59.

60.

61.

62.

63.

64.

65.
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(b) Graphing f(x) = x5 — 5x® 4+ 4x and f'(x) = 5x* — 15x? + 4 on [-3, 3] by [—7, 7] we see that each x-intercept of
f’(x) lies between a pair of x-intercepts of f(x), as expected by Rolle's Theorem.

Y
A

y=f1(x) 6] y="f(x)
b

\ - x

-3 2| -1 =4 1 3

_4:
_6:
_8.

(c) Yes, since sin is continuous and differentiable on ( — co, 00).

f(x) must be zero at least once between a and b by the Intermediate Value Theorem. Now suppose that f(x) is zero twice
between a and b. Then by the Mean Value Theorem, f’(x) would have to be zero at least once between the two zeros of
f(x), but this can't be true since we are given that f'(x) # 0 on this interval. Therefore, f(x) is zero once and only once
between a and b.

Consider the function k(x) = f(x) — g(x). k(x) is continuous ¥
and differentiable on [a, b], and since k(a) = f(a) — g(a) and

k(b) = f(b) — g(b), by the Mean Value Theorem, there must
be a point ¢ in (a, b) where k’(c) = 0. But since

K'(c) = f'(c) — g'(c), this means that f'(c) = g’(c),and c is a
point where the graphs of f and g have tangent lines with the

same slope, so these lines are either parallel or are the same

line.

f’(x) < 1for1 < x <4 = f(x) is differentiable on 1 < x < 4 = fis continuous on 1 < x < 4 = f satisfies the
conditions of the Mean Value Theorem =- w =f'(c)forsomecinl <x <4=1f'(c)<1= w <1
= f(4) — f(1) <3

0 < f/(x) < 5 forall x = f’(x) exists for all x, thus f is differentiable on (—1, 1) = f is continuous on [—1, 1]

= f satisfies the conditions of the Mean Value Theorem = % =1f’(c) forsomecin[-1,1] =0 < w <
=0<f(1)—f(—1) < 1.Since f(1) — f(—1) < 1 = f(1) < 1 +f(—1) < 24 f(—1), and since 0 < f(1) — f(—1)

we have f(—1) < f(1). Together we have f(—1) < f(1) < 2 4 f(—1).

1
2

Let f(t) = cost and consider the interval [0, x] where x is a real number. f is continuous on [0, x| and f is differentiable on

(0,x) since f'(t) = —sint = f satisfies the conditions of the Mean Value Theorem = % = f’(c) for some c in

[0,x] = 2= = —ginc. Since =1 <sinc < 1= —1 < —sinc < 1= —1 < €= <[ Ifx >0, -1 < ©x=1 <]
= —x<cosx— 1 <x=|cosx— 1| <x=|x]|.Ifx <0, —1§%§1:>—x cosx—1 x
=x<cosx—1<—x=—(—x) <cosx —1 < —x=|cosx — 1| < —x = | x|. Thus, in both cases, we have

|cosx — 1| < |x|.If x =0, then [cos0 — 1| = |1 — 1] = |0] < |0], thus |cosx — 1| < | x| is true for all x.

Let f(x) = sin x for a < x < b. From the Mean Value Theorem there exists a ¢ between a and b such that

sinbosSind — gos ¢ = —] < Shposind L] o |sibosina| <] = |sinb —sina| < [b—al.

Yes. By Corollary 2 we have f(x) = g(x) + ¢ since f'(x) = g'(x). If the graphs start at the same point x = a,
then f(a) = g(a) = ¢ =0 = f(x) = g(x).
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66.

67.

68.

69.

70.

71.

72.

Assume f is differentiable and |f(w) — f(x)| < |w — x| for all values of w and x. Since f is differentiable, f'(x) exists and

f'(x) = im_ W) =19 ysing the alternative formula for the derivative. Let g(x) = |x|, which is continuous for all x.

W =X

fw) — f(x)

W —X

7‘““”) (I)l Since

By

= lim

'(x)] = ‘ lim f<Wv§:)f(<X>’ = lim
[f(w) — f(x)| < |w — x| for all w and x = w <1 as long as w # x. By Theorem 5 from Chapter 2,
(0] = Jim =l < gim 1= 1= ()] < 1= -1 <X < L.

By the Mean Value Theorem we have t(b) “a) =

we have f(b) — f(a) < 0 = f'(c) < 0.

(c) for some point ¢ between a and b. Since b — a > 0 and f(b) < f(a),

The condition is that f’ should be continuous over [a, b]. The Mean Value Theorem then guarantees the

f(b) f(d)

existence of a point ¢ in (a, b) such that = f'(c). If f’ is continuous, then it has a minimum and

maximum value on [a, b], and min ' < {’ (c) g max f’, as required.

f'(x) = (1 + x* cos x)71 = f’(x) = — (1 + x* cos x)72 (4x3 cos x — x* sin x)

= —x3 (1+ x* cos x)_2(4 cos x —xsinx) < 0for0 < x <0.1 = f'(x)is decreasing when 0 < x < 0.1
= min f’ ~ 0.9999 and max f’ = 1. Now we have 0.9999 < ‘2= <1 = 0.09999 < f(0.1) — 1 < 0.1
= 1.09999 < f(0.1) < 1.1.

) =(1-xH)" = x)=—(1-xH7(—4x3) = > 0for0 < x <0.1 = f'(x)is increasing when

4x3
(1—x4?
0<x<0. = minf = 1and max f' = 1.0001. Now we have 1 < ®2=2 < 1,0001
= 0.1 < f(0.1) — 2 < 0.10001 = 2.1 < f(0.1) < 2.10001.

(a) Suppose x < 1, then by the Mean Value Theorem w <0 = f(x) > f(1). Suppose x > 1, then by the
Mean Value Theorem =1 > 0 = f(x) > f(1). Therefore f(x) 1 for all x since f(1) = 1.
(b) Yes. From part (a), lirr% f(x) f(l) <0and lim f("; :ﬁ(l) 0. Since f’(1) exists, these two one-sided
X —

x — 1t

limits are equal and have the value f'(1) = f'(1) <O0andf’(1) 0 = f'(1) =0.

f(b) f(a) - f

From the Mean Value Theorem we have (c) where c is between a and b. But f’(¢c) =2pc+q =0

has only one solution ¢ = — %. (Note: p ;& 0 since f is a quadratic function.)

4.3 MONOTONIC FUNCTIONS AND THE FIRST DERIVATIVE TEST

(@) f'(x) =x(x —1) = critical points at 0 and 1
(b) f'=+++|———|+++ = increasing on (—o0, 0) and (1, co), decreasing on (0, 1)
0 1

(¢) Local maximum at X = 0 and a local minimum at x = 1

(a) f'(x) = (x — 1)(x +2) = critical points at —2 and 1
(b) f'=4++]| ——— | +++ = increasing on (—oo, —2) and (1, o), decreasing on (—2,1)
-2 1

(¢) Local maximum at x = —2 and a local minimum at x = 1

(@) f'(x) =(x—1%x+2) = critical points at —2 and 1
(b) f'=———| +++ | +++ = increasing on (-2, 1) and (1, c0), decreasing on (—oo, —2)
—2 1
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12.

