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60. (a) If v = cror? — cr?, then v/ = 2cror — 3cr? = cr (2ry — 3r) and v/ = 2crg — 6¢r = 2¢ (ry — 3r) . The solution of

vV =0isr=0or 2r° , but 0 is not in the domain. Also, v/ > 0 forr < 2r° and v < Oforr > 2“’ = atr= 2;“

there is a maximum.
(b) The graph confirms the findings in (a).
v

0.0175
0.015
0.0125
0.01
0.0075
0.005
0.0025

0.1 0.2 0.3 0.4 0.5

6l. Ifx >0,then(x—1* 0= x*4+1 2x = XZT“ 2. In particular if a, b, c and d are positive integers,

a+1 b? c? d?
then (5:) (55:2) (=) () 10
1/2

@) @) e a?

X ! —
Ve o T = (@ +x%) T @) T (@ +x2)32 >0
= f(x) is an increasing function of x

62. (a) f(x)=

2 (h2 212
(b) g(X) = /b2+(d X)Q :> g (X) b +(d X)) b;:‘r(?d _x)z)Z(b +(d X))
=+ d=—x?H)+d—x)? b2

= 0@ liroun (d o < 0 = g(x)is a decreasing function of x

(c) Since ¢, ¢y > 0, the derivative 4 d is an 1ncreasmg function of x (from part (a)) minus a decreasing

function of x (from part (b)): &L = C—llf(x) -1 g(x) = 375 = Cll f/(x) — L g'(x) > 0 since f'(x) > 0 and

gdx) <0 = gt is an increasing functlon of x.

63. At x = c, the tangents to the curves are parallel. Justification: The vertical distance between the curves is
D(x) = f(x) — g(x), so D'(x) = f'(x) — g'(x). The maximum value of D will occur at a point ¢ where D’ = 0. At
such a point, f'(c) — g'(c) = 0, or f'(c) = g'(c).

64. (a) f(x) =3+ 4 cos x + cos 2x is a periodic function with period 27
(b) No, f(x) =3 +4cosx +cos2x =3 +4cos x + (2cos?x — 1) =2 (1 +2 cos x + cos’ x) = 2(1 + cos x)> 0
= f(x) is never negative.

65. (a) Ify =cotx — \/EcscxwhereO < x < m,theny = (csc x) (\/E cot X — csc X> Solving y' =0 = cos x = ﬁ

= x = 7. For0 <x < 7 wehavey' > 0,andy’ < 0 when 7 < x < m. Therefore, at x = 7 there is a maximum
value of y = —1.

(b)

y

-2
y=cotx - V2 esc x
-4

-6

-8

The graph confirms the findings in (a).
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66. (a)

(b)

67. (a)

(b)

68. (a)

Chapter 4 Applications of Derivatives

Ify =tan x + 3 cot x where 0 < x < %,theny’:seCQX—3c502x. Solvingy' =0 = tanx = j:\/§

= X = :t%,butfgisnotinthedomain. Also, y" =2 sec?xtanx + 6 csc?x cot x > 0 forall 0 < x < %

Therefore at x = 5 there is a minimum value of y = 2\/5 .
y

80
60

40 y=tanx+3cotx

20

! 1 1
025 05 075 1 125 15

The graph confirms the findings in (a).

The square of the distance is D(x) = (x — %)2 + (Vx+ O)2 = x> —2x+ $, 50 D/(x) = 2x — 2 and the critical
point occurs at x = 1. Since D'(x) < 0 for x < 1 and D’(x) > 0 for x > 1, the critical point corresponds to the
_ 5

minimum distance. The minimum distance is \/D(1) = 5.

¥, D(x)

D(x):,t2—2x+%

1
0.5

1 1
5 2 25

The minimum distance is from the point (%, O) to the point (1, 1) on the graph of y = \/§ and this occurs at the

value x = 1 where D(x), the distance squared, has its minimum value.

Calculus Method:
The square of the distance from the point (1, \/§> to (x, V16 — x2) is given by

2
D(x) = (x — 1)* + (\/16—)(2—\/3) =x2—2x+1+16—x2—2/48 —3x2+3 = — 2x + 20 — 21/48 — 3x2.
ThenD'(x) = —2—1- \/4#—(—&) = -2+ \/ﬁ. Solving D’(x) = 0 we have: 6x = 21/48 — 3x2
= 36x% = 4(48 — 3x?) = 9x? = 48 — 3x®> = 12x? = 48 = x = =+ 2. We discard x = —2 as an extraneous solution,
leaving x = 2. Since D'(x) < 0 for —4 < x < 2 and D'(x) > 0 for 2 < x < 4, the critical point corresponds to the

minimum distance. The minimum distance is 1/D(2) = 2.
Geometry Method:

The semicircle is centered at the origin and has radius 4. The distance from the origin to (1, \/g) is

2
12 + <\/§) = 2. The shortest distance from the point to the semicircle is the distance along the radius

containing the point (1, \/5) That distance is 4 — 2 = 2.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 4.6 Newton's Method 229

(b)

The minimum distance is from the point (1, \/§> to the point (2, 2\/§> on the graph of y = /16 — x2, and this

occurs at the value x = 2 where D(x), the distance squared, has its minimum value.

4.6 NEWTON'S METHOD

2
2 ’_ _ XptXn—1, _ 1+1-1 _ 2
1. y=x +x71éy—2x+1:>xn+|—xnf"2xnﬁ,xo—1:>x1—lf T =3
4,2
_ 2 gt35-1 _ 2 4+46-9 _ 2 1 _ 13 e 1 1=1-1_
:>X2—3 T = X2 =3 1209 — 3 21—21~.61905,X0— 1= x=1 i1 & 2
A~ 4-2-1 _ 5 .
= X9 = —2 T = 3R 1.66667
3
X2 +3x,+1
2. y=x343x+1 = y =3x>+3 :>XHHZXH—W;XOZO:>X1:0—%=—%
n
1
_ 1 _mg-ol+l 129
= Xg=—z— & — = — 4 =—==x-0.32222
2 3 i+3 3 90 90
4 / 3 Xpx,—3 141-3 _ 6
3. y=x+x-3 =5 y=&+1= X =X—"Tgg k=1 =>xx=1-"F7=3
n
— o, — 6 _ &2 +8-3 6 1296+750—1875 _ 6 _ 171 — 5763 116542 x0 — —1 = x; — —] — 1=1=3
2=5 N 4320+ 625 5 4945 — 4945 ~ - > 20— 1= —4+1
4 =2 2 1 ) 2 _ ZXn*XEJFl. =0 =0 0—-0+4+1 __ 1
L y=2x—x+1 =y =2- x:>xn+1—xn—72_2xn X0 =0=x1=0-5=F"=—3
__l_flfiJrl__l 15 . o _~__4—4+41 _ 5 _§_572175+1
= X9 = 3 3T = 2+12— 7 ~ 41667, %0 =2 = x;1 =2 s_4 — 5 = X2=3 =5
5 20-254+4 _ 5 1 _ 29 .,
2 —12 — 2 12 1 ~ 2.41667
4 625
1 I Ay3 _ =2, _ _ 1-2 _ 5 5 %2 5 625-512
5. y=x*—2 = y =4x :>X"+1_Xn_2_xg’xo_1:>X1_1_T_Z:>X?_Z_zs% =31— S0
_ 5 113 __ 2500—113 _ 2387 .
— 4 2000 — 2000 _2000“‘1'1935
4 625
. X:—2 _ 2222
6. FI’OIHEXGI‘CISG5,X“+1:X“—"—3;X0:—l:>X1:—1—1_—2:—1—l:—§:>X2:—§ 26 s
4x3 4 4 4 4 16
_ 5 _625-512 _ _ 5 13 .,
4 “000 = — 1+ 2000 ~ —1.1935

7. f(x9) =0and f'(xg) #0 = X, = X, — ff,(&">) gives Xx; = X9 = Xo =Xg = X, = Xg foralln 0. Thatis, all of

the approximations in Newton's method will be the root of f(x) = 0.

8. It does matter. If you start too far away from x = 7, the calculated values may approach some other root. Starting with

s

xg = —0.5, for instance, leads to x = — 3 as the root, not x = g .
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9.

10.

12.

13.

15.

) =xt 233 = X2 - 2x 42 = (X) =4x3 —6x2 —2X — 2 = X =X, —

Chapter 4 Applications of Derivatives

fx) _ g _ £
f'(xo0) f'(h) y

e () () -

Ifxo=h>0 = xy =x9 —

ifxo=-h<0 = x =x — 0= [0 . | - x
h
(Tﬁ) yz{\/——x,jv<0
fx) — x1/3 Fox) — (1) x-2/3 _ 2
x)=x = )= (3)x " = Xt = %0~ )= y
= -2%;% =1 = X1 = —2,x =4,x3 = —8,and o
x4 = 16 and so forth. Since |x,| = 2|x,_,| we may conclude H;ﬂ)(
thatn — oo = |x,| — oc. o) !

. i) is equivalent to solving x3 — 3x — 1 = 0.

ii) is equivalent to solving x3 — 3x — 1 = 0.

iii) is equivalent to solving x3 — 3x — 1 = 0.

iv) is equivalent to solving x3 — 3x — 1 = 0.

