122 Chapter 3 Differentiation

3. p= 3q+tanq dp _ (qsecq) (3 + sec’q) — (3q + tanq)(qsecqtanq + secq(1))

qsecq dq (qsecq)?
_ 3qsecq+qsec’q— (3q2secqtanq+3qsecq+qsecqtan2q+secqtanq) gsec3q— 3q’secqtanq — qqecqtan q—secqtanq
(qsecq)® (qsecq)®
33. (@) y=cscx = y = —cscxcotx = y” = —((csc x) (—csc? x) + (cot x)(—csc x cot X)) = csc® x + csc x cot? x

= (csc x) (esc? x + cot? x) = (esc x) (esc?x + esc? x — 1) = 2 esc® x — esc x
(b) y=secx = y =secxtanx = y” = (sec x) (sec? x) + (tan x)(sec x tan x) = sec® x + sec x tan® x
= (sec x) (sec? x + tan® x) = (sec x) (sec? x + sec® x — 1) = 2 sec® x — sec x

34. (a) y=-2sinx = y = —2cosx = y’ = —2(—sinx) =2sinx = y” =2cosx = y* = —2sinx
(b) y=9cosx = y = -9sinx = y’" = -9cosx = y” = —9(—sinx) =9sinx = y® =9cosx

35. y=sinx = y =cosx = slope of tangent at
X = —mis y/(—m) = cos (—m) = —1; slope of
tangent at x = 0 is y’(0) = cos (0) = 1; and y=-x-m
slope of tangent at x = 3 isy’ (3F) = cos I

—371"/2 -7 —71"/2 71"/2 71"/2 2
= 0. The tangent at (—7r7 0)isy—0=—-1(x+m), \4 y;lA(WZ’,f
ory = —x — m; the tangent at (0, 0) is

y — 0 = 1(x — 0), or y = x; and the tangent at
(37”,— )isy: —1.

36. y=tanx = y' =sec’x = slope of tangent at x = —

W

is sec? (— §) = 4; slope of tangent at x = 0 is sec” (0) = 1; y= 4x+——\/—

and slope of tangent at x = 7 is sec? (§) = 4. The tangent , / @B\DS .
a (= (= 5)) = (= 5.-v3) sy + V3=4(x +9); i

the tangent at (0, 0) is y = x; and the tangent at (5, tan (5))

= (%,\/g) isy— 324(X— %) 2 (777/3‘7\/3)72/ y=4xf4?‘”+‘/§

y=tanx

[SIE]

37. y=secx = y =secxtanx = slope of tangent at
x =—Tissec (—5) tan (— §) = —24/3; slope of tangent

(=3

c(f)tan (%) = /2. The tangent at the point
(= 5sec(=3) = (-5.2) sy —2=-2V/3 (x +5):
the tangent at the point (%, sec (7)) = (%, \/5) isy — /2
VA9,

atx =7 IS N ¢

—71'/2 —7/3 0 4 /2

38. y=1+4+cosx = y = —sinx = slope of tangent at

X = — 3 is —sin (— %) = ﬁ ; slope of tangent at x = 37”

is —sin (3F) = 1. The tangent at the point

(—571+COS( 3))=(=52)

isy—35 = (x %) ; the tangent at the point
3
2

(gﬂl—l—cos( )) (77 )1sy—l:x—377r

39. Yes,y =x+sinx = y =1+ cos x; horizontal tangent occurs where 1 +cosx =0 = cosx=—1 = x=7
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45.

46.

47.

48.

49.

Section 3.5 Derivatives of Trigonometric Functions

No,y = 2x +sinx = y' = 2 + cos x; horizontal tangent occurs where 2 4+ cos x =0 = cos x = —2. But there
are no x-values for which cos x = —2.

No,y = x —cot x = y' = 1+ csc? x; horizontal tangent occurs where 1 + csc?x = 0 = csc?x = —1. But there
are no x-values for which csc? x = —1.

Yes,y =x+2cosx = y' = 1 — 2 sin x; horizontal tangent occurs where | —2sinx =0 = 1 =2sinx

1 _ o _m __ 5w
= 5 =sinx = x=gorx ==
We want all points on the curve where the tangent

line has slope 2. Thus,y = tan x = y’ = sec?x so
thaty =2 = sec?x =2 = secx = + /2

= x = =+ 7. Then the tangent line at (5,1) has .
equationy — 1 = 2 (x — ) ; the tangent line at i
(—%,—1) hasequationy + 1 =2 (x + ) . y=2:x+§—1

We want all points on the curve y = cot x where
the tangent line has slope —1. Thus y = cot x
2+ y=cotx

= y = —csc?xsothaty = =1 = —csc?x = —1
= csc’x=1 = cscx=+1 = x=75. The L

tangent line at (3,0) isy = —x + 7.

y=—x+7/2

y=4+cotx —2cscx = y = —csc’x +2csc X cot X = — (mllx) (%)
(a) Whenx = 7, theny’ = —1; the tangent lineis y = —x + § + 2.
(b) To find the location of the horizontal tangent sety’ =0 = 1 —2cosx =0 = x =

theny =4 — \/§ is the horizontal tangent.

y=1+12cscx+cotx = y =—/2cscxcotx —cse?x = — () (7‘/52?;;“)

(a) Ifx = 7, theny’ = —4; the tangent line is y = —4x + 7 4 4.

(b) To find the location of the horizontal tangent sety’ =0 = \/5 cosx+1=0= x= %Tﬂ radians. When

X = %’", then y = 2 is the horizontal tangent.

xliin Sm(%*%) —Sin(%*%) =sin0=0

xgnl% /1 + cos(mcsc x) = \/1 +cos (mese (—Z)) = /1 +cos(m-(—2)) = V2
i LR i T 3

elﬂni slzig“ = %(SmQ)‘&:% = 0089‘9:% = cos(g) = 4
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53.

54.

55.

56.

57.

58.
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Chapter 3 Differentiation
lgnZ —‘ag:ﬁl = %(tan@)‘ - 56029’ = sec? (2) =2
11m0 sec [cosx + mtan (772~ ) — 1] =sec [1 + 7w tan (; ;) — 1] = =sec [rtan (§)] =secm = —1
Jim sin (PSR = sin (G2 50) = sin (= ) =~

1 —w = —_— 1 “—nt = —_ =
tlleOtam(I ) tan(] tlgn0 t) tan(1—1)=0

t

i ) — i 0 ) = 1) = R

915110005(““6)—005 (Welgno sinf))—cos (w o 5120> cos (7 - 1) 1
s:2—25int:>v:g—f:—Zcost;Sa———Zsmt:n———2cost Therefore, Veloc1ty—v(4)
*f\/_m/sec speed—|v( )|—\/_m/sec acceleratlon—a() \/_m/sec ]erk—]( ):\/_m/sec3.
s:sint+costév:%:costfsintéa:%:fsintfcost;sj:%:fcostqtsint. Therefore

velocity = v ( ) = 0 m/sec; speed = |v ( ‘)| = 0 m/sec; acceleration = a (g) = f\/i m/sec?; jerk = j (g) = 0 m/sec?.

