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 (b) Graphing f x x x x and  f x x x  on  by  we see that each x-intercept ofa b a bœ � & � % œ & � "& � % Ò�$ß $Ó Ò�(ß (Ó& $ w % #

 f x  lies between a pair of x-intercepts of f x , as expected by Rolle's Theorem.wa b a b

 

 (c) Yes, since sin is continuous and differentiable on .a b�_ß _

59. f x  must be zero at least once between a and b by the Intermediate Value Theorem. Now suppose that f x  is zero twicea b a b
 between a and b. Then by the Mean Value Theorem, f x  would have to be zero at least once between the two zeros ofwa b
 f x , but this can't be true since we are given that f x  on this interval. Therefore, f x  is zero once and only oncea b a b a bw Á !

 between a and b.

60. Consider the function k x f x g x . k x  is continuousa b a b a b a bœ �

 and differentiable on a, b , and since k a f a g a  andÒ Ó œ �a b a b a b
 k b f b g b , by the Mean Value Theorem, there musta b a b a bœ �

 be a point c in a, b  where k c . But sincea b a bw œ !

 k c f c g c , this means that f c g c , and c is aw w w w wa b a b a b a b a bœ � œ

 point where the graphs of f and g have tangent lines with the
 same slope, so these lines are either parallel or are the same
 line.  

61. f x 1 for 1 x 4 f x  is differentiable on 1 x 4 f is continuous on 1 x 4 f satisfies thewa b a bŸ Ÿ Ÿ Ê Ÿ Ÿ Ê Ÿ Ÿ Ê

 conditions of the Mean Value Theorem f c  for some c in 1 x 4 f c 1 1Ê œ � � Ê Ÿ Ê Ÿf 4 f 1 f 4 f 1
4 1 3

a b a b a b a b� �
�

w wa b a b
 f 4 f 1 3Ê � Ÿa b a b
62. 0 f x  for all x f x  exists for all x, thus f is differentiable on 1, 1 f is continuous on 1, 1� � Ê � Ê Ò� Ów w"

#a b a b a b
 f satisfies the conditions of the Mean Value Theorem f c  for some c in 1, 1 0Ê Ê œ Ò� Ó Ê � �f 1 f 1 f 1 f 1

1 1 2
a b a b a b a ba b� � � �

� � #
w "a b

 0 f 1 f 1 1. Since f 1 f 1 1 f 1 1 f 1 2 f 1 , and since 0 f 1 f 1Ê � � � � � � � Ê � � � � � � � � �a b a b a b a b a b a b a b a b a b
 we have f 1 f 1 . Together we have f 1 f 1 2 f 1 .a b a b a b a b a b� � � � � � �

63. Let f t cos t and consider the interval 0, x  where x is a real number. f is continuous on 0, x  and f is differentiable ona b œ Ò Ó Ò Ó

 0, x  since f t sin t f satisfies the conditions of the Mean Value Theorem f c  for some c ina b a b a b f x f 0
x 0

w w�
�œ � Ê Ê œa b a ba b

 0, x sin c. Since 1 sin c 1 1 sin c 1 1 1. If x 0, 1 1Ò Ó Ê œ � � Ÿ Ÿ Ê � Ÿ � Ÿ Ê � Ÿ Ÿ � � Ÿ Ÿcos x 1 cos x 1 cos x 1
x x x
� � �

 x cos x 1 x cos x 1 x x . If x 0,  1 1 x cos x 1 xÊ � Ÿ � Ÿ Ê l � l Ÿ œ l l � � Ÿ Ÿ Ê �   �  cos x 1
x
�

 x cos x 1 x x cos x 1 x cos x 1 x x . Thus, in both cases, we haveÊ Ÿ � Ÿ � Ê � � Ÿ � Ÿ � Ê l � l Ÿ � œ l la b
 cos x 1 x . If x 0, then cos 0 1 1 1 0 0 , thus cos x 1 x  is true for all x.l � l Ÿ l l œ l � l œ l � l œ l l Ÿ l l l � l Ÿ l l

64. Let f(x) sin x for a x b.  From the Mean Value Theorem there exists a c between a and b such thatœ Ÿ Ÿ

 cos c  1 1  1  sin b sin a b a .sin b sin a sin b sin a sin b sin a
b a b a b a
� � �
� � �œ Ê � Ÿ Ÿ Ê Ÿ Ê � Ÿ �¸ ¸ k k k k

65. Yes.  By Corollary 2 we have f(x) g(x) c since f (x) g (x).  If the graphs start at the same point x a,œ � œ œw w

 then f(a) g(a)  c 0  f(x) g(x).œ Ê œ Ê œ
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66. Assume f is differentiable and f w f x w x  for all values of w and x. Since f is differentiable, f x  exists andl � l Ÿ l � la b a b a bw

 f x  lim    using the alternative formula for the derivative. Let g x x , which is continuous for all x.w
w �

�a b a bœ œ l l
Ä x

f w f x
w x

a b a b

 By Theorem 10 from Chapter 2, f x  lim    lim    lim   . Sincew w w
¸ ¸a b º º ¹ ¹w � �

� � l � l
l � lœ œ œ

Ä Ä Äx x x
f w f x f w f x

w x w x w x
f w f xa b a b a b a b a b a b

 f w f x w x  for all w and x 1 as long as w x. By Theorem 5 from Chapter 2,l � l Ÿ l � l Ê Ÿ Áa b a b l � l
l � l

f w f x
w x

a b a b

 f x  lim    lim 1 1 f x 1 1 f x 1.w w
¸ ¸ ¸ ¸a b a b a bw w wl � l

l � lœ Ÿ œ Ê Ÿ Ê � Ÿ Ÿ
Ä Äx x

f w f x
w x

a b a b

67. By the Mean Value Theorem we have f (c) for some point c between a and b. Since b a 0 and f(b) f(a),f(b) f(a)
b a
�
�

wœ � � �

 we have f(b) f(a) 0  f (c) 0.� � Ê �w

68. The condition is that f  should be continuous over [a b].  The Mean Value Theorem then guarantees thew ß

 existence of a point c in (a b) such that f (c).  If f  is continuous, then it has a minimum andß œf(b) f(a)
b a
�
�

w w

 maximum value on [a b], and min f f (c) max f , as required.ß Ÿ Ÿw w w

69. f (x) 1 x  cos x   f (x) 1 x  cos x 4x  cos x x  sin xw % ww % $ %�" �#
œ � Ê œ � � �a b a b a b

 x 1 x  cos x (4 cos x x sin x) 0 for 0 x 0.1  f (x) is decreasing when 0 x 0.1œ � � � � Ÿ Ÿ Ê Ÿ Ÿ$ % w�#a b
   min f 0.9999 and max f 1.  Now we have 0.9999 1  0.09999 f(0.1) 1 0.1Ê ¸ œ Ÿ Ÿ Ê Ÿ � Ÿw w � "f(0.1)

0.1

   1.09999 f(0.1) 1.1.Ê Ÿ Ÿ

70. f (x) 1 x   f (x) 1 x 4x 0 for 0 x 0.1  f (x) is increasing whenw % ww % $ w�" �#

�
œ � Ê œ � � � œ � � Ÿ Êa b a b a b 4x

1 x

$

% $a b
 0 x 0.1  min f 1 and max f 1.0001.  Now we have 1 1.0001Ÿ Ÿ Ê œ œ Ÿ Ÿw w �f(0.1) 2

0.1

  0.1 f(0.1) 2 0.10001  2.1 f(0.1) 2.10001.Ê Ÿ � Ÿ Ê Ÿ Ÿ

71. (a) Suppose x 1, then by the Mean Value Theorem 0  f(x) f(1).  Suppose x 1, then by the� � Ê � �f(x) f(1)
x 1
�
�

 Mean Value Theorem 0  f(x) f(1).  Therefore f(x) 1 for all x since f(1) 1.f(x) f(1)
x 1
�
� � Ê �   œ

 (b) Yes.  From part (a),  lim   0 and  lim   0.  Since f (1) exists, these two one-sided
x 1 x 1Ä Ä� �

f(x) f(1) f(x) f(1)
x 1 x 1
� �
� �

wŸ  

 limits are equal and have the value f (1)  f (1) 0 and f (1) 0  f (1) 0.w w w wÊ Ÿ   Ê œ

72. From the Mean Value Theorem we have f (c) where c is between a and b.  But f (c) 2pc q 0f(b) f(a)
b a
�
�

w wœ œ � œ

 has only one solution c .  (Note:  p 0 since f is a quadratic function.)œ � Áq
p#

