60. av(®) = (1) f_: (2 — 1) dt

1 1
_ 1 2 1
=1 _Qtdt—gf_2tdt

61. (a) av(g) = (ﬁ) f_ll (x| = 1) dx

0 1
:%f_l (—x—l)dx+%f0(x71)dx

0 ) 0 ) 1 ! 1
f,ﬂ‘dx_if,l ldx—I—ifoxdx—ngldx

&)

3 3
(b) av(g):(3+l)f1 (|x|—1)dx:§f1 (x — 1) dx

3 3
_ 1 1 _ 1 (3 12 1
=1.

3
© avie = (5-1) S (x = 1) ax
1 3
—t [ axl=nax+t [ (-1 ax

= % (-1+2)= % (see parts (a) and (b) above).

62. @ av(h) = (5= f_ol—\x| dx:f_ol—(—x)dx

0 02 _ (=1?
:filxdx:gf 5 = —

b=
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63.

64.

65.

66.

1 1
(b) av(h) = (7%5) j; — x| dx:—f0 x dx y
=-(3-%)=-1 T heo=-
L1
— X
-1 < 1
1-1
1
(c) av(h) = (ﬁ) f71 — |x] dx y

O 1 L 3
(Lo [ wax) I -

=1(=4+(—3)) =— 3 (see parts (a) and (b) 1

above). X
-1 1 1
: -1 :

-+

Consider the partition P that subdivides the interval [a, b] into n subintervals of width Ax = b‘

endpoint of each subinterval. So the partition is P = {a a+ b 2 a+ ( 8, ,a+ =Y } andcy = a+ ( 8,
We get the Riemann sum Zf(ck)Ax: Zc- boa _ cb-ajgng _ clbo a) n:c(b—a).Asn—> ocoand |P|| — 0
k=1 k=1 k=1

b
this expression remains c(b — a). Thus, j; cdx =c(b —a).

Consider the partition P that subdivides the interval [0, 2] into n subintervals of width Ax = 2-% = 2 and let ¢y be the

right endpoint of each subinterval. So the partition is P = {0, ﬁ, 2. 2 R % =2}andckx = k- % = % We get the
Riemann sum " f(cy)Ax = 3 [2(%) + 1] 2=k =8k 2y=%. “(";1) +2.n= —4(“:1> +2.
k=1 k=1 k=1 k=1 k=1

2
Asn — oo and ||P|| — 0 the expression ( U 4 2 has the value 4 + 2 = 6. Thus, j;) (2x+ 1) dx = 6.

Consider the partition P that subdivides the interval [a, b] into n subintervals of width Ax = 'ﬂ and let ¢y be the right

M La+ 2= apde = a+ ( 2,

s <a+ bT_a)> — ?Z (aQ + 2ak(l:1—a) + k—(bn;a) )
k=1 k=1

2 3
(Za b a) Ek+ b a EkQ) __ b-a na2+2a(bn;a) _n(n2+1) + (b;xa) .n(n+l)6(2n+1)

endpoint of each subinterval. So the partition is P = {a, a + b i a+

We get the Riemann sum Zf(ck)Ax = Zcﬁ(b;a) = b=

n

1 3, 1
= (b—a)a? +a(b—a)’- nbly (b a> : (nH)n(anH) = (b—a)a? +a(b—a)’- HTE + (bza)g . L“j ol

Asn — oo and ||P|| — O this expression has value (b — a)a® + a(b — a)2 1+ @ -2

b
=ba? — a® + ab? — 2a’b + a® + 1(b® — 3b%a + 3ba® — a’) = %3 — & Thus, f x2dx = %3 — %—3
Consider the partition P that subdivides the interval [—1, 0] into n subintervals of width Ax = O_r(l_') = - and let ¢k be
the right endpoint of each subinterval. So the partitionis P = {—1, —1 + =142, ..,—1+n- % =0} and
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n n
ok = —1+k-1=—14% We get the Riemann sum ) f(ci ) Ax = Y <(71 +5 - (-1+ k)2) -

k=1 k=1
S (Tt E 1R (1)) = ks R = e e g e
k=1

=24 30D (HUEED Agn — 0o and ||P|| — O this expression has value —2 + 3 — 1 = —3. Thus,

273
0
fil(x —x¥)dx = —2.

==

67. Consider the partition P that subdivides the interval [—1, 2] into n subintervals of width Ax =2 _1(1_1) == and let ¢k be
the right endpoint of each subinterval. So the partitionis P = {—1, —1 + 2 —-142-2,..,—-1+n % =2} and
ck = —1+k-2 =—1+ 3 We get the Riemann sum Zf(ck)Ax =3 (3(—1 + 3n—k) —2(-1+ %)+ 1) 3
k=1 k=1
1 2 1 1 n(n+1 n(n+1)(2n+1
:%E(_ISk ey ek oy ):TSZ k;“ Zkz 8.4, (2+)+§1_§.(+)6(+)
=18 - 3 nH) + 27("+§I)1§2"+1>. Asn — oo and ||P|| — O this expression has value 18 — 36 + 27 = 9. Thus,

2
f71(3x2 —2x+ 1)dx =9.

68. Consider the partition P that subdivides the interval [—1, 1] into n subintervals of width Ax = % =z and let ¢k be
the right endpoint of each subinterval. So the partitionis P = {—1, —1 + %, 142 %, .o—14+n % = 1} and
ok = —1+k-2=—1+ 2 We get the Riemann sum }_f(c)Ax = > ¢} (3) =2 3 (-1 + %)
k=1 k=1 k=1

S (s o) 2 eSi- BEe 2 50)
k=1 k=1 k=1 k=1
2

k=1

2
=_2.p4lg. 00D _ 24 nGrD@En+D) 4 de (%) —246. 0l 4. (Dt 4y (0t D)
=-2+4+6- ”’ 4-2+ +"2—1—4 ik +"2 .Asn — oo and ||P|| — O this expression has value =2+ 6 — 8 + 4 = 0.

1
Thus, f_]x3dx =0

69. Consider the partition P that subdivides the interval [a, b] into n subintervals of width Ax = 2=2

(b a) .’a_i_@:b}and
n kb—a))>
ck= a+ ( a) WegettheRlemannsume(ck)Ax—ch(b boa) — ;a (a+ %)
- k=1

n
( 3a k: a) T 3ak2(:2—a) n k'(bn;a) ) _ %(233 4 3a2(27a)2k+ 3a(bn;a)zzk2 n (b—a)®
k=1 k=1 k=1

endpoint of each subinterval. So the partition is P = {a, a + 2=* b i a+

M:

n3

k3>
1

k

S}

_ b;a nad 4 3@ <lr>12—a>2 ) n(n2+1> + 3a(b—a>3 RLUESCLEST <b;4a>“ ) (n(n;l))

3a?(b—a)” —a 2n+1 b—a)* n+1)>
— (b— a)® 4 oA a1y aboa? penens) | boa' nr)
+1 L 4 241 . .
:(b—a)a3+w(+#- b 4 (b R ~2+1+ 2 (o) -1+"1+““.Asn—>ooand |P|| — O this expression has value
. b
(b—a)33+3a2(+_a)z+a(b—a)g—l-(b;af—bf—— Thus, f KCdx =& — &,

70. Consider the partition P that subdivides the interval [0, 1] into n subintervals of width Ax = % = % and let ¢y be the
right endpoint of each subinterval. So the partition is P = {0, 0 + %, 0+4+2- %, ., 04n-1= 1}andexk =0+k- % =

n
n n n n n

We get the Riemann sum > f(ci) Ax = Y (3cx —¢f) (1) =1 3 (3 ck_ (%)3) = %(% Sk— & Zk3>
k=1 k=1 k=1 k=1 k=1

=l
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5oL — =5 4" — ;- —7.Asn — ooand ||P|| — 0 this expression

_ 3 . nn+1) 1 (n(n+1))2_3 ntl 1 (1?3 1+t 14i+45
= a =
1
3_1_5 —x3 =3
has value 5 — 7 = 7. Thus,fo(Sx x7)dx = 7.

71. Tofind wherex — x> O, letx—x>=0 = x(1—-x)=0=x=0o0orx=1. fO0<x< 1,then0<x—x>= a=0
and b = 1 maximize the integral.

72. To find where x! —2x2 < 0,letx! —2x2 =0 = x2(x2—2) =0 = x =0orx = + /2. By the sign graph,

++++++i)[——8——\9_+++++++,wecanseethatx4—2x2§00n {—ﬁ, \/5} = a=—+/2andb= 2
-2 2

minimize the integral.

73. f(x) = ;= is decreasing on [0, 1] = maximum value of f occurs at 0 = max f = f(0) = 1; minimum value of f occurs
at 1 = minf = f(1) = 1+] = = . Therefore, (1 — 0)min f < f e dx< (I —-0)max f= % < f 1+X2 dx <1.
That is, an upper bound = 1 and a lower bound = 5 .

74. See Exercise 73 above. On [0,0.5], max f = ]+02 =1, minf = W = 0.8. Therefore
(0.570)minf§j; f(x)dx<(0570)maxfé <f ]+X2 dxgé. On[O.S,l],maxf—1+(05),—08and
min f = 1+112 = 0.5. Therefore (1 — 0.5)min f < f 1+x2 dx < (1—-05maxf = % < j;)ls e dx < 2

Sle

0.5 1 1
1 2 1 1 1 2 13 1
Thenz+§§fo T X+ j;)_ler—xdegi_'_g = %Sfomdxﬁ

1
75. —1 <sin(x®) < 1forallx = (1 —0)—1) < f sin (x?) dx < (1 —0)(1)orf sinx?dx <1 = smx dx cannot
equal 2.

76. f(x) = /x + 8 is increasing on [0, 1] = maxf:f(l):\/1+8:3andminf:f(0):\/0+8:2\/§.

1 1
Therefore,(l—O)minf§j;\/x—l—deS(l—O)maxf:> 2\/53](.) X+ 8 dx < 3.

b
77. If f(x) Oon[a,b],thenminf Oandmaxf Oon[a,b]. Now, (b —a)minf < j; f(x) dx < (b — a) max f.

b
Thenb a =b—a 0 = (b—a)minf O:>j;f(x)dx 0.

b
78. If f(x) < 0 on [a, b], then min f < 0 and max f < 0. Now, (b — a)min f < j; f(x) dx < (b — a)max f. Then

b
b a=b—-a 0:>(b—a)maxf§0:>j;f(x)dx§0.

