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(b) Washer: V=V;+V,
Vi= fablw (IR1(x)]? — [r1(x)]?) dx with Ry(x) = ,/X;Z andr(x) = 0;a; = —2 and b; = 0;
Vo= 7% (RO — [201?) dx with Rax) = /25

= two integrals are required
d d
© Shell: V= [“om () (e ) dy = [Ty (20, ) dy where shell height = y* — (3y* — 2) =2 ~ 2%

¢ =0and d = 1. Only one integral is required. It is, therefore preferable to use the shell method.

ﬁ;aQ:Oandbgzl

However, whichever method you use, you will get V = 7.

40. (a) Disk: V=V; — V5 —V3
d;
V., = fc 7T[Ri(y)]2 dy,i=1,2,3withRi(y) =1landc; = —1,d; = 1; Ra(y) = \/§and ¢, =0anddy = 1;
Rs(y) = (—y)l/4 and c3 = —1,d; = 0 = three integrals are required
(b) Washer: V=V +V,y
4
Vi= f (R = [6(I*) dy, i = 1,2 withRi(y) = Lri(y) = /y,c1 = Oand dy = [
Ro(y) = 1, 15(y) = (=y)/*,c; = —l anddy = 0 = two integrals are required
b shell \ ( shell b shell - 2 4 2 | 4
(¢) Shell: V= fl 27 (radius) (height)dx = fd 27rx(height>dx, where shell height = x* — (—x*) = x* 4+ x*,
a=0andb =1 = only one integral is required. It is, therefore preferable to use the shell method.
However, whichever method you use, you will get V = %‘"T.

4. @ V= [ 7R -] dx= [ [(\/25 - x2)2 - (3)2] ax=r[ 25— —9dc=n[ (16— x)dx

=6 - ) — (64 4 ) = 2

SOOﬂ

—7T[16X— X7

(b) Volume of sphere = %w 5) 256m __ 244

_ 500m _
= Volume of portion removed = >37 — =% = =5
TR
42. V= [T (el ) (e ) ax= [ 2mxsine — 1) dxfu=x 1= du=2xdix = 1 5 u=0,
X = 1—|—7r:>u:7r]—>7rj;sinudu:—w[cosu}g:—ﬂ(—l—l):%r

43. V = f 27 r;}(‘ifgs (hfz%l) dx = j;r27rx (—%x —|—h)dx = 27rf0r (—%x2 + hx)dx = 277[—%x3 + %xz];

_ h 2h | _ 1 2
=2r(-+ ) = Ireh

44. V = f2 ritéfgs (hsgzgl)dy—j;Zwy[\/rZyz(\/rzyz)]dy—47rf0 yﬂdy

0 2
[u:r2—y2:>du:—2ydy;y=O:>u:r2,y:r$u:O]—>—2771;2\/ﬁdu:27rf; u'/2 du

=W = e
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Section 6.3 Arc Lengths 347

6.3 ARC LENGTHS

L& 13024 ox= /(¥ +2)-x
3/2

= L= [T+ 2+ dx = [ VT2 + 1t dx T v= 22
:j:«/(1+x2)2dx:f:(1+x2)dX: [er";]z

=3+¥=12 .
3
dy _ 3 A P 0 y
2. a:5\/;:>L:j; 1+ZXdX;[u:1+zX .
= du=3dx = Jdu=dx;x=0 = u=1;x=4
10 =X3/2
S u=10) = L= [T (G = G Y
8
=% (10v10-1) 1 .
4
dx 2 1 dx2 4 1 y
X= —— 4

3 173 27 1 1 1 1 1 1 (=1-4+3) (2)
_—[y% y4]1__(T_ﬁ)_(i_z):9_ﬁ_§+1 9+ 12 =9+ 6
dx 11/2 1-1/2 s dx 2 1 2 1 Y
4 ay — 2y Y (_y> 71(5 +y)

(Vo+ >

I
- o
PN
/N
«<
_|_
[\
_l’_
< =
N——
CL
[\3|>—l

~—
Q..
| \

f ( 12 4 y=1/2

1 1
2 2
3/2 9 3
3
{L+wﬂl=@+®—@+n=n—%:;

2
dx _ 3 1 d ] 1 1
S E=y-g o (§) =y -t .
: 21 X" 4 gy2 -
;»L:f¢1+ye_%+ﬁdy /
1-

— (6 _ _1 (L Y=y L _ 11 _ 128-1-844 _ 123
—<4 ) (G-3%)= R"itsT T 2 T
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348  Chapter 6 Applications of Definite Integrals

2 2 _ Yy
6. %:%”*ﬁ:$(3)223¢*2+y4> AL

= L= f\/1+ —2+y1)dy 2 ° 2

1 3
1 1 2 1 8 1 1 (26 8 1 1 1 13
Q[YT } =3:[(F-3)-G-)]=:(3-5+3)=306+3)=7F
2 o/ Y
7. P=x1B_1x18 = (?TZ) :x2/3—%+xlzs 20
3 - 3X4/3 3X2/3
_ 1 X723 _ e
= L= [ 148 L7 dx 1] y=E—Tas
8
_ 1 x %3
_fl X 4 5+ Mg dx 0
x1/3+lx*1/32dx: 8 1/34_%)(71/3) dx 5
— [2 4/3+ 3X2/3] [2X4/3+X2/3] 2 4 6 8 *
=2[(2-24+22) - (2+1)] 332+4-3)=
dy _ (2 4
8. =X +2x+1-glmp=x"+2x+1- 4(1“)9 y y=£+x2+x+ 1
3 4x+4
_ 2 1 d _ 4 1
=40 = iy = (d_y> =1+%" — 3+ wrmy
:>L:f0 \/1+(1+x)4—%+%dx 41
? 41, (! l
= [t G g X

:f()z\/[(1+x)2+%]2dx ! 2

2 )2
:j;[(1+x)2+%} dx;u=14x = du=dx;x=0 = u=1,x=2 = u=23]
3

— L= [l s [ ] = 0 ) - (- ) = e e

<

2
9. §=secly—1 = (g—;) =secly — 1
1 Iy 3/4'
= L= f/4\/1+ (secly — 1 dy—fiﬂ sec?y dy //

/4

= [tan y] " /4—1—( =2 ’_::_J/

2
10.%:\/3x4—1é(3—y> =3xi—1 it

s L= [V e [ Vae e y=JyEt T e
=3[ =R = By =1 :

3
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Section 6.3 Arc Lengths 349

dx

- L= f,/1+ ® dx 3

= fil\/l T 4x2 dx

(c) L=6.13

1. () ¥ =2x = (dY) - (b) ,

B e Saa AN X SISy RRRS I RENS S

dx dx

= L= fi/} V' 1+ sectx dx

(¢) L~2.06

2
12. () & =sec’x = (d_y) = sec’ x (b)

2
13. (a) g—; =cosy = (g-;) =cos’y (b) v

éL:fOW\/lecos?ydy iy

(¢) L~3.82 ,

L z =siny

o704 0% o8 1 X

2 2
14. (@) &=- wY__y N (d) :1y2 (b) y

_ 1/2 _1/2
f e dy

(c) L=1.05

NOT TO SCALE

2
15. (a) 2y—|—2:2§—§ = (%) :(y+1)2 (b) "

3
= L=f71\/1+(y+1)2dy
(¢c) L=~9.29
v+2=22+1
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350  Chapter 6 Applications of Definite Integrals

2
16. (a) %:cosx cos X + X sinx = (%) =x2sin’x (b) y
. 3
_ 2 in2
= L—j; 1 + x? sin? x dx 25} y=sinz—zcosz
(© L~ 470 ,
15
1
05
0 X
d dy)? 2 ()
17. (a) § =tanx = (d—i) = tan®x y

/6 P 2 g
_ / +
= L= f v 14 tan2x dx = f sin Z‘OS_C"‘ X dx o2
X
0.1 P
_ _ y _/ tan tdt
—j; oux f sec x dx o

(¢c) L=~0.55 - = —In cos(x)

2
18. (a) g—;:\/sech—l = (g—;) =sec’y — 1 (®) v
A
/4 = ["\sec? t—1dt
= L:fiﬂ/ﬂ/l—l—(sec?y—l)dy A7 J Vsee

/4 /4
= fim [sec y| dy = fimsec y dy

(¢) L~220 -1 / 1
-1 1

19. (a) (%) corresponds to 4 here, so take dy as 3 \/— Theny = \/_ + C and since (1, 1) lies on the curve, C = 0.

