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60. av(f)   t t  dtœ �Š ‹ a b1
1 ( 2)� � �#

"
#'

  t  dt  t dtœ �" "

�# �#

" "
#

3 3
' '

  t  dt   t  dtœ � � �" " "

! !

" �#
# #

# #
�

3 3 3
1 ( 2)' ' Š ‹# #

 .œ � � œ" " "�
# #3 3 3 3

1 3( 2)Š ‹ Š ‹$ $

 

61. (a) av(g)   x 1  dxœ �Š ‹ a bk k"
� � �"

"

1 ( 1)
'

   ( x 1) dx  (x 1) dxœ � � � �" "
# #�" !

! "' '

 x dx   1 dx x dx 1 dxœ � � � �" " " "
# # # #�" �" ! !

! ! " "' ' ' '

 (0 ( 1)) (1 0)œ � � � � � � � � �" " " "
# # # # # # # #

�Š ‹ Š ‹0 1 0( 1)# # ##

 .œ � "
#

 

 (b) av(g)  x 1  dx   (x 1) dxœ � œ �ˆ ‰ a bk k" "
� #" "

$ $

3 1
' '

  x dx   1 dx (3 1)œ � œ � � �" " " "
# # # # # #" "

$ $' ' Š ‹3 1# #

 1.œ

 

 (c) av(g)  x 1  dxœ �Š ‹ a bk k"
� � �"

$

3 ( 1)
'

  x 1  dx  x 1  dxœ � � �" "

�" "

" $

4 4
' 'a b a bk k k k

 ( 1 2)  (see parts (a) and (b) above).œ � � œ" "
4 4

 

62. (a) av(h)  x  dx ( x) dxœ � œ � �Š ‹ k k"
� � �" �"0 ( 1)

0 0' '

 x dx .œ œ � œ �'
�" # # #

� "
0

0 ( 1)# #
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 (b) av(h)   x  dx  x dxœ � œ �ˆ ‰ k k"
�

" "

1 0 0 0
' '

 .œ � � œ �Š ‹" "
# # #

# #0

 

 (c) av(h)   x  dxœ �Š ‹ k k"
� � �"

"

1 ( 1)
'

 x  dx x  dxœ � � �"
# �"

"Œ �k k k k' '0

0

  (see parts (a) and (b)œ � � � œ �" " " "
# # # #
ˆ ‰ˆ ‰

 above).

 

63. Consider the partition P that subdivides the interval a, b  into n subintervals of width x  and let c  be the rightÒ Ó ˜ œ b a
n k
�

 endpoint of each subinterval. So the partition is P a, a , a , . . . , a  and c  a .œ Ö � � � × œ �b a
n n n n

b a n b a k b a
k

� # � � �a b a b a b

 We get the Riemann sum f c x c n c b a . As n  and P! ! !a b a b
k k k

n n n

k
b a

n n n
c b a c b a

œ" œ" œ"

� � �˜ œ † œ " œ † œ � Ä _ m m Ä !a b a b

 this expression remains c b a . Thus, c dx c b a .a b a b� œ �'
a

b

64. Consider the partition P that subdivides the interval 0, 2  into n subintervals of width x  and let c  be theÒ Ó ˜ œ œ2 0 2
n n k
�

 right endpoint of each subinterval. So the partition is P 0, , 2 , . . . , n 2  and c  k . We get theœ Ö † † œ × œ † œ2 2 2 2 2k
n n n n nk

 Riemann sum f c x 2 1  1  k  1 n 2.! ! ! ! !a b ’ “ˆ ‰ ˆ ‰
k k k k k

n n n n n

k
2k 2 2 4k 8 2 8 2
n n n n n n n n n

n n 4 n

œ" œ" œ" œ" œ"

�" �"
#˜ œ � † œ � œ � œ † � † œ �2 2

a b a b

 As n  and P  the expression 2 has the value 4 2 6. Thus, 2x 1  dx 6.Ä _ m m Ä ! � � œ � œ4 n
n 0

2a b�" ' a b
65. Consider the partition P that subdivides the interval a, b  into n subintervals of width x  and let c  be the rightÒ Ó ˜ œ b a

n k
�

 endpoint of each subinterval. So the partition is P a, a , a , . . ., a  and c  a .œ Ö � � � × œ �b a
n n n n

b a n b a k b a
k

� # � � �a b a b a b

 We get the Riemann sum f c x c a a! ! ! !a b ˆ ‰ Š ‹ Š ‹
k k k k

n n n n

k k
b a b a b a

n n n n n n
k b a ak b a k b a

œ" œ" œ" œ"

# #� � �� # � �
#

˜ œ œ � œ � �a b a b a b# #

#

 a k k naœ � � œ † � † � †b a b a
n n n n n n

k k k

n n n
a b a b a a b a n n b a n n n� �

œ" œ" œ"

# # ## � � # � �" � �" # �"
# 'Œ �! ! !a b a b a b a b a b a ba b# # $

# # $

 b a a a b a b a a a b aœ � � � † � † œ � � � † � †a b a b a b a b# ## � �" # �" # ��"
' " ' "

"� #� �n
n n

b a n n b aa b a ba b a b$ $

#

" $ "

#n nn

 As n  and P  this expression has value b a a a b aÄ _ m m Ä ! � � � † " � † #a b a b# # �
'

a bb a $

 ba a ab a b a b b a ba a . Thus, x dx .œ � � � # � � � $ � $ � œ � œ �# $ # # $ $ # # $ #"
$ $ $ $ $a b b a b a

a

b
$ $ $ $'

66. Consider the partition P that subdivides the interval 1, 0  into n subintervals of width x  and let c  beÒ� Ó ˜ œ œ0 1
n n

1
k

� �a b

 the right endpoint of each subinterval. So the partition is P 1, 1 , 1 2 , . . ., 1 n 0  andœ Ö� � � � � † � � † œ ×1 1 1
n n n
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 c  1 k 1 . We get the Riemann sum f c x 1 1k k
1 k k k 1
n n n n n

k k

n n 2
œ � � † œ � � ˜ œ � � � � � †! !a b Š ‹ˆ ‰ ˆ ‰

œ" œ"

 1 1 1 k k nœ � � � � � œ � � � œ � † � † � †1 k 2k k 2 3 1 2 3 1
n n n n n n n n n n

k k k k

n n n n2 2 n n n n n! ! ! !Š ‹ˆ ‰
œ" œ" œ" œ"

�" �" # �"
# '2 3 2 3

a b a ba b

 2 . As n  and P  this expression has value 2 . Thus,œ � � � Ä _ m m Ä ! � � � œ �3 n n n
2n n 2 3 6

3 1 5a b a ba b�" �" # �"
' 2

 x x dx .'
�

#

1

0
5
6a b� œ �

67. Consider the partition P that subdivides the interval 1, 2  into n subintervals of width x  and let c  beÒ� Ó ˜ œ œ2 1
n n

3
k

� �a b

 the right endpoint of each subinterval. So the partition is P 1, 1 , 1 2 , . . ., 1 n 2  andœ Ö� � � � � † � � † œ ×3 3 3
n n n

 c  1 k 1 . We get the Riemann sum f c x 3 1 2 1 1k k
3 3k 3k 3k 3
n n n n n

k k

n n 2
œ � � † œ � � ˜ œ � � � � � � †! !a b Š ‹ˆ ‰ ˆ ‰

œ" œ"

 3 2 1 1  k  k nœ � � � � � œ � � œ † � † � †3 18k 27k 6k 18 72 81 18 72 81
n n n n n n n n n n

k k k k

n n n n
2 n n n n n! ! ! !Š ‹

œ" œ" œ" œ"

�" �" # �"
# '

2

2 2 3 2 3
a b a ba b

 18 . As n  and P  this expression has value 18 36 27 9. Thus,œ � � Ä _ m m Ä ! � � œ36 n 27 n n
n 2n

a b a ba b�" �" # �"
2

 3x 2x 1 dx 9.'
�

#

1

2 a b� � œ

68. Consider the partition P that subdivides the interval 1, 1  into n subintervals of width x  and let c  beÒ� Ó ˜ œ œ1 1
n n

2
k

� �a b

 the right endpoint of each subinterval. So the partition is P 1, 1 , 1 2 , . . ., 1 n 1  andœ Ö� � � � � † � � † œ ×2 2
n n n

#

 c 1 k 1 . We get the Riemann sum f c x c  1k k
2 2k 2 2 2k
n n n n n

k k k

n n n

k
3 3

œ � � † œ � � ˜ œ œ � �! ! !a b ˆ ‰ ˆ ‰
œ" œ" œ"

  1 1 k k kœ � � � � œ � � � �2 6k 12k 8k 2 6 12 8
n n n n n n n n

k k k k k

n n n n n
2 3! ! ! ! !Š ‹ Œ �

œ" œ" œ" œ" œ"

2 3

2 3 2 3

 n 2 6 4 4œ � † � † � † � † œ � � † � † � †2 12 24 16 n
n n n n n n n

n n n n n n n n n n
2

# $ #

a b a ba b a b a ba b a b�" �" # �" �" �" # �" �"
# ' #

�"
4 2

2Š ‹
 2 6 4 4 . As n  and P  this expression has value 2 6 8 4 0.œ � � † � † � † Ä _ m m Ä ! � � � � œ

"�

" "

#� � "� �" $ "

#n n nn
2 1
n 2

1

 Thus, x dx 0.'
�1

1
3 œ

69. Consider the partition P that subdivides the interval a, b  into n subintervals of width x  and let c  be the rightÒ Ó ˜ œ b a
n k
�

 endpoint of each subinterval. So the partition is P a, a , a , . . . , a b  andœ Ö � � � œ ×b a
n n n

b a n b a� # � �a b a b

 c  a . We get the Riemann sum f c x c ak k
k b a k b a

n n n n
k k k

n n n

k
3 b a b a

3
œ � ˜ œ œ �a b a b� �

œ" œ" œ"

� �! ! !a b ˆ ‰ Š ‹
 a a k k kœ � � � œ � � �b a b a

n n n n n n n n
k k k k k

n n n n n
3 3 2 33a k b a 3ak b a k b a 3a b a 3a b a b a� �

œ" œ" œ" œ" œ"

� � � � � �! ! ! ! !Š ‹ Œ �2 2 3 22 3 2 3

2 3 2 3
a b a b a b a b a b a b

 naœ † � † � † � †b a
n n n n

3 3a b a n n 3a b a n n n b a n n
2

� � �" � �" # �" � �"
# ' #

2 4

4
a b a b a b a ba b a b a b# $

# $ Š ‹
 b a aœ � � † � † � †a b 3 3a b a a b a n n b a n

2 n 2 n 4 n
n2 4 2

2
a b a b a ba b a b a b� � �" # �" � �"�"

# $

#

 b a a . As n  and P  this expression has valueœ � � † � † � † Ä _ m m Ä !a b 3 3a b a a b a b a
2 2 4 1

2
n n nn

4 2 1
n 2a b a b a b� � �"�

" "

#� � "� �# $" $ "

#

  b a a a b a . Thus, x dx .a b a b� � � � � œ � œ �3 33a b a b a
2 4 4 4 4 4

b a b a
a

b
2 4 4 4 4 4a b a b� $ �# '

70. Consider the partition P that subdivides the interval 0, 1  into n subintervals of width x  and let c  be theÒ Ó ˜ œ œ1 0 1
n n k
�

 right endpoint of each subinterval. So the partition is P 0, 0 , 0 2 , . . ., 0 n 1  and c 0 k .œ Ö � � † � † œ × œ � † œ1 1 1 1 k
n n n n nk

 We get the Riemann sum f c x 3c c  3  k  k! ! ! ! !a b a bˆ ‰ ˆ ‰Š ‹ Œ �
k k k k k

n n n n n

k k k
3 31 1 k k 1 3 1

n n n n n n n
3

œ" œ" œ" œ" œ"

˜ œ � œ † � œ � 3
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 . As n  and P  this expressionœ † � † œ † � † œ † � † Ä _ m m Ä !3 1 3 n 1 3 1
n n 2 n 4 n 2 4 1

n n n n n
2

2 4 2

2
n n

2 1
n 2a b a b a b�" �" �"

# # "
�" "� "� �Š ‹ "

 has value .  Thus, 3x x dx .3 1 5 5
2 4 4 40

1
3� œ � œ' a b

71. To find where x x 0, let x x 0  x(1 x) 0 x 0 or x 1.  If 0 x 1, then 0 x x  a 0�   � œ Ê � œ Ê œ œ � � � � Ê œ# # #

 and b 1 maximize the integral.œ

72. To find where x 2x 0, let x 2x 0  x x 2 0  x 0 or x 2.  By the sign graph,% # % # # #� Ÿ � œ Ê � œ Ê œ œ „a b È
  0   0  0  , we can see that x 2x 0 on 2 2   a 2 and b 2������ �� �� ������� � Ÿ � ß Ê œ � œ

� # #!È È ’ “È È È È% #

 minimize the integral.

73. f(x)  is decreasing on [0 1] maximum value of f occurs at 0  max f f(0) 1; minimum value of f occursœ ß Ê Ê œ œ"
�1 x#

 at 1 min f f(1) .  Therefore, (1 0) min f  dx (1 0) max f   dx 1.Ê œ œ œ � Ÿ Ÿ � Ê Ÿ Ÿ" " " " "
� # � # �

" "

1 1 1 x 1 x0 0# # #
' '

 That is, an upper bound 1 and a lower bound .œ œ "
#

74. See Exercise 73 above.  On [0 0.5], max f 1, min f 0.8.  Thereforeß œ œ œ œ" "
� �1 0 1 (0.5)# #

 (0.5 0) min f  f(x) dx (0.5 0) max f  dx .  On [0.5 1], max f 0.8 and� Ÿ Ÿ � Ê Ÿ Ÿ ß œ œ' '
0 0

0.5 0.5
2
5 1 x 1 (0.5)

" " "
� # �# #

 min f 0.5.  Therefore (1 0.5) min f  dx (1 0.5) max f   dx .œ œ � Ÿ Ÿ � Ê Ÿ Ÿ" " "
� � �

" "

1 1 1 x 4 1 x 50.5 0.5
1 2

# # #
' '

 Then  dx   dx    dx ." " " " "
� � # �

" "

4 5 1 x 1 x 5 20 1 x 10
2 2 13 9

0 0.5 0

0.5

� Ÿ � Ÿ � Ê Ÿ Ÿ' ' '
# # #

75. 1 sin x 1 for all x  (1 0)( 1) sin x  dx (1 0)(1) or sin x  dx 1  sin x  dx cannot� Ÿ Ÿ Ê � � Ÿ Ÿ � Ÿ Êa b a b# # # #
" " "' ' '

0 0 0

 equal 2.

