CHAPTER 5 INTEGRATION

5.1 AREA AND ESTIMATING WITH FINITE SUMS

1. f(x) = x? Since f is increasing on [0, 1], we use left endpoints to obtain
lower sums and right endpoints to obtain upper sums.
y
A
1 L
+ > X
1
_ . i . 1 i\2 2
(a) Ax = % = % and x; = iAx = 5 = alowersumls;)(i) . % = %(02+ (%) ) = %
i=l
. 3.
) Sx =150 = Landx=ion = § = alowersumis () 1 = 100+ ()4 () + (1)) =1 1= 4
i=0
. 2 .
(¢) Ax =150 =landx; =iAx = 1 = an upper sum is ;(%)2 1= %((%)QHQ) = %
. 4 . -
(d) Ax =130 =1landx; =iAx = & = an upper sum s Zl(i)Q L= %((%)2 + (%)2 + (%)2+12> =1.(3)=5
i=
2. f(x) =x* Since f is increasing on [0, 1], we use left endpoints to obtain
lower sums and right endpoints to obtain upper sums.
4
A
1 L
+ X
1
. 1.
(@ Ax=150=1andx =iAx =1 = alower sum s Z(%)g 1= %(03 + (%)3) = i
i=0
) 3.
(b)y Ax = % = % and x; = iAx = ; = alower sum is Z(i)g . % = %(03 + (%)3 + (%)3 + (%)3) = % = %

i=0

©) Ax = % = landx; = iAx = 1 = an upper sum is 2(5)3

> (
(

[N

. 4 .
(d) Ax =150 = Land x; =iAx = { = an upper sum is ;(i)g

D'+ + @) = = =2

=
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258  Chapter 5 Integration

3. f(x)=1 Since f is decreasing on [1, 5], we use left endpoints to obtain
upper sums and right endpoints to obtain lower sums.
Y
A
1+
+ + X
i 2 3 4 5
(a) Ax = 5;1 =2andx; =1 +iAx = 1—|—21:>alowe1rsum152:1 2 —2(%4—%) = %
i=
4
(b) Ax:5%41:1andxi:1+iAx:1+i§alowersum1 21 = ( —i—%—l—i—i—é) = %

1
(c) Ax =51 —2andxl—1+1Ax—1Jr21:>anuppersum152:1 2:2(1+%) :%
1:0l

3
(d) A){z%l—landxlf1—|—1Ax—1—1—1§anuppersum1sz1 1:1(14—%4—%—1—%):%
1:0‘

4, f(x) =4—x2 Since f is increasing on [—2, 0] and decreasing on [0, 2], we use

left endpoints on [—2, 0] and right endpoints on [0, 2] to obtain
Y lower sums and use right endpoints on [—2, 0] and left endpoints
on [0, 2] to obtain upper sums.

L4 + + L 4 x
-2

(@ Ax=2"2 —2andx; = —2+iAx = —2+2i = alowersumis 2 (4 — (=2)°) +2- (4 —2%) =0
1 4

0 Ax=2"2 —landx; = —2 +iAx = —2+1i = alowersumis 3 (4 — (xi)?) - 1+ 2 (4 — (xi)?) - 1
i=0 i=3

=1((4—(-2)+(A- (D) +(d-1)+(4-2%)) =6
© Ox=2"2 —2andx; = —2 +iAx = —2 + 2i = aupper sumis 2 - (4 — (0)*) +2- (4 —0%) = 16

2
2 3
@ Ax=2"2 —tlandx; = —2+iAx = —2 +1i= aupper sumis 3 (4 — (x;)?) - 1+ > (4 — (x0)?) - 1
i=1 i=2
=1((4- (1) + @4 -0+ (@4 -0+ (4 -17) =14
5. f(x) =x* Using 2 rectangles = Ax = 150 =1 = 1(f(3) +(2))
2 2
; SORSODEE =
1

Using 4 rectangles = Ax = =
= 1(8(5) +£(5) + (5)+f(§)
“HO'+ @+ @'+ (DY) =4

e

N[ R
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Section 5.1 Area and Estimating with Finite Sums 259

6. f(x)=x3 Using 2 rectangles = Ax = 150 = 1 = L(f(1) +£(3))
3 3
, =1+ @) =i =4
1
Using 4 rectangles = Ax = TO = i
= 1(f(5) + 1) + () +1(3))
_ ;(13+33+53+73) = 96 — 12t _ 3L
4 & I8 T8 128
> X
1 1
2

7 =

Using 2 rectangles = Ax = 251 = 2 = 2(f(2) + f(4))
y 1,1 3
] =2(3+1) =3
Using 4 rectangles = AXx = 52 =1
= 1(f(3) +1(3) +1(3) +1(2))
13+ 1 E D) = i - -
+ > X
1 2 3 4 5

8. f(x) =4—x’ Using 2 rectangles = Ax = 2_;_2> =2=2(f(-1) +1(1))

=2(3+3) =12

Using 4 rectangles = Ax = 222 -
= 1(f(=3) +(=3) +1(3) +1(3)

9. (a) D=

(b)

10. (a)

(b)

11. (a) D~

(b) D

12. (a)

