CHAPTER 6 APPLICATIONS OF DEFINITE INTEGRALS

6.1 VOLUMES USING CROSS-SECTIONS

. 2
1. AX)= (dlaggnal)2 _ (Vx- (2—\/;)) =2x;a=0,b=4;

b 4
V=LA(X)dx=L2xdx=[x2]g:16

2

. 9 2 2 — 2412
2. A®X) = ﬂ(dlal’:etel‘)' _ 77[(27)(4)7)(] _ /.[2(1;)( - (1 _ 252 —|—x4);a: “1,b=1;

b 1 71
v=[Tamdx= [ 7r(172x2+x4)dx:7r[xfgx3+"5i}

—

3. A®x) = (edge)? = {\/1 —x2— <—\/1 —x2)]2 - (2\/1 —x2)2:4(1 ~x%)ja=—1,b=1;

V:LbA(x)dx:fjA(l_x2)dx:4{x—X;}l_l:8(1_%):13_6

Vi@ (-vi-e)]

2 2

V:j;"A(x)dx:zf‘la—X?)dx:Z[x—%}71:4( - =3

4. A(x) = Wingonal? _

5. (@ STEP1) A=} (side) - (side) - (sin §) = } - (2v/sinx) - (2V/sinx) (sin 5) = /3 sinx
STEP2) a=0,b=r1

STEP 3) V:LbA(x)dx:\/gj:sinxdx: [—ﬁcosx} 30 +1) =23

0
(b) STEP 1) A(x) = (side)? = (2 sin x) (2 sin x) — 4sinx
STEP2) a=0,b=r
b T
STEP3) V= [A dx= [ 4sinxdx=[-4cosx]] =8
6. (a) STEP1) A(x)= dameer” _ 1 (s x — tan x)2 =
=T [sec?x + (sec?x — 1) — 2 Sinx]
STEP2) a=—I,b=1

% (sec? x + tan? x — 2 sec X tan X)

/3
—m/3

STEP 3) V:j;bA(X)dXZ‘]::/;%(Zsec2x—1_2Sinx) dX=§[2tanx—x+2(— 1 )]

cos? x cos X

i () (s )] 1)
(b) STEP 1) A(x) = (edge)? = (sec x — tan x)* = (2 sec®x — 1 —2 i)
STEP2) a=—Z,b=1

STEP 3) V:fabA(x)dx:fjﬂ/;(Zse&x—1—m) ix=2(2/3-F) =4/3-%

cos? x

7. (a) STEP1) A(x) = (length) - (height) = (6 — 3x) - (10) = 60 — 30x
STEP2) a=0,b=2

b 2
STEP3) V= [Adx= [ (60 —30x)dx = [60x — 15x’]; = (120 — 60) — 0 = 60
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328  Chapter 6 Applications of Definite Integrals

(b) STEP1) A(x) = (length) - (height) = (6 — 3x) - (%6*3)) = (6 — 3x)(4 + 3x) = 24 + 6x — 9x>
STEP2) a=0,b=2
b 2
STEP3) V= [A® dx= [ (24 +6x —9x2)dx = [24x +3x* — 3x’] = (48 + 12— 24) — 0 = 36

8. (a) STEP1) A(x) = }(base) - (height) = (\/x — %) - (6) = 6,/x — 3x
STEP2) a=0,b=4
° f e 12 3/2 _ 3,214
STEP3) V= ['A®dx= [ (6x'2 —3x) dx = [4x¥/2 — 3x2]; = (32 -24) —0=38

. _x\2 _x3241
(0) STEP 1) AG) = }-m(fmen)’ = (V) = 2. 300000 = fx = 02 4 42
STEP2) a=0,b=4
b s 4 4 s m s
STEP3) V= [Adx=1[ (x —x2 + Ix?) dx = [Ix? = 22 4+ 3]0 = 1(8 - & + 1) — 7(0) = &

9. A(y) = § (diameter)* = % (\/§y2 _ 0)2 = syt ,
c=0,d=2V=[Amdy= [ Sylay 7
= [(%ﬂ) (%)}z=§(2"’—0)=8w s z = V5y? LA
: diameter of circle
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X

I
=
—~

[\)
—_

\

<

)

~—
¥

I
\S]

—~

—_

\

<

[

~

\

\
—
o
|
[

10. A(y) = & (leg)(leg) = 5 [v/1 —y2 — (=1 — 2)]2

v=[amay = a0 -ay=2ly-x]] =0 =

11. The slices perpendicular to the edge labeled 5 are triangles, and by similar triangles we have 2=z :> h= 3b The
equation of the line through (5, 0) and (0, 4) is y = —2x + 4, thus the length of the base = —%x —|— 4 and the
height = 3 (—3x +4) = —3x 4 3.Thus A(x) = £ (base) - (height) = 1 (—%x +4) - (—3x+ 3) Sx2—2x+6

andV = [TAR) dx = [0 (£x2 = 2x+6) dx = [2x — & 1 6x]3 = (10—30+30) — 0= 10

12. The slices parallel to the base are squares. The cross section of the pyramid is a triangle, and by similar triangles we have

b3 b= Ih Thus A(y) = (base)’ = (3y) = 2v* = V= [ A dy = [ Sy?dy= [3y)]S=15-0=15

13. (a) It follows from Cavalieri's Principle that the volume of a column is the same as the volume of a right
prism with a square base of side length s and altitude h. Thus, STEP 1) A(x) = (side length)? = s?;

b h
STEP2) a=0,b=h;STEP3) V= [ A dx = [ s dx = s*h

(b) From Cavalieri's Principle we conclude that the volume of the column is the same as the volume of the prism
described above, regardless of the number of turns = V = s’h
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14.