4.3  MONOTONIC FUNCTIONS AND THE FIRST DERIVATIVE TEST

 1. (a) f (x) x(x 1)  critical points at 0 and 1w œ � Ê

 (b) f   increasing on ( ) and ( ), decreasing on ( )w œ ��� ± ��� ± ��� Ê �_ß ! "ß_ !ß "
! "

 (c) Local maximum at x 0 and a local minimum at x 1œ œ

 2. (a) f (x) (x 1)(x 2)  critical points at 2 and 1w œ � � Ê �

 (b) f   increasing on ( ) and ( ), decreasing on ( 2 )w œ ��� ± ��� ± ��� Ê �_ß�# "ß_ � ß "
�# "

 (c) Local maximum at x 2 and a local minimum at x 1œ � œ

 3. (a) f (x) (x 1) (x 2)  critical points at 2 and 1w #œ � � Ê �

 (b) f   increasing on ( 2 1) and ( ), decreasing on ( 2)w œ ��� ± ��� ± ��� Ê � ß "ß_ �_ß�
�# "
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 (c) No local maximum and a local minimum at x 2œ �

 4.  (a) f (x) (x 1) (x 2)   critical points at 2 and 1w # #œ � � Ê �

 (b) f   increasing on ( 2) ( ) ( ), never decreasingw œ ��� ± ��� ± ��� Ê �_ß� � �#ß " � "ß_
�# "

 (c) No local extrema

 5.  (a) f (x) (x 1)(x 2)(x 3)  critical points at 2, 1 and 3w œ � � � Ê �

 (b) f   increasing on ( 2 1) and ( ), decreasing on ( 2) and ( )w œ ��� ± ��� ± ��� ± ��� Ê � ß $ß_ �_ß� "ß $
�# " $

 (c) Local maximum at x 1, local minima at x 2 and x 3œ œ � œ

 6. (a) f (x) (x 7)(x 1)(x 5)  critical points at 5, 1 and 7w œ � � � Ê � �

 (b) f   increasing on ( 5 1) and (7 ), decreasing on ( 5) and ( 7)w œ ��� ± ��� ± ��� ± ��� Ê � ß� ß_ �_ß� �"ß
�& �" (

 (c) Local maximum at x 1, local minima at x 5 and x 7œ � œ � œ

 7. (a) f (x) critical points at x 0, x 1 and x 2w �
�œ Ê œ œ œ �x x 1

x 2

2a ba b
 (b) f )(   increasing on 2  and 1 , decreasing on 2 0  and 0 1

2 0 1
w œ ��� ��� ± ��� ± ��� Ê �_ß� ß_ � ß ß

�
a b a b a b a b

 (c) Local minimum at x 1œ

 8. (a) f (x) critical points at x 2, x 4, x 1, and x 3w � �
� �œ Ê œ œ � œ � œa ba ba ba bx 2 x 4

x 1 x 3

 (b) f  )( )(   increasing on 4 , 1 2  and 3 , decreasing on
4 21 3

w œ ��� ± ��� ��� ± ��� ��� Ê �_ß� � ß ß_
� �

a b a b a b
  4 1  and 2 3a b a b� ß� ß

 (c) Local maximum at x 4 and x 2œ � œ

 9. (a) f (x) 1 critical points at x 2, x 2 and x 0.w �œ � œ Ê œ � œ œ4 x 4
x x2 2

2

 (b) f )(   increasing on 2  and 2 , decreasing on 2 0  and 0 2
2 20

w œ ��� ± ��� ��� ± ��� Ê �_ß� ß_ � ß ß
�

a b a b a b a b
 (c) Local maximum at x 2, local minimum at x 2œ � œ

10. (a) f (x) 3 critical points at x 4 and x 0w �
œ � œ Ê œ œ6

x x
3 x 6

È È
È

 (b) f (   increasing on 4 , decreasing on 0 4
0 4

w œ ��� ± ��� Ê ß_ ßa b a b
 (c) Local minimum at x 4œ

11. (a) f (x) x (x 2) critical points at x 2 and x 0w �"Î$œ � Ê œ � œ

 (b) f )(   increasing on ( 2) and (0 ), decreasing on ( 2 0)
2 0

w œ ��� ± ��� ��� Ê �_ß� ß_ � ß
�

 (c) Local maximum at x 2, local minimum at x 0œ � œ

12. (a) f (x) x (x 3) critical points at x 0 and x 3w �"Î#œ � Ê œ œ

 (b) f (   increasing on (3 ), decreasing on (0 3)
0 3

w œ ��� ± ��� Ê ß_ ß

 (c) No local maximum and a local minimum at x 3œ

13. (a) f (x) sin x 1 2cos x 1 , 0 x 2 critical points at x , x ,  and xw œ � � Ÿ Ÿ Ê œ œ œa ba b 1
1 1 1

2 3 3
2 4

 (b) f    increasing on , decreasing on 0 ,   and 2
0 2

w œ Ò��� ± ��� ± ��� ± ��� Ó Ê ß ß ß ß
1 1 1

1 1 1 1 1 1

2
2 4
3 3

2 4 2 4
3 3 2 2 3 3

1

1ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
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 (c) Local maximum at x  and x 0, local minimum at x  and x 2œ œ œ œ4 2
3 3
1 1

1

14. (a) f (x) sin x cos x sin x cos x , 0 x 2 critical points at x , x , x ,  and xw œ � � Ÿ Ÿ Ê œ œ œ œa ba b 1
1 1 1 1

4 4 4 4
3 5 7

 (b) f    increasing on  and , decreasing on 0 ,
0 2

w œ Ò��� ± ��� ± ��� ± ��� ± ��� Ó Ê ß ß ß
1 1 1 1

1 1 1 1 1

4
3
4

5 7
4 4

4 4 4 4 4
3 5 7

1

ˆ ‰ ˆ ‰ ˆ ‰
  and 2ˆ ‰ ˆ ‰3 5 7

4 4 4
1 1 1ß ß 1

 (c) Local maximum at x 0, x  and x , local minimum at x , x  and x 2œ œ œ œ œ œ3 7 5
4 4 4 4
1 1 1 1

1

15. (a) Increasing on 2 0  and 2 4 , decreasing on 4 2  and 0 2a b a b a b a b� ß ß � ß� ß

 (b) Absolute maximum at 4 2 , local maximum at 0 1  and 4 1 ; Absolute minimum at 2 3 , local minimum ata b a b a b a b� ß ß ß� ß�

 2 0a b� ß

16. (a) Increasing on 4 3.25 , 1.5 1 , and 2 4 , decreasing on 3.25 1.5  and 1 2a b a b a b a b a b� ß� � ß ß � ß� ß

 (b) Absolute maximum at 4 2 , local maximum at 3.25 1  and 1 1 ; Absolute minimum at 1.5 1 , locala b a b a b a bß � ß ß � ß�

 minimum at 4 0  and 2 0a b a b� ß ß

17. (a) Increasing on 4 1 , 0.5 2 , and 2 4 , decreasing on 1 0.5a b a b a b a b� ß� ß ß � ß

 (b) Absolute maximum at 4 3 , local maximum at 1 2  and 2 1 ; No absolute minimum, local minimum ata b a b a bß � ß ß

 4 1 and 0.5 1a b a b� ß� ß�

18. (a) Increasing on 4 2.5 , 1 1 , and 3 4 , decreasing on 2.5 1  and 1 3a b a b a b a b a b� ß� � ß ß � ß� ß

 (b) No absolute maximum, local maximum at 2.5 1 , 1 2  and 4 2 ; No absolute minimum, local minimum ata b a b a b� ß ß ß

 1 0  and 3 1a b a b� ß ß

19. (a) g(t) t 3t 3  g (t) 2t 3  a critical point at t ; g , increasing onœ � � � Ê œ � � Ê œ � œ ��� ± ���
�$Î#

# w w
#
3

 , decreasing on ˆ ‰ ˆ ‰�_ß� � ß_3 3
# #

 (b) local maximum value of g  at t , absolute maximum is  at tˆ ‰� œ œ � œ �3 21 3 21 3
4 4# # #

20. (a) g(t) 3t 9t 5 g (t) 6t 9  a critical point at t ; g , increasing on ,œ � � � Ê œ � � Ê œ œ ��� ± ��� �_ß
$Î#

# w w
#
3 3

2
ˆ ‰

 decreasing on ˆ ‰3
# ß_

 (b) local maximum value of g  at t , absolute maximum is  at tˆ ‰3 47 3 47 3
4 4# # #œ œ œ

21. (a) h(x) x 2x   h (x) 3x 4x x(4 3x)  critical points at x 0, œ � � Ê œ � � œ � Ê œ$ # w # 4
3

  h , increasing on 0 , decreasing on ( ) and Ê œ ��� ± ��� ± ��� ß �_ß ! ß_
! %Î$

w ˆ ‰ ˆ ‰4 4
3 3

 (b) local maximum value of h  at x ; local minimum value of h(0) 0 at x 0, no absolute extremaˆ ‰4 32 4
3 27 3œ œ œ œ