(b)

|
N
N ¢

(0)(1) 4+ (12)(1) + 22)(1) + (10)(1) + (5)(1) + (13)(1) + (1 1)(1) + (6)(1) + (2)(1) 4 (6)(1) = 87 inches
D ~ (12)(1) + (22)(1) + (10)(1) + (5)(1) + (13)(1) + (1 1)(1) + (6)(1) + (2)(1) + (6)(1) + (0)(1) = 87 inches

D =~ (1)(300) + (1.2)(300) + (1.7)(300) + (2.0)(300) + (1.8)(300) + (1.6)(300) + (1.4)(300) + (1.2)(300)
4+ (1.0)(300) + (1.8)(300) + (1.5)(300) + (1.2)(300) = 5220 meters (NOTE: 5 minutes = 300 seconds)

D ~ (1.2)(300) + (1.7)(300) + (2.0)(300) + (1.8)(300) + (1.6)(300) + (1.4)(300) + (1.2)(300) + (1.0)(300)
+ (1.8)(300) + (1.5)(300) + (1.2)(300) + (0)(300) = 4920 meters (NOTE: 5 minutes = 300 seconds)

(0)(10) + (44)(10) + (15)(10) + (35)(10) + (30)(10) + (44)(10) + (35)(10) + (15)(10) + (22)(10)
+ (35)(10) + (44)(10) + (30)(10) = 3490 feet ~ 0.66 miles

~ (44)(10) + (15)(10) + (35)(10) + (30)(10) + (44)(10) + (35)(10) + (15)(10) + (22)(10) + (35)(10)
+ (44)(10) + (30)(10) + (35)(10) = 3840 feet =~ 0.73 miles

The distance traveled will be the area under the curve. We will use the approximate velocities at the
midpoints of each time interval to approximate this area using rectangles. Thus,

~ (20)(0.001) 4 (50)(0.001) + (72)(0.001) + (90)(0.001) + (102)(0.001) + (112)(0.001) + (120)(0.001)
-+ (128)(0.001) + (134)(0.001) + (139)(0.001) ~ 0.967 miles
Roughly, after 0.0063 hours, the car would have gone 0.484 miles, where 0.0060 hours = 22.7 sec. At22.7
sec, the velocity was approximately 120 mi/hr.
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13.

14.

15.

16.

17.

18.

Chapter 5 Integration

(a) Because the acceleration is decreasing, an upper estimate is obtained using left end-points in summing
acceleration - At. Thus, At = 1 and speed ~ [32.00 + 19.41 + 11.77 4+ 7.14 + 4.33](1) = 74.65 ft/sec
(b) Using right end-points we obtain a lower estimate: speed ~ [19.41 + 11.77 + 7.14 + 4.33 + 2.63](1)

= 45.28 ft/sec
(c) Upper estimates for the speed at each second are:
t | 0 1 2 3 4 5

v | 0 32.00 5141 63.18 7032 74.65
Thus, the distance fallen when t = 3 seconds is s &~ [32.00 + 51.41 4 63.18](1) = 146.59 ft.

(a) The speed is a decreasing function of time = right end-points give an lower estimate for the height (distance)

attained. Also
t | 0 1 2 3 4 5
v | 400 368 336 304 272 240
gives the time-velocity table by subtracting the constant g = 32 from the speed at each time increment
At = 1 sec. Thus, the speed = 240 ft/sec after 5 seconds.
(b) A lower estimate for height attained is h ~ [368 + 336 + 304 4 272 4 240](1) = 1520 ft.

Partition [0, 2] into the four subintervals [0, 0.5], [0.5, 1], [1, 1.5], and [1.5,2]. The midpoints of these
subintervals are m; = 0.25, my = 0.75, mg = 1.25, and my = 1.75. The heights of the four approximating

rectangles are f(m;) = (0.25)° = 2, f(my) = (0.75)* = Z, f(m;) = (1.25)° = 122, and f(my) = (1.75)* = 3%
Notice that the average value is approximated by 3 {(i)?’ (3) + (%)3 (3) + (%)3 (3) + (%)3 (%)] =3
1 approximate area under

= G curve f(x) = x° ] . We use this observation in solving the next several exercises.

Partition [1, 9] into the four subintervals [1, 3], [3, 5], [5, 7], and [7,9]. The midpoints of these subintervals are
m; =2, my =4, mg = 6, and my = 8. The heights of the four approximating rectangles are f(m;) = %,
f(my) = }—P f(mg) = %, and f(my) = % The width of each rectangle is Ax = 2. Thus,

25
Area%2(%)+2(%)+2(%) +2(%) = % = average value ~ leng[;“%: %: %.

Partition [0, 2] into the four subintervals [0, 0.5], [0.5, 1], [1, 1.5], and [1.5,2]. The midpoints of the subintervals
are m; = 0.25, my = 0.75, m3 = 1.25, and my = 1.75. The heights of the four approximating rectangles are

2
f(ml):%—i—sin?g:%+%:l,f(mg):%—i—sinQ%”:%—i—%:l,f(mg):%+sin2%“:%+(—%)

2
=i+l=1andf(m)=14+sin?ZF =14 (— ﬁ) = 1. The width of each rectangle is Ax = 5. Thus,
Areax (1+1+14+1D(3) =2 = averagevaluezlengtﬁ'%:%: 1.