15.

16.

17.

18.

19.

20.

Section 6.1 Volumes Using Cross-Sections

1) The solid and the cone have the same altitude of 12.

y
2) The cross sections of the solid are disks of diameter 3
x — (3) = 3. If we place the vertex of the cone at the i y=z/4
origin of the coordinate system and make its axis of
symmetry coincide with the x-axis then the cone's cross 1

sections will be circular disks of diameter

i (f %) = 3 (see accompanying figure).

3) The solid and the cone have equal altitudes and identical

parallel cross sections. From Cavalieri's Principle we K - g/t
conclude that the solid and the cone have the same a
volume. NOT TO SCALE

2 512

RO=y=1-3 = V= [rRePdx=n[ (-5 d=nf (1-x+%)dc=r[x-5+3]

—r-+ )= %

._l

0

-8 =67

B [SN)

2 2 2
Ry)=x=% = V= [ aRe)Pdy=x (3) dy=n) Iy2dy=n[3y’]i =7

R(y)ztan(%y);uz%y = du=7dy = 4du=7mdy;y=0 = u=0,y=1= u=7;

V= j;l 7[R(y)]? dy:wj: [tan (%y)]Qdy:4j:/4tan2udu:4j:/4(—l +sec?u) du = 4[—u + tan u]g/
=4(-2+1-0)=4—-7

4

/2
R(x) = sinx cos x; R(x) =0 = a = 0and b = F are the limits of integration; V = fo 7[R(x)]? dx
/2 w2 . 5
:7rf0 (sinxcosx)zdx:wﬂ) %dx;[u:Zxédu:2dx:>%:%;x:Oéu:O,

x=%=u=n - V=rf Lsinfudu=72[4Llsin2]]=2[(Z-0)-0]=1

Rx)=x> = V= j: RGP dx =7 j:(XZ)Q dx y

2 572
=7TfX4dX:7T[%} :3%”
0 0

&

Rx) =x} = V= fOZW[R(x)]? dx = wf:(xf‘f dx

> 12
=7 f xSdx =7 {"7} = 1%
0 0
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330  Chapter 6 Applications of Definite Integrals

2. Rx) =9 - x2 = V:f;w[R(x)]Q dx:ﬂfj3(9fx2) dx
:w{9x—g—‘°’}::2w[9(3)—§] —2.7-18=36n

2. Rx) =x —x2 = V:folw[R(x)]2 dx:wfol(x—x?)2 dx

3

1 2 511
ZT&"[(‘)(X2—2X3+X4)(1X=7T[%—%-ﬁ-%}o
r (il = 5001510 = 5

/2 /2
23. R(x) = /cosx = V = j; 7[RX)]? dx = 7Tj(‘) cos x dx y

=rlsinx]]?=x(1-0)=7

o
I
5
,/4// ,;'/,’// /'/7
...

0 x/2

/4 /4
24. R(x) =secx = V = fimﬂ[R(x)]z dx = fimsecQ x dx

= 7 [tan x] ”/;*/4 — 7l — (=D)] =27

/4
— _ 2
25. R(x) = \/5 —secxtanx = V= j; m[R(x)]® dx y y=12

m 3
T f/A(\/E—secxtanx)de ¢

0
/4
™
0

T (2 — 24/2 sec x tan x + sec? x tan? x) dx

s

0
(f /42 dx — 2\/5 j:msec X tan x dx + fom(tan x)?sec? x dx)

([2)(]g/4 —24/2[sec x]g/4 + [@} Z/4>
w[(g—o) —2\/§<\/§—1) +§(13—0)} :W(%+2\/§—13—1}

Yy =secrtanx

™
X

0.6

oAt
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Section 6.1 Volumes Using Cross-Sections 331

26. Rx) =2~ 2sinx =2(1 —sinx) = V= [ m[REOJ? dx
=7 j:/24(1 —sin x)? dx = 47 j:/z(l + sin? x — 2 sin x) dx
:471:/2[1—1— %(1 —cos2x)—2sinx] dx
:4#](‘)”/2(% — cos2x 72sinx)

2
: /2
:47[%)(—%—}—2005)(]0/

=47 [(3F —0+0) = (0—0+2)] = 737 — 8)

27. Ry = V5y? = V= [ aRe)Pdy =7 [ 5y'dy y
=y’ =7l — (=Dl =2n

//;f},-’})};f//}:‘ //}WIA’”//" =

2 2
8. Ry =y = V= [ sRpPdy=x[ y*dy

- [2): =

/2
29. R(y) = /2sin2y = V= [ #[Ry)dy
T2 w/2
= rfo 2 sin 2y dy = 7 [— cos 2y],

=7n[l-(-1D] =27

30. R(y) = y/cos 5 = V= fj;W[R(Y)]2 dy

- fozcos (H)dy =4[sin )", =40 (-] =4

3 3
3LRW) = 37 = V= [ wROPdy =4n [ L dy v
3
= 4r {*y%l} =dr[=d— (-] =3r
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332 Chapter 6 Applications of Definite Integrals

) ! : -2
2. Ry =2 = V= [ aR@Pdy=x[ 2y(y>+1) " dy; y
u=y"+1 = du=2ydy;y=0 = u=1y=1 = u=2]

s Venflutasn [ e r b o) =3

z=2y/(y* +1)

b
33. For the sketch given,a = — 5,b = 7; R(x) = 1, 1(x) = y/cos x; V = j; 7 ([RX)]? — [r(x)]?) dx