Soy = /x from (1,1) to (4,2).
(b) Only one. We know the derivative of the function and the value of the function at one value of x.

2
20. (a) (%) corresponds to 4 here, so take dy as % Thenx = — < —|— C and, since (0, 1) lies on the curve, C = 1

Soy =

1 -x*
(b) Only one. We know the derivative of the function and the value of the function at one value of x.

2. y= j:\/ cos2tdt = g—i =+y/cos2x = L = j;)W/A\/ 1+ [\/COSZXFdx = j;)ﬂ/4\/1 + cos2xdx = j:/“\/ 2cos?x dx
= & 2cosxdx = smx 2sin(Z) — 4/2sin(0) = 1
[N Valsina]§* = /2sin(5) — v/2sin(0)

FUE

1 1
_ / 1—x2/3 / 1 _ 1 _ 1 _ “1/34 _ 3 [42/371
- f\/—/4 1 + A s dx = f\/E/A 1 + 2B ldx = f\/E/A x2,/3dx - f\/a/4xl,’3dx - f\/E/A‘X / dx = 2 [X / ] \/5/4

2/3
=31 - ;(@) =3 -3(1) =2 = total length = 8(3) = 6

, 2 2
2. y= (11— L cxc1s Y= 3(1-x8) P (2 1) = LT Ly ffﬂ\/ljt[ u-—ey” ] dx
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Section 6.3 Arc Lengths 351

y=3-2%0<x<2=¥=_2= L:L2\/1+(—2)2dx:ﬁ)2\/§dx: [ﬁxr
d= /202 + (B (-1 =25

23.

2./5.

24. Consider the circle x“ 4+ y~ = r”, we will find the length of the portion in the first quadrant, and multiply our result by 4

=\/r —X20<x<r:>dy—\/r2—x2:>L 4f l+[ ]dx4f\/l—|— dX—4f\/ — dx

T T
T _ dx
4 0—Tix2dx74rﬁ) o

25. o =y(y—-3)7 =& [9#} =4 [y(y

Syl =37 = 18x8 =29y = 3) + (y -3 =3y -3y - 1) = & = L=
2
= dx = 7@ 0 =D qy: ds? = dx? + dy? = {7y 3giy71)dy] +dy? = =3y -1 336}(2 Ldy? + dy? = =3y -1 7;()y(_y3)721) dy? + dy?
Rty B 2
_ {(y4y1) n l}dyz _y 2y4§1+4ydy2 _ (ny) dy?

26. 42 —y? =64 = L [4x —y} 5{64};»sx_zydy:o;»dy_‘*—*:»dy:‘*?xdx;d@:dx%dy

—dx 4 [%dx} = a4+ 24 = (14

27, \/§x=f:,/1+(fi—{)2dt,x 0= 2=

(—X) = ¥ = £1=y=1f(x) = £x+C where C is any real
number.

16x )dZ y+16xd2
y”

2_ 2 2_
4x 642-&-16x dxz — 20x = 64dX2 _ %(SX _ 16)(1
y y

28. (a) From the accompanying figure and definition of the

differential (change along the tangent line) we see that

=f(x)
dy = f'(x,;) A x, = length of kth tangent fin is
VA XD+ [y = /(A x)? + /() A x?.
- Tangent fin
(xk- l’f(xk-l)) with slope
— Axk f'(xk_])
>x
Xg-1 X

(b) Length of curve = ILmOO é (length of kth tangent fin) = lim 3 \/ (A x)2 + [ (X)) A xi ]2

= lim 3 VT 0 0P Ax = [ /TT PP de

29. > +y’=1=y=V1-x3P={0,11, 3,

EV(E N It \/(25)2 (£-£) +/u-+(0- ) =

+

30. Let (x1,y1) and (X2,y2), with X, > Xy, lieony = mx + b, wherem—iz y‘ , then Gly—m:L f v/ 1+ m2dx
=V1+m?[x]2 =V1+mi(xp —x)) = /1 + (222 (XZ_XI): Co=x1)"+ (2 =)’

(x2 —x1)*
(xa=x1)*+ (y2=y1)°

WL (s —x) = - )+ (02— )
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352  Chapter 6 Applications of Definite Integrals

3Ly =2x32 5 & = 3xV2 L) = [C\/14 302 dt= [T \/T+0tdt [u=1+9=du=9dt=0=u=1,

10y/10—1
t=x=u=1+9] — éf] \/ﬁdu: 2 [u¥?] i+9x = 2(1+9%)" = 2;L(1) = 2(10)* - 2 = %

(x+1)

32. y:%3—|—x2+x—|—4xl+4:>g—izx2—|—2x+1—ﬁ
o 2 1 (t+1)* [t —1)*
_fo\/l+ (t+1) TCEY) } dt = f [ ] t_f 16t+1

16(t+ D* +16(t+ 1)  —8(t+ 1)* +1 f 16(t+ D*+8(t+ 1) +1 x [4(+D)* +1]°
f\/ 16(t+1)* dt = \/ 16(t+1)* dt* 0 16(t+1)* dt

. (t+1)"+1
f04(t+ dt = { t+1)]dt[u_t+1:>du_dtt_0:>u_1t_x:>u_x+1]

x+1 i xH :
= ]du:[w—iu']l = (H+ 0 = i) = =9 = 30+ ) - iy —

33-38. Example CAS commands:
Maple:
with( plots );
with( Student[Calculus1] );
with( student );
f:=x->sqrt(1-x"2);a :=-1;
b:=1;
N:=[2,4,81;
for nin N do
= [seq( a+i*(b-a)/n, i=0..n )];
pts := [seq([x,f(x)],x=xx)];

L := simplify(add( distance(pts[i+1],pts[i]), i=1..n)); # (b)

T := sprintf("#33(a) (Section 6.3)\nn=%3d L=%8.5f\n", n, L );

P[n] := plot( [f(x),pts], x=a..b, title=T ): # (a)
end do:

display( [seq(P[n],n=N)], insequence=true, scaling=constrained );
L := ArcLength( f(x), x=a..b, output=integral ):
L=evalf(L); #(c)

33-38. Example CAS commands:
Mathematica: (assigned function and values for a, b, and n may vary)

Clear[x, f]
{a,b} ={—1, 1}; f[x_] = Sqrt[1 — x2]
pl = Plot[f[x], {X, a, b}]
n==_§;
pts = Table[{xn, f[xn]}, {xn, a, b, (b —a)/n}])//N
Show[{p1,Graphics[{Line[pts]}]}]
Sum[ Sqrt[ (pts[[i 4 1, 111 — pts[[i, 111)* + (pts[[i + 1, 211 — pts[[i, 2]1)*], {i, 1, n}]
Nintegrate[ Sqrt[ 1 + f[x]*],{x, a, b}]
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6.4 AREAS OF SURFACES OF REVOLUTION

2
1. (a) %:SCCQX = (g—i) =sec’x

/4
= S= 277[0 (tan x) v/ 1 + sec? x dx

(c) S~3.84

dy dy 2 2
2 (@) =2 = (T) — 4x

2
:>s:27rf0x2 1+ 4x2 dx
© S~ 5323

2
_ 1 &1 a\?_ 1
3@ xy=1=x=l=&=_14 (dy) =3
2
= s=2r[ 1 /T+yTdy

() S=~5.02

2
4. (a) j—;:cosy = (g—;) = cos’y

= S:27rfoﬁ(siny)\/1+0052y dy

(c) S=14.42

5. (@) xX24+y2=3 = y=(3-x2)’
= $=2(3-x) (- 1x 1)
- (3) -0y
= S= 27rf14(3 — x!/2)? \/1 + (1 - 3x1/2)* dx
() S~ 63.37