: I T in3x __ in 3x sin 3x\ __ : : _ : _ _
Xlgn0 f(x) = Xlgn0 g% — hm 9 (852%) (S£2%) = 9 50 that f is continuous at x = 0 = X11_r>nO f(x) = f(0) = 9 =c.

lim g(x)= lim (x+b)=band lim g(x) = lim cosx = 1so thatgiscontinuousatx =0 = lim_ g(x)
x—=0 x—0 x — 0F x— 0" x — 0
= 1inb+ g(x) = b = 1. Now gis not differentiable at x = 0: At x = 0, the left-hand derivative is
X —

& (x+b)|__, = L, but the right-hand derivative is & (cos x)| = —sin 0 = 0. The left- and right-hand

derivatives can never agree at x = 0, so g is not differentiable at x = 0 for any value of b (including b = 1).

% (cos x) = sin x because d% (cos x) = cos x = the derivative of cos x any number of times that is a
multiple of 4 is cos x. Thus, dividing 999 by 4 gives 999 = 249 -4 +3 = 47 (cos x)

3 249-4 3 .
= % { dxml (cos x)} x3 (cos X) = sin x.

_ _ 1 dy _ (cosx)(0)—()(=sinx) __ sinx __ 1 sinx) __
(a) y=secx = cos X = dx (cos x)2  cos?x (cosx) (cosx) = sec X tan x
= i ~ (sec x) = sec X tan x

_ _ (sin x)(0) — (1)(cos x) —COS X __ —1 cosx) _ _
(b) y=cscx= sin X = dx (sin x)? sin2x (sin x) ( sin x) = —cscxcotx
= E (csc x) = —csc x cot X

_ __ cosx dy _ (sinx)(=sinx)—(cosx)(cosx) __ —sin’x—cos’x _ -1 _ _ .2

(C) y =cotx = sin x = dx (sin x)?2 sin? x T osin?x T cscr X

= 4 (cotx) = —csc?x

(@ t=0—x=10cos(0) = 10cm; t =
(b) t=0—v=—10sin(0) =0 ;¢ =

sec’

4
— v = —10sin( ):fSﬁgg,t ¥ — v =—10sin(f )7*5\/7522

Wi Wi

—x=10cos(]) =5cm;t =3 — x = 10cos(3) = ~5y/2cm
3

(@) t=0—x=3cos(0)+4sin(0) =3ft;t=7 — x =3cos(5) +4sin(5) =41t

t=m — x =3cos(m) + 4sin(w) = =3 ft
(b) t=0—v=—3sin(0) +4cos(0) =4 L:t=7 —v=-3sin(]) +4cos(]) =-3 L,
t=m—v=—3sin(r) +4cos(m) = -4 &L
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63.

A

As h takes on the values of 1, 0.5, 0.3 and 0.1 the corresponding dashed curves of y =

sin (x +h) —sin x

5 get

w = cos X. The same

closer and closer to the black curve y = cos x because % (sin x) = hlim(J
—

is true as h takes on the values of —1, —0.5, —0.3 and —0.1.

cos(x+h) —cosx

As h takes on the values of 1, 0.5, 0.3, and 0.1 the corresponding dashed curves of y = b get
closer and closer to the black curve y = —sin x because % (cos x) = hlim0 W = —sin x. The
same is true as h takes on the values of —1, —0.5, —0.3, and —0.1.
65. (a)
The dashed curves of y = Sm("H‘);—hbm(X*h) are closer to the black curve y = cos x than the corresponding dashed
curves in Exercise 63 illustrating that the centered difference quotient is a better approximation of the derivative of
this function.
®
2 \d\ 5
-n
-0.5; \\ /
-1 -
The dashed curves of y = ws(x“‘g—hcob(x*h) are closer to the black curve y = —sinx than the corresponding dashed
curves in Exercise 64 illustrating that the centered difference quotient is a better approximation of the derivative of
this function.
66. lim %}I‘O_h‘ = lim |h‘2_h|h‘ = lim 0 =0 = the limits of the centered difference quotient exists even
h—0 x—0 —0

though the derivative of f(x) = |x| does not exist at x = 0.
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67. y=tanx = y' = sec? x, so the smallest value | 4 |
— 2 : e — 0 | |
y’ = sec” x takes onis y' = 1 when x = 0; | e ]
y' has no maximum value since sec? x has no : |l
largest value on (f 3 %) ; ¥ is never negative : 1 [
1
since sec’x 1. - G ’”2:
i =tan x ]
if Y |
] !
| I

y=cotx = y = —csc?x 0y’ has no smallest

69.

70.

value since —csc? x has no minimum value on
(0, 7); the largest value of y" is —1, when x = Z
the slope is never positive since the largest
value y’ = —csc? x takes on is —1.

sin x

y = %3 appears to cross the y-axis at y = 1, since y

sin X
X — X

aty =2,since lim 22X = 2;y — S0 appears to
X —
cross the y-axis at y = 4, since lim 0% — 4, 2
x—0 X

However, none of these graphs actually cross the y-axis

hm0 ME=1y=

™.
9

$in2% appears to cross the y-axis
X Ly =(sindx)/x

Y= (sin2x)/x

since x = 0 is not in the domain of the functions. Also, y = (sinx)/x
lim S5 5 fim 030 _ 3 and fim sk /
T x—o0 X X0 X X

sin kx

. y SN 1 2
=k = thegraphsofy:%,y:%ﬁh),and \/ \/\

y = ¥ approach 5, —3, and k, respectively, as

x — 0. However, the graphs do not actually cross the

y-axis.
@ ||
1 .017452406 | .99994923
0.01 017453292 | 1
0.001 .017453292 | 1
0.0001 017453292 | 1
Jimy 5= Jimy S = i S = Jim, S5 =y 0 =he gy
(converting to radians)
(b) h cos}lllfl
1 —0.0001523
0.01 —0.0000015
0.001 —0.0000001
0.0001 0
hlim0 % = 0, whether h is measured in degrees or radians.

(c) Indegrees

d
> dx

sin(x+h)—sinx __ lim (sin x cos h 4 cos x sin h) — sin x
h h—0 h
sin h

sin X) = lim
( ) h—0

= lim - (sinx - €23=1) + lim = (cos x - %) = (sinx) - lim = (*4=1) + (cos x) - Tim ~(**)

= (sin x)(0) + (cos X) (155) = 735 €08 X
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(d) In degrees d (COS X) _ lim cos(x—H;l)—cosx — lim (cosxcosh—si;xsinh)—cosx
—0 h—0
— lim (cosx)(coshfhl) smxsmh — lim (COS X - coshfl) _ lim (sinx . sin )
h—0 h—0 -0

— : cosh—1 : : sin h T o

= (cos X) hlgn0 ( T) — (sin x) hm ( ) (cos x)(O) — (sin x) (180) = — g Sin X

42 : _d T _ T d T : _ T \3 .
(e) gz (sinx) = 4 (m cos x) = — (m) sin X; dx3 (sin X) = I (— (m) sin x) = — (m) COS X;

d 2 L& d T \2 3
L(cosx) = & (- Zsinx) = — (&) cosx; & (cosx) = & (— (7&5) " cos X) = (15) sinx

3.6 THE CHAIN RULE

10.