All four equations are equivalent.

f(x) =x — 1= 0.5sinx = f'(x)=1—05c08X = Xp = x, — 21 =035 jf 5, — | 5 then x; = 1.49870
f(x) = tan x — 2x = f/(x) = sec?X — 2 = X, = X, — WD =B | ¥ = 1.2920445

sec? (Xn)
= X9 = 1.155327774 = X164 = X17 = 1.165561185

xp —2x3 —x2—2x,+2 |
4x3 —6x2 —2xp —2

if xg = 0.5, then x4 = 0.630115396; if x; = 2.5, then x4 = 2.57327196

(a) The graph of f(x) = sin 3x — 0.99 + x? in the window )

—2 <x<2,-2 <y < 3 suggests three roots. 2

W

y = sin(3x) - 0.99 + x

However, when you zoom in on the x-axis near x = 1.2,

you can see that the graph lies above the axis there. )
There are only two roots, one near x = —1, the other 1
near x = 0.4. aN .
(b) f(x) =sin3x —0.99 +x? = f'(x) = 3 cos 3x + 2x & [ 2
sin (3x,) — 0.994x2 "

= Xpu = Xy — and the solutions

3 cos (3x,) + 2x,
are approximately 0.35003501505249 and
—1.0261731615301
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Section 4.6 Newton's Method 231

16. (a) Yes, three times as indicted by the graphs y ’;

(b) f(x) =cos3x —x = f'(x) -0-545'

=-3sin3x -1 = X, / E

cos (3xp) — Xn | Il

=X, — e (Gx) -1 at - x i

approximately —0.979367, \ ':
—0.887726, and 0.39004 we have - A

cos 3x =X

4442
17. 00 = 2x* =42 + 1 = /() = 8x% = 8x = Xoy = X, — 2wl i x) = 2, then xg = —1.30656296; if

x9 = —0.5, then x3 = —0.5411961; the roots are approximately =+ 0.5411961 and =+ 1.30656296 because f(x) is
an even function.

18. f(x) =tanx = f'(x) =sec?X = Xp1 = X, — Sfé‘g((xg)) 1Xo =3 = x; =3.13971 = x, = 3.14159 and we
approximate 7 to be 3.14159.
19. From the graph we let Xy = 0.5 and f(x) = cos x — 2x 3y
= X =%, — S oy = 45063 2
= X9 = .45018 = atx ~ 0.45 we have cos x = 2x. y=2x
3 2 -1 1 \Q X
1
y = Ccos X
-2
-3
20. From the graph we let x; = —0.7 and f(x) = cos x + x 3)'
o Xy + €08 (Xp) -
= X =X T ooy = X1 = —.73944 y=-x ,
= X9 = —.73908 = atx ~ —0.74 we have cos x = —Xx.
Y:cos X
—-7’ = 1 \Q *
-1
-2
-3

21. The x-coordinate of the point of intersection of y = x*(x + 1) and y = 1 is the solution of x*(x + 1) =1
= x* + x> — 1 = 0 = The x-coordinate is the root of f(x) = x* + x> — 1 = f/(x) =3x> + 2x + 5. Letxg = 1
x;? + xf -1

b = x; = 0.83333 = xp, =0.81924 = x3 = 0.81917 = x; =0.81917 = r =~ 0.8192

= Xnp1 = Xn = 3x2 42X, + &
n n T2

22. The x-coordinate of the point of intersection of y = \/g and y = 3 — x? is the solution of \/§ =3-x?
= /x — 3+ x% = 0 = The x-coordinate is the root of f(x) = \/x — 3+ x> = f'(x) = 2*\1/; +2x. Letxg =1

S xpr = %= N L = 1= = 135556 = x; = 1.35498 = x; = 1.35498 = 1 ~ 1.3550
5 K
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232 Chapter 4 Applications of Derivatives

23.

24.

25.

26.

27.

28.

If f(x) = x® + 2x — 4, then f(1) = —1 < 0 and f(2) = 8 > 0 = by the Intermediate Value Theorem the equation
xf, +2x, — 4

x% 4+ 2x — 4 = 0 has a solution between 1 and 2. Consequently, f'(x) = 3x2 4+ 2and x,,, = X, — o)

Thenxp =1 = x; =12 = x» =1.17975 = x3 =1.179509 = x4 = 1.1795090 = the root is approximately

1.17951.

We wish to solve 8x* — 14x% — 9x? + 11x — 1 = 0. Let f(x) = 8x* — 14x® — 9x® + 11x — 1, then

4 3 2
’ _ 3 _ 2 o o 8xy — 14y —9x; 411X, — 1
f'(x) = 32x° — 42x 18x+ 11 = X, =X, 35xT — A3 — 8%, 1 11

Xo | approximation of corresponding root
-1.0 —0.976823589
0.1 0.100363332
0.6 0.642746671
2.0 1.983713587
f(x) =4x? —4x? = f'(x) = 16x3 —8x = X, =X, — ft,(():i)) =X — Zi?ixé. Iterations are performed using the

procedure in problem 13 in this section.

(a) Forxy = —2orxy= —0.8,x; — —1 asi gets large.

(b) Forxy = —0.50rxy = 0.25, x; — 0 as i gets large.

(¢) Forxy=0.80rxy=2,%x — 1asigets large.

(d) (If your calculator has a CAS, put it in exact mode, otherwise approximate the radicals with a decimal value.)

For xg = —*%= or xg = —*5—, Newton's method does not converge. The values of x; alternate between

V21

7

as 1 increases.

(a) The distance can be represented by

D(x) = \/(X -22+ (x2+ %)2 , where x 0. The

distance D(x) is minimized when
fx) = (x =2 + (x* + %)2 is minimized. If
f) = (x =22+ (x2 + )% then

fx)=4(x*+x—Dand f"(x) =4 (3x2 + 1) > 0. X
Now f'(x) =0 = x3+x—-1=0 = x(x>+1)=1
_ 1
b Letg) = oty —x=(x2+1)" —x = g =—(C+1) 720~ 1= (X;fxl)z 1
(g5-x)
= X =X, — 45 ;X0 =1 = x4 = 0.68233 to five decimal places.
—2Xpn
((x,’—iﬂ)gl)
40 / 39 (xa— D" 39%, + 1 .
f(x)=xx—-—D*" = {'x) =40(x — 1)’ = X,y =X, — 01" = 40— - With Xo = 2, our computer
gave Xgy = Xgg = Xgg = - = X900 = 1.11051, coming within 0.11051 of the root x = 1.
Sinces=rf=3=1r0=0= % Bisect the angle 6 to obtain a right tringle with hypotenuse r and opposite side

3
of length 1. Then sin § = 1 = sin % =1 =sin(2) =1 = sin 3 — 1 = 0. Thus the solution r is a root of
in i —rl
f(r) =sin(3) — L = f'(r) = —5cos(2) + o =1 =101 =1, — % = 1 = 1.00280
=1, = 1.00282 = r; = 1.00282 = r =~ 1.0028 = 0§ = W ~ 2.9916
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4.7 ANTIDERIVATIVES

L (@ x* (b) % © ¥ —x2+x

2. (a) 3x b X (© % —3x+8x
3. (@ x73 b) -5 (© — %5 +x>+3x
4. (@) —x? b -5 +% © S +%—x
5. (@ F (b) 32 (© 2x+3

6. () & ®) © ¥+

7. @ Vx3 () /x © 2VX+2/x

8. (a) x¥/3 (b) 1x*3 (©) 3x¥343x%3

9. (a) x¥3 (b) x/3 (c) x1/3

10. (@) x!/2 (b) x~1/2 © x~32

11. (a) cos(mx) (b) —3cos x (©) == 4 cos (3x)
12. (a) sin(mx) (b) sin (%) © (2)sin (%) +wsinx
13. (a) tanx (b) 2tan (%) (©) —%tan (37")

14. (a) —cotx (b) cot (%) (c) x+ 4 cot(2x)

15. (a) —cscx (b) %CSC(SX) (¢) 2csc (%)

16. (a) secx (b) 3 sec(3x) (©) Zsec(Z)

17. [(x+Ddx=% +x+C 18. [(5—6x)dx=5x —3x>+C

19. [+ d=F+E+C 2. [(§+40)d=5+0+cC

21 [ = S5x+7)dx = Lx' - I+ Tx 4 C 22 [(1-x=3)dx=x—1x*— Ix*+C

N L L e R ERACRE S Rl

u [ (-2

>
o
>
Il
~—
—
=
|
[\
>‘<|
w
+
[\®]
>
S—
o
>
Il
D=

x—(§)+2§+czg+x%+x2+c
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234 Chapter 4 Applications of Derivatives

2/3

-1/3 gx = X2
25. [x 7P dx =7

x—1/4

+C=3x+C 26. [xO/tdx="Fr+C=FE+C

—4
VX

1
r

27 [ (Vx+3R) de= [ (3124 x103) dx = X5 4 57 4 C = 3x32 4 §x¥9 4+ C

28.

o0
wfF,
|
[\
/
-Jk\.»-\| «
=
—
+
@
|
N
'\<l\3
|
wloe
k<oo
=
_|_
@

32. fx*3 (x+Ddx = f(x’2+x’3)

_ x! x2 _ 1 1
dX—_—1+<__2)+C——;—2

B[V la= (5 ) de= [ (2 e a= 4 () +C=2vi- Z4c
. [l a= [ (§+ %) d= [ @t o) a=4(5)+ () +C=-3- 2 +C

35. [—2costdt=—2sint+C
37. [7sinfdf=-2lcos g +C

39. f—3cchde:3cotx—|—C

36. [ —5sintdt=5cost+C
38. [3cos50df = 2sin50+C

40. [ — =X dx = — x4 C

41. f%d@zf%cscﬁJrC 42. f%sec&tan@d@:%seCHJrC

43. [ (4secxtanx —2sec?x) dx =4 secx — 2 tanx + C

J 4 (ese?x — ese x cot x) dx

4. | 3

—f%cotx+%cscx+c

45. f(sin2x—csc2x)dx — 4 cos2x 4 cotx + C 46. f(2cos2x—3sin3x)dx:sin2x—|—cos3x+C

47. [ Lresitge= [(14lcosat)dt=Lt+ 1 (%) 4 Cc=4 4 5dt 4 C

sin 6t

48. 5

Sl [ (5 beos6r) di= b} (85) 0= i C

49. [(1+tan’0)df = [sec?#df = tan 6 + C
50. [(2+tan?0)dd = [(1+1+tan?0)df = [ (1+sec?§)dd =6 +tand +C

51. [co?xdx = [ (cse?x —1)dx = —cotx —x + C
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52.