Section 6.4 Areas of Surfaces of Revolution

(b)
y
l -
0.8
0.6 -
0.4+
y=tanx
02
1 1 1 1 ¥
0 0.2 0.4 0.6 0.8
(b)
y
4 -
3T y= ¥?
2 -
1 -
1 1 I I ¥
0 0.5 1 15 2
(b)
y
X
(b)
y
3
25+
2+
1.5+
I x=siny
0.5+
1 1 1 1 1 x
0 02 04 06 08 1
(b)
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354  Chapter 6 Applications of Definite Integrals

= S:27rf12(y+2\/§)\/1+(1+y*1/2)2dx T

(c) S~51.33

3 34 38 42 4648

2
7. (a) j—;:tany = (g-;) =tan’y (b) ,

= S:27Tj:/3(j;ytantdt> VTt an?y dy i

0.8

/3 y
= 27rj; (j; tantdt) secy dy 0.6

(c) S=~~2.08 04 / andr

0.2

1 I ! 1 1 1 1
0 01 02 03 04 05 06 0.7

X

8. (@ L=Vx-1= (31—1)2:)8—1 (b)
N s:zwflﬁ(ff\/@—mt) I+ (& 1) dx al e[
:27rflﬁ(flxvt2—ldt)xdx 0.:4—

0.6

(C) S ~ 8.55 04k
0.2

0 1 I L 1 1 1 &
1 12 14 16 18 2 22

b 2 4 4
9. y=3 = & =bs=[my 1+ (%) a = 5= [[2r(3) /1 +Fdx = [ xdx

,14
= ”Tﬁ {%} = 47+/5; Geometry formula: base circumference = 27(2), slant height = /42 + 22 = 2,/5
0

= Lateral surface area = % (4m) (2 \/g) = 474/5 in agreement with the integral value

d 2 2 2
10, y=3 = x=2y = %:2;8:‘];27“\/1—#(3—;) dy:j;27r-2y\/1—|—22dy=47r\/§ﬁ)ydy:27r\/§[y2 2
= 27\/5 -4 = 87T\/§; Geometry formula: base circumference = 27(4), slant height = /42 4 22 = 2\/5
= Lateral surface area = % (8m) (2 \/5) = 877\/5 in agreement with the integral value

& =Lis= [2my 1+ dl dx_f27r(x+l)\/1+ (1) dx = =5 [+ D dx _i[ +x]

:”\/— [( —1—3) ( + )] T\/_(4—1—2)—377\/7 5; Geometry formula: r; = + L—1,1= 3—1———2
slant height = \/(2 -1D2+3B-1)2= \/_ = Frustum surface area = 7(r; + rz) X slant height = 7(1 + 2)\/5
= 37r\/§ in agreement with the integral value

d 2 2 2
12.y=3+4 = x=2%-1= &=25=[om 1+(§—§) dy = [ 2r@2y - Dy/T+4dy=2m/5 [ @y D dy

=2m/5[y? —y]} = 2m/51(4 —2) — (1 — 1)] = 47\/5; Geometry formula: r; = 1,1, = 3,
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Section 6.4 Areas of Surfaces of Revolution 355

slant height = \/ Q-1)2+@3-1)2= \/g = Frustum surface area = 7(1 + 3)\/7 = 47r\/§ in agreement with

the integral value

2
dy _ 2 dy \" _
3. =% = (%) =

[SIFEN=1Io N
5]
Il
< v
Y
B
o
Lo
+
ofL
o
el
<

[u:lJr%‘édu: x3dx:>%du:"§zdx, 3
x=0=>u=1,x=2 = u:%] y==_9--
B/ 25/9
T [2
—>S:27‘(’L[v1 u1/2.%du:§§u3/2]1 . X
T (125 _m (125-27\ _ 98
_§(7_ )_§(T)__l
14, & — 14-1/2 dy 2_ 1
'dx_§ = y
15/4
= S—f 2my/x (/1 + £ dx 194+ y=Jx
15/4 3/2 15/4
_ [ 2 1 874
=27 » x—i—ZdX—Zw{g(x—i—Z) }3/4 0.87
_4m (15 | 1\3/2 3, 1\3/2] _ 4x [/4)3 -+ +
—T[(Zﬂ) -(3+3) }—7[(5) *1} 0.75 375
__ 4m __ 287
=53 @-D=75
15 & _ 1 @=20 _ _1-x )2 a—x2
. E_E\/Zx—xz_\/Zx—xz dx T 2x—x? y

15
= s= [ 2mv/2x —x2 /1 4+ 120 dx 1] e
1.5 21— 2 y—-JZx-—xz
227Tf /2X—X2 V2x—x*4+1-2x+x* dx
05 V2x —x2

- 27rf1'5dx — 2r[x]hE = 2
0.5 0.5

16. & = L

d

=A< ( y) = oD 5

R e WY (s 2o} /y;""_’“/_’/
=27Tf15\/mdx=2wf x+ 3 dx 144

5

e 9o ]
_4_w[(25 3/2 ] (i_f)

- 3 3 73 23

=1(125-27) = 98—ﬂ:4977f

x

2 1
X X 2my? .
17. 8=y = (&) =y' = 5= [ 2 /T+yldy; y
u=1+y" = du=4y’dy = jdu=y'dy;y=0

:>U—IY—1=>U—2]—>S_f27r 1/2(1du)

=ifwra= g e = 5 (VE-)
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356  Chapter 6 Applications of Definite Integrals

18. x = (% y3/2 — y1/2) < 0,when 1 <y < 3. To get positive

y
area, we take x = — (1 y3/2 — y1/2) 1 a2 _y12
X=|— - S
dx 1 (y1/2 -1/2 ax )’ 1 -1 (3y ’ ) 3
= 52—5(37 -y ):> (@) :Z(y_2+y )
= S=— f27r y/2 — yt/? \/1 ;(y—2+y")dy l1
— on [Ty -y )\ JE(yr 2y ) dy - X
-0.67

3 [ (v1/2 4 y—1/2)2 3 3
= om [ (Ay¥2 g2y VT gy e [Ty12 (1y - 1) (yl/ﬂﬁ) dy=—n [ (Ay-1)@+Ddy

3 5 ) 3
S S DL R U BT (R SRR R R CRY

1
— I (-18—1+43) =1

2 15/4 15/4
9. %= » (8) =5 = 5= [ iy e G w = )] VA T
15/4 5
—an [ VE Yy = an [Fe -y = - (5 ) s = g [(0) - 5]
= (5V5-3f) = g (L) - fs

+14+1)

2 1 1 1
dx 1 dx 1 1
20 &= o (@) = = s= [ oy =T\ i+ 5 dy=2nf JOy— D+ Tdy=2r] 2y dy

=2nVa [y = 2 [ - ()] = 2 (1 3F) = 2 (25 7) = & (16v2 -

1
2l s=2nf \/ay—1 1+(¢—) dy = 27 l/,/2yf J1+ 5 dy=2n 1/2,/2y7 2

3

20 [} B0y =22 [ i = 2B 1571, =22 (VR - (1) )]=2ﬁw<%—ﬁ)

2E (35) = ¥ (- )

V2
22, y=1(2 42" = dy=xV/+2dx = ds= T+ (22 tx)dx = S=2r[" x/1+ 2+ x* dx

NG
_27Tf xy/ (x2 + x—27rf (x2+1) x—27rf x—l—x)dx—27r{ —|—X2—2]0 :271'(%—1—%

2
23, ds = /A +dy? =/ (y0 - k) +1dy_\/(y6§+1gy6)+1dy_,/(y6+;+lgyﬁ)dy

2 2 2 2
(v+ k) dy=(+55)dys= [2nyas=2n [Ty (v*+ ) dy =2n [ (v' + Ly ?) dy
2

=or [£ -4y =on[(2-

RO B R R TUEIPERE -

o0

2 /2
24, y =cosx = g—i:—sinx = (%) =sin?x = S:27rf /Q(Cosx)\/1+sin2xdx
=T,

2
2. y = ﬁfﬂ:>%:%wﬁf>1”<M>‘fzaé(%)zﬁfm

= s=2nf Va—x2\[1+ g de=2n [ \/(a? — ) +x2dx = 27 [ adx = 2malx),

= 2maa — (—a)] = (2ma)(2a) = 4ma?
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2

2 2., 2
26.y:§x;»ﬁ:£;»(dl> — 2 s s=or [rx 14 Bax =2 [ rx /B dx

dx h dx

h”+r2 f xdx = 25 \/h2 4 [%]h 2 /h2 + 12 (%) = 7ry/h? + 12

27. The area of the surface of one wok is S = f 27rx~/1+( ) dy. Now,x>2 +y> =16 = x = \/1627_}72
X — X 2 - > -7
= ?Ty = 162y_y2 = (ﬁ—y) = 162y 7:S = j:m 2my/16%2 —y2 /1 4+ mzy__yz dy = Qﬂfim (162 — y2) + y2 dy

;
= 27rf716 16 dy = 327 - 9 = 2887 =2 904.78 cm?. The enamel needed to cover one surface of one wok is

V=S-0.5mm=S-0.05cm = (904.78)(0.05) cm® = 45.24 cm®. For 5000 woks, we need
5000 - V = 5000 - 45.24 cm® = (5)(45.24)L = 226.2L = 226.2 liters of each color are needed.