22. (a) h(x) 2x 18x  h (x) 6x 18 6 x 3 x 3   critical points at x 3œ � Ê œ � œ � � Ê œ „$ w # Š ‹Š ‹È È È
  h  |   |  , increasing on 3  and , decreasing on 3Ê œ ��� ��� ��� �_ß� $ß_ � $ß

� $ $

w

È È Š ‹ Š ‹ Š ‹È ÈÈ È

 (b) a local maximum is h 3 12 3 at x 3; local minimum is h 3 12 3 at x 3, no absoluteŠ ‹ Š ‹È È È È È È� œ œ � œ � œ

 extrema
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23. (a) f( ) 3 4   f ( ) 6 12 6 (1 2 )  critical points at 0,   f ,) ) ) ) ) ) ) ) )œ � Ê œ � œ � Ê œ Ê œ ��� ± ��� ± ���
! "Î#

# $ w # w"
#

 increasing on 0 , decreasing on ( ) and ˆ ‰ ˆ ‰ß �_ß ! ß_" "
# #

 (b) a local maximum is f  at , a local minimum is f(0) 0 at 0, no absolute extremaˆ ‰" " "
# #œ œ œ œ4 ) )

24. (a) f( ) 6   f ( ) 6 3 3 2 2   critical points at 2 ) ) ) ) ) ) ) )œ � Ê œ � œ � � Ê œ „ Ê$ w # Š ‹Š ‹È È È
 f , increasing on 2 2 , decreasing on 2  and 2w œ ��� ± ��� ± ��� � ß �_ß� ß_

� # #È È Š ‹ Š ‹ Š ‹È È È È

 (b) a local maximum is f 2 4 2 at 2, a local minimum is f 2 2 at 2, no absoluteŠ ‹ Š ‹È È È È È Èœ œ � œ �% œ �) )

 extrema

25. (a) f(r) 3r 16r  f (r) 9r 16  no critical points  f , increasing on ( ), neverœ � Ê œ � Ê Ê œ ����� �_ß_$ w # w

 decreasing
 (b) no local extrema, no absolute extrema

26. (a) h(r) (r 7)   h (r) 3(r 7)   a critical point at r 7  h , increasing onœ � Ê œ � Ê œ � Ê œ ��� ± ���
�(

$ w # w

 ( 7) ( ), never decreasing�_ß� � �(ß_

 (b) no local extrema, no absolute extrema

27. (a) f(x) x 8x 16  f (x) 4x 16x 4x(x 2)(x 2)  critical points at x 0 and x 2œ � � Ê œ � œ � � Ê œ œ „% # w $

  f , increasing on ( ) and ( ), decreasing on ( 2) and ( )Ê œ ��� ± ��� ± ��� ± ��� �#ß ! #ß_ �_ß� !ß #
�# ! #

w

 (b) a local maximum is f(0) 16 at x 0, local minima are f 2 0 at x 2, no absolute maximum; absoluteœ œ „ œ œ „a b
 minimum is 0 at x 2œ „

28. (a) g(x) x 4x 4x   g (x) 4x 12x x 4x(x 2)(x 1)  critical points at x 0, 1, 2œ � � Ê œ � � ) œ � � Ê œ% $ # w $ #

  g , increasing on (0 1) and ( ), decreasing on ( 0) and (1 )Ê œ ��� ± ��� ± ��� ± ��� ß #ß_ �_ß ß #
! " #

w

 (b) a local maximum is g(1) 1 at x 1, local minima are g(0) 0 at x 0 and g(2) 0 at x 2, no absoluteœ œ œ œ œ œ

 maximum; absolute minimum is 0 at x 0, 2œ

29. (a) H(t) t t   H (t) 6t 6t 6t (1 t)( t)  critical points at t 0, 1œ � Ê œ � œ � " � Ê œ „3
#

% ' w $ & $

  H , increasing on ( 1) and (0 1), decreasing on ( 0) and ( )Ê œ ��� ± ��� ± ��� ± ��� �_ß� ß �"ß "ß_
�" ! "

w

 (b) the local maxima are H( 1)  at t 1 and H(1)  at t 1, the local minimum is H(0) 0 at t 0, absolute� œ œ � œ œ œ œ" "
# #

 maximum is  at t 1; no absolute minimum"
# œ „

30. (a) K(t) 15t t   K (t) 45t 5t 5t (3 t)(3 t)  critical points at t 0, 3œ � Ê œ � œ � � Ê œ „$ & w # % #

  K , increasing on ( 3 0) (0 3), decreasing on ( 3) and (3 )Ê œ ��� ± ��� ± ��� ± ��� � ß � ß �_ß� ß_
�$ ! $

w

 (b) a local maximum is K(3) 162 at t 3,  a local minimum is K( 3) 162 at t 3, no absolute extremaœ œ � œ � œ �

31. (a) f(x) x 6 x 1 f (x) 1 critical points at x 1 and x 10œ � � Ê œ � œ Ê œ œÈ w
� �

� �3
x 1 x 1

x 1 3È È
È

 f (  , increasing on 10, , decreasing on 1, 10
1 10

Ê œ ��� ± ��� _w a b a b
 (b) a local minimum is f 10 8, a local and absolute maximum is  f 1 1, absolute minimum of 8 at x 10a b a bœ � œ � œ
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32. (a) g(x) 4 x x 3  g (x) 2x critical points at x 1 and x 0œ � � Ê œ � œ Ê œ œÈ 2 2 2 2x
x x

w �È È
3 2Î

 g  , increasing on 0, 1 , decreasing on 1, 
0 1

Ê œ Ð ��� ± ��� _w a b a b
 (b) a local minimum is f 0 3, a local maximum is  f 1 6, absolute maximum of 6 at x 1a b a bœ œ œ

33. (a) g(x) x 8 x x 8 x   g (x) 8 x x x ( 2x)œ � œ � Ê œ � � ) � � œÈ a b a b a bˆ ‰# # w # #"Î# "Î# �"Î#"
#

� �

� �

2(2 x)(2 x)

2 2 x 2 2 xÊŠ ‹Š ‹È È

 critical points at x 2, 2 2 g (      , increasing on ( ), decreasing onÊ œ „ „ Ê œ ��� ± ��� ± ��� Ñ �#ß #

�# # �# # # #

È
È È

w

 2  and 2Š ‹ Š ‹È È�# ß�# #ß #

 (b) local maxima are g(2) 4 at x 2 and g 2 2 0 at x 2 2, local minima are g( 2) 4 atœ œ � œ œ � � œ �Š ‹È È
 x 2 and g 2 2 0 at x 2 2, absolute maximum is 4 at x 2; absolute minimum is 4 at x 2œ � œ œ œ � œ �Š ‹È È

34. (a) g(x) x 5 x x (5 x)   g (x) 2x(5 x) x (5 x) ( 1)  critical points atœ � œ � Ê œ � � � � œ Ê# # "Î# w "Î# # �"Î#"
#

�

�
È ˆ ‰ 5x(4 x)

2 5 xÈ
 x 0, 4 and 5  g  , increasing on (0 4), decreasing on ( ) and ( )œ Ê œ ��� ± ��� ± ��� Ñ ß �_ß ! %ß &

! % &

w

 (b) a local maximum is g(4) 16 at x 4, a local minimum is 0 at x 0 and x 5, no absolute maximum; absoluteœ œ œ œ

 minimum is 0 at x 0, 5œ

35. (a) f(x)   f (x)   critical points at x 1, 3œ Ê œ œ Ê œx 3
x (x 2) (x )

2x(x 2) x 3 (1) (x 3)(x )# #

# #

�
�# � �#

w � � � � �"a b

  f )( , increasing on ( 1) and ( ), decreasing on ( ) and ( ),Ê œ ��� ± ��� ��� ± ��� �_ß $ß_ "ß # #ß $
" $#

w

 discontinuous at x 2œ

 (b) a local maximum is f(1) 2 at x 1, a local minimum is f(3) 6 at x 3, no absolute extremaœ œ œ œ

36. (a) f(x)   f (x)   a critical point at x 0œ Ê œ œ Ê œx
3x 1

3x 3x 1 x (6x) 3x x 1
3x 1 3x 1

$

#

# # $ # #

# ## #�
w � � �

� �

a b a b
a b a b

  f , increasing on ( ) ( ), and never decreasingÊ œ ��� ± ��� �_ß ! � !ß_
!