1 1 1
79. sinx < xforx 0= sinx—x<O0forx 0:>f(sinx—x)dx§O(seeExercise78):>fosinxdx—j;)xdxgo

1
:>fs1nxdx<fxdx = fsmxdx<(2 02) éﬁsinxdxﬁ%.Thusanupperboundis%~

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



80.

81.

82.

83.

84.
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) 1
secx 1+ "; on (—%,%) = secx — (1 + "5) Oon(—3,%) = fo {secx— (1 + ";)} dx 0 (see Exercise 77)
) ' . . o 1 1 o 1 1 o
since [0, 1] is contained in (75,5) :>j;secxdxfj; (1+7) dx Oéj;secxdx j;) (1+7)
1 1 1 1 1
1 2 _ 11 f 7
éﬁ)secxdx j;ldx+2];)( dx:>f0secxdx (1 0)+2(3):> 0secxdx ¢~ Thus a lower bound

is Z
18 ¢.

b b b
Yes, for the following reasons: av(f) = bia j; f(x) dx is a constant K. Thus j; av(f) dx = fa Kdx = K(b—a)

b b b
:>j;av(f)dx:(b—a)K:(b—a)-b%aj;f(x)dx:j;f(x)dx.

All three rules hold. The reasons: On any interval [a, b] on which f and g are integrable, we have:

(@ av(f+g) =1 fab[f(x) + g(x)] dx = {fabf(x) dx + J;bg(x) dx] = biafabf(x) dx + biaj;bg(x) dx
= av(f) + av(g)

(b) av(kf) = b—ia j;bkf(x) dx = bia {k j;bf(x) dx] =k [ﬁ j;bf(x) dx] = k av(f)

b b b
(c) av(f) = bia fa f(x) dx < bia j; g(x) dx since f(x) < g(x) on [a, b], and ﬁ j; g(x) dx = av(g).
Therefore, av(f) < av(g).

(a) U = max; Ax + maxy AX + ... + max, Ax where max; = f(x;), max, = f(x3), ... , max, = f(x,) since f is
increasing on [a, b]; L = min; Ax + miny Ax + ... 4+ min, Ax where min; = f(x(), miny = f(x1), ...,
min, = f(x, ;) since f is increasing on [a, b]. Therefore
U — L = (max; — min;) AX + (maxs — ming) AX + ... + (max, — min,) Ax
= (f(x1) — f(x0)) Ax + (f(x2) — f(x1)Ax + ... + (f(x,) — {(x,-1)) Ax = (f(x,) — {(x0)) Ax = (f(b) — f(a)) Ax.
(b) U = max; Ax; + maxs Axs + ... 4+ max, Ax, where max; = f(x;), maxy = f(x5), ... , max, = f(x,) since f
is increasing on[a, b]; L = min; Ax; + miny Axy + ... + min, Ax, where
min; = f(xg), ming = f(x1),... , min, = f(x,_,) since f is increasing on [a, b]. Therefore
U — L = (max; — miny) Ax; + (maxs — ming) Axs + ... + (max, — min,) Ax,
= (f(x1) — f(x0)) Axy + (f(x2) — f(x1)Ax2 + ... + (f(x,) — f(x,1)) Ax,
< (f(x1) — £(X0)) AXppax + (f(x2) — 1(x1)) AXppox + -+ + (£(X0) — {(X,-1)) AXppoy . Then
U — L < (f(x,) — f(X0)) AXpox = (f(b) — f(a)) AXppox = [f(b) — f(a)| AX, since f(b)  f(a). Thus

Iim (U-—-L)= Ilim (f(b) — f(a)) AXmx = 0, since Ax,, = [|P||.
[P]| —0 [Pl — 0 1Pl

(a) U = max; Ax + maxy AX + ... + max, Ax where
max; = f(Xg), maxy = f(x1), ... , max, = f(x,_,)
since f is decreasing on [a, b];

L = min; AX + miny Ax + ... + min, Ax where
min; = f(xy), miny, = f(x), ..., min, = f(x,)
since f is decreasing on [a, b]. Therefore

U — L = (max; — minj) AX + (maxs — ming) Ax
+ ... 4+ (max, — min,) Ax

= (f(xo) — f(x1)) Ax + (f(x1) — f(x2))Ax T
+ o+ ({(x) — f(x0) Ax = (f(x) — f(x,)) Ax

— (f(a) — f(b)) Ax.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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(b) U = max; Ax; + maxs Axs + ... + max, Ax, where max; = f(xg), maxo = f(xy), ... , max, = f(x,_;) since
f is decreasing on[a, b]; L = min; Ax; + miny Axs + ... 4+ min, Ax, where
min; = f(x1), ming = f(xs),... , min, = f(x,) since f is decreasing on [a, b]. Therefore
U — L = (max; — minj) Ax; + (maxy — mins) Axs + ... + (max, — min,) AXx,
= (f(xo) — f(x1)) Axy + (f(x1) — f(x2))Axz2 + ... + (f(x,1) — f(x,)) Ax,
< (f(x0) — (X)) AXpax = (f(@) — f(b) AXppox = |f(b) — f(a)| AX, since f(b) < f(a). Thus

Iim (U-L)= Ilim [f(b)— f(a)] AXmx = 0, since Ax,., = ||P||.
[P — 0O [P][ —0 | | IPl

85. (a) Partition [0, g] into n subintervals, each of length Ax = an with points xg = 0, x; = Ax,

X9 = 2AX,...,X, = nAx = g Since sin X is increasing on [O z

’2
of the circumscribed rectangles of areas f(x;) Ax = (sin Ax)Ax, f(x2) Ax = (sin 2Ax) Ax, ... , f(x,) Ax

] , the upper sum U is the sum of the areas

Ax 1
- . . . o A% _cos((n+1) A
= (sin nAx) Ax. Then U = (sin Ax + sin 2AXx + ... + sin nAx) Ax = [cos 2 ;(:1(1 (Anx 2) &%) AX
2
_|eos fE—cos((n+3) £) | ;5 _ m(cos = —cos(5+ )  cos i —cos (5 +4)
- 2sin - (%) - 4n sin - - (hi“%)
T
4n
/2 s s i T
. . . S 7~ —COS (5 + 1= 1—cos
(b) The area is f sinxdx = lim 24 _.Coql(l ) _ locos§ 1.
0 n— 0o (*‘[4,,) 1
4n

n
86. (a) The area of the shaded region is Y  Ax; - m; which is equal to L.
i=1

(b) The area of the shaded region is Y Ax; - M; which is equal to U.
i=1
(c) The area of the shaded region is the difference in the areas of the shaded regions shown in the second part of the figure
and the first part of the figure. Thus this area is U — L.

87. By Exercise 86, U — L = > Ax; - Mj — Y Ax; - m; where M; = max{f(x) on the ith subinterval} and

i=1 i=1
m; = min{f(x) on the ith subinterval}. Thus U — L = Y (M; — m;)Ax; < > e - Ax; provided Ax; < 6 for each
i=1 i=1
n n
i=1,...,n. Since Y e Ax; =€ > Ax; = €(b — a) the result, U — L < ¢(b — a) follows.
i=1 i=1
88. The car drove the first 150 miles in 5 hours and the
second 150 miles in 3 hours, which means it drove 300 Vﬁ:ﬁch',"
miles in 8 hours, for an average of 32—0 mi/hr sot —_—
= 37.5 mi/hr. In terms of average values of functions,
. . Verage _ 37.s mimr
the function whose average value we seek is value )
30, 0<t<5 . 301
v(t) = {50’ 5-1<8 and the average value is
BOE) +G0G) _ 37 5
8 5.
t Time
S 8 hr
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89-94.

Example CAS commands:

Maple:

95-98.

with( plots );

with( Student[Calculus1] );
f:=x->1-x;

a:=0;

b:=1;

N :=[ 4, 10, 20, 50 ];

Section 5.3 The Definite Integral

P := [seq( RiemannSum( f(x), x=a..b, partition=n, method=random, output=plot ), n=N )]:

display( P, insequence=true );

Example CAS commands:

Maple:

89-98.

Mathematica: (assigned function and values for a, b, and n may vary)

with( Student[Calculus1] );
f :=x -> sin(x);
a:=0;
b := Pi;
plot( f(x), x=a..b, title="#95(a) (Section 5.3)" );
N :=[ 100, 200, 1000 ; # (b)
for nin N do
Xlist := [ a+1.*(b-a)/n*i $ i=0..n ];
Ylist := map( f, Xlist );
end do:
for nin N do #(c)
Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist));
end do;
avg := FunctionAverage( f(x), x=a..b, output=value );
evalf( avg );
FunctionAverage(f(x),x=a..b,output=plot);  # (d)
fsolve( f(x)=avg, x=0.5);
fsolve( f(x)=avg, x=2.5);
fsolve( f(x)=Avg[1000], x=0.5 );
fsolve( f(x)=Avg[1000], x=2.5 );

Example CAS commands:

Sums of rectangles evaluated at left-hand endpoints can be represented and evaluated by this set of commands

Clear[x, f, a, b, n]

{a,b}={0, 7}; n=10; dx = (b — a)/n;

f = Sin[x]?;

xvals =Table[N[x], {x, a, b — dx, dx}];
yvals=f/x — xvals;

boxes = MapThread[Line[{ {#1,0},{#1, #3},{#2, #3},{#2, 0}1&,{xvals, xvals + dx, yvals}];

Plot[f, {x, a, b}, Epilog — boxes];
Sum([yvals[[i]] dx, {i, 1, Length[yvals]}]//N

Sums of rectangles evaluated at right-hand endpoints can be represented and evaluated by this set of commands.

Clear[x, f, a, b, n]
{a,b}={0, 7}; n=10; dx = (b — a)/n;
f = Sin[x]?;

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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xvals =Table[N[x], {x, a + dx, b, dx}];
yvals = f/x — xvals;
boxes = MapThread[Line[{ {#1,0},{#1, #3},{#2, #3},{#2, 0}]1&,{xvals — dx,xvals, yvals}];
Plot[f, {x, a, b}, Epilog — boxes];
Sum([yvals[[i]] dx, {i, 1,Length[yvals]}]//N
Sums of rectangles evaluated at midpoints can be represented and evaluated by this set of commands.
Clear[x, f, a, b, n]
{a,b}={0, 7}; n=10; dx = (b — a)/n;
f = Sin[x]?;
xvals =Table[N[x], {x, a + dx/2, b — dx/2, dx}];
yvals = f/.x — xvals;

boxes = MapThread[Line[{ {#1,0},{#1, #3},{#2, #3},{#2, 0}]1&,{xvals — dx/2, xvals + dx/2, yvals}];

Plot[f, {x, a, b},Epilog — boxes];
Sum([yvals[[i]] dx, {i, 1, Length[yvals]}]//N

5.4 THE FUNDAMENTAL THEOREM OF CALCULUS

1.