53.

54.

55.

56.

57.

58.

59.

61.

62.

63.

64.

65.

66.

67.

68.

Section 4.7 Antiderivatives
J (1 —co?x)dx = [ (1—(esc?x — 1)) dx = [ (2 —ese?x) dx = 2x + cot x + C

fcos@(tanQ—i—secQ)dG:f(sin9+l)d9:—cos@+9+C

fcsc?%d@:f(%)(2223)d9:fﬁmd9:fcmzedQ_fseCQ@de_tan@JFC

(ﬂ( ((7x 2)t + C) _4(7x ;32)3(7) — (7x — 2)3

% (_ (3x—;5)*1 n C) _ (_ (3x+§)—2(3)) — (3x+5)2

4 (Ltan(5x — 1)+ C) = £ (sec? (5x — 1)) (5) = sec? (5x — 1)

O% (73 cot (X

7) +C) = =3 (~esc? (151)) (3) = esc* (*54)

d 2 _ 1 x+DHAD)—x1) _ 1
ax (x+1 +C) =(=D(=DHx+ 1)~ = Gre 60. & (m +C) = G+DT &+ 1P
(a) Wrong: % (%2 sinx+C) =2 smx+—cosx—xsmx+ —cosx;«éxsmx

(b) Wrong: % (—x cos x + C) = —cos x + x sin X # X sin X

(c) Right: %(—xcosx-ﬁ-sinx—i—C): —COS X + X sin X 4 cos X = X sin x

(a) Wrong: (S"C o4 C) 3sec’d Se‘ 9 (sec § tan #) = sec® 6 tan @ # tan 0 sec? 6

a0
(b) Right: d(, ¢ (L tan?0+C) = 5 (2 tan 6) sec® = tan @ sec’ §
(l
2

(c) Right: sec? 0 + C) 3 1 (2 sec ) sec 0 tan = tan 6 sec? 0
(a) Wrong: L (u +c) — 3O ok 4 12 £ (2x 4 1)°
(b) Wrong: ix (2x 4 1) + C) = 32x + 12(2) = 6(2x 4 1) # 3(2x + 1)?
(¢) Right: & (2x+1)*+C) =6(2x + 1)
1/2 —-1/2 X
(@) Wrong: & (2 +x+0)"* =1 (2 +x+C) /(2x+1):2\/ﬁ7§\/2X+1
1/2 —1/2 X
(b) Wrong: & ((x*+x) / —|—C) =1 (x> +x) Pox+1) = % #/2x + 1

(c) Right: & (_% (\/2x+1)3+C) =4 (1x+1D2+C) =2@2x+DY2 Q)= /2x+ 1

sohee d [ (x+3)3 oa(x43\2(x—=2)1—(x4+3)1 _ A (x+3)?% -5 __ —15(x+3)’
Right &((xw +C) =38 T =y T e
Wrong: % (sinixz) +C> _ x-cos(xz)(Z);lfsin(xz)J _ 2x2cos(xzx)zfsin(x2) ] xcos(xz)x; sin(x?)

Graph (b), because _235 = y=x>+C. Theny(l) =4 = C=3.

Graph (b), because;i - = y= f—x +C. Theny(—-1)=1 = C=
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236  Chapter 4 Applications of Derivatives

69. P=2x—7 = y=x>-Tx+Ciatx=2andy =0wehave 0 =22 - 72)+C = C=10 = y=x>—Tx+ 10

70. £ =10-x=y=10x—% +Ciatx=0andy = —l wehave -1 = 1000) - & +C=C=-1=y=10x - £ — 1

71'%:%+X:X72+Xjy:7X71+X2*2+C;atX:2andy:1WChaV€1:7271+2;+CéC:—%
:>yz—x_l-i-"—z—loryz—l-i-"—z—l
2 72 x T2 72

72. %:9x2—4x+5 = y=3x-2x>+5x+C;atx = —l and y = 0 we have 0 = 3(—1)3 — 2(—=1)2 +5(-1) + C

= C=10 = y=3x3-2x> +5x + 10

73. % =3x"23 = y = 3x2 +C=9atx =934+ Cjatx = —1 and y = —5 we have —5:9(—1)1/3+C = C=4

ol

= y=9344

74. j—i = ﬁ = %x’l/Q = y=x/24+Cjatx =4andy=0wehave 0 =42 4+C = C=-2 = y=x/2-2

75. ¥ =1 4cost = s=t+sint+C;att=0ands=4wehave4=0+sin0+C = C=4 = s=t+sint+4

76. % —cost+sint=s=sint—cost+C;att=mands=1wehave | =sinm—cosm+C = C=0

= s=sint—cost

77. % =—7msinmd = r=cos(mf)+C;atr=0and d = 0Owe have 0 = cos(70) + C = C=—-1 = r=cos(wfh) — 1

78. & =cosmd = r=1 sin(rf)+ C;atr=1andf =0wehave ]l = Lsin(n0)+C = C=1 = r=Lsin(xf)+ 1

79. %:%secttant = V:%sect—I—C;atV:landt:OwehaveI:%sec(O)—i—C = C:% = V:%sect—i—%

80. % =8t+csc’t = v:4t2—cott+C;atV:—7andt:gwehave—7:4(%)2—cot(%)+C = C=-7 —7°

= v=4t> —cott—7 — 7

8Lg%:Zféxi»%:2xfﬁl+Qﬂﬁ%:4&Mx:0wﬂmw4:ﬂmf3®f+C1é(ﬁ:4

= %:2x—3x2+4 = y=x>-x34+4x+Cy;aty=1landx =0wehave 1 =02 —0? +4(0) +C;, = Cy =1

= y=x*-x*+4x+1

dz—y: d—y: M ﬂ: = = d—y: = : = =
82. e O:>dx Cl,atdx 2 and x = 0 we have C; 2:>dx 2 = y=2x+Cy;aty=0and x =0 we

have 0 =2(0)4+Cy = Co =0 = y=2x

83. %:t%ZZt_3:>%:_t_2+cl;at%:13ndt:1WChaVe]:—(1)_2+C1:>C1:2:>%:_t_2+2

=r=t14+2t+Cyatr=1andt=1wehave |l =171 4+2(1)+Cy = Cy=—-2=r=t"1+2t—2o0r
r=14+2t-2

2 2 2 2 3
&4, %:% = %:%+C1;at$:3andt:4wehaV63:—3(;2 +C = C=0= %z% = s={z +Cyat

s:4andt:4wehave4=%+c2 = C=0= s:%

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



85.

86.

87.

88.

89.

90.

91.

92.

93.

94.

95.
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Y6 = 9y —6x+Cpat sy = —8andx = Owehave =8 = 6(0) + C, = C; = -8 = &Y —6x—38

at =
dx?
= g—y—3x —8x+Cyat ¥ =0andx = 0 we have 0 = 3(0)> —8(0) + C; = C; =0 = & =3x> - 8x

= y=x>—4x> +Cg;aty=5andx =0wehave 5=0° —4(0)> +C3 = C3=5 = y=x>—4x>+5

‘21375:0:> ‘(jhz Cl,atdtzf Zandt—Owehavedtof—2:> %——Ztﬁ-Cg,atd —%andtsze
have — 1 = —2(0)+C, = Co=-1 = ¥ =21 = §=—— Lt+Cyatd=+/2andt = 0 we have

V2= -0 L0 +C = G=v2= 0= -11+2

y@ = —sint+cost=1y” =cost+sint+ Cj;aty” =7 and t = 0 we have 7 = cos (0) + sin(0) + C; = C, = 6
=y”" =cost+sint+6 = y’ =sint—cost+ 6t+ Cy;aty” = —1 and t = 0 we have
—1=sin(0) —cos (0) +6(0) +Cy = C, =0=y" =sint—cost+ 6t =y = —cost— sin t + 3t> + Cs; at

y' = —landt=0wehave —1 = —cos(0) — sin(0) + 3(0)> + C3 = C3=0=y = —cost— sint + 3t
=y=—sint4cost+t>+Cyaty =0andt = 0 we have 0 = —sin (0) 4 cos (0) + 0> + C4 = C4 = —1
=y=-sint+cost+t3—1

y@ = —cos x + 8sin(2x) = y” = —sinx — 4 cos(2x) + C;; at y” = 0 and x = 0 we have