13.

(©)
(a)
(b)
(©
(a)
(b)
©
(a)
(b)
©
(a)
(b)
(©)

(a)
(b)

©)

(a)
(b)

©

. (a)

(b)
(©
(a)
(b)
(©)
(a)
(b)
©

(a)
(b)

Section 4.3 Monotonic Functions and the First Derivative Test

No local maximum and a local minimum at x = —2

f'(x) = (x — 1)?(x +2)*> = critical points at —2 and 1
f' = +++| +++ | +++ = increasing on (—oo, —2) U (—2, 1) U (1, 00), never decreasing
-2 1

No local extrema

f'(x) = (x — 1)(x + 2)(x — 3) = critical points at —2, 1 and 3
f'=———| +++ | ——— | +++ = increasing on (—2, 1) and (3, 00), decreasing on (—oo, —2) and (1, 3)
—2 1 3

Local maximum at x = 1, local minima at x = —2 and x = 3

f'(x) = (x = T)(x + 1)(x +5) = critical points at —5, —1 and 7

f'=———| +++| ——— | +++ = increasing on (=5, —1) and (7, 00), decreasing on (—oo, —5) and (—1,7)
-5 -1 7

Local maximum at x = —1, local minimaatx = —5andx =7

/ frg XZ(X_1> 1t 1 = fg = —
f'(x) x5y = critical points atx = 0, x = 1 and x 2
f'=+++)(———| ———| +++ = increasing on (—oo, —2) and (1, 00), decreasing on (—2,0) and (0, 1)
-2 0 1

Local minimum at x = 1

f'(x) = % = critical points atx =2,x = —4,x = —1l,and x = 3

f'=+++| —= ) +++ | ———)(+++ = increasing on (—oo, —4), (—1,2) and (3, 00), decreasing on
—4 —1 2 3

(—4,—1) and (2,3)

Local maximum at X = —4 and x = 2
f'x)=1- X4—2 = sz—;“ => critical points at x = —2,x =2 and x = 0.
f'=+++| ———)(———| +++ = increasing on (—oo, —2) and (2, 00), decreasing on (—2,0) and (0, 2)
— 0 2
Local maximum at x = —2, local minimum at x = 2
f'(x) =3 — % = 3‘/5{6 = critical points at x = 4 and x = 0
f' = (——— | +++ = increasing on (4, c0), decreasing on (0, 4)
0 4
Local minimum at x = 4

f'(x) = x"1/3(x 4 2) = critical points at x = —2 and x = 0
f'=+4++| ———)(+++ = increasing on (—oo, —2) and (0, 00), decreasing on (—2, 0)
-2 0

Local maximum at x = —2, local minimum at x = 0

f'(x) = x"1/2(x — 3) = critical points at x = 0 and x = 3
f' = (———| +++ = increasing on (3, 00), decreasing on (0, 3)
0 3

No local maximum and a local minimum at X = 3

f'(x) = (sinx — 1)(2cosx + 1), 0 < x < 27 = critical points at x = 3. X = 2{, and X = 47”
f'=[-——|———|4+++| ———] = increasing on (%, %), decreasing on (0, Z), (%
z 2m 4m 27 c

2

3 3
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14.

15.

16.

17.

18.

19.

20.

21.

22.

()

(a)
() f

©

(a)

(b)

()
(b)

(a)
(b)

(a)
(b)

(a)

(b)

(a)

(b)

()

(b)

(a)

(b)

Chapter 4 Applications of Derivatives

4u

Local maximum at x = =* and x = 0, local minimum at x = Zn 5 and x = 27
f’(x) = (sinx + cos x)(sinx — cosx), 0 < x < 27 = critical points atx = Z,x = 3, x = 2, andx = I
=[—— | +++ L*** | +++ | 7772] = increasing on (%, 37) and (3, 1), decreasing on (0, I),
4 ry 4 4 g
3 s 7
(5, %) and (5, 27)
Local maximum at x = 0, x = 2% and x = ¥, local minimum atx = 7, x = 3% and x = 27
Increasing on (—2,0) and (2,4), decreasing on (—4, —2) and (0, 2)

Absolute maximum at (—4,2), local maximum at (0, 1) and (4, —1); Absolute minimum at (2, —3), local minimum at
(727 0)

Increasing on (—4, —3.25), (—1.5, 1), and (2,4), decreasing on (—3.25, —1.5) and (1, 2)
Absolute maximum at (4,2), local maximum at (—3.25, 1) and (1, 1); Absolute minimum at (—1.5, —1), local
minimum at (—4,0) and (2, 0)

Increasing on (—4, —1), (0.5,2), and (2,4), decreasing on (—1,0.5)
Absolute maximum at (4, 3), local maximum at (—1,2) and (2, 1); No absolute minimum, local minimum at
(—4, —1)and (0.5, —1)

Increasing on (—4, —2.5), (=1, 1), and (3,4), decreasing on (—2.5, —1) and (1, 3)
No absolute maximum, local maximum at (—2.5, 1), (1,2) and (4, 2); No absolute minimum, local minimum at
(—=1,0) and (3, 1)

g) = —t? = 3t+3 = g() = —2t—3 = acritical pointatt=—3;¢' = +++3|/2——_, increasing on
(—00, —3), decreasing on (— 3, 00)
local maximum value of g (_ %) 27 absolute maximum is %41 att = — %
gt) = =32 +9t+ 5= g'(t) = —6t +9 = acritical point at t = % ¢ = +++| ———, increasing on (_oo, %) .
3/2
i 3
decreasing on (3, 00)
local maximum value of g (%) = % att = %, absolute maximum is % att = %
h(x) = —x3 +2x? = h'(x) = —3x? +4x = x(4 — 3x) = critical points at x = 0, ‘3_‘
= h'=———| 44+ | ———, increasing on (0, 3), decreasing on (~o0,0) and (3, %)

0 4/3
local maximum value of h (%) = 32 at x = %; local minimum value of h(0) = 0 at x = 0, no absolute extrema

h(x) = 2x3 — 18x = W(x) = 6x2— 18 = 6 (x + \ﬁ) (x - ﬁ) — critical points at x = + /3

= h =+++| ———| +++,increasing on (foo, ,\/g) and (\/5, oo) , decreasing on (,\/57 \/§>
V3 V3

alocal maximumish ( —\/3 ) = 12v/3 at x = —+/3; local minimum is h 3) = —12+/3 at x = 1/ 3, no absolute
( V3 ) V3 V3 (\f ) V3 V3

extrema
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24.

25.

26.

27.

28.

29.

30.

31.