76. f(x) x 8 is increasing on [ ]  max f f(1) 1 8 3 and min f f(0) 0 8 2 2 .œ � !ß " Ê œ œ � œ œ œ � œÈ È È È
 Therefore, (1 0) min f x 8 dx (1 0) max f  2 2 x 8 dx 3.� Ÿ � Ÿ � Ê Ÿ � Ÿ' '

0 0

" "È ÈÈ

77. If f(x) 0 on [a b], then min f 0 and max f 0 on [a b].  Now, (b a) min f f(x) dx (b a) max f.  ß     ß � Ÿ Ÿ �'
a

b

 Then b a  b a 0  (b a) min f 0  f(x) dx 0.  Ê �   Ê �   Ê  '
a

b

78. If f(x) 0 on [a b], then min f 0 and max f 0.  Now, (b a) min f f(x) dx (b a) max f.  ThenŸ ß Ÿ Ÿ � Ÿ Ÿ �'
a

b

  b a  b a 0  (b a) max f 0  f(x) dx 0.  Ê �   Ê � Ÿ Ê Ÿ'
a

b

79. sin x x for x 0 sin x x 0 for x 0 (sin x x) dx 0 (see Exercise 78) sin x dx x dx 0Ÿ   Ê � Ÿ   Ê � Ÿ Ê � Ÿ' ' '
0 0 0

" " "

 sin x dx x dx  sin x dx  sin x dx .  Thus an upper bound is .Ê Ÿ Ê Ÿ � Ê Ÿ' ' ' '
0 0 0 0

1 0
" " " "

# # # #
" "Š ‹# #
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80. sec x 1  on sec x 1 0 on sec x 1  dx 0 (see Exercise 77)  � � ß Ê � �   � ß Ê � �  x x x
0

# # #

# # # # # # #

"ˆ ‰ ˆ ‰Š ‹ ’ “Š ‹1 1 1 1 '

 since [0 1] is contained in sec x dx 1  dx 0 sec x dx 1ß � ß Ê � �   Ê   �ˆ ‰ Š ‹ Š ‹1 1

# # # #

" " " "' ' ' '
0 0 0 0

x x# #

 sec x dx 1 dx x  dx sec x dx (1 0) sec x dx . Thus a lower boundÊ   � Ê   � � Ê  ' ' ' ' '
0 0 0 0 0

1 7
3 6

" " " " "
" "
# #

# Š ‹$
 is .7

6

81. Yes, for the following reasons:  av(f)   f(x) dx is a constant K.  Thus av(f) dx  K dx K(b a)œ œ œ �"
�b a a a a

b b b' ' '

 av(f) dx (b a)K (b a) f(x) dx f(x) dx.Ê œ � œ � œ' ' '
a a a

b b b

b a†

"
�

82. All three rules hold.  The reasons:  On any interval [a b] on which f and g are integrable, we have:ß

 (a) av(f g)  [f(x) g(x)] dx f(x) dx g(x) dx f(x) dx g(x) dx� œ � œ � œ �" " " "
� � � �b a b a b a b aa a a a a

b b b b b' ' ' ' '” •
 av(f) av(g)œ �

 (b) av(kf)  kf(x) dx k f(x) dx k  f(x) dx k av(f)œ œ œ œ" " "
� � �b a b a b aa a a

b b b' ' '” • ” •
 (c) av(f)  f(x) dx  g(x) dx since f(x) g(x) on [a b], and  g(x) dx av(g).œ Ÿ Ÿ ß œ" " "

� � �b a b a b aa a a

b b b' ' '
 Therefore, av(f) av(g).Ÿ

83. (a) U max  x max  x max  x where max f(x ), max f(x ), , max f(x ) since f isœ � �á � œ œ á œ" # " " # #? ? ?n n n

 increasing on [a b]; L min  x min  x min  x where min f(x ), min f(x ), ,ß œ � �á � œ œ á" # " ! # "? ? ?n

 min  f(x ) since f is increasing on [a b].  Thereforen n 1œ ß
�

 U L (max min ) x (max min ) x (max min ) x� œ � � � �á � �" " # #? ? ?n n

 (f(x ) f(x )) x (f(x ) f(x )) x (f(x ) f(x )) x (f(x ) f(x )) x (f(b) f(a)) x.œ � � � �á � � œ � œ �" ! # " !? ? ? ? ?n n 1 n�

 (b) U max  x max  x max  x  where max f(x ), max f(x ), , max f(x ) since fœ � �á � œ œ á œ" " # # " " # #? ? ?n n n n

 is increasing on[a b]; L min  x min  x min  x  whereß œ � �á �" " # #? ? ?n n

 min f(x ), min f(x ), , min   f(x ) since f is increasing on [a b].  Therefore" ! # "œ œ á œ ßn n 1�

 U L (max min ) x (max min ) x (max min ) x� œ � � � �á � �" " " # # #? ? ?n n n

 (f(x ) f(x )) x (f(x ) f(x )) x (f(x ) f(x )) xœ � � � �á � �" ! " # " #? ? ?n n 1 n�

 (f(x ) f(x )) x (f(x ) f(x )) x (f(x ) f(x )) x .  ThenŸ � � � �á � �" ! # "? ? ?max max n n 1 max�

 U L (f(x ) f(x )) x (f(b) f(a)) x f(b) f(a)  x  since f(b) f(a).  Thus� Ÿ � œ � œ �  n max max max! ? ? ?k k
  lim  (U L)  lim  (f(b) f(a)) x 0, since x P .

l l l lP 0 P 0Ä Ä

� œ � œ œ? ?max max l l
84. (a) U max  x max  x max  x whereœ � �á �" #? ? ?n

 max f(x ), max f(x ), , max f(x )" ! # "œ œ á œn n�"

 since f is decreasing on [a b];ß

 L min  x min  x min  x whereœ � �á �" #? ? ?n

 min f(x ), min f(x ) , min  f(x )" " # #œ œ ß á œn n

 since f is decreasing on [a b].  Thereforeß

 U L (max min ) x (max min ) x� œ � � �" " # #? ?

 (max min ) x�á � �n n ?

 (f(x ) f(x )) x (f(x ) f(x )) xœ � � �! " " #? ?

  (f(x ) f(x )) x (f(x ) f(x )) x�á � � œ �n n n�" !? ?

 (f(a) f(b)) x.œ � ?
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 (b) U max  x max  x max  x  where max f(x ), max f(x ), , max f(x ) sinceœ � �á � œ œ á œ" " # # " ! # "? ? ?n n n n�"

 f is decreasing on[a b]; L min  x min  x min  x  whereß œ � �á �" " # #? ? ?n n

 min f(x ), min f(x ), , min   f(x ) since f is decreasing on [a b].  Therefore" " # #œ œ á œ ßn n

 U L (max min ) x (max min ) x (max min ) x� œ � � � �á � �" " " # # #? ? ?n n n

 (f(x ) f(x )) x (f(x ) f(x )) x (f(x ) f(x )) xœ � � � �á � �! " " " # #? ? ?n n n�"

 (f(x ) f(x )) x (f(a) f(b) x f(b) f(a) x  since f(b) f(a).  ThusŸ � œ � œ � Ÿ! n max max max? ? ?k k
  lim  (U L)  lim  f(b) f(a)  x 0, since x P .

l l l lP 0 P 0Ä Ä

� œ � œ œk k l l? ?max max

85. (a) Partition 0  into n subintervals, each of length x  with points x 0, x x,� ‘ß œ œ œ1 1

# # ! "? ?n

 x 2 x, , x n x .  Since sin x is increasing on 0 , the upper sum U is the sum of the areas# # #œ á œ œ ß? ?n
1 1� ‘

 of the circumscribed rectangles of areas f(x ) x (sin x) x, f(x ) x (sin 2 x) x, , f(x ) x" #? ? ? ? ? ? ?œ œ á n

 (sin n x) x.  Then U (sin x sin 2 x sin n x) x xœ œ � �á � œ? ? ? ? ? ? ?” •cos cos n x

 sin 

?

?

x

x
# #

"

#

� �

#

ˆ ‰ˆ ‰?

 œ œ œ” • ˆ ‰cos cos n  cos cos cos cos
 sin 4n sin 

1 1 1 1 1 1 1 1

1 1 1

1

4n 2n 4n 4n 4n 4n

4n 4n
sin 4n

4n

� � � � � �

#

ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰
Š ‹

"

# # #1

#n
1

 (b) The area is sin x dx  lim   1.'
!

�
1Î#

œ œ œ
n Ä _

cos cos1 1 1

1

1

4n 4n
sin 4n

4n

� �ˆ ‰
Š ‹

#
1 cos 

1

1

#

86. (a) The area of the shaded region is x m  which is equal to L.!
i

n

i i
œ"

˜ †

 (b) The area of the shaded region is x M  which is equal to U.!
i

n

i i
œ"

˜ †

 (c) The area of the shaded region is the difference in the areas of the shaded regions shown in the second part of the figure
 and the first part of the figure. Thus this area is U L.�

87. By Exercise 86, U L x M x m  where M max f x  on the ith subinterval  and� œ ˜ † � ˜ † œ Ö ×! ! a b
i i

n n

i i i i i
œ" œ"

 m min f x  on the ith subinterval . Thus U L M m x x  provided x  for eachi i i i i i
i i

n n
œ Ö × � œ � ˜ � † ˜ ˜ �a b a b! !

œ" œ"

% $

 i  , n. Since x  x b a  the result, U L b a  follows.œ "ß Þ Þ Þ † ˜ œ ˜ œ � � � �! ! a b a b
i i

n n

i i
œ" œ"

% % % %

88. The car drove the first 150 miles in 5 hours and the
 second 150 miles in 3 hours, which means it drove 300

 miles in 8 hours, for an average of  mi/hr300
8

 37.5 mi/hr.  In terms of average values of functions,œ

 the function whose average value we seek is

 v(t) , and the average value is
30,  0 t 5
50,  5 1 8

œ
Ÿ Ÿ
� Ÿœ

 37.5.(30)(5) (50)(3)
8
� œ
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89-94. Example CAS commands:
 :Maple
 with( plots );
 with( Student[Calculus1] );
 f := x -> 1-x;
 a := 0;
 b := 1;
 N :=[ 4, 10, 20, 50 ];
 P := [seq( RiemannSum( f(x), x=a..b, partition=n, method=random, output=plot ), n=N )]:
 display( P, insequence=true );

95-98. Example CAS commands:
 :Maple
 with( Student[Calculus1] );
 f := x -> sin(x);
 a := 0;
 b := Pi;
 plot( f(x), x=a..b, title="#95(a) (Section 5.3)" );
 N := [ 100, 200, 1000 ];                                            # (b)
 for n in N do
   Xlist := [ a+1.*(b-a)/n*i $ i=0..n ];
   Ylist := map( f, Xlist );
 end do:
 for n in N do                                                          # (c)
   Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist));
 end do;
 avg := FunctionAverage( f(x), x=a..b, output=value );
 evalf( avg );
 FunctionAverage(f(x),x=a..b,output=plot);      # (d)
 fsolve( f(x)=avg, x=0.5 );
 fsolve( f(x)=avg, x=2.5 );
 fsolve( f(x)=Avg[1000], x=0.5 );
 fsolve( f(x)=Avg[1000], x=2.5 );

89-98. Example CAS commands:
 : (assigned function and values for a, b, and n may vary)Mathematica
 Sums of rectangles evaluated at left-hand endpoints can be represented and evaluated by this set of commands
 Clear[x, f, a, b, n]
 {a, b}={0, }; n =10; dx = (b a)/n;1 �

 f = Sin[x] ;2

 xvals =Table[N[x], {x, a, b dx, dx}];�

 yvals = f /.x  xvals;Ä

 boxes = MapThread[Line[{{#1,0},{#1, #3},{#2, #3},{#2, 0}]&,{xvals, xvals dx, yvals}];�

 Plot[f, {x, a, b}, Epilog  boxes];Ä

 Sum[yvals[[i]] dx, {i, 1, Length[yvals]}]//N
 Sums of rectangles evaluated at right-hand endpoints can be represented and evaluated by this set of commands.
 Clear[x, f, a, b, n]
 {a, b}={0, }; n =10; dx = (b a)/n;1 �

 f = Sin[x] ;2
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 xvals =Table[N[x], {x, a dx, b, dx}];�

 yvals = f /.x xvals;Ä

 boxes = MapThread[Line[{{#1,0},{#1, #3},{#2, #3},{#2, 0}]&,{xvals dx,xvals, yvals}];�

 Plot[f, {x, a, b}, Epilog boxes];Ä

 Sum[yvals[[i]] dx, {i, 1,Length[yvals]}]//N
 Sums of rectangles evaluated at midpoints can be represented and evaluated by this set of commands.
 Clear[x, f, a, b, n]
 {a, b}={0, }; n =10; dx = (b a)/n;1 �

 f = Sin[x] ;2

 xvals =Table[N[x], {x, a dx/2, b dx/2, dx}];� �

 yvals = f /.x xvals;Ä

 boxes = MapThread[Line[{{#1,0},{#1, #3},{#2, #3},{#2, 0}]&,{xvals dx/2, xvals dx/2, yvals}];� �

 Plot[f, {x, a, b},Epilog boxes];Ä

 Sum[yvals[[i]] dx, {i, 1, Length[yvals]}]//N

5.4  THE FUNDAMENTAL THEOREM OF CALCULUS

 1. (2x 5) dx x 5x 0 5(0) ( 2) 5( 2) 6'
�2

0

� œ � œ � � � � � œc d a b a b# # #!
�#

 2. 5  dx 5x 5(4) 5( 3)'
�3

4 ˆ ‰ ’ “ Š ‹ Š ‹� œ � œ � � � � œx x 4 133
4 4 4 4

( 3)
#

%

�$

�# # #

 3. x x 3  dx x 3x  dx' '
0 0

2 2a b a b ’ “ Š ‹ Š ‹� œ � œ � œ � � � œ �2 x 3x 10
3 2 3 2 3 2 3

2
2 3 2 0 3 03 2 3 2 3 2

!

a b a b a b a b

 4. x 2x 3  dx x 3x 1 3 1 ( 1) 3( 1)'
�1

1 a b a b a b’ “ Š ‹ Š ‹2 x 20
3 3 3 3

1

1

1 ( 1)� � œ � � œ � � � � � � � œ
3 3 3

# #

�

# �a b

 5. 3x  dx 8'
0

4Š ‹ ’ “ Š ‹ Š ‹� œ � œ � � � œx 3x x 4
4 16 16 16

3(4) 3(0) (0)$ # % %# # %

# # #

%

!

 6. x 2x 3  dx x 3x 2 3(2) ( 2) 3( 2) 12'
�2

2 a b ’ “ Š ‹ Š ‹$ # # #
#

�#

�� � œ � � œ � � � � � � � œx 2
4 4 4

( 2)% % %

 7. x x  dx x 0 1'
0

1ˆ ‰ ˆ ‰È ’ “# $Î#
"

!

"� œ � œ � � œx 2 2
3 3 3 3

$

 8.  x  dx 5x ( 5)'
1

32
�'Î& �"Î& $#

" # #œ � œ � � � œ� ‘ ˆ ‰5 5

 9. 2 sec x dx [2 tan x] 2 tan (2 tan 0) 2 3 0 2 3'
0

31Î
# Î$

!œ œ � œ � œ
1 1ˆ ‰ˆ ‰ È È

3

10. 1 cos x  dx [x sin x] sin 0 sin 0'
0

1a b a b a b� œ � œ � � � œ1

! 1 1 1

11. csc  cot  d [ csc ] csc csc 2 2 0'
1

1

Î

Î

4

3 4

) ) ) )œ � œ � � � œ � � � œ
$ Î%
Î%
1

1

1 1ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ È ÈŠ ‹3
4 4

12. 4 sec u tan u du [4 sec u] 4 sec 4 sec 0 4(2) 4(1) 4'
0

31Î

œ œ � œ � œ
1 1Î$
!

ˆ ‰
3
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13.  dt  cos 2t  dt t  sin 2t (0)  sin 2(0)  sin 2' '
1 1Î Î2 2

0 0
"� " " " " " " " "

# # # # # # # #

!