2 a+h
_ /2 2 dyy 1 2x  _ —x x)" g f S22/ X2
28. y=+Vr X* = 3= ST T = (_dy) =g S=2m . T X 1+ 22 dx

a+h
=27 f —x2)+x2dx = 2mr | dx = 2mrh, which is independent of a.

2 a+h
2oy=VR-¥ s f=f =g = (§) setws=m VR -l gt
a+h a+h
=2 [ /RE )+ dx=2rR | dx=2rRh

>

X — X 2 2
30. (@) x* 4y =452 = x=/45" -y = =g = (S—y) =
45 5 45 45
s= [ on Ay 14 S dy=2n [ @ iy dy=2n-45)  dy

= (2m)(45)(67.5) = 60757 square feet
(b) 19,085 square feet

31. (a) An equation of the tangent line segment is
(see figure) y = f(m,) + f'(m,)(x — m,). /)' f(x)
When x = x,_, we have
r; = f(my) + f'(m)(x;_; — my)
= f(my) + f'(my) (— ) = fmy) — £'(m) 5

when x = x, we have 1 ! r,
ry = f(my) + f'(m)(x, — my) o i
= f(my) + f'(my) 5 : r
(b) LY = (Ax)? + (1 — 1y)? e T K
Je Ax, —

= (Ax)* + [f’(mk) % _ (_f/(mk) Aka)]Q
= (Ax)” + [f'(mIAX]* = Li = /(Ax)? + [f'(m)Ax,], as claimed

(c) From geometry it is a fact that the lateral surface area of the frustum obtained by revolving the tangent

line segment about the x-axis is given by AS, = 7(r; + )Ly = w[2f(m,)] \/ (Axk)2 + [’ (my) Ax, ]2
using parts (a) and (b) above. Thus, AS, = 27f(m) /1 + [f'(my)]? Ax,.
n n b
(d) S=_lim_ g AS, = lim_ k; 27f(my) /1 + [F/(m)]2 Ax, = f 27f(x) /T + [F ()2 dx

dx x1/ dx x2/3 X273

= s=2 2m (1= 14 (F 1) dx=dr [ (1—x22)" /x5 ax

32 y = (1=8)" 5 =3 (1 -9 (<) = U o () - -
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_47rf 2/3 x /3 dx; [u:leZ/3 = du= 7%)(1/3 dx = f—du*x’l/3 dx;

x=0 = u=1x=1=u=0 - S=4r [ v (=3 du) = —6r [2u/?)) = —67 (0— %) = 2=
6.5 WORK AND FLUID FORCES

1. The force required to stretch the spring from its natural length of 2 m to a length of 5 m is F(x) = kx. The work done
3 3
byFisW= | Foodx=k [ xdx=%[x2]} = %. Thisworkis equal to 1800J = Jk = 1800 = k = 400 N/m

2. (a) We find the force constant from Hooke's Law: F =kx = k= ; = k= = 200 Ib/in.

2
(b) The work done to stretch the spring 2 inches beyond its natural length is W = f kx dx = 200 f x dx = 200 {"7]

=2002 —0)=400in-1b =333 ft-Ib
(c) We substitute F = 1600 into the equation F = 200x to find 1600 = 200x = x = 8 in.

0

3. We find the force constant from Hooke's law: F = kx. A force of 2 N stretches the spring to 0.02 m = 2 = k - (0.02)
= k = 100 X. The force of 4 N will stretch the rubber band y m, where F=ky =y = =y = 16‘% =y=0.04m

0.04 0.04
= 4 cm. The work done to stretch the rubber band 0.04 m is W = . kx dx = 100 f x dx = 100 { } .
_ (100)(20.04)2 —0.08]
F 90

4. We find the force constant from Hooke's law: F =kx = k= = k= T = k=90 rlj] The work done to stretch the

5 5 ,15
spring 5 m beyond its natural length is W = fo kx dx =90 j; xdx =90 {%} 0= (90) (%) = 112517
21,714 _ 21,714

5. (a) We find the spring's constant from Hooke's law: F =kx = k= g =55 =5 = k=7238 %

0.5 0.5 0.5
(b) The work done to compress the assembly the first half inch is W = j; kx dx = 7238 j; x dx = 7238 [%2]
0

= (7238) @ = (7238;& ~ 905 in - Ib. The work done to compress the assembly the second half inch is:

1.0 1.0 ,1 1.0
W= [l cdx=7238 [ Cxdx = 7238 [5] = 28 [1 - 057] = P20 ~2714in - Ib

6. First, we find the force constant from Hooke's law: F =kx = k= = ﬁ =16-150 = 2,400 : "’ If someone
compresses the scale x = % in, he/she must weigh F = kx = 2,400 (%) 300 Ib. The work done to compress the scale
1/8 ,71/8
this faris W = [ kx dx = 2400 %] = 28 = 1875 Ib-in. = 3 fi-Ib

7. The force required to haul up the rope is equal to the rope's weight, which varies steadily and is proportional to X, the
50 50 57 50
length of the rope still hanging: F(x) = 0.624x. The work done is: W = fo F(x)dx = fO 0.624x dx = 0.624 ["7] .
=7801J

8. The weight of sand decreases steadily by 72 b over the 18 ft, at 4 1b/ft. So the weight of sand when the bag is x ft off the
b 18
ground is F(x) = 144 — 4x. The work done is: W = f F(x) dx = j; (144 — 4x)dx = [144x — 2x?] (1)8 = 1944 ft - Ib

9. The force required to lift the cable is equal to the weight of the cable paid out: F(x) = (4.5)(180 — x) where x
180 180
is the position of the car off the first floor. The work done is: W = j; F(x)dx = 4.5 j; (180 — x) dx
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,7 180 , ,
=45 [180x — %] © =45 (180° - 1) = 4250 — 72,000 ft- 1o

Since the force is acting toward the origin, it acts opposite to the positive x-direction. Thus F(x) = — X% The work done

sw= [ da=k [ b a= k1) =k (- 1) = e

Let r = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant rate,
the amount of water in the bucket is proportional to (20 — x), the distance the bucket is being raised. The leakage rate of
the water is 0.8 1b/ft raised and the weight of the water in the bucket is F = 0.8(20 — x). So:

2 2720
W= [08(20—x) dx =038 {20x - 7] =160 ft-Ib.

Let r = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant rate,
the amount of water in the bucket is proportional to (20 — x), the distance the bucket is being raised. The leakage rate of
the water is 2 1b/ft raised and the weight of the water in the bucket is F = 2(20 — x). So:

2 2120
w= [ 2(207x)dx:2[20x75]0 = 400 ft - Ib.

Note that since the force in Exercise 12 is 2.5 times the force in Exercise 11 at each elevation, the total work is also 2.5
times as great.

We will use the coordinate system given.