(O8]

>

9]

~

*®

Nel

10.

11.

12.

L(zx +5)dx = [x2+5x]", = (024 5(0)) — (—2)? + 5(-2)) = 6

-9 a=[n—2]" = (50— %)~ (503~ ) =12

j:x(x—3) dx = f:(x2 —3x) dx = H - 3{} g (@ _ 3<§>2) _ (@ _ 3<g>2) = 10

S —aana=[5 -+ = (- 07 +30) - (S - racn) =2
Joeg) =[] = () - (49 %) =

f:(x3 —2x+3) dx = [¥ - x2 4 3] :} = (3-22430) - (P - 22 +3-2) =12
Sl s ma=[2 e300 = (43 —0=

S xem o= s = () - o9 =

fomz sec?x dx = [2 tan xJj* = (2tan (%)) — Qtan 0) = 2/3 - 0=2,/3
fon(lJFCOSX)dX:[X+SiHX]g:(7r+sin7r)f(0+sin0):7r

S s conan = (ese 02 = (-ese (3)) — (-ese (3)) = ~vE - (~v2) =0

/3
j; 4secutanudu = [4secu]g/3 =4 sec (%) —4sec0=42)—4(1) =4
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13.

14.

15.

16.

18.

20

21.

22.

23.

24.

25.

7/

0
f 1+cos2t dt =
/2 2

/3
1—cos2t dt =
j:w/s 2

Section 5.4 The Fundamental Theorem of Calculus

0
fm(% + 1 cos 2t) dt = [3 t+ 1 sin 2] 2/2 = (3@ +1sin200) — (3 (3) +1sin2(3))

/3 7r/3
J.G - teos20 = [he- Lsina

_ % —-/3
(3(3) ~§sin2(9)) = G (-1 —Fsin2(=5) =F - fsin ¥+ +]sin(F7) =%
/4 ) /4 ) 7r/4
j:) tan xdx:j:) (sec?x — 1)dx = [tanx —x]g’" = (tan (§) — %) — (tan (0) —0) =1 — %

/6

/6 /6
j; (secx + tan x)* dx = J:) (sec? x + 2sec x tan x + tan” x)dx = j; (2sec® x + 2sec x tan x — 1)dx

= [2tan x + 2secx —x]y/° = (2tan(Z) + 2sec(Z) — (Z)) — (2tan 0+ 2sec0 —0) =24/3 — £ —2

/8 /8
. j; sin2x dx = {—%COSZXL/ = (—3c0s2(%)) — (=5 cos2(0)) = 2‘£/5

I

= (4 tan (

—m/4

—n/4 o
\ (4seczt—|— t%) dt = f i (4 sec’t+ wt=2) dt = [4tant— %] /4

—7/3

—7/3

) —ﬁ) _ (4tan(§) _ (jg)) — (1) +4)— (4 (—\/5) +3) —4/3-3

4

) flfl(r+1)2dr:ﬁ*l(r2+2r+1)dr: {§+r2+r} 1—1: (%H_I)QH_I))_(%@HMI) =

e

V3

V3
3(t—|—1)(t2+4)dt=f7 34+ +4t+4)dt = [

S
+

w|
+
)
-

[\
+
N
[

Sl

+ 0 +2(\5>2+4ﬁ> ) <(_\4ﬁ>4 e +2(‘/§)2+4(\/§)> S

/ 8 ., 8
3 ;)]/(32—)(2'3) dx:j: 2x1/37x+27x23dXZj‘1 (27 x2/3+2x*1/3—x1/3) dx —

x1/3

[ZX _ %X5/3 + 3X2/3 _ %X4/'§]? — (2(8) _ %(8)5/3 + 3(8)2/3 . 2(8)4/3) _ (2(1) _ 2(1)5/3 + 3(1)2/3 _ %(1)4/3)

J

137

20

‘.r .
sin 2x
/2 2sinx

dx:j:

/2—2“2“5’;;)‘:” dx = f/zcosx dx = [sinx]ﬁ = (sin (7)) — (sin (3)) = —1
T, /2
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26.

27.

28.

29.

30.

31.

32.

33.

35.

36.

37.

Chapter 5 Integration

/3 /3 /3
j; (cosx + secx)? dx = j; (cos? x + 2 + sec? x)dx = fo (e bl 4 2 4 sec? x)dx

/3

/3
= j; (3cos2x + 3 + sec? x)dx = Hsin2x + 3x + tan x} .

= (4sin2(%) + (3) +1an(5)) — (4sin2(0) + 3(0) + tan(0)) = 3 + 23
Jj\x|dx:fj|x|dx+j:|x|dx:—fixdx+j:xdx:[—%}:_1_[%}3:<_%2+(724)2>+<4;_%2):16

T /2 ™ /2
fo % (cos x + |cos x| ) dx = fo %(cosx—{—cos x) dx + j:/z %(cosx —cos X) dx = fo cos x dx = [sin x]g/Q

:singfsinOZI

o

Vv VX
(a) fo costdt:[sint]a/;:sin x—sinO:sinﬁ = %(\l; costdt) di(sm ﬁ)zcosﬁ(%x‘l/Q)

_cos /X
=3

(b) % <j;\/;costdt) = (cos \/§) (% (ﬁ)) - (Cos \/;) (%X—I/Q) _ m;sTxx

@ | 3t2 dt =[] =sin’x — 1 = d‘i( 1 3¢2 dt) & (sin®x — 1) = 3 sin? x cos x

(b) & (f: 32 dt) = (3sin’x) (& (sinx)) = 3 sin®x cos x

@ Jovaa= [lera gy - e -o-3e 5 4 ([ Vi) - g G- e
®) 4 (f ﬁdu) — VA (2 (1) = € (48) = 46

tan 0 tan 6
(a) fo sec’y dy = [tan y]®"? = tan(tan ) — 0 = tan (tan §) = % ( j; sec’y dy) i 4 (tan (tan 6))

= (sec?(tan 0)) sec? §

tan 6
) & (j; sec2ydy) = (sec? (tan 0)) (& (tan 6)) = (sec” (tan 0)) sec® ¢
y:.ﬁ\/l+t2dt:>g—i:\/l+x2 34.y:f1dt:>3§——x>0

0 V&
y= [ sinea=—["sineda = %= —(sin(5)) (& (VX)) = ~inx (x1?) = s

2

o [np oy _af [
yij; sint® dt = 3 xd—x(j;

XZ
= 2x2%sin x° + j; sin £ dt

2 2

sin t3 dt) +1- j; sin t> dt = x - sin (x2)3(%((x2) + j; sin t3 dt

X X
_ dy _ x2 x> _
yif t2+4 dt — j; 2+4 dt = dx 7 x2+4 x2+470

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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38, y_<f0x(t3+1)10dt>3:> j§_3<ﬁx(t3+1)‘°dt>;<f() @ +1)"° >_3(x + 1) (fox(t3+1)lodt>

1 cos X COs X

B sin x dy _ _ . .
39. y = j; \/—tz x| <3 = £ = T (& (sinx)) = \/— (cos x) = ey = oy = Lsince x| < §

tan x
d d d
10.y= [ 5 8= (k) (& @nw) = () Gectx) = 1
41, —x2-2x=0 = —x(x+2)=0 = x=0o0rx = —2; Area y
—92 0 2
= *f_?) (—x% — 2x)dx + f_2(*x2 —2x)dx — fo (—x? — 2x)dx 372 -1 1
H

) 0 2

X3 2:| [ x3 2] |: x3 2:|
=—|-% —x +|-% —x —|—% —x

{ 3 -3 3 2 3 0

42. 3x2 —=3=0 = x> =1 = x = = I; because of symmetry about )
1 2
the y-axis, Area = 2 (—j; (3x? — 3)dx + fl (3x2 — 3)dx>

2 (= ¢ = 3xg + [ - 3x]1) =2[= (1 = 3(D) - (0° — 30)))
+((2°=32) — (1P =3()] = 2(6) = 12 y=3&-3

43. x3 =32 4+2x=0 = x (x> =3x+2)=0 0.a)

' K -3 v 2x
= xx—2)x—1)=0= x=0,1,o0r2; o.ZV\y= ’
1 2
Area = j; (x?’—3x2+2X)dX—f1 (x* = 3x* + 2x)dx 0.5 ) 1.5 X
0 1 -0.4

:<1Ti_13+12>_(%4_03+02)

04 14 _ 1
~[(B-2+2) - (5 -B+12)] =1
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286  Chapter 5 Integration

4. x13 —x=0 = x!/3 (l —x2/3) =0 = x'3=0o0r 1y y=xm—x
1-x=0= x=00r1=x*% = x=0o0r -1\, 5 y ¢ X
l1=x> = x=0o0r+1; -1

0 1 8 —2
Area:—jil(xl/3—x)dx+ﬁ) (xl/?’—x)dx—f1 (x1/3—x)dx _3
0 1 8
I e

12 -5

- [Go#-%) - (Gene -5 .
3
4

45.

46.

47.

48.

49.

50.

51.

)~ (o)
HOLEE IR HOLEES]
_|_

D=3

The area of the rectangle bounded by the lines y = 2, y = 0, x = 7, and x = 0 is 27r. The area under the curve

y =1+cosxon [0,7]is fo (1 4+ cos x) dx = [x + sin x]] = (7 + sin ) — (0 4 sin 0) = 7. Therefore the area of

the shaded region is 2w — m = .

The area of the rectangle bounded by the lines x = ¢, x = 5{, y=sing = % = sin %” ,andy = 01is

5m/6
/6

57/6
1 (5@ Ty _ @ I T 57 : I
5(6 76) = Z. The area under the curve y = sin x on [6, 6]15 fm sin X dx = [—cos X]

= (—cos ) — (—cos 7) = — (— ‘/75) + \/75 = /3. Therefore the area of the shaded region is /3 — .