/2 /2
= f,ﬁ/zﬂ(l —cos x)dx = 27rf0 (1 —cos x)dx = 27[x — sinx]g/2 =27 (g — 1) =m2—2r

34. For the sketch given, ¢ = 0,d = T; R(y) = 1, 1(y) = tan y; V = f (IR — [x(y)1?) dy

—7Tf l—tanydy—wf (2 — sec?y) dy = m[2y — tan y]}/ ZW(%—I)Z%—TF

35. r((x) =xandRx) =1 = V= j;l 7 ([R(X)]% — [r(x)]?) dx

:ﬁlw(l—p@)dxzﬂ'[x—’g};:w[(l—%)—O}:%

36. 1(x) = 2¢/Xx and R(x) =2 = V = fol 7 (RGP — [r(012) dx

1 ol )
—xf (474x)dx:47r[xf5}0:4”(1,,):27r

37. r(x) =x*+ land Rx) = x + 3
= V= [ 7 (ROP = [r0P) dx
:wf] [(x—|—3)2 (x4t 1)2} dx
— [ 162+ 6x+9) — (xT+ 2 + 1) dx

— P2
—7Tf (—x* —x* 4+ 6x + 8) dx
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Section 6.1 Volumes Using Cross-Sections 333

38. r(x) =2 — x and R(x) = 4 — x?
= V= f [R(x)]2 [r(0)]?) dx
—7rf [ (Z—X)Q}dx

=7 [ 1016 = 8x2 + xt) — (4 — dx +x?)] dx

2
m [ (124 4x — 9x2 4 x¥) dx

512
w{12x+2x2—3x3+%} B
r[(244+8-24+2) - (1242431 =7(15+ 2

39. r(x) = sec x and R(x) = \/5
= V= [T r (REOP — 10P) dx

/4

/4
—wf 2 —sec’x) dx = 7[2x — tan X1

A (G- 1) - 5+ )] =r-2)

40. R(x) = sec x and r(x) = tan x
- V= fol T (RGP — [r(0]2) dx
:wj: (sec’ x — tan® x) dXZTI‘j;lldX:TI'[X][l) =7

41. r(y) =landR(y) = 1+y
= V= [ 7 (ROP - o)1) dy
—nf Ay —1ldy=7 [ (14+2y+y* 1) dy

1 1
<o fleveseyenleag]l e g

| (1,0)

42. R(y):landr(y):l—y:>V:fl (IRWP* = [r(y)I*) dy y
—rnf = —ydy=n[ [1-(1-2y+y*)]dy

=7Tf0 (2y—y)dy=W[ —2—3}; r(1-4) =%

(1,1)
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334  Chapter 6 Applications of Definite Integrals

43. R(y) =2 and 1(y) = \f

y
= V= [ 7 (RGP - [y dy 4 /
274 /
:’]Tj(‘) (4—y)dy:7r[4y—yj}o:ﬂ(16_8):87r y=x2
44. R(y) = /3 and r(y) = /3 — 2 y
= V= [ R (RGP - [P dy BT =g
:,ﬂ_j; [3_(3_y )] dy:ﬂ'ﬁ)ﬁ y2 dy x2+y2=3
iy V3
=r 3], =3 '
3

45. R(y) =2andr(y) =1+ ,/y
= V= [ 7 (ROPE - [K)I) dy
N [4—(1+\/§)2] dy

ZW(3—§—%) =7 (82) =&
46. R(y) =2 -y andr(y) = 1

= V= [ 7 (ROPE — [rI) dy

=, (2= v = 1] dy

= f) (4= 4y 4y~ 1) dy

= fol (3 —4y!/3 +y2/3) dy

1
= [y -3y 2] (3343 =%

47. (a) 1(x) = \/xand R(x) =2
- V= f (RGP — [r(x)]?) dx
x2 4
:Wfo (4—X)dX:7r[4x—5}0:7r(16—8):87r
(b) r(y) = 0and R(y) = y?
= V= [T7 (RO - [ry)P) dy
2
o] - %
© 100 =0andR) =2~ /X = V= [ 7(ROPE - 0P dx =7 [ (2= /x)” dx
:ﬂ'fo 4—4\/§—|—X)dX:7r[4x—8";2—}—";}3:71'(16—%—#?)z%
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(d)

48. (a)

(b)

49. (a)

(b)

©

50. (a)

(b)

Section 6.1 Volumes Using Cross-Sections

) =4y adRy =4 = V= [ r(ROP - P dy =7 [ [16- (4 -y>)’] ay
2 2 57 2
:Wfo (16—16+8y2—y4)dy:77f0 (8y2—y4)dy:7r{§y3—yg]
r(y) =0andR(y) =13
= V= [ 2RO - [r»)P) dy
—ﬂ'f (1-3) dy—ﬂ'f ( —y—|—y72>dy
—rly-%en] re-tey) =%
r(y) =1landR(y) =2 —

N

:>V:j;27r([R(y)]2 [r(y)1?) y—ﬂ'f{ -3) —1}dy:7rj;2(4—2y+y4—2—1)dy

:ﬂf; (3—2y+y72)dy=7r[3y y2 4+ ]0:77(6_4+%):7r(2+%)z%w

r(x) =0and R(x) = 1 — x>

= V= [ 7 (ROP - [r0P) dx
:T(fil (1 —x?%) dx:ﬂfj](1—2x2—|—x4)dx
:w{x—%’é—i—xﬂ!:%(l—%—ké)