(a) The typical slab between the planes at y and y + Ay has
a volume of AV = (10)(12) Ay = 120 Ay ft?. The force
F required to lift the slab is equal to its weight:
F =624 AV = 62.4 - 120 Ay Ib. The distance through
which F must act is about y ft, so the work done lifting
the slab is about AW = force x distance
=62.4-120-y- Ay ft - Ib. The work it takes to lift all

20
the water is approximately W ~ > AW
0

20

=3 62.4-120y - Ay ft - Ib. This is a Riemann sum for
0
the function 62.4 - 120y over the interval 0 <y < 20. The work of pumping the tank empty is the limit of these sums:
20 20
W= j; 62.4 - 120y dy = (62.4)(120) [y;] . = (62.4)(120) (@) = (62.4)(120)(200) = 1,497,600 ft - 1b

(b) The time t it takes to empty the full tank with ( f—l)—hp motor is t = 25:’@ = 1’49275’5%""3 = 5990.4 sec = 1.664 hr

sec

= t &~ 1 hr and 40 min
(c) Following all the steps of part (a), we find that the work it takes to lower the water level 10 ft is

10 10
W= fo 62.4 - 120y dy = (62.4)(120) H , = (62.4)(120) (190) = 374,400 ft - Ib and the time is t =

= 1497.6 sec = 0.416 hr ~ 25 min
(d) In alocation where water weighs 62.26 }TI?}:
a) W = (62.26)(24,000) = 1,494,240 ft - 1b.

b) t = L8220 — 5976.96 sec &~ 1.660 hr = t ~ 1 hr and 40 min
Ib

In a location where water weighs 62.59 3
a) W = (62.59)(24,000) = 1,502,160 ft - Ib

b) t = L3210 — 6008.64 sec ~ 1.669 hr => t ~ 1 hr and 40.1 min

_W__
250 th

sec
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14. We will use the coordinate system given.

15.

16.
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Ground level

(a) The typical slab between the planes at y and y + Ay has
a volume of AV = (20)(12) Ay = 240 Ay ft3. The force
F required to lift the slab is equal to its weight:
F =624 AV = 62.4 - 240 Ay 1b. The distance through
which F must act is about y ft, so the work done lifting
the slab is about AW = force x distance

20
= 62.4-240 -y - Ay ft - Ib. The work it takes to lift all the water is approximately W ~ > AW
10

20
=3 62.4-240y - Ay ft - Ib. This is a Riemann sum for the function 62.4 - 240y over the interval
10

20
10 <y < 20. The work it takes to empty the cistern is the limit of these sums: W = fl o 62.4 - 240y dy
5720
= (62.4)(240) [y—] = (62.4)(240)(200 — 50) = (62.4)(240)(150) = 2,246,400 ft - b

(b) t= 50 = 22080 i ~ 8168.73 sec ~ 2.27 hours ~ 2 hr and 16.1 min

(c) Following all the steps of part (a), we find that the work it takes to empty the tank halfway is
15 15
W= fl , 62.4 - 240y dy = (62.4)(240) H = (62.4)(240) (3> — 190) = (62.4)(240) (122) = 936,000 ft.

Then the time is t = 27;”,-[_“, = 2000 ~ 3403.64 sec ~ 56.7 min

(d) In alocation where water weighs 62.26 }tb}

a) W = (62.26)(240)(150) = 2,241,360 ft - Ib.

b) t = 22139 — 8150.40 sec = 2.264 hours ~ 2 hr and 15.8 min

©) W = (62.26)(240) (12) = 933,900 ft - Ib; t = 2220 = 3396 sec ~ 0.94 hours ~ 56.6 min

275
In a location where water weighs 62.59 1 ©

a) W = (62.59)(240)(150) = 2,253,240 ft - 1b.

b) t = 222240 — 8193.60 sec = 2.276 hours ~ 2 hr and 16.56 min

©) W = (62.59)(240) (12) = 938,850 ft - Ib; t = 2380 ~ 3414 sec ~ 0.95 hours ~ 56.9 min

The slab is a disk of area 7x> = TF(%)Q thickness Ay, and height below the top of the tank (10 — y). So the work to pump

the oil in this slab, AW, is 57(10 — y)m ( ) The work to pump all the oil to the top of the tank is

W= [ (10y? - y)dy = 3 [19° yﬂ = 118757t 1b ~ 37,306 ft - Io.

Each slab of oil is to be pumped to a height of 14 ft. So the work to pump a slab is (14 — y)(7) (%)2 and since the tank is

half full and the volume of the original cone is V = mr’h = $7(5?)(10) = 2% ft*, half the volume = %% ft*, and

with half the volume the cone is filled to a height y, 2“0” = —7r 1 y =y = /500 ft. So W = f 57” (14y? — y3) dy

14y 17 /500 _
_ st {Ty _ yz} 600421t b,

. The typical slab between the planes at y and and y + Ay has a volume of AV = 7(radius)?(thickness) = 7 ( ) Ay

= 7-100 Ay ft3. The force F required to lift the slab is equal to its weight: F = 51.2 AV = 51.2 - 1007 Ay Ib
= F = 51207 Ay Ib. The distance through which F must act is about (30 —y) ft. The work it takes to lift all the

30 30
kerosene is approximately W =~ >~ AW = > 51207(30 — y) Ay ft - Ib which is a Riemann sum. The work to pump the
0 0

30 30
tank dry is the limit of these sums: W = ‘/; 51207m(30 — y) dy = 51207 {30y - y;} . = 51207 (22) = (5120)(450m)
~~ 7,238,229.48 ft - 1b
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(a) Follow all the steps of Example 5 but make the substitution of 64.5 & for 57 1. Then,

178 _ _ y -
W= [l a0 -yt ay = o [ -] < e (10 —%) = () @) (8 -2)
= 43T8 — 91.57 - 8% ~ 34,582.65 ft - Ib
(b) Exactly as done in Example 5 but change the distance through which F acts to distance ~ (13 — y) ft. Then

_ 577r 577r 13y? 18 _ 57x (1388 8\ _ (5ix _ 57x-837
W= (13 —y)y* dy = {3Y_YTL)*T(T_T)*( ) (8%) (5 —2) =557

= (197r) (82) (7)(2) = 53,482.5ft-1b

The typical slab between the planes at y and y+Ay has a volume of about AV = m(radius)?(thickness) = 7 (\/§)2 Ay ft3.

The force F(y) required to lift this slab is equal to its weight: F(y) = 73 - AV = 737 (\/§)2 Ay = 731y Ay Ib. The

distance through which F(y) must act to lift the slab to the top of the reservoir is about (4 — y) ft, so the work done is
approximately AW = 737y (4 —y)Ay ft-1b. The work done lifting all the slabs fromy = 0fttoy =4 ftis

approximately W =~ > 737 yi (4 — yx)Ay ft - Ib. Taking the limit of these Riemann sums as n — co, we get

4 4
W= [ T3ry@—y)dy=T3n [, (4y —y2)dy =737 [2y> — 1y3]; = 73m(32 — &) = 237 fi. b,

The typical slab between the planes at y and y+Ay has a volume of about AV = (length)(width)(thickness)

= (2 25 — y2) (10) Ay ft®. The force F(y) required to lift this slab is equal to its weight: F(y) = 53 - AV

=53 (2 25 — y2) (10) Ay = 1060\/ﬂAy Ib. The distance through which F(y) must act to lift the slab to the
level of 15 m above the top of the reservoir is about (20 — y) ft, so the work done is approximately

AW =~ 1060,/25 — y2(20 — y)Ay ft-Ib. The work done lifting all the slabs fromy = —5 fttoy = 5 ft is

approximately W ~ Y~ 10604/25 — yi (20 — yx)Ay ft - Ib. Taking the limit of these Riemann sums as n — oo, we get
k=0

5 5 5 5
W = [1060,/25 — y2(20 — y)dy = 1060 | (20 — y)3/25 — y?dy = 1060 [fszo V25 —yidy - [y /25— y2dy]
5
To evaluate the first integral, we use we can interpret f . \/25 — y2dy as the area of the semicircle whose radius is 5, thus

5 5
[ 20/25 —y2ay =20 [ \/25 — y2dy = 20[1n(5)*] = 250 To evaluate the second integral let u = 25 — y?
5 0
=du=-2ydy;y=-5=u=0,y=5=u=0, thus fisy\/ZS—yzdy: —%fo ﬁdu:O.Thus,

1060 [ f 20/25 — y2dy — f y\/25 = dy} 1060(2507 — 0) = 2650007 ~ 832522 ft - Ib.