(a)

(b)

(a)

(b)

()

(b)

(a)

(b)

()

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)
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f(0) = 30° — 46> = {'(6) = 60 — 126> = 60(1 — 20) = critical pointsat § = 0,1 = ' = ——— | +4++| ———,
0 1/2
increasing on (0, §) , decreasing on (—o0,0) and (3, cc)

alocal maximum is f (1) = } at @ = 7, a local minimum is f(0) = 0 at 6 = 0, no absolute extrema

f(0) = 60 — 603 = F/(0) = 6 — 302 = 3 (\/5—9) (ﬁw) — critical points at § = + /2 =

f'=———| +4++| ———, increasing on (—\/5, \/5), decreasing on (—oo, —\/E) and (\/E, oo)
V2 V2

a local maximum is f 2) =4+/2atf = /2, alocal minimumisf (| —+/2) = —4ﬁ atf = —\/5, no absolute
(V2) =4v2a0= 2 (-v2)

extrema

f(r) = 3r° + 16r = f'(r) = 9r> + 16 = no critical points = f’ = 44+, increasing on (—o0, 00), never
decreasing
no local extrema, no absolute extrema

h(r) = (r +7)> = b'(r) =3(r+7)> = acritical pointatr = —7 = h’ = +++ | +-++, increasing on
-7
(=00, —7) U (-7, 00), never decreasing
no local extrema, no absolute extrema
f(x) = x* = 8x2 + 16 = f/(x) = 4x3 — 16x = 4x(x + 2)(x — 2) = critical points at x = 0 and x = =+ 2
= f'=———| +++ | ——— | +++, increasing on (—2, 0) and (2, o), decreasing on (—oo, —2) and (0, 2)
—2 0 2

a local maximum is f(0) = 16 at x = 0, local minima are f ( £2) = 0 at x = =+ 2, no absolute maximum; absolute
minimumisQatx = +2

gx) =x* —4x3 4+ 4x% = g'(x) = 4x3 — 12x% + 8x = 4x(x — 2)(x — 1) = critical points atx = 0, 1, 2
= g = ———|+++ | ——— | +++, increasing on (0, 1) and (2, c0), decreasing on (—oo, 0) and (1, 2)
0 1 2

a local maximum is g(1) = 1 at x = 1, local minima are g(0) = 0 at x = 0 and g(2) = 0 at X = 2, no absolute
maximum; absolute minimum is O at x = 0, 2

Ho =3t'—¢® = H(@©=6t—6t° =61 +t)(1 —t) = critical points att = 0, + 1
= H =+++4| ——— | +++ | ———, increasing on (—oo, —1) and (0, 1), decreasing on (—1, 0) and (1, 00)
—1 0 1
the local maxima are H(—1) = % att = —1and H(1) = % att = 1, the local minimum is H(0) = 0 at t = 0, absolute

maximum is % att = = 1; no absolute minimum

K(t) = 15t — 5 = K/(t) = 45t> — 5t* = 5t>(3 + t)(3 —t) = critical points att = 0, +3

= K =———| +++4+ | +++ | ———, increasing on (—3,0) U (0, 3), decreasing on (—oo, —3) and (3, 00)
-3 3
a local maximum is K(3) = 162 att = 3, a local minimum is K(—3) = —162 at t = —3, no absolute extrema
f(x)=x—6yx—-1=>f'x)=1- ;_l = % => critical points at x = 1 and x = 10
= f' = ( ———| +++, increasing on (10, c0), decreasing on (1, 10)
1 10
a local minimum is f(10) = —8, a local and absolute maximum is f(1) = 1, absolute minimum of —8 at x = 10
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32.

33.

34.

35.

36.

37.

38.

39.

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)
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gx)=4/x—x*+3= gx) = T—2x—2\§5 = critical points at x = 1 and x = 0

=g’ = (() +++ { ———, increasing on (0, 1), decreasing on (1, co)

a local minimum is f(0) = 3, a local maximum is f(1) = 6, absolute maximum of 6 at x = 1

200 =xv/8—x2 =x(8—x%)"” = g0 =(8—x%)"" +x (1) 8- x) (-2 )=¢(zj;:*;@(;¢";+)

= critical pointsatx = +2, +2¢/2 =g =( ——— | +++| ———) ., increasing on (—2,2), decreasing on

—2v2 2 2 22
(—2ﬁ, —2) and (2,2ﬁ)
local maxima are g(2) =4 atx =2and g (—2\/5) =0atx = —2\/5, local minima are g(—2) = —4 at

x=—2andg (2\/5) =0atx = 2\/5, absolute maximum is 4 at x = 2; absolute minimum is —4 at x = —2

gx) = x5 —x =X’ -0 = ¢x) =2x6 -0V +x7 (5) 6 — 0721 = 72 = critical points at
x=0,4and5 = ¢ = ——— | +++ | ——— ), increasing on (0, 4), decreasing on (—oco, 0) and (4, 5)
0 4 5

a local maximum is g(4) = 16 at x = 4, a local minimum is 0 at x = 0 and x = 5, no absolute maximum; absolute
minimumisQatx =0, 5

_ x2-3 ’ 2x(x —2) — (x? —3)(1) x—-3)(x—1)
f(X) — Xx—92 = f (X) (x—2)? (x—2)2

= = +++ { ———%( - :|)) ++4+, increasing on (—oo, 1) and (3, c0), decreasing on (1, 2) and (2, 3),

= critical points atx = 1, 3

discontinuous at x = 2
a local maximum is f(1) = 2 at x = 1, a local minimum is f(3) = 6 at x = 3, no absolute extrema

/ _O3EG24+ D) —xP6x) _ 3xE(x3+1)
= 0= (32 +1)? TGty

= f' = 4+++ | +++, increasing on (—oo, 0) U (0, 00), and never decreasing
0

f(x) = = acritical pointat x = 0

<3
3x2+1

no local extrema, no absolute extrema
f(x) = x/3(x + 8) = x¥/? 4+ 8x1/3 = f(x) = $x1/3 4 §x72/3 = HEEB - critical points at x = 0, —2
= f'= ———| +++)(+++, increasing on (—2,0) U (0, 00), decreasmg on (—oo0, —2)

—2 0

no local maximum, a local minimum is f(—2) = —6 3/2~ —756atx = —2, no absolute maximum; absolute

minimum is —6 3\/5 atx = =2

g(x) = x3(x +5) = x4+ 5x¥% = g(x) = 3x¥3 + Lx713 = St — critical points at x = —2 and

e
x=0 = g =+++4+]| ———)(+++, increasing on (—oo, —2) and (0, o), decreasing on (-2, 0)
—2 0

local maximum is g(—2) = 3 3\/1 ~ 4.762 at x = —2, a local minimum is g(0) = 0 at x = 0, no absolute extrema
Tx+2) (V7x—2
h(x) = x1/3 (x> —4) =x73 —4x'/3 = W(x) = Ix¥/3 - ¢ x‘2/3 = %\/(—;ﬂ() = critical points at

x =0, \i/—% = hW=+++| ———)(——— | +++, increasing on (foo, \’/—%) and (%, oo) , decreasing on

—2/v7 0 27
(7:0) and (0. )
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2\ _ 2432

(b) local maximum is h (‘—) = %5 ~3.12atx = &—% the local minimum is h (%) =

_uvar

7~ ~ —3.12, no absolute

)

extrema

40. (a) k(x) =x*3 (x> —4) =x*? -4} = K(x) = §x5/3 — %x’l/g = 864D critical points at