Î#
cos 2t

4 4 4 4œ � œ � œ � � � œ �ˆ ‰ � ‘ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰
1

1 1 1

14.  dt  cos 2t  dt t  sin 2t' '
� Î � Î

Î Î

1 1

1 1

3 3

3 3
"� " " " "

# # # #

Î$

� Î$
cos 2t

4œ � œ �ˆ ‰ � ‘ 1
1

  sin 2  sin 2  sin  sinœ � � � � � œ � � � œ �ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " " " " �
# #

1 1 1 1 1 1 1 1 1

3 4 3 3 4 3 6 4 3 6 4 3 3 4
2 2 3È

15. tan x dx sec x 1 dx [tan x x] tan tan 0 0 1' '
0 0

4 41 1Î Î
# # Î

!œ � œ � œ � � � œ �a b a bˆ ‰ˆ ‰ a b1 1 1 14
4 4 4

16. sec x tan x  dx sec x 2sec x tan x tan  x dx 2sec x 2sec x tan x 1 dx' ' '
0 0 0

6 6 61 1 1Î Î Îa b a b a b� œ � � œ � �2 2 2 2

 [2 tan x 2sec x x] 2 tan 2sec 2 tan 0 2sec 0 0 2 3 2œ � � œ � � � � � œ � �1Î6
!

ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ a b È1 1 1 1

6 6 6 6

17. sin 2x dx cos 2x cos 2 cos 2 0'
0

81Î

œ � œ � � � œ’ “ ˆ ‰ ˆ ‰ˆ ‰ a b" " "
# # #

Î

!

�
1

1
8

8 4
2 2È

18. 4 sec t  dt 4 sec t t  dt 4 tan t' '
� Î � Î

Î% Î%

1 1

1 1

3 3

� �
# # �# � Î%

� Î$
ˆ ‰ � ‘a b� œ � œ �1 1 1

1t t# 1

 4 tan 4 tan (4( 1) 4) 4 3 3 4 3 3œ � � � � œ � � � � � œ �Š ‹ Š ‹ Š ‹ˆ ‰ ˆ ‰ Š ‹È È1 1 1 1

4 3  ˆ ‰ ˆ ‰� �1 1

4 3

19. (r 1)  dr r 2r 1  dr r r ( 1) ( 1) 1 1' '
" "

�" �"
# # # # #

�"

"

�� œ � � œ � � œ � � � � � � � œ �a b ’ “ Š ‹ Š ‹r 1 8
3 3 3 3

( 1)$ $$

20. (t 1) t 4  dt t t 4t 4  dt 2t 4t' '
� �

# $ # #
$

� $È È

È È

3 3

3 3

� � œ � � � œ � � �a b a b ’ “t t
4 3

% $
È
È

 2 3 4 3 2 3 4 3 10 3œ � � � � � � � � � œ� � � �Š ‹ Š ‹ Š ‹È È È È ÈŠ ‹ Š ‹ Š ‹ Š ‹È È È È3 3 3 3

4 3 4 3

% $ % $

# #� �

21.  du u  du' '
È È2 2

" "

# #
" " " "�&

"

#
Š ‹ Š ‹ ’ “ Š ‹ � �u u u 1 3

u 16 16 16 44u 4(1)

2

4 2

( ( ) )

& % % %

)

� œ � œ � œ � � � œ �È
Š ‹È

Š ‹È

22.  dy y 2y  dy 2y' '
� �

� �

�

�

� �

� �3 3

1 1

3

1
1 3

1 3

y 2y y
y 3 3 3 3

2 2 1 2 2 225 3

3

3 3
� � �œ � œ � œ � � � œa b ’ “ Š ‹ Š ‹a b a b

a b a b

23.  ds 1 s  ds s 2 1 2 2 1' '
1 1

2 2È È
s s

s
2 2 2

s 2 1

#

#

� �$Î# $Î%
#

"

È
È È

È

ÉÈœ � œ � œ � � � œ � �ˆ ‰ ’ “ Š ‹� �È È
 2 8 1œ � �È È4

24.  dx  dx 2 x 2x x  dx' ' '
1 1 1

8 8 8ˆ ‰ˆ ‰x 1 2 x
x x

2x x 2 x 2 3 1 3 1 3
1 3 2 3

1 3 1 3

1 3 2 3Î Î

Î Î

Î Î� � � � � Î � Î Îœ œ � � � œˆ ‰
 2x x 3x x 2 8 8 3 8 8 2 1 1 3 1 1� ‘ Š ‹ Š ‹a b a b a b a b a b a b a b a b� � � œ � � � � � � �3 3 3 3 3 3

5 4 5 4 5 4
5 3 2 3 4 3 5 3 2 3 4 3 5 3 2 3 4 3Î Î Î Î Î Î Î Î Î

1

3

 œ � 137
20

25.  dx  dx cos x dx sin x sin sin 1' ' '
1 1 1

1 1 1

1

1

Î Î Î Î2 2 2 2

sin 2x 2 sin x cos x
2 sin x 2 sin x 2œ œ œ œ � œ �’ “ a ba b ˆ ‰ˆ ‰1

1
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26. cos x sec x  dx cos x 2 sec  x dx 2 sec  x dx' ' '
0 0 0

3 3 31 1 1Î Î Îa b a b ˆ ‰� œ � � œ � �2 2 2 2cos 2x 1
2
�

 cos 2x sec  x dx sin 2x x tan xœ � � œ � �'
0

3 31
1

Î Îˆ ‰ ’ “1 5 1 5
2 2 4 2

2

!

 sin 2 tan sin 2 0 0 tan 0œ � � � � � œ �ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ a b a b a b1 5 1 5 5
4 3 2 3 3 4 2 6 8

9 31 1 1 1
È

27.  x  dx  x  dx  x  dx   x dx  x dx 16' ' ' ' '
�% �% ! �% !

! !4 4 4k k k k k k ’ “ ’ “ Š ‹ Š ‹œ � œ � � œ � � œ � � � � œx x 0 4 0( 4)# # # # ##

# # # # # #

! %

�% !

�

28. cos x cos x   dx (cos x cos x) dx  (cos x cos x) dx cos x dx [sin x]' ' ' '
! ! Î# !

Î# Î#1 1 1 1

1

" " "
# # #

Î#
!a bk k� œ � � � œ œ
1

 sin sin 0 1œ � œ1

#

29. (a) cos t dt [sin t] sin x sin 0 sin x  cos t dt sin x cos x x' '
! !

È Èx x
x

œ œ � œ Ê œ œ
È
!

"
#

�"Î#È È È ÈŒ � ˆ ‰ ˆ ‰d d
dx dx

 œ
cos x

2 x

È
È

 (b) cos t dt cos x  x cos x xd d
dx dx

cos x
2 xŒ � ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È È Èˆ ‰'

!

Èx

œ œ œ"
#

�"Î# È
È

30. (a) 3t  dt t sin x 1  3t  dt sin x 1 3 sin x cos x' '
1 1

sin x sin x
sin x# $ $ # $ #
"œ œ � Ê œ � œc d a bŒ �d d

dx dx

 (b) 3t  dt 3 sin x (sin x) 3 sin x cos xd d
dx dxŒ � a b ˆ ‰'

1

sin x
# # #œ œ

31. (a) u du u  du u t 0 t   u du t 4t' ' '
! ! !

t t t
t

% % %È È� ‘ ˆ ‰a b Œ �œ œ œ � œ Ê œ œ"Î# $Î# % ' ' &
!

$Î#2 2 2 d d 2
3 3 3 dt dt 3

%

 (b) u du t t t 4t 4td d
dt dtŒ �È È ˆ ‰a b a b'

!

t%

œ œ œ% % # $ &

32. (a) sec y dy [tan y] tan (tan ) 0 tan (tan )  sec y dy (tan (tan ))' '
! !

!

tan tan 
tan 

) )

)# #œ œ � œ Ê œ) ) )
d d
d d) )Œ �

 sec (tan ) secœ a b# #
) )

 (b) sec y dy sec (tan ) (tan ) sec (tan ) secd d
d d) )Œ � a b a bˆ ‰'

!

tan )
# # # #œ œ) ) ) )

33. y 1 t  dt  1 x  34. y  dt  , x 0œ � Ê œ � œ Ê œ �' '
!

x x

1
È È# # " "dy dy

dx t dx x

35. y sin t  dt sin t  dt  sin x x (sin x) xœ œ � Ê œ � œ � œ �' '
È

È

x

x!

!

# # �"Î## "
#

dy
dx dx

d sin x
2 x

Š ‹ˆ ‰ ˆ ‰ ˆ ‰È Èˆ ‰ È

36. y x sin t  dt  x sin t  dt 1 sin t  dt x sin x x sin t  dtœ Ê œ † � † œ † �' ' ' '
2 2 2 2

x x x x2 2 2 2

3 3 3 3dy
dx dx dx

d d3Œ � a b a b# #

 2x sin x sin t  dtœ �# 6 3'
2

x2

37. y  dt  dt  0œ � Ê œ � œ' '
�1 3

x x
t t x x

t 4 t 4 dx x 4 x 4
dy# # # #

# # # #� � � �
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38. y  t dt  3  t dt  t dt 3 x  t dtœ � " Ê œ � " � " œ � " � "Œ � Œ � Œ � Œ �a b a b a b a b a b' ' ' '
0 0 0 0

x x x x
3 3 3 3 310 10 10 10 10

3
dy
dx dx

d

39. y , x   (sin x) (cos x) 1 since xœ � Ê œ œ œ œ œ �'
!

sin x
dt d cos x cos x

1 t 1 sin x cos x

dy
dx dx cos x cos xÈ È È k k� �# #

" "
# # #

k k k kˆ ‰1 1

40. y    (tan x) sec x 1œ Ê œ œ œ'
!

tan x
dt d

1 t dx 1 tan x dx sec x
dy

� �
" " #

# # #
ˆ ‰ ˆ ‰ ˆ ‰ a b

41. x 2x 0  x(x 2) 0  x 0 or x 2; Area� � œ Ê � � œ Ê œ œ �#

 x 2x dx x 2x dx x 2x dxœ � � � � � � � � �' ' '
�$ �# !

�# ! #
# # #a b a b a b

 x x xœ � � � � � � � � �’ “ ’ “ ’ “x x x
3 3 3

$ $ $# # #
�# ! #

�$ �# !

 ( 2) ( 3)œ � � � � � � � �Š ‹Š ‹ Š ‹( 2) ( 3)
3 3

� �# #
$ $

 0 ( 2)� � � � � � �Š ‹Š ‹ Š ‹0
3 3

( 2)$ $
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 2 0� � � � � � œŠ ‹Š ‹ Š ‹2 0 28
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42. 3x 3 0  x 1  x 1; because of symmetry about# #� œ Ê œ Ê œ „

 the y-axis, Area 2 3x 3 dx 3x 3 dxœ � � � �Œ �a b a b' '
! "

" #
# #

 2 x 3x x 3x 2 1 3(1) 0 3(0)Š ‹c d c d c a ba b a b� � � � œ � � � �$ $ $ $" #
! "

 2 3(2) 1 3(1) 2(6) 12� � � � œ œdaa b a b$ $

 

43. x 3x 2x 0  x x 3x 2 0$ # #� � œ Ê � � œa b
  x(x 2)(x 1) 0  x 0, 1, or 2;Ê � � œ Ê œ

 Area x 3x 2x dx x 3x 2x dxœ � � � � �' '
! "

" #
$ # $ #a b a b

 x x x xœ � � � � �’ “ ’ “x x
4 4

% %$ # $ #
" #

! "

 1 1 0 0œ � � � � �Š ‹ Š ‹1 0
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 2 2 1 1� � � � � � œ’ “Š ‹ Š ‹2 1
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44. x x 0  x 1 x 0  x 0 or"Î$ "Î$ #Î$ "Î$� œ Ê � œ Ê œˆ ‰
 1 x 0  x 0 or 1 x   x 0 or� œ Ê œ œ Ê œ#Î$ #Î$

 1 x   x 0 or 1;œ Ê œ „#

 Area  x x dx x x dx x x dxœ � � � � � �' ' '
�"

! " )
"Î$ "Î$ "Î$

! "
ˆ ‰ ˆ ‰ ˆ ‰
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45. The area of the rectangle bounded by the lines y 2, y 0, x , and x 0 is 2 .  The area under the curveœ œ œ œ1 1

 y 1 cos x on [0 ] is (1 cos x) dx [x sin x] ( sin ) (0 sin 0) .  Therefore the area ofœ � ß � œ � œ � � � œ1 1 1 1'
! !

1

1

 the shaded region is 2 .1 1 1� œ

46. The area of the rectangle bounded by the lines x , x , y sin sin , and y 0 isœ œ œ œ œ œ1 1 1 1

6 6 6 6
5 5"

#

 .  The area under the curve y sin x on  is  sin x dx [ cos x]"
#

& Î'
Î'

ˆ ‰ � ‘5 5
6 6 3 6 6
1 1 1 1 1 1

1
� œ œ ß œ �'

1

1

Î

Î

6

5 6

 cos cos 3.  Therefore the area of the shaded region is 3 .œ � � � œ � � � œ �ˆ ‰ ˆ ‰ Š ‹ È È5
6 6 3

3 31 1 1
È È
# #

47. On 0 :  The area of the rectangle bounded by the lines y 2, y 0, 0, and  is 2� ‘ ˆ ‰È È� ß œ œ œ œ �1 1 1

4 4 4) )

 .  The area between the curve y sec  tan  and y 0 is sec  tan  d [ sec ]œ œ œ � œ �1

1

È2
4 ) ) ) ) ) )'

� Î

!

1 4

!
� Î%

 ( sec 0) sec 2 1.  Therefore the area of the shaded region on  is 2 1 .œ � � � � œ � � ß ! � �ˆ ‰ � ‘ˆ ‰ È ÈŠ ‹1 1 1

4 4 4
2È

 On 0 :  The area of the rectangle bounded by , 0, y 2, and y 0 is 2 .  The area� ‘ ˆ ‰È Èß œ œ œ œ œ1 1 1 1

4 4 4 4
2

) )
È

 under the curve y sec  tan  is sec  tan  d [sec ] sec sec 0 2 1.  Therefore the areaœ œ œ � œ �) ) ) ) ) )'
!

Î1 4
1 1Î%
! 4

È
 of the shaded region on  is 2 1 .  Thus, the area of the total shaded region is� ‘ Š ‹È!ß � �1 1

4 4
2È

 2 1 2 1 .Š ‹ Š ‹È È1 1 1È È È2 2 2
4 4� � � � � œ #

48. The area of the rectangle bounded by the lines y 2, y 0, t , and t 1 is 2 1 2 .  Theœ œ œ � œ � � œ �1 1 1

4 4
ˆ ‰ˆ ‰

#

 area under the curve y sec t on  is sec t dt [tan t] tan 0 tan 1.  The areaœ � ß ! œ œ � � œ# # !
� Î%

� ‘ ˆ ‰1 1

14 4
'
� Î

!

1 4

 under the curve y 1 t  on [ ] is 1 t  dt t 1 0 .  Thus, the totalœ � !ß " � œ � œ � � � œ# #

!

"

!

' " a b ’ “ Š ‹ Š ‹t 1 0 2
3 3 3 3

$ $ $

 area under the curves on  is 1 .  Therefore the area of the shaded region is 2 .� ‘ ˆ ‰� ß " � œ � � œ �1 1 1

4 3 3 3 3
2 5 5

# #
"

49. y  dt 3   and y( )  dt 3 0 3 3  (d) is a solution to this problem.œ � Ê œ œ � œ � œ � Ê' '
1 1

1x
" " "
t dx x t

dy
1

50. y sec t dt 4   sec x and y( 1) sec t dt 4 0 4 4  (c) is a solution to this problem.œ � Ê œ � œ � œ � œ Ê' '
� �

�

1 1

x 1
dy
dx

51. y sec t dt 4  sec x and y(0) sec t dt 4 0 4 4  (b) is a solution to this problem.œ � Ê œ œ � œ � œ Ê' '
! !

