 2
V= { -2 1]d— dx — _1 _2_[("*1)}:2_ 2 _ 8
f x X + X fﬂ X fﬂ x dx T 5 o T—T"
(¢c) shell method:
hll hell
V= f 2 er?us (hseith

5=%
)dx_27rf 2-x) —(x2—2x)]dx:27rf2(2—x)(2x—x)dx
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15.

16.

18.

19.

Chapter 6 Practice Exercises

2 2 2
— 2 2 3 — 3 2 _ L 4.3 2
_27rj;(4x72x —2x +x)dx—27rf0(x —4x +4x)dx—27r[%f§x +2x}0
_ 2 __ 87
— X (36-32)="%
(d) washer method:
—ﬂ'f (x? — 2x)] dX—Tf‘f 22dx:7rf {4 4(x% —2x) + (x2—2x)2} dx — 87

=27 (4— 32 +38)

:ﬂ'f 4—4x2—|—8x—|—x4—4x3—|—4x2)dx—87r:7rf (x* —4x3 +8x +4) dx — 87

—w{g—x + 4x2 +4x] —8m =7 (2~ 16+ 16+8) — 87 = T (324 40) — 87 = 12 _ 40r _ 32

disk method:
/4 /4
V:27rf0 4tan2xdx:87rj; (sec’x — 1) dx = 87r[tanx—x]g/4:27r(4—7r)

The material removed from the sphere consists of a cylinder ¥
and two "caps." From the diagram, the height of the cylinder

2
is 2h, where h? + <\/§) — 92 ie h=1.Thus

2
Ve = (2h)m (\/5) = 6 ft3. To get the volume of a cap,

-2 -1 1 2

2
use the disk method and x* + y? = 2%: Vg, = fl mx2d

—f7r4 y2)dy = [4y—y—}12
=7[(8-3) - (*%)]

Vremoved - chl + 2Vca

3
% 3 Therefore,

6m + 197 = 27T 3,

We rotate the region enclosed by the curvey = /12 ( ‘1‘;1 ) and the x-axis around the x-axis. To find the

b 11/2 _) 11/2
volume we use the disk method: V = j; mR2(x) dx = f T ( 12 ( - % ) dx =7 f (

11/2 11/2
11/2 57 11/2 3 )
4x 1 4 1 4 1
—rf (1-4) de=tam [x—d5] =2an [Y - (5) (4)°] = 132n 1= (k) ()]

11/2
=132 (1 — }) = %" = 887 ~ 276 in®

|-l>
(S5

57 ax

1/2 _ x3?2 dy

.y =X 3 —:5 x~12_1x12 o (d—o :%(——2+x = L= f\/l I ——2—|—x)dx

= L= f\/% %+2+x dx—f % (x~1/2 4 x1/2) dx—f _1/2—|—x1/2)dx:%[2x1/2 2 3/2]

2458 -02+3)]=302+3) =%

2 —2/3 8 2 8
x=yB o Sy o () =82 L= [N 14 (8) dy= [ 145k
- [ LT dy — L[ Oy 4 (y ) dy; [u= 9y + 4= du=6y P dy;y = 1 = u= 13,

40
y=8=u=40] » L= [ ul?du=}[2u¥?]} = L [402 - 13%2] ~ 7.634

2
_ 5 46/5 _ 5 ,4/5 dy _ 1,1/5 1 ,-1/5 dy _ 1 (.2/5 _ —2/5
y=1X g X770 = & = 3X 2 X = & _4(X 2+x727)

= L= f \/1 1 (x25 —24x2/5)dx = L= f \/ (x2/5 4+ 2 4 x2/9) dx—f (x5 4 x- 1/5)% ¢

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.

379



380  Chapter 6 Applications of Definite Integrals

32 5 _1/5 5 5132
= [T ) = 3 (30 ] = 420

1
_ 1 _ 1710 _ 285
5 (1260 + 450) = 110 = 285

+
IS
[\

=~
SN—
\
—
N
+
I
SN—
P
Il
DO =
—~
(9%}
ol
Wi
+
ISh
SN—

2 2
0. x=fy+ls 8=yt o (&) =dy -tad s L= [ i (Gy -t d)d

21, s = [ 2my 1+(j—§)2dx; Y= i = (%)2:%11 = S= [amy/2x+ 1, /1 + 51 dx
ZZFLS\/ZX—FIw%iﬁdx:2\/§7r‘]::\/x—|—ldx:2\/§7r[%(x+1)3/2]z:2\/571-.%(8_1):287T3ﬁ

b 2 2 1 1
22. S:LZﬂy\/1+<g—i) d; ¥ =x2 = (%) =x' = S:LZW-"; 1+x4dx:gf0 V1 +x* (4x3) dx