0= —sin(0) —4cos20)+C; = C; =4 = y" =—sinx —4cos(2x) +4 = y”" =cos x — 2 sin(2x) + 4x + Cy;
aty” = 1 and x = 0 we have 1 = cos (0) — 2 sin(2(0)) +4(0) + C; = Cy =0 = y” = cos x — 2 sin (2x) + 4x
=y’ =sinx + cos (2x) + 2x> + C3; aty’ = 1 and x = 0 we have 1 = sin (0) + cos (2(0)) + 2(0)> + C3 = C3 =0
= y =sinx + cos (2x) + 2x> = y:—cosx+%sin(2x)—|—%x3+C4;aty:3andx:0wehave
3=—cos(0)+1sin(20)+2(00°+Cy = C;=4 = y=—cosx+ 3 sin(2x) + 2x* +4

m=y =3,/x=3x"? = y=2x2+ C;at(9,4) wehave 4 = 2(9)2+ C = C=-50 = y =2x32 - 50

Yes. If F(x) and G(x) both solve the initial value problem on an interval I then they both have the same first derivative.
Therefore, by Corollary 2 of the Mean Value Theorem there is a constant C such that F(x) = G(x) + C for all x. In
particular, F(xq) = G(x¢) + C, so C = F(xg) — G(xg) = 0. Hence F(x) = G(x) for all x.

gi =1-%x18 = y= f(l — $x13) dx = x —x*? + C; at (1,0.5) on the curve we have 0.5 = 1 — 1*/% + C

= C=05=> y=x—x"41

gi—x—1:>y_f(x—1)dx———X+C at (—1, 1) on the curve we have 1 = & — (— 1)+C:>C——%
= y:;—x—%

d . .
% =sinx—cosx = y= f(sm X — cos X) dx = —cos x — sin X + C; at (—m, —1) on the curve we have

—1=—cos(—m) —sin(—m)+C = C=-2 = y=—cosx—sinx—2

dy = \[+7rsm7rx— §x’1/2+7rsin7rx = y:f(%x’1/2+sin7rx) dx = x!/2 — cos mx + C; at (1,2) on the

curvewehaveZ:11/2700s7r(1)+C = C=0 = y=,/x—cos7x

(@ £=98t—3 = s=49-3t+C;()ats=5andt =0wehave C=5 = s =49t — 3t +5;
displacement = s(3) — s(1) = ((4.9)(9) —9+5) — (4.9 — 3 4+ 5) = 33.2 units; (ii) at s = —2 and t = 0 we have
C= -2 = s=409t — 3t — 2; displacement = s(3) — s(1) = ((4.9)(9) — 9 — 2) — (4.9 — 3 — 2) = 33.2 units;
(iii) ats = spand t = 0 we have C = sy = s = 4.9t> — 3t + s¢; displacement = s(3) — s(1)

= ((4.9)9) — 9+ sp) — (4.9 — 3 4 sp) = 33.2 units
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(b) True. Given an antiderivative f(t) of the velocity function, we know that the body's position function is
s = f(t) 4+ C for some constant C. Therefore, the displacement fromt = atot = b is (f(b) + C) — (f(a) + C)
= f(b) — f(a). Thus we can find the displacement from any antiderivative f as the numerical difference
f(b) — f(a) without knowing the exact values of C and s.

96. a(t) = v/(t) = 20 = v(t) = 20t + C; at (0, 0) we have C = 0 = v(t) = 20t. When t = 60, then v(60) = 20(60) = 1200 =

sec”

97. Stepl: &3 =k = &= k+Cpat® =88andt=0wehaveC; =88 = & = —kt+88 =

s:—k(g)+88t+C2;ats:0andt:0wehaveC2:O = s:—%tz+88t

Step2: £ =0 = 0=—kt+8 = t=5

a
2 .
Step3: 242 = XUl 4 g8 (88) o pap = G L B9 gy B8 L j g6

&

98.

Tl

=k = &= [ _kdt=—kt+C;at® =44 whent =0 we have 44 = —k(0) + C = C = 44

& — k444 = s=— 5 {444 Cpyats = Owhent=0wehave 0 = — " 1 440)+ C, = C; =0

=

2 k£2
S os=— %44 Then® =0 = —kt+44=0 = t=*ands (%) = — LG) 4 4q(%) =45
=

2
968 1936 __ 968 __ _ 968 fi
-+t —45:>—k —45:>k——45~21.5 !

sec?”

o

99. (@) v= [adt= f(15t1/2 —3t2) dt= 1062 — 6112+ C; £ (1) =4 = 4=101)*2 - 6(D*+C = C=0
= v=10t% — 6t'/2
b s=[vdt= f(10t3/2 —6t/2) dt =42 — 432 4 C;s(1) =0 = 0=4(1)2 - 4(1)*?+C = C=0
= 5= 4t7/2 — 4¢3/2

100. 95 =-52 = &= 524+ Cpat® =0andt=0wehave C; =0 = & =52t = s=-2.6> + Cy; at s = 4

andt=0wehave C; =4 = s=—-2.61°+4. Thens =0 = 0= —-2.61>+4 = t=,/5% ~ 1.24 sec, since t > 0

101. 3—?3:&1 = %:fadt:at—i—c;%:w)whentzo = C=v = L=at+v) = s:gﬁ—i—vot—l—cl;s:so

2
whent =0 = S():@+V()(O)+C1 = Ci =5 = S:%t2+V()t+SU

102. The appropriate initial value problem is: Differential Equation: ‘é—ig = —g with Initial Conditions: % = vp and
s = sg when t = 0. Thus, % = f—gdt: —gt+ Cy; %(0) =vg = vo=(—2)0)+C; = C =vp
= % = —gt+vy. Thuss = [(—gt+vo) dt = — L g + vt + Ca;5(0) = 5y = — 1 (2)(0)* + vo(0) + C2 = Cs = 5

Thus s = — § gt? + vot + sp,

103 — 106 Example CAS commands:
Maple:
with(student):
f :=x -> cos(x)"2 + sin(x);
ic := [x=Pi,y=1];
F := unapply( int( f(x), x ) + C, x );
eq :=eval( y=F(x), ic );
solnC :=solve( eq, {C} );
Y := unapply( eval( F(x), solnC ), x );
DEplot( diff(y(x),x) = f(x), y(x), x=0..2*Pi, [[y(Pi)=1]],
color=black, linecolor=black, stepsize=0.05, title="Section 4.7 #103" );
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Mathematica: (functions and values may vary)
The following commands use the definite integral and the Fundamental Theorem of calculus to construct the solution
of the initial value problems for exercises 103 - 105.
Clear[x, y, yprime]
yprime[x_] = Cos[x]? + Sin[x];
initxvalue = 7; inityvalue = 1;
y[x_] = Integrate[yprime[t], {t, initxvalue, x}] + inityvalue
If the solution satisfies the differential equation and initial condition, the following yield True
yprime[x]==D[y[x], x] //Simplify
y[initxvalue]==inityvalue
Since exercise 106 is a second order differential equation, two integrations will be required.
Clear[x, y, yprime]
y2prime[x_] = 3 Exp[x/2] + 1;
initxval = 0; inityval = 4; inityprimeval = —1;
yprime[x_] = Integrate[y2prime[t],{t, initxval, x}] + inityprimeval
y[x_] = Integrate[yprime[t], {t, initxval, x}] + inityval
Verify that y[x] solves the differential equation and initial condition and plot the solution (red) and its derivative (blue).
y2prime[x]==D[y[x], {x, 2}]/Simplify
y[initxval]==inityval
yprime[initxval]==inityprimeval
Plot[{y[x], yprime[x]}, {X, initxval — 3, initxval + 3}, PlotStyle — {RGBColor[1,0,0], RGBColor[0,0,1]}]

CHAPTER 4 PRACTICE EXERCISES

1.

No, since f(x) = x® + 2x +tanx = f’(x) = 3x®> + 2 +sec’x > 0 = f(x) is always increasing on its domain

No, since g(x) = csc x +2cotx = g/(x) = —cscxcotx —2csc?x = — o~ Sinzzx =— Sinlzx (cosx+2)<0

= g(x) is always decreasing on its domain

No absolute minimum because _lim (7 + x)(11 — 3x)1/3 = —c0. Next f/(x) =

1/3 -2/3 _ A1=30)-0+x) _ _40-=x) _ _ 1 " :
(11 = 3x)3 — (7 4+x)(11 —3x)"2/3 = T_mB = Q" = X= 1 and x = 5 are critical points.

Since f’ > 0ifx < land f’ < 0ifx > 1, f(1) = 16 is the absolute maximum.

fx) = BEb = f(x) = 0 *&gjx)gawb) = *(aﬁ;f;*i"” f/3)=0= —L (9a+6b+a)=0=5a+3b=0.

We require also that f(3) = 1. Thus 1 = % = 3a+ b = 8. Solving both equations yields a = 6 and b = —10. Now,

f'(x) = w sothat f' = ——— | ———| +++4 | +++ | ———. Thus f’ changes sign at x = 3 from
o -1 1/3 1 3

positive to negative so there is a local maximum at x = 3 which has a value f(3) = 1.

Yes, because at each point of [0, 1) except x = 0, the function's value is a local minimum value as well as a
local maximum value. At x = 0 the function's value, 0, is not a local minimum value because each open
interval around x = 0 on the x-axis contains points to the left of O where f equals —1.

(a) The first derivative of the function f(x) = x? is zero at x = 0 even though f has no local extreme value at x = 0.

(b) Theorem 2 says only that if f is differentiable and f has a local extreme at x = ¢ then f'(c) = 0. It does not
assert the (false) reverse implication f’(¢) = 0 = f has a local extreme at x = c.
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7. No, because the interval 0 < x < 1 fails to be closed. The Extreme Value Theorem says that if the function is continuous
throughout a finite closed interval a < x < b then the existence of absolute extrema is guaranteed on that interval.

8. The absolute maximum is |—1| = 1 and the absolute minimum is |0] = 0. This is not inconsistent with the Extreme Value
Theorem for continuous functions, which says a continuous function on a closed interval attains its extreme values on that
interval. The theorem says nothing about the behavior of a continuous function on an interval which is half open and half
closed, such as [—1, 1), so there is nothing to contradict.