On [— %,0] : The area of the rectangle bounded by the lines y = V2,y=0,0=0,and 0 = — T is V2 (%)
0

= ”Tﬁ . The area between the curve y = sec § tan f and y = O is f‘ﬁ 145€C 0 tan 6 df = [—sec 0]97T/4
= (—sec 0) — (—sec (— T)) = v/2 — 1. Therefore the area of the shaded region on [~ Z,0] is ”T‘/E + (ﬁ - 1) .
On [0, 7] : The area of the rectangle bounded by § = 7,60 = 0,y = V2, andy = 0is /2 (3) = ”T\/z . The area

/4
under the curve y = sec 6 tan 6 is j; sec 6 tan 6 df = [sec 9]3/4 =secy —sec0= \/5 — 1. Therefore the area
of the shaded region on [O, %] is WT‘/E — (\/5 — 1) . Thus, the area of the total shaded region is

(#+\/§71>+(%ﬁ7\/§+1):%§.

The area of the rectangle bounded by the linesy =2,y =0,t=—%,andt=1is2 (1 — (= 5)) =2+ 7. The

0
area under the curve y = sec’ ton [—F,0] is j:msec2 t dt = [tan t]gw/4 =tan 0 — tan (— §) = 1. The area

[SS1S)

1 1
underthecurvey:1—t20n[0,1]isj; (1-t?)dt= {t—g}oz( —g)—( —%3>: . Thus, the total

area under the curves on [f I 1] is1+ % = % . Therefore the area of the shaded region is (2 + g) — % = % + 3.

y:f Ldt-3 = d—y*1andy(7r):f.%dtf3:073:f3 = (d) is a solution to this problem.

dx — x

X -1
y:flsectdt—|—4 = g—i = secxandy(—l):j:l sectdt+4=0+4 =4 = (c)is asolution to this problem.

X 0
y:j;sectdt+4 = j—i:secxandy(O):j;sectdt+4:0+4:4 = (b) is a solution to this problem.
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X 1
52. y:j: 1dt—-3 = g—iziandy(l):ﬁ +dt—3=0-3= -3 = (a)is a solution to this problem.
53. y:j; sectdt+3 54. y:f1 V1+t2dt—

b/2 y
55. Area = f (h— ‘é—.h) x2) dx = {hx—‘gh—;‘; h y=h—(4h/b2 )x2

-br2 b/2

56. k>0 = one arch of y = sin kx will occur over the interval [0, T| = the area = j; sinkx dx = [~ £ cos kx| | m/k
= —gcos(k(§)) = (= cos(®) = ¢

ST G =gr =3P == f:%t_mdt: [t/2] = /x; ¢(100) — c(1) = /100 — /1 = $9.00

j;s(z 2) x:zj:( (X+1)2> dx—Z[x—(xlll)]Z:ZK3+ﬁ)—(O—i—ﬁ)}

=2[31 - ]: (21) = 4.5 or $4500

59. () t=0=T=85-3y25-0=70°F;t=16=T=85—-3y/25-16=76°F
t=25=T=285—-3/25—-25=85°F

25 25

(b) averagetemperatuve:ﬁj; (85—3 25—t) dt:%{85t+2(25—t)3/2] .

— L (85(25) +2(25 - 25)3/2) ~ L (85(0> +2(25— 0)3/2) _ 5o

60. (a) t=0=H=1/0+1+50)"=1fst=4=H=/441+54)"°=/5+5V/4 ~10.17 ft;
t=8=H=1/8+1+58)"7 =13t

8
(b) average height = ﬁj; VvVi+1 +5t1/3> dt = é{% (t+1) 4L t‘m} .

= 1(3E+ 0+ 5 ®)Y) 130+ )+ B0)*7) = 2 ~ 9671
61. ff(t)dt—x - 2x+1 = f(x) = dxff(t)dt (x —2x4+1)=2x-2
62. j; f(t) dt = x cos 1x = f(x) = % j; f(t) dt = cos mx — wx sin mx = f(4) = cos w(4) — w(4) sin 7(4) = 1

x+1 1+1
63.f(x):2—j; %dtﬁf’(x):—m:%:>f’(1):—3;f(1):2—f2 dt=2-0=2;

Lx)=-3x—-D+f1)=-3x—-1)4+2=-3x+5
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64. g(x) =3+ j:xnsec(t— Ddt = g(x) = (sec (x> — 1)) (2x) = 2xsec (x> = 1) = (1) =2(—1)sec ((—=1)* = 1)

(-1 1
:—Z;g(—l):Z'H—f1 sec(t—l)dt:3+j: sect—1)dt=34+0=3;L(x)=-2(x—(—1))+g(—1
=2x+1)+3=-2x+1

65. (a) True: since f is continuous, g is differentiable by Part 1 of the Fundamental Theorem of Calculus.
(b) True: gis continuous because it is differentiable.
(¢) True, since g'(1) = f(1) = 0.
(d) False, since g’(1) = f'(1) > 0.
(e) True, since g'(1) =0and g"(1) = f'(1) > 0.
(f) False: g"(x) = f'(x) > 0, so g”’ never changes sign.
(g) True, since g’(1) = f(1) = 0 and g'(x) = f(x) is an increasing function of x (because f'(x) > 0).

66. Leta = xo < X; < Xz-++ < X, = b be any partition of [a, b] and let F be any antiderivative of f.
(@) > [F(xi) — F(xi1)]
i=1

= [F(x1) — F(xo)] 4 [F(x2) — F(x1)] + [F(x3) = F(x2)] 4+ - + [F(xa-1) — F(xn-2)] + [F(xa) — F(xn-1)]

— — F(xo) + F(x1) — F(x1) + F(x) — F(x2) + -+« + F(xy_1) — F(xo 1) + F(xy) = F(xy) — F(x0) = F(b) — F(a)
(b) Since F is any antiderivative of f on [a, b] = F is differentiable on [a, b] = F is continuous on [a, b]. Consider any

subinterval [xi_j, ;| in [a, b], then by the Mean Value Theorem there is at least one number ¢; in (x;_1, X;) such that

[F(xi) — F(xi=1)] = F'(ci)(xi — xi—1) = f(ci)(xi — xi—1) = f(c;)Ax;. Thus F(b) — F(a) = Xn: [F(xi) — F(xi-1)]

i=1

M=

f(Ci)AXi.

1

(c) Taking the limit of F(b) — F(a) = Enjf(ci)Axi we obtain  lim (F(b) — F(a)) = lim (Enjf(ci)Axi>

i=1 [[P[|—0 [PII=0 \i=1

= F(b) ~F(a) = || "£(x) dx

67-70. Example CAS commands:

Maple:
with( plots );
fi=x > x"3-4*x"2+3%x;
a:=0;
b:=4;
F := unapply( int(f(t),t=a..x), X ); # (a)
pl := plot( [f(x),F(x)], x=a..b, legend=["y = f(x)","y = F(x)"], title="#67(a) (Section 5.4)" ):
pl;
dF :=D(F); # (b)
ql :=solve( dF(x)=0, x );
ptsl := [ seq( [x,f(x)], x=remove(has,evalf([q1]),]) ) ];
p2 := plot( ptsl, style=point, color=blue, symbolsize=18, symbol=diamond, legend="(x,f(x)) where F '(x)=0" ):
display( [p1,p2], title="81(b) (Section 5.4)" );

incr := solve( dF(x)>0, x ); #(c)

decr := solve( dF(x)<0, x );

df := D(f); #(d)

p3 := plot( [df(x),F(x)], x=a..b, legend=["y = f '(x)","y = F(x)"], title="#67(d) (Section 5.4)" ):
p3;

q2 := solve( df(x)=0, x );
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pts2 := [ seq( [x,F(x)], x=remove(has,evalf([q2]),I) ) ];
p4 := plot( pts2, style=point, color=blue, symbolsize=18, symbol=diamond, legend="(x,f(x)) where f '(x)=0" ):
display( [p3,p4], title="81(d) (Section 5.4)" );

71-74. Example CAS commands:
Maple:

a:=1;
u:=x->x"2;
f:=x->sqrt(1-x2);
F := unapply( int( f(t), t=a..u(x) ), x );
dF :=D(F); #(b)
cp := solve( dF(x)=0, x );
solve( dF(x)>0, x );
solve( dF(x)<0, x );
d2F := D(dF); #(c)
solve( d2F(x)=0, x );
plot( F(x), x=-1..1, title="#71(d) (Section 5.4)" );

75. Example CAS commands:
Maple:
f:="1;
ql := Diff( Int( f(t), t=a..u(x) ), X );
dl :=value(ql );

76. Example CAS commands:
Maple:
f.="f;
q2 := Diff( Int( {(t), t=a..u(x) ), X,X );
value( g2 );

67-76. Example CAS commands:
Mathematica: (assigned function and values for a, and b may vary)
For transcendental functions the FindRoot is needed instead of the Solve command.
The Map command executes FindRoot over a set of initial guesses
Initial guesses will vary as the functions vary.
Clear([x, f, F]
{a,b}= {0, 27}; f[x_] = Sin[2x] Cos[x/3]
F[x_] = Integrate[f[t], {t, a, x}]
Plot[{f[x], F[x]},{x, a, b}]
x/.Map[FindRoot[F'[x]==0, {x, #}] &,{2, 3, 5, 6}]
x/.Map[FindRoot[f'[x]==0, {x, #}] &,{1, 2, 4, 5, 6}]
Slightly alter above commands for 75 - 80.
Clear[x, f, F, u]
a=0; flx_]=x*—2x—3
ulx_]=1-—x2
F[x_] = Integrate[f[t], {t, a, u(x)}]
x/.Map[FindRoot[F'[x]==0,{x, #}] &,{1,2,3,4}]
x/.Map[FindRoot[F"[x]==0,{x,#}] &,{1,2,3,4}]
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After determining an appropriate value for b, the following can be entered
b=4;
Plot[{F[x], {x,a,b}]