11.

12.

13.

14.

fwy=6u—9 = f'lu)=6 = f'(g(x)) =6;gKx) =5 x4 = g'(x) = 2x3; therefore di = f'(g(x)g'(x) = 6 - 2x3 = 12x3

fw) =2 = f'(u) =6u® = f'(g(x)) = 6(8x — 1)?; g(x) = 8x — 1 = g'(x) = 8; therefore dy = f'(g(x))g'(x)
— 6(8x — 1) - 8 = 48(8x — 1)

f(u) =sinu = f'(u) =cosu = f'(g(x)) =cosBx + 1); g(x) =3x + 1 = g'(x) = 3; therefore g—i = f'(g(x))g'(x)
=(cos(3x+ 1)(3) =3 cos(3x+ 1)

f(u) =cosu = f'(u) = —sinu = f'(g(x)) = —sin (F) ; gx) = F = g'(x) = — 1; therefore g—i = f'(g(x))g'(x)

——sin(3) - () = sin (3)

f(u) =cosu = f'(u) = —sinu = f{'(g(x)) = —sin(sin x); g(x) = sinx = g'(x) = cos x; therefore
dy = f'(g(x))g'(x) = —(sin (sin X)) cos X

f(u) =sinu = f'(u) =cosu = f'(g(x)) = cos(x — cos X); g(X) = X —cos X = g'(x) = 1 + sin x; therefore
dy = f'(g(x))g'(x) = (cos (x — cos x))(1 + sin x)

f(u) =tanu = f'(u) =sec’u = f'(g(x)) = sec? (10x — 5); g(x) = 10x — 5 = g'(x) = 10; therefore
dy = f'(g(x))g'(x) = (sec? (10x — 5)) (10) = 10 sec? (10x — 5)

f(u) = —secu = f'(u) = —secutanu = f’(g(x)) = —sec (x> + 7x) tan (x> + 7x) ; g(x) = x> + 7x
= g'(x) = 2x + 7; therefore g—i = f'(g(x))g'(x) = —(2x + 7) sec (x? + 7x) tan (x> + 7x)
Withu = (2x + 1),y =u® & = & du— 554 .9 — 1002x + 1)*

&x = du dx
Withu =4 —3x),y=u’ & = & =9u®.(-3) = —27(4 — 3x)°
Withu=(1-13),y=uT & =d_ g5 (1) (13"
Withu= (3 —1),y=u"10; & =& du_ o1 (1) — _5(x )~

3
Wit (§4x= 1)y =ut =g g —a e d) =4 (¥ ex-1) G d)

S — 32 . _ _3x-=2
Withu =3x> —4x + 6,y =ul/2: L = & / (6X_4)_3x+4x+6
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15. Withu =tanx,y = sec u: g—i = % % = (sec u tan u) (sec’ x) = (sec (tan x) tan (tan x)) sec® x
: _ 1o — Lody _dy du _ 2 1) _ 1 2 1
16. Withu=7— 1 y=cotu: ¥ =g & = (—csc?u) (&) =— L cse? (m— 1)

; — g — 3 &y _dy du _ 3.2 — 02
17. Withu =sinx,y =uv’: 3§ = 3 ¢ = 3u® cos x = 3 (sin” x) (cos x)

18. Withu=cosx,y =5u"% £ = ¢ & = (—20u™) (—sin x) = 20 (cos ™ x) (sin x)

dj - d - —
19. p=V3-t=3-09" = F=53-0"-46-0=-36-0"= Z—

.q=V2r—r2=_2r—r = Jd=z02r—r*) - L 2r—1r)=zQ2r—r T —
20 q=v2r-r=@-M" = f§=te-)7 - =i e-m= 2=

21. s = 37 sin 3t + & 5- COs 5t = ‘3 = 3 cos 3t- %(3t)—|— ;iﬂ(—sinSt) . %(St) = % cos 3t — % sin 5t
= % (cos 3t — sin 5t)

22. s =sin (m) + cos (%;”) = 9 — ¢og (37“) .4 (@) — sin (3”‘) .4 (@) = %2” cos (32 ) 3; sin (m)

dt 2 dat \ 2 2 ) Ta\2 2
__ 37 37t . 3wt
= 37 (cos ' — sin 37)
_ 71 dr _ 2 __cschcotf+csc’f _ csch(cotf+csch) csc
23. r = (csc 0 + cot 6) &= —(csc O+ coth)~ (Csc 0 + cot ) = a0 ootfT = (o0 oot0F = cecftoord
_ _ 3/2 dr _ .3 _ 1/2 d _ — _ 2
24. r=6(sec § —tan 0)/* = G =6 5(secd —tan ) '~ 5(sec & —tan §) = 9+/sec O — tan H(sec O tan & — sec*6)

25. y=x*sin*x + x cos 2 x = gy—XQ;(sm x)—|—smx L (x) +x £ (cos™2x) + cos2x - 4 (x)
(4 sin® x (%( (sin x)) + 2x sin* x + x (—2 cos 3 x - & (cos x)) +cos2x

2 (4 sin® x cos x) + 2x sin? x + x( (=2 cos™® x) (—sin x)) + cos ™2 x

2

3 2

=x
=X
4x X cos X + 2x sin? x + 2x sin x cos ™3 x + cos 2 x

sin

26. y=1sin?x—%cos’x = y =1L (sin?x)+sinPx- L (1) -3 L (cos?x) —cos’x- L (%)
=1 (=5sin%xcosx) + (sin ™" x) (— %) — 3 ((3 cos?x) (—sin x)) — (cos®x) ()
= —3sin"x cos x — % sin"®x + x cos’ x sin x — % cos®x
-1 -2
27. y=203x-2+(4- %) = j—i:21(3x—2)6-d@ix(sx—2)+(—1)(4—2—§2) FACEE
=50Bx—=25-34+(-1)(4 —2;) (%) = (3x—2)6—%

28 y=(5-207+124+ D" = ¥ = 36520+ 2C+1)°(-2)=66-207"— (L) 2+ 1)°

_ 6 (%“)3

— G-t x2

29. y=x+)'x+ D = L=Ux+D'EHE+ DL x4+ D+ x+ DP@@Ex+3)P - L (@x+3)
(4x + 3=+ D7D + x+ D3@)Ex +3)°@) = —3(dx +3)*x + D7+ 16(dx + 3 (x + D73

X : : i
= I (2304 +3) + 16(x + 1)] = SLDLBED
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37.
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41.

42.

43.

44.