=2m (B59) = &

rx)=landRx) =2 —x2 = V = f (RGP — [r(012) dx = 7 fll { x2)? - 1} dx

;11
:ﬂ'fil(4—4x2—|—x4—l)dx:wf7|(3—4x2—|—x4)dx:7r{3x—%x3+"5—0}_1:27r(3—%+%)
=3 45-20+3) =3~

fx)=1+4+x2andR(x) =2 = V = f (RGI? — [r(x)1) dx—wfll{ —I—X)]dx

51
_wf 4—1-2x%—x% dx:wfil(3—2x2—x4)dx:7r{3 —%x3—%}71:27r(3—%—%)
= 2(45-10-3)= %=

r(x) =0andR(x) = — Ex +h

= V= [T7(ROP - [P dx
—wf —Bx+h ? dx

—wf (h—2 %X%—h?)dx

hQ{W———FX] =7h* (2 —b+b) = hzb

ry) =0andRy) =b(1-%) = V= [ w(ROE - k) dy = b2 [ (1-1)*dy
— b2 [ (—Fy Y—z)dy—wa[y——+3hz}h—wb2(h—h+g):%Qh

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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336  Chapter 6 Applications of Definite Integrals

51. R(y) =b+ /a2 —y2andr(y) = b — /a2 — y? Y
= V= [ r(ROP - @P)d

[ T — (o ) gy i
= 7Tfﬂ 4by/a? — y2 dy :4b71'f“1 Va2 —y? dy

= 4b7 - area of semicircle of radius a = 4br - = 2a’br?

o

52. (a) A cross section has radius r = /2y and area 7rr> = 27y. The volume is f 2nydy =7 [yz]g 25T

av _ 4V dn dh oo _ 1 dv
(b) V(h) = [A(h)dh, 50 & = A(h). Therefore &¥ = &V . dh — A(h) . &b 50 &b — L. 4V,
For h = 4, the area is 27r(4) =8m,so = L guss _ 3 unit?
h—a h—a
53. (a) R(y) = y/a? —y? éV—wf a—y)dy—w[ay——} 7r[a2h—a3—@—(—a3+a3—3>}
=7 {th — 1 (h® — 3h%a+ 3ha’ — a%) — %3} =7 (th — g + h2%a— ha2) = Lzaa_h)
(b) Given & =0.2m?/secanda =5m, find $!| . From part (a), V(h) = w 57h? — ”hg

dV _ 2 &V _ 4V _ dh dh dh|  _ 02  _ 1
= ‘@ = 10mh —7h® = & =5 - § = 7rh(10 -G = Gl = 709 = e = To07 T/sec.

54. Suppose the solid is produced by revolving y = 2 — x about
the y-axis. Cast a shadow of the solid on a plane parallel to 2
the xy-plane.
Use an approximation such as the Trapezoid Rule, to

estimate [ w[R(y)]’ dy~27r< ) Ay.

55. The cross section of a solid right circular cylinder with a cone removed is a disk with radius R from which a disk of radius
h has been removed. Thus its area is A; = 7R? — th? = 7 (R? — h?) . The cross section of the hemisphere is a disk of

2
radius v/R? — h2. Therefore its area is Ay = 7 (\/ RZ — h2) = 7 (R? — h?). We can see that A| = A,. The altitudes of

both solids are R. Applying Cavalieri's Principle we find
Volume of Hemisphere = (Volume of Cylinder) — (Volume of Cone) = (7R*)R — 37 (R?)R = 3 7R®.

56. ROO = V36— x2 = V= [ aRooP dx = 7 [ 2 (36 — x2) dx = 4f (36x2 — x*) dx
= & [12¢ - g}z (1260 - §) = 75 (12— ) = (497) (5%) = %7 cem®. The plumb bob will

weigh about W = (8.5) ( ) /2 192 gm, to the nearest gram.

=7

7 7 3
S7. Ry) = /256 —y? = V= [ aR@pPdy=n] (256—y)dy=n {25631 - %] i
=7 [@56)-7+ 5 — (256)-16) + 1) | = 7 (T +256(16 - 7) — 1) = 10537 cm’ ~ 3308 o’
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Section 6.2 Volume Using Cylindrical Shells

58. (a) R(x) = = [ [RePdc=n (c—sinx?dx=m[ (¢~ 2¢sinx+sin?x) dx

:wj;ﬁ(CQ—chinx—i— Iocos 2x) dX:ﬂ'J:(CZ-i—%—ZCSinX—%) dx
=m[(c®+1)x+2ccosx — %}g:ﬂ[(czﬂJrngch) —(0+42c—0)] = (*r+ 75 —4c). Let
V(c) = 7 (¢*1 + § — 4c) . We find the extreme Values of Vo) L' =mQRer—4)=0 = c=2 is a critical
point,and V (2) =7 (£ 4+ 2 — &) =7 (2 — %) = T — 4; Evaluate V at the endpoints: V(0) = and
Vi) =m(3r—4) = %2 — (4 — m)m. Now we see that the function's absolute minimum value is 7 — 4,
taken on at the critical point ¢ = % (See also the accompanying graph.)

(b) From the discussion in part (a) we conclude that the function's absolute maximum value is %2 taken on at
the endpoint ¢ = 0.