5.5 INDEFINTE INTEGRALS AND THE SUBSTITUTION RULE

I. Letu=2x+4=du=2dx = jdu=dx
f2(2x+4)5dx:f2u5%du:fu5du:%u6+C:%(2x+4)6+C

2. Letu=7x—1=du=7dx = %du:dx
J1vx—Tdx= [10x - 1) ax = [ 2 ldu= [ u'2du=2uw2+C=2(x- 1) 4C

3. Letu=x*4+5=du=2xdx = %du:xdx

f2x(x2+5)74dx:f2u_4 %du:fu“‘du:—% u_3—|—C:—%(x2—|—5)73+C

4. Letu=x*+1=du=4x>dx = %du:x3dx

X3 -2 _ — — —
f(xle)zdx:f4x3(x4+l) dx= [4u?ldu= [u2du=—u'tC= 7 +C

5. Letu=3x*+4x = du = (6x +4)dx =2(3x +2)dx = jdu= (3x+2)dx
5
f(3x+2)(3x2+4x)4dx:fu4 %du:%fu“du:%us—i-C:%O (3x2—|—4x) +C

6. Letu:1+\/§;sdu:27\1/idx = 2du:%dx

fi(”%?”dx:f(uﬁ)‘”ﬁdx:fu1/32du:2fu1/3du:2~§u4/3+C:g(1+ﬁ)4/3+c

7. Letu=3x = du=3dx = %du:dx

fsin3xdx:f Isinudu=—3cosu+C=—1}cos3x+C

8. Letu=2x> = du=4xdx = jdu=xdx

fxsin(2x2)dx:fisinudu:—%cosu+C = —Lcos2x* +C

9. Letu=2t = du=2dt = Jdu=dt
fsec2ttan2tdt:f%secutanudu:%secu—l—Cz%sec2t+C

10. Letu=1—cos$ = du:%sin%dt = 2du=sin 5 dt

f(l—cos%)Q(sin%) dt:f2u2du:%u3+C:%(l—cos%)3+C

I1. Letu=1-1° = du=—-32dr = —3du=092dr

ff% = [—3u Y2 du=—3Qu2+C =—6(1—r)"* +C

12. Letu=y* +4y> +1 = du= (4y> +8y)dy = 3du=12(y*+2y)dy
[t +a 1 P +2y)dy= [3udu=w+C=(y' +4y* + 1)’ +C
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14.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Section 5.5 Indefinite Integrals and the Substitution Rule

Letu=x%2-1 = du:%xl/de = Zdu:\/;dx

fﬁsin2(x3/2—1) dx:f3sm udu=2(4—1sin2u)+C=1(x*?—1)-Llsin(2x32-2) +C
Letu=—1 = du= % dx

f%cos%%)dx:fcosQ(—u)du:fCOSQ(u)du—( +1sin2u) +C=—2L +1sin(-2)4+C
:—%—%sm()—kc

. (@ Letu=cot20 = du= —2csc?20df = — J du=csc?26dd

fcsc220cot20d0:ff udu——7<—)+C———+C—f—cot220+C
(b) Letu=-csc20 = du= —2csc20cot260df = —%du:csc2900t29d9

fCSCQZQCOtZQdQZI—%udUZ—%(%)+C=—%2+C=—%080229+C

(a) Letu—5x+8:>du—5dx:>%du:dx
S =i (&)d=t [utPau=t () +C=2u+C=2/5xF8+C
(b) Letu=1/5x+8 = du=1(x+8) V25 dx = Zdu= ﬁ

fm [2au=2u+C=25x+8+C

Letu=3-2s = du=—-2ds = —1du=ds
[V3—2sds= [ Ju(~L1du)=—1 [ulPdu=(=1) Gu?)+C=-1(3-202+C

Letu=55s+4 = du=5ds = %du:ds

f \/5i+4dszfﬁ(%du) :%fu_l/QdUZ(%) (2u1/2)+C:%4/55+4+C

Letu=1—-6* = du=-20df = —5du=064dd

Joi=edo= [ u(-Lauw) =1 [u/tdu=(-1) (¢u/)+C=-2(1-6)"" +C

Letu=7—-3y? = du=—6ydy = —%du:?)ydy

f3y\/7f3y2dy:f\/ﬁ(f%du):f%fulﬂdu: (-3) (%u3/2)+C:f%(773y2)3/2+C

Letu=1+./x = du:2\1/;dx = 2du:%dx
2du__ =2
f 1+\[ f —1+\/;+C

Letu=3z+4 = du=3dz = fdu=dz
fcos(3z—|—4)dz—f(cosu)( du): fcosudu—gsmu—i—C —sm(32—|—4)—|—C

Letu=3x+2 = du=3dx = jdu=dx
fsecZ(3X+2)dx:f(sec u)( du): fsec udu—%tanquC %tan(3x+2)+C

Letu =tanx = du = sec’?x dx

ftan2xse02xdx:fu2du:%u3+C:%tan3x—|—C
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292  Chapter 5 Integration
25. Letu=sin (}) = du=cos(})dx = 3du=cos(})dx
fsin5(3)cos( )dx—fu (Bdu)=3(zuf)+C=1sin®(3)+C
26. Letu = tan (2) = 3 sec (%) dx = 2 du = sec? (g) dx
t

du
Jan (3) sec (3) ax = f W @dw) =2 (1u) +C = Ltan® () + C

27. Letu:lis—l:>du—r2dr:>6du—r2dr
fr2(%—l> dr= [w(6dny=6 [ 5du—6(%> C:<%_l>6+c

28 Letu=7— 1 = du=—1rtdr = —2du=rdr

7-2) dr= [ (2du)=-2 [wddu=-2(%)+C=-1 7-2) 4c
f( 10) f f (4) 2( 10)

20, Letu=x¥2+1 = du*é x1/2dx = 2dufxl/2dx

f)(l/2sin(><3/2 dx—f(smu) (3 du) =2 fsmudu—3( cosu)+C=—2cos (x¥2+1) +C

30. Letu =csc (*5%) = du= — 3 csc (Y57) cot (Y5

Jese (45%) cot (+57)

31. Letu=cos(2t+1) = du=—-2sin(t+ 1)dt = ——du_s1n(2t—|—1)dt

sin (2t + 1) _ _1ldu __ 1 —
f cos2 2t+ 1) dt = 2w T 2u +C=

T) dv = —2du = csc (*5F) cot (Y5
= f—2du: —2u4+C=—-2csc(SE) +C

) dv

2cos(2t+l) +C

32. Letu=secz = du=secztanzdz

Joepmedz— [ du= [u2du= 224 C=2y/fsecz 4 C

33. Letu=1—-1=t"-1 = du=—t?dt = —du=3dt

ftlz cos (1 —1) dt:f(cosu)(—du):—fcosudu = —sinu+C=—sin({ -1)+C

_ _ /2 _1.-1)2 _ 1
3. Letu= /143 =043 = du= "7 dt = 2du= J-dt

i L cos (vi+3) di= [ (cosw(2du)=2 [cosudu=2sinu+C=2sin(/i+3)+C

35. Letu=sin ; = du= (cos §) (— %) dd = —du= 4 cos 5 df

fe%sin%cos%dﬁszudu:f +C—f—sm21+C

36. Letuzcscﬁéduz(—csc Gcotf)( )d9:> 2du—\[cot Gcscfdﬂ
a0 = [ ot VBese Va0 = [—2du=—2utC=—2ese VOI+C=— 2o C

37. Letu=1+t' = du=4dt = }du=1t3dt
Jea+tyd=[w(d)=1u)+Cc=L+t) +C
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39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.
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Letuzl—% = du:%dx

[Vstax= 4 /tax= L /1-tax= [udu= [uPau=2w2+Cc=2(1-1"4cC

Letu:2f% = du:édx

[L/2-tax=[Vudu= [ulau=2wl+Cc=2(2-1)" 1C

Letuzl—L = du:ldxéldu:%dx

f% szzldx—fxﬂ/l—gdx— f du——f 1/Qdu——u?’/Q—i-C:%(1—)%2)3/2—1—C
Letuzl—iﬁdu— 4dx:> du——

[V ax= [hy/553ax= [h/1-3ax= [Valdu=1 [u2du= 2w +Cc=2(1-3) 4+ C

Letu:x3—1:> du:3x2dx:>ldu—x2dx

1/ dx—f\/—dx f\[% f’1/2du—— W24 C=2(x* ~1**4+c

Letu = x — 1. Then du = dx and x = u + 1. Thus fx(x—l)lodx:f(u—i—l)ulodu:f(u“+u10)du
:ﬁu12+ﬁul]+C:ﬁ(x_1)l2+ﬁ(x_1)ll+c

Letu =4 —x. Thendu = —1dx and (—1) du = dx and x = 4 — u. Thus fxx/4—xdx:f(4—u)\/ﬁ(—l)du
= f(4—u)(—u'/2)du = f(u3/2 —4u'/2) du = %us/z _ %us/z +C= %(4_)()5/2 _ 2(4_)()3/2 LC

Letu=1—x.Thendu = —1dx and (—1)du = dx and x = 1 — u. Thus f(x+ 1)%(1 — x)°dx
f( u)?u’ (1) du = f(fu7 + 408 —4ud)du=—fud 4+ 30" — Fu® 4+ C
=11 -x*+41-x"-21-x°+C

Letu = x — 5. Then du = dx and x = u + 5. Thus f(x+5)(x —5)3ax = f(qu 10)u!/3 du = f(u4/3 + 10u'/?) du
_ %u7/3 + 1_25u4/3 +C= %(x—5)7/3 + %(x—5)4/3+C

Letu = x? + 1. Then du = 2xdx and $du = xdx and x*> = u — 1. Thus fx?’\/x2 +1dx = f(u— 1)1\/udu

_ %f(uwz 1/2)du {2 5/2 2u3/2} 1C= %u5/2 _ éuS/Q +C=1(x2+ 1)5/2 ~ 4 1)3/2 e

Letu=x>+1= du=3x’dxand x> =u— 1. So f3x5 X3+1dX:f(u*1)\/ﬁdu:f(u3/2*u1/2)dll
=202 22+ C=2(x*+ 1) - 2(x* + 1)+ C

Letu:x2—4édu:2xdxand%du:XdX.ThuSf(2 7 dx = f(x2—4)_3xdx:fu’3%du:%fu’3du

= ly2pc=-lx2 -4 +C

— — _ X _ -3 _ -3 _ -2 -3
Letu-x—4:>du—dxandx—u—|—4.Thusfde—f(x—4) xdx-fu (u—|—4)du—f(u + 4u )du
= —u ' —2u24C=—-(x—-4)""'-2x—-4)*+C
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51. (a) Letu=tanx = du=sec’xdx;v=u® = dv=3u?du = 6dv=18udu;w=2+v = dw=dv

18 tan’ x sec’ x _ 18u _ 6dv_ __ 6dw 2 _ -1 _
f (2+tan3x dx = f > du = o = J e f6fw dw=—-6w " +C=
= +C=— +C
2—&-u3 2+tan3x
(b) Letu=tan®x = du=3tan’xsec’xdx = 6du=18tan’xsec’xdx;v=2+4+u = dv=du
18 tan’ x sec? x _ 6du 6dv __ 6 _ _
f (2 + tan3 x)° dx = f Q+u? T—_;‘i‘C— 2+u+c 2+tan3 +C

(c) Letu=2+tan®>x = du=3tan’xsec’xdx = 6du = 18 tan® x sec’ x dx
flStdnxsecde_ @:_g_i_cz_ 4+ C