Section 3.6 The Chain Rule

y=0x =51 -5x)" = ¥ =02x-5716)(x? - 5%)°(2x — 5) + (x2 - 5x)° (= )(2x — 5)72(2)

5 2(x2 —5x)°
=6(x* - 5x)° — 25 =3

h(x) = x tan (24/X) +7 = N(x) =x & (tan (2x'/2)) + tan (2x1/%) - L (x) +0

= xsec? (2x1/2) - & (2x1/2) 4 tan (2x1/2) = x sec? (21/x) - ﬁ + tan (2,/x) = y/x sec? (24/x) + tan (2,/%)

k(x) =x?sec (1) = K(x) =x* i (sec 1) +sec (1) - & (x?) =x?sec (1) tan (1) - L (1) +2xsec(2)
=x%sec (1) tan (1) - (= &) +2xsec (1) = 2xsec (1) — sec (1) tan (1)

f(x) = /7 +xsecx = f'(x) = %(7+xsecx)_1/2(x~ (secx tanx) + (secx) - 1) = Xseextanxtseex

24/T+xsecx

_ tan3x  (x+7)*(sec?3x:3) — (tan3x)4(x + 7)1 (x+7)* (3(x + 7)sec?3x — 4tan 3x)
g(x) = 28 = g(x) = e - ;
(x+7) [(x+7)%] (x+7)
_ (3(x+7)sec?3x — 4tan 3x)
- (x+7)°

. 2 . . . e e
f(a):( sin 0 ) = f/(Q)ZZ( sin 0 ) d( sin 0 )_ 2sinf (1 +cos 6O)(cos 0) — (sin §)(—sin 6)

1 +cos 6 1 +cos 6 d0 \T+cos6/) — T+cosf (1 +cos 6)2
(2 sin 0) (cos 6 +cos> 6 4-sin®f) _ (2sinfh)(cosf+1) _  2sinf
(1 +cos 6)3 - (1 +cos 6)3  (1+4cos 6)?
_ (l4sin3t\~1 _  3-2 repy — (I45sin30(=2) — (3—-20)(3cos3t) _ —2—2sin 3t — 9 cos 3t + 6tcos 3t
g = ( 3-2t ) = Trsm3t =~ gom= (1 + sin 3t)? (1 + sin 3t)?

r =sin (6%) cos (20) = & = sin (6?) (—sin 20) & (20) + cos (26) (cos (62)) - & (6%)

= sin (6?) (—sin 260)(2) + (cos 26) (cos (#%)) (26) = —2 sin (6?) sin (20) + 26 cos (26) cos (6?)

Ny

r= (sec \/5) tan () = & = (sec \/5) (sec? 3) (— %) +tan(}) (sec /6 tan \/_> (7)

1
0
L)
= - 917 sec \/ésec2 (3) + 2%/5 tan (%) sec v/ 0 tan 9 = (sec ) {tan Ouan(y) _ _)(

q:sin< : ):>d—q:cos< L )i( t ):cos( t ).\/‘*_WH-%(\/H_I)

t+1 dt \/m dt NiES| /t+1 ( /7t+l)2
t+1- —F—
_ t N 2/t41 t 2+ D) —t) _ t+2 t
_COS( t+1) 1 = cos (\/ﬁ) <z<r+1>3/2) = (2<t+1>3’2) cos (m)
_ sin t dq _ _ . ~2 (sint) _d (sint) _ 2 (sint tcost—sint
q*COt(t):> t CSC(t)dt(t)*(CSC(t))( t2 )

y = sin? (7t — 2) = iy*ZSIH(Wt 2) - fsm(7rt 2):2sin(7rt72)-cos(7rt72)~%(mfZ)

= 27 sin (7wt — 2) cos (7wt — 2)

dy _

4 = (2sect) - (sec 7t) = (2 sec mt)(sec 7t tan 7rt) - % (mt) = 27 sec? «t tan 7t

y = sec’mt =

y=(+cos20™ = ¢ = —4(I +cos 2077 - & (I + cos 20) = —4(1 + cos 20)*(—sin 20) - § (20) = FE A

)

NI

y=(1+cot(s)) " = G =-2(1+cot(3)) - §(1+cot(5)) = -2 (1+cot(5)) " - (~esc® (3)) - &
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130  Chapter 3 Differentiation

45. y = (ttant)"” = ¥ = 10(ttant)’(t - sec’t + 1 - tant) = 10’ tan¢(tsec’t + tant) = 10t'° tan’t sec’t + 10’ tan'’t

. N\4/3 . . . int)!/3 int)*/3
46. y = (t_3/4sm t) 3 t‘l(smt)4/3 = % = t_l(;—‘)(sm t)l/Scost —t~2(sin t)4/3 = 4<Smt)3t cost _ <S‘“t;)
__ (sin t)l’/3(4t cos t — 3cost)
- 3t
47 . R Ay g ¢ 2. (P-4)(20)-CGBC—4) 3¢ ad_ge-_3t4a2 _ (P -40)  —32(P+4)
YT \F-a de T T\ P-4 (B —40) T (P-4 @©-4* de-4t T (@e-4)
L (3-4\S5 . dy o (3t-4\"6 (5t+2)3-(3t—4)-5 _  <(5t42\6 15t+6- 51420 _ (t+2)° 26
48. y = (5t+2) = a = 5(5t+2) (5t12)° - 5(3t74) (51+2)° 5(3&4)6 (5t+2)%
_ —130(5t+2)*
- (3t-4)°

49. y = sin (cos 2t — 5)) = dy = cos (cos (2t — 5)) - % cos (2t — 5) = cos (cos (2t — 5)) - (—sin (2t — 5)) - % 2t—5)
= —2cos(cos (2t — 5))(s1r1 (2t —5))

50. y =cos (5sin (%)) = ‘(jj—y = —sin (5 sin (3)) - % (5sin (%)) = —sin (5 sin (%)) (5 cos (%)) : % (
— —sin(s i (5) (o5 (2)

51. y = [1 + tan* (%)] =
=121 + tan* (%)]2 [tan3 (ﬁ) sec? (15) - 5] = [1 +tan* (55)

52 y= L1 +cos?(70]° = % =2 [1+cos2(70)]" - 2 cos (TO)(—sin (T))(7) = —7 [1 + cos? (7)) *(cos (7¢) sin (7))

t

53. y = (1+cos ()" = ¥ = 1(14cos () & (1+cos(2)) = L (1 +cos (12)) > (=sin (2) - & (©2))

=—1(1+cos ()" Y2 (sin (12)) - 2t = — )

1+ cos (t2)

54. y_4sin(m> = ;‘1{4cos( 1+\ﬂ>-g<m)_4cos<m)-m-;{(1+\/E)

(i) _ ()
N \/H-\/E-z\/I N \/t+t\/I

55. y = tan?(sin’t) = & = 2tan(sin®t) - sec(sin’t) - (3sin’t - (cost)) = 6 tan(sin’t)sec?(sin’t)sin’tcost

56. y = cos*(sec?3t) = & = 4cos’(sec?(3t))(—sin(sec(3t)) - 2 (sec(3t)) (sec(3t) tan(3t) - 3))

= —24cos’(sec?(3t))sin(sec?(3t))sec?(3t) tan(3t)

57,y =312 —5)' = & =30.4(22 - 5)°(40) +3- (22 - 5)* =322 - 5)° [16t2 28— 5} =302 - 5)° (182 — 5)