(c) The graph of the solid's volume as a function of c for
0 < c¢ < 1isgiven at the right. As ¢ moves away from
[0, 1] the volume of the solid increases without bound.
If we approximate the solid as a set of solid disks, we

can see that the radius of a typical disk increases without

bounds as ¢ moves away from [0, 1]. U 1

337

59. Volume of the solid generated by rotating the region bounded by the x-axis and y = f(x) from x = a to x = b about the

b
x-axisis V = j; 7[f(x)]> dx = 4, and the volume of the solid generated by rotating the same region about the line

y=-lisV= fﬂf(x) + 112 dx = 8. Thus | "o + 11° dx — ) " HEOOT? dx — 81 — dr
- ﬂfab([f(x)]Q +200 + 1 = [f(0]?) dx = dm = ﬁb(zf(x) +1)dx=4= 2j;bf(x) dx + ﬁbdx =4
= [0 dx+ 3o —a) =2 [ dx = b

60. Volume of the solid generated by rotating the region bounded by the x-axis and y = f(x) from x = a to x = b about the

b
x-axisis V = j; 7[f(x)]> dx = 6, and the volume of the solid generated by rotating the same region about the line

y=-2isV = fab 7I£(x) + 2]2 dx = 107. Thus f: T + 212 dx — f: 7012 dx = 107 — 677
= [ (FO1? + 460 + 4 — [F0012) dx = 4m = [ (40 +4) dx = 4 = 4 [ f(x) dx + 4 [ dx = 4
:>j;bf(x)dx+(b—a):1:>j;bf(x)dx:1 —b+a

6.2 VOLUME USING CYLINDRICAL SHELLS

1. For the sketch given,a = 0,b = 2;

2 2
V= [Tor (e (wen ) ax = [lomx (14%) ax=2r [ (x+ ) ax=2r |5

=2m-3 =067

%,
_|_
.—|><
—
Il
[\)
3
~—
IR
_|_
s
SN—r

2. For the sketch given,a =0,b = 2;
2 2 2
V= [T () ) (i) ax= Jo2mx (2= %) dx =2n [ (2x = ) ax = 2r [x* = %] =24 -1 =6r

3. For the sketch given,c =0,d = \/5;
V2 V2 V2
V= [lar () () dy = [ ony - 2 dy =2m [yt dy = 2n [3]
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338  Chapter 6 Applications of Definite Integrals

10.

For the sketch given,c = 0,d = \/g;

d S s V3 V3 4 -
V= j; 27 (mléf}]ls) (h!;;lt) dy = j; 21y - [3— (3 —y?)]dy =27 j; y? dy = 27 {yj] . = 97

For the sketch given,a =0,b = \ﬁ;

b V3
V= [or (i) () ax= [ 2w (V) ax:
[u:x2+1 = du=2xdx;x=0 = uzl,x:\/§ = u:4]

Ve[ uldu= g [2u) = T @2 1) = (2) 8- 1=

For the sketch given,a = 0, b = 3;
b hell hell } x .
V= j; 2m (rid?us) (hseith) dx = j:) 2mx ( /xg:;+9) dX’
u=x+9 = du=3x*dx = 3du=9x>dx;x=0 = u=9,x=3 = u=36
36
= V=2r [3u2du=6r [2012] 3 = 127 (v/36 - /) = 36r

a=0,b=2;
b 2
V= [lom () (e ) = [ 2mx [x = (< 3)] dx

2 2
:j;27rx2~%dx:7rf0 3x2dx:7r[x3]g:87r

7 /]

2

a=0,b=1;
b 1
V= [lom () (e ) dx= [ 2mx (2x - 3) dx

1 5 1
Iﬂ'j; 2(%)dx:7r6f3x2dx:7r[x3](l):7r

a=0,b=1;
V= [om (B (B ) ax = [ 2mx (2 0 - 1 dx
=ur(l-3-3)=2n(573) =7 =%
X

a=0,b=1;
v=[ar () (it ) dx = [ 2mx[(2 = x2) — x*] dx

! 1
:27rf0 x(2—2x2)dX:4ﬂ-f0 (x — x%) dx
—an[§ %] =4 (1D =

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 6.2 Volume Using Cylindrical Shells 339

11. a=0,b=1;
V= [Ton () () ax= [ 2ex [V - @x - 1) dx
:27rf0 3/2*2X2+X)dXZZW[%X5/2*%X3+%X2]1

0
=am(5-34y) = (B ) =

12. a=1,b=4;
v= [lar () () dx = [T2mx (3x7177) dx
= 37rf; x1/2dx = 37 [% x3/2] L, =2m (432 - 1)
— 278 — 1) = 141

sinx, 0 <x<7m . .
= xf(x) :{ — © ;since sin 0 = 0 we have

. sinx <
13. (a) xf(x):{X xo 0<x<m o

X, x=0

i <
xf(x)—{smx’ O<x<m = xf(x) =sinx,0<x <7

sinx, x=0

(b) V= f 2 r;':ﬁ:]lg (;;;:J dx = j;ﬁ27rx - f(x) dx and x - f(x) = sin x, 0 < x < 7 by part (a)

= V= 27rf0 sin X dx = 27[— cos x|} = 27m(—cos ™+ cos 0) =

2
= xg(x) = { tan )(()’ ?{i )(() = 71-/4; since tan 0 = 0 we have

_tanx 0<X<£
14. (a) xg(x) =< % — 4
(a) xg(x) { o xs

2 <
Xg(x) = {tf;n;); Oxixo— /4 = xg(x) = tan’x,0 < x < /4

/4
(b) V= f 27 (Shell ) ( shell ) dx = j; 27x - g(x) dx and x - g(x) = tan’x, 0 < x < 7/4 by part (a)

rddlus height

2

/4 5
= V:27Tf0 tanZde:Zﬂ'fO (sec’x — 1) dx:27r[tanxfx]g/4:27r(lf§) = =T

15. c=0,d=2;
V= f 27 (s ) (hsehi?ﬁt) dy= [ “2my | [/ — (=y)] dy
— o [ ( 3/2+y)dy—2w[2y52+Y]0
2 [1(V2) + 3] =2 (M4 1) = 16n (£ +
116—5”<3ﬁ+5)