The typical slab between the planes at y and y+Ay has a volume of about AV = m(radius)?(thickness)
=7 (/25— y2)2 Ay m®. The force F(y) required to lift this slab is equal to its weight: F(y) = 9800 - AV
= 98007 (/25 — yQ)ZAy = 98007 (25 — y?) Ay N. The distance through which F(y) must act to lift the

slab to the level of 4 m above the top of the reservoir is about (4 — y) m, so the work done is approximately
AW = 98007 (25 — y?) (4 — y) Ay N - m. The work done lifting all the slabs fromy = —5mtoy = 0 mis

0
approximately W ~ >~ 98007 (25 — y?) (4 — y) Ay N - m. Taking the limit of these Riemann sums, we get
-5

0 0 0
W = [ 98007 (25 — y?) (4 — y) dy = 98007 | (100 — 25y — 4y? + y*) dy = 98007 [100y Byr_dyigy

= —98007 (—500 — 22 + 5 - 125 4 ©3) ~ 15,073,099.75

-5

The typical slab between the planes at y and y+Ay has a volume of about AV = m(radius)?(thickness)
=7 (/100 — y2)2 Ay = m (100 — y*) Ay ft®. The force is F(y) = 2%® - AV = 567 (100 — y?) Ay Ib. The
distance through which F(y) must act to lift the slab to the level of 2 ft above the top of the tank is about
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(12 — y) ft, so the work done is AW ~ 567 (100 — y?) (12 — y) Ay Ib - ft. The work done lifting all the slabs

10
fromy = 0 ft to y = 10 ft is approximately W ~ 3 567 (100 — y?) (12 — y) Ay Ib - ft. Taking the limit of these
0

10 10
Riemann sums, we get W = [ 567 (100 — y?) (12 — y) dy = 567 [ (100 — y?) (12— y) dy

10
_567rf 1200 — 100y — 12y +y)dy—56w{1200y—w—%+ﬂo

= 567 (12,000 — 199% _ 4. 1000 + 120%) = (56m) (12 — 5 — 4 + 3) (1000) ~ 967,611 ft - Ib.
It would cost (0.5)(967,61 1) = 483,805¢ = $4838.05. Yes, you can afford to hire the firm.

F = m——mv—bythechalnrule = W= f mv g dx—mf dx— [ V2(X)]:
= 1m[v’(xo) — v¥(x1)] = : mv} — 1 mv?, as claimed.
. 1
weight = 2 0z = % Ib; mass = %fht = 3 = 55 slugs; W = (1) (5k slugs) (160 ft/sec) ~ 50 ft - Ib
_90mi . Ihr _ Imin _ 5280ft _ _031251b __ 03125
90 mph = Z5F - g - Gote © Crm = 132 ft/seci m = SR = 255 slugs;

W = (1) ($121) (132 fi/sec)® ~ 85.1 ft - Ib

0.11b
32 ft/sec?

weight = 1.60z =0.11b = m = = 335 slugs; W = (4) (555 slugs) (280 ft/sec)? = 122.5 ft - Ib

vi = 0 mph = oL

v2 =153 mph = 2244 .20z = 0.1251b = m = 20 = L slugs;

)(224.4)* — 1(55)(0)* = 98.35 ft-1b.

sec’

12 1.2
W= fF dx 5 MVj 2mV172(256

weight = 6.5 0z = % Ib = m= slugs; W = (%) ((16)(32) slugs) (132 ft/sec)® ~ 110.6 ft - Ib

(16)(32)

We imagine the milkshake divided into thin slabs by planes perpendicular to the y-axis at the points of a partition of the
interval [0, 7]. The typical slab between the planes at y and y + Ay has a volume of aboutAV = ﬂ(radius)Q(thickness)

= (L2 ) Ay in®. The force F(y) required to lift this slab is equal to its weight: F(y) = § AV = 4 (14712 ) Ay oz.
The distance through which F(y) must act to lift this slab to the level of 1 inch above the top is about (8 —y) in. The work

done lifting the slab is about AW = ( )%(8 — y)Ay in - oz. The work done lifting all the slabs from y = 0 to

y = 7 is approximately W = Z ey + 17.5)%(8 — y) Ay in - oz which is a Riemann sum. The work is the limit of these
sums as the norm of the partition goes to zero: W = f ey + 17.5)*(8 — y)dy

7
— g [ (2450 — 2625y — 27y* — yh)dy = 542 [— Y _gyd_ 2625 2 —|—2450y] i

4r 7 2625
Zm{—z—9’73 - 7% 42450 - 7}~91321n oz

35,780,000 35,780,000

Work = 100GMS gr = 1000 MG 4 = 1000MG [ 1]

6,370,000 12 6,370,000

35,780,000
6,370,000

= (1000) (5.975 - 10*) (6672 - 101) (75 — s57mm00 ) = 5144 x 10101

To find the width of the plate at a typical depth y, we first find an equation for the line of the plate's
right-hand edge: y = x — 5. If we let x denote the width of the right-hand half of the triangle at depth y, then
x = 5 4y and the total width is L(y) = 2x = 2(5 + y). The depth of the strip is (—y). The force exerted by the

2 -2
water against one side of the plate is therefore F = fii w(—y)-L(y)dy = fis 624 -(—y)-2(5+y)dy
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_1248f( ) dy =1248 [~ 3y’ — 1y9] 2= 1248[(~3-4+1.8) - (- 3-25+1.125)]
= (124.8) (12 — LJ) = (124.8) (%) = 1684.81b

An equation for the line of the plate's right-hand edge isy = x —3 = x =y + 3. Thus the total width is
L(y) = 2x = 2(y + 3). The depth of the strip is (2 — y). The force exerted by the water is

0 0 0 9 2 370
F— f3w(2—y)L(y)dy: [ 624-2—y)-26+y)dy=1248] (6—y —y?) dy = 1248 [6y— L %} y
=(—124.8) (—18 — 2 +9) = (—124.8) (— %) = 1684.8 Ib
b .
(a) The width of the strip is L(y) = 4, the depth of the strip is (10 —y) = F = j; w - (;;g&)F(y)dy

3 3 ,73
= [.'62.4(10 — y)(4)dy = 249.6 [, (10 — y)dy = 249.6 {10y - %} | =249.6(30 — 3) = 6364.8 Ib
b ‘
(b) The width of the strip is L(y) = 3, the depth of the strip is (10 —y) = F = fa w - (;;;&)F(y)dy

4 4 274
= [, 62.4(10 — y)(3)dy = 187.2 [} (10 — y)dy = 187.2 [IOy - Yﬂ L= 187.2(40 — 8) = 59904 Ib

b .
The width of the strip is L(y) = 21/25 — y2, the depth of the strip s (6 —y) = F = [ w- ( ;;E&)F(y)dy

5 5 5 5
= [.'62.4(6 — y)(21/25 — y?)dy = 1248 (6—y)«/25—y2dy:124.8[f; 6/25 —yidy - [ yx/25—y2dy]

363

5
To evaluate the first integral, we use we can interpret f v/25 — y2dy as the area of a quarter circle whose radius is 5, thus

f 61/25 — y2dy = 6f V25 — y3dy = 6[1n(5)*] = Z. To evaluate the second integral let u = 25 — y?
:>du:—2ydy;y:0:>u:25,y:5:>u:0,thusf mdy———j;sfdu— f u'/? du
— 1[u¥2) 2 = 123 Thus, 124.8 [j;56 V5 —yidy— [Ty - y2dy] = 124.8(2% — 125) & 9502.7 Ib.

Using the coordinate system of Exercise 32, we find the equation for the line of the plate's right-hand edge to be
y=2x—4 = x= Y+4 and L(y) = 2x = y + 4. The depth of the strip is (1 —y).