58.y_\/3t+\/2+\/ﬁ;» ‘g—%(3t+\/2+\/ﬁ)_l/2< (2+J—) Ly 1))

=1 _ 1 12\@\/?\/?—1 _ lzm\/m_l
ZF Vit Nw_ EE oy ary/im AV /Ty 21ty 3y 2t
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R e R e R T S JRE J(EE A (RO RE 0
—CHEOHY R HE D =R+ D0+ =S QY 14D
5+ (1+2)

y=(1- \/;)*1 =y=—(1- \/Q)*Z (- 1x ) =1(1- \/;)—2)(_1/2
=¥ =3[ VR () e (1= ) (- 5

=3B =) T (- ﬁ)_s] = I (1= R A (1= x) + 1]
F0-v07(3- %)

Il
Pl
—~

~
|
B
SN—
!
|
(3]
.
>
_|_
o=
+
.
N————

y=3cotBx—1) = y=—1csc?Gx—DB)=—3csc?Bx—1) = y" = (—3) (escBx— D - L cse(3x — 1))
= — % csc(3x — 1)(—csc(3x — 1) cot(3x — 1) - % (3x —1)=2csc2Bx—DcotBx—1)

y=9tn(3) =y =9(sec? (§)) (5) =3sec® (5) = y" =3-2sec(}) (sec(§) tan (§)) (5) = 2sec? (3) tan ()

y=x(2x+ 1) = vy =x-402x+1)°2) +1-2x+ 1)* = 2x + 1)’ (8x + 2x + 1)) = 2x + 1)’ (10x + 1)
= y" = (2x+ 1)’(10) +3(2x + 1)*(2)(10x 4+ 1) = 2(2x + 1)*(5(2x + 1) + 3(10x + 1)) = 2(2x + 1)*(40x + 8)
= 16(2x + 1)*(5x + 1)

y = x> (x} — 1)5 =y =x>5x>- 1)4(3x2) +2x(x* — 1)5 =x(x3 — 1)4 [ISX3 +2(x3 - 1)] =(x} - 1)4(17x4 — 2x)
=y = (x> = D683 —2) +4(x* — 1)’ 3x)(17x* — 2x) = 2(x* — 1)’ {(x3 —1)(34x% — 1) + 6x2(17x* — 2x)
=2(x* — 1)’ (136x° —47x3 + 1)

=X = g =57 = gh=landg()=3:fw=v"+1 = f')=5" = fl)=f1)=5
therefore, (fo g)'(1) = f'(g(1)) - g'(1) =5 - % =2

g =1-0" = g0=-10-02-D=r5 = g-D=jadg(-)=z:fw=1-7
= f'(u) =4 = f'(g(—1) =1 (1) = 4; therefore, (fo g)/(—1) = f'(g(-1)g(-1) =4- 1 =1

u

g(x) = 5\/§ = gdKx) = 2\% =g(l)=5and g'(1) = % f(u) = cot( ) = f'(u) = —csc? (7{—“) (%) =7 csc? (T—“)
5
2

= f'(g(1)) = 1'(5) = — 75 csc? (§) = — 7 ; therefore, (fo g)'(1) = f'(g()g'() = — 5 - 3=—1%
g(x)—ﬂx:>g(x)—7r:>g(%) Zandg (i)—w;f(u):u—ksecZu:>f'(u):1+ZSecu-secutanu
=1+2sec’utanu = f'(g(3)) =1 (%) = 1+2sec’ 7 tan § = 5; therefore, (fo g)' (3) ='(g(3)) g (3) =57

g0 =102 +x+1 = g0 =20x+1 = g0)=land g'(0) = I; f(w) = 2 = f/(u) = LA

w41 (u? +1)°
- lezzuﬁ)g = f'(g(0)) = f'(1) = 0; therefore, (f o g)'(0) = '(g(0))g'(0) =0-1 =10
_1\2 _ _
g =%-1=gx=-—5 = g-hH=0and g(-1) =2:f(w) = (:4)" = fw=2() & (~9)
=2 (ﬁ) St DO D0 0@ = M) = f(g(—1)) = £(0) = —4; therefore,

(fog)(=1) =f'(g(=g'(-1) = (=H(©2) = -
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132 Chapter 3 Differentiation

72. r=sin(f(1)), f(0) = 5, £'(0) =4 = § = cos(f(t)) - f'(t) = &

73. (@) y=2(x) = L =20'(x) = & =20Q)=2(})=2
x=2

b) y=fx) +gx) = L=f®)+gx = ¢

=f'Q3)+gB)=2r+5
x=3

© y=fx)-gx = L =fxgx +gxf'x) = & = 13EG) +gB'G) =35+ (~42m = 15— 8x

_ @ -fg@ _ @G -®3) _ 37
= EOK = b2 %

0 dy _ 00— g0 dy
@y=w = & [0 = &

x=2

© ¥y =few) = & =g = ¥

0 y =" = §=1E0) 2100 =7 = ¢

=f(g2)gQ2) =f'2)(-3) = ;(-3) = -

_f’<2>_(%)_L_ 1

- T2 ~ 28 6v/8  12v/2 24
@ y=(x)7 = §=-20)7"¢® = §| =-2e0)¢@) =-2A0-4"5=5
() y = (00 + (@00) ™ = § = § (00 + (@) (2660) - £00) + 2800) - £/()

= = 5@ + @) QIOFQ) + 26 @) = § (82 +22) 77 (2-8- 3 4+2-2-(-3) = - 5

<

T4 @) y =50 -gx) = g =50 g > §|

=M —g ) =5 (-H-(F)=1
(b) y=10Ex)’ = § =) (3er)’g®) + @’Fx) = F| = 3f0)(0)’¢ )+ (20)*'(0)
=3’ (3) +()*(5) =6

_ i &y _ DI —fge o dy| e+ DI - f)g)
© Y=g+ = &= (e + 17 = |, e+ 17
_ Doy
(—4+1)2 -

@ y = fleo) = & =g = §|

= OO = 1 (3) = (1) (3) =~

W gEONf'O) =g = (-3 G =-2

M y=x"+f0)7 = ¥ =2 +£x) P (10 4+ /() = ¥ =201+ (1) (11 + (1)
= —20+37 (1= 1) = (- 3) (3) = -4

@ y=g() = § =@ 0 = F|

(@) y=1x+gx) = dl—f(X+g(x))( +¢(x) = d—y i :f’(0+g(0))(1+g’(0)):f’(])(lJr%)
=3 @) =-5
75. %:g—;-%: s=cosf = %z—sin@ = g—; 6:%:—sin(37):lsothat%:g—;~%—f:1-5:5
76 W =By = -5 5 $=x+T 5 Y| —osothaty =% 8 =9.1=3
77. Withy = x, we should get 9 — 1 for both (a) and (b):
(a) y:%+7:>§§ 5 ;u=5x—-35 = —‘;:5'therefore,%:g—ﬁ-g—2:l-5:1asexpected
b) y=1+1 = jlyl :7%; =x-D1! = g” =—x-1)" 2(1)_ ])z,therefore gy = gi gi
:;_21'()(:11)2:((,(_11)71)2 o= 1)3_(x—1)2 1) = 1, again as expected
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With y = x*/2, we should get & = 3 x!/2 for both (a) and (b):
@ y=uv= P=3%Hu=/x = L= zﬁ;therefore,%:g—z-g—izﬁw2\1/;:3(\/§)2-2\1/;:%\/§,
as expected.