9. (a)

(b)

©

10. (a)

(b)

()

There appear to be local minima at x = —1.75 ¥
and 1.8. Points of inflection are indicated at
approximately x = 0and x = + 1.

2 = i 3
ol = Li8=x2-x5+ 58

f'(x) = x7 — 3x% — 5x* + 15x? = x? (x> — 3) (x> — 5). The patterny’ = — +++ | +++ | ——— | +++

G VTE

indicates a local maximum at x = \ﬁ and local minima at x = =+ \/3 .

¥

.0179
.0178
.0177
.0176
.0175 y=2B=x®2-x5 45
.0174
.0173

L N BN R A BN e |

T.72 1.74 1.76 1,98 X

The graph does not indicate any local
extremum. Points of inflection are indicated at
approximately x = f% and x = 1.

—600)

8 5
gzt 20 5. 5
fey =% =% -5x \2+11

f'(x) =x" —2x* =5+ 19 =x73(x* = 2) (x" = 5). Thepattern ' = ———)(+++ | ——— | -+++ indicates
o V5 2
a local maximum at x = v/5 and a local minimum at x = /2.

y

1.07437

8 S
s 2% 2 5
f=% -2 _s5r- 2411
R

1.2585 1.2599
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15.

16.

17.

18.

19.

20.

21.

22.
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. (@) g(t) =sin’t—3t = g'(t) =2sintcost—3 =sin(2t) —3 = g <0 = g(t) is always falling and hence must

decrease on every interval in its domain.

(b) One, since sin?t — 3t — 5 = 0 and sin? t — 3t = 5 have the same solutions: f(t) = sin®t — 3t — 5 has the same
derivative as g(t) in part (a) and is always decreasing with f(—3) > 0 and f(0) < 0. The Intermediate Value Theorem
guarantees the continuous function f has a root in [—3, 0].

(a) y=tanf = g—z =sec’f >0 = y = tan 0 is always rising on its domain = y = tan f increases on every interval
in its domain
(b) The interval [g, 7r] is not in the tangent's domain because tan 6 is undefined at = 7 . Thus the tangent need not

increase on this interval.

(@) fx)=x'+2x> -2 = f/(x) =4x3 4+ 4x. Sincef(0) = -2 < 0,f(1)=1>0andf'(x) Ofor0<x<1,we
may conclude from the Intermediate Value Theorem that f(x) has exactly one solution when 0 < x < 1.

() x2= 228 50 = x2=/3-landx 0 = x~ /7320508076 ~ .8555996772

@ y=7=> y = m > 0, for all x in the domain of 7 =y = 7 is increasing in every interval in its domain.

b) y=x3+2x = y' =3x2+2>0forall x = the graph of y = x® + 2x is always increasing and can never have a
local maximum or minimum

Let V(t) represent the volume of the water in the reservoir at time t, in minutes, let V(0) = a, be the initial amount and
V(1440) = ay + (1400)(43,560)(7.48) gallons be the amount of water contained in the reservoir after the rain, where

24 hr = 1440 min. Assume that V(t) is continuous on [0, 1440] and differentiable on (0, 1440). The Mean Value Theorem

V(1440) = V(0) __ ap+(1400)(43,560)(7.48) —ag __ 456,160,320 gal
1440-0 - 1440 - 1440 min

= 316,778 gal/min. Therefore at t; the reservoir's volume was increasing at a rate in excess of 225,000 gal/min.

says that for some t; in (0, 1440) we have V'(ty) =

Yes, all differentiable functions g(x) having 3 as a derivative differ by only a constant. Consequently, the
difference 3x — g(x) is a constant K because g'(x) = 3 = % (3x). Thus g(x) = 3x + K, the same form as F(x).

No, G5 =1+ x;+11 = 7 differs from ﬁ by the constant 1. Both functions have the same derivative
i( X )_(X+1)—X(l)_ 1 _i(—l)

dx \x+1/ — (x+1)? T ox+ 1?2 T dx \x+1/°

f'x) =¢x) = X = f(x) — g(x) = C for some constant C = the graphs differ by a vertical shift.

(x2+1)°
The global minimum value of % occurs at X = 2.
(a) The function is increasing on the intervals [—3, —2] and [1, 2].
(b) The function is decreasing on the intervals [—2, 0) and (0, 1].
(c) The local maximum values occur only at x = —2, and at x = 2; local minimum values occur at x = —3 andatx = 1
provided f is continuous at x = 0.

(@ t=0,6,12 (b) t=3,9 () 6<t<12 @@ 0<t<612<t< 14

(a) t=4 (b) atno time ) 0<t<4 d 4<t<8
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23. 24,
y y
151
3 4
5t 2
3 L
3
2 x
y=x-% 1k
1_
L L | | I .
L L ! x - 1\2/ 3 4
-2 -10 1 2 4 6 /_1_
3_ a2
S y=ExT-=3x"+3
Lk 2
25. 26.

y:—x3+6x2—9x+3

27. 28.

2.2
500 (6,432) L y=ree-9
y=238-x)

300 -
200 =r
_6_
100 iy
X 10+
Byl 10
-100
29. | 30.
T y=x_3x2/3
1 N N I Y N
-3 9 18 27
——
(8.-4)
1 x
-3 -2-1 12 3/4 5
-2
4}
31. 32.
y y
2_
2k
1 y=x 4- 22 1+
L L L x t L L X
_ — 2
1 1 N 3 2| 1 1 2
AN
-1 y=x\3-x
2k
2+
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33. (a)

(b)

34. (a)

(b)

35. (a)

(b)

36. (a)

(b)
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y=16—x* = y = ———| +++ | ——— = the curve is rising on (—4, 4), falling on (—oco, —4) and (4, c0)
—4 4
= alocal maximum at x = 4 and a local minimum at x = —4;y”" = —=2x = y’ = +++ | ——— = the curve

is concave up on (—oo, 0), concave down on (0, c0) = a point of inflection at x = 0

x=4

Loc max

x=-4

V=x>-x-6=x-3)(x+2) = y =+++| —— | +++ = the curve is rising on (—oco, —2) and (3, c0),
-2 3

falling on (—2,3) = local maximum at x = —2 and a local minimum at x = 3;y” = 2x — 1

= y’=———| +++ = concave up on (3,00), concave down on (—o0, 3) = a point of inflection at x =

1
2
1/2

x=-2

y=6x(x+1)(x—2)=6x3—6x>—12x = y' = ———| +++ | ——— | +++ = the graph is rising on (-1, 0)
—1 0 2

and (2, 00), falling on (—oo, —1) and (0,2) = alocal maximum at x = 0, local minima at x = —1 and

y"=+++ | ——— | +++ = thecurveis concave up on (—oo, 1_3\ﬁ) and (]+3\ﬁ, oo) , concave down
1-/7 17
3 3
on (] _3\ﬁ, ]+3\ﬁ) = points of inflection at x = H[T\ﬁ

Loc max
_1-V7

y =x%(6 —4x) = 6x* —4x® = y' = +++ | +++ | ——— = the curveisrising on (—oo, 3), falling on (3, 00)
0 3/2
= alocal maximumatx = 3;y” = 12x — 12x*> = 12x(1 —x) = y” = ——— | +++ | ——— = concave up on
0 1
(0, 1), concave down on (—o0, 0) and (1,00) = points of inflection at x = 0 and x = 1

x=3/2
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37. (a)

(b)

38. (a)

(b)

Chapter 4 Applications of Derivatives

y=xt-2x>=x*(x>-2) = y =44+ | ———]|—-—— | +++ = thecurveisrising on (—oo,—\/E) and
-v2 0 Ve
(\/5, oo) , falling on (—\/5, \/E) = alocal maximum at x = —+/2 and a local minimum at x = \/5;
V=433 —dx =4x(x — D(x+1) = y'=———| +++ | ——— | +++ = concave up on (—1,0) and (1, 00),
-1 0 1

concave down on (—oo, —1) and (0, 1) = points of inflectionat x =0 and x = £ 1

Loc max

Infl
x=1
Loc min

V=4 —x'=x2(4-x*) = y=—~— |2+—|—+(|)+++£——— = the curve is rising on (-2, 0) and (0, 2),

falling on (—o0o, —2) and (2,00) = a local maximum at x = 2, a local minimum at x = —2; y” = 8x — 4x3

=4x(2-x*) =y =+++| ——|+++| ——— = concaveupon (—oo,—\/E) and (0, ﬁ) , concave
_\/5 0 \/5

down on (—\/5, 0) and (\/5, oo> = points of inflection atx =0 and x = £ \/5

x=-2

39. The values of the first derivative indicate that the curve is rising on (0, co) and falling on (—oc0, 0). The slope of the curve

approaches —oco as x — 07, and approaches co as x — 0% and x — 1. The curve should therefore have a cusp and

local minimum at x = 0, and a vertical tangent at x = 1.
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40. The values of the first derivative indicate that the curve is rising on (0, 1) and (1, 00), and falling on (—oc0, 0)
and (%, 1) . The derivative changes from positive to negative at x = %, indicating a local maximum there. The
slope of the curve approaches —oco as x — 0~ and x — 17, and approaches coasx — 0" andasx — 1T,
indicating cusps and local minima at both x = 0 and x = 1.

y y
3 3

2 s ;

L2 -3 2 -1/3 !

y =3x +§(x—1) 1 |

y=xP 4 (x=1)23 : | <
< -3 -2 -1 1 2 3

-3 -2 -1 1 2 3 S \

-1 \\

41. The values of the first derivative indicate that the curve is always rising. The slope of the curve approaches oo
asx — Oandasx — 1, indicating vertical tangents at both x = 0 and x = 1.