!x
dy
dx
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52. y  dt 3   and y(1)  dt 3 0 3 3  (a) is a solution to this problem.œ � Ê œ œ � œ � œ � Ê' '
" "

"x
" " "
t dx x t

dy

53. y sec t dt 3 54. y 1 t  dt 2œ � œ � �' '
# "

x x È #

55. Area h x  dx hxœ � œ �'
� Î

Î Î

� Îb 2

b 2 b 2

b 2

ˆ ‰ˆ ‰ ’ “4h 4hx
b 3b# #

$#

 h hœ � � � �Œ � Œ �ˆ ‰ ˆ ‰b b4h 4h
3b 3b# #

�ˆ ‰ ˆ ‰b b
# #

$ $

# #

 bh bhœ � � � � œ � œˆ ‰ ˆ ‰bh bh bh bh bh 2
6 6 3 3# #

 

56. k 0  one arch of y sin kx will occur over the interval 0   the area sin kx dx   cos kx� Ê œ ß Ê œ œ �� ‘ � ‘1 1

k k
'

!

Î1 k
k" Î

!

  cos k  cos (0)œ � � � œ" "
k k k k

2ˆ ‰ ˆ ‰ˆ ‰1

57. x   c t dt t x;  c(100) c(1) 100 1 $9.00dc
dx x

œ œ Ê œ œ œ � œ � œ" " "
# # #

�"Î# �"Î# "Î#
È '

!

x
x

0
� ‘ È È È

58. r 2  dx 2 1  dx 2 x 2 3 0œ � œ � œ � œ � � �' '
! !

$ $Š ‹ Š ‹ ’ “� ‘ˆ ‰ Š ‹ Š ‹2 1
(x 1) (x 1) x 1 (3 1) (0 1)� � � � �

" � " "$

!# #

 2 3 1 2 2 4.5 or $4500œ � œ œ� ‘ ˆ ‰" "
4 4

59. (a) t 0 T 85 3 25 0 70 F; t 16 T 85 3 25 16 76 F;œ Ê œ � � œ œ Ê œ � � œÈ È‰ ‰

 t 25 T 85 3 25 25 85 Fœ Ê œ � � œÈ ‰

 (b) average temperatuve 85 3 25 t  dt 85t 2 25 tœ � � œ � �1 1
25 0 25

25
3 2

25

�
Î

!

'
0

Š ‹ ’ “È a b
 85 25 2 25 25 85 0 2 25 0 75 Fœ � � � � � œ1 1

25 25
3 2 3 2Š ‹ Š ‹a b a b a b a bÎ Î ‰

60. (a) t 0 H 0 1 5 0 1 ft; t 4 H 4 1 5 4 5 5 4 10.17 ft;œ Ê œ � � œ œ Ê œ � � œ � ¸È Èa b a b È È1 3 1 3Î Î 3

 t 8 H 8 1 5 8 13 ftœ Ê œ � � œÈ a b1 3Î

 (b) average height t 1 5 t  dt t 1 tœ � � œ � �1 1 2 15
8 0 8 3 4

8
1 3 4 33 2

8

�
Î ÎÎ

!

'
0
Š ‹ ’ “È a b

 8 1 8 0 1 0 9.67 ftœ � � � � � œ ¸1 2 15 1 2 15 29
8 3 4 8 3 4 3

3 2 4 3 3 2 4 3Š ‹ Š ‹a b a b a b a bÎ Î Î Î

61. f(t) dt x 2x 1  f(x)  f(t) dt x 2x 1 2x 2' '
1 1

x x

œ � � Ê œ œ � � œ �# #d d
dx dx a b

62. f(t) dt x cos x  f(x)  f(t) dt cos x x sin x  f(4) cos (4) (4) sin (4) 1' '
! !

x x

œ Ê œ œ � Ê œ � œ1 1 1 1 1 1 1
d

dx

63. f(x) 2  dt  f (x)   f (1) 3; f(1) 2  dt 2 0 2;œ � Ê œ � œ Ê œ � œ � œ � œ' '
# #

�" "�"x
9 9 9 9

1 t 1 (x 1) x 2 1 t� � � � �
w w�

 L(x) 3(x 1) f(1) 3(x 1) 2 3x 5œ � � � œ � � � œ � �
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64. g(x) 3 sec (t 1) dt  g (x) sec x 1 (2x) 2x sec x 1   g ( 1) 2( 1) sec ( 1) 1œ � � Ê œ � œ � Ê � œ � � �'
1

x#

w # # w #a b a b a ba b
 2; g( 1) 3 sec (t 1) dt 3 sec (t 1) dt 3 0 3; L(x) 2(x ( 1)) g( 1)œ � � œ � � œ � � œ � œ œ � � � � �' '

1 1

a b�" "
#

 2(x 1) 3 2x 1œ � � � œ � �

65. (a) True:  since f is continuous, g is differentiable by Part 1 of the Fundamental Theorem of Calculus.
 (b) True:  g is continuous because it is differentiable.
 (c) True, since g (1) f(1) 0.w œ œ

 (d) False, since g (1) f (1) 0.ww wœ �

 (e) True, since g (1) 0 and g (1) f (1) 0.w ww wœ œ �

 (f) False:  g (x) f (x) 0, so g  never changes sign.ww w wwœ �

 (g) True, since g (1) f(1) 0 and g (x) f(x) is an increasing function of x (because f (x) 0).w w wœ œ œ �

66. Let a x x x x b be any partition of a, b  and let F be any antiderivative of f.œ � � â � œ Ò Ó0 1 2 n

 (a) F x F x!� ‘a b a b
i 1

n

i i 1
œ

��

 F x F x F x F x F x F x F x F x F x F xœ � � � � � �â� � � �� ‘ � ‘ � ‘ � ‘ � ‘a b a b a b a b a b a b a b a b a b a b1 0 2 1 3 2 n 1 n 2 n n 1� � �

 F x F x F x F x F x F x F x F x F x F x F b F aœ � � � � � �â� � � œ � œ �a b a b a b a b a b a b a b a b a b a b a b a b0 1 1 2 2 n 1 n 1 n n 0� �

 (b) Since F is any antiderivative of f on a, b F is differentiable on a, b F is continuous on a, b . Consider anyÒ Ó Ê Ò Ó Ê Ò Ó

 subinterval x , x in a, b , then by the Mean Value Theorem there is at least one number c  in x , x  such thatÒ Ó Ò Ó Ð Ñi 1 i i i 1 i� �

 F x F x F c x x f c x x f c x . Thus F b F a F x F x� ‘ � ‘a b a b a ba b a ba b a b a b a b a b a b!i i 1 i i i 1 i i i 1 i i i i 1
i 1

n
� œ � œ � œ � œ �� � � �

w

œ

?

  f c x .œ ! a b
i 1

n

i i
œ

?

 (c) Taking the limit  of F b F a  f c x  we obtain  F b F a  f c xa b a b a b a b a b! !a b a b Œ �� œ � œ
i 1 i 1

n n

i i i i
P 0 P 0œ œm mÄ m mÄ

? ?lim lim

 F b F a f x dxÊ � œa b a b a b'
a

b

67-70. Example CAS commands:
 :Maple
 with( plots );
 f := x -> x^3-4*x^2+3*x;
 a := 0;
 b := 4;
 F := unapply( int(f(t),t=a..x), x );                             # (a)
 p1 := plot( [f(x),F(x)], x=a..b, legend=["y = f(x)","y = F(x)"], title="#67(a) (Section 5.4)" ):
 p1;
 dF := D(F);                                                                 # (b)
 q1 := solve( dF(x)=0, x );
 pts1 := [ seq( [x,f(x)], x=remove(has,evalf([q1]),I) ) ];
 p2 := plot( pts1, style=point, color=blue, symbolsize=18, symbol=diamond, legend="(x,f(x)) where F '(x)=0" ):
 display( [p1,p2], title="81(b) (Section 5.4)" );
 incr := solve( dF(x)>0, x );                                       # (c)
 decr := solve( dF(x)<0, x );
 df := D(f);                                                                   # (d)
 p3 := plot( [df(x),F(x)], x=a..b, legend=["y = f '(x)","y = F(x)"], title="#67(d) (Section 5.4)" ):
 p3;
 q2 := solve( df(x)=0, x );

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 5.4 The Fundamental Theorem of Calculus 289

 pts2 := [ seq( [x,F(x)], x=remove(has,evalf([q2]),I) ) ];
 p4 := plot( pts2, style=point, color=blue, symbolsize=18, symbol=diamond, legend="(x,f(x)) where f '(x)=0" ):
 display( [p3,p4], title="81(d) (Section 5.4)" );

71-74. Example CAS commands:
 :Maple
 a := 1;
 u := x -> x^2;
 f := x -> sqrt(1-x^2);
 F := unapply( int( f(t), t=a..u(x) ), x );
 dF := D(F);                         # (b)
 cp := solve( dF(x)=0, x );
 solve( dF(x)>0, x );
 solve( dF(x)<0, x );
 d2F := D(dF);                     # (c)
 solve( d2F(x)=0, x );
 plot( F(x), x=-1..1, title="#71(d) (Section 5.4)" );

75. Example CAS commands:
 :Maple
 f := `f`;
 q1 := Diff( Int( f(t), t=a..u(x) ), x );
 d1 := value( q1 );

76. Example CAS commands:
 :Maple
 f := `f`;
 q2 := Diff( Int( f(t), t=a..u(x) ), x,x );
 value( q2 );

67-76. Example CAS commands:
 : (assigned function and values for a, and b may vary)Mathematica
 For transcendental functions the FindRoot is needed instead of the Solve command.
 The Map command executes FindRoot over a set of initial guesses
 Initial guesses will vary as the functions vary.
 Clear[x, f, F]
 {a, b}= {0, 2 }; f[x_] = Sin[2x] Cos[x/3]1

 F[x_] = Integrate[f[t], {t, a, x}]
 Plot[{f[x], F[x]},{x, a, b}]
 x/.Map[FindRoot[F'[x]==0, {x, #}] &,{2, 3, 5, 6}]
 x/.Map[FindRoot[f'[x]==0, {x, #}] &,{1, 2, 4, 5, 6}]
 Slightly alter above commands for 75 - 80.
 Clear[x, f, F, u]

 a=0;  f[x_] = x 2x 32 � �

 u[x_] = 1 x� 2

 F[x_] = Integrate[f[t], {t, a, u(x)}]
 x/.Map[FindRoot[F'[x]==0,{x, #}] &,{1, 2, 3, 4}]
 x/.Map[FindRoot[F''[x]==0,{x,#}] &,{1, 2, 3, 4}]
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 After determining an appropriate value for b, the following can be entered
 b = 4;
 Plot[{F[x], {x, a, b}]

5.5  INDEFINTE INTEGRALS AND THE SUBSTITUTION RULE

 1. Let u 2x 4 du 2 dx   du dxœ � Ê œ Ê œ"
2

 2 2x 4 dx  2u  du  u  du  u C 2x 4 C' ' 'a b a b� œ œ œ � œ � �
5 6

5 5 6
2 6 6
" " "

 2. Let u 7x 1 du 7 dx   du dxœ � Ê œ Ê œ"
7

 7 7x 1 dx 7 7x 1 dx  7u  du  u  du  u C  7x 1 C' ' ' 'È a b a b� œ � œ œ œ � œ � �1 2 3 21 2 1 2 3 2
7 3 3

2 2Î ÎÎ Î Î"

 3. Let u x 5 du 2x dx   du x dxœ � Ê œ Ê œ2
2
"

 2x x 5 dx  2 u  du  u  du  u C x 5 C' ' 'a b a b2 4 4 3 2
4 3

2 3 3� œ œ œ � � œ � � �
� �

� � �" " "

 4. Let u x 1 du 4x  dx   du x dxœ � Ê œ Ê œ4 3 3
4
"

 dx 4x x 1 dx  4 u  du  u  du  u C C' ' ' '4x 1
x 1

3 4 2 2 12
4 x 1

3

4 2 4a b�

� � � �" �
�œ � œ œ œ � � œ �a b

 5. Let u 3x 4x du 6x 4 dx 2 3x 2 dx   du 3x 2 dxœ � Ê œ � œ � Ê œ �2
2a b a b a b"

 3x 2 3 x 4x dx  u  du  u  du  u C  3x 4x C' ' ' a ba ba b� � œ œ œ � œ � �2 4 4 5 24
2 2 10 10

5
" " " "

 6. Let u 1 x du  dx  2 du dxœ � Ê œ Ê œÈ 1 1
2 x xÈ È

 dx 1 x dx  u  2 du 2  u  du 2  u C  1 x C' ' ' 'ˆ ‰È
È È

1 x
x x

1 3 4 31 3 31 3 1 3 4 3
4 2

� Î ÎÎ Î Î
1 3Î

œ � œ œ œ † � œ � �ˆ ‰ ˆ ‰È È
 7. Let u 3x  du 3 dx   du dxœ Ê œ Ê œ"

3

 sin 3x dx   sin u du  cos u C  cos 3x C ' 'œ œ � � œ � �" " "
3 3 3

 8. Let u 2x   du 4x dx   du x dxœ Ê œ Ê œ# "
4

 x sin 2x  dx  sin u du  cos u C  cos 2x C' 'a b# #" " "œ œ � � œ � �4 4 4

 9. Let u 2t  du 2 dt   du dtœ Ê œ Ê œ"
#

 sec 2t tan 2t dt  sec u tan u du  sec u C  sec 2t C' 'œ œ � œ �" " "
# # #

10. Let u 1 cos   du  sin  dt  2 du sin  dtœ � Ê œ Ê œt t t
2 2

"
# #

 1 cos sin  dt 2u  du u C 1 cos C' 'ˆ ‰ ˆ ‰ ˆ ‰� œ œ � œ � �t t 2 2 t
3 3# # #

# $# $

11. Let u 1 r   du 3r  dr  3 du 9r  drœ � Ê œ � Ê � œ$ # #

 3u  du 3(2)u C 6 1 r C' 9r  dr
1 r

#

$È �

�"Î# "Î# $ "Î#
œ � œ � � œ � � �' a b

12. Let u y 4y 1  du 4y 8y  dy  3 du 12 y 2y  dyœ � � Ê œ � Ê œ �% # $ $a b a b
 12 y 4y 1 y 2y  dy 3u  du u C y 4y 1 C' 'a b a b a b% # $ # $ % ## $

� � � œ œ � œ � � �
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13. Let u x 1  du x  dx   du x dxœ � Ê œ Ê œ$Î# "Î#
#
3 2

3
È

 x sin x 1  dx  sin u du  sin 2u C x 1  sin 2x 2 C' 'È ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰# $Î# # $Î# $Î#
#

" " "� œ œ � � œ � � � �2 2 u
3 3 4 3 6

14. Let u   du  dxœ � Ê œ" "
x x#

   cos  dx cos u  du cos u  du  sin 2u C  sin C' ' '" " " " "# # #
#x x 4 2x 4 x
u 2

#
ˆ ‰ ˆ ‰ ˆ ‰a b a bœ � œ œ � � œ � � � �

  sin Cœ � � �" "
2x 4 x

2ˆ ‰
15. (a) Let u cot 2   du 2 csc 2  d    du csc 2  dœ Ê œ � Ê � œ) ) ) ) )

# #"
#

  csc 2  cot 2  d u du C C  cot 2 C' '# #" " "
# # #) ) ) )œ � œ � � œ � � œ � �Š ‹u u

4 4

# #

 (b) Let u csc 2   du 2 csc 2  cot 2  d    du csc 2  cot 2  dœ Ê œ � Ê � œ) ) ) ) ) ) )
"
#

 csc 2  cot 2  d u du C C  csc 2 C' '# #" " "
# # #) ) ) )œ � œ � � œ � � œ � �Š ‹u u