(b)y:\/ﬁé%:—f u=x% = § =3x% therefore, %:%-%:—2\%-3){2: L. 3x2 = 3x1/2,

again as expected.

_ (x=1)\2 _ _(0-1\2 _ 2 _ x—1 (x+1)1—(x—1)1 _ ~A(x—1) ) 4k
y_(x+1) aHdX—Oéy—(m) =(-1) —1.y/_2(x+1)' T _2(X+1)(x+1)2_ T
_40-1) _ 4 _ -
Y/X:O_ (0+1)° _T—_4:>y_1——4(x—0):>y_—4x+1

~1/2 _
y=vx2—x+T7andx=2=y=4/(2 +7—\/§_3y_%X—X+7) (zx_l)zz\/zﬁ

_ e s ;»y_g—;(x_zby 42

y=2un(3) > 8= (25 2) (5) = F et 3

(a ¥

$| =73sec? (3) =7 = slope of tangent is 2; thus, y(1) = 2 tan () =2 and y'(1) = 7 = tangent line is
x=1

2

givenbyy—2=n(x—1) = y=mx+2 -7
b) y=2 S602 ( 1 ) and the smallest value the secant function can have in —2 < x < 21is 1 = the minimum

Valueofy is 7 and that occurs when 7 = 7 sec? (Z*) = 1 =sec? (3) = £1=sec (%) = x=0.

(a) y=sin2x = y =2cos2x = y(0) =2cos(0) =2 = tangent to y = sin 2x at the origin is y = 2x;

y=-sin(}) = y=—1cos(}) = y(0)=—4cos0=—3 = tangenttoy = —sin (}) at the origin is
y=— % x. The tangents are perpendicular to each other at the origin since the product of their slopes is —1.
(b) y=sin(mx) = y' =mcos(mx) = y(0)=mcos0=m;y=—sin(X) = y' =—Lcos(%)
= y'(0)=—21cos(0)=—21. Sincem- (— 1) = —1, the tangent lines are perpendicular at the origin.
(¢) y=sin(mx) = y = mcos(mx). The largest value cos (mx) can attain is 1 at x = 0 = the largest value
y’ can attain is |m| because |y’| = |m cos (mx)| = |m| |cos mx| < |m\ -1=|m|. Also,y = —sin ()
=y == % cos (ﬁ) = ly|= |— cos( )| < | | |cos( )| < \ml = the largest value y’ can attain is |%|

(d) y=sin(mx) = y =mcos(mx) = y(0) =m = slope of curve at the origin is m. Also, sin (mx) completes
m periods on [0, 27]. Therefore the slope of the curve y = sin (mx) at the origin is the same as the number
of periods it completes on [0, 27r]. In particular, for large m, we can think of “compressing” the graph of
y = sin x horizontally which gives more periods completed on [0, 27], but also increases the slope of the
graph at the origin.

s=Acos(2rbt) = v = % = —A sin 27bt)(27b) = —27bA sin (27bt). If we replace b with 2b to double the
frequency, the velocity formula gives v = —4nbA sin (4wbt) = doubling the frequency causes the velocity to
double. Alsov = —27bA sin(27bt) = a = Q = —47?b2A cos (27bt). If we replace b with 2b in the
acceleration formula, we get a = —1672b%A cos (47rbt) = doubling the frequency causes the acceleration to
quadruple. Finally, a = —47?b?A cos (27bt) = j = ¥ = 873b?A sin (27bt). If we replace b with 2b in the jerk
formula, we get j = 647°b3A sin (47bt) = doubling the frequency multiplies the jerk by a factor of 8.

84. (a) y=37sin[5% (x — 10D)] +25 = y' =37 cos [5% (x — 101)] (3%) = & cos [3% (x — 10D)] .

The temperature is increasing the fastest when y’ is as large as possible. The largest value of
cos [%65 x - 101)] is 1 and occurs when 2 365 (x—101)=0 = x =101 = onday 101 of the year

( ~ April 11), the temperature is increasing the fastest.
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(b) y'(101) = 2T cos [ (101 — 101)] = 2% cos (0) = 2L ~ 0.64 °F/day

s=(1+4)1? = v=3 =1 —|—4t)_1/2(4) =2(14+407Y% = v(6) =2(1 +4-6)"1/2 =  m/sec;

v=201+40)"1 = a=9 =—1-200+40732@) = —4(1 + 40732 = a(6) = —4(1 +4-6)73/> = — 3 m/sec?

— dv —dv _dv s dv _ d — _k_ —dv _ds _ dv
We need to show a = {f is constant: a = i = ¢ - ¢ and & = ¢ (k\/g)_z\/g >a=gF-g=q "V

_ _k . — & which i
=57 ky/s = % which is a constant.

Vproportional to ﬁ = V= % for some constant k = g—: = - 2 . Thus,a = ?TZ = g—z - % = ‘;—Z -V
— k _ _ K1
=—5a5 " =—-3 (S—Z) = acceleration is a constant tlmes L 50 a is inversely proportional to s>

Let & =f(x). Then,a=§ = - & = fx) = L (&) - f(x) = L (f(x)) - f(x) = f'(x)f(x), as required.

a@ T dx Cd
T=2r,/t = L —p. L_.1__71__ _T_ Therefore, &L = 4T Q:L-kL:”k\f - 27k
g dL 2\/? g g\/g el * ’ du — dL  du /gL

= % , as required.
No. The chain rule says that when g is differentiable at 0 and f is differentiable at g(0), then f o g is
differentiable at 0. But the chain rule says nothing about what happens when g is not differentiable at 0 so
there is no contradiction.
Ash — 0, the graph of y = sin 2(x+h)—sin 2x 2(’”'2)_“" 2
approaches the graph of y = 2 cos 2x because

. sin 2(x+h)—sin2x __ d : _
hlgno == = g (sin 2x) = 2 cos 2x.

cos [(x + h)*]—cos (x?)