_— . 321t _
:Ej(‘) 1+X4d(1+x4):€{%(1+X4)/]0:§{2 2_1}

d 2 1) 4 _ < 2 24 2
3. S=fc27”< /14_(3_;) dy; (%: (i}fy‘_?) — \/iy—yy2 = 1+(g—y> _ 4y y4Jyriy24y+y — 4yfy2
2 2
= S=[2r Ay -y [ptidy=4n[ dx=4n

d 2 2 6
_ dx Ddx 1 dx _ 1 _ 4y+1 _ Vay+1
24'5—112”\/”(@) dy =g = 1+ (§) =1 =t = s = Loy ey

6 - 6
:7rf2 dy+1dy =75 [y + D¥?]) =2(125-27)=F(98) = &~

25. The equipment alone: the force required to lift the equipment is equal to its weight = F;(x) = 100 N.
The work done is W = fl bFl(x) dx = j; 40100 dx = [100x]30 = 4000 J; the rope alone: the force required
to lift the rope is equal to the weight of the rope paid out at elevation x = Fy(x) = 0.8(40 — x). The work
doneis Wy = [Fa(x) dx = [} 0.8(40 — x) dx = 0.8 [40x — ¥ ] 20 = 0.8 (40 — 49°) = O8O0 _ 64 J;
the total work is W = W; + W5 = 4000 + 640 = 4640 J

26. The force required to lift the water is equal to the water's weight, which varies steadily from 8 - 800 1b to
8 - 400 1b over the 4750 ft elevation. When the truck is x ft off the base of Mt. Washington, the water weight is

b
F(x) = 8- 800 - (3529-%) = (6400) (1 — 525) Ib. The work done is W = f F(x) dx

4750 , 74750 ,
= [, 6400 (1 = 5255) dx = 6400 [x — 53] " = 6400 (4750 — 355 ) = (3) (6400)(4750)
— 22,800,000 ft - Ib

27. Force constant: F=kx = 20=k-1 = k = 20 Ib/ft; the work to stretch the spring 1 ft is
1

2

1 1
W= fo kxdx =k fo xdx = {20 "5} = 10 ft - 1b; the work to stretch the spring an additional foot is
0

2
W= [Tcdx =k [xax=20[5] =20(4-1) =20(3) =30t
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29.

30.

31.

32.
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Force constant: F =kx = 200 = k(0.8) = k = 250 N/m; the 300 N force stretches the spring x = E

= % = 1.2 m; the work required to stretch the spring that far is then W = f F(x) dx = f 250x dx
= [125x%]}% = 125(1.2)> = 1801

We imagine the water divided into thin slabs by planes
perpendicular to the y-axis at the points of a partition of the

interval [0, 8]. The typical slab between the planes at y and
y + Ay has a volume of about AV = m(radius)?(thickness)
=7 (3 y)QAy = BT y2 Ay ft*. The force F(y) required to . l
lift this slab is equal to its weight: F(y) = 62.4 AV -10 10

= 2535 4)(25 ) ry2 Ay Ib. The distance through which F(y) Reservoir's Cross Section
must act to lift this slab to the level 6 ft above the top is
about (6 + 8 — y) ft, so the work done lifting the slab is about AW = @23 7v2(14 — y) Ay ft - Ib. The work done
lifting all the slabs from y = 0 to y = 8§ to the level 6 ft above the top is approximately

8
Wa % 7y? (14 — y) Ay ft - Ib so the work to pump the water is the limit of these Riemann sums as the norm of

8

8 8
the partition goes to zero: W = j;) % 7wy} (14 —y) dy = m j; (14y% — y3) dy = (62.4) (_6") [1;‘ y3 — ﬁ}
0

= (62.4) (2) (14 83 — —") ~ 418,208.81 ft - Ib

The same as in Exercise 29, but change the distance through which F(y) must act to (8 — y) rather than (6 + 8 — y). Also