3
x=0,+1 = kK =———| +++4)(——— | +++, increasing on (—1, 0) and (1, o), decreasing on (—oo, —1)
-1 0 1
and (0, 1)
(b) local maximum is k(0) = 0 at x = 0, local minima are k (4 1) = —3 at x = = 1, no absolute maximum; absolute
minimum is —3 atx = + 1
41. (a) f(x) =2x —x? = f'(x) =2 — 2x = acritical pointatx =1 = ' = +++| ———] and f(1) = 1 and f(2) = 0
1 2
a local maximum s 1 at x = 1, a local minimum is 0 at x = 2.
(b) There is an absolute maximum of 1 at X = 1; no absolute minimum.
()
Y
2
y=2x-x*
1
-1 1 ; *
-1
-2
42. (@) fx)=(x+1)? = f/(x) =2(x + 1) = acritical pointatx = —1 = ' = ——— | +++]and f(—1) = 0, f(0) = 1
-1 0
= alocal maximumis 1 at x = 0, a local minimumisQatx = —1
(b) no absolute maximum; absolute minimum is 0 at x = —1
© f)
foy=@+17?
Jt 3 2 -l 1 *
1k
43. (a) gx)=x?—4x+4 = g (x) =2x —4 =2(x —2) = acritical pointatx =2 = g =[ ——— | +++ and
1 2

g(l)=1,g2) =0 = alocal maximum s 1 at x = 1, a local minimum is g(2) =0atx =2
(b) no absolute maximum; absolute minimum is 0 at x = 2

()
g(x)
5
41 2
3 ) g(x)=x"-4x+4
2_
1
x
1 2 3 4
-1l

44. (@) gx) = —x2—6x—9 = g'(x) = —2x — 6 = —2(x +3) = acritical pointatx = -3 = g =[ +++| ——— and
-3

g(—4) = —1,g(—3) = 0 = alocal maximum is O at x = —3, a local minimum is —1 at x = —4

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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(b) absolute maximum is 0 at x = —3; no absolute minimum

(©

8(x)

45. (@) () =12t— ¢ = /() =12 -3 =32+ (2 —t) = critical pointsatt = +2 = f' =[] ——— | +++ | ———
-3 — 2
and f(—3) = -9, f(—2) = —16, f(2) = 16 = local maxima are —9 att = —3 and 16 att = 2, a local minimum is
—l6att= -2
(b) absolute maximum is 16 at t = 2; no absolute minimum
()
£(t)
20 f(t)=12t-t’
10 1
-3 -2 -1/ 1 2 3\a s
10
-20

46. (a) f(t) =13 —3t> = f'(t) = 3t> — 6t = 3t(t — 2) = critical pointsatt =0 and t = 2

= =44+ ———| +++i]’> and f(0) = 0, f(2) = —4,f(3) = 0 = alocal maximumisOatt=0andt=3,a
0 2

local minimum is —4 att = 2
(b) absolute maximum is 0 at t = 0, 3; no absolute minimum

(©)

JAU)

f=1-32

47. (a) h(x) = "{ —2x2+4x = h(x) =x*> —4x+4 = (x —2)? = acritical pointatx =2 = h' =[ +++ | +++ and
0 2

h(0) = 0 = no local maximum, a local minimumis 0 atx = 0
(b) no absolute maximum; absolute minimum is 0 at x = 0

()
h(x)
6
5 3
4 h(x)=—-2x"+4x
3
2
1
~x
1 2 3 4
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48. (a) k(x) =x>+3x>+3x+1 = K (x) =3x2 +6x+3 =3(x+ 1) = acritical point at x = —1
= k'=+++| +++]andk(—1) = 0,k(0) =1 = alocal maximum is 1 at x = 0, no local minimum
-1 0

(b) absolute maximum is 1 at x = 0; no absolute minimum

(c)
k(x)
2k
k(.x‘)=x3+3x2 +yl/
75/7'1 *
1+
49. (a) f(x) =V25—-x*=f'(x) = = = critical points at x = 0, x = =5, and x = 5
=f'=( +4++| ———),f(=5) =0,(0) = 5, f(5) = 0 = local maximum is 5 at x = 0; local minimum of 0 at
-5 0 5
x=-5andx =5
(b) absolute maximum is 5 at x = 0; absolute minimum of O atx = —5and x = 5
(c)
f(z)

f(x)=25-%

50. (a) f(x) = vx2—2x—-3,3<x<o0=1'(x)= \/% = only critical pointin3 < x < coisatx =3

= f'=[ +++, f(3) = 0 = local minimum of 0 atx = 3, no local maximum
3
(b) absolute minimum of 0 at x = 3, no absolute maximum

()

f)

\ fo)y=N2= 2\—/
1 1 1 1

—2—1|1234

X

51 (@) g(x) =3=2,0<x<1=¢g'(x)= % = only critical pointin 0 < x < lisx =2 — /3 ~ 0.268

P _ — VA ini V3 _9_
=g —([) 0.2|68+++%’ g<2 \/3) = wise ™ 1.866 = local minimum of PR atx =2 \/5, local

maximum at x = 0.

V3

(b) absolute minimum of pW T atx =2 — \/3, no absolute maximum
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(©)

]

x—

8®="7;

> X

52. (a) g(x) = 4f—2xz, 2<x<1l=g'(x)= > = only critical pointin 2 < x < lisx =0

8x
4—x)

=g =( ——— | +++].8(0) = 0 = local minimum of 0 atx = 0, local maximum of } at x = 1.
-2 0 1

(b) absolute minimum of 0 at x = 0, no absolute maximum

(©)

53. (a) f(x) =sin2x,0 < x < 7= f'(x) = 2c0s2x, f'(x) = 0 = cos 2x = 0 => critical points are x = 7 and x = 37

=1 = [+++l———3| +++7]r £(0) =0,f(2) =1,£(3) = —1, f(r) = 0 = local maxima are 1 atx = % and 0
4 4
at x = 7, and local minima are —1 at x = % and 0 atx = 0.
(b) The graph of f rises when ' > 0, falls when f’ < 0,
and has local extreme values where f’ = 0. The function
f has a local minimum value at x = 0 and x = %’r, where

the values of f’ change from negative to positive. The

function f has a local maximum value at x = 7 and (0,0)
x = 7, where the values of f’change from positive to

negative.

54. (a) f(x) =sinx —cosx,0 < x < 27 = f'(x) = cosx + sinx, f'(x) = 0 = tanx = —1 => critical points are x = 37 and

x=D=f = ([)+++3| ———7| —|—+—|—2] (0) = —1,1(3F) = V2, f(Ir) = -2, f(2m) = —1 = local maxima are
3m In ™

4 4
\/5 atx = 37” and —1 at x = 27, and local minima are f\/i atx = %’r and —l atx = 0.

(b) The graph of f rises when ' > 0, falls when f’ < 0,
and has local extreme values where f’ = 0. The function 0%

f has a local minimum value at x = 0 and x = %’r, where G
. " 2r @

the values of f change from negative to positive. The I KX\ e

function f has a local maximum value at X = 27 and . L ! / .