Ash — 0, the graphof y = -
approaches the graph of y = —2x sin (x?) because
Jim M}w = & [cos (x?)] = —2x sin (x?).
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(a)

(b)
(©)

()

(b)
()

Section 3.7 Implicit Differentiation
dg/dt
o—O0 1
-7 -n/2 /2 T
o -1 o—o

% = 1.27324 sin 2t + 0.42444 sin 6t + 0.2546 sin 10t + 0.18186 sin 14t

t

The curve of y = ‘é—i approximates y = ‘é—% df/dt

the best when t is not —m, — g 0, %, nor . 1
/VNAJ\ .
t

dg/dt

1

—0 o—a- t
-t -u/2 T w/2 T
-1

% = 2.5464 cos (2t) 4+ 2.5464 cos (6t) + 2.5465 cos (10t) + 2.54646 cos (14t) + 2.54646 cos (18t)

dh/dt

AT
Y

3.7 IMPLICIT DIFFERENTIATION

x%y + xy? = 6:
Step 1: (x2%+y-2x)+(x-2yg—§+y2.1):0
Step 2: x> % + 2xy ?TZ = —2xy —y?

dy

Step3: £ (x*+2xy) = —2xy —y?

dx

Step4: & — 2wy

X4y =18xy = 3x®+3y? & =18y + 18x & = (3y> — 18x)

dx x2 + 2xy

dy

dy dy _ 6y—x
dx

dx T yzZ—6x

=18y — 3x* =

2xy +y2 =x+y:
Step 1: (2x%+2y)+2yg_i:1+g_z

Step2: 2x P +2y Y- L =1-2y
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136 Chapter 3 Differentiation

Step3: T @2x+2y—1)=1-2y

. dy _  1-2y
Step 4: dx T 2x+42y-—1

4. F—xy+y =1 =23 -y xL43y? P =0= By’ —x) L=y-3x* = g—izgyji’i

5. X2(x—y)? =x2 -y
Step1: X2 [2(x—y)( - d—y)} (X —y)PEx) =2x — 2y &
Step2:  —2x%(x — y) +2y dy =2x — 2x%(x — y) — 2x(x — y)?

Step 3: % [—2x2(x —y) +2y] = 2x [1 — x(x —y) — (x — y)?]

Step 4: dy _ 2x[1-xx-y)-Gx-y’] _ x[l-xGx-y-&-y*] _ x(1-x"+xy—x*+2xy —y?)
p = dx —2x*(x —y) +2y - y—x3(x—y) - X’y —x+y

— x=2x7 4+ 3x% — xy?
X%y —x3+y

6. Bxy+7)2=06y = 2(3xy+7)- (3x vy 3y) =6 % = 203xy+7Bx) L —6 L = —6y(3xy +7)

= % [6x(3xy +7) — 6] = —6y(3xy +7) = g_i =~ x(gngyr;)l)l = 1ix3y;2;zy7x

Ty =351 = 2y = (H(L)H(;_l) (xfnz = ii = y(xlTl)z

8. x> = x+3y = x4 33y =2x —y = 43 + 9%y + 3%y =2 —y' = (3x3+1)y’ =2 —4x® — 9x%y
oy = g

9. x=tany = 1= (sec’y) ¥ = ¥ = seclzy = cos’y

10. xy = cot (xy) = x— +y= —CSCQ(Xy)( y) = xj—i + XCSCQ(Xy)S—i = —yesci(xy) —y
= 8 [x ot xese)] = -y [ese?oy) 1] = & = el -

X sec? (Xy)

11. x+tan(xy) =0 = 1+ [sec? (xy)] (y+x g—i) =0 = xsec’(xy) & & — 1 —ysec? (xy) = % — Zloysecly)

_ -1y zeos’(xy) _y _ —cos’(xy)—y
 xsec?(xy) x X x X

12. x* +siny =x’y? = 4x3 —F(cosy)d =3x%y*+x} 2y & dy - (cosy—2x3y)g—i:3>(2y2—4x3 = j—i:%

13. ysm(y>_1—xy = y[cos(y)-(—l)yl—z-g—i]—f—sin(%)-%:—xd—y—y =

d _ d__ — _ —y?
% [—;COS( >+81n< )+X:| - y:> di cos( )jsm( )+x_ysin( )7cyos( )ery

14. xcos(2x + 3y) = ysinx = —xsin(2x + 3y)(2 + 3y’) + cos(2x + 3y) = ycosx + y'sinx
—2xsin(2x + 3y) — 3xy’sin(2x + 3y) + cos(2x + 3y) = ycosx + y'sinx

= cos(2x + 3y) — 2xsin(2x 4 3y) — ycosx = (sinx 4 3xsin(2x + 3y))y’ = y/ = s+ 3y) ~ xsinx 1 3y) —ycosx

sinx + 3x sin(2x + 3y)

12 4 1/2 _ 19-1/2 | 1,.-1/2 dr dare |1 ] e _ 2/t
15. 0~ +r/==1 = 50 +3r —O:de[Q\ﬁ}—N—: N/

16. r=2\/0 =363+ 36% = & 9712 =013 49711 = & —pg124 9713 4 g1/
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21.

22.

23.

24.

25.

26.

27.

X4yl =1 = 2x+2yyY =0 = 2yy = —2x = d—i:y’:—y nowtofmddz,di(y’):%(—i)

Section 3.7 Implicit Differentiation

sin(@d) =3 = [cos@d)] (r+0 L) =0= L[fcos(rf)] = —rcos(rf) = & = ;rcf)‘;sére‘? = —1,cos(rf) #0
.cost+cot =rf = (—sinr) § —csc? 0 =r+60 9% = ¢ [—sinr—f] =r+csc? = & = —rs;tlcrsf:

y
= v/ = y=D+xy _ 7y+x(7§) sincey = — X = Py o =y -x2 ¥ -(1-y) a1
y = y? B y? y ="y x* —J Ty B y Ty
X2/3 4 \2/3 — 2 —1/3 4 2 —1/3 dy _ dy 12-1/3] — _ 2 4—1/3 dy _x B y\1/3,
+y 1:>3X +3y dx_Oidx[Sy ]_ :>y_ - y 1B = (x) P
1/3 1,-2/3 yl/3 1/3 (1 ,—2/3
) o ) XUB. (L y=2/3) yf 4 y1/3 (L x-2/3 X3 (= 3y )( 1/3>+Y (Gx7%)
Differentiating again, y” = (v ))(2'3 A L) -
d°y_ x~2/3y-1/3 1/3y—4/3 —
= ax2 3 / / + y / / 3x4/3 + 3y1 3x2/3

y—aeny _ Yo D ()

y2:x2—|—2x:>2yy’:2x+2:>y’:2";yr2: = = 7
2 2 _(x 2
= %:y//:y (y;—l)
V—2x=1-2y = 2y-y —2==2y = yQy+2)=2 = y = =@+ D theny’ = —~(y+1)2-y
2
=-G+DPG+D > F=y' =
2. /y=x—-y = y—1/2y/:]_y/ = y/(y—1/2+]):] = gi:y —%H: \/_\y/il;wecan
differentiate the equation y’ (y*/2 4+ 1) = L again to findy”: y' (= 1y=%2y') + (y"/2+1)y" =0
2
1 1 —3/2
~1/2 1 [y12y-3/2 dy _ _5(*1/2+1>y _ 1 _
= (Y)Y =3Iy = =y = y(yfl/2+1) T2’ T 21+ )]
Xy+y2 =1 = xy +y+2yy =0 = xy +2yy = -y = yYER+2))=—y = ¥ = 5555 ="
_ —oaayyasay) _ 2ot [ 0y 142 (555)] |l b vty oy
- (x+2y)? (x+2y)? - (x+2y)?
_2y(x+2y)—2y* 2y +2xy _ 2y(x+y)
T 2y T 2y T (x+2y)8
X3+y3=16 = 3x2+3y’y =0 = 3yly = -3x> = y = — ;—j ; we differentiate y?y’ = —x? to find y”:
2\2 4
—2x—2y (-3 72x7243
y2y//_|_y [2y-y’} — 0% = y2y// _ —2X—2y [y/]Z = y// _ y2( y ) — = y
_ 2o eyl 32-3 4
- y? dx? 22 - 32 -
2 _ _ _ _ -y _ G429 (=y) - (= y)(1+2y)
xy+y'=1=xy+y+2yy =0 = yx+2y)=-y =y =3; = Y = )
. 1 . @) -mo
since y’|(017,) = — 5 we obtain y’ |(0 y= =3