4 4

# #

16. (a) Let u 5x 8  du 5 dx   du dxœ � Ê œ Ê œ"
5

   du u  du 2u C u C 5x 8 C' ' 'dx 2 2
5x 8 5 5 5 5 5uÈ È�

" " " "�"Î# "Î# "Î#œ œ œ � œ � œ � �Š ‹ ˆ ‰ È
 (b) Let u 5x 8  du (5x 8) (5) dx   duœ � Ê œ � Ê œÈ "

#
�"Î#

�
2 dx
5 5x 8È

   du u C 5x 8 C' 'dx 2 2 2
5x 8 5 5 5È �

œ œ � œ � �È
17. Let u 3 2s  du 2 ds   du dsœ � Ê œ � Ê � œ"

#

 3 2s ds u  du u  du u C (3 2s) C' ' 'È È ˆ ‰ ˆ ‰ ˆ ‰� œ � œ � œ � � œ � � �" " " "
# # #

"Î# $Î# $Î#2
3 3

18. Let u 5s 4  du 5 ds   du dsœ � Ê œ Ê œ"
5

   ds   du u  du 2u C 5s 4 C' ' '" " " " "
�

�"Î# "Î#
È È5s 4 u 5 5 5 5

2œ œ œ � œ � �ˆ ‰ ˆ ‰ ˆ ‰ È
19. Let u 1   du 2  d    du  dœ � Ê œ � Ê � œ) ) ) ) )

# "
#

 1 d u  du u  du u C 1 C' ' ') ) ) )È È ˆ ‰ ˆ ‰ ˆ ‰ a b4 4� œ � œ � œ � � œ � � �# " " "
# # #

"Î% &Î% # &Î%4 2
5 5

20. Let u 7 3y   du 6y dy   du 3y dyœ � Ê œ � Ê � œ# "
#

 3y 7 3y  dy u  du u  du u C 7 3y C' ' 'È È ˆ ‰ ˆ ‰ ˆ ‰ a b� œ � œ � œ � � œ � � �# " " " "
# # #

"Î# $Î# # $Î#2
3 3

21. Let u 1 x  du  dx  2 du  dxœ � Ê œ Ê œÈ " "
2 x xÈ È

   dx  C C' " �

"� �È Èˆ ‰ Èx x
2 du 2 2
u u 1 x# #œ œ � � œ �'

22. Let u 3z 4  du 3 dz  du dzœ � Ê œ Ê œ"
3

 cos (3z 4) dz (cos u)  du cos u du  sin u C  sin (3z 4) C' ' '� œ œ œ � œ � �ˆ ‰" " " "
3 3 3 3

23. Let u 3x 2  du 3 dx   du dxœ � Ê œ Ê œ"
3

 sec (3x 2) dx sec u  du sec u du  tan u C  tan (3x 2) C' ' '# # #" " " "� œ œ œ � œ � �a b ˆ ‰
3 3 3 3

24. Let u tan x  du sec x dxœ Ê œ #

 tan x sec x dx u  du u C  tan x C' '# # # $ $" "œ œ � œ �3 3
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25. Let u sin   du  cos  dx  3 du cos  dxœ Ê œ Ê œˆ ‰ ˆ ‰ ˆ ‰x x x
3 3 3 3

"

 sin  cos  dx u (3 du) 3 u C  sin C' '& & ' '" "
#

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰x x x
3 3 6 3œ œ � œ �

26. Let u tan   du  sec  dx  2 du sec  dxœ Ê œ Ê œˆ ‰ ˆ ‰ ˆ ‰x x x
# # # #

" # #

 tan  sec  dx u (2 du) 2 u C  tan C' '( # ( ) )
# # #

" "ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰x x x
8 4œ œ � œ �

27. Let u 1  du  dr  6 du r  drœ � Ê œ Ê œr r
18 6

$ # #

 r 1  dr u (6 du) 6 u  du 6 C 1 C' ' '# & &
& 'Š ‹ Š ‹ Š ‹r u r

18 6 18

$ ' $

� œ œ œ � œ � �

28. Let u 7   du r  dr  2 du r  drœ � Ê œ � Ê � œr
10

& "
#

% %

 r 7  dr u ( 2 du) 2 u  du 2 C 7 C' ' '% $ $
$ %

"
#Š ‹ Š ‹ Š ‹� œ � œ � œ � � œ � � �r u r

10 4 10

& % &

29. Let u x 1  du x  dx   du x  dxœ � Ê œ Ê œ$Î# "Î# "Î#
#
3 2

3

 x  sin x 1  dx (sin u)  du sin u du ( cos u) C  cos x 1 C' ' '"Î# $Î# $Î#ˆ ‰ ˆ ‰ ˆ ‰� œ œ œ � � œ � � �2 2 2 2
3 3 3 3

30. Let u csc   du  csc  cot  dv  2 du csc  cot  dvœ Ê œ � Ê � œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰v v v v v� " � � � �
# # # # # #
1 1 1 1 1

 csc  cot  dv 2 du 2u C 2 csc C' 'ˆ ‰ ˆ ‰ ˆ ‰v v v� � �
# # #
1 1 1œ � œ � � œ � �

31. Let u cos (2t 1)  du 2 sin (2t 1) dt   du sin (2t 1) dtœ � Ê œ � � Ê � œ �"
#

   dt  C C' 'sin (2t 1)
cos (2t 1) u u  cos (2t 1)

du�
� # # # �

" " "
# #œ � œ � œ �

32. Let u sec z  du sec z tan z dzœ Ê œ

   dz   du u  du 2u C 2 sec z C' ' 'sec z tan z
sec z uÈ Èœ œ œ � œ �" �"Î# "Î# È

33. Let u 1 t 1  du t  dt  du  dtœ � œ � Ê œ � Ê � œ" "�" �#
t t#

   cos 1  dt (cos u)( du) cos u du sin u C sin 1 C' ' '" " "
t t t#

ˆ ‰ ˆ ‰� œ � œ � œ � � œ � � �

34. Let u t 3 t 3  du t  dt  2 du  dtœ � œ � Ê œ Ê œÈ "Î# �"Î#" "
# Èt

   cos t 3  dt (cos u)(2 du) 2 cos u du 2 sin u C 2 sin t 3 C' ' '"
Èt

ˆ ‰ ˆ ‰È È� œ œ œ � œ � �

35. Let u sin   du cos  d   du  cos  dœ Ê œ � Ê � œ" " " " "
) ) ) ) )

ˆ ‰ ˆ ‰
# #) )

   sin  cos  d u du u C  sin C' '" " " " " "
# #

# #
) ) ) )# ) œ � œ � � œ � �

36. Let u csc   du csc  cot  d   2 du  cot  csc  dœ Ê œ � Ê � œÈ È È È ÈŠ ‹Š ‹) ) ) ) ) ) )
" "

#È È) )

   d   cot  csc  d 2 du 2u C 2 csc C C' ' 'cos 
 sin sin 

2È
È È È È

)

) ) ) )#
) ) ) ) )œ œ � œ � � œ � � œ � �" È È È

37. Let u 1 t   du 4t  dt   du t  dtœ � Ê œ Ê œ% $ $"
4

 t 1 t  dt u  du u C 1 t C' '$ % $ % %$ %" " " "a b a bˆ ‰ ˆ ‰� œ œ � œ � �4 4 4 16
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38. Let u 1   du  dxœ � Ê œ" "
x x#

   dx    dx  1  dx u du u  du u C 1 C' ' ' ' 'É É É È ˆ ‰x 1 x 1 2 2
x x x x x 3 3 x
� " � " " ""Î# $Î# $Î#
& # #œ œ � œ œ œ � œ � �

39. Let u 2   du  dxœ � Ê œ" "
x x#

  2  dx u du u  du u C 2 C' ' '" " ""Î# $Î# $Î#

x x 3 3 x
2 2

#
É È ˆ ‰� œ œ œ � œ � �

40. Let u 1   du  dx du  dxœ � Ê œ Ê œ" "
#x x x

2 1
# 3 3

  dx 1  dx u du u  du u C 1 C' ' ' '1 x 1 1 1 1
x x x x 3 3 x3 3É É È ˆ ‰#

# # #

� " " " "
# #

"Î# $Î# $Î#
œ � œ œ œ � œ � �

41. Let u 1   du  dx du  dxœ � Ê œ Ê œ3 9 1
x x 9 x3 4 4

"

  dx  dx 1  dx u du u  du u C 1 C' ' ' ' 'É É É È ˆ ‰x 3 1 x 3 1 3 2 2 3
x x x x x 9 9 27 27 x
3 3

11 4 3 4 3 3
� � " " "Î# $Î# $Î#

œ œ � œ œ œ � œ � �

42. Let u x 1  du 3x  dx du x  dxœ � Ê œ Ê œ3 2 2
3
"

  dx  dx  du u  du u C x 1 C' ' ' 'É a bx 1 2 2
x 1 3 3 3 3

x

x 1 u
1 34

3

2

3� �

" " �"Î# Î# $Î#
œ œ œ œ � œ � �È È

43. Let u x . Then du dx and x u . Thus x x dx u u du u u duœ � " œ œ � " � " œ � " œ �' ' 'a b a b a b10 10 11 10

 u u C x x Cœ � � œ � " � � " �1 1 1 1
12 11 12 11

12 11 12 11a b a b
44. Let u 4 x. Then du 1 dx and 1 du dx and x 4 u. Thus x 4 xdx 4 u u 1 duœ � œ � � œ œ � � œ � �a b a b a bÈ È' '

 4 u u du u 4u du u u C 4 x 4 x Cœ � � œ � œ � � œ � � � �' ' a ba b a b a bˆ ‰1 2 3 2 1 2 5 2 3 22 8 2 8
5 3 5 3

5 2 3 2Î Î Î Î Î Î Î

45. Let u x. Then du 1 dx and 1 du dx and x 1 u. Thus x 1 x dxœ " � œ � � œ œ � � " �a b a b a b' 2 5

 2 u u 1 du u 4u 4u du u u u Cœ � � œ � � � œ � � � �' 'a b a b a b2 5 7 6 5 8 7 61 4 2
8 7 3

 x x x Cœ � " � � " � � " � �1 4 2
8 7 3

8 7 6a b a b a b
46. Let u x 5. Then du dx and x u 5. Thus x 5 x 5 dx u 10 u du u 10u duœ � œ œ � � � œ � œ �' ' 'a ba b a b ˆ ‰1 3 1 3 4 3 1 3Î Î Î Î

 u u C x 5 x 5 Cœ � � œ � � � �3 15 3 15
7 2 7 2

7 3 4 3 7 3 4 3Î Î Î Îa b a b
47. Let u x . Then du x dx and du x dx and x u . Thus x x dx u u duœ � " œ # œ œ � " � " œ � "# # $" "

# #
#' 'È a b È

 u u du u u C u u C x x Cœ � œ � � œ � � œ � " � � " �" " # # " " " "
# # & $ & $ & $

$Î# "Î# &Î# $Î# &Î# $Î# # #&Î# $Î#' a b ’ “ a b a b
48. Let u x du 3x dx and x u . So 3 x dx u u du u u duœ � " Ê œ œ � " B � " œ � " œ �3 3 3# & $Î# "Î#' ' ' a bÈ a bÈ
 u u C x x Cœ � � œ � " � � " �# # # #

& $ & $
&Î# $Î# $ $&Î# $Î#a b a b

49. Let u x 4 du 2x dx and du x dx . Thus dx x 4 x dx u du u duœ � Ê œ œ œ � œ œ2 2 3 3x
x 4

3" " "
# # #�

� � �' ' ' '
a b2 3 a b

 u C x 4 Cœ � � œ � � �" "� �

4 4
2 2 2a b

50. Let u x 4 du dx and x u 4 . Thus dx x 4 x dx u u 4 du u 4u duœ � Ê œ œ � œ � œ � œ �' ' ' ' a bx
x 4

3 3 2 3
a b�

� � � �
3 a b a b

 u 2u C x 4 2 x 4 Cœ � � � œ � � � � �� � � �1 2 1 2a b a b
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51. (a) Let u tan x  du sec x dx; v u   dv 3u  du  6 dv 18u  du; w 2 v  dw dvœ Ê œ œ Ê œ Ê œ œ � Ê œ# $ # #

   dx   du   6 w  dw 6w C C' ' ' ' '18 tan x sec x 18u 6 dv 6 dw 6
2 tan x 2 u (2 v) w v

# # #

$ $# # # #a b a b� � � #�
�# �"œ œ œ œ œ � � œ � �

 C Cœ � � œ � �6 6
2 u 2 tan x� �$ $

 (b) Let u tan x  du 3 tan x sec x dx  6 du 18 tan x sec x dx; v 2 u  dv duœ Ê œ Ê œ œ � Ê œ$ # # # #

   dx   C C C' ' '18 tan x sec x 6 du 6 dv 6 6 6
2 tan x (2 u) v v 2 u tan x

# #

$ # # # $a b� � � #�œ œ œ � � œ � � œ � �

 (c) Let u 2 tan x  du 3 tan x sec x dx  6 du 18 tan x sec x dxœ � Ê œ Ê œ$ # # # #

   dx  C C' '18 tan x sec x 6 du 6 6
2 tan x u u 2 tan x

# #

$ # # $a b� �œ œ � � œ � �

52. (a) Let u x 1  du dx; v sin u  dv cos u du; w 1 v   dw 2v dv   dw v dvœ � Ê œ œ Ê œ œ � Ê œ Ê œ# "
#

 1 sin (x 1) sin (x 1) cos (x 1) dx 1 sin u sin u cos u du v 1 v  dv' 'È È È'� � � � œ � œ �# # #

 w dw w C 1 v C 1 sin u C 1 sin (x 1) Cœ œ � œ � � œ � � œ � � �' " " " " "
#

$Î# # # #$Î# $Î# $Î#È a b a b a b3 3 3 3

 (b) Let u sin (x 1)  du cos (x 1) dx; v 1 u   dv 2u du   dv u duœ � Ê œ � œ � Ê œ Ê œ# "
#

 1 sin (x 1) sin (x 1) cos (x 1) dx u 1 u  du v dv v  dv' ' ' 'È È È� � � � œ � œ œ# # " "
# #

"Î#

 v C v C 1 u C 1 sin (x 1) Cœ � œ � œ � � œ � � �ˆ ‰ˆ ‰ a b a b" " " "
#

$Î# $Î# # #$Î# $Î#2
3 3 3 3

 (c) Let u 1 sin (x 1)  du 2 sin (x 1) cos (x 1) dx   du sin (x 1) cos (x 1) dxœ � � Ê œ � � Ê œ � �# "
#

 1 sin (x 1) sin (x 1) cos (x 1) dx u du u  du u C' ' 'È È ˆ ‰� � � � œ œ œ �# " " "
# # #

"Î# $Î#2
3

 1 sin (x 1) Cœ � � �" # $Î#

3 a b
53. Let u 3(2r 1) 6 du 6(2r 1)(2) dr  du (2r 1) dr; v u dv  du   dv  duœ � � Ê œ � Ê œ � œ Ê œ Ê œ# " " " "

# # #1 6u 1 u
È È È

   dr  du (cos v)  dv  sin v C  sin u C' (2r 1) cos 3(2r 1) 6
3(2r 1) 6

cos u
u 1 6 6 6

� � �

� �
" " " "
#

È È
È È

#

#
œ œ œ � œ �' 'Š ‹ ˆ ‰ ˆ ‰ È

  sin 3(2r 1) 6 Cœ � � �" #
6

È
54. Let u cos   du sin  d   2 du  dœ Ê œ � Ê � œÈ ÈŠ ‹Š ‹) ) ) )