X = %Tﬁ’ where the values of f’change from positive to

-1
negative. Va2

fx)=sinx—cosx, 0<x<2m
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55. (a) f(x) = \/3cosx +sinx,0 < x <27 = f'(x) = —/3sinx + cosx, f/(x) = 0 = tanx = ﬁ => critical points are

| ] LH0) = /3, £(%) =2, () = —2,f(2m) = /3 = local
us

| ———
s 7
6

3

x:%andx:%éf/:([)—i——i-—i—

(=2}

maxima are 2 at X = % and /3 at x = 27, and local minima are —2 at x = %T and /3 atx = 0.
(b) The graph of f rises when ' > 0, falls when f’ < 0,
and has local extreme values where f/ = 0. The function

(=)
f has a local minimum value at x = 0 and x = %’r, where (27:453)
the values of f’ change from negative to positive. The
> x
function f has a local maximum value at x = 27 and n =L 2n

x = %, where the values of f’change from positive to

negative. (&-2)

56. (a) f(x) = —2x+tanx, -5 <x < § =f'(x) = =2 +sec’x, f'(x) = 0 = sec? x = 2 = critical points are

x=—fandx=5=>f = ( +4++| ——— | +++) .f(-F) =5 - Lf(§) =1 — 5 = local
-2 73 3 2
maximum is 7 — 1 at x = —7, and local minimumis 1 — 3 atx = 7.

(b) The graph of f rises when f’ > 0, falls when f’ < 0,

and has local extreme values where f’ = 0. The function vy
f has a local minimum value at x = , where the values
of f’ change from negative to positive. The function f -3
has a local maximum value at x = —7, where the values 7 \Kg_ 5 !
of f’change from positive to negative. -

s

f(x) =tan x — 2x, %<x< 3

57. (@) f(x)=3—2sin(3) = f'(x) =1 —cos (3),f'(x) =0 = cos (}) =1 = acritical pointat x = &
= f'=[———| +++] andf(0)=0,f(¥)=7- /3, f27) = 7 = local maxima are 0 at x = 0 and
0 27 /3 2m
at x = 2, a local minimum is Z — V3atx = z
(b) The graph of f rises when f’ > 0, falls when f’ < 0, fo) = % ~ 2sin ; 0O<x<2r
and has a local minimum value at the point where f’ y \
3
changes from negative to positive.
2
f'x)
1
0 1 3 4 S 6 X
58. (a) f(x) = —2cosx —cos’x = f'(x) = 2sin x + 2 cos x sin x = 2(sin x)(1 + cos X) = critical points at x = —, 0,
= f'=[ ——— | +++]andf(—m) = 1,f(0) = =3, f(r) = 1 = alocal maximumis 1 at x = + 7, a local
—T 0 ™

minimumis —3 atx =0
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(b) The graph of f rises when ' > 0, falls when f’ < 0,

and has local extreme values where ' = 0. The £00
function f has a local minimum value at x = 0, where r
|
the values of f' change from negative to positive. L\ ) L/
-3 2 1 0 1 2 3

fx) =—2cos x — cos? x, —-m<x<w

59. (a) f(x) =csc?x —2cotx = f'(x) = 2(csc x)(—csc x)(cot x) — 2 (—csc?x) = —2 (csc® x) (cot x — 1) = a critical
pointatx =% = f'=(———| ++4+) and f(%) =0 = no local maximum, a local minimum is 0 at x = 7
0 /4 &
(b) The graph of f rises when f’ > 0, falls when f’ < 0, y S®=esctx-2cotr 0<x<n
and has a local minimum value at the point where 4 /
f” = 0 and the values of f’ change from negative to
positive. The graph of f steepens as f'(x) — = oo. 2
of o5/ 1 15 3 25 37
2
f'&x)
-4

60. (a) f(x) =sec’x —2tanx = f’(x) = 2(sec x)(sec x)(tan x) — 2 sec?>x = (2 sec®x) (tan x — 1) = a critical point

atx =7 = f'=(C ——| +++) andf(%) =0 = no local maximum, a local minimum is 0 at x = 7
—m/2 T/4 /2

(b) The graph of f rises when ' > 0, falls when f’ < 0,
and has a local minimum value where f’ = 0 and the

values of ' change from negative to positive. fw=se e -2anx\_ [

Tex<™ 2

2 2

1 1 1 x
-15 -1 -05 0)/1 1.5

4
P /

61. h(6) =3cos () = W@ =—2sin(4) = h=[—-——1,(0,3) and (27, —3) = alocal maximumis 3 at§ = 0,
0 27

alocal minimum is —3 at§ = 27

62. h(d) =5sin(5) = W@ =3cos(§) = W =[+++],(0,0)and (7,5) = alocal maximum is 5 at § = 7, a local
0 s

minimumis 0 atd =0

63. (a)
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64. @ | ®
3+ N
s y=f&) T
] e '
© @
3+ 3l
y=/f(x)
1k
1+
I ; ; ! L 1
1 3 *
65. (a) , (b) ,
2 y=8x)
0 2 *

66. (a)

67. The function f(x) = x sin(%) has an infinite number of local maxima and minima. The function sin x has the following

properties: a) it is continuous on (—oo, 00); b) it is periodic; and c) its range is [—1, 1]. Also, for a > 0, the function % has
a range of (—oo, —a] U [a, 00) on {—é, ﬂ .In particular, ifa = 1,then 1 < —1or! 1 whenxisin[~1, 1]. This means
sin(1) takes on the values of 1 and —1 infinitely many times in times on the interval [—1, 1], which occur when

% = + g, + 377 + 57” L..=>X= &£ ;ZT + % + %, .... Thus sin(%) has infinitely many local maxima and minima
in the interval [—1, 1]. On the interval [0, 1], —1 < sin(1) < 1 and since x > 0 we have —x < xsin(1) < x. On the
interval [~1,0], —1 < sin(1) < 1 and since x < 0 we have —x  xsin(1)  x. Thus f(x) is bounded by the lines y = x
and y = —x. Since sin(i) oscillates between 1 and —1 infinitely many times on [—1, 1] then f will oscillate between y = x
and y = —x infinitely many times. Thus f has infinitely many local maxima and minima. We can see from the graph (and
verify later in Chapter 7) that lim x sin(%) = 1land lim x sin(%) = 1. The graph of f does not have any absolute

maxima., but it does have two absolute minima.
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68. f(x):ax2+bx+c:a(x2+9x)+c:a(x2+hx+ b—i) —%—kc:a(x—k 2%)2—1’2;i a parabola whose

vertex is at x = — £ . Thus when a > 0, f is increasing on (52, c0) and decreasing on (—oo, 52) ; when a < 0,
f is increasing on (— 00, 3. ) and decreasing on ( 2:, ) . Also note that f'(x) = 2ax + b = 2a (X + %) = for
a>0,f'=———| +++;fora<0,f =—+++| ———.