Partition [0, 4] into the four subintervals [0, 1], [1,2, ], [2, 3], and [3,4]. The midpoints of the subintervals

3 5 7

arem; = &, my = 5,m3 = 3, and my = 5. The heights of the four approximating rectangles are

92

2
f(m)) =1 — (cos (Wg%)))4 =1 — (cos (%))4 = 0.27145 (to 5 decimal places),

5

ftmo) = 1 (eos ()" = 1~ (cos (3))" = 097855, ftms) = 1 — (eos ()" = 1~ (cos ()’

8
4
=0.97855, and f(my) = 1 — (cos (WE‘%) ) =1— (cos (%”))4 = 0.27145. The width of each rectangle is
Ax = 1. Thus, Area ~ (0.27145)(1) + (0.97855)(1) + (0.97855)(1) + (0.27145)(1) = 2.5 = average
value v —&€@___ — 23 — 3
™ lengthof [0,4] — 4 ~— 8-
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19. Since the leakage is increasing, an upper estimate uses right endpoints and a lower estimate uses left

20.

21.

22.

Section 5.1 Area and Estimating with Finite Sums

endpoints:

(a)

(b)

(©)

Since the pollutant release increases over time, an upper estimate uses right endpoints and a lower estimate

upper estimate = (70)(1) + (97)(1) + (136)(1) 4+ (190)(1) + (265)(1) = 758 gal,
lower estimate = (50)(1) + (70)(1) 4+ (97)(1) 4+ (136)(1) + (190)(1) = 543 gal.
upper estimate = (70 + 97 + 136 + 190 + 265 + 369 + 516 + 720) = 2363 gal,
lower estimate = (50 4+ 70 + 97 + 136 + 190 + 265 + 369 + 516) = 1693 gal.
worst case: 2363 + 720t = 25,000 = t ~ 31.4 hrs;

best case: 1693 + 720t = 25,000 = t ~ 32.4 hrs

uses left endpoints:

(a) upper estimate = (0.2)(30) + (0.25)(30) + (0.27)(30) + (0.34)(30) + (0.45)(30) + (0.52)(30) = 60.9 tons
lower estimate = (0.05)(30) + (0.2)(30) + (0.25)(30) + (0.27)(30) + (0.34)(30) + (0.45)(30) = 46.8 tons
Using the lower (best case) estimate: 46.8 + (0.52)(30) + (0.63)(30) + (0.70)(30) + (0.81)(30) = 126.6 tons,

(b)

(a)
(b)

()

(d)

(a)

(b)
©)

so near the end of September 125 tons of pollutants will have been released.

2
The diagonal of the square has length 2, so the side length is \/5 Area = (\/5) =2

261

Think of the octagon as a collection of 16 right triangles with a hypotenuse of length 1 and an acute angle measuring

2r _ w

6= s
Area = 16(3) (sin £) (cos ) =4 sin T = 21/2 ~ 2.828

Think of the 16-gon as a collection of 32 right triangles with a hypotenuse of length 1 and an acute angle measuring

2r _ m

32 — 16"
Area = 32(%) (sin %) (cos %) = 8 sin g =2v/2~ 3.061

Each area is less than the area of the circle, 7. As n increases, the area approaches 7.

Each of the isosceles triangles is made up of two right triangles having hypotenuse 1 and an acute angle measuring

= . The area of each isosceles triangle is At = 2(1) (sin Z) (cos Z) = 1 sin 2.
n 2 n n 2 n

27
2n
R T . sin 2
,sohmism—:hm T2 =T

n )

n—oo n—oo n

2
n

The area of the polygon is Ap = nAr = 3 sin

Multiply each area by r?.
_ 1240 21
At = sI-sin <
__n.2.. 21
Ap = arsin =
lim Ap = 712

n—oo

23-26. Example CAS commands:

Maple:

with( Student[Calculus1] );
f :=x ->sin(x);
a:=0;
b :=Pj;
plot( f(x), x=a..b, title="#23(a) (Section 5.1)" );
N :=[ 100, 200, 1000 ]; # (b)
for nin N do
Xlist := [ a+1.*(b-a)/n*i $ i=0..n ];
Ylist := map( f, Xlist );
end do:
for nin N do #(c)
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262  Chapter 5 Integration

Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist));

end do;

avg := FunctionAverage( f(x), x=a..b, output=value );

evalf( avg );

FunctionAverage(f(x),x=a..b,output=plot);  # (d)

fsolve( f(x)=avg, x=0.5);

fsolve( f(x)=avg, x=2.5);

fsolve( f(x)=Avg[1000], x=0.5 );

fsolve( f(x)=Avg[1000], x=2.5);
Mathematica: (assigned function and values for a and b may vary):
Symbols for m, — , powers, roots, fractions, etc. are available in Palettes (under File).
Never insert a space between the name of a function and its argument.