"

#È È
È

) )

)sin 

   d   d  2 u  du 2 2u C C' 'sin sin 

 cos cos

2 du 4
u u

È È
É ÉÈ È È È

) )

) ) ) )$ $
$Î#) )œ œ œ � œ � � � œ �' '� �$Î# �"Î#ˆ ‰

 Cœ �4

cos É È)

55. Let u 3t 1  du 6t dt  2 du 12t dtœ � Ê œ Ê œ#

 s 12t 3t 1  dt u (2 du) 2 u C u C 3t 1 C;œ � œ œ � œ � œ � �' 'a b a bˆ ‰# $ % % #$ %" " "
# #4

 s 3 when t 1  3 (3 1) C  3 8 C  C 5  s 3t 1 5œ œ Ê œ � � Ê œ � Ê œ � Ê œ � �" "
# #

% # %a b
56. Let u x 8  du 2x dx  2 du 4x dxœ � Ê œ Ê œ#

 y 4x x 8  dx u (2 du) 2 u C 3u C 3 x 8 C;œ � œ œ � œ � œ � �' 'a b a bˆ ‰# �"Î$ #Î$ #Î$ #�"Î$ #Î$

#
3

 y 0 when x 0  0 3(8) C  C 12  y 3 x 8 12œ œ Ê œ � Ê œ � Ê œ � �#Î$ # #Î$a b
57. Let u t   du dtœ � Ê œ1

1#

 s 8 sin t  dt 8 sin u du 8  sin 2u C 4 t 2 sin 2t C;œ � œ œ � � œ � � � �' '# #
# # #

"ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1

1 4 1 6
u

 s 8 when t 0  8 4 2 sin C  C 8 1 9œ œ Ê œ � � Ê œ � � œ �ˆ ‰ ˆ ‰1 1 1 1

1 6 3 3#

  s 4 t 2 sin 2t 9 4t 2 sin 2t 9Ê œ � � � � � œ � � �ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1

1 6 3 6#
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58. Let u   du dœ � Ê � œ1

4 ) )

 r 3 cos  d 3 cos u du 3  sin 2u C  sin 2 C;œ � œ � œ � � � œ � � � � �' '# #
# # #

"ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1

4 4 4 4
u 3 3

) ) ) )

 r  when 0   sin C  C   r  sin 2œ œ Ê œ � � � Ê œ � Ê œ � � � � � �1 1 1 1 1 1 1 1

8 8 8 4 4 4 4 4
3 3 3 3 3 3

) ) )# # # # #
ˆ ‰ ˆ ‰

  r  sin 2   r  cos 2Ê œ � � � � Ê œ � � �3 3 3 3 3 3
4 8 4 2 4 8 4# #) ) ) )ˆ ‰1 1 1

59. Let u 2t   du 2 dt  2 du 4 dtœ � Ê œ Ê � œ �1

#

 4 sin 2t  dt (sin u)( 2 du) 2 cos u C 2 cos 2t C ;ds
dt œ � � œ � œ � œ � �' 'ˆ ‰ ˆ ‰1 1

# #" "

 at t 0 and 100 we have 100 2 cos C   C 100  2 cos 2t 100œ œ œ � � Ê œ Ê œ � �ds ds
dt dt

ˆ ‰ ˆ ‰1 1

# #" "

  s 2 cos 2t 100  dt (cos u 50) du sin u 50u C sin 2t 50 2t C ;Ê œ � � œ � œ � � œ � � � �' 'ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰1 1 1

# # ## #

 at t 0 and s 0 we have 0 sin 50 C   C 1 25œ œ œ � � � � Ê œ �ˆ ‰ ˆ ‰1 1

# # # # 1

  s sin 2t 100t 25 (1 25 )  s sin 2t 100t 1Ê œ � � � � � Ê œ � � �ˆ ‰ ˆ ‰1 1

# #1 1

60. Let u tan 2x  du 2 sec 2x dx  2 du 4 sec 2x dx; v 2x  dv 2 dx   dv dxœ Ê œ Ê œ œ Ê œ Ê œ# # "
#

 4 sec 2x tan 2x dx u(2 du) u C tan 2x C ;dy
dx œ œ œ � œ �' '# # #

" "

 at x 0 and 4 we have 4 0 C   C 4  tan 2x 4 sec 2x 1 4 sec 2x 3œ œ œ � Ê œ Ê œ � œ � � œ �dy dy
dx dx" "

# # #a b
  y sec 2x 3  dx sec v 3  dv  tan v v C  tan 2x 3x C ;Ê œ � œ � œ � � œ � �' 'a b a b ˆ ‰# # " " "

# # # ## #
3

 at x 0 and y 1 we have 1 (0) 0 C   C 1  y  tan 2x 3x 1œ œ � � œ � � Ê œ � Ê œ � �" "
# ## #

61. Let u 2t  du 2 dt  3 du 6 dtœ Ê œ Ê œ

 s 6 sin 2t dt (sin u)(3 du) 3 cos u C 3 cos 2t C;œ œ œ � � œ � �' '
 at t 0 and s 0 we have 0 3 cos 0 C  C 3  s 3 3 cos 2t  s 3 3 cos ( ) 6 mœ œ œ � � Ê œ Ê œ � Ê œ � œˆ ‰1

# 1

62. Let u t  du  dt   du  dtœ Ê œ Ê œ1 1 1 1
#

 v  cos t dt (cos u)(  du)  sin u C  sin ( t) C ;œ œ œ � œ �' '1 1 1 1 1 1
#

" "

 at t 0 and v 8 we have 8 (0) C   C 8  v  sin ( t) 8  s (  sin ( t) 8) dtœ œ œ � Ê œ Ê œ œ � Ê œ �1 1 1 1 1" "
ds
dt

'

 sin u du 8t C cos ( t) 8t C ; at t 0 and s 0 we have 0 1 C   C 1œ � � œ � � � œ œ œ � � Ê œ'
# # # #1

   s 8t cos ( t) 1  s(1) 8 cos 1 10 mÊ œ � � Ê œ � � œ1 1

63. All three integrations are correct.  In each case, the derivative of the function on the right is the integrand on
 the left, and each formula has an arbitrary constant for generating the remaining antiderivatives.  Moreover,

 sin x C 1 cos x C   C 1 C ; also cos x C  C   C C C .# # #
" " # " # # $ # "# # # #

" " "� œ � � Ê œ � � � œ � � � Ê œ � œ �cos 2x

64. (a)  V  sin 120 t dt 60 V  cos (120 t) [cos 2 cos 0]Š ‹ � ‘ˆ ‰" "
�

"Î'!

! #"

60 0 120
V'

0

1 60

max max

Î

1 1 1œ � œ � �
1 1

max

 [1 1] 0œ � � œVmax

#1

 (b) V 2 V 2 (240) 339 voltsmax rmsœ œ ¸È È
 (c) V  sin 120 t dt V   dt  (1 cos 240 t) dt' ' '

0 0 0

1 60 1 60 1 60

max max

Î Î Îa b a b ˆ ‰# ## �
# #1 1œ œ �1 cos 240 t V1 a bmax

#

  t  sin 240 t  sin (4 ) 0  sin (0)œ � œ � � � œa b a b a bV V V
240 60 240 40 1 0

max max max
# # #

# # # #
" " " ""Î'!

!
� ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰

1 1 1
1 1
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5.6  SUBSTITUTION AND AREA BETWEEN CURVES

 1. (a) Let u y 1  du dy; y 0  u 1, y 3  u 4œ � Ê œ œ Ê œ œ Ê œ

 y 1 dy u  du u (4) (1) (8) (1)' '
0 1

3 4È � ‘ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� œ œ œ � œ � œ"Î# $Î# $Î# $Î#%

"
2 2 2 2 2 14
3 3 3 3 3 3

 (b) Use the same substitution for u as in part (a); y 1  u 0, y 0  u 1œ � Ê œ œ Ê œ

 y 1 dy u  du u (1) 0' '
�1 0

0 1È � ‘ ˆ ‰� œ œ œ � œ"Î# $Î# $Î#"

!
2 2 2
3 3 3

 2. (a) Let u 1 r   du 2r dr   du r dr; r 0  u 1, r 1  u 0œ � Ê œ � Ê � œ œ Ê œ œ Ê œ# "
#

 r 1 r  dr u du u 0 (1)' '
0 1

1 0È È � ‘ ˆ ‰� œ � œ � œ � � œ# " " " "
#

$Î# $Î#!

"3 3 3

 (b) Use the same substitution for u as in part (a); r 1  u 0, r 1  u 0œ � Ê œ œ Ê œ

 r 1 r  dr u du 0' '
�1 0

1 0È È� œ � œ# "
#

 3. (a) Let u tan x  du sec x dx; x 0  u 0, x   u 1œ Ê œ œ Ê œ œ Ê œ# 1

4

 tan x sec x dx u du 0' '
0 0

4 11Î
#

# # #

"

!

"œ œ œ � œ’ “u 1
 

# #

 (b) Use the same substitution as in part (a); x   u 1, x 0  u 0œ � Ê œ � œ Ê œ1

4

 tan x sec x dx u du 0' '
� Î �1 4 1

0 0
#

# # #

!

�"

" "œ œ œ � œ �’ “u#

 4. (a) Let u cos x  du sin x dx  du sin x dx; x 0  u 1, x   u 1œ Ê œ � Ê � œ œ Ê œ œ Ê œ �1

 3 cos x sin x dx 3u  du u ( 1) (1) 2' '
0 1

11

# # $ $ $
�

�"
"œ � œ � œ � � � � œc d a b

 (b) Use the same substitution as in part (a); x 2   u 1, x 3   u 1œ Ê œ œ Ê œ �1 1

 3 cos x sin x dx 3u  du 2' '
2 1

3 1

1

1

# #
�

œ � œ

 5. (a) u 1 t   du 4t  dt   du t  dt; t 0  u 1, t 1  u 2œ � Ê œ Ê œ œ Ê œ œ Ê œ% $ $"
4

 t 1 t  dt u  du' '
0 1

1 2
$ % $$ "

#

"
a b ’ “� œ œ œ � œ4 16 16 16 16

u 2 1 15% % %

 (b) Use the same substitution as in part (a); t 1  u 2, t 1  u 2œ � Ê œ œ Ê œ

 t 1 t  dt u  du 0' '
�1 2

1 2
$ % $$ "a b� œ œ4

 6. (a) Let u t 1  du 2t dt   du t dt; t 0  u 1, t 7  u 8œ � Ê œ Ê œ œ Ê œ œ Ê œ# "
#

È
 t t 1  dt u  du u (8) (1)' '

0 1

7 8È a b � ‘ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰# "Î$ %Î$ %Î$ %Î$"Î$ " "
# #

)

"
� œ œ œ � œ3 3 3 45

4 8 8 8

 (b) Use the same substitution as in part (a); t 7  u 8, t 0  u 1œ � Ê œ œ Ê œÈ
 t t 1  dt u  du  u  du' ' '

�

È7 8 1

0 1 8a b# "Î$ "Î$"Î$ " "
# #� œ œ � œ � 45

8

 7. (a) Let u 4 r   du 2r dr   du r dr; r 1  u 5, r 1  u 5œ � Ê œ Ê œ œ � Ê œ œ Ê œ# "
#

  dr 5 u  du 0' '
� �

"
#

�#

1 5

1 5
5r

4 ra b# # œ œ

 (b) Use the same substitution as in part (a); r 0  u 4, r 1  u 5œ Ê œ œ Ê œ

  dr 5  u  du 5 u 5 (5) 5 (4)' '
0 4

1 5
5r

4 r 8a b�
" " " " "
# # # #

�# �" �" �"&

%# # œ œ � œ � � � œ� ‘ ˆ ‰ ˆ ‰
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 8. (a) Let u 1 v   du v  dv   du 10 v dv; v 0  u 1, v 1  u 2œ � Ê œ Ê œ œ Ê œ œ Ê œ$Î# "Î#
#
3 20

3
È

  dv   du   u  du' ' '
0 1 1

1 2 2
10 v

1 v u 3 3 3 u 3 1 3
20 20 20 20 1 10È

a b�

" " "�# #

" #$Î# # #œ œ œ � œ � � œˆ ‰ � ‘ � ‘
 (b) Use the same substitution as in part (a); v 1  u 2, v 4  u 1 4 9œ Ê œ œ Ê œ � œ$Î#

  dv   du' '
1 2

4 9
10 v

1 v u 3 3 u 3 9 2 3 18 7
20 20 20 1 20 7 70È

a b�

" " "*

# #$Î# # #œ œ � œ � � œ � � œˆ ‰ � ‘ ˆ ‰ ˆ ‰
 9. (a) Let u x 1  du 2x dx  2 du 4x dx; x 0  u 1, x 3  u 4œ � Ê œ Ê œ œ Ê œ œ Ê œ# È
  dx  du 2u  du 4u 4(4) 4(1) 4' ' '

0 1 1

3 4 4È
4x 2

x 1 uÈ È# �
�"Î# "Î# "Î# "Î#%

"
œ œ œ œ � œ� ‘

 (b) Use the same substitution as in part (a); x 3  u 4, x 3  u 4œ � Ê œ œ Ê œÈ È
    dx  du 0' '

�

È

È

3 4

3 4
4x 2

x 1 uÈ È# �
œ œ

10. (a) Let u x 9  du 4x  dx   du x  dx; x 0  u 9, x 1  u 10œ � Ê œ Ê œ œ Ê œ œ Ê œ% $ $"
4

  dx u  du (2)u (10) (9)' '
0 9

1 10
x

x 9 4 4
10 3$

%È
È

�

" " " "�"Î# "Î# "Î# "Î#"!

* # # #
�œ œ œ � œ� ‘

     (b) Use the same substitution as in part (a); x 1  u 10, x 0  u 9œ � Ê œ œ Ê œ

   dx u  du  u  du' ' '
�1 10 9

0 9 10
x

x 9 4 4
3 10$

%È
È

�

" "�"Î# �"Î# �
#œ œ � œ

11. (a) Let u 1 cos 3t  du 3 sin 3t dt   du sin 3t dt; t 0  u 0, t   u 1 cos 1œ � Ê œ Ê œ œ Ê œ œ Ê œ � œ"
#3 6

1 1

 (1 cos 3t) sin 3t dt u du (1) (0)' '
0 0

6 11Î

� œ œ œ � œ" " " " "
#

"

!

# #
3 3 6 6 6

u’ “Š ‹#
 (b) Use the same substitution as in part (a); t   u 1, t   u 1 cos 2œ Ê œ œ Ê œ � œ1 1

6 3 1

 (1 cos 3t) sin 3t dt u du (2) (1)' '
1

1

Î

Î

6 1

3 2

� œ œ œ � œ" " " " "
#

#

"

# #
3 3 6 6 2

u’ “Š ‹#

12. (a) Let u 2 tan   du  sec   dt  2 du sec   dt; t   u 2 tan 1, t 0  u 2œ � Ê œ Ê œ œ Ê œ � œ œ Ê œt t t
4# # # # #

" � �# # 1 1ˆ ‰
 2 tan  sec   dt u (2 du) u 2 1 3' '

� Î1 2 1

0 2ˆ ‰ c d� œ œ œ � œt t
# #

# # # ##
"

 (b) Use the same substitution as in part (a); t   u 1, t   u 3œ Ê œ œ Ê œ�
# #
1 1

 2 tan  sec   dt 2 u du u 3 1 8' '
� Î

Î

1

1

2 1

2 3ˆ ‰ c d� œ œ œ � œt t
# #

# # # #$
"

13. (a) Let u 4 3 sin z  du 3 cos z dz   du cos z dz; z 0  u 4, z 2   u 4œ � Ê œ Ê œ œ Ê œ œ Ê œ"
3 1

  dz   du 0' '
0 4

2 41

cos z
4 3 sin z u 3È È�

" "œ œˆ ‰
 (b) Use the same substitution as in part (a); z   u 4 3 sin ( ) 4, z   u 4œ � Ê œ � � œ œ Ê œ1 1 1

   dz   du 0' '
�1

1

cos z
4 3 sin z u 3È È�

" "œ œ
4

4 ˆ ‰
14. (a) Let u 3 2 cos w  du 2 sin w dw   du sin w dw; w   u 3, w 0  u 5œ � Ê œ � Ê � œ œ � Ê œ œ Ê œ"

# #
1

   dw u  du u' '
� Î1 2 3

0 5
sin w

(3 2 cos w) 5 3 15� # # #
�# �"" " " " " "&

$# œ � œ œ � œ �ˆ ‰ ˆ ‰c d
 (b) Use the same substitution as in part (a); w 0  u 5, w   u 3œ Ê œ œ Ê œ1

#

  dw  u  du   u  du' '
!