y y
3
2 .1 —23 1 -2/3 |
y =X +—(X"1)
Y=x1/3+(x_1)1/3 1 3 3 l
1
X

-3 -2 -1 1 2 3 !
—1/ S S— 2 3 X

|

) -1 |

-3 -2 :

42. The graph of the first derivative indicates that the curve is rising on (0, %) and (%, oo) , falling

17-33 17+ . 17—/ .
on (—o0,0) and (TSB, +1—633) = alocal maximum at x = —¢ 33 alocal minimum at

X = % . The derivative approaches —oco as x — 0~ and x — 1, and approaches oo asx — 0%,
indicating a cusp and local minimum at x = 0 and a vertical tangent at x = 1.
y 4
3
3 |
2 |
2/3 13
=X = (x=1 2 .18 1 2/3 |
2ty (x=1) y=5x"Po2x-1) 1 |
B B care x
1 -3__-2 -1 } 2 3
=1 |
SN 1 2 3 % -
=3l -3
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R 4 _ 2 _~5_ 10
43. yix—371+x—3 44. yix+572 x+5
y y
,
I, |
_x+1 _ 4 '
TS _l+x—3: H
5k ' 1 y=2
== e e
| ! )
2r ' __s! _
--------- oot ¥=-5 T
\l‘ 11 1 1 X 1
SIIN 234 6 !
. ?
3 :
|
2 2
_ x4l 1 _ Xt =x+1 __ o 1
45, y === =x+1 46. y = 2 =x—1+:
y y
2 5
y=’\;1
4
el
2 f p
oy x
L 2 y=x P
1/' y=x—1 4~ y:)cz—x+l
Il 1 1 1 ram| 1 1 1 x X
4322 3 ﬂ

51. (a) Maximize f(x) = \/x — /36 — x = x!/2 — (36 — x)/? where 0 < x < 36
= f'x) = %x‘m — 536 — X)) 2(=1) = 27‘3\/6{\/%; = derivative fails to exist at 0 and 36; f(0) = —6,
and f(36) = 6 = the numbers are 0 and 36
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52.

53.

54.

55.

56.

Chapter 4 Practice Exercises

(b) Maximize g(x) = \/x + /36 —x = x/2 + (36 — x)!/2 where 0 < x < 36
1 v
= gdKx) = %X /2 4 %(36 x)"12(=1) = \[\/J = critical points at 0, 18 and 36; g(0) = 6,
g(18) =2+4/18 = 6\/5 and g(36) = 6 = the numbers are 18 and 18

(a) Maximize f(x) = /X (20 — x) = 20x"/2 — x*? where 0 < x <20 = f'(x) = 10x~/2 — 3x!/2
= 2(;7\’/3" =0 = x=0andx = 230 are critical points; f(0) = f(20) = 0 and f(%o) =4/ ? (20 — ?)
_404/20

40
=3 = the numbers are 2 and

(b) Maximize g(x) = x + 207X:X+(207X)1/2 where 0 < x <20 = g'(x) = ZVQZOZS\/—"” =0

= /20 —-x=13% = x = 2. The critical points are x = Z and x = 20. Since g (%) = &l and g(20) = 20,

2
the numbers must be 74—9 and % .

AX) = 1 (2x) (27 —x?) for 0 < x < /27 y

= A'(x) =33 +x)3 —x)and A" (x) = —6x. y=27-x2
The critical points are —3 and 3, but —3 is not in the

domain. Since A”(3) = —18 < 0 and A (\/ﬁ) -0, — .

the maximum occurs at x = 3 = the largest area is
A(3) = 54 sq units.

The volume is V = x>h =32 = h= 3. The
surface area is S(x) = x* + 4x (3) = x? + 12,
2x =4 (x> + 4x + 16)

X2

where x >0 = S'(x) =

= the critical points are 0 and 4, but 0 is not in the
domain. Now S”(4) =2 + 256 >0 = atx = 4 there
is a minimum. The dlmenswns 4 ft by 4 ft by 2 ft

minimize the surface area.

2
From the diagram we have (%)2 +12 = (\/5)

== ”T_hz . The volume of the cylinder is

V= mh = (1252 ) h = 7 (12— h?), where

s h/2
0 <h <24/3. Then V/(h) = 37 (2 +h)2 — h) |

= the critical points are —2 and 2, but —2 is not in

the domain. Ath = 2 there is a maximum since
V" (2) = =37 < 0. The dimensions of the largest
cylinder are radius = \/E and height = 2.

From the diagram we have x = radius and 4
y = height = 12 — 2x and V(x) = 2 7rx2(12 2x), where
0<x<6 = V(X =2mx(4 —x) and V' (4) = —8n. The
critical points are 0 and 4; V(0) = V(6) =0 = x =4
gives the maximum. Thus the values of r = 4 and

L]

h = 4 yield the largest volume for the smaller cone.
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57. The proflt P=2px+py=2px+p (40 10") where p is the profit on grade B tires and 0 < x < 4. Thus
P'(x) = X)2 (x> — 10x +20) = the critical points are (5 — \/§>, 5, and (5 + \/_) , but only (5 — \/_) isin
the domain. Now P'(x) > 0 for 0 < x < (5 — \ﬁ) and P'(x) < 0O for (5 - ﬁ) <x<4 = atx = (5 - \/§> there

is a local maximum. Also P(0) = 8p, P (5 — \/g) =4p (5 — \/§) ~ 1lp,and P4) =8p = atx = (5 — \/g) there

is an absolute maximum. The maximum occurs when x = (5 — \ﬁ) andy =2 (5 — \/g) , the units are

hundreds of tires, i.e., x &= 276 tires and y ~ 553 tires.

58. (a) The distance between the particles is [f(t)| where f(t) = —cos t + cos(t + 7). Then, f'(t) = sint — sin(t + 7).
Solving f’(t) = 0 graphically, we obtain t &~ 1.178, t & 4.320, and so on.
2 £

(11 78097M—\
no 3 o
2

N[N

-1+

-2+

Alternatively, f'(t) = 0 may be solved analytically as follows. f’(t) = sin [(t +3) - %} — sin {( +

)+

= {sin(t—l— Z)cos  — cos(t+ Z)sin g} - {sm(t—i— Z)cos Z + cos(t+ Z)sin g} —2sin Zcos(t + %)

OOI‘I
—

oSl

so the critical points occur when cos(t + %) = 0, or t = 3 + kar. At each of these values, f(t) = = cos 27
~ = 0.765 units, so the maximum distance between the particles is 0.765 units.
(b) Solving cos t = cos (t + %) graphically, we obtain t ~ 2.749, t =~ 5.890, and so on.

22

T

s 25

2
-1+
(2.7488936,0.9238795)

-2+

Alternatively, this problem can be solved analytically as follows.
cost =cos (t+ %)

cos{(t—k ) - —} = cos{(t—i— z) + %}
cos(t+ Z)cos T +sin(t+ Z)sin f = cos(t+ Z)cos & —sin(t+ %)sin &
2sin (t + %)Sin% =0
sin (t+ g) =0
= %T + km
The particles collide when t = %“ ~ 2.749. (plus multiples of 7 if they keep going.)

59. The dimensions will be x in. by 10 — 2x in. by 16 — 2x in., so V(x) = x(10 — 2x)(16 — 2x) = 4x® — 52x? + 160x for
0 < x < 5. Then V'(x) = 12x% — 104x + 160 = 4(x — 2)(3x — 20) , so the critical point in the correct domain is x = 2.
This critical point corresponds to the maximum possible volume because V’'(x) > 0 for 0 < x < 2 and V'(x) < 0 for

2 < x < 5. The box of largest volume has a height of 2 in. and a base measuring 6 in. by 12 in., and its volume is 144 in.3
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61.

62.

63.

64.

65.

66.

67.

68.
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Graphical support:

160 } (2,144)
120 +
80 t
40 t
1 2 ; 4 é\‘
-40

The length of the ladder is d; + ds = 8 sec 8 + 6 csc §. We
wish to maximize I(#) = 8 sec 8 + 6 csc § = I'(0)
=8sechtand —6¢cschcotd. ThenI'(9) =0

= 8sin®d —6cos’h = 0:>tan9—ﬁ

1
di =4/4+ v/36and dy = v/361/4 + /36 : 3

= the length of the ladder is about

44 +/36) \/4+ /36 = 4+ /36 3/2z19.7ft.
(4 V/30) 4+ V30 = (4 V30)

gx)=3x—x*+4 = g2)=2>0andg(3) = —14 < 0 = g(x) = 0 in the interval [2, 3] by the Intermediate

— x3 —
P tdixg=2 = x; =222 = x, = 2.196215, and

Bsece-d1
Gcsce-d2

Value Theorem. Then g'(x) =3 — 3x? = X,;; = X, —
so forth to x5 = 2.195823345.

gx) =x*—x3—-75 = g(3) = 21 <0and g4) = 117 > 0 = g(x) = 0in the interval [3, 4] by the Intermediate
xt—x3-75

X0 =3 = xi = 3.259259

Value Theorem. Then g'(x) = 4x® — 3x* = X, = X, — “3 "3

= X9 = 3.229050, and so forth to x5 = 3.22857729.

f(x3+5x77)dx:"z+5_

f(gts §+t>dt ¥ _tific=2w-£4£4C

f(3\/E+;iz) dt:f(3t1/2+4t 2) dt—3(‘) +&pCc=202-44C

[ (55 -2) dt:f(gt—1/2_3t—4)dt:%<§> S xyc= it htc

Letu=r+5 = du=dr

dar  _ - _ u! _ - _ 1
f(r+5)2_fu2_fu fdu=t5 +C=—u 1+C__(r+5)+c

Letu=r—+/2 = du=dr
f(r6j;§)3:6f7—6fus—6fu_3du—6(%) +C=-3024+C=— (ri\g/i)z_i_c
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69.