Clear[x]

flx_]:=x Sin[1/x]

{a,b}={n/4, 7}

Plot[f[x],{x, a, b}]
The following code computes the value of the function for each interval midpoint and then finds the average. Each
sequence of commands for a different value of n (number of subdivisions) should be placed in a separate cell.

n=100; dx = (b — a) /n;

values = Table[N[f[x]], {x, a + dx/2, b, dx}]

average=Sum[values[[i]],{i, 1, Length[values]}] / n

n =200; dx = (b — a) /n;

values = Table[N[f[x]],{x, a + dx/2, b, dx }]

average=Sum[values][[i]],{i, 1, Length[values]}] / n

n =1000; dx = (b — a) /n;

values = Table[N[f[x]],{x, a + dx/2, b, dx}]

average=Sum|[values[[i]],{i, 1, Length[values]}] /n

FindRoot[f[x] == average,{Xx, a}]

5.2 SIGMA NOTATION AND LIMITS OF FINITE SUMS

_ 6

_6k 6
1 — 141 T

=
=

2)
+1

M=
|
|

[\Slfe

+5=7

—_
o

=~
Il

3
-1 _ 1-1 2-1 3-1 __ 1 2 _ 1
2 Y = bt e =04 t5=5

~

=~

4
3. > coskmr =cos(1m) 4+ cos(2m) + cos(3m) +cos(@m) =—1+1—-14+1=0

k=1

5
4. > sinkm = sin (1) + sin 27) + sin (37) + sin(47) +sin(51) =04+0+0+0+0=0

k=1

3
M T T T \/5_ \/572
5. g (=D'sin f = (=D"sin T4+ (—=D*sin  + (=1 sin§ =0 -1+ ¥ = Y5

6. 24: (=¥ cos kmr = (—=1)! cos (1) 4+ (—=1)% cos (2m) + (—=1)3 cos (37) + (—1)* cos (4)

=—(-D+1-(-D+1=4
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10.

11.

14.

17.

(a)
(b)

(©)

()

(b)

(©)

()

(b)

(©)

(a)

(b)

Section 5.2 Sigma Notation and Limits of Finite Sums

6
o2t =2t 22t g 3 ot 2 00 = 1 £ 244+ 8416432

k=1

SN =20 42l 402 403 42 405 = 1 4244484 164 32

k=0

Z okt — g—1+41 _|_20+1 +21+1 +22+1 +23+1 +24+1 —14+24+4+8+16+32
All of them represent 1 +2 +4 +8 416 4 32

6 5

S22 = (2 T A (2P (2 () A (2 (-2 =1 244 -84+ 1632
k:
k

=1

5

S (—1F25 = (1020 4 (—1)121 4 (= 1)222 4+ (=133 + (= D)* 24 4+ (=12 =1 —2+4— 8+ 16— 32
0

w 1

Z (_l)k+12k+2 — (_1)—2+12—2+2 + (_1)—1+12—1+2 + (_1)0+120+2 + (_1)1+121+2 + (_1)2+122+2

k=-2
+(=1)3H12342 = 1 42 -4+ 816+ 32;
(a) and (b) represent 1 — 2 + 4 — 8 4+ 16 — 32; (c) is not equivalent to the other two

4
(=D (=D*! (=3t =n*=t 1 1
Z -1 = 2-1 t 3o T o __1+§_§
k=2
2
(=D _ =D D! =D _ 1 1
g k+1 — 0+1 + 1+1 Jr2+1 =l-5+3
1
(=D _ (=D7! (=1° =nt 1 1
kz:l k+2 — 71+2+0+2+ 1+2 __1+§_§

(a) and (c) are equivalent; (b) is not equivalent to the other two.

i(kf1)2:(171)2+(271)2+(371)2+(471)2:O+1+4+9

kA =IO+ DA+ HCHD G D=0+ 1+44+9+16

fj k2 =(=32+(-22+(-1)*=9+4+1

(a) and (c) are equivalent to each other; (b) is not equivalent to the other two.

6 4 4
Sk 12. k2 13. > %
k=1 k=1 k=1
5 5 5
32k 15. 3 (-t 16. > (—1)* %
k=1 k=1 k=1
(@ > 3a, =3 a =3(-5)=-15
k=1 k=1

(b)

()

(d)

(e)

n

Y E=iYyb=t06) =1
k=1 k=1

S@+b)=Ya+d) b=-5+6=1
k=1 k=1 k=1

S —b)=>a->b=-5-6=-11
k=1 k=1 k=1

S (b —2a) =3 b — 23 a =6 2(—5) = 16
k=1 k=1

k=1
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264  Chapter 5 Integration

18. (a) z 8a, =8 z a, =8(0) =0 (1) 3 250b, = 250 3" b, = 250(1) = 250
k=1 k=1
© Z(ak+1)_zak+21_o+n_n @ S h—D=3b->1=1-n
k=1 k=1 k=1 k=1 k=1
0. @ 10 L 10(1g+1) _ 55 (b) f: 12 10(10+1)6(2(10)+1) _ 385

k=1

10 2
(© >k = [105E0] 7 — 552 — 3025

k=1

13 13
20. (a) Zk:%:Q] (b) Zk2:w:819
k=1 k
& 3 13(13+ 1) 2 2
(© Lk = [P0~ 012 = 8281

k=1

7 7 ] .
1% = 2 k= 2 () = 56 SIS I Y €
- = k=1 k=1
23 32 (3—K) = 03— 3K = 3(6) — SOELEO LD _ g3
k=1 k=1 = 6
6 6 6
2450 (K= 5) = K - 355 = CCHOED - 5(6) = 61