w

 (b) no local extrema, no absolute extrema

37. (a) f(x) x (x 8) x 8x   f (x) x x   critical points at x 0, 2œ � œ � Ê œ � œ Ê œ �"Î$ %Î$ "Î$ w "Î$ �#Î$ �4 8
3 3

4(x 2)
3x#Î$

  f )( , increasing on ( ) ( ), decreasing on ( 2)Ê œ ��� ± ��� ��� �#ß ! � !ß_ �_ß�
�# !

w

 (b) no local maximum, a local minimum is f( 2) 6 2 7.56 at x 2, no absolute maximum; absolute� œ � ¸ � œ �$È
 minimum is 6 2 at x 2� œ �$È

38. (a) g(x) x (x 5) x 5x   g (x) x x   critical points at x 2 andœ � œ � Ê œ � œ Ê œ �#Î$ &Î$ #Î$ w #Î$ �"Î$ �5 10
3 3

5(x 2)
3 x$È

 x 0  g )( , increasing on ( 2) and ( ), decreasing on ( 2 )œ Ê œ ��� ± ��� ��� �_ß� !ß_ � ß !
�# !

w

 (b) local maximum is g( 2) 3 4 4.762 at x 2, a local minimum is g(0) 0 at x 0, no absolute extrema� œ ¸ œ � œ œ$È

39. (a) h(x) x x 4 x 4x   h (x) x x   critical points atœ � œ � Ê œ � œ Ê"Î$ # (Î$ "Î$ w %Î$ �#Î$
� �#a b 7 4

3 3

7x 2 7x

3 x

Š ‹Š ‹È È
È$ #

 x 0,   h   )(   , increasing on  and , decreasing onœ Ê œ ��� ± ��� ��� ± ��� �_ß ß_

�#Î ( #Î (!

„ �w2 2 2
7 7 7È È ÈÈ È Š ‹ Š ‹

  and Š ‹ Š ‹�2 2
7 7È Èß ! !ß
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 (b) local maximum is h 3.12 at x , the local minimum is h 3.12, no absoluteŠ ‹ Š ‹� �2 2 2
7 7 7

24 2 24 2
7 7È È È
È È

œ ¸ œ œ � ¸ �
$ $

(Î' (Î'

 extrema

40. (a) k(x) x x 4 x 4x   k (x) x x   critical points atœ � œ � Ê œ � œ Ê#Î$ # )Î$ #Î$ w &Î$ �"Î$ � �a b 8 8
3 3

8(x 1)(x 1)
3 x$È

 x 0, 1  k )( , increasing on ( ) and ( ), decreasing on ( 1)œ „ Ê œ ��� ± ��� ��� ± ��� �"ß ! "ß_ �_ß�
�" "!

w

 and ( 1)!ß

 (b) local maximum is k(0) 0 at x 0, local minima are k 1 3 at x 1, no absolute maximum; absoluteœ œ „ œ � œ „a b
 minimum is 3 at x 1� œ „

41. (a) f(x) 2x x f (x) 2 2x a critical point at x 1  f ]  and f 1 1 and f 2 0
1 2

œ � Ê œ � Ê œ Ê œ ��� ± ��� œ œ# w w a b a b
 a local maximum is 1 at x 1, a local minimum is 0 at x 2.œ œ

 (b) There is an absolute maximum of 1 at x 1; no absolute minimum.œ

 (c) 

42. (a) f(x) (x 1)   f (x) 2(x 1)  a critical point at x 1  f ] and f( 1) 0, f(0) 1œ � Ê œ � Ê œ � Ê œ ��� ± ��� � œ œ
�" !

# w w

  a local maximum is 1 at x 0, a local  minimum is 0 at x 1Ê œ œ �

 (b) no absolute maximum; absolute minimum is 0 at x 1œ �

 (c) 

43. (a) g(x) x 4x 4  g (x) 2x 4 2(x 2)  a critical point at x 2  g [  andœ � � Ê œ � œ � Ê œ Ê œ ��� ± ���
" #

# w w

 g(1) 1, g(2) 0  a local maximum is 1 at x 1, a local  minimum is g(2) 0 at x 2œ œ Ê œ œ œ

 (b) no absolute maximum; absolute minimum is 0 at x 2œ

 (c) 

44. (a) g(x) x 6x 9 g (x) 2x 6 2(x 3)  a critical point at x 3  g [  andœ � � � Ê œ � � œ � � Ê œ � Ê œ ��� ± ���
�% �$

# w w

 g( 4) 1, g( 3) 0  a local maximum is 0 at x 3, a local  minimum is 1 at x 4� œ � � œ Ê œ � � œ �
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 (b) absolute maximum is 0 at x 3; no absolute minimumœ �

 (c) 

45. (a) f(t) 12t t   f (t) 12 3t 3(2 t)(2 t)  critical points at t 2  f [œ � Ê œ � œ � � Ê œ „ Ê œ ��� ± ��� ± ���
�$ �# #

$ w # w

 and f( 3) 9, f( 2) 16, f(2) 16  local maxima are 9 at t 3 and 16 at t 2, a local minimum is� œ � � œ � œ Ê � œ � œ

  16 at t 2� œ �

 (b) absolute maximum is 16 at t 2; no absolute minimumœ

 (c) 

46. (a) f(t) t 3t   f (t) 3t 6t 3t(t 2)  critical points at t 0 and t 2œ � Ê œ � œ � Ê œ œ$ # w #

  f ] and f(0) 0, f(2) 4, f(3) 0  a local maximum is 0 at t 0 and t 3, aÊ œ ��� ± ��� ± ��� œ œ � œ Ê œ œ
! # $

w

 local minimum is 4 at t 2� œ

 (b) absolute maximum is 0 at t 0, 3; no absolute minimumœ

 (c) 

47. (a) h(x) 2x 4x  h (x) x 4x 4 (x 2)   a critical point at x 2  h [  andœ � � Ê œ � � œ � Ê œ Ê œ ��� ± ���
! #

x
3

$ # w # # w

 h(0) 0  no local maximum, a local minimum is 0 at x 0œ Ê œ

 (b) no absolute maximum; absolute minimum is 0 at x 0œ

 (c) 
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48. (a) k(x) x 3x 3x 1  k (x) 3x 6x 3 3(x 1)   a critical point at x 1œ � � � Ê œ � � œ � Ê œ �$ # w # #

  k ] and k( 1) 0, k(0) 1  a local maximum is 1 at x 0, no local minimumÊ œ ��� ± ��� � œ œ Ê œ
�" !

w

 (b) absolute maximum is 1 at x 0; no absolute minimumœ

 (c) 

49. (a) f x 25 x f x critical points at x 0, x 5, and x 5a b a bÈœ � Ê œ Ê œ œ � œ2 x
25 x

w �

�È 2

 f  , f 5 0, f 0 5, f 5 0 local maximum is 5 at x 0; local minimum of 0 at
5 50

Ê œ Ð ��� ± ���Ñ � œ œ œ Ê œ
�

w a b a b a b
 x 5 and x 5œ � œ

 (b) absolute maximum is 5 at x 0; absolute minimum of 0 at x 5 and x 5œ œ � œ

 (c) 

50. (a) f x x 2x 3, 3 x f x only critical point in 3 x  is at x 3a b a bÈœ � � Ÿ � _ Ê œ Ê Ÿ � _ œ2 2x 2
x 2x 3

w �

� �È 2

 f [  , f 3 0  local minimum of 0 at x 3, no local maximum
3

Ê œ ��� œ Ê œw a b
 (b) absolute minimum of 0 at x 3, no absolute maximumœ

 (c) 

51. (a) g x , 0 x 1 g x only critical point in 0 x 1 is x 2 3 0.268a b a b Èœ Ÿ � Ê œ Ê Ÿ � œ � ¸x 2 x 4x 1
x 1 x 1
� � � �
�

w
�2 2

2

2a b
 g [      ), g 2 3 1.866  local minimum of  at x 2 3, local

0 0.268 1
Ê œ ��� l ��� � œ ¸ Ê œ �w

� �
Š ‹È ÈÈ È

È È3 3
4 3 6 4 3 6

 maximum at x 0.œ

 (b) absolute minimum of  at x 2 3, no absolute maximum
È

È 3
4 3 6�

œ �È
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 (c) 

52. (a) g x , 2 x 1 g x only critical point in 2 x 1 is x 0a b a bœ � � Ÿ Ê œ Ê � � Ÿ œx 8x
4 x 4 x

2

2 22�
w

�a b
 g (     ], g 0 0  local minimum of 0 at x 0, local maximum of  at x 1.