70.

71.

72.

73.

74.

75.

76.

7.

78.

79.

80.

81.

Chapter 4 Applications of Derivatives

Letu=0*+1 = du=20df = %du:9d6

[30vT1d0= [ u(Gdu)=3 [u/2du=3 () +C=w24Cc=@2+1)"+cC

3
2

Letu=7+6% = du=20df = L du=06df
J A o= [ L () qu1/2du§<#)+Cu1/2+c\/7+92+c

Letu=1+x' = du=4x3dx = 1du=x%dx

fx3(1+x M ax = Ju (4 —iful/A‘du—i(”?)wLC— whyc=1(1 1+xH* 4 ¢
Letu=2—-—x = du=—-dx = —du=dx
f(z—x)3/5dx—fu3/5( duy=— [Wdu= -0 4C=-3u34C=-32-x¥ +C

(5)

_ _ 1 _
Letu—l—so = du= j5ds = 10du=ds

f8602 l—sods:f(sec:Qu)(lodu): 10fseczudu: 10tanu+C=10tan 15 +C

Letu=ms = du=mds = Idu=ds

fcsc%rsds:f(csc u) (L du :%fcchUdu:—}Tcotu—i—C:—%cotws—l—C
1 _

%dufdﬂ
fcscﬁ@cotﬁ&dé):f(cscucotu)(%du) :%(—cscu)—i—C:—ﬁcsc\/E@—i-C

Letuzﬁ@ = du:ﬁdﬂ =

Letu=§ = du=1d§ = 3du=df
fsecgtan dG—f(secutanu)(Sdu)—3secu+C—3sec3+C

Letu=7 = du:ldx = 4du=dx
fsinQde:f(sm u)(4du)*f4 Locos2) qu =2/ (1 —cos 2u) du =2 (u— ¥22) 4 C
:2u—sin2u—|—C—2(Z)—sm2()—|—C 3 —sinj+C

Letu=3 = du:%dx = 2du=4dx

cos? 2dx = | (cos?u)(2du) = [2 (122 qu= [ (1 +cos2u)du=u+ 2 4 C=% 4 Llgnx+C
f 2 2 2 2 2

y:f"2;51dx:f(1+x’2)dx:xfx’l+C:xf%JrC;y:flwhenx:1 = 1-1+C=-1
= C=-1=y=x—-1-1

3

y:f(x+%)2dx:f(x2+2+%)dx:f(x2+2+x’2)dx:%+2xfx’1+C:%3+2xf%+C;

1 x>

y=lwhenx=1= 142-1+4C=1=C=-] = y=5+2x—-1-1

$= [ (15Vi+ ) de= [ (15072 4 3012) do= 106/ 4 6072 4 C; & = 8 when t = 1

= 10()*?+6()Y/?2+C=8 = C=—8. Thus & = 10632+ 6t1/2 -8 = r= f (10632 + 6t1/2 — 8) dt

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



82.

Chapter 4 Additional and Advanced Exercises

=42 4+ 4632 —8t+ C;r=0whent =1 = 4(1)"2 +4(1)*2 —8(1)+C, =0 = C; = 0. Therefore,
r =42 4+ 4632 — 8t

g—f{:f—costdt:—sint—l—C;r’/:Owhent:O = —sin0+C=0 = C=0. Thus,%:—sint

= %:ffsintdt:cost+C1;r’:0whent:0 = 14C=0= C, =-1. Then%:costfl
= r:f(cost—l)dt:sint—t+C2;r:—1whent:O = 0—-04Cy = —1= Cy = —1. Therefore,

r=sint—t—1

CHAPTER 4 ADDITIONAL AND ADVANCED EXERCISES

1.

If M and m are the maximum and minimum values, respectively, thenm < f(x) < M forallx e . fm =M
then f is constant on I.

3 6, —2< 0
No, the function f(x) = { 9XjX2’ 0 <_x X<<2 has an absolute minimum value of O at x = —2 and an absolute

maximum value of 9 at x = 0, but it is discontinuous at x = 0.

On an open interval the extreme values of a continuous function (if any) must occur at an interior critical
point. On a half-open interval the extreme values of a continuous function may be at a critical point or at the
closed endpoint. Extreme values occur only where f = 0, f’ does not exist, or at the endpoints of the interval.
Thus the extreme points will not be at the ends of an open interval.

The pattern f’ = +4++ | ———— | ———— | ++++ | +++ indicates a local maximum at x = 1 and a local
1 2 3 4

minimum at x = 3.

(@ Ify =6(x+ 1)(x —2)% theny < Oforx < —1 andy > 0 forx > —1. The sign pattern is

fl=——| +++ | ++4+ = fhasalocal minimum at x = —1. Alsoy” = 6(x —2)2 + 12(x + D)(x — 2)
-1

=6(x—2)(3x) = y” >0forx <0orx > 2, whiley” < 0for0 < x < 2. Therefore f has points of inflection

at x = 0 and x = 2. There is no local maximum.
(b) Ify =6x(x+ 1)(x —2),theny < Oforx < —land0 <x <2;y > 0for —1 < x < 0andx > 2. The sign
sign pattern is y = ——— | +++ | ——— | +++. Therefore f has a local maximum at x = 0 and
- 0 2

local minima at x = —1 and x = 2. Also, y" =18 [x — (I_T\ﬁ)} [x — (HT‘ﬁ)} ,s0y” < 0 for

= ‘/— <x < H"/_ and y” > 0 for all other x = f has points of inflection at x = li?)‘ﬁ .

The Mean Value Theorem indicates that M = f’(c) < 2 for some ¢ in (0, 6). Then f(6) — f(0) < 12 indicates the

most that f can increase is 12.

If f is continuous on [a, ¢) and f'(x) < 0 on [a, ¢), then by the Mean Value Theorem for all x € [a, c) we have
1O-I0 <0 = f(c)—f(x) <0 = f(x) f(c). Alsoiffis continuous on (c,b] and f'(x) 0 on (c,b], then for
all x € (c,b] we have =19 0 = f(x) —f(c) 0 = f(x) f(c). Therefore f(x) f(c) forall x € [a,b].

(@ Forallx, —(x+1? <0< (x—1D* = —(14+x}) <2x<(1+x%) = —§ < 25 < 5.
(b) There exists ¢ € (a,b) such that £ = “bg:ga) = ‘t(b) fa) | — = |15=| < 3. from part (a)

= [f(b) — f()| < 3 |b—al.
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9. No. Corollary 1 requires that f’(x) = 0 for all x in some interval I, not f'(x) = 0 at a single point in L.

10.

11.

13.

14.

15.

16.

(a) h(x) =f(x)g(x) = h(x)=1'X)g(x) + f(x)g’(x) which changes signs at x = a since f'(x), g'(x) > 0 when

X < a, f’(x), g (x) < 0 when x > a and f(x), g(x) > O for all x. Therefore h(x) does have a local maximum at x = a.
(b) No, let f(x) = g(x) = x* which have points of inflection at x = 0, but h(x) = x° has no point of inflection

(it has a local minimum at x = 0).

.o _ _1+ _ _ . cen . _ . _ . .
From (ii), f(—1) = b_c+a2 =0 = a=1; from (iii), either 1 = XlgnC>C fx)orl = X Llrgoo f(x). In either case,
. N . +1 o 1+f - - o . -
xllnimf(x) _xlln:goo m _xllim bxrorZ =1= b=0 andc = 1. Forif b = 1, then
141 141 . 1+1

s =0andifc =0, then lim

A ez =, m 7 = +o0o.Thusa=1,b=0,andc = 1.

lim
X — +oo X+c+3{

O —3x2 4 2kx +3=0 = x = “XEVI=I0 . y has only one value when 4k> —36 =0 = k> =9ork = £3.

The area of the AABC is A(x) = 1 (2) /1 — x2 = 212, y

where 0 < x < 1. Thus A'(x) = —=2~ = Oand ilare (xN1-x2)c .,
critical points. Also A (1) = 0so A(0) = 1 is the /< X“+y =1
maximum. When x = 0 the AABC is isosceles since

AC =BC = /2. A 0 X

Jim HetW=1©) — f7(c) = for e = L1|f"(c)| > O there exists a § > 0 such that 0 < |h| < §

= |He_TO 1)l < L") . Thenf'(c) =0 = — L [f"(c)] < B¢ —£7(c) < L[f"(0)]

= (c) — 5 |f"(0)| < @ < f"(c) + 5 [f"(0)] . If f”(c) < 0, then |f"(c)| = —f"(c)

= 31"(c) < B < L§"(c) < 0; likewise if f”(c) > 0, then 0 < £ f(c) < LEH < 27(c).

(a) Iff’(c) < 0,then -6 <h <0 = f'(c+h)>0and0 <h< § = f'(c+h) < 0. Therefore, f(c) is a local
maximum.

(b) Iff”(c) > 0,then -6 <h <0 = f'(c+h)<0and0 <h < § = f'(c+h)> 0. Therefore, f(c) is a local
minimum.