0 2 3y _y
@ F= [ wil—yLdy= [ 624-(1 —y)Ny+4)dy =624 [ (4—3y—y?)dy = 624 [4y -y .z
= (—62.4) {(74)(4) — 809 4 %} = (—62.4) (—16 — 24 + §) = E2DCINE — 1164 8 1b

(0) F = (~64.0) [(—4)(4) — L0 4 §] = CHOCLND » 110471

Using the coordinate system given, we find an equation for
the line of the plate's right-hand edge tobe y = —2x 4+ 4
= X = 4% and L(y) = 2x = 4 —y. The depth of the

1
stripis (1 —y) = F:ﬁw(l—y)(4—y)dy
! 1
=624 [, (2 =Sy +4) dy =624 [5 - ¥+ ay]
= (624) (§ — 3 +4) = (624) (213+2) = G0 — 11441b
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37. Using the coordinate system given in the accompanying y (in)
figure, we see that the total width is L(y) = 63 and the depth
33
of the strip is (33.5 —y) = F= [ w(33.5— y)L(y) dy
33 33
= [ 8. 335y -63dy= (%) ©63)] (G35-ydy

27 33 .
() 63 [335y - %] "= (%) [33563) - F|

(64)(63)(33)(67 —33) __
CUGENTT=3) — 1309 Ib

L
... = (in)

-31.5 31.5

38. Using the coordinate system given in the accompanying
figure, we see that the right-hand edge is x = ﬂ
so the total width is L(y) = 2x = 24/1 — y2 and the depth
of the strip is (—y). The force exerted by the water is

0
therefore F = f,,w -(=y)-2y/1 —y2dy

0 3/9 0
=624 T-yd(1—y?) =624 [% (1—y2)¥ } L =©24(3)1-0)=4161b
39. (a) F= (624 15)(81ft)(25ft*) = 12480 1b
b .
(b) The width of the strip is L(y) = 5, the depth of the stripiis (8 —y) = F= [ w- ( ;;;&)F(y)dy
5 5 415
= [62.4(8 — y)(S)dy =312 [ (8 — y)dy = 312[8y - Yﬂ =312(40— %) = 85801b

(c) The width of the strip is L(y) = 5, the depth of the strip is (8 — y), the height of the strip is V2 dy
b . 5/V2 5/V/2 275/V2
=F=[w- (;;p&)F(y)dy = /. 6248 — y)(5)V2dy =312/2 [ (8 — y)dy = 312ﬁ[8y . %} i
40 _ 2
=312y2 (4 - %) = 97223

40. The width of the strip is L(y) = % (2 3-— y), the depth of the strip is (6 — y), the height of the strip is %dy

~F= [l (st JE)ay = f02ﬁ62-4(6 -y)-3(2V3-y) Fray = %ﬁﬁfﬁ(lz\/ 6y~ 2y\/3+y?)dy

_ %_6[125/[—3% —y/3+ %] iﬁ = 93732(72 — 36— 12ﬁ+8\/§) ~ 1571.04 Ib

41. The coordinate system is given in the text. The right-hand edge is x = \/§ and the total width is L(y) = 2x = 2\/§.

1
(a) The depth of the strip is (2 — y) so the force exerted by the liquid on the gate is F = j; w(2 — y)L(y) dy

1 1 1
=[50 —y)-2,/ydy =100 [ 2 —y)\/ydy =100 (2y"/2 —y¥/2) dy = 100 [4 y¥* — 2y*] |
=100(3—3%) = (1) (20— 6) =93.331b

1
(b) We need to solve 160 = f; w(H —y) -2, /y dy forh. 160 = 100 (! — 3) = H =3 ft.

42. Suppose that h is the maximum height. Using the coordinate system given in the text, we find an equation for

the line of the end plate's right-hand edge is y = % X = X= % y. The total width is L(y) = 2x = % y and the

h
depth of the typical horizontal strip at level y is (h — y). Then the force is F = fo w(h — y)L(y) dy = Fpax,

h h
where F, = 6667 Ib. Hence, Fux = w [, (h—y)- 2y dy = (62.4) (£) [ (hy — y?) dy

=624 (4 ¥ - ¥] Z =©24 (3 (5 -15) =@ (4) ()1 =04 ()8 = h=/(3) ()
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=9 (f—t) (%) =~ 9.288 ft. The volume of water which the tank can holdis V = % (Base)(Height) - 30, where

Height = hand § (Base) = £h = V = (3 h?) (30) = 12h? ~ 12(9.288)* ~ 1035 ft*.

The pressure at level y is p(y) = w -y = the average
=1 [° 1 [° 1 [2]°

pressure isp = ; j; p(y) dy = Bj; w-ydy =i w [7}0

=(¥) (%2) = ¥ This is the pressure at level 2 , which

is the pressure at the middle of the plate.

b b b 27 b
The force exerted by the fluid is F = f w(depth)(length) dy = f w-y-ady=(w-a) f ydy =(w-a) {%}
0 0 0 0

=w (%) = (‘%b) (ab) = p - Area, where p is the average value of the pressure.

0
When the water reaches the top of the tank the force on the movable side is f . (62.4) (2 4 — y2) (—=y)dy

=624 [ 4y 2 dy = @) [2(4 -] = 624)(2) (#77) = 3328 i Tb. The force

compressing the spring is F = 100x, so when the tank is full we have 332.8 = 100x = x ~ 3.33 ft. Therefore the
movable end does not reach the required 5 ft to allow drainage = the tank will overflow.

(a) Using the given coordinate system we see that the total
width is L(y) = 3 and the depth of the strip is (3 — y).

Thus, F = j: w(3 —y)L(y)dy = f:(62,4)(3 —vy)-3dy
3 573
= @40) [, G-y dy = 62493 [y~ 5]

=(624)(3) (9—3) = (62.4)(3) (3) = 842.41b
(b) Find a new water level Y such that Fy = (0.75)(842.4 Ib) = 631.8 Ib. The new depth of the stripis (Y —y) and Y is

Y Y
the new upper limit of integration. Thus, Fy = [’ w(Y — y)L(y)dy = 62.4 ] (Y —y) -3 dy

= @243 [ (v —y) dy = (@43 [Yy - 5] : = 6240) (Y - %) = @43) (%) Therefore,

_ 26y _ /12636 _ ~ — ~ ~ ~ i
Y = \/(62'4)(3) = \/ 5y = V6.75~ 2598 ft. So, AY =3 —Y ~3—2.598 ~ 0402 ft ~ 4.8 in

6.6 MOMENTS AND CENTERS OF MASS

Since the plate is symmetric about the y-axis and its density is
constant, the distribution of mass is symmetric about the y-axis
and the center of mass lies on the y-axis. This means that

X = 0. It remains to find y = Mﬁ We model the distribution of

mass with vertical strips. The typical strip has center of mass:

X,y)= (x, Xz;“) , length: 4 — x2, width: dx, area:

-2 2
dA = (4 — x?) dx, mass: dm = § dA = 6 (4 — x?) dx. The moment of the strip about the x-axis is
Y dm = ("QTH) 5(4—x¥)dx = g (16 — x*) dx. The moment of the plate about the x-axis is M, = f Y dm

:f,22§(16—x4) dx =4 {167{—’(5—5]2 =4 [(16' _2?) - (—16-24-2?5)} = %2(32—%) = '25—8'5 The mass of the
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128

2 128
plateisM = [ §(4—x?*) dx =6 [4X - ";} , = 26 (8 — §) = 2. Thereforey = 3 = ( 5‘> = 12 The plate's center of

3

AR

- - 12
mass is the point (X,y) = (0, 2).

2. Applying the symmetry argument analogous to the one in
Exercise 1, we find X = 0. To findy = X , we use the
vertical strips technique. The typical stnp has center of
mass: (X ,y )= ( , Bx ) length: 25 — x?, width: dx,
area: dA = (25 — x?)dx, mass: dm = § dA = § (25 — x?) dx.
The moment of the strip about the x-axis is

Y dm = (2577{) (25 —x¥) dx =4 (25— x%)* dx. The moment of the plate about the x-axis is M, = ¥ dm
5 5
— [res—xax=1f ¢ 625—50x2+x4)dx:§[625x 50 43 4 X } 5:2.5(625-5—53—0.53+%)

=6-625(5—-2+1)=6-625-(3). ThemassoftheplateisM:fdm:f5 (f5(25—x2)dx:6[25){—"—3}5

3
55% (%)
55 (0)

)

-5

=26 (53 53) = ;—‘ 6 - 53. Therefore y = MM = = 10. The plate's center of mass is the point (X,y) = (0, 10).