—b/2a —b/2a

69. f(x) =ax’>+bx=f'(x) =2ax+b,f(1)=2=a+b=2,f'(1)=0=2a+b=0=a=-2,b=4
= f(x) = —2x? + 4x

70. f(x) =ax®* +bx>*+cx+d=f'(x) =3ax>+2bx+¢,f(0)=0=d=0,f(1)=-1=a+b+c+d=—
f'0)=0=c=0,f'(1)=0=3a+2b+c=0=a=2,b=-3,c=0,d =0 = f(x) = 2x> — 3x°

4.4 CONCAVITY AND CURVE SKETCHING

1. y= %77 72x+ = y=x2-x-2=x-2)x+1) =y _2x71—2(x7 —) The graph is rising on
(—o0, —1) and (2, oo), falling on (—1,2), concave up on (3, 00) and concave down on (—oo, 1) . Consequently,
alocal maximum is 2 at x = —1, alocal minimum is —3 at x = 2, and (3}, — 2) is a point of inflection.

2 y=% 2244 =5y = —dx=x(X2—4) =x(x+2)(x—2) = y' =32 —4= (\/§x+2) (\/§x—2). The
graph is rising on (—2,0) and (2, c0), falling on (—oo, —2) and (0, 2), concave up on (—oo, —%) and (\[ , ) and

concave down on (— \% %) . Consequently, a local maximum is 4 at x = 0, local minima are 0 at x = + 2, and
16
' art

(— \i[ 36) and (% ) e points of inflection.

2/3 -1/3 -1/3
Ly=36-0" 5y =D -1 e =xx -1 /’yl:___)1(+++(|)___{(+++
= the graph is rising on (—1, 0) and (1, c0), falling on (—o0, —1) and (0, 1) = a local maximum is % at x = 0, local
minimaare Oatx = + I;y" = (x2 — 1) /% + (%) (- =1 ox) = (73>
21
y'=+++| ———)(——=)(———| +++ = the graph is concave up on (—oo,f\/3> and (\/5, oo),concave

N R
down on <f\/§ , \/§> = points of inflection at ( + \/5, %ﬂ)

4. y=pxX B =T) = ¥ = Gx =T+ xR0 = 3x7 (¢ 1),y —+++| B S | +++
= the graph is rising on (—oo, —1) and (1, o0), falling on (—1,1) = alocal maximum is 7 atx = 71, a local
minimum is — 2 atx = 1;y" = —x%/3 (x? — 1) 4+ 3x1/3 = 2x'/3 4 x5/ = x7%/3 (2x2 + 1),
y'=——— )(+++ = the graph is concave up on (0, co), concave down on (—oc0, 0) = a point of inflection at (0, 0).

0
5. y=x+sin2x=y =1+2cos2x,y' = [-—— | +++| ———] = thegraphisrisingon (—3,7), falling
—27/3—7/3 /3  27m/3

on (— %7“, %) (%, 2%) local maxima are — 23” + 4 atx = 2” and 5 + \[ atx = %, local minima are
—%—éatx:—gand%ﬁ ‘/TEatx: Ty =—dsin2x,y" = [ ———| +++|——| +++ 1 = the

—27/3  —m/2 0 /2 27/3
graph is concave up on (— 3 O) and (%, %) , concave down on (— %”, — g) and (0, g) = points of inflection at
(~5.-). 0.0.and (5.3)
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y=tanx —4x = y =sec’x -4,y = ( +++]| ———| +++) = the graph is rising on (— %,—%) and
—-n/2 —7m/3 7T/3 /2

(% "—zr) falling on (— 3 %) = alocal maximum is —\/_ —|— Tatx = , a local minimum is \/_ —Fatx=73;

y” = 2(sec x)(sec x)(tan x) = 2 (sec’x) (tan x), y"’ = (——— | ++4+) = the graph is concave up on (O, 5) ,

—77/2 0 /2

%,O) = a point of inflection at (0, 0)

concave down on (—
If x 0,sin |x| = sin x and if x < 0, sin |x| = sin (—x)
= —sin x. From the sketch the graph is rising on y=sinfx|,-27 < x < 27

(— 37”, — g) R (O, 2) and (3“ 27r) falling on ( 27, — 377) s w2, )| @2

(—Z,0) and (%,3) ; local minima are —1 atx = + 37 (=21, 0) @r.0)

and 0 at x = 0; local maxima are 1 atx = & 7 and 0 at =0  [(0,0)(x0) x

X = = 2m; concave up on (—2m, —7) and (m, 27), and (“3m2-1) Gr2-1)
concave down on (—7,0) and (0, ) = points of inflection
are (—m,0) and (7, 0)

y=2cosx—2x=y =-2sinx— 2,y =[ ——— | 4+++]|] —-——| +++]1 = risingon

T —3m/4 —7/4 5r/4  3m/2
(—%,—%)and (%",37") fallingon( m, —%”) and (—Z,%) = localmaximaare—2—|—7r\/_atx——7r \/7—1—”7\5
atx = — 7 and — 37r\[atx— andlocalnnmmaare—f—i— \[atx— %and—ﬁ 5”\/attx— T

y' = —2cosx,y" [ +4+ | ——— | 4++1 = concaveupon (—m,—%) and (3, 3), concave down on
—7/2

|
/2 3m/2
(— 5 g) = points of inflection at (—% L) and <g, —@)

Wheny = x? — 4x + 3, then y’ = 2x — 4 = 2(x — 2) and X

y"” = 2. The curve rises on (2, o) and falls on (—oo, 2). Ar
At x = 2 there is a minimum. Since y” > 0, the curve is z\
1

concave up for all x.

2,-1)
2r Loc min

Wheny = 6 — 2x — x?, theny’ = —2 — 2x = —2(1 + x) and

y"” = —2. The curve rises on (—oo, —1) and falls on Abs. max. (-1,7)
(—1,00). At x = —1 there is a maximum. Since y'/ < 0, the

curve is concave down for all x.

y=6-2x -2
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12.

13.

15.

. Wheny = x? —3x +3,theny =3x> -3 =3(x — D(x+ 1)

and y” = 6x. The curve rises on (—oo, —1) U (1, 0o) and
falls on (—1,1). Atx = —1 there is a local maximum and at
x = 1 alocal minimum. The curve is concave down on
(—00,0) and concave up on (0, o). There is a point of
inflection at x = 0.

When y = x(6 — 2x)?, then y/ = —4x(6 — 2x) + (6 — 2x)?
=123 —x)(1 —x)and y" = —12(3 — x) — 12(1 — x)

= 24(x — 2). The curve rises on (—oo, 1) U (3, 00) and
falls on (1, 3). The curve is concave down on (—oo, 2) and
concave up on (2,00). At x = 2 there is a point of
inflection.

Wheny = —2x3 + 6x2 — 3, then y/ = —6x2 + 12x

= —6x(x—2)andy”’ = —12x + 12 = —12(x — 1). The
curve rises on (0, 2) and falls on (—oc0, 0) and (2, c0).
At x = 0 there is a local minimum and at x = 2 a local
maximum. The curve is concave up on (—oo, 1) and
concave down on (1, 00). At x = 1 there is a point of
inflection.