=~
I

o~
I

5 5
25. Zk(3k+5):2(3k2+5k)—321(2—1—521( (W)H(W) — 240

1 k=1

7 7 7 7
26. S kQk+ D= 22 +k) =23 K+ k=2 (7”*”(62(7””) + 102D =308
k=1

k=1 k=1 k=1
k=1 k=1

5 3 3 5 5 3 3
27. 9 £ 4+ (2 k) S (2 k) s (50)" 4 (350 = 3376

k=1 k=1

! g 7 2 7 2 2
28. (Zk) -3 k{:(;k) _%ZkBZ(@) _%<7(72+1)) _ 588
=1

7 500
29. (@) .3=3(7)=21 (b) 3.7 =7(s00) = 3500
k=1 k=1
264 262
(© Letj=k—2=k=j+2;ifk=3=j=1landifk=264=j=262= > 10= > 10 = 10(262) = 2620
k=3 j=1

36 28 28 28
30. (@) Letj=k-8=k=j+8ifk=9=j=1landifk=36=j=28= 5 k= (j+8) = 3 j+ 3.8
k=9 j=1 j=1 i=
— BB 4 3(28) = 630
17 15
() Letj=k—2=k=j+2ifk=3=j=landifk=17=j=15= S kK> = > (j+2)°
k=3 j=1
15
=3 (P H4+4) = ZJ+Z4J+ 24 HSHIEEI 4 BUEY 4 4(15)
j=1

= 1240 + 480 4 60 = 1780
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31. (a)
(©)
32. (a)
©

33. (a)

34. (a)

Section 5.2 Sigma Notation and Limits of Finite Sums

71
Letj=k—17=k=j+17;ifk=18=j=landifk =71 = j =54 = Sk(k— 1)

k=3
54 54 54 54 54
=Y G+HID(G+17)=1) = S (2 +33j+272) = Y%+ Y33+ Y272
= j=1 =1 j=1 j=1
— MENEEH LY | 33, MEIED | 977 (54) = 53955 + 49005 + 14688 = 117648
S 4 =4n () Y c=cn
k=1 k=1
Sk—D=>k-Y1="200_p_ron
k=1 k=1 k=1
(14+2n) = (L +2n)n=1+2n? (b) Y ¢=¢-n=c
k=1 k=1
Nk 1n(m+D) _ ntl
kz::l w=aa s =
(b) (©
y y y
Sl @3) .1 _ @3 N 2.3)
‘ f)=x2-1, foy=x2-1," foy=x2-1, .
0<x<2 | 0<x<2 | 0<x<2
Left-hand ' Right-hand ¢ Midpoint '
2+ i 2 ! 2+ A
e ; e / s !
=0 flz o1 ¢ : ! g ”lzgl €3 64=2 * ofe i ef o I 2 | !
= %_J = / -1 J/
(b) (©
1+ 1+ 1k

025 05 075 1 025 05 075 1 025 05 075 1
. I

265

35. (a)

foy==? el N
—1F 1k Fo)y=—x? L fl)=-x AN
(b) (c)
y y
f(x)=sinux, f(x) =sinx, f(x) =sinx,
—-T<x<w —-m<x<T —-T<x<T
Left-hand Right-hand ;L ___ Midpoint 1
| ! x —t—++
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266  Chapter 5 Integration

36. (a) (b) (©

X X
T -

SIE]
I

-l f)=sinx+1 -1F F) = sinx+ 1 -lr fx)=sinx+1

37. [x1 — Xo| = |12 = 0] = 1.2, [xo — x1| = |1.5 — 1.2] = 0.3, |x3 — Xo| = [2.3 — 1.5| = 0.8, |x4 — x3| = [2.6 — 2.3| = 0.3,
and |x; — x4| = |3 — 2.6] = 0.4; the largest is ||P|| = 1.2.

38. [x1 — Xo| = |~ 1.6 — (—2)| = 0.4, [xs — x1| = |-0.5 — (—1.6)| = L.1, |x3 — Xo| = |0 — (=0.5)] = 0.5,
|xg — x3/ = 0.8 — 0] = 5 — X4| = |1 — 0.8] = 0.2; the largest is ||P|| = 1.1.

39. f(x) =1 —x? Let Ax = 120 = L and ¢; = iAx = L. The right-hand sum is
n n ; 2 n .
y Y- =1 2(1- () =& S -9
14