(62 4)(25)7 y2(8

change the upper limit of integration from 8 to 5. The integral is:W = y) dy

0

= (624) (37) [ (8y* — ') dy = 62.4) (3) [3y° - Yﬂ = (62.4) (22) ( 50— 3 ) ~ 5424156 ft - Ib

The tank's cross section looks like the figure in Exercise 29 with right edge given by x = % y = 3. A typical horizontal

slab has volume AV = 7(radius)?(thickness) = 7 ( ) Ay=12 y2 Ay. The force required to lift thisslab is its weight:
F(y) =60- % Ty2 Ay. The distance through which F(y) must act is (2 + 10 — y) ft, so the work to pump the liquid is

4

2 10
w=60[ w12 -y) (¥ )dy = 157 [ 2% — %] "= 22,500 ft - Ib; the time needed to empty the tank is

22,5007 fi-lb .
375 fulbsec > 297 sec

A typical horizontal slab has volume about AV = (20)(2x)Ay = (20) (2\/ 16 — y2) Ay and the force required to lift this
slab is its weight F(y) = (57)(20) (2 16 — y2) Ay. The distance through which F(y) must act is (6 + 4 — y) ft, so the

0
work to pump the olive oil from the half-full tank is W = 57 f (10 =y)(20) (2/16 —y2) dy
0 0
=2880 | 10,/16 —yZdy + 1140 [ (16 — y*)"/*(~2y) dy

— 22,800 - (area of a quarter circle having radius 4) + 2 (1140) [(16 y2)¥ 2} — (22,800)(47) + 48,640
—335,153.25 ft - Ib
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33.

34.

35.

36.

Intersection points: 3 — x> =2x*> = 3x2 -3 =0

= 3x—DDx+1)=0 = x=—1orx = 1. Symmetry
suggests that X = 0. The typical vertical strip has
center of mass: (X ,¥ )= (x, M) = (x, "ZTH) ,
length: (3 —x?) — 2x* = 3 (1 — x?), width: dx,
area: dA = 3 (1 — x?) dx, and mass: dm = ¢ - dA

=36 (1 —x%) dx = the moment about the x-axis is

1
Ydm=36(x*+3)(1-x*)dx=26(—x"-2x4+3)dx = M, :fr)\/dm:§6f (—x* —2x% + 3) dx

. 1

:%5[—%"—%‘%3471:35(—%—% 3) =¥ (23-10+45) =32 ;M= fdm_35f (1—x2) dx
1

=36 {x - "3—3} LT 66 (1—1) =46 = y="1% =32 =% Therefore, the centroid is (X,y) = (0, ¥).

Symmetry suggests that X = 0. The typical vertical
strip has center of mass: (X ,y )= (x, "2—9) , length: x2,
width: dx, area: dA = x2 dx, mass: dm = § - dA = 6x2 dx

= the moment about the x-axis is'y dm = % x?

~ 2 512
=ixtdx = M, = [§ dm:%fizx‘*dx:%[x]f2

-x2 dx

The typical vertical strip has: center of mass: (X ,V )

= <x, #) , length: 4 — "72, width: dx,

area: dA = — —)dx mass: dm = 6 - dA

( ) X = the moment about the x-axis is

’dem:(s-(4 +3) (4- %) ac=5 (16— 3) dx;the

2 3

4 )
moment about the y-axis isX dm = § (4 — "7) -xdx =46 (4x — XZ) dx. Thus, M, = f? dm = %fo (16 — %) dx

:%[ Sxi’6]i:g[64—%—4]:125—85;My:f3\(dm:6f04(4x—§)dx :6[2)(2—%}4

— 532 —16)=165M = [dm=6 [ (4-%) &= {4){——} —5(16— ) =32
= X= % = —lgff = % andy = % = 152 ; = ?2 Therefore, the centroid is (X,y) = (%,15—2)

A typical horizontal strip has:

center of mass: (X, ) = (yzgzy,y> , length: 2y — y?,
width: dy, area: dA = (2y — y?) dy, mass: dm = ¢ - dA
= 6 (2y — y?) dy; the moment about the x-axis is

Ydm=6-y-(2y —y?) dy = 6 (2y? — y?®) ; the moment

about the y-axis isX dm = & - ¥ +2y) -(2y —y?) dy
‘ 2
=S@y—y)dy = M= [¥ dm:éfo(Zy?—y?’)dy