. Wheny =1 —9x — 6x> — x%, theny’ = —9 — 12x — 3x?

= -3x+3)(z+1Dandy” = —12 — 6x = —6(x + 2).
The curve rises on (—3, —1) and falls on (—o0, —3) and

(—1,00). Atx = —1 there is a local maximum and at
x = —3 alocal minimum. The curve is concave up on
(—00, —2) and concave down on (—2,00). Atx = —2

there is a point of inflection.

Wheny = (x — 2)% + 1, then y = 3(x — 2)? and

y"” = 6(x — 2). The curve never falls and there are no
local extrema. The curve is concave down on (—oo, 2)
and concave up on (2, 00). At x = 2 there is a point
of inflection.

y

y=x(6-2x)
40 L )
0k ( IOCI.6I1)'1dX.
20F 2 Infl.
10 (2,8)
1 1 1 1 X
-2 2 4 6
=20 3,0
Loc. min.
y
(2, 5) Loc max

Infl
@D 2

I/I T T

=

y=1 —ox—62 -

Loc. min. (-3, 1)

-3 -1

<<
=

0,-3)
Loc min y=-2x>+6x2-3

Loc. max. (-1, 5)

2 Infl
@

y=(x-271+1
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. Wheny =1 — (x + 1), theny’ = —3(x + 1)? and

" _

y =
no local extrema. The curve is concave up on (—oo, —1)

6(x 4+ 1). The curve never rises and there are

and concave down on (—1,00). Atx = —1 thereis a
point of inflection.

Wheny = x* — 2x2, then y = 453 —4x = 4x(x + D(x — 1)
andy” = 12x> -4 =12 (x + %) (x - %) . The curve
rises on (—1,0) and (1, o0) and falls on (—oco, —1) and (0, 1).
At x = = 1 there are local minima and at x = 0 a local

ﬁ) and
11

1 _
(%,oo) and concave down on (f Ve 7) . Atx =

maximum. The curve is concave up on <foo, —

+1

NG

w

there are points of inflection.

Wheny = —x* 4+ 6x? — 4, theny = —4x>® + 12x
= —4x (x + \/5) (x - \/§> andy” = —12x%2 + 12

= —12(x + 1)(x — 1). The curve rises on (—oo, —\/5)

and (0, \/3) , and falls on (—\/5, 0) and (\/5, oo) . At

X= =+ \/gthere are local maxima and at x = 0 a local
minimum. The curve is concave up on (—1, 1) and concave
down on (—oo, —1)and (1, 00). Atx = =+ 1 there are points
of inflection.

. Wheny = 4x3 — x*, theny’ = 12x% — 4x® = 4x?(3 — x) and

y” = 24x — 12x? = 12x(2 — x). The curve rises on (—o0, 3)
and falls on (3, 00). At x = 3 there is a local maximum, but
there is no local minimum. The graph is concave up on

(0, 2) and concave down on (—oo, 0) and (2, oo). There are
inflection points at x = 0 and x = 2.

When y = x* + 2x3, then y’ = 4x® + 6x> = 2x?(2x + 3) and
y" = 12x% + 12x = 12x(x + 1). The curve rises on

(= 3,00) and falls on (—oo, — 3) . There is a local
minimum at X = — % but no local maximum. The curve is
concave up on (—oo, —1) and (0, o), and concave down on

(—1,0). Atx = —1 and x = 0 there are points of inflection.
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-1,-1) r 1,-1
(13, -519) | (13, -519)
Infl = Infl
y
Abs. max. Abs. max.
V3,5 3,5

Infl.
L1

Infl.
1,1

x

y= At re?-4

27
21

Infl -
0,03

(0,—4) Loc. min.
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In
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Abs. min.
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21.

22.

23.

24.

25.

Chapter 4 Applications of Derivatives

Wheny = x® — 5x4, then y’ = 5x* — 20x3 = 5x3(x — 4) and
y" = 20x3 — 60x? = 20x?(x — 3). The curve rises on
(—00,0) and (4, 00), and falls on (0,4). There is a local
maximum at X = 0, and a local minimum at x = 4. The
curve is concave down on (—o0, 3) and concave up on

(3, 0). At x = 3 there is a point of inflection.

Wheny =x (3 —5)" theny' = (3 = 5)" +x@® (3 - 5)° (3)
=(3-95"(3 -5 .andy" =3(3-5)"(}) (¥ -5)

+ (3 - 5)3 (3)=50G- 5)2(x — 4). The curve is rising

on (—o0, 2) and (10, co), and falling on (2, 10). There is a
local maximum at X = 2 and a local minimum at x = 10.

The curve is concave down on (—oo, 4) and concave up on
(4,00). Atx = 4 there is a point of inflection.

Wheny = x + sin X, theny’ = 1 + cos x and y” = —sin x.
The curve rises on (0, 27). Atx = 0 there is a local and
absolute minimum and at x = 27 there is a local and absolute
maximum. The curve is concave down on (0, 7) and concave
up on (7, 27). At x = 7 there is a point of inflection.

Wheny = x — sin x, theny’ = 1 — cos x and y” = sin x.
The curve rises on (0, 27). At x = 0 there is a local and
absolute minimum and at x = 27 there is a local and absolute
maximum. The curve is concave up on (0, 7) and concave
down on (7, 27). At x = 7 there is a point of inflection.

Wheny = \/gx —2cosx, theny' = \/§ + 2sin x and

y” = 2cos x. The curve is increasing on (0, %) and
(3£,2m), and decreasing on (4, 3F). Atx = 0 there

is a local and absolute minimum, at X = %’r there is a local
maximum, at X = 5{ there is a local minimum, and and at
X = 2 there is a local and absolute maximum. The curve
is concave up on (0, ) and (3, 2), and is concave

T 3

downon(%,3). Atx = Z and x = 37 there are points

of inflection.

Loc min

Y Abs. max.

(2,512)

Infl.
(4,324)

oo

Infl. (10, 0)

27 -

— X

Max
(2, 2)

y=x+sinx

(, )

Infl

Min

Abs.

min. | |-

0.0

DWW R L
T

Abs. max. (2, 27)

Loc max
(2, 237 -2)

IZ - (43, 4303+ 1) e
6F ot /. (573, 5\3m13-1)
(3772, 3\3my2)  Loc min
41 Infl
2r (m/2,3m12)
1 1 L | N
o w2 = 3a2 m
0,2
A(bs mi)n y=3x-2cos x
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26.

27.

28.

29.

30.

eny = %x —tanx, theny’ = % — sec? x an
Wh ix — tanx, then y’ = } 2 x and
n__ 2 .. . o
y” = —2sec? x tan x. The curve is increasing on (—%, ),
: T ™ ToT _ T
and decreasingon (—3,—Z) and (£,3). Atx = —7

there is a local minimum, at x = % there is a local
maximum,there are no absolute maxima or absolute minima.
The curve is concave up on (—g, O) , and is concave

down on (0, %) At x = 0 there is a point of inflection.