[SIEN SN

= —x=2x—x}=0

= X(2—-x) =0 = x =0orx =2. The typical vertical

(x=x)+ H))
2

3. Intersection points: X — X

strip has center of mass: (X, ) = (x,
= (x, — X;) ,length: (x — x?) — (—x) = 2x — x?, width: dx,

area: dA = (2x — x?) dx, mass: dm = § dA = § (2x — x?) dx.
The moment of the strip about the x-axis is

Y dm = (f ";) 8 (2x — x?) dx; about the y-axis itis X dm = x - § (2x — x?) dx. Thus, M, = f’)? dm

—5(2-%) =52 0-9)
x/l

2 2
=-—M, = fxdm fx& foQ)dx—éfO(2x2—x3):6[%x3—4} :6(2-;3—2):5'24:42;

2 4
:ff Ex?)(2x —x)dx =13 0(2)(37x4)dx:f%{%1 ]

1S9}

0 3 4 12 3
2
M = dm:j;) 5(2X7X2)dX:§f (2xfx2)dx:6[x27§}026(4f§) = % Therefore, X = %
=) () =tandy=%=(-%) (%) =-2 = &,y = (1, 2) is the center of mass.
4. Intersection points: x> —3 = —2x> = 3x> -3 =0

= 3x—1Dx+1)=0 = x=—1lorx=1. Applying the
symmetry argument analogous to the one in Exercise 1, we
find X = 0. The typical vertical strip has center of mass:

X = (x 2550 = (2.

length: —2x? — (x? — 3) = 3 (1 — x?), width: dx,

area: dA = 3 (1 —x?) dx, mass: dm = § dA = 36 (1 — x2) dx.
The moment of the strip about the x-axis is
Ydm=36(-x>-3)(1-x)dx =36 (x* +3> = x> = 3)dx = 36 (x* +2x> = 3) dx; M, = [ ¥ dm

1
=30 2 =35 [F B -] =Feee2 (b2 o3) =36 (R = - 2
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1 371 ‘
M= [dm=36] (1-x%)dx=36 {x—%} | =38-2(1—14) = 46. Therefore, 7 = 3 = — £32 =
= (X,5) = (0, — %) is the center of mass.
The typical horizontal strip has center of mass:
X,¥)= ( ,y) length: y — y3, width: dy,
=y-y3
area: dA = (y —y?) dy, mass: dm = §dA = 6 (y — y®) dy. y-y
The moment of the strip about the y-axis is
2
de—é( )(y y)dy=35(y -y’ dy
= % (y? — 2y* +y%) dy; the moment about the x-axis is X
1 3 571
YV dm = 6y (y — y?) dy = 6 (y* — y*) dy. Thus,Mx:f?dmzéfO (y?—yHdy =6 [% — %]025(%7 %) = f—‘s,

s T 5 711 s
M, fxdm-—fw—2y+y>dy=%[zi—%+%]o=%<%—%+%):%(%ZIOS,M J am

P dy=o[5 — 5] =0 () =1 Therefore.x = 3 = (1) (1) = f andy = 3 = () ()
:Y)

_ (16 8
= (T 1) is the center of mass.

Intersection points: y =y? —y = y?> -2y =0

= y(y—2)=0 = y=0ory = 2. The typical
horizontal strip has center of mass:

&)= (E220y) = (30y)

length: y — (y? —y) = 2y — y?, width: dy,

area: dA = (2y — y?) dy, mass: dm = § dA = 6 (2y — y?) dy.
The moment about the y-axis is'X dm = g -y2 (2y — y?) dy

= £ (2y® — y*) dy; the moment about the x-axis is ¥ dm = 8y (2y — y?) dy = 6 (2y*> — y*) dy. Thus,
~ 2 112 ~
M= [Vdm= [[o2y —y)ay=6[F - %] =o(f-%)=1Fa-3=%:M=[Ydm
2 . 512 2
=Jrer ey =y o] =t = () = M= fam= 5oy -y ey

= o[y %] =0 (- =% Theretore x = = (%) (3) = Fandy = 3 = (%) (3) =1

0
= (X,y) = (%, 1) is the center of mass.

Applying the symmetry argument analogous to the one used
in Exercise 1, we find X = 0. The typical vertical strip has

center of mass: (X ,¥ ) = (x, °3*), length: cos x, width: dx,

area: dA = cos x dx, mass: dm = 6 dA = 6 cos x dx. The

COS X

moment of the strip about the x-axis is'y dm = 6 - - cos x dx

=% cos?xdx = & (1228 dx = 2 (1 + cos 2x) dx, thus,

T2 ) . - o/
M, :f?/dm:fiﬂ;%(l—{—cost)dx:%[x+5‘“22"]_/:/2 %[(%+0)—(—g)] :%”;M:fdmzéfiﬂ/zzcosxdx

= 4[sin x]’ /“/2 = 26. Therefore,y = % = 4‘% =3 = Xy= (O, "—g) is the center of mass.
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8. Applying the symmetry argument analogous to the one used
in Exercise 1, we find X = 0. The typical vertical strip has

center of mass: (X ,V ) = (x, SC‘;") , length: sec? x, width: dx,
area: dA = sec? x dx, mass: dm = 6 dA = § sec? x dx. The

moment about the x-axis isy dm = (%) (6 sec? x) dx

/4 ~

/4
= Ssectxdx. M, = f y dm = g f—~/4 sec’ x dx

2 —7/4

/4 /4 /4 37 /4
_ ¢ 2 2 _ s 2 2 8 2 _ § [(tanx) s m/4
— 5fim(tan x+ 1) (secx) dx = 5 f—w/zt (tan x)* (sec® x) dx + 5];/4560 xdx =3 [ 3 } s + ¢ [tan x]_ﬂ/4

/4 .
==Y+ -D=t+6=% M= [dmn=46 Lﬂsec?xdx = 5[tanx]jj/4 = 6[1 — (—1)] = 26.

o _ M, _ (4 _2 == — (0 2);

Therefore, y = 3+ = (?5) (%) =5 => Xy= (0, 5) is the center of mass.

9. Since the plate is symmetric about the line x = 1 and its
density is constant, the distribution of mass is symmetric
about this line and the center of mass lies on it. This means
that X = 1. The typical vertical strip has center of mass:

(r)\(.; 73\/ ) = (X, (2x7x2)+2(2x274x)> _ (X, xz—TZX) ,
length: (2x — x?) — (2x? — 4x) = —3x? 4+ 6x = 3 (2x — x?),
width: dx, area: dA = 3 (2x — x?) dx, mass: dm = § dA
= 36 (2x — x?) dx. The moment about the x-axis is
Y dm = 36 (x> — 2x) (2x — x?) dx = —%6(x2—2x)2dx

y=2r2—4z

2 2
=— 36 (x" — 4x® +4x%) dx. Thus,MXZI?dm :—j;%6(x4—4x3—|—4x2)dx:—§6{";—x‘ﬂ—%x?’]o

S 3 (3o ) 32 (o1 4D =30 2 (S < %M fam

3

2 ‘
:ﬁ236(2xfx2)dx:36 {fo%]O:36(4f§) = 45. Therefore,y = Y = (— &) (L) = -2

= (X,y) = (1, — %) is the center of mass.

10. (a) Since the plate is symmetric about the line X =y and
its density is constant, the distribution of mass is
symmetric about this line. This means that X =y. The
typical vertical strip has center of mass:

(X,y)= (X, v 92_"2) , length: /9 — x2, width: dx,

area: dA = /9 — x2 dx,
mass: dm = § dA = 6/ 9 — x2 dx.

The moment about the x-axis is

3 3
Vam =06 (L52) Voo x dx = § (9 — x¥) dx. Thus, M, = [T dm = [ (9~ x*) dx = § [ox — ¥]

=2027-9)=95M= fdm = fé dA =6 fdA = 6(Area of a quarter of a circle of radius 3) = 6 (%) = %2

Therefore,y = N = (90) (5%) = 2 = (X,y) = (2, %) is the center of mass.
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