2 42_ 2 16) _ 16 16\ _ 616 _ 46 . I ) _ 5|4 512
§Y3—y7} *5(3'8—7)*5(——7)*1—*—’My*fdefif(,(4y2—Y4)dY*§[§y3—y?}
2
8
5

3
_ 6 (48 _ 32\ _ 326 _ i 8) _ 46 v _ My _ 5323
—S(B-2) =M= [am=0 y-y)dy = blyr-%] =e-9=% > x=F-12-
y =Y = 22 — 1. Therefore, the centroid is (X,y) = (£, 1)
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37. A typical horizontal strip has: center of mass: (X ,y ) y
= (szrsz, y) ,length: 2y — y?, width: dy, 27
area: dA = (2y — y?) dy, mass: dm = § - dA
=(+y)(2y —y?)dy = the moment about the
x-axis is ¥ dm = y(1 +y) (2y — y?) dy : — X
=2y +2y° =y’ —y') dy 4
= (2y? +y? — y*) dy; the moment about the y-axis is

X dm = (y +2y)(1+y)(2y yHdy =5 (4y2 —yH (A +y)dy = 5 (4y* +4y> —y* —y°) dy

~ 4 57 2
= Mx:fydm:fo(2y2+y3*y4)dy: §y3+%*%}0:

|

~~
[\®)
(e}
+
—
(9]

\
[\]
~

N
u.\4>
/.\
>—
N

Il

oS
=

Il

—
(a4
o
8
Il

e N

DO =

—
N

«
+
N

«

«

<«

<

S~—
o

<
\
ol
La—

[NFN

<«
w

+

<«
N

\

ul<

\

o<

[
[v]

:%(%24*%*%):4(%2*%*%): e =%m=fan= [[atyey-y)ay

2 2
:ﬁ<ZY+y2—y3>dy: [y2+y§—%}0:(4+§—%):§ =x=5=(%) () =3 ady =15

), length: 33/2 , width: dx, area: dA = % dx,

QSW - 6)(;’—2 dx = 29—33 dx; the moment about

38. A typical vertical strip has: center of mass: (X ,¥ ) = (x, 2X3/2

mass: dm=6-dA =96 - % dx = the moment about the x-axis is Y dm =

the y-axis is X dm = x - § 25 dx = 3% dx.
X/ X

@ Mo=5 5 (2) de= 2 [-57] =20, =5 [ () dx = 36 [2x1/2] = 125;

M:(ng%dx:—w[x’l/?]?:% S ox= Mo gaay= M=) s
O M= [73(2) ax=3 =17 =aM = [ () ax= 0] ] = suM = [ x(5) ax
=6 [x 1/2]3—12 = X=3=2ady=1=1

b 2 2 572
3. F= [ 'W- (;;;51) Ly)dy = F=2 [ (6242 — y)2y) dy = 249.6 |, (2y — y?) dy = 249.6 {yz - %} i
= (249.6) (4 — 3) = (249.6) (£) = 332.8 b

b » 5/6
40. F= [[w- () - Lopdy = F=[75(3 - y) @y +4dy=75[" (3y+ 10— 2y 4y) dy

5/6
=75 [, (R-Iy-2)ay=75[Ly -1y -3y} =9 () - D) (2) - }) (B)]

=(75) (2 — 15— B0 = () (25-216 — 175 -9 — 250 - 3) = B0 ~ 118.63 Ib.

s F=['w- (;;ggl) L(y)dy = F:62.4f04(9—y) (2@) dy:62.4f04 (9y1/2 — 3y3/2) dy
= 62.4 [6y%/2 — 2y72] | = (62.4) (6-8 — 2-32) = (24) (48 -5 — 64) = U0 _ 219648 b

h .
42. Place the origin at the bottom of the tank. Then F = j; W - (;;251) - L(y) dy, h = the height of the mercury column,
h h 51h
strip depth =h — y, L(y) = 1 = F= [ 849(h — y) L dy = (849) [ (h — y) dy = 849 [hy ’ } =849 (h ! )

= 39h2. Now solve #2h* = 40000 to get h & 9.707 ft. The volume of the mercury is s?h = 12 - 9.707 = 9.707 f¢>.
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CHAPTER 6 ADDITIONAL AND ADVANCED EXERCISES

b X
V:Wfa[f(x)]?dx:btab = wfa [f(H)]® dt = x> —ax forallx >a = w[f(x)]2 =2x —a = f(x) = /&=2

™

V=r [P dx=a>+a = = [ [fOPd=x>+xforallx >a = alf)P =2x+1 = f(x) = / 2+

s0=Cx= [ VI FOF dt=Cx= T+ [FOP =C= f'(x)=/C—LforC 1

:>f(x):f0X\/C2—1dt+k. Thenf(0) =a = a=0+k = f = [V~ Ldt+a = f(x) =x/C? -
where C 1.