W=
N—
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16. ¢ =0,d =2
d . S 2
V= [am () () dy = [, 2ny Iy = (~y)ldy
23 2 vov]? 2,1
=or [ (P +yt) dy =2n % +g}0:16ﬂ(1+5)

= 16 (3) = %

17. ¢ =0,d = 2;
d shell shell 2
V= f; 27 (adius) (height) dy = j; 2my (2y — y*)dy

2 3 172
o[, 0y v dy=2n [ %] = (§ - )

18. c=0,d=1;
d 1
V= [am () (e ) ay = [ 2ny 2y -y~ y)dy
1 1
=on [ y(y—y)dy=2n (> —y*)dy

Ak 1 T
ol ] s =

W=

19. ¢c=0,d=1;
d 1
v=[om () () ay =2x [ vly - (-ydy

1 r 1
=27rf0 2y dy =yl =4

20 Cc = O’ d = 2’
V= j;dz'ﬂ, (r:i?:}s) (hsgzlﬁt) dy = j: 2 y(y — %)dy

2 9 x 2 -
= [, ey =510 = %

2l. ¢c=0,d=2;
d She. she. 2
V= jl 2 (rzllcliiils) (hgliglkllt) dy = j; 271'y [(2 + Y) - )/2] dy
: 2 3 2 . Y ¥ 2
zzwfo (2y+y —y)dy=27r[y +;—1]0
=2r(4+58-18) =748 +32-48) =1
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24.
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c=0,d=1;
1
V= [lon () (Y ay = [ 2ny (2 - ) -y dy
1
=27 2y—y2—y3)dy=277[ 2—£—y4—4]0
zzw(l—-—-)—”(lz 4-3)=
2 2
@ V (r;gffjs)(hﬁj;ﬂt)dx: [C2mx (3x)dx = 6m [ x2 dx = 27 [x]} = 167
shell \ ( shell 2 g 2 21,312 8
0 V= f27r(mdms)(helgm)dx=f027r<4—x) (Bx)dx = 6 [ (4x — x2)dx = 67 [2 — 1]} = 6m(8 — 1) = 32r
2 2
© V= [2m (S (e )ax = [ (x+ 1) 3x)dx = 67 [} (2 + x)dx = 6 [4x* + 1] = 6m (3 +2) = 287
6
d) V= fZw(rzgf3§)<h2;gt)dy_f27ry 2-ly) dy_27rf (2y — 1y?)dy = 27 [y* — 1y%] ¢ = 27(36 — 24) = 24
© V= [2r (S) (el )ay = [(2n (7 —y) (2 dy)dy =2n [ (14~ By + 1y?)dy = 2m [14y - 2y + by
— 2m(84 — 78 +24) = 60
she 6
® V= [or () ) (e )y = Jram(y+2) (2 - ty)dy =2n [ (4+ 4y~ 1y?)dy = 2m [4y + 2y — 1y
= 2m(24 + 24 — 24) = 48r
she 2 2 2 g
(@ V= f 2 (Shell ) (h;;ggt)ax: f027rx (8—x3)dx:27rf0 (8x — x*)dx = 27 [42 — 1] = 2m(16 — 2) = %=
2 2
by V= [T2m(en) (;:i;gt)dx:fzw (3-x) (8 —x*)dx =27 [ (24 — 8x — 3x? +x*)dx
= 2 [24x — 4% = 3x* 41X ) = 2m(48 — 16 — 12+ ) = 204x
shell shell 2 3 4
© V= [Tor (et (height>dx:j;27r (x+2) (8~ x*)dx = 2 [, (16 + 8x — 2x* —x*)dx
=2m [16x + 4x* — lx4—%x]2:27(32+16—8—%)—33%
@ V= [T2m () (hﬁ;ﬂt)dy*IZWy yV3dy = 2r [ 'y*B3dy = & [y13] % = 62 (128) = 168z
S 8
(e) V= f 2 (Shell ) (hﬁ;ﬂt)dy = fo 27 (8 —y) yAdy = zﬂj; (8y!/3 — y*3)dy = 2 [6y*/3 — 2y7/3] |
— 27T(96 384) 57671'
8
(f) V:fczﬂ r;l:ieulxls (hﬁi&)d}’:foZW(er )y ‘/3dx—27rf 4/3+y‘/3)dy—27r[3 7/3+3 4/3]
(1 12) - 2
2 2
@ V= f riléfﬁs (hﬁZﬂt)dx = f7127r (2-x)(x+2—-x*)dx = 27rf7|(4 —3x% + x¥)dx = 27 [4x — x* + 3x*] 24
=2r(8—8+4)—2n(—4+1+1) =2
2 2 2
(b) V= [T2m (el (ot Jax = [ 27 (x4 1) (x 42 = )dx = 27 [ (24 3x = )ax = 27 [2x + 3 = Jx]7,
=2r(4+6—-4)—2n(-2+3-1) =2
1 4
© V= [lom () (e Yay = [ 2my (7 — (—y9)dy + [ 2my (T — (v = 2)dy