2 0 1
Ê œ ��� l ��� œ Ê œ œ

�

w a b 1
3

 (b) absolute minimum of 0 at x 0, no absolute maximumœ

 (c) 

53. (a) f x sin 2x, 0 x f x 2cos 2x, f (x) 0 cos 2x 0 critical points are x  and xa b a bœ Ÿ Ÿ Ê œ œ Ê œ Ê œ œ1
w w 1 1

4 4
3

 f [  ]  , f 0 0, f 1, f 1, f 0 local maxima are 1 at x  and 0
0

Ê œ ��� ± ��� ± ��� œ œ œ � œ Ê œw

1 1

1 1 1

4
3
4

4 4 4
3

1
1a b a bˆ ‰ ˆ ‰

 at x , and local minima are 1 at x  and 0 at x 0.œ � œ œ1
3
4
1

 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has local extreme values where f 0. The functionw œ

 f has a local minimum value at x 0 and x , whereœ œ 3
4
1

 the values of f  change from negative to positive. Thew

 function f has a local maximum value at x  andœ 1

 x , where the values of f change from positive toœ 1

4
w

 negative.

 

54. (a) f x sin x cos x, 0 x 2 f x cos x sin x, f (x) 0 tan x 1 critical points are x  anda b a bœ � Ÿ Ÿ Ê œ � œ Ê œ � Ê œ1
w w 3

4
1

 x f [  ]  , f 0 1, f 2, f 2, f 2 1 local maxima are
0 2

œ Ê œ ��� ± ��� ± ��� œ � œ œ � œ � Ê7 3 7
4 4 4

3
4

7
4

1 1 1

1 1

w

1

1a b a bˆ ‰ ˆ ‰È È

 2 at x  and 1 at x 2 , and local minima are 2 at x  and 1 at x 0.È Èœ � œ � œ � œ3 7
4 4
1 1

1

 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has local extreme values where f 0. The functionw œ

 f has a local minimum value at x 0 and x , whereœ œ 7
4
1

 the values of f  change from negative to positive. Thew

 function f has a local maximum value at x 2  andœ 1

 x , where the values of f change from positive toœ 3
4
1 w

 negative.
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55. (a) f x 3cos x sin x, 0 x 2 f x 3sin x cos x, f (x) 0 tan x critical points area b a bÈ Èœ � Ÿ Ÿ Ê œ � � œ Ê œ Ê1
w w 1

3È
 x  and x f [  ]  , f 0 3, f 2, f 2, f 2 3 local

0 2
œ œ Ê œ ��� ± ��� ± ��� œ œ œ � œ Ê1 1 1 1

1 1
6 6 6 6

7 7

6
7
6

w

1

1a b a bÈ Èˆ ‰ ˆ ‰
 maxima are 2 at x  and 3 at x 2 , and local minima are 2 at x  and 3 at x 0.œ œ � œ œ1 1

6 6
7È È1

 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has local extreme values where f 0. The functionw œ

 f has a local minimum value at x 0 and x , whereœ œ 7
6
1

 the values of f  change from negative to positive. Thew

 function f has a local maximum value at x 2  andœ 1

 x , where the values of f change from positive toœ 1

6
w

 negative.

 

56. (a) f x 2x tan x, x f x 2 sec x, f (x) 0 sec x 2 critical points area b a bœ � � � � � Ê œ � � œ Ê œ Ê1 1

2 2
2 2w w

 x  and x f (  )  , f 1, f 1 localœ � œ Ê œ ��� ± ��� ± ��� � œ � œ � Ê
� �

1 1 1 1 1 1

1 11 1
4 4 4 2 4 2

2 24 4

w ˆ ‰ ˆ ‰
 maximum is 1 at x , and local minimum is 1  at x .1 1 1 1

2 4 2 4� œ � � œ

 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has local extreme values where f 0. The functionw œ

 f has a local minimum value at x , where the valuesœ 1

4

 of f  change from negative to positive. The function fw

 has a local maximum value at x , where the valuesœ � 1

4

 of f change from positive to negative.w

 

57. (a) f(x) 2 sin   f (x) cos , f (x) 0  cos   a critical point at xœ � Ê œ � œ Ê œ Ê œx x x x 2
3# # # # # #

w w" "ˆ ‰ ˆ ‰ ˆ ‰ 1

  f [ ]    and f(0) 0, f 3, f(2 )   local maxima are 0 at x 0 and Ê œ ��� ± ��� œ œ � œ Ê œ
! ## Î$

w

1 1

1 1 1ˆ ‰ È2
3 3
1 1

 at x 2 , a local minimum is 3 at xœ � œ1
1 1

3 3
2È

 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has a local minimum value at the point where f w

 changes from negative to positive.

 

58. (a) f(x) 2 cos x cos x  f (x) 2 sin x 2 cos x sin x 2(sin x)(1 cos x)  critical points at x , 0, œ � � Ê œ � œ � Ê œ �# w
1 1

  f [ ]  and f( ) 1, f(0) 3, f( ) 1  a local maximum is 1 at x , a localÊ œ ��� ± ��� � œ œ � œ Ê œ „
� !

w

1 1
1 1 1

 minimum is 3 at x 0� œ
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 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has local extreme values where f 0.  Thew œ

 function f has a local minimum value at x 0, whereœ

 the values of f  change from negative to positive.w

 

59. (a) f(x) csc x 2 cot x  f (x) 2(csc x)( csc x)(cot x) 2 csc x 2 csc x (cot x 1)  a criticalœ � Ê œ � � � œ � � Ê# w # #a b a b
 point at x   f ( )  and f 0  no local maximum, a local minimum is 0 at xœ Ê œ ��� ± ��� œ Ê œ

! Î%

1 1 1

4 4 4
w

1 1
ˆ ‰

 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has a local minimum value at the point where
 f 0 and the values of f  change from negative tow wœ

 positive.  The graph of f steepens as f (x) .w Ä „_

 

60. (a) f(x) sec x 2 tan x  f (x) 2(sec x)(sec x)(tan x) 2  sec x 2 sec x (tan x 1)  a critical pointœ � Ê œ � œ � Ê# w # #a b
 at x   f (  )  and f 0  no local maximum, a local minimum is 0 at xœ Ê œ ��� ± ��� œ Ê œ

� Î# Î#Î%

1 1 1

4 4 4
w

1 11

ˆ ‰
 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has a local minimum value where f 0 and thew œ

 values of f  change from negative to positive.w

 

61. h( ) 3 cos   h ( )  sin   h [ ]  , ( ) and ( 3)  a local maximum is 3 at 0,) ) 1 )

1

œ Ê œ � Ê œ ��� !ß $ # ß� Ê œ
! #

ˆ ‰ ˆ ‰) )

# # #
w w3

 a local minimum is 3 at 2� œ) 1

62. h( ) 5 sin   h ( )  cos   h [ ]  , ( 0) and ( 5)  a local maximum is 5 at , a local) ) 1 ) 1
1

œ Ê œ Ê œ ��� !ß ß Ê œ
!

ˆ ‰ ˆ ‰) )

# # #
w w5

 minimum is 0 at 0) œ

63. (a)  (b)        (c)      (d)
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64. (a)  (b) 

 (c)  (d) 

65. (a)  (b) 

66. (a)  (b) 

67. The function f x x sin  has an infinite number of local maxima and minima. The function sin x has the followinga b ˆ ‰œ 1
x

 properties: a) it is continuous on , ; b) it is periodic; and c) its range is 1, 1 . Also, for a 0, the function  hasa b�_ _ Ò� Ó � 1
x

 a range of , a a,  on , . In particular, if a 1, then 1 or 1 when x is in 1, 1 . This meansÐ�_ � Ó � Ò _Ñ � œ Ÿ �   Ò� Ó’ “1 1 1 1
a a x x

 sin  takes on the values of 1 and 1 infinitely many times in times on the interval 1, 1 , which occur whenˆ ‰1
x � Ò� Ó

 , , ,. . . . x , , , . . . .  Thus sin  has infinitely many local maxima and minima1 3 5 2 2 2 1
x 2 2 2 3 5 xœ „ „ „ Ê œ „ „ „1 1 1

1 1 1
ˆ ‰

 in the interval  1, 1 . On the interval 0, 1 ,  1 sin 1 and since x 0 we have x x sin x. On theÒ� Ó Ò Ó � Ÿ Ÿ � � Ÿ Ÿˆ ‰ ˆ ‰1 1
x x

 interval 1, 0 ,  1 sin 1 and since x 0 we have x x sin x. Thus f x  is bounded by the lines y xÒ� Ó � Ÿ Ÿ � �     œˆ ‰ ˆ ‰ a b1 1
x x

 and y x. Since sin  oscillates between 1 and 1 infinitely many times on 1, 1  then f will oscillate between y xœ � � Ò� Ó œˆ ‰1
x

 and y x infinitely many times. Thus f has infinitely many local maxima and minima. We can see from the graph (andœ �

 verify later in Chapter 7) that  x sin 1 and  x sin 1. The graph of f does not have any absolutelim lim
x x