(a) The graph of f(x) = sin x traces out a path from (0, 0) to («, sin ) whose length is L = j;n v/ 1+ cos26 dd.

The line segment from (0, 0) to («, sin &) has length \/(a —0)2 + (sina — 0)2 = \/042 + sin? av. Since the
shortest distance between two points is the length of the straight line segment joining them, we have

immediately that j;a\/ 1 +cos?0df > v/a? +sin?aif 0 < a < 7.
(b) In general, if y = f(x) is continuously differentiable and f(0) = 0, then j:) ’ \/ 1+ [f7(1)]% dt > \/ a? +12 ()
for a > 0.

We can find the centroid and then use Pappus' Theorem to calculate the volume. f(x) = x, g(x) = x2, f(x) = g(x)
1
=x=xX=x-x=0=>x=0,x=1;6 = 1;M:j; [x — x%]dx = [%Xz % 3]1 _ (%_%) _0:%
1 1
X = gl J, e = lax = 6 17 = lax = 6[4x° 1)y =6(4 - ) 0=}
1 1
y= 1}6f : {xz - (x z)z}dx = 3f [x* — x*dx = 3[3x° — %Xs]l =3(3 — 1) — 0= 2 = The centroid is (3, 2).
12

p is the distance from (5, —) to the axis of rotation, y = x. To calculate this distance we must find the pomt ony = x that

also lies on the line perpendicular to y = x that passes through (— —). The equation of this line is y — 5 =—1 (x — l)

i8]

= x +y = 75. The point of intersection of the lines x +y = 5 and y = x is (55, 7). Thus,

10
p= (-1 + (35— = oy Thus v =275 () = 525

Since the slice is made at an angle of 45°, the volume of the wedge is half the volume of the cylinder of radius % and

height 1. Thus, V = %[ (%)2(1)] =1

y=2yX = ds=/L+1dx => A= fz\/./1+1dx—;-‘ (10220 =28

This surface is a triangle having a base of 27a and a height of 27ak. Therefore the surface area is
% (2ma)(2rak) = 2mw?a’k.

_ 2 2 _, _ 2 7dx7 dx _ 8 _
F=ma=t = T =a= év—a +C v=0whent=0 = C=0 = T = 3w :>x—12m+C1,

x=0whent=0 = C; =0 = x= Thenx—h = t—(12mh)1/4 The work done is

1/4

12m .
} (12mh)!/4

(12mh)!/* (12mh)
W= [Fdx= | F(t)-%dt:f Sa=L s
0

_(12mh)*2 __ 12mh-/12 2h /3mh /
*(18m = ml8mm 2 3mh

= (1&) (12mh)®/*
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. 12
10. Converting to pounds and feet, 2 Ib/in = 212 . 120 — 24 [b/ft. Thus, F = 24x = W = f 24x dx

1in

— [12x%]}/* = 3 ft- Ib. Since W = L mv2 — 1 mv2, where W = 3 fit - Ib, m = (35 1b) (557hez)

= 515 slugs, and v; = 0 ft/sec, we have 3 = (3 (L vZ) = v =3-640. For the projectile height,

320
s = —16t% + vot (sinces = O att = 0) = % = v = —32t 4 vy. At the top of the ball's path,v=0 = t— 32
TS vo)2 Yo _v§_3-640_
and the heightis s = —16 (33)” + vo (33) = & = 25° =30 ft.
11. From the symmetry of y = 1 — x", n even, about the y-axis for —1 < x < 1, we have X = 0. Tofindy = 3, we

use the vertical strips technique. The typical strip has center of mass: (X ,¥ ) = ( X, ) , length: 1 —x",
width: dx, area: dA = (1 —x") dx, mass: dm = 1 - dA = (1 — x") dx. The moment of the strip about the

ny2 1 n 1 n+1 2041
x-axis is Y dm = —“_2") dx = M, = f71—<1_2x P ax = Zfo T —2x+x) dx = [x — 25 + X ](1)