(2 + tan3x)’ u? 2+ tan3

52. (a) Letu=x—1 = du=dx;v=sinu = dv=cosuduyyw=1+v? = dw=2vdv = %dw:vdv
f\/l—i—sin?(x—1)sin(x—1)cos(x—l)dx:f\/l—|—sin2usinucosudu:fv 1+v2dv
= [L/wdw=1wprc=114+v) 4 C= L1 +sin20)’ +C= L (1 +sin2(x— 1)+ C
(b) Letu=sin(x—1) = du=cos(x— Ddx;v=1+u? = dv=2udu = %dv:udu
f\/l—i—sinQ(x—l)sin(x—l)cos(x—l)dx:fu 1+u2du:fl\/§dV:flV1/2dv
L)) +c=1v3rpc=ta+)P+C=L(1+sin2(x— 1) +
(c) Letu=1+sin’(x—1) = du:251n(xfl)cos(x71)dx = %du:sm(xfl)cos(xfl)dx
f\/l—l—sin?(x—1)sin(x—1)cos(x—1)dx:f%\/ﬁdu:f%ulmdu:%(%usﬂ)-i-c

— L1 4+sin2(x— )" +

53. Letu=3(2r—1)2+6:>du=6(2r—1)(2)dr:>%du:(zr—l)dr;v:\ﬁ:dv:ﬁdu = gdv=r7

f (zr_l\)/c;z;\/w dr-f(coi/—\f) (35 du) :f(cosv)(%d) Lsinv+C=1Lsin/u+C

:gs1n\/3(2r—1)2+6+C

54. Letu:cos\/@:>du:( s1n\/_)( )d9:>—2du—s“z/—\/d0

\/%d —fﬁ%d@—f‘uﬁiu——2fu3/2du——2(—2u1/2)+C—\%+C
~— tcC
cos /0

55. Letu=23t>—1 = du=6tdt = 2du= 12tdt
s= [12032 - )’ dt= [wedp=2(uw)+C=lut+C=13BE -1 +C
s=3whent=1=3=53-1)'+C = 3=8+C = C=-5 = s:%(3t2—1)4—5

56. Letu=x2>+8 = du=2xdx = 2du=4xdx
y= [4x(2+8) P dx= [uF2dwy=2(3u) +C=3u2+C=3(x2+8)
y=0whenx=0 = 0=3@823+C = C=-12 = y=3(x2+8)"* - 12

2/3 e

57. Letu=t+ {5 = du=dt
s:‘/‘Ssin2 dt7f851n udu—8(———sm2u)+C:4(t+%)—25in(2t+%)+C;
s:SWhent—O = 8=4(f)-2sin(§)+C = C=8-F+1=9-1%

= s=4(t+5) —2sin(2t+7)+9— 5 =4t—2sin(2t+ Z) +9
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63.

64.
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Letu=7 -0 = —du=4df

r_f3czos -0 d6’—7f30052udu:f3(E + 4sin2u) +C=-3
rfgwheanO = %:—%—Zsm——l—c = C=1+3 =r=—3
=r=30-3sin(Z-20)+2+3 = r=30—2cos20+%+3

Letu=2t— 1 = du=2dt = —2du=—4dt

¢ — [ —4sin(2t—3) dt= [ (sinw)(~2dw) = 2 cos u+C; = 2 cos (2t — T) +Cy;

att =0and $ = 100 we have 100 =2 cos (—5) +C; = C; =100 = $ =2cos (2t — 5) + 100

— 5= [ (2cos (2t— Z) +100) dt = [ (cos u+ 50) du = sinu+ 50u+ Cy = sin (2t — ) + 50 (2t — T) + Cs;
att=0ands =0wehave 0 =sin (— ) +50 (—5) +Co = Cy=1+257

= s=sin (2t — J) 4 100t — 257 + (1 + 25m) = s =sin (2t — J) 4 100t + 1

Letu=tan2x = du=2sec’2xdx = 2du=4sec’2xdx;v=2x = dv=2dx = {dv=dx
dy—félsec 2Xtan2xdx—fu(2du)—u +C; =tan?2x 4+ Cy;
atx=0and £ =4wehave4d =0+C; = C; =4 = £ =tan’2x +4 = (sec’2x — 1) + 4 = sec?2x + 3
= y=f(SCCQZX—l-?))dX:f(SCCQV—F?)) (Adv) =ftanv+3v+Cy=1tan2x+3x+Cy
atx:Oandy:—lwehave—l:%(0)+0+C2 = C=—-1 = y:%tan2x+3x—1

Letu=2t = du=2dt = 3du=64dt
s= [6sin2tdi= [ (sinu)3du) = 3 cos u+C = —3 cos 2t + C;
att=0ands=0wehave0 = —3cos0+C = C=3 = s=3—-3cos2t = s(Z) =3 —3cos(m)=6m

Letu=nt = du=7dt = wdu=n%dt
szﬁ2 c0s7rtdt:f(cosu)(ﬁdu):wsinquCl = 7 sin (7t) + Cyq;

att=0andv=8wehave 8 =7(0)+C; = C; =8 = v:ﬁzwsin(wt)—i—é% = s:f(ﬂsin(m)—l—S)dt

:fsinudu+8t+C2:—cos(7rt)+8t+C2;att:Oands:0wehaveO:—1+C2 = C=1
= s=8t—cos(mt)+1 = s(I)=8—cosm+1=10m

All three integrations are correct. In each case, the derivative of the function on the right is the integrand on
the left, and each formula has an arbitrary constant for generating the remaining antiderivatives. Moreover,

295

sin?x+C; =1—cos?x+C; = Cy=1+Cy;also —cos?x + Cy = fo%JrCz = C3:C27%2C1+%.

2

1/60
@ (355) J, Vi sin 1207t de = 60 [~ Vi (1357) €03 (12070] {/* = = Y= [cos 27 — cos 0]
=—Yu[l1-1]=0
() Vi = V/2 Vi = /2(240) = 339 volts

1/60 1/60 ) 1/60
© fo (Va)? sin? 1207t dt = (V) fo (Lcos240mt) gp — (aw) j; (1 — cos 240mt) dt

1207

2

o) 1/60 o) : w)’
= 855 = (gpe) sin 240mt] | = O [(G5 — (i) sin@m) = (0= (g557) sin (0))] = 55
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5.6 SUBSTITUTION AND AREA BETWEEN CURVES

I. (@ Letu=y+1 = du=dy;y=0 =>u=1y=3 = u=4

JivrTay= [wrau=Bee] = G @e- Qo= G- G n=4

(b) Use the same substitution foruasinpart(a);y=—1 = u=0,y=0 = u=1

0 1
ST Tay = fLurans 3] = )y o=

2. (@ Letu=1-1> = du= —2rdr = —%du:rdr;r:O =u=I1r=1=u=0

1 0
[evi—ear= [ -1 fiau=[-1u2] =0— (- 1) )2 =

(b) Use the same substitution for u as in part (a);r=—1 = u=0,r=1 = u=0

ﬁllr\/l—err:ﬁo—%\/ﬁdu:O

3. (a Letu=tanx = du=sec’xdx;x=0 = u=0,x=2 = u=1

4
" 1 2] _ 1
f tanxsecQde:fudu:[lﬂ =L _0=1
0 0 0

(b) Use the same substitution as in part (a); X = 7% = u=-1,x=0=u=0
0 0 0
2 = = |2 —pg-1=_1
j:mtanxsec xdx—j:]udu_ {2]_1_0 5=—3
4. (@) Letu=cosx = du=—sinxdx = —du=sinxdx;x=0 = u=1,x=7 = u=—1
m —1
L/;Z%coszxsinxdx:fl —3u? du:[—u3];1:—(—1)3_(_(1)3):2
(b) Use the same substitution asinpart (a); x =27 = u=1,x=371 = u=—1

3 —1
, 30052xsinxdx:j: —3u2du=2

5. @u=1+4t" = du=48dt = tdu=0d;t=0 = u=1,t=1 = u=2

1 2 9
3 43 g 1.3 et T 2! 115
[ea+eya=[1u du=[%] =F-5=14

(b) Use the same substitution asinpart (a);t=—1 = u=2,t=1 = u=2

1 2
3 43 30 1.3 d4p —
Lt (1+1th) dt—j;zu du=0

6. (@ Letu=£+1 = du=2tdt = ldu=td;t=0 = u=1t=+7 = u=38

v 2 /3 4 _ 81 1/3 gy — [(L1) (3)44/31% — (3 4/3 _ (3 4/3 _ 45
0 t(t 4+ 1) dt , 3u /7 du [(3) (3w ]1 () ® () D 8
(b) Use the same substitution as in part (a); t = f\/i = u=8,t=0=u=1

0 1 8
j:\ﬁt(t2+1)1/3dt:j;%u1/3du:—j:%ul/:‘du:—%

7. (@) Letu=4+1> = du=2rdr = %du:rdr;r:—l = u=5r=1=u=>5

1 5
5r _ 1.2 30 _
f—1(4+r2)2 dr—SJ; su“du=0

(b) Use the same substitution as in part (a); r =0 = u=4,r=1 = u=>5

1 5
_ ~11% _ _
fo(4+5—rr2>2dr:5£ qultdu=5[-1ul]/=5(-3) ) -5(-1@) =4
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8. (a) Letu=1+v¥2 = du:%vl/de = %duzlo\/;dv;V:O su=1,v=1=u=2
1 2 2
10y/v _ 1 (20 20 2 q 2071712 _ 2071 11 _ 10
j;(1+va/2 dv flu( du)—?flu du=-2 [l =-F[-1=7%
(b) Use the same substitution as inpart (a);v=1 = u=2,v=4 = u=1+4+4%2=9

4 9
9
S A @a) =2 =2 (- =2 (- ) =1

9. (@ Letu=x2+1 = du=2xdx = 2du=4xdx;x=0 = uzl,x:\/g = u=4

" 2 fou12 1214 1/2 1/2
X — J— - J— — —
fo \rmd"*fl %d“*fzzu du= [4u'?]| =42 —4)'? =4