1 1
x xÄ_ Ä�_

ˆ ‰ ˆ ‰œ œ

 maxima., but it does have two absolute minima.
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68. f(x) a x b x c a x x c a x x c a x , a parabola whoseœ � � œ � � œ � � � � œ � �# # # # �ˆ ‰ ˆ ‰Š ‹b b b b b b   4ac
a a 4a 4a 2a 4a

# # #

#

 vertex is at x .  Thus when a 0, f is increasing on  and decreasing on ; when a 0,œ � � ß_ �_ß �b b b
2a 2a a

ˆ ‰ ˆ ‰� �
#

 f is increasing on  and decreasing on .  Also note that f (x) 2ax b 2a x   forˆ ‰ ˆ ‰ ˆ ‰�_ß ß_ œ � œ � Ê� �
# # #

wb b b
a a a

 a 0, f  |   ; for a 0, f .� œ ��� ��� � œ ��� ± ���
� �

w w

b 2a b 2aÎ Î

69. f(x) a x b x f x 2a x b, f 1 2 a b 2, f 1 0 2a b 0 a 2, b 4œ � Ê œ � œ Ê � œ œ Ê � œ Ê œ � œ# w wa b a b a b
 f(x) 2x 4xÊ œ � �#

70. f(x) a x b x c x d f x 3a x 2b x c, f 0 0 d 0, f 1 1 a b c d 1,œ � � � Ê œ � � œ Ê œ œ � Ê � � � œ �3 2# wa b a b a b
 f 0 0 c 0, f 1 0 3a 2b c 0 a 2, b 3, c 0, d 0 f(x) 2x 3xw w #a b a bœ Ê œ œ Ê � � œ Ê œ œ � œ œ Ê œ �3

4.4  CONCAVITY AND CURVE SKETCHING

 1. y 2x   y x x 2 (x 2)(x 1)  y 2x 1 2 x .  The graph is rising onœ � � � Ê œ � � œ � � Ê œ � œ �x x
3 3

$ #

# #
" "w # ww ˆ ‰

 ( 1) and ( ), falling on ( ), concave up on  and concave down on .  Consequently,�_ß� #ß_ �"ß # ß_ �_ßˆ ‰ ˆ ‰" "
# #

 a local maximum is  at x 1, a local minimum is 3 at x 2, and   is a point of inflection.3 3
4# #

"œ � � œ ß�ˆ ‰

 2. y 2x 4  y x 4x x x 4 x(x 2)(x 2)  y 3x 4 3x 2 3x 2 .  Theœ � � Ê œ � œ � œ � � Ê œ � œ � �x
4

% # w $ # ww #a b Š ‹Š ‹È È
 graph is rising on ( 2 0) and ( ), falling on ( ) and ( ), concave up on  and  and� ß #ß_ �_ß�# !ß # �_ß� ß_Š ‹ Š ‹2 2

3 3È È
 concave down on .  Consequently, a local maximum is 4 at x 0, local minima are 0 at x 2,  andŠ ‹� ß œ œ „2 2

3 3È È
  and  are points of inflection.Š ‹ Š ‹� ß ß2 16 2 16

3 39 9È È

 3. y x 1   y x 1 (2x) x x 1 , y ) ( )(œ � Ê œ � œ � œ ��� ��� ± ��� ���
�" "!

3 3 2
4 4 3a b a b a bˆ ‰ ˆ ‰# w # # w#Î$ �"Î$ �"Î$

  the graph is rising on ( ) and ( ), falling on ( ) and ( )  a local maximum is  at x 0, localÊ �"ß ! "ß_ �_ß�" !ß " Ê œ3
4

 minima are 0 at x 1; y x 1 (x) x 1 (2x) ,œ „ œ � � � � œww # #�"Î$ �%Î$" �

�
a b a bˆ ‰

3
x 3

3 x 1

#

$ # %Éa b
 y  ) ( )(   the graph is concave up on 3  and 3 , concaveww œ ��� ± ��� ��� ��� ± ��� Ê �_ß� ß_

� $ $�" "È È Š ‹ Š ‹È È

 down on 3 3   points of inflection at 3Š ‹ Š ‹È È È� ß Ê „ ß $ %
%

È$

 4. y x x 7   y x x 7 x (2x) x x 1 , y )(œ � Ê œ � � œ � œ ��� ± ��� ��� ± ���
�" "!

9 3 9 3
14 14 14

"Î$ # w �#Î$ # "Î$ �#Î$ # w
#a b a b a b

  the graph is rising on ( 1) and ( ), falling on ( 1 )  a local maximum is  at x 1, a localÊ �_ß� "ß_ � ß " Ê œ �27
7

 minimum is  at x 1; y x x 1 3x 2x x x 2x 1 ,� œ œ � � � œ � œ �27
7

ww �&Î$ # "Î$ "Î$ �&Î$ �&Î$ #a b a b
 y )(   the graph is concave up on ( ), concave down on ( ) a point of inflection at ( ).ww œ ��� ��� Ê !ß_ �_ß ! Ê !ß !

!

 5. y x sin 2x y 1 2 cos 2x, y  [   ]  the graph is rising on , falling œ � Ê œ � œ ��� ± ��� ± ��� Ê � ß
�# Î$ # Î$� Î$ Î$

w w

1 11 1

ˆ ‰1 1

3 3

 on  and   local maxima are  at x  and  at x , local minima areˆ ‰ ˆ ‰� ß� ß Ê � � œ � � œ#
# #

1 1 1 1 1 1 1 1

3 3 3 3 3 3 3 3
2 2 23 3È È

  at x  and  at x ; y 4 sin 2x, y  [      ]    the� � œ � � œ œ � œ ��� ± ��� ± ��� ± ��� Ê
�# Î$ # Î$� Î# Î#!

1 1 1 1

3 3 3 3
3 32 2È È

# #
ww ww

1 11 1

 graph is concave up on  and , concave down on  and   points of inflection atˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� ß ! ß � ß� !ß Ê1 1 1 1 1 1

# # # #
2 2
3 3

 , ( ), and ˆ ‰ ˆ ‰� ß� !ß ! ß1 1 1 1

# # # #
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 6. y tan x 4x  y sec x 4, y  (    )     the graph is rising on  andœ � Ê œ � œ ��� ± ��� ± ��� Ê � ß�
� Î# Î#� Î$ Î$

w # w

1 11 1

ˆ ‰1 1

2 3

 , falling on   a local maximum is 3  at x , a local minimum is 3  at x ;ˆ ‰ ˆ ‰ È È1 1 1 1 1 1 1 1

3 3 3 3 3 3 3
4 4ß � ß Ê � � œ � � œ#

 y 2(sec x)(sec x)(tan x) 2 sec x (tan x), y  (  )    the graph is concave up on 0 , ww # ww
#œ œ œ ��� ± ��� Ê ß

� Î# Î#!
a b ˆ ‰

1 1

1

 concave down on 0   a point of inflection at (0 0)ˆ ‰� ß Ê ß1

2

 7. If x 0, sin x sin x and if x 0, sin x sin ( x)  œ � œ �k k k k
 sin x.  From the sketch the graph is rising onœ �

 ,  and , falling on 2 ,ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� ß� !ß ß # � ß�3 3 31 1 1 1 1

# # # # #1 1

  and ; local minima are 1 at xˆ ‰ ˆ ‰� ß ! ß � œ „1 1 1 1

# # # #
3 3

 and 0 at x ; local maxima are 1 at x  and 0 atœ ! œ „ 1

#

 x ; concave up on ( ) and ( ), andœ „ # �# ß� ß #1 1 1 1 1

 concave down on ( 0) and ( )  points of inflection� ß !ß Ê1 1

 are ( ) and ( )� ß ! ß !1 1  

 8. y 2 cos x 2 x y 2 sin x 2, y  [         ]  rising onœ � Ê œ � � œ ��� ± ��� ± ��� ± ��� Ê
� �$ Î% � Î% & Î% $ Î#

È Èw w

1
1 1 1 1

 and , falling on  and   local maxima are 2 2 at x , 2ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ È È� ß� ß � ß� � ß Ê � � œ � �3 5 3 3 5
4 4 4 4 4 4 4

21 1 1 1 1 1 1 1

# 1 1 1
È

 at x  and  at x , and local minima are 2  at x  and 2  at x ;œ � � œ � � œ � � � œ1 1 1 11 1 1

4 4 4 4 4
3 2 3 2 5 23 3 5È È È

# #
È È

 y 2 cos x, y  [       ]    concave up on  and , concave down onww ww
# # #œ � œ ��� ± ��� ± ��� Ê � ß� ß

� � Î# Î# $ Î#1
1 1 1

1ˆ ‰ ˆ ‰1 1 13

   points of inflection at  and ˆ ‰ Š ‹ Š ‹� ß Ê � ß ß�1 1 1 11 1

# # # # # #

È È2 2

 9. When y x 4x 3, then y 2x 4 2(x 2) andœ � � œ � œ �# w

 y 2.  The curve rises on ( ) and falls on ( ).ww œ #ß_ �_ß #

 At x 2 there is a  minimum.  Since y 0, the curve isœ �ww

 concave up for all x.