n+1 2n+1
—1--2_ 4 — +DHE@n+DH-2@n+DH+@+1) _ 20 43n4+1-4n—2+n+1 _ 2n?
PES IR CESICIES) EESIOTESY CESIOTES IR
1 1 1 o1
— _ n _ n _ X" _ 1 _
AlsoM= [ da= [ (1-x)dx=2 [ (1-x)dx=2[x~ %] =2(1— ;1) = 2. Therefore,
y=%= (n+1§?22n+1) SOED = o0 = (0, 5% is the location of the centroid. Asn — 00,y — 150

the limiting position of the centroid is (0, 1) .
12. Align the telephone pole along the x-axis as shown in the
accompanying figure. The slope of the top length of pole is 14.5

Gossl L L 45-9)= Thus, (0.9—) \ Aol

55
40 87 8m-40 8n 8()

Y= & + k5 X = o= (9 + # x) is an equation of the T\U X
T us 9
(o-5)

line representing the top of the pole. Then, Bn \( 40, <14 5‘)
' 8m
My:j;x 7Ty2dX—7Tf 8Tr 9—1—:3(') )]de
2# . x(9+%x) dx;M:f my? dx
—n [T 0+ X)) o= 2 [0+ 1x) dx. Thus, X = ¥ ~ 1279 93,06 (using a caleul
=7 ), [&( +%x)] x=g= ), (9+ g x) dx. Thus, X = 3 ~ 22 ~ 23.06 (using a calculator to compute

the integrals). By symmetry about the x-axis, y = 0 so the center of mass is about 23 ft from the top of the pole.

13. (a) Consider a single vertical strip with center of mass (X ,V ). If the plate lies to the right of the line, then
the moment of this strip about the line x = bis X —b)dm = (X —b)6§ dA = the plate's first moment
about x = b is the integral [ (x —b)§ dA = [ §x dA — [§bdA = M, — bSA.

(b) If the plate lies to the left of the line, the moment of a vertical strip about the line x = b is

(b—X)dm=(b—%X )6 dA = the plate's first moment about x = b is f (b—x)6 dA = fbé dA — f 6x dA
=bdA — M,.

14. (a) By symmetry of the plate about the x-axis, y = 0. A typical vertical strip has center of mass:
(X,Y) = (x,0), length: 4\/a7, width: dx, area: 4\/a_x dx, mass: dm = § dA = kx - 4\/a7x dx, for some

proportionality constant k. The moment of the strip about the y-axis is M, = f X dm = fo ' 4kx?/ax dx

= dky/a [ X2 dx = 4k\/a [2x7?]" = 4kal/2 - 272 = 890 Ao, M= [dm = [ 4kx\/ax dx
5

:4k\/_fa 3/2dx:4k\/5[2x5/2]a:4ka1/2~%a5/2:Sk"‘ Thus, x—%:%&-%:7a

= (X,¥) = (2,0) is the center of mass.

(b) A typical horizontal strip has center of mass: (X ,y ( > = (2 §u4a2 ) y) ,length: a — E,

width: dy, area: (a— —) dy, mass: dm = 6 dA = |y| ( Z—) dy. Thus, M, = fy dm
0
fhylyl (a— —) dy=[ -~y (a— —) dy + f (a— —) dy
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71\0 2y 4 fzazyAd, a3y v 1" a3 _ ' 1*
=)L )W (W T m)WE T3 T, T 3Y T

0
4 4 4
8:251 32203;1 a 32203;1 = 0 M fX dm fZa(y e ) |y‘ (a_ _> dy

= &S ) () ay = o [ vl (16a - 1) ay

—2a
6

1 0 4 5 1 = 4 5 1 A 1 a2 ™
:Wfizﬂ(fl6ay+y)dy+@f (16ay7y)dyzw[78ay +g]_23+m{8ay —g}

0
— a2 _ 04 _ 6’| _ 1 6 _325) _ 1 2 6) — 4 44.
= e {83 } 77 [Sa 6 } = Toa? (32a =5 ) T w5 B320) = 3%

M= [am= [yl (525) ay = & [yl (422 —y?) dy
1 s v']° L [h202 v
=4 78( 4ay+y)dy+4af 4ay y)dy——[2ay +7] +E{2ay—7]0

=2-4 (207422 - 19%) = L (8a® — 4a’) = 2a°. Therefore, X = ¢ = ($a') (k) = % and

y= — = 0 is the center of mass.