4
:47rj; y3/2dy—|—27rfl (y3/2—y2+2y)dy—;
F)+2m(% - =

[ 5/2] +27T[2 5/2 _
%416) ~2n(3 - 1+1) =

4y
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1 4
@ V= [Tom () (e Yay = [[2m (4 - y) (YT~ (~)dy + [ 27 (4= y) (VT - (v~ 2)dy
:47rf 4\/_—y3/2)dy—|—271'f4 (y* —y/* —6y+4,/y +8)dy
_47.r[8y3/2 2 5/2]1+27T[ y _g 5/2 3y2+§y3/2+8y]4
_4w(§f§)+2 (————48+64+32)727r(%7%73+ +8) = 108

® ¢ shell \ ( shell : 2 4 g 3 2
26. (a) V:fazn-(radius)<height>dx:f 27 (1—x) (4 =3 — x*)dx = 27 [ (8 — x* 4+ 3x = 3¢ — dx + 4)dx

=27 [1x8 — 1x% + 3x* — &3 — 2%? +4x] =2r(t—143-1-2+44)-2r(l+i4+341-2-4)=3&

® V= [ é‘é?fi (et )ay = [ 2my(of5 = (ymay+ [y |55 = (—/55) |y

—47rf y5/4dy—|—47f \/—dy [u= —y:>y—4—u:>du——dy y=1l=>u=3y=4=u=0]
:%ﬂ[ym——m (@ idu = 155(1) + 4 [ (4 o) = g S [0 2

=M (83 V/3) =ty e =
she. she ! ! 4 5 1
2. @ V= [on () () ay = [ omy-12(2 —y?) dy =247 [ (v — y*) dy = 24 [3 — %]

—un(i-) =% ¥

1
() V= f 2 r:*:ﬁi (;;;; dy = [ 2n(1 =y [12(* = ¥*)] dy

0

I
)
~
3
< —
—_
N
|
«
N
—
(&)
[
|
«
w
N—
o
<

1
© V= f 2 rzl:iillls (hse};?kln) dy = fo 27"( —y) [12(y? — y®)] dy = 24~ fo (% — y) (y2 — y3) dy

8
5
1
=24z [ (B —133+y4)dy—247r[§y3—%y4+yg}0:24w(%—§—3+%) (3339 4 12)

24#72
shell shell ! 2 _ 3
(d) V= fz radlus (height) dy 0 27T 12(y -y )] dy—2471'f y+ )(y -y )dy
11
:247rj; (Y -y +2y*— )dy—247rf (Ey?+1y? —y)dy:247r{%y3+23—0y4—y?]0
:24#(%+%f%)—247(8+9712)_24—”_27r

28 @ V= [or () (2 ) ay = [Tony [5 - (5 %) ay=[omy (v - %) ay=2n [ (v ) ay
—om[f %] =2 (3-F) (- f) =sm (- H -am(F) =%
0 v=[ar(Sn) (2 ) dy= [Tana-p[5 - (5 -3 ay= [ 2m2 -y (> %) ay
—or [ (2% ) ay=am [N - p]
© V= [on(E) (B ) dy= [ 2ns-n [5 - (5 -%)] dy= [ 2n65 -9 (v - ¥) dy
=l (s -3y -y f) ey =am [F - -5+ ]
@ V= [T2r(3) (i) v = [ 2w (v + 5)

2 5
:Zﬂj; (y3*%+%y2*32

[
«
=
N———
o
<«
Il
[\
3
—
A<
\
1\3“<
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d
29. (a) About x-axis: V = [ 27 ( ell ) (l;;;gt) y
—f27ry dy—27rf (y*? 1
=3yl -y =3 -4) = &
About y-axis: V = LZW rzlzﬁll]lq (hggzl}ln) 05 y=x y=x
1 1
= f 27x(x — x?)dx = 27rf x? — x%)dx , - x
0 . 0.5 1

ool 1]
(b) About x-axis: R(x) = xand r(x) = x> = V = j;bw[R(x)Q . r(x)Q]dx = f:w[xz — x4)dx

1
— 2 (1 _1y_ 2
_W[3 5}0—7r(3 5 =1

0_

1

About y-axis: R(y) = /yandr(y) =y = V = fcdw [R(y)2 - r(y)2]dy = J, 7y - y2|dy

2 3 1
=y -%], =G -1 =3

0. @ V= [ 7RO dx =7 f) (5 +2)° - x7]ax
:T(j; (—%x2+2x—|—4)dx:W[—’%—I—x?—i—élx}
=7(—16 + 16 + 16) = 167
(b) V= f 2m ( rzgil]ls (hsgzgt)dx: f:27rx(§+2—x)dx
:f27rx2—5 x:27rf4(2x—ﬁ)dx
0 2

- 271’|:X2 . g] = 2m(16 — &) = &=

© V= [T2m(en) (;;};gt)dx=f12w (4—x)(3+2 —x)dx:ﬁl2ﬂ(4—x)(2—%)dx:ij;l(S—4x+x2—z>dx
—or 8x—2x2+’<§} — 2 (32— 32 4 84) = bl

@ V= [ 7[R~ r(x)] dX:ﬂ'j(;[ —x)? - —g)Q}dx:wf()4{(64—16x+x2)—(36—6x+*§)}dx
7 [ (3x2 = 10x + 28)dx = w{gi —5x% 4 284 2 = 7[16 — (5)(16) + (7)(16)] = 7(3)(16) = 48

DO

d 2
31 @ V= [2m () (k) @y = [ 2myy = D ay y
:27rf2(y2—y)dy:27r[y—3—y—2}2 2
1 3 2 1
=2r[(5-3) - (5 3)] 1
=2r(;-2+3)=504—-12+3) =
— * X
1 2

(b) V= [ 2w (el ) (e ) dx= 2mx(2 — %) dx = 2 [ (2x — x2) dx = 27 [ - %]
=2 [(4-5) - (1-3)] = [(12 -G = (3-3) =7