 

10. When y 2x x , then y 2x 2( x) andœ ' � � œ �# � œ � " �# w

 y 2.  The curve rises on ( 1) and falls onww œ � �_ß�

 ( 1 ). At x 1 there is a maximum.  Since y 0, the� ß_ œ � �ww

 curve is concave down for all x.
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11. When y x 3x 3, then y 3x 3 3(x 1)(x 1)œ � � œ � œ � �$ w #

 and y 6x.  The curve rises on ( 1) ( ) andww œ �_ß� � "ß_

 falls on ( 1 1).  At x 1 there is a local maximum and at� ß œ �

 x 1 a local minimum.  The curve is concave down onœ

 ( 0) and concave up on ( ).  There is a point of�_ß !ß_

 inflection at x 0.œ

 

12. When y x(6 2x) , then y 4x(6 2x) ( 2x)œ � œ � � � ' �# w #

 12(3 x)( x) and y 12(3 x) 12( x)œ � " � œ � � � " �ww

 24(x 2).  The curve rises on ( ) ( ) andœ � �_ß " � $ß_

 falls on ( ).  The curve is concave down on ( ) and"ß $ �_ß #

 concave up on ( ).  At x 2 there is a point of#ß_ œ

 inflection.

 

13. When y 2x 6x 3, then y 6x 12xœ � � � œ � �$ # w #

 6x(x 2) and y 12x 12 12(x 1).  Theœ � � œ � � œ � �ww

 curve rises on ( ) and falls on ( 0) and ( ).!ß # �_ß #ß_

 At x 0 there is a local minimum and at x 2 a localœ œ

 maximum.  The curve is concave up on ( ) and�_ß "

 concave down on ( ). At x 1 there is a point of"ß_ œ

 inflection.
 

14. When y 1 9x 6x x , then y 9 12x 3xœ � � � œ � � �# $ w #

 (x 3)( 1) and y 12 6x 6(x 2).œ �$ � B � œ � � œ � �ww

 The curve rises on ( ) and falls on ( 3) and�$ß�" �_ß�

 ( ).  At x 1 there is a local maximum and at�"ß_ œ �

 x 3 a local minimum.  The curve is concave up onœ �

 ( 2) and concave down on ( ).  At x 2�_ß� �#ß_ œ �

 there is a point of inflection.

 

15. When y (x 2) 1, then y 3(x 2)  andœ � � œ �$ w #

 y 6(x 2).  The curve never falls and there are noww œ �

 local extrema.  The curve is concave down on ( )�_ß #

 and concave up on ( ).  At x 2 there is a point#ß_ œ

 of inflection.
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16. When y 1 (x 1) , then y 3(x 1)  andœ � � œ � �$ w #

 y 6(x 1).  The curve never rises and there areww œ � �

 no local extrema.  The curve is concave up on ( 1)�_ß�

 and concave down on ( ).  At x 1 there is a�"ß_ œ �

 point of inflection.

 

17. When y x 2x , then y 4x 4x 4x(x 1)(x 1)œ � œ � œ � �% # w $

 and y 12x 4 12 x x .  The curveww # " "œ � œ � �Š ‹Š ‹È È3 3

 rises on ( ) and ( ) and falls on ( 1) and ( ).�"ß ! "ß_ �_ß� !ß "

 At x 1 there are local minima and at x 0 a localœ „ œ

 maximum.  The curve is concave up on  andŠ ‹�_ß� "È3

  and concave down on .  At xŠ ‹ Š ‹" " " „"È È È È3 3 3 3
ß_ � ß œ

 there are points of inflection.  

18. When y x 6x 4, then y 4x 12xœ � � � œ � �% # w $

 4x x 3 x 3  and y 12x 12œ � � � œ � �Š ‹Š ‹È È ww #

 12(x 1)(x 1).  The curve rises on 3œ � � � �_ß�Š ‹È
 and 3 , and falls on 3  and 3 .  AtŠ ‹ Š ‹ Š ‹È È È!ß � ß ! ß_

 x 3there are local maxima and at x 0 a localœ „ œÈ
 minimum.  The curve is concave up on ( ) and concave�"ß "

 down on ( 1) and ( ).  At x 1 there are points�_ß� "ß_ œ „

 of inflection.

 

19. When y 4x x , then y 12x 4x 4x ( x) andœ � œ � œ $ �$ % w # $ #

 y 24x 12x 12x(2 x).  The curve rises on ww #œ � œ � �_ß $a b
 and falls on .  At x 3 there is a local maximum, buta b$ß_ œ

 there is no local minimum.  The graph is concave up on
  and concave down on  and . There area b a b a b!ß # �_ß ! #ß _

 inflection points at x 0 and x 2.œ œ
 

20. When y x 2x , then y 4x 6x 2x (2x 3) andœ � œ � œ �% $ w $ # #

 y 12x 12x 12x(x 1).  The curve rises onww #œ � œ �

  and falls on .  There is a localˆ ‰ ˆ ‰� ß_ �_ß�3 3
2#

 minimum at x , but no local maximum.  The curve isœ � 3
#

 concave up on ( 1) and ( ), and concave down on�_ß� !ß_

 ( 1 0).  At x 1 and x 0 there are points of inflection.� ß œ � œ
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21. When y x 5x , then y 5x 20x 5x (x 4) andœ � œ � œ �& % w % $ $

 y 20x 60x 20x (x 3).  The curve rises onww $ # #œ � œ �

 ( ) and ( ), and falls on ( ).  There is a local�_ß ! %ß_ !ß %

 maximum at x 0, and a local minimum at x 4.  Theœ œ

 curve is concave down on ( 3) and concave up on�_ß

 (3 ).  At x 3 there is a point of inflection.ß_ œ
 

22. When y x 5 , then y 5 x(4) 5œ � œ � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰x x x
# # # #

% % $w "

 5 5 , and y 3 5 5œ � � œ � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰x 5x x 5x
# # # # #

$ #ww "

 5 5 5 (x 4).  The curve is rising� � œ � �ˆ ‰ ˆ ‰ ˆ ‰x 5 x
# # #

$ #

 on ( ) and (10 ), and falling on ( 10).  There is a�_ß # ß_ #ß

 local maximum at x 2 and a local minimum at x 10.œ œ

 The curve is concave down on ( ) and concave up on�_ß %

 ( ).  At x 4 there is a point of inflection.%ß_ œ

 

23. When y x sin x, then y cos x and y sin x.œ � œ " � œ �w ww

 The curve rises on ( 2 ).  At x 0 there is a local and!ß œ1

 absolute minimum and at x 2  there is a local and absoluteœ 1

 maximum.  The curve is concave down on ( ) and concave!ß1

 up on ( ).  At x  there is a point of inflection.1 1 1ß # œ

 

24. When y x sin x, then y cos x and y sin x.œ � œ " � œw ww

 The curve rises on ( 2 ).  At x 0 there is a local and!ß œ1

 absolute minimum and at x 2  there is a local and absoluteœ 1

 maximum.  The curve is concave up on ( ) and concave!ß1

 down on ( ).  At x  there is a point of inflection.1 1 1ß # œ

 

25. When y 3x 2 cos x, then y 3 2 sin x andœ � œ �È Èw

 y 2 cos x. The curve is increasing on   andww œ !ßˆ ‰4
3
1

 2 , and decreasing on .  At x 0 thereˆ ‰ ˆ ‰5 4 5
3 3 3
1 1 1ß ß œ1

 is a local and absolute minimum, at x  there is a localœ 4
3
1

 maximum, at x  there is a local minimum, and and atœ 5
3
1

 x 2  there is a local and absolute maximum.  The curveœ 1

 is concave up on  and 2 , and is concaveˆ ‰ ˆ ‰!ß ß1 1

2 2
3

1

 down on .  At x  and x  there are pointsˆ ‰1 1 1 1

2 2 2 2
3 3ß œ œ

 of inflection.