The time it would take the water to hit the ground from height y is 4/ %y , where g is the acceleration of gravity. The

product of time and exit velocity (rate) yields the distance the water travels:
D(y) = /% /64(h — y) —s\f hy —y)/%,0<y<h = D(y) = —4\f hy —y?) *(h—2y) = 0,2 andh

1/2
are critical points. Now D(0) = 0, D =38 \[ ( - % ) =4h é and D(h) = 0 = the best place to drill

the hole is aty = 5 .

From the figure in the text, tan (3 + 0) = b;lra; tan (8 + 0) = % ;and tan @ = 2. These equations
. _bta _ tnf+L htngia . . bh
give > 4 — = tan"‘ﬂ = h—atnd- Solving for tan (3 gives tan § = TTabTs OF

(h? — a(b + a)) tan 3 = bh. Differentiating both sides with respect to h gives
2hian G+ (h? +a(b+a)) sec? § 4 =b. Then 4 =0 = 2htan f=b = 2h () =b
= 2bh’> =bh®>+ab(b+a) = h?=a(b+a) = h=/a(a+Db).
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17. The surface area of the cylinder is S = 2712 4+ 27rh. From I
the diagram we have & = H=h = h = RH_H 459 =
S(r) = 27r(r+h) = 27r (r+ H—r &) T
=27 (1 — &) r® + 2nHr, where 0 <r <R. H
Case I: H <R = S(r) is a quadratic equation containing h \
the origin and concave upward =- S(r) is maximum at =
r=R.

Case 2: H=R = S(r) is a linear equation containing the
origin with a positive slope = S(r) is maximum at
r=R.
Case 3: H > R = S(r) is a quadratic equation containing the origin and concave downward. Then

% :471'(1 —g)r—|—27rHand% =0 = 471'(1 —%)r—!—Zﬂ'H:O = r= %. For simplification

* RH
we letr* = H-R)

() fR<H<?2R,then0>H—-2R = H>2H-R) = r*=%
right endpoint R of the interval 0 < r < R because S(r) is an increasing function of r.

(b) If H=2R, thenr* = ZZLRZ =R = S(r)is maximum atr = R.

(¢) fH>2R,then2R+H<2H = H<2(H-R) = ﬁa = %<R = r* < R. Therefore,

. . ok RH
S(r) is amaximum atr =r* = MH-B)

> R. Therefore, the maximum occurs at the

Conclusion: If H € (0, 2R], then the maximum surface area is atr = R. If H € (2R, c0), then the maximum is at
ok RH
r=r1"= 5535 -
18. f(x) =mx — 1+ % = f'(x)=m— xiz and "' (x) = % >0whenx > 0. Thenf'(x) =0 = x = ﬁ yields a minimum.

If f (ﬁ) 0,then /m— 1+ /m=2/m—-1 0 = m 1. Thus the smallest acceptable value for mis 1.

19. (a) The profit function is P(x) = (c —ex)x — (a+bx) = —ex’ + (c —b)x —a. P/(x) = —2ex+c—b =0
c—b
2

= x = $2.P"(x) = —2e < Oife > 0 so that the profit function is maximized at x =

(b) The price therefore that corresponds to a production level yeilding a maximum profit is

Pl ., =¢~ e(522) = <2 dollars.

2e

T 2

c

—b)2 — —b)?

Zeb) + (C _b)(%) —a= <C4e) —a

(d) The tax increases cost to the new profit function is F(x) = (c —ex)x — (a+bx + tx) = —ex’> + (c — b —t)x —a.
Now F'(x) = —2ex + ¢ — b — t = 0 when x = “-—¢ = €=P=! Since F"(x) = —2e < 0if e > 0, F is maximized

—2e 2
units per week. Thus the price per unitis p = ¢ — e(<=2=!) = <2+

5 dollars if units are priced to maximize profit.

(¢) The weekly profit at this production level is P(x) = —e(

c—b—t

36 dollars. Thus, such a tax

when x =

ct+b+t _ c+b __
2 2

increases the cost per unit by

20. (a)

The x-intercept occurs when % —-3=0= % =3=x= %
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: 3
(b) By Newton's method, X1 = X, — fr,(&"‘)). Here f'(x,) = —x,2 = ;—} SO Xpt1 = Xp — 0~ = X, + (i — 3) x2

= Xp + Xp — 3x2 = 2x, — 3x2 = X, (2 — 3%y).

f(x0) Xg—a qxg —xg+a xg(q—1)+a 1 a 1
21. Xy = X0 — 7% = X9 — = = =Xgl = = so that x; is a weighted average of x
1 0~ Flxo) U P P o\ )t T 1 g g 0

a : : -1
and T with weights my = qT and m; =

N=n

—1 a 1 a q—1 1 a
In the case where x; = -2; we have x4 = aand x; = & ( == —— ) ===(T—4+ ) = .
0= T 0 7 xa T T o \q P\ Ty xd!

22. We have that (x — h)? + (y —h)? = 2 and 50 2(x — h) + 2(y —h)% = 0 and 2 + 2% + 2(y — )&} = 0 hold.

+ydx

Thus 2x + 2y 3 & — oh + 2h dy , by the former. Solving for h, we obtain h = Tro . Substituting this into the second

L dy
equation yields 2 + 2 -+ 2y <x1-:—y(;‘y‘> = 0. Dividing by 2 results in 1 + y <’::_—y$> =0.
dx dx
23. (a) a(t) =s"(t) = -k (k> 0) = §'(t) = —kt + Cy, where §'(0) = 88 = C; = 88 = §/(t) = —kt + 88. So
s(t) = =5 + 88t + C, where s(0) = 0 = C, = 050 5(t) = = + 88t. Now s(t) = 100 when
%tz + 88t = 100. Solving for t we obtain t = 33 V85— 200k VSEQ_QOUK. At such t we want §'(t) = 0, thus
_k(w) +88=0or —k(%_i 852_200]() + 88 = 0. In either case we obtain 887 — 200k = 0

382
so that k = 500 & 38.72 ft/sec?.

(b) The initial condition that s'(0) = 44 ft/sec implies that s'(t) = —kt + 44 and s(t) = ’kt + 44t where k is as above.
The car is stopped at a time t such that s'(t) = —kt+ 44 =0=t = %. At this time the car has traveled a distance

s(3) = (¢ ) +44(4) = 48— 98 _ 968(200) = 25 feet. Thus halving the initial velocity quarters

stopping distance.

24. (X) £2(x) + g2 (x) = '(x) = 2f(x)f'(x) + 2g(x)¢'(x) = 2[f(x g(x)g'(x)] = 2[f(x)g(x) + g(x)(—f(x))]
= 2.0 = 0. Thus h(x) = c, a constant. Since h(0 ) 5,h(x) = 5for allxm the domain of h. Thus h(10) = 5.

25. Yes. The curve y = x satisfies all three conditions since d = 1 everywhere, when x = 0,y = 0, and ¥ =0 everywhere.

dx~

26. y =3x>+2forallx =>y=x>+2x+Cwhere —1=1342-1+C=C=-4=>y=x>+2x—4.

27. ") =a=-C=>v=5(1) = _7‘3 + C. We seek vy = §'(0) = C. We know that s(t*) = b for some t* and s is at a
maximum for this t*. Since s(t) = i + Ct+ k and s(0) = 0 we have that s(t) = ’1—;‘ + Ctand also §'(t*) = 0 so that
¢ = (30)"7% 50 FEIL 1 c(30)% =b= (30)/3(C - %) = b= (30)"/3(5) = b = 31CH3 = 1
=C= (4b§3/ . Thus vo = §'(0) = (4b3 = 2\/_b?’/4

28. () §"(t) =t1/2 =tV = v(t) = §'(t) = 2632 — 2t/2 + k where v(0) =k = # = v(t) = 2¢/2 — 2t1/2 4+ &
(b) s(t) = 2°/2 — 362 + 3t 4+ ko where s(0) =k = — . Thus s(t) = £26°2 — 3632 4 21— L

29. The graph of f(x) = ax? 4+ bx + ¢ with a > 0 is a parabola opening upwards. Thus f(x) 0 for all x if f(x) = 0 for at most

. . . =2bE4/(2b)* -4
one real value of x. The solutions to f(x) = 0 are, by the quadratic equation #

(2b)* — 4ac < 0 = b? —ac < 0.

. Thus we require
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30. (a)

(b)

Chapter 4 Additional and Advanced Exercises

Clearly f(x) = (a;x + by)® + ... + (axx + b,)?> 0 for all x. Expanding we see
f(x) = (alx? + 2a;b1x + b?) + ... + (a2x® + 2a,b,x + b?)
=(al+al+...+a)x> +2(ab; +asby + ... +azby)x+ (b7 +b3+ ... +b2) 0.
Thus (a;b; + asby + ... +ayby)* — (a2 + a2 4 ... +a2)(b? + b2 + ...+ b?) < 0 by Exercise 29.
Thus (ajby + ashy + ... +a,by)* < (a2 + a2 +... +a2)(b? + b3 + ... +b2).
Referring to Exercise 29: It is clear that f(x) = 0 for some real x <> b*> — 4ac = 0, by quadratic formula.
Now notice that this implies that
f(x) = (a1x +b1)* + ... + (agx + b,)?
=(@+al+...+a2)x> +2(atb; +asby + ... +azby)x+ (b2 +bi+ ... +b3) =0
& (aiby +asby 4+ ... +agby)® — (@l +ai ... +ad)(bI+ b3+ ... +b2) =0
& (atby +asby 4 ... +agby)’ = (a2 +ai+...+ad)(b? + b+ ... +b2)
Butnow f(x) =0< ax+b;=0foralli=1,2, ..., neax=—-b;=0foralli=1,2, ..., n
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