n
3 . 1)(2 1 3 2
n 1212 1 n(n+6)rf n+1) -1 2n +6gr31 +n

24344 n

=1 Z22 Thus, Tim ;(1—@%
T
. —gim (1) <=
40. f(x) = 2x Let Ax = 320 = 3 and ¢; = i/Ax = 2. The right-hand sum is
n n ' n_ aln+1 . .
; §2ci(%)=;%-%=%§1=%-—<;)=—9nt9
61 0
51 Thus, lim Z% - = lim on’ *9“ = lim (9—|— ) 9.
a4l n—oo i=1 n—oo n—oo
3 L
2+
1+
+ X
1 2 3
41. f(x) =x>+1 Let Ax = 220 = 3 and ¢; = iAx = 2. The right-hand sum is
y S+ 3= () )3=%Z(i—f+1)
i=1 i=1 i=1
10
8 = 2721 % = %(W) +3
6
4 :Wﬁ-i’)—m—l—i’) Thus,
n
2 lim Z(C?+1)%—lim(18+ o +3) —9+3=12
, , x n—oo 7] n—o00
1 2 3
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42. f(x) = 3x* Let Ax = 120 = L and ¢; = iAx = L. The right-hand sum is
n32 1)y _ n3 iV2(1y _ 3 §~2 _ 3 (n+1)(n+1)
Y 230 = Z3G) () =w X = G
37 3, 1 n
_ 208 +2i22+n _ 2+,,2+ 2 Thus, nlirlolo 213012(%)
2] b
. 24345 9
| () -1
+ X
1
43. f(x) = x+x* =x(1 +x) Let Ax = 120 = Land ¢; = iAx = 1. The right-hand sum is

n

(i i)2 o >
y Sleite)y =2 (5 + (1)) 5= wui+ pyi

i=1 i=1
2 L
— 1 (n@0+1) 4+ 1 nn+1)(2n+1) _n2+n+2n3+3n2+n
T n? 2 n® 6 —  2n? 6n?
_1+l 24844 R N1
17 = —* + —%—. Thus, lim Yo(citcl)s
=00 i
. 141 2+3+ 5 1.2 s
= lim ( “)+ )| =242 =2
% el 2 6 2766

44. f(x) = 3x + 2x° Let Ax = 120 = L and ¢; = iAx = L. The right-hand sum is

n

n . N2 n . n .
' So(se 260 = 22 (3 +2(3)°) 5 = dai+ 200
i=1 i=1

) i=1 i=1
5 L
— 3 (n+D)) 4 2 (a4 DEn+1D) _ 302430 4 2430+ ]
44+ ~ n? 2 n® 6 — 2n? 3n?
37 343 24345 & o1
= 5% + —%—=.Thus, lim » (3c; +2c);
21 n—oo (5
! ; 344 240+ 3,2 _13
—x _HIL%[(2)+(T =3t5=%-
1
45. f(x) = 2x3 Let Ax = 120 = L and ¢; = iAx = L. The right-hand sum is
Y e = S (a(i)3)L - 2y 2 (D)
A St =3 (202)) 8 = a5 = & (e,
i=1 i=1 i=1
21 _oon’(®4+2n+1) _ p242n41 _ 1+%+ﬂ%
- 4n* - 2n2 - 2
. L | 1+E+ L
Thus, lim Z(Zc?)l = lim > 2| — %
1t n—oo 7] T nooo
—> x
1
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268  Chapter 5 Integration

46. f(x) = x> —x° Let Ax = 071(:1) =landc¢=-1+iAx=—1+ 1. Theright-
2‘1 hand sum is iz::l(c?—c?)%:;((_l_F%)Z_ (_1_1_%)3)%
=S E = (oar s -8
i=1 i=1
i =32 AV AR - Ay
i=1 i=1 i=1 i=1
' .~ — %(n) . %(n(n;l)) + %(n(n+1%{2n+l)) n14( (n;l))Z
-1

2 2 543 4+04% 1+i4 .
=2 gt el =g - Sk g T T Thus, Tim 3(¢F - )

n—oo i=1
5 6,2 241
—tim[o- Tt ] gig 1oz

5.3 THE DEFINITE INTEGRAL

2 0 5
1. fo x? dx 2. 712x3 dx 3. (x? — 3x) dx

4 3 1
4. . S dx 5. fQ — dx 6. fO\/4fx2dx

0 /4
7. fiﬂ/rl(sec x) dx 8. fo (tan x) dx

2 1 5

9. (a) f2 gx)dx =0 (b) j; g(x)dx = — f1 g(x)dx = —8

2 2 5 5 2

(©) fl 3f(x) dx = 3f1 f(x)dx =3(—4) = —12 (d) j; f(x) dx = f1 f(x) dx — fl fx)dx=6—(—4) =10
5 5 5

(e) fl [f(x) — gx)]dx = fl f(x) dx — fl gx)dx=6—-8=-2
5 5 5

® fl [4fx) —g(x)]dx =4 fl f(x) dx — fl g(x)dx =4(6) —8 =16

9 9
10. (a) fl —2f(x)dx = -2 j; fx)dx = -2(-1)=2

9 9 9

(b) f7 [f(x) + h(x)] dx = j; f(x) dx + f7 hx)dx=5+4+4=9
9 9 9

(©) f7 [2f(x) — 3h(x)] dx =2 f7 f(x)dx — 3 j; h(x)dx =2(5) —34) = -2
1 9

(d) j; fx)dx = — fl fx)dx =—-(—-1) =1
7 9 9

(e) fl f(x) dx = L f(x)dx—f7 fx)dx=—-1—-5=-6
7 9 9 9

® f9 [h(x) — f(x)] dx = f7 [f(x) —hx)] dx = f7 f(x) dx — j; hx)dx=5—-4=1

2 2 2 2
11. (a) fl f(u)cluzf1 f(x)dx = 5 (b) f1 \/§f(z)c1z:\/§f1 f(z) dz = 5/3
1 2 2 2
(©) j; f(t) dt = — fl f(t) dt = —5 (d) f1 [—f(x)] dx = — f1 f(x) dx = -5
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Section 5.3 The Definite Integral