15. (a) On [0, a] a typical vertical strip has center of mass: (X ,¥ ) = ( *X” L ”‘2) ,

length: Vb2 — x2 — /a2 — x2, width: dx, area: dA = (\/b2 —x2— /a2 — x2) dx, mass: dm = ¢ dA

=6 (\/b2 —x2— /a2 — x2) dx. On [a,b] a typical vertical strip has center of mass:
(X,Y) =[x, Vb?—x? , length: \/b? — x2, width: dx, area: dA = /b? — x2 dx,
2

mass: dm = § dA = §v/b? — x? dx. Thus, M, = [¥ dm
- [1 \/b2—x2—|—\/a?—x2 1) \/b2—);2—\/212—x2 dx + bl\/b2—x2(5\/b2—x2dx

j(‘)?( a 2

a b a b
=5 102 —x) — @ - dx+ & [0 - x)dx =2 (02 —a2)dx+ & [ (b2
b

Bl —at)xly+ 4 b= %] =4[ —at)al + (60— %) - (b*a—F)]
zg(abz—a3)+%(%b3—ab2+§)Zg—%‘lg—é(b}"‘&) M, = [X dm

a b
:fox6<\/b2—x2—\/a2—x2) dx+fx5\/b2—x2dx

—6j;x b2 — x2)? dx — (5f )I/de—f—éf —x)"? dax

s 2(b27x2)3/2 5 2(327x2>3/2 4 5 2(b27x2)3 2]°
- 2 3 +3 3 0 T2 3
0

a

3/2 3/2 3/2 3/2 3 _ a3
= 4§ =) - ) o @] - g o 0F - = - = e

We calculate the mass geometrically: M = 6A = 6 (”sz> -6 (”—“‘2) = 9 (b2 — a?). Thus,X = %

4

56 —a?) 4 4 (v—a?) _ 4 b—w)(a+ab+b?) _ 4(a+ab+bD) | iy
=T 3 Tm-a)  m\bvr—a2) T 3 (b-ab+ta _  3n@tb) ; likewise
< _ M, _ 4(a’+ab+tb?)

Y= M = " 3n@atv

: 4 (a®+ab+b>\ _ (4 (a®+a’+a®) _ (4) (322 _ 2a < ) _ (2a 2a); it
(b) bhina 1= ( P ) = (g) ( Tra ) = (g) (ﬁ) =2 = Xy = (7,;) is the limiting
position of the centroid asb — a. This is the centroid of a circle of radius a (and we note the two circles

coincide when b = a).
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Chapter 6 Additional and Advanced Exercises

16. Since the area of the traingle is 36, the diagram may be
labeled as shown at the right. The centroid of the triangle is
(4, 2'). The shaded portion is 144 — 36 = 108. Write
(x, y) for the centroid of the remaining region. The centroid
of the whole square is obviously (6, 6). Think of the square
as a sheet of uniform density, so that the centroid of the
square is the average of the centroids of the two regions,

weighted by area:

_36(%) +108(x) _36(%) +108(y)
6= =15 and 6 = 144
which we solve to getx =8 — § andy = @. Set

x = 7 in. (Given). It follows that a = 9, whence y = %

= 7% in. The distances of the centroid (x, y) from the other sides are easily computed. (Note that if we set y = 7 in.

above, we will find x = 75.)

17. The submerged triangular plate is depicted in the figure
at the right. The hypotenuse of the triangle has slope —1
= y—(—2)=—-x—-0) = x= —(y+2)is an equation
of the hypotenuse. Using a typical horizontal strip, the fluid

pressure is F = f(62.4) . (;;E&) - (1::;)}1) dy
-2 -2
= [ @24y +Ddy =624 [ (y* +2y)dy
-2
=624 % +y?] =624 [(—+4) - (-4 +36)]
= (62.4) (%8 —32) = @402 ~2329.6 1b

18. Consider a rectangular plate of length £ and width w.
The length is parallel with the surface of the fluid of
weight density w. The force on one side of the plate is

2

F= wfj)w(—y)(ﬂ) dy = —wl H (i = b The

0
average force on one side of the plate is F,, = % f Y (—y)dy

270 I?
=« X = 9% Therefore the force 242~
w 2] 2 2

= (%) (fw) = (the average pressure up and down) - (the area of the plate).

12

(xy)

12

-6

x=-(y+2)

(4)'6)

one
side
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NOTES:
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