Î1 2 3

5

5

3

sin w
(3 2 cos w) 15� # #

�# �#" " "
# œ � œ œˆ ‰ '
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15. Let u t 2t  du 5t 2  dt; t 0  u 0, t 1  u 3œ � Ê œ � œ Ê œ œ Ê œ& %a b
 t 2t 5t 2  dt u  du u (3) (0) 2 3' '

0 0

1 3È a b � ‘ È& % "Î# $Î# $Î# $Î#$

!
� � œ œ œ � œ2 2 2

3 3 3

16. Let u 1 y  du ; y 1  u 2, y 4  u 3œ � Ê œ œ Ê œ œ Ê œÈ dy
2 yÈ

  du u  du u' ' '
1 2 2

4 3 3
dy

2 y 1 y u 3 2 6
1 1

È Èˆ ‰�

" "�# �" $
## #œ œ œ � œ � � � œc d ˆ ‰ ˆ ‰

17. Let u cos 2   du 2 sin 2  d    du sin 2  d ; 0  u 1,   u cos 2œ Ê œ � Ê � œ œ Ê œ œ Ê œ œ) ) ) ) ) ) )
" "
# #

1 1

6 6
ˆ ‰

 cos 2  sin 2  d u  du  u  du' ' '
!

Î Î Î1 6 1 2 1 2

1 1

�$ �$ �$" " " " "
# # �#

"Î#

"
) ) ) œ � œ � œ � œ � œˆ ‰ ’ “Š ‹2 4(1) 4

u 3
4

�#

#

# #ˆ ‰1

18. Let u tan du  sec   d 6 du sec   d ; u tan ,  u tan 1œ Ê œ Ê œ œ Ê œ œ œ Ê œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰) ) ) 1 1 1

6 6 6 6 6 43
3" "# #
#) ) ) 1 )È

 cot  sec  d  u (6 du) 6 12' '
1

13 2 1

1 3

Î

Î

& # �&
�

"

"Î $

"

"Î $
#

ˆ ‰ ˆ ‰ � ‘’ “Š ‹ � �) )

6 6 4
u 3 3 3

2u 2(1)) œ œ œ � œ � � � œ
È

�%

% % %
"È È Š ‹È3

19. Let u 5 4 cos t du 4 sin t dt  du sin t dt; t 0 u 5 4 cos 0 1, t u 5 4 cos 9œ � Ê œ Ê œ œ Ê œ � œ œ Ê œ � œ"
4 1 1

 5 (5 4 cos t)  sin t dt 5u  du  u  du u 9 1' ' '
!

1

� œ œ œ œ � œ $ � ""Î% "Î% "Î% &Î% &Î% &Î#" *

"1 1

9 9ˆ ‰ � ‘ˆ ‰
4 4 4 5

5 5 4

20. Let u 1 sin 2t  du 2 cos 2t dt   du cos 2t dt; t 0  u 1, t   u 0œ � Ê œ � Ê � œ œ Ê œ œ Ê œ"
#

1

4

 (1 sin 2t)  cos 2t dt u  du u (0) (1)' '
!

Î1 4 0

1
� œ � œ � œ � � � œ$Î# $Î# &Î# &Î# &Î#" " "

#

!

"
� ‘ ˆ ‰ ˆ ‰ˆ ‰

2 5 5 5 5
2 1 1

21. Let u 4y y 4y 1  du 4 2y 12y  dy; y 0  u 1, y 1  u 4(1) (1) 4(1) 1 8œ � � � Ê œ � � œ Ê œ œ Ê œ � � � œ# $ # # $a b
 4y y 4y 1 12y 2y 4  dy u  du 3u 3(8) 3(1) 3' '

!

1 8

1
a b a b � ‘� � � � � œ œ œ � œ# $ # �#Î$ "Î$ "Î$ "Î$�#Î$ )

"

22. Let u y 6y 12y 9 du 3y 12y 12  dy  du y 4y 4  dy; y 0 u 9, y 1 u 4œ � � � Ê œ � � Ê œ � � œ Ê œ œ Ê œ$ # # #"a b a b3

 y 6y 12y 9 y 4y 4  dy u  du 2u (4) (9) (2 3)' '
!

1 4

9
a b a b � ‘ˆ ‰$ # # �"Î# "Î# "Î# "Î#�"Î# " " %

*
� � � � � œ œ œ � œ � œ �3 3 3 3 3 3

2 2 2 2

23. Let u   du  d    du  d ; 0  u 0,  uœ Ê œ Ê œ œ Ê œ œ Ê œ) ) ) ) ) ) ) 1 1
$Î# "Î#

#
#3 2

3
È È3

  cos  d cos u  du  sin 2u  sin 2 (0)' '
! !

È3
1 1
#È ˆ ‰ ˆ ‰ � ‘ ˆ ‰ˆ ‰) ) ) 1

# $Î# #
# #

" "
!

œ œ � œ � � œ2 2 u 2 2
3 3 4 3 4 3 3

1 1 1

24. Let u 1   du t  dt; t 1  u 0, t   u 1œ � Ê œ � œ � Ê œ œ � Ê œ �" "�#
#t

 t  sin 1  dt sin u du  sin 2u  sin ( 2)  sin 0' '
� !

� Î �

1

1 2 1
�# # #" " " " "�"

! # #
ˆ ‰ � ‘ ˆ ‰ ˆ ‰ˆ ‰ ’ “� œ � œ � � œ � � � � � �t 2 4 4 4

u 0

  sin 2œ �" "
# 4

25. Let u 4 x   du 2x dx   du x dx; x 2  u 0, x 0  u 4, x 2  u 0œ � Ê œ � Ê � œ œ � Ê œ œ Ê œ œ Ê œ# "
#

 A  x 4 x  dx x 4 x  dx u  du u  du 2 u  du u  duœ � � � � œ � � � � œ œ' ' ' ' ' '
� ! ! ! !2 4

0 2 4 0 4 4È È# # " " "
# # #

"Î# "Î# "Î# "Î#

 u (4) (0)œ œ � œ� ‘2 2 2 16
3 3 3 3

$Î# $Î# $Î#%

!

26. Let u 1 cos x  du sin x dx; x 0  u 0, x   u 2œ � Ê œ œ Ê œ œ Ê œ1

 (1 cos x) sin x dx u du 2' '
! !

1

� œ œ œ � œ
2 ’ “u 2 0

2

# # #
#

! # #
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27. Let u 1 cos x du sin x dx du sin x dx; x u 1 cos ( ) 0, x 0 u 1 cos 0 2œ � Ê œ � Ê � œ œ � Ê œ � � œ œ Ê œ � œ1 1

 A  3 (sin x) 1 cos x dx  3u ( du) 3 u  du 2u 2(2) 2(0) 2œ � � œ � � œ œ œ � œ' ' '
� ! !1

0 2 2È � ‘"Î# "Î# $Î# $Î# $Î# &Î##

!

28. Let u  sin x  du  cos x dx   du cos x dx; x   u  sin 0, x 0  uœ � Ê œ Ê œ œ � Ê œ � � œ œ Ê œ1 1 1 1 1 1
"

# #1

1 1ˆ ‰
 Because of symmetry about x , A 2 (cos x) (sin (  sin x)) dx 2 (sin u)  duœ � œ � œ1 1 1

1# # #
"' '

� Î !1

1

2

0

1 1 ˆ ‰
 sin u du [ cos u] ( cos ) ( cos 0) 2œ œ � œ � � � œ'

!

1

1

! 1

29. For the sketch given, a 0, b ; f(x) g(x) 1 cos x sin x ;œ œ � œ � œ œ1
# # �

#
1 cos 2x

 A  dx  (1 cos 2x) dx x [( 0) (0 0)]œ œ � œ � œ � � � œ' '
! !

1 1

( cos 2x) sin 2x"�
# # # # # #

" " "
!

� ‘1 1
1

30. For the sketch given, a , b ; f(t) g(t)  sec t 4 sin t  sec t 4 sin t;œ � œ � œ � � œ �1 1

3 3
" "
# #

# # # #a b
 A  sec t 4 sin t  dt sec t dt 4 sin t dt sec t dt 4  dtœ � œ � œ �' ' ' ' '

� Î � Î � Î � Î � Î

Î Î Î Î Î

1 1 1 1 1

1 1 1 1 1

3 3 3 3 3

3 3 3 3 3ˆ ‰" " "
# # # #

# # # # # "�( cos 2t)

 sec t dt 2 (1 cos 2t) dt [tan t] 2[t ] 3 4 3œ � � œ � � œ � � œ" "
# # #

# Î$

� Î$

Î$

� Î$
' '
� Î � Î

Î Î

1 1

1 1

3 3

3 3
1

1

1

1

1 1sin 2t 4
3 3

È È
†

31. For the sketch given, a 2, b 2; f(x) g(x) 2x x 2x 4x x ;œ � œ � œ � � œ �# % # # %a b
 A 4x x  dxœ � œ � œ � � � � � œ � œ œ'

�2

2 a b ’ “ ˆ ‰ � ‘ˆ ‰# %
#

�#

�4x x 32 32 32 32 64 64 320 192 128
3 5 3 5 3 5 3 5 15 15

$ &

32. For the sketch given, c 0, d 1; f(y) g(y) y y ;œ œ � œ �# $

 A y y  dy y  dy y  dyœ � œ � œ � œ � œ � œ' ' '
! ! !

1 1 1a b ’ “ ’ “# $ # $
" "

! !

"� "� " " "
#

y y ( 0) ( 0)
3 4 3 4 3 4 1

$ %

33. For the sketch given, c 0, d 1; f(y) g(y) 12y 12y 2y 2y 10y 12y 2y;œ œ � œ � � � œ � �a b a b# $ # # $

 A 10y 12y 2y  dy 10y  dy 12y  dy 2y dy y y yœ � � œ � � œ � �' ' ' '
! ! ! !

1 1 1 1a b � ‘ � ‘ � ‘# $ # $ $ % #" " "

! !! #
10 12 2
3 4

 0 (3 0) (1 0)œ � � � � � œˆ ‰10 4
3 3

34. For the sketch given, a 1, b 1; f(x) g(x) x 2x x 2x ;œ � œ � œ � � œ �# % # %a b
 A x 2x  dxœ � œ � œ � � � � � œ � œ œ'

�1

1 a b ’ “ ˆ ‰ � ‘ˆ ‰# %
"

�"

" " �x 2x 2 2 2 4 10 12 22
3 5 3 5 3 5 3 5 15 15

$ &

35. We want the area between the line y 1, 0 x 2, and the curve y ,  the area of a triangleœ Ÿ Ÿ œ 738?=x
4

#

 (formed by y x and y 1) with base 1 and height 1.  Thus, A 1  dx (1)(1) xœ œ œ � � œ � �'
!

2Š ‹ ’ “x x
4 1

# $" "
# # #

#

!

 2 2œ � � œ � � œˆ ‰8 2 5
1 3 6# # #

" "

36. We want the area between the x-axis and the curve y x , 0 x 1  the area of a triangle (formed by x 1,œ Ÿ Ÿ :6?= œ#

 x y 2, and the x-axis) with base 1 and height 1.  Thus, A x  dx (1)(1)� œ œ � œ � œ � œ'
!

1
# " " " "

# # #

"

!
’ “x 5

3 3 6

$

37. AREA A1 A2œ �

 A1: For the sketch given, a 3 and we find b by solving the equations y x 4 and y x 2xœ � œ � œ � �# #

 simultaneously for x:  x 4 x 2x  2x 2x 4 0  2(x 2)(x 1)  x 2 or x 1 so# # #� œ � � Ê � � œ Ê � � Ê œ � œ

 b 2:  f(x) g(x) x 4 x 2x 2x 2x 4  A1 2x 2x 4  dxœ � � œ � � � � œ � � Ê œ � �a b a b a b# # # #'
�

�

3

2
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300 Chapter 5 Integration

 4x 4 8 ( 18 9 12) 9 ;œ � � œ � � � � � � � œ � œ’ “ ˆ ‰2x 2x 16 16 11
3 3 3 3

$ #

#

�#

�$

 A2: For the sketch given, a 2 and b 1:  f(x) g(x) x 2x x 4 2x 2x 4œ � œ � œ � � � � œ � � �a b a b# # #

  A2  2x 2x 4  dx x 4x 1 4 4 8Ê œ � � � œ � � � œ � � � � � � �'
�2

1 a b ’ “ ˆ ‰ ˆ ‰# #
"

�#

2x 2 16
3 3 3

$

 1 4 4 8 9;œ � � � � � � œ2 16
3 3

 Therefore, AREA A1 A2 9œ � œ � œ11 38
3 3

38. AREA A1 A2œ �

 A1: For the sketch given, a 2 and b 0:  f(x) g(x) 2x x 5x x 3x 2x 8xœ � œ � œ � � � � � œ �a b a b$ # # $

  A1 2x 8x  dx 0 (8 16) 8;Ê œ � œ � œ � � œ'
�2

0 a b ’ “$
#

!

�#

2x 8x
4

% #

 A2: For the sketch given, a 0 and b 2:  f(x) g(x) x 3x 2x x 5x 8x 2xœ œ � œ � � � � � œ �a b a b# $ # $

  A2 8x 2x  dx (16 8) 8;Ê œ � œ � œ � œ'
0

2a b ’ “$
#

!

8x 2x
2 4

# %

 Therefore, AREA A1 A2 16œ � œ

39. AREA A1 A2 A3œ � �

 A1: For the sketch given, a 2 and b 1:  f(x) g(x) ( x 2) 4 x x x 2œ � œ � � œ � � � � œ � �a b# #

  A1 x x 2  dx 2x 2 4 ;Ê œ � � œ � � œ � � � � � � � œ � œ œ'
�

�

2

1a b ’ “ ˆ ‰ ˆ ‰#
# # #

�"

�#

" " " � "x x 8 4 7 14 3 1
3 3 3 2 3 6 6

$ #

 A2: For the sketch given, a 1 and b 2:  f(x) g(x) 4 x ( x 2) x x 2œ � œ � œ � � � � œ � � �a b a b# #

  A2 x x 2  dx 2x 4 2 3 8 ;Ê œ � � � œ � � � œ � � � � � � � œ � � � œ'
�1

2 a b ’ “ ˆ ‰ ˆ ‰#
# # # #

#

�"

"x x 8 4 1 1 9
3 3 3 2

$ #

 A3: For the sketch given, a 2 and b 3:  f(x) g(x) ( x 2) 4 x x x 2œ œ � œ � � � � œ � �a b# #

  A3 x x 2  dx 2x 6 4 9 ;Ê œ � � œ � � œ � � � � � œ � �'
2

3a b ’ “ ˆ ‰ ˆ ‰#
# # #

$

#

x x 27 9 8 4 9 8
3 3 3 2 3

$ #

 Therefore, AREA A1 A2 A3 9 9œ � � œ � � � � œ � œ11 9 9 8 5 49
6 3 6 6# #

ˆ ‰
40. AREA A1 A2 A3œ � �

 A1: For the sketch given, a 2 and b 0:  f(x) g(x) x x x 4xœ � œ � œ � � œ � œ �Š ‹ a bx x x 4
3 3 3 3 3

$ $ " $

  A1 x 4x  dx 2x 0 (4 8) ;Ê œ � œ � œ � � œ" " "$ #
!