 

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 4.4 Concavity and Curve Sketching 201

26. When y x tan x, then y sec  x andœ � œ �4 4
3 3

2w

 y 2 sec  x tan x. The curve is increasing on ,ww œ � � ß2
6 6

ˆ ‰1 1

 and decreasing on  and .  At xˆ ‰ ˆ ‰� ß� ß œ �1 1 1 1 1

2 6 6 2 6

 there is a local  minimum, at x  there is a localœ 1

6

 maximum,there are no absolute maxima or absolute minima.

 The curve is concave up on 0 , and is concaveˆ ‰� ß12
 down on 0 .  At x 0 there is a point of inflection.ˆ ‰ß œ1

2

 

27. When y sin x cos x, then y sin  x cos  x cos 2xœ œ � � œw 2 2

 and y 2 sin 2x. The curve is increasing on 0  andww œ � ßˆ ‰1
4

 , and decreasing on .  At x 0 there is aˆ ‰ ˆ ‰3 3
4 4 4
1 1 1ß ß œ1

 local minimum, at x   there is a local and absoluteœ 1

4

 maximum, at x  there is a local and absolute minimum,œ 3
4
1

 and at x  there is a local maximum. The curve is concaveœ 1

 down on 0 , and is concave up on .  At xˆ ‰ ˆ ‰ß ß œ1 1 1

2 2 21

 there is a point of inflection.

 

28. When y cos x 3sin x, then y sin x 3cos xœ � œ � �È Èw

 and y cos x 3sin x. The curve is increasing onww œ � �È
 0  and 2 , and decreasing on .  Atˆ ‰ ˆ ‰ ˆ ‰ß ß ß1 1 1 1

3 3 3 3
4 4

1

 x 0 there is a local minimum, at x   there is a localœ œ 1

3

 and absolute maximum, at x  there is a local andœ 4
3
1

 absolute minimum, and at x 2  there is a local maximum.œ 1

 The curve is concave down on 0  and 2 ,ˆ ‰ ˆ ‰ß ß5 11
6
1 1

' 1

 and is concave up on .  At x  and xˆ ‰5 11 5 11
6 6 6
1 1 1 1ß œ œ'

 there are points of inflection.

 

29. When y x , then y x  and y x .œ œ œ �"Î& w �%Î& ww �*Î&"
5 25

4

 The curve rises on ( ) and there are no extrema.�_ß_

 The curve is concave up on ( ) and concave down�_ß !

 on ( ).  At x 0 there is a point of inflection.!ß_ œ

 

30. When y x , then y x  and y x .œ œ œ �#Î& w �$Î& ww �)Î&2 6
5 25

 The curve is rising on (0 ) and falling on ( ).  Atß_ �_ß !

 x 0 there is a local and absolute minimum.  There isœ

 no local or absolute maximum.  The curve is concave
 down on ( ) and ( ).  There are no points of�_ß ! !ß_

 inflection, but a cusp exists at x 0.œ
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31. When y , then y  andœ œx 1
x 1 x 1È a b2 2 3 2�

w

� Î

 y . The curve is increasing on .ww �

�
œ �_ß_3x

x 1a b2 5 2Î a b
 There are no local or absolute extrema. The curve is
 concave up on  and concave down on .a b a b�_ß ! !ß_

 At x 0 there is a point of inflection.œ

 

32. When y , then y  andœ œ
È a b

a b È1 x
2x 1

x 2

2x 1 1 x
�
�

w � �

� �

2

2 2

 y . The curve is decreasing onww � � �

� �
œ 4x 12x 7

2x 1 1 x

3 2

3 2 3 2a b a b Î

 1  and 1 . There are no absolute extrrema,ˆ ‰ ˆ ‰� ß� � ß" "
# #

 there is a local maximum at x 1 and a local minimumœ �

 at x 1. The curve is concave up on 1 0.92  andœ � ß�a b
 0.69 , and concave down on 0.92  andˆ ‰ ˆ ‰� ß � ß�" "

# #

 0.69 1 . At x 0.92  and x 0.69 there are points ofa bß ¸ � ¸

 inflection.

 

33. When y 2x 3x , then y 2 2x  andœ � œ �#Î$ w �"Î$

 y x .  The curve is rising on ( ) andww �%Î$œ �_ß !2
3

 ( ), and falling on ( ).  There is a local maximum"ß_ !ß "

 at x 0 and a local minimum at x 1.  The curve isœ œ

 concave up on ( ) and ( ).  There are no�_ß ! !ß_

 points of inflection, but a cusp exists at x 0.œ

 

34. When y 5x 2x, then y 2x 2 2 x 1œ � œ � œ �#Î& w �$Î& �$Î&ˆ ‰
 and y x .  The curve is rising on (0 1) andww �)Î&œ � ß6

5

 falling on ( 0) and ( ).  There is a local minimum�_ß "ß_

 at x 0 and a local maximum at x 1.  The curve isœ œ

 concave down on ( ) and ( ).  There are no�_ß ! !ß_

 points of inflection, but a cusp exists at x 0.œ

 

35. When y x x x x , thenœ � œ �#Î$ #Î$ &Î$
# #

ˆ ‰5 5

 y x x x (1 x) andw �"Î$ #Î$ �"Î$œ � œ �5 5 5
3 3 3

 y x x x (1 2x).ww �%Î$ �"Î$ �%Î$œ � � œ � �5 10 5
9 9 9

 The curve is rising on ( ) and falling on ( ) and!ß " �_ß !

 ( ).  There is a local minimum at x 0 and a local"ß_ œ

 maximum at x 1.  The curve is concave up on œ �_ß�ˆ ‰"
#

 and concave down on  and (0 ).  There is a pointˆ ‰� ß ! ß_"
#

 of inflection at x  and a cusp at x 0.œ � œ"
#
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36. When y x (x 5) x 5x , thenœ � œ �#Î$ &Î$ #Î$

 y x x x (x 2) andw #Î$ �"Î$ �"Î$œ � œ �5 10 5
3 3 3

 y x x x (x 1).  The curveww �"Î$ �%Î$ �%Î$œ � œ �10 10 10
9 9 9

 is rising on ( ) and ( ), and falling on ( ).�_ß ! #ß_ !ß #

 There is a local minimum at x 2 and a local maximumœ

 at x 0.  The curve is concave up on ( 0) and ( ),œ �"ß !ß_

 and concave down on ( 1).  There is a point of�_ß�

 inflection at x 1 and a cusp at x 0.œ � œ

 

37. When y x 8 x x 8 x , thenœ � œ �È a b# # "Î#

 y 8 x (x) 8 x ( x)w # #"Î# �"Î#"
#œ � � � �#a b a bˆ ‰

 8 x 8 2x  andœ � � œa b a b# #�"Î# � �

� �

2(2 x)(2 x)

2 2 x 2 2 xÊŠ ‹Š ‹È È

 y 8 x ( 2x) 8 2x 8 x ( 4x)ww # # #"
#

� �
œ � � � � � � �ˆ ‰a b a b a b$ "

# #

 .  The curve is rising on ( ), and fallingœ �#ß #2x x 12

8 x

a b
Éa b

#

# $

�

�

 on 2 2 2  and 2 2 .  There are local minimaŠ ‹ Š ‹È È� ß� #ß

 x 2 and x 2 2, and local maxima at x 2 2 andœ � œ œ �È È
 x 2.  The curve is concave up on 2 2  andœ � ß !Š ‹È
 concave down on 2 .  There is a point of inflectionŠ ‹È!ß #

 at x 0.œ

 

38. When y 2 x , then y 2 x ( 2x)œ � œ � �a b a bˆ ‰# w #$Î# "Î#

#
3

 3x 2 x 3x 2 x 2 x  andœ � � œ � � �È ÊŠ ‹Š ‹È È#

 y ( 3) 2 x ( 3x) 2 x ( 2x)ww # #"Î# �"Î#"
#œ � � � � � �a b a bˆ ‰

 .  The curve is rising onœ � "� �

� �

6( x)(1 x)

2 x 2 xÊŠ ‹Š ‹È È

 2  and falling on 2 .  There is a localŠ ‹ Š ‹È È� ß ! !ß

 maximum at x 0, and local minima at x 2.  Theœ œ „È
 curve is concave down on ( ) and concave up on�"ß "

 2  and 2 .  There are points of inflection atŠ ‹ Š ‹È È� ß�" "ß

 x 1.œ „

 

39. When y 16 x , then y  andœ � œÈ # w �

�

x
16 xÈ #

 y . The curve is rising on 4 0  and  fallingww �

�
œ � ß16

16 xa b# Î3 2 a b
 on 0 4 .  There is a local and absolute maximum at x 0a bß œ

 and local and absolute minima at x 4 and x 4. Theœ � œ

 curve is concave down on 4 4 . There are no pointsa b� ß

 of inflection.
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