(b) Use the same substitution as in part (a); x = —\/g = u=4,x= \/g = u=4
V3 4
4x _ 2 _
j:\ﬂ Vx2+1 7]; ﬁduio
10. (a) Letu=x*4+9 = du=4x3dx = %du:x?’dx;x:o = u=9x=1=u=10

g ° —1/2 1 12110 _ 1 1/2 _ 1 9\l/2 — 1 -3
fo dx:f) Tu2du = [ @ut?] ) =1 (10) 19

xt+9
(b) Use the same substitution asinpart (a); x =—1 = u=10,x=0 = u=9

fo , 91 , 101 ) 3_ /0
de:f—u‘”du:—f Lu=172 qu =222
—1 /x149 104 9 4 2

11. (a) Letu=1—cos3t = du=3sin3tdt = ldu:sinStdt;t:O = u:O,t:% = u:l—cosgzl

f(:/ﬁ(l—cosSt)sin3tdt:L];]%udu={—(u;) 0 6(1)2 6(0)2:%

(b) Use the same substitution as inpart (a);t =g = u=1,t=%5 = u=1—cosm =2

/3 2 2
ﬁ/ﬁ (1 —cos 30 sin3tdt= [ ludu= L(2)] =ter-tar =}

1

297

12. (@ Letu=2+tan{ = du=1sec’ {dt = 2du=sec’ §dt;t=" = u=2+tan(F)=1,t=0 = u=2

0 2
2
17/2(2+tan§) sec?§dtzfl udu) =[] =22-12=3

(b) Use the same substitution as in part (a); t = - = u=1t=5 = u=3

/2
ﬁ/2(2+tan sec dt—2f1 udu=[u —3 —12=38

13. (a) Letu=4+3sinz = du=3coszdz = %du:coszdz;z:0 s u=4,z=21r => u=4
27 4
cos z _ 1 (1 o
0 \/4+3sinzdz_,_/; Ju (3du) =0
(b) Use the same substitution as in part (a); z= —m = u=4+43sin(—m)=4,z=7 = u=4

4
Dot a= [ (aw =0

14. (a) Letu=3+4+2cosw = du=—-2sinwdw = ——du—smwdw w=—3 =>u=3,w=0=u=5
0 5
in w _ ) 1 _1 1(1_1y_ _ 1
,]:W/z(3+s2ncosw)2dw_,_/;u (—3dw) =5 =4(i-9=-%
(b) Use the same substitution as in part (a); w =0 = u =135, w:g = u=3

/2 3 5
sin w _ -2 1 _ 1 -2 _ 1
J; (3 +2 cos w)? dw = j;l] (_idu)iﬁju du*ﬁ
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15. Letu=¢+2t = du= (5t +2)dt; t=0 = u=0,t=1 = u=3

1 3

ﬁ)\/t5+2t(5t4+2) dt:j;ul/2 du=[3 3/2] =232 - 2002 =23
16. Letu:1+ﬁ:>du—7 y=1=>u=2y=4 = u=3

4 3 3

[t = [ fetas mi= (-4 - (1) =

17. Letu=cos20 = du=—2sin20df = —Jdu=sin20df;0=0 = u=1,0=2 = u=cos2(f) =3

/6 L ) 1/2 . 1 1 1/2 3 1 72 1/2 1 1 5
j; cos 2<9s1n29d9:f1 u? (=3 du) =—3 fl u 3 du= [—5 (3)}1 BRTOHRE Gl

18. Letu =tan (£) = du= % sec® (£) df = 6 du=sec? (£)dd;0 =7 = u=tan (%) =

1

S et @seet (an= [ e =[o(5)], o=l = (<>>

19. Letu:5—4cost:>du:4sintdt:>%du:sintdt;t:O:>u:5—4cosO:1,tz7rz>u:5—4cos7r:9

T 9 9
j;5(5—4cost)1/4sintdt:j:5u1/4 (%du)z%ﬁu”‘*du- [% (— ‘)/4)] =954 1 =352_1

20. Letu=1—sin2t = du = —2cos2tdt = —%du:cos2tdt;t:O = uzl,tz% = u=0

/4 0
[ —sin202 cos 2tae = [ —Lu¥du= [~ 1 (2u2)] 0 = (= LOP2) — (L) = L

21, Letu=4y —y> +4y3 +1 = du= (4 -2y +12y?)dy;y=0 = u=1L,y=1 = u=4(1) - (1> +4(1)°* +1 =38
1 8
j; (dy —y2 +4y> + 1) (12y2 — 2y + 4) clyzflm?/3 du = [3u1/3]f:3(8)1/3—3(1)1/3:3

22. Letu=y*+ 6y’ — 12y + 9= du= 3y’ + 12y — 12)dy = 1 du= (y’  + 4y —4)dy; y=0=u=9,y=1 = u=4

1 4
fo(y3+6y 12y +9) % (y? +4y74)dy:j;%u*1/2du*[% Qu/2)] = 2@ 292 =22-3)=

w\I\J

23 Letu=6"2 = du=30"2df = 2du=+/0dh;0=0 = u=0,0=/n?= u=r

e/ﬁ
fo /0 cos? (63/2) dezfcos u(3du) =[3 (%—f-%sinZu)]g:%(%—l—%sinZﬂ)——(O)

24. Letu=1+1 = du=—t?dst=—1 = u=0,t=—3 = u=—1
—1/2 -1
L t2sin? (1+1) dt:j; —sin2udu:[—(g—isinzu)]j:—[(—%—isin(—z))—(g—isino)]
=1—1sin2

25. Letu=4—x%2 = du= —2xdx = ——du—xdx x=—2=>u=0,x=0=u=4,x=2=u=0

0
A:—f X\/4—x2dx+j;x 4—x2dx:—j;—%ul/Qdu—FL—%ul/zdu:Zj;%ul/zdu:j;uwdu

— I:g 3/2] _ 2 (4)3/2 2 (0)3/2 — 13_6

26. Letu=1—cosx = du=sinxdx;x=0 = u=0,x=7m = u=2

™ 2 .)2
fo (lfcosx)sinxdx:foudu: {%}0:%27%2:2
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. Letu=14cosx=du=—sinxdx = —du=sinxdx;x=—-nm=u=1+cos(—m)=0,x=0=u=1+cos0=2
0 2 2
A:-f 3(sinx)\/1—l—cosxdx:—j;3u1/2(—du):3j;u1/2 du = [2u3/2]§=2(2)3/2—2(0)3/2:25/2

.Letu=7m+msinx = du=7wcosxdx = Ldu=cosxdx;x=—% = u=a+7sin(—3)=0,x=0=u=r

0 T
Because of symmetry about x = — 5, A =2 pr 2 (cos x) (sin (7 + 7 sin x)) dx = 2 j; 2 (sinu) (L du)

= j; sinu du = [—cos u]j = (—cos m) — (—cos 0) = 2

1—cos2x.

. For the sketch given, a = 0, b = m; f(x) — g(x) = 1 — cos? x = sin* x = =582,

A:fO 7(1_°2052X)dx:%j;(l—coszx)dx:%[x—%]gZ%[(W—O)—(O—O)]:g

. For the sketch given,a = — 5, b = 3; f(t) — g(t) = § sec’t — (—4 sin?t) = § sec’t + 4 sin’ t;

/3 /3 /3 7/
A:f (1sec2t+4sin2t)dt:1f sec2tdt+4f sin2tdt:lf
—/3 2 2 —/3 —7/3 2J-

3 /3
sethdt+4f (lfgﬁdt
3 —/3

31.

32.

33.

34.

/3 /3 - . 7T/3
= %Lﬁﬂ/}se(:?tdt—i— 2]1ﬂ/3(1 —cos 2t)dt = % [tan t]f;3 + 2[t — %h]iﬂ/g = \/§+ 4 - % _ \ﬁ = %ﬂ

For the sketch given, a = —2,b = 2; f(x) — g(x) = 2x? — (x* — 2x?) = 4x% — x*;

2 2
A=l xya=[5 8] @B 2P = g o mm

For the sketch given, c = 0,d = 1; f(y) — g(y) = y* — y3;

1 1 1 5 1 . 1
= = — _(1-0_ad-0 _ _
A= “(y2_y3)dy_ oy2dy_ Uyzdy_{%}o_{y?}o_T_T_ 1=

Wi
=
'—l’_k
o

For the sketch given, ¢ = 0,d = 1; f(y) — g(y) = (12y? — 12y?) — (2y? — 2y) = 10y? — 12y + 2y;

1 1 1 1 1 1 1
A= j; (10y? — 12y° + 2y) dy = j; 10y2 dy — j; 12y? dy+f0 2ydy = [2y*], - [y, + [3Y*],
=(2-0-G-0+1-0=3
For the sketch given,a = —1,b = 1; f(x) — g(x) = x> — (—2x?) = x? + 2x*%;

! : 5 1
a= [ rata=[Fa 5] =(ed - (CDl=Fri=0E =g

x2

. We want the area between the liney = 1,0 < x < 2, and the curve y = o, minus the area of a triangle

3

2 2
(formed by y = x and y = 1) with base 1 and height 1. Thus, A = fo (1 _ x;) dx — L)1) = [x— x—} 1

12
—C-%)-i-2-}-4-4

. We want the area between the x-axis and the curve y = x23,0<x<1 plus the area of a triangle (formed by x = 1,

1 1
X +y = 2, and the x-axis) with basc | and height 1. Thus, A = [ x* dx+ 1 (1)(1) = (%] +3=31+1=3

. AREA = Al A2

Al: For the sketch given, a = —3 and we find b by solving the equations y = x> — 4 and y = —x? — 2x

simultaneously for x: x> —4 = —x?> —2x = 2x>+2x—4=0 = 2(x+2)(x—1) = x=—2o0rx =150
2

b=-2: fx) —gx)= (x> —4) = (x> —=2x) =2x> + 2x — 4 = Al:f (2x2 4 2x — 4) dx

3
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38.

39.

40.

41.