© V= [2n r;‘;flu‘g) (h‘;eg‘h)dx 20 (2 —x) @ -0 dx=2r [ (2 - Lx+x) dx
=2 [Fx -5+ 55 = [(ﬂ—2+§)—(23—°—§+ P =2m(3) =2r

d V= fz r;‘;flljs (hf;;{t) dy*f27r(y—1)(y—1)dy_27rf (y— 1)? =2r [@ ”L x
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d S . 2
2@ V= [o2r () () dy = [ 2my(? - 0)dy

zzﬂj;zysdy:mr [yﬂz:zw(%) -

® V= [2m (2) () ax
— ‘/‘04271')( (2 — \/g) dX — 271-‘];4(2)( _ x3/2) dX
— 2 [x2 - 2x92) ) = 2 (16 - %)
=2r (16— §) = F 80— 64) = 3

© V= fab% (radius) (hfﬁﬂt) dx = f:27r(4 -x)(2—/x)dx = zﬂf:(g —4x1? — 2x 4 x¥/2) dx

=2 [8x — Ex32 —x2 4 2x%2) =27 (32— & — 16+ %) = 20 (240 — 320+ 192) = 2 (112) = 2=

072

d 2 2
@ V= [2r (30 () dv = [[2m@-n () dy =2r [y —y)dy =2 [3y' - %]

o ($ ) - o= ¥

d 1
3@ V= [ (0 () dy = [ 2myly -y dy

1 3 571
= Jyamo -y ay=an[5 -3 =2n(i- )

4m

=1
d Q Q
() V= [Tor (o) () dy
1
= fo 2r(1=y)(y —y*) dy

: 2 ; 5
:27Tf0(Y*y2—y3+y4)dy:27r[y§7%7%+y§

d shell shell
34. () V= j; 2m (radius) (height)dy
1
= fo 2my [1 = (y — y*)ldy
1 2 3 5
—or [y -y vy =2m [ -2 1 ]
=2r(1-14+1)=ZE(15-10+6)

— Uz
15

~

1

0

(b) Use the washer method:

=r(l-1-142)= 12 (105-35-15+42) =3
(¢) Use the washer method:
d 1 2 1 9
V=fC7T[R2(y)—r2(y)]dy=j;W[[l—(y—y3)] —0} dy:ﬂfo {1—2(y—y3)+(y—y3)]dy
1 3 7 4 571
=xf (1+y2+y6—2y+2y3—2y4)dy:7r[y+%+y7—y2+y7—2%}0:7r(1+%+%—l—i—%—%)

= 7#5(70+304 105 —2-42) = Zx

d 1 1
@ V= [ () () dy = J, 200 =9 [0 = =y dy =2n [0 =y (1 -y +y") dy
1 1 5
o[ (I-y+y —y+y —yhdy=2n, (1—2y+y2+y3—y4)dy:2ﬁ{y—y2+§+%—%}

=2r(l-1+3+1-3)=Z@20+15-12)=2%F

1

0
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35.

36.

37.

38.

39.

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

Section 6.2 Volume Using Cylindrical Shells

shell shell
V= f 2m radlus (height)dy = f Zﬂ-

(v/8y
_27Tf (2\/_y3/2—y) y—27r{%§y5/2_yz4]2

—2“<W§>_2w(g?y>

=2r-4(3-1)=¥@®-5=24 y
4

4 R 4
V= f 27 r;léils (hﬁ;:t) dx = j; 27X (\/_— %) dx = 271"]; (x3/2 — %3) dx =27 [% x%/2 —

_ 225 4t 20 8\ 293 _ w23 _ 48«
27( - _) =2m (? ﬁ) = 160 7 (32-20) = 60 T 5 — 5
shell shell
V= f 2m radlus (height) dx y
= f 27x [(2x — x?) — x] dx 11 y=2x-x2__ zz

—27rf (x —x2 dx—27rf (x? — x?) dx

=[5 -3] =w(-1) =3

1 1
V= f 2 (Shell ) (;;;;gt) dx = [ 2m(1 = x)[(2x — x2) — x| dx = 2 [, (1 — %) (x — x2) dx

, 1
:27‘("/:)(X—2X2—|—X3)dX:27T{%—%X:;-F%}O:Zﬂ'(%—%-i-%):%(6—84'3):—

V= [rR0 - Pl dx =7 [ (12— 1) dx y
:7r[2x1/2—x]1/16:7r[(2—1)—( 7 16)]
=m(l-1%)=1% U =
v=[ar () (Se)ay= [ zwy(% &) ay -
y=

— =3 ¥)dy =2r |1 ﬁr :

27Tf 6 dy = 2#{ 2y 5, e

(-5-5) - (1-w=27(G+35) oo —— X

ZE+1)=2

2
v=[rRe -Peldy= [ (k- k) dy y

y
= [—gy‘—l]fﬂ[(—ﬁ—é)—(—%—fz)] 2]
= 2(2-6+16+3)="42

h 11 hell ! 1
V= f 2m erE:us (hseiZhl) dx = 1/4 2mx <—x o 1) dx
1
_ 1/2 _ 2.3/2 _ K2
—27rf14(x/ —x) dx = 277[3 / 4 .25 1

/
2 [G-1 -G - B) =1k k) = F @ 1648843

Disk: V= V1 — V2
b; by
Vi = [Tr[Ri01 dx and Vo = [ wlRe()1? with Ry(x) = /242

a; =—2,b; =1;a,=0,by =1 = two integrals are required

= /X,
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