When y = sinx cosx, then y/ = —sin? x + cos® x = cos 2x
and y” = —2sin2x. The curve is increasing on (0, Z) and

(32, 7), and decreasing on (5, 3%). Atx =0 thereisa

local minimum, at x = % there is a local and absolute

maximum, at X = %’T there is a local and absolute minimum,

and at X = 7 there is a local maximum. The curve is concave

™
)
there is a point of inflection.

), and is concave up 0n(7—2r,7r). Atx =12

down on (O 3

When y = cosx + \/gsin X, then y’ = —sinx + \/gcosx
and y” = —cosx — 1/3sinx. The curve is increasing on
T 4 : T 4
(0,%) and (*,27), and decreasing on (5, %). At
x = 0 there is a local minimum, at x = % there is a local
and absolute maximum, at x = 47” there is a local and
absolute minimum, and at X = 27 there is a local maximum.
The curve is concave down on (0, 37) and (4, 27),
: St 1w __ 57 _ 1ln
and is concave up on (37, UT). Atx = 3 and x = 1}
there are points of inflection.

Wheny = x'/%, theny’ = £ x %% and y” = — £ x79/°.
The curve rises on (—oo, 00) and there are no extrema.
The curve is concave up on (—oo, 0) and concave down
on (0,00). Atx = 0 there is a point of inflection.

Wheny = x*°, theny = 2x %% andy” = — £ x75/°.
The curve is rising on (0, co) and falling on (—oo, 0). At
x = 0 there is a local and absolute minimum. There is
no local or absolute maximum. The curve is concave
down on (—o0, 0) and (0, c0). There are no points of
inflection, but a cusp exists at x = 0.

Copyright © 2010 Pearson Education, Inc.
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31.

32.

33.

34.

35.

Chapter 4 Applications of Derivatives

Wheny = ﬁ theny’ = W and

" =3x__ The curve is increasing on (—c0, 00).

y = 17

There are no local or absolute extrema. The curve is

concave up on (—oo, 0) and concave down on (0, c0).
At x = 0 there is a point of inflection.

V1-—x2

/ —(x+2)

Wheny = Jtheny = —212L___and
y 2x+1 y (2x+1)*/1-x
" —4x3 — 12x> +7 Th : :
= 3. ,3n- e curve is decreasing on
y (2x+1)°(1—x2)*? g

(71, - %) and (f%, 1). There are no absolute extrrema,
there is a local maximum at x = —1 and a local minimum
at x = 1. The curve is concave up on (—1, —0.92) and
(—4,0.69), and concave down on (—0.92, —1) and
(0.69,1). At x = —0.92 and x = 0.69 there are points of
inflection.

When y = 2x — 3x*/3, theny’ = 2 — 2x~'/% and
"2 —4/3
y 3

(1, 00), and falling on (0, 1). There is a local maximum

. The curve is rising on (—oc, 0) and

at x = 0 and a local minimum at x = 1. The curve is
concave up on (—oo, 0) and (0, 00). There are no
points of inflection, but a cusp exists at x = 0.

Wheny = 5x%/% — 2x, theny’ = 2x%/° =2 =2 (x73/5 — 1)

andy” = — ¢ x~%/5. The curve is rising on (0, 1) and
falling on (—o0, 0) and (1, c0). There is a local minimum
at x = 0 and a local maximum at x = 1. The curve is
concave down on (—oo, 0) and (0, co). There are no
points of inflection, but a cusp exists at x = 0.

When y = x%/3 (% — x) = %XQ/S — x5/3_ then

y = %x’1/3 — §x2/3 = %x’1/3(1 —x) and

y'=— gx_4/3 — %x‘lm = — gx_4/3(l + 2x).

The curve is rising on (0, 1) and falling on (—o0, 0) and
(1, 00). There is a local minimum at x = 0 and a local

maximum at x = 1. The curve is concave up on (—oo, — 1)

2

L O) and (0, c0). There is a point

2
of inflection at x = — % andacuspatx =0.

and concave down on (—

Loc. max.
(-1,0)

V12

2x+1

(0.69,0.30) nfl.

y=

(~0.92,-0.48)
Infl.

~

(1,0
Loc. min.

Cusp, Loc max

©.0

y=2y
1 1 1 1

-5

X

(1, 3) Loc. max.

Abs. min.

4+
3

Infl 2r

(c1r2,33%)

y= xz/s(% _ x)

(1, 3/2) Loc max

1 1

1
0,01
Cusp
Loc min

X
2 \3
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36.

37.

38.

39.

When y = x*/3(x — 5) = x/3 — 5x%/3, then

y = %x2/3 — 13—0 x1/3 = %x’1/3(x —2)and

y' = % x84 %0 x4 = % x~43(x + 1). The curve
is rising on (—o00, 0) and (2, co0), and falling on (0, 2).
There is a local minimum at x = 2 and a local maximum
at x = 0. The curve is concave up on (—1,0) and (0, c0),
and concave down on (—oo, —1). There is a point of
inflection at x = —1 and a cusp at x = 0.

Wheny = xv/8 — x2 =x (8 — 2)1/2 then

v =8-x3)" 100 (3) 8 —x) 2%

— (8 —x2) V2 (8 _2x2) = 22 -2 +x) d
( x%) ( x*) = \/2\[+X 2ﬁ X)an

¥ = (=18 - x2) F(—20(8 — 2x%) + (8 — x2) H(—4x)

— B 12) 12) " The curve is rising on (—2, 2), and falling

(8-x2)°
n (72\/5, 72) and (2,2\/5) . There are local minima
x = —2 and x = 24/2, and local maxima at x = 72\/5 and
x = 2. The curve is concave up on (—2\/5, 0) and

concave down on (0, 2\/5) . There is a point of inflection

atx = 0.

Wheny = (2 — x2)**, theny’ = (%)( x2) 2 (=2x)
= -3xv2-—xZ= \/ \/_—l—x) and
¥ = (=32 =) 4 (=30 (5) 2 - )P =2x)

= —OU=0UFY__ The curve is rising on

(V23) (V24
(—\/E, O) and falling on (O, \/5) . There is a local

maximum at X = 0, and local minima at x = =4 /2. The

curve is concave down on (—1, 1) and concave up on

(—\/5, —1) and (1, \/5) . There are points of inflection at
x= *1.

Wheny = /16 — x2, theny’ = \/;—X— and

y' = ﬁ . The curve is rising on (—4,0) and falling

on (0,4). There is a local and absolute maximum at x = 0
and local and absolute minima at x = —4 and x = 4. The
curve is concave down on (—4, 4). There are no points

of inflection.

Section 4.4 Concavity and Curve Sketching

0,0
X
y=Px_s)
1.-6) (2.0,-4.76)
y Loc max
2,4)
4 -
3 -
2 =
Loc max
(2v2,0) 'ff ©,0)Infl
1 1
2 g
Loc min
e y=xV8-x2
4}
(-=2,-4
Loc min

2,0 2,0

(0,4) Abs max

(=4.0) 4.0
Abs min Abs min
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