-2
:{27’(3+%74x]73:( 184 448)— (—184+9+12)=9— 16 = 1L,
A2: For the sketch given,a = —2and b = 1: f(x) — g(x) = (—x* — 2x) — (x* —4) = —2x? — 2x + 4
1 1
= A2:—£2(2x2—|—2x—4)dx:—[ZTXS—I—XZ—4X}_2:—(%—|—1—4)—!—(—%4—44—8)

=—2-1+4-24+448=9;
Therefore, AREA = Al + A2 =4 49 =38

AREA = Al + A2
Al: For the sketch given,a = —2 and b = 0: f(x) — g(x) = (2x3 — x? — 5x) — (—x% + 3x) = 2x3 — 8x

0 0
= A1:f2(2x3—8x)dx: {27"4—%2}_2:0—(8—16):8;
A2: For the sketch given,a = 0 and b = 2: f(x) — g(x) = (—x? + 3x) — (2x* — x? — 5x) = 8x — 2x*
2 . 2
= A2 = fo (8x —2x3) dx = [87"2—27"4}0:(16—8):8;
Therefore, AREA = A1 + A2 = 16

AREA = A1+ A2+ A3
Al: For the sketch given,a = —2andb = —1: f(x) —gx) = (—x+2)— (4 —x}) =x> —x -2

- B K - 11 8 4 7 1 _ 14-3
=>Al:fiz(x2—x—2)d><=[?—7—2x]22(—§—§+2)—(—§—‘+4)=§—§:T:

A2: For the sketch given,a = —1andb=2: f(x) —g(x) = (4 — x*) = (—x+2) = — (x> = x = 2)

2 2
- AZZ—j:](X2—X—2)dx:—|:%3———ij| =B () =348

A3: For the sketch given,a =2 andb = 3: f(x) —g(x) = (—x+2) — (4 —x?) =x> —x -2
3 ; 3
= 3= [0 xena=[5 -y oa] = (F 50 - (14 =0-3- %
Therefore, AREA = Al + A2+ A3=1 42+ (9-3-3)=9-2=%

AREA = A1+ A2+ A3
Al: For the sketch given,a = —2 and b = 0: f(x) — g(x) = ("{ — x) —

0 0
- Alzlﬁz (x3—4x)dx:§{xl—2x2} 2:0—%(4—8):;—‘;

A2: For the sketch given, a = 0 and we find b by solving the equations y = 5 — x and y = 3 simultaneously
3

forx: ¥ —x=2% =Y - 4x=0= ¥x-2x+2)=0 = x:—Z,x:O,orX=2sob:2:

2 2
f(X)—g(X)=§—<X3—3—x>:—%(x3—4x) :>A2=—%ﬁ(x3—4x)dx:%j;(4X—x3):%{2}(2—
=38-hH=1%

A3: For the sketch given,a =2 and b = 3: f(x)—g(x):(g—x)—gz

3

3
:>A3:lf2(x3—4x)dx:l[x41 2x }
Therefore, AREA = A1—|—A2—|—A3_‘3—‘—|—%—|—%—32+25 ]

a=—-2,b=2;

f) —gx) =2 (x* =2) =4 —x
2 . 9

= A:j:z(4—x2)dx: {47(—%}_2:(8—%)—(_84_%)
8
3

)=
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42. a=—1,b=3;
f(x) —g(x) = (2x —x%) = (-3) =2x — x> +3
3 . 3
= A:j:l(ZX—X2+3)dx: {x2—§+3x} B
=09-F+9)-(1+3-3)=11-1=2

43. a=0,b=2;
2
f(x) — g(x) = 8x — x* = A:L/;(Sxfxﬁ‘)dx

12
i|:8x27x;’:| —16_ 32 _ 80=32 _ 48
5

2 0 5 5 5

44. Limits of integration: x? —2x =x = x? = 3x
= x(x—3)=0 = a=0andb = 3;
f(x) — g(x) = x — (x2 — 2x) = 3x — x?
3 3
_ _ 32 3
= A—j;(SX—XQ)dX—[L—%]

2 0
_ U _g_ 218 _

9
2 2 2

45. Limits of integration: x? = —x2+4x = 2x2 —4x =0
= 2x(x—2)=0 = a=0and b = 2;
f(x) — g(x) = (—x2 +4x) — x> = —2x2 + 4x

2 2
= A= j; (—2x? 4+ 4x) dx = {‘%"3 +4—’2‘2} .

_ 16 , 16 _ —32+48 __ 8
=—-3t3=""% =3

46. Limits of integration: 7 —2x?> =x2+4 = 3x> -3 =0
= 3x—1)x+1)=0 = a=—-landb =1;
f(x) — g(x) = (7 — 2x%) — (x*> +4) = 3 — 3x?
3

:>A:fjﬁ—ﬁ5“:3k_%tl

=3[0-9) - (1] =6 () =4

47. Limits of integration: x* — 4x? 4+ 4 = x?
= x1=5x244=0 = X2-4)(x2-1)=0
S K+ DK DK D=1 =0 = x=—2,—1,1,2;
f(x) — gx) = (x* —4x2 +4) — x> = x* — 5x®> + 4 and
gx) —f(x) = x> — (x! —4x® +4) = —x* +5x* -4

—1 1
= Azfz (—x4+5x2—4)dx—|—fl(x4—5x2—|—4)dx

2
+fl (—xt 4 5x% — 4)dx
5 5x3 -1 5 5x3 1 5 5
e R R Lt R
)= (B B8+ () (343
60 | 60 _ 300-180 _ g
5 T3 5

+

+ v
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48. Limits of integration: xy/a> —x2 =0 = x=0or

49.

50.

51.

Chapter 5 Integration

0
A=

=0 =x=0o0ra>—-x*=0 = x=
—x2dx—|—f xyv/ a2 — x2 dx
0
a—x 3/2] _ {_ —x2)3/2}

1
2
312)3/2 [ %aQ ]

—a, 0, a;

Wi H

[N

0

(ST
—~

/—x, x <0
Limits of integration: y = +/ x| = { \/‘ iy 0 and
X, X

5y—x+6ory_5+6 for x < O0: \/_:§+5
= 5\/_x—x—|-6 = 25(—x) = x>+ 12x + 36
= x2437x+36=0 = x+1DEx+36)=0

= x = —1, —36 (but x = —36 is not a solution);
0: 5\/x=x+6 = 25x = x>+ 12x + 36
= x2-13x+36=0 = x—4Hx—-9) =0

= X = 4, 9; there are three intersection points and

9
A= f X+6 —x dx—l—f ’”‘6 x)dx—i—j; (\/;—X;r(’) dx
4
_ {(XT(,@ n §(_x)s/z)} By n [<x1+06> _ %Xs/Q} . n [% x3/2 _

SCEE R RACEE R FURIC

[[=)

for x

Limits of integration:
4, x < —2o0rx 2

x% —
y:|x2_4|:{ 4-x2, —2<x<2
forx < —2andx 2: x2—4:§+4
= 2x2-8=x248 = x2=16 = x= +4;
for -2 <x <2: 4—x2:";+4 = 8-2x2=x2+8
= x?=0 = x = 0; by symmetry of the graph,

.93/2_£_Z.43/2

+6

7=, P 8-_._

x

100y _ _ 50 4 20 _ 5
10)— +3 =3

A= foz{(ﬁ+4) —(4—x’~’ ]dx+2j;4[<"72+

2
=2(3-0)+2(32-

4) — (x?

-16+%)=40-% =98

Limits of integration: ¢ =0 and d = 3;
f(y) — g(y) = 2y* — 0 =2y’

3 23 3
= A= [ 2ytay= (¥] =2-9=18

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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52. Limits of integration: y> =y +2 = (y+ 1)y —2)=0
= c=—landd =2:f(y) —g(y) = (y +2) - y*

2 2
= a= [ or2-yay=[fry-3]
—(3+a-Y (-2 h=6-F 142 1]

53. Limits of integration: 4x = y? —4and4x = 16 +y
=y —4=16+y = y?—y—-20=0 =
y—5(y+4)=0= c=—4andd = 5;

fy) - gy = (152) - (55) = 2
5

:%14(*y2+y+20)dy

[—y3—3+y72+20y}i

(=152 + 3 +100) — 3 (§ + 3 — 80)

(-5 5+ 150) = 2

I
>

Il
Bl= B A=

54. Limits of integration: x = y? and x = 3 — 2y?
= y?=3-2y = 3y’=3 = 3y—-Dy+1)=0
= c¢=—landd = 1;f(y) — g(y) = (3 — 2y?) — y?
1
=3-3y’=3(1-y?) = A:3£](l—y2)dy

=3y-5] =30-H 31+
=3-2(1-1) =4

55. Limits of integration: x = y?> —yandx = 2y? —2y — 6
=Sy —y=2y2-2y—-6=y>—-y—-6=0
= (y=3)(y+2)=0=c=—-2andd =3;

fly) —ey) = (y* —y) = (2y* =2y —6) = =y’ +y +6

3 3
_ 2 _ ¥ 12 .
= A—ﬁz( y +y+6)dy—[ 7Ty T Oy|

=(-9+3+18) - (8+2-12) =12

56. Limits of integration: x = y*/3 and x =2 — y*
=y =2-y' = c=—landd = I;
f(y) —gy) =2 -y") —y*
= A= 71(2—y4—y2/3) dy

Copyright © 2010 Pearson Education, Inc.
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57. Limits of integration: x = y? — 1 and x = |y| /1 — y?
= ¥y -l=VIi-y =y =2y +1=y"(1-y?)
=y -2yl + 1=y’ -y = 2y —3y2+1=0
= 2y -1 (> -1)=0 = 2y -~ 1=00ry’—1=0
= y=joy'=1=y= :I:\/Tiory: +1.
Substitution shows that iT\/z
for —1 <y <0,f(x) —gx) = —y\/1 - y* = (y* — 1)

are not solutions = y = =+ 1;

=1-y?—y(1- y2)1/2, and by symmetry of the graph,
0
A:2f [lfyty(l *yZ)W} dy

_2f (1—y?%) dy—zfy 1/2dy—2{ s

—2[0-0- (-1+H] +(-0) -

58. AREA = Al + A2
Limits of integration: x =2y and x = y3 —y? =
Y-y =2y=yy -y-2)=yy+Dy-2=0
= y=-1,0,2:
for -1 <y <0,f(y) — g(y) =y* —y> = 2y

0 4 3 0
= Al:f (y*—y*—2y)dy = [%—%—YQLI
:0*( Jr**1)_12’
for0 <y <2,f(y) — g(y) =2y -y’ +y*

2 1 372
=>A2=f0(2y—y3+y2)dy=[yz—%ﬂt%}o

6 8 8.
- -y -o=k
Therefore, Al + A2 = 5 + § =37

59. Limits of integration: y = —4x?> +4 andy = x* — 1
= xl-1=-4x2+4 = x"+4x2-5=0
= (X2 +5)x-1Dx+1)=0 = a=—landb=1;
fx) —gx) = —4x> +4 —x* +1=—-4x> —x*+5
1 . 1
= A:ﬁl(—4x2—x4+5)dx: [—‘%—%—FSX]_
= (-1-149) - (+1-9)=2(-1-149)=

60. Limits of integration: y = x® and y = 3x> — 4
= x3-3x24+4=0= (x2—x-2)(x—-2)=0
= x+1Dx—-2°?=0 = a=—landb=2;
f(x) —gx) =x3 — (3x? —4) =x* - 3x* + 4
= A= f x? —3x2 +4)dx-[x————|—4
S -Bn-(e1-9 -7

2

-1

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