-3 0 0 0
12. @ J, e®di=-— f_3 g(t) dt = —/2 (b) f_3 g(u) du = f_g g(t) dt = /2
0 0 0 0
- =_ = _ g0 gy — L — (L _
© [ eorac=— [ sax=—v2 @ [, mma=2 [ awa=(%)(v2)=1
4 4 3
13. (a) J; f(z) dz = fo f(z)dz—j; f(zydz=7-3=4
3 4
(b) L f(t) dt = — f3 f(t) dt = —4
3 3 1
14. (a) fl h(r) dr = f_lh(r) dr — f_l h(r)dr=6-0=6
1 3 3
(b) —f3h(u) du = — (— fl h(u)du> :fl h(u) du =6
15. The area of the trapezoid is A = % (B +b)h J f(x) = —% +3
4
—15+20 =21 = [ (3+3) 4
= 21 square units B
2
b 1
-2 -1 R R
1 | |
{ h 1
16. The area of the trapezoid is A = % (B +b)h 3y f(x) = —2x + 4
) 3/2
=5;83+DH(H)=2 = f1/2 (—2x +4) dx
= 2 square units B
B
1
b
- S 2
=
17. The area of the semicircle is A = § 7r* = £ 7(3)?
3
= %71' = j:g V9 —x2dx = %7‘(‘ square units
-3 -2 -1
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270  Chapter 5 Integration

18. The graph of the quarter circle is A = } 7r? = 1 7(4)?

0
=47 = f_4 16 — x2 dx = 4 square units

19. The area of the triangle on the left is A =  bh = 3 (2)(2) 2V
= 2. The area of the triangle on the right is A = % bh
= 1 (1)(1) = 1. Then, the total area is 2.5 f(x) = Ix]
1
= f_2 |x| dx = 2.5 square units !
-2 =1 1
20. The area of the triangle is A = $bh = 1 (2)(1) = 1 y
1
= f (I — |x|) dx = 1 square unit
-1 f(x) =1—|x|
X
-1 1
21. The area of the triangular peak is A = % bh = % 2)(1)=1. 5
The area of the rectangular base is S = fw = (2)(1) = 2. f(x) = 2 — x|
1
Then the total area is 3 = f _1(2 — |x]) dx = 3 square units
ot 1

2. y=14+V/1-x2 =>y—-1=v1-x%x2
= y-1)?=1-x>= x>+ (y—1)? = 1, acircle with 1) =1+V 1-x*
center (0,1) and radius of 1 = y =1+ /1 —x2is the
upper semicircle. The area of this semicircle is
A = $m? = I a(1)? = 5. The area of the rectangular base
is A = (w = (2)(1) = 2. Then the total area is 2 + §

[+5)

1
= f71 (1 +1 —x2) dx = 2 + 7§ square units
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23.

b
25. j; 2sds = 1 b(2b) — § a(2a) = b* — a’

27.

28.

29.
31.
33.
35.
37.

39.

b 2
Jiax=tom =14

y

NIT
NIx

y
2 y=2

[ POTPRRRCAVIRRREITIYO B

o

(a) f_zzx/4 —x2dx = $[n(2)’] =2

Section 5.3 The Definite Integral
b
24, fo 4x dx = 1 b4b) = 2b?

4 ( y=dx

b
26. L 3tdt = 1b3b) — 1 a3a) = 3 (b —a?)

y
3b y=3t

3a

-

(b) j(;zx/4 —x2dx = i[r(2)?] =7

(2) f_ol (3x+ V1 —x2) dx = f_olsx dx + f_ol VI—dx=-L[(1)3)] + r(1)}] =17 -3

(b) f_ol(Ser\/lfo) dx:f_013xdx+fol”jxdx+f_l1 1fx2dx:—%[(1)(3)]+%[

2.5 ) )
30. j; xdx = &L - ©F =3

32.

0.3
34. fO s2ds = @3 — 0,009

36. 62 do =

i 2
38.f Sxdx:(ﬁa) —%zaZ
a

% 2 (3b)® 3
40 j;)XdX:ngb
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272 Chapter 5 Integration

1 2 )
2? 0?
41. j;7dx:7(1—3):—14 42. j;) 5xdx:5‘j;)xdx:5|:?_7:|:]()

43, j:(Zt—Z%)dt:Zflltdt—fo23dt:2{%2—%2] —32-0)=4—6=-2

)

44, foﬁ (t—ﬁ) dtZLﬁtdt—ﬁ)ﬁﬁdt: l(@ _02] —ﬁ{ﬁ—o} Sl

1 1 1 1 2 ) y
45.f2(1+§)dz:f2 1dz+f2§dz:f2 1dz—%f; zdz:l[l—z]—%[%—ﬂ:— 1@y =-

ENEN

. LO(2Z—3)dz:j;ozzdz—L03dz:—2foszdz—ﬁo3dz:—2[§—°§]—3[0—3]:—9+9:0

e [l ans ] fua [Tota) <3([3 4] - [y -4]) =3[3 - 4] =3 0) =7

4

)}

4

J

o]