�#3 3 4 3 3
x 4'

�2

0 a b ’ “%

 A2: For the sketch given, a 0 and we find b by solving the equations y x and y  simultaneouslyœ œ � œx x
3 3

$

 for x:  x   x 0  (x 2)(x 2) 0  x 2, x 0, or x 2 so b 2:x x x 4 x
3 3 3 3 3

$ $

� œ Ê � œ Ê � � œ Ê œ � œ œ œ

 f(x) g(x) x x 4x   A2 x 4x  dx 4x x 2x� œ � � œ � � Ê œ � � œ � œ �x x x
3 3 3 3 3 3 4Š ‹ ’ “a b a b a b$ %" " " "$ $ $ #

#

!

' '
0 0

2 2

 (8 4) ;œ � œ"
3 3

4

 A3: For the sketch given, a 2 and b 3:  f(x) g(x) x x 4xœ œ � œ � � œ �Š ‹ a bx x
3 3 3

$ " $

  A3 x 4x  dx 2x 2 9 8 14 ;Ê œ � œ � œ � � � œ � œ" " " "$ #
$

#3 3 4 3 4 4 3 4 12
x 81 16 81 25'

2

3a b ’ “ � ‘ ˆ ‰ˆ ‰ ˆ ‰%

†

 Therefore, AREA A1 A2 A3œ � � œ � � œ œ4 4 25 32 25 19
3 3 12 1 4

�
#

41. a 2, b 2;œ � œ

 f(x) g(x) 2 x 2 4 x� œ � � œ �a b# #

  A 4 x dx 4x 8 8Ê œ � œ � œ � � � �'
�2

2 a b ’ “ ˆ ‰ ˆ ‰#
#

�#

x 8 8
3 3 3

$

 2œ � œ†

ˆ ‰24 8 32
3 3 3
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42. a 1, b 3;œ � œ

 f(x) g(x) 2x x ( 3) 2x x 3� œ � � � œ � �a b# #

  A 2x x 3  dx x 3xÊ œ � � œ � �'
�1

3 a b ’ “# #
$

�"

x
3

$

 9 9 1 3 11œ � � � � � œ � œˆ ‰ ˆ ‰27 1 32
3 3 3 3

"

 

43. a 0, b 2;œ œ

 f(x) g(x) 8x x   A 8x x  dx� œ � Ê œ �% %'
0

2a b
 16œ � œ � œ œ’ “8x x 32 80 32 48

2 5 5 5 5

# &
#

!

�

 

44. Limits of integration:  x 2x x  x 3x# #� œ Ê œ

  x(x 3) 0  a 0 and b 3;Ê � œ Ê œ œ

 f(x) g(x) x x 2x 3x x� œ � � œ �a b# #

  A 3x x  dxÊ œ � œ �'
0

3a b ’ “#
$

!

3x x
2 3

# $

 9œ � œ œ27 27 18 9
# # #

�  

45. Limits of integration:  x x 4x  2x 4x 0# # #œ � � Ê � œ

  2x(x 2) 0  a 0 and b 2;Ê � œ Ê œ œ

 f(x) g(x) x 4x x 2x 4x� œ � � � œ � �a b# # #

  A 2x 4x  dxÊ œ � � œ �'
0

2a b ’ “# �
#

!

2x 4x
3 2

$ #

 œ � � œ œ16 16 32 48 8
3 6 3#

� �

 

46. Limits of integration:  7 2x x 4  3x 3 0� œ � Ê � œ# # #

  3(x 1)(x 1) 0  a 1 and b 1;Ê � � œ Ê œ � œ

 f(x) g(x) 7 2x x 4 3 3x� œ � � � œ �a b a b# # #

  A 3 3x  dx 3 xÊ œ � œ �'
�1

1 a b ’ “#
"

�"

x
3

$

 3 1 1 6 4œ � � � � œ œ� ‘ ˆ ‰ˆ ‰ ˆ ‰" "
3 3 3

2

 

47. Limits of integration:  x 4x 4 x% # #� � œ

  x 5x 4 0  x 4 x 1 0Ê � � œ Ê � � œ% # # #a b a b
  (x 2)(x 2)(x 1)(x 1)   x 2, 1, 1, 2;Ê � � � � œ ! Ê œ � �

 f(x) g(x) x 4x 4 x x 5x 4 and� œ � � � œ � �a b% # # % #

 g(x) f(x) x x 4x 4 x 5x 4� œ � � � œ � � �# % # % #a b
  A x 5x 4 dx x 5x 4 dxÊ œ � � � � � �' '

� �

�

2 1

1 1a b a b% # % #

 x 5x 4 dx� � � �'
1

2a b% #

 4x 4x 4xœ � � � � � � � � �’ “ ’ “ ’ “x 5x x 5x x 5x
5 3 5 3 5 3

& $ & $ & $
�" " #

�# �" "

�  

 4 8 4 4 8 4œ � � � � � � � � � � � � � � � � � � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " "
5 3 5 3 5 3 5 3 5 3 5 3

5 32 40 5 5 32 40 5

 8œ � � œ œ60 60 300 180
5 3 15

�

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



302 Chapter 5 Integration

48. Limits of integration:  x a x 0  x 0 orÈ # #� œ Ê œ

 a x 0  x 0 or a x 0  x a, 0, a;È # # # #� œ Ê œ � œ Ê œ �

 A x a x  dx x a x  dxœ � � � �' '
�a 0

0 aÈ È# # # #

 a x a xœ � � �" "
# #

# # # #$Î# $Î#!

� !
’ “ ’ “a b a b2 2

3 3
a

a

 a aœ � � œ" "# #$Î# $Î#

3 3 3
2aa b a b’ “ $

 

49. Limits of integration:  y x   and
x,  x 0

  x,  x 0
œ œ

� Ÿ

 
Èk k �ÈÈ

 5y x 6 or y ;  for x 0:  xœ � œ � Ÿ � œ �x 6 x 6
5 5 5 5

È
  5 x x 6  25( x) x 12x 36Ê � œ � Ê � œ � �È #

  x 37x 36 0  (x 1)(x 36) 0Ê � � œ Ê � � œ#

  x 1, 36 (but x 36 is not a solution);Ê œ � � œ �

 for x 0:  5 x x 6  25x x 12x 36  œ � Ê œ � �È #

  x 13x 36 0  (x 4)(x 9) 0Ê � � œ Ê � � œ#

  x 4, 9; there are three intersection points andÊ œ  

 A x dx x dx x  dxœ � � � � � �' ' '
�1 0 4

0 4 9ˆ ‰ ˆ ‰ ˆ ‰È È Èx 6 x 6 x 6
5 5 5
� � �

 ( x) x xœ � � � � � �’ “ ’ “ ’ “(x 6) (x 6) (x 6)
10 3 10 3 3 10

2 2 2� � �$Î# $Î# $Î#
! % *

�" ! %

# # #

 4 0 9 4œ � � � � � � � � � � œ � � œˆ ‰ ˆ ‰ ˆ ‰36 25 2 100 2 36 2 225 2 100 50 20 5
10 10 3 10 3 10 3 10 3 10 10 3 3† † †

$Î# $Î# $Î#

50. Limits of integration:

 y x 4
x 4,  x 2 or x 2

  4 x ,  2 x 2        
œ � œ

� Ÿ �  

� � Ÿ Ÿ
k k œ#

#

#

 for x 2 and x 2:  x 4 4Ÿ �   � œ �# x
2

#

  2x 8 x 8  x 16  x 4;Ê � œ � Ê œ Ê œ „# # #

 for 2 x 2:  4 x 4  8 2x x 8� Ÿ Ÿ � œ � Ê � œ �# # #
#
x#

  x 0  x 0; by symmetry of the graph,Ê œ Ê œ#

 

 A 2 4 4 x dx 2 4 x 4 dx 2 2 8xœ � � � � � � � œ � �' '
0 2

2 4’ “ ’ “ ’ “ ’ “Š ‹ Š ‹a b a bx x x x
2 2 2 6

# # $ $# #
# %

! #

 2 0 2 32 16 40œ � � � � � œ � œˆ ‰ ˆ ‰8 64 8 56 64
6 6 3 3#

51. Limits of integration:  c 0 and d 3;œ œ

 f(y) g(y) 2y 0 2y� œ � œ# #

  A 2y  dy 2 9 18Ê œ œ œ œ'
0

3
#

$

!
’ “2y

3

$

†
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52. Limits of integration:  y y 2  (y 1)(y 2) 0# œ � Ê � � œ

  c 1 and d 2; f(y) g(y) (y 2) yÊ œ � œ � œ � � #

  A y 2 y  dy 2yÊ œ � � œ � �'
�1

2 a b ’ “#
#

#

�"

y y
3

# $

 4 2 6 2œ � � � � � œ � � � � œˆ ‰ ˆ ‰4 8 8 9
3 3 3 3# # # #

" " " "

 

53. Limits of integration:  4x y 4 and 4x 16 yœ � œ �#

  y 4 16 y  y y 20 0 Ê � œ � Ê � � œ Ê# #

 (y 5)(y 4) 0  c 4 and d 5;� � œ Ê œ � œ

 f(y) g(y)� œ � œˆ ‰ Š ‹16 y y 4 y y 20
4 4 4
� � � � �# #

  A y y 20  dyÊ œ � � �" #
4
'
�4

5 a b
 20yœ � � �"

#

&

�%4 3
y y’ “$ #

 100 80œ � � � � � �" "
#4 3 2 4 3

125 25 64 16ˆ ‰ ˆ ‰
 180œ � � � œ"

4 3 2 8
189 9 243ˆ ‰

 

54. Limits of integration:  x y  and x 3 2yœ œ �# #

  y 3 2y   3y 3  3(y 1)(y 1) 0Ê œ � Ê œ Ê � � œ# # #

  c 1 and d 1; f(y) g(y) 3 2y yÊ œ � œ � œ � �a b# #

 3 3y 3 1 y   A 3 1 y  dyœ � œ � Ê œ �# # #a b a b'
�1

1

 3 y 3 1 3 1œ � œ � � � �’ “ ˆ ‰ ˆ ‰y
3 3 3

$
"

�"

" "

 3 2 1 4œ � œ†

ˆ ‰"
3

 

55. Limits of integration:  x y y and x 2y 2y 6œ � œ � �# #

 y y 2y 2y 6 y y 6 0Ê � œ � � Ê � � œ# # #

  y 3 y 2 0 c 2 and d 3;Ê � � œ Ê œ � œa ba b
  f(y) g(y) y y 2y 2y 6 y y 6� œ � � � � œ � � �a b a b# # #

  A y y 6  dy y 6yÊ œ � � � œ � � �'
�2

3 a b ’ “# "
# �

y
3

2
3

2

$

 9 18 2 12œ � � � � � � œˆ ‰ ˆ ‰9 8 125
2 3 6

 

56. Limits of integration:  x y  and x 2 yœ œ �#Î$ %

  y 2 y   c 1 and d 1;Ê œ � Ê œ � œ#Î$ %

 f(y) g(y) 2 y y� œ � �a b% #Î$

  A 2 y y  dyÊ œ � �'
�1

1 ˆ ‰% #Î$

 2y yœ � �’ “y
5 5

3&
&Î$

"

�"

 2 2œ � � � � � �ˆ ‰ ˆ ‰" "
5 5 5 5

3 3

 2 2œ � � œˆ ‰"
5 5 5

3 12
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57. Limits of integration:  x y 1 and x y 1 yœ � œ �# #k kÈ
  y 1 y 1 y   y 2y 1 y 1 yÊ � œ � Ê � � œ �# % # # ##k k a bÈ
  y 2y 1 y y   2y 3y 1 0Ê � � œ � Ê � � œ% # # % % #

  2y 1 y 1 0  2y 1 0 or y 1 0Ê � � œ Ê � œ � œa b a b# # # #

  y  or y 1  y  or y 1.Ê œ œ Ê œ „ œ „# #"
# #

È2

 Substitution shows that  are not solutions  y 1;„
#

È2 Ê œ „

 for 1 y 0, f(x) g(x) y 1 y y 1� Ÿ Ÿ � œ � � � �È a b# #

 1 y y 1 y , and by symmetry of the graph,œ � � �# # "Î#a b
 A 2 1 y y 1 y  dyœ � � �'

�1

0 ’ “a b# # "Î#

 

 2 1 y  dy 2 y 1 y  dy 2 y 2œ � � � œ � �' '
� �1 1

0 0a b a b ’ “ ˆ ‰ ” •# # "Î# !

�"

"
#

�
!

�"

y
3 3

2 1 y$ # $Î#a b

 2 ( 0) 1 0 2œ ! � � � � � � œ� ‘ ˆ ‰ˆ ‰"
3 3

2

58. AREA A1 A2œ �

 Limits of integration:  x 2y and x y y  œ œ � Ê$ #

 y y 2y  y y y 2 y(y 1)(y 2) 0$ # #� œ Ê � � œ � � œa b
  y 1, 0, 2:Ê œ �

  for 1 y 0, f(y) g(y) y y 2y� Ÿ Ÿ � œ � �$ #

  A1 y y 2y  dy yÊ œ � � œ � �'
�1

0 a b ’ “$ # #
!

�"

y y
4 3

% $

 0 1 ;œ � � � œˆ ‰" "
4 3 12

5

 for 0 y 2, f(y) g(y) 2y y yŸ Ÿ � œ � �$ #

  A2 2y y y  dy yÊ œ � � œ � �'
!

$ # #
#

!

2a b ’ “y y
4 3

% $

  4 0 ;Ê � � � œˆ ‰16 8 8
4 3 3

 Therefore, A1 A2� œ � œ5 8 37
12 3 12

 

59. Limits of integration:  y 4x 4 and y x 1œ � � œ �# %

  x 1 4x 4  x 4x 5 0Ê � œ � � Ê � � œ% # % #

  x 5 (x 1)(x 1) 0  a 1 and b 1;Ê � � � œ Ê œ � œa b#

 f(x) g(x) 4x 4 x 1 4x x 5� œ � � � � œ � � �# % # %

  A 4x x 5  dx 5xÊ œ � � � œ � � �'
�1

1 a b ’ “# %
"

�"

4x x
3 5

$ &

 5 5 2 5œ � � � � � � œ � � � œˆ ‰ ˆ ‰ ˆ ‰4 4 4 104
3 5 3 5 3 5 15

" " "
 

60. Limits of integration:  y x  and y 3x 4œ œ �$ #

  x 3x 4 0  x x 2 (x 2) 0Ê � � œ Ê � � � œ$ # #a b
  (x 1)(x 2) 0  a 1 and b 2;Ê � � œ Ê œ � œ#

 f(x) g(x) x 3x 4 x 3x 4� œ � � œ � �$ # $ #a b
  A x 3x 4  dx 4xÊ œ � � œ � �'

�1

2 a b ’ “$ #
#

�"

x 3x
4 3

% $

 8 4œ � � � � " � œˆ ‰ ˆ ‰16 24 1 27
4 3 4 4
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