1 1 1 1/2 S (0
4. 1/224u%1u:24f1/2u2du:24lf0 - [ u2du]:24{%—27]=24{%]:7

49. j:(3x2—|-x—5)dx:3j;]2x2dx—|-j;2xdx—j;)25dx:3{%3—%3}+[272—%2}—5[2—()]:(8+2)—1():O

50. flo (3)(2+x75)dx—fj;1 (3X2+x5)dx—[3]:)1x2dx+j:xdxj:5dx]
=-[p(5-%5)+(5-5)-s0-0]=-(G-9 =1

51. Let Ax = 2=0 — E and let xg = 0, x; = AX,

n

2
X9 = 2AX, ... , X, = (n — DAX, X, = nAx = b. 2 y (b,3b )
Let the c,'s be the right end-points of the subintervals 8
= ¢} = X1, C3 = Xy, and so on. The rectangles
defined have areas: f(x) = ay>
f(c;) Ax = f(Ax) Ax = 3(Ax)? Ax = 3(Ax)?
f(cy) Ax = f(2AX) Ax = 3(2Ax)? Ax = 3(2)%(Ax)?
f(c3) Ax = f(3AX) Ax = 3(3Ax)? Ax = 3(3)%(Ax)?
f(cy) Ax = f(nAX) Ax = 3(nAx)? Ax = 3(n)?(Ax)?
Then'S, = 3 f(co) Ax = 3 3k2(Ax)?
. ! %=0 X Xyt X, X, b

_ . _ 2 () (nm+DEn+1)

b
b3 3 1 . b3 3 1
:§(2+H+F):> [)3X2dx:nh~r>noo 7(2+E+F):b3'
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Section 5.3 The Definite Integral

52. Let Ax = 220 = b andlet xg = 0, x; = Ax,

53.

54.

Xo = 2AX%, ... ,X,_; = (n — DAX, X, =nAx =b (b,nbz)

Let the ¢, 's be the right end-points of the subintervals

'th2
= C; = X1, C9 = X9, and so on. The rectangles
defined have areas:

f(c1) Ax = f(Ax) Ax = 1(Ax)? Ax = T(Ax)?

f(cy) Ax = f(2Ax) Ax = m(2AX)? Ax = 7(2)%(Ax)?

f(c3) Ax = fBAx) Ax = 71(3Ax)? Ax = m(3)%(Ax)?

f(x) = ¢

f(c,;) Ax = f(nAx) Ax = m(nAx)? Ax = m(n)?(Ax)?
Then'S, = 3 fco) Ax = 3 mk2(Ax)?

k=1 k=1 X

y i X, =b
k=1

1

b
3 . 3 3
:L'g (2+%+n%)éj;7rx2dx:nhm Lg (2+%+$):L§.

Let Ax = 2=9 — b andlet xg = 0, x; = Ax,
n n

y
Xo = 2AX,... ,X,_; = (n — 1)AX, X, = nAx = b. 2b
Let the c,'s be the right end-points of the subintervals
= €] = X1, C3 = Xy, and so on. The rectangles
defined have areas: f(x) = 2x
f(c) Ax = f(Ax) Ax = 2(AX)(AX) = 2(Ax)?
f(co) Ax = f(2AX) Ax = 2(2AX)(Ax) = 2(2)(Ax)?
f(c3) Ax = f(3AX) Ax = 2(3AX)(AX) = 2(3)(Ax)?
f(cy) Ax = f(nAX) Ax = 2(nAX)(AX) = 2(n)(Ax)?
Then S, = 3 fcy) Ax = 3 2k(Ax)?
k=1 k=1
., X
=2Ax2 Y k:2(b—§) (n(n;rl)) X%=0 X, X X, X, =b
k=1 .

b
—b2(141) = [ 2xdu= lim_ b7 (14 1) = b2

Let Ax = % :Eandletxozo,xl = AX,

Xg = 2AX,... , X, = (n — 1)AX, x, = nAx = b. .‘22+1

X
Let the c,'s be the right end-points of the subintervals f(x) = 2 +1

= C1 = X1, C9 = X9, and so on. The rectangles /
defined have areas:

f(c1) Ax = f(Ax) Ax = (5% + 1) (Ax) = L (Ax)? + Ax

w||>

1
2

f(co) Ax = f2Ax) Ax = (2% + 1) (Ax) = $(2)(Ax)* + Ax
f(c3) Ax = f3AX) Ax = (322 + 1) (Ax) = L (3)(Ax)? + Ax

Xy= Y Xy X2 Xp

AA

f(cr;) Ax = f(nAx) Ax = (2% + 1) (Ax) = L ()(Ax)? + Ax
Then S, = Z f(c,) Ax = Z (AKX +Ax) = A2 k+Ax 3 1= 4 (5) (252) + (2) )

I (1+ ) +0 :>f Jdx= lim (;b*(1+ 1) +b)=jb>+b.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.

x
X, =b

273



274  Chapter 5 Integration

3
59. av(f) = (335) j; (t— 1) dt

3 3 3
:%foﬁdt—%foth—%foldt

=1(5)-3(3-%)+16-0=1

2y
y=X2—1
al
B2
-1
1, Y

y=3x2—3
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