Y +x2=y' —2xat(-2,Dand (-2,-1) = 2y L +2x =4y’ L -2 = 2y L 4y’ ¥ = 22

dy 3\ _ dy _ x+1 dy _ dy _
= ax (2y —4y ) =-2-2Xx = X~ 2yiy = ax o = —1and x o) =1

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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28. (x2+y2)? = (x —y)2at(1,0)and (1, - 1) = 2(x2 +y?) (2x+ 2y g_Y) —2x—y) ( - j—Y)

=1

(1,00 B

—2x (x2 2 X —
= Ry Y+ -y = X (E )+ x—y) > §= PRI o o

and % =1
a,-1

29. X2+xy—y2=1= 2x+y+xy —2yy =0 = (x=2y)y = 2x—y = y’:g’;—fi;

(a) the slope of the tangent linem = y'| ,, = I = the tangentlineisy —3 =7 (x—2) = y=jx— 3

(b) thenormallineisyf3:f%(fo) = y:f%x+%
30. X2—|—y2=25 = 2X+2yy/:() = y’:—%;
(a) theslopeofthetangentlinem:y’|(374>:—§ :%:>thetangentlineisy+4:%(X—S)éy:%x—%
> G,-4)
(b) thenormallineisy+4:fg—‘(xf?)) = y:f%X

31 X2y =9 = 2xy? +2x%yy' =0 = XPyy' = —xy? = y = -7

X °*

(a) the slope of the tangent line m = y'| n =" =3 = thetangentlineisy —3=3(x+1) = y=3x+6

%|(71,3)
(b) thenormallineisyf3:*%(x+1) = y:,%er%
32. P = 2x—dy—1=0= 2yy =24y =0 = 2y -2y =2 = y = 15}

2 9
(a) the slope of the tangent line m = y/| o = —1 = thetangentlineisy — 1 =—-1(x+2) = y=—-x—1
(b) thenormallineisy —1=1(x+2) = y=x+43

33. 6x%2 +3xy +2y2 + 17y —6 =0 = 12x + 3y +3xy’ +4yy + 17y’ =0 = y'3x +4y + 17) = —12x — 3y

y . —12x—-3y .
=Y = Riayr17>
(a) the slope of the tangent linem = y'| _, , = %‘ =% = the tangentlineisy — 0= $(x + 1)
: 10
6 6
(b) thenormallineisy—O:—%(x—i—1) = y:—%x—%

34. x2—\/§xy+2y2:5:>2x—\/§xy/—\/§y+4yy/:0:>y’(4}’*\/§x):\/§3’*2xéy/zilf_y_\/%i;

(a) the slope of the tangent line m = y’| (v32) = ﬁ'\}%ﬁ

=0 = thetangentlineisy =2
(v32) g y

(b) the normal line is x = \/§

35. 2xy+wsiny =21 = 2xy +2y+w(cosy)y =0 = y(2x +mcosy) = -2y = y’:ﬁ;
. -2 . L
(a) the slope of the tangent linem = y'| ., = m w2 = the tangent line is
y—5=—-5&-1) = y=—-3x+m7
(b) thenormallineisy—%:%(x—l) = y:%x—%-i-%

36. x sin 2y =y cos 2x = x(cos 2y)2y’ + sin 2y = —2y sin 2x + y’ cos 2x = y'(2x cos 2y — cos 2x)

sin 2y 4 2y sin 2x
cos 2x — 2x cos 2y

= —sin2y — 2y sin2x = y' =

(a) the slope of the tangent line m = y’| 5 = sindy 42y sin2x = % =2 = the tangent line is

) cos 2x — 2x cos 2y (5.3) T
12 =

y—%:Z(x—%) = y=2x
(b) thenormallineisy—%:—%(x—z) = y=-—3X+3%
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37.

38.

39.

40.

41.

42.

43.

44.

y=2sin(rx—y)=y =2[cos(mx —y)]- (m =y )=y [l +2cos(mx —y)| =2mcos(mx —y) =y =

(a)

(b)

Section 3.7 Implicit Differentiation 139

2mcos(mx —y) .
14+2cos(mx—y)

27 cos (X —y)

the slope of the tangent line m = y'| ;4 = T 2costmsy)

=271 => the tangent line is
a0
y—0=2n(x—-1) = y=2mx—27
1

the normal lineisy — 0= —5- (x = 1) = y=— & + 5

x2cos’y —siny =0 = x2(2 cos y)(—siny)y’ +2x cos’y —y' cosy =0 = y'[-2x%cosy siny — cos Y]

()
(b)

o 2 ’ 2x cos’y .
2x cos y =y = 2x2 cosysiny+cosy ’
2% cos’y

. /
the slope of the tangent line m = y’| 0m = 2T cosysiny Fcosy

=0 = thetangentlineisy =7
©m

the normal line is x = 0

Solving x> +xy +y?’=7andy=0 = x*=7 = x = :l:ﬁ = (—ﬁ,O) and (ﬁ,O) are the points where the

curve crosses the x-axis. Now x2 +xy +y? =7 = 2x +y+xy +2yy =0 = (x+2y)y = —2x—y

=y =- i":zi = m=— iszi = the slope at (—\/7,0) ism=— 12\/\/7—5 = —2 and the slope at (ﬁ,O) is
m= — %77 = —2. Since the slope is —2 in each case, the corresponding tangents must be parallel.
Xxy+2x—y=0 = x g—i +y+2-— g—i =0 = g—i = ¥f§;theslopeoftheline2x+y:Ois —2. In order to be

parallel, the normal lines must also have slope of —2. Since a normal is perpendicular to a tangent, the slope of

1

the tangent is % . Therefore, % =5 = 2y+4=1—-x = x = —3—2y. Substituting in the original equation,

2

V(=3 -2y)+2(-3-2y)—y=0 = y’+4y+3=0 = y=—-3ory=—1. Ify = —3, thenx = 3 and
y+3=-2(x—-3) = y=-2x+3. fy=—-1,thenx=—-landy+1=-2(x+1) = y=-2x—-3.

yl=y = x? = 4’y =2yy —2x = 2(2y° —y)y = —2x = y' = ;755 the slope of the tangent line at
3 3 v3 L . . 3

(%,7) 1S 3 2y;‘ (%34) = P = %j% = ﬁ = —1; the slope of the tangent line at (T?%)

. 3 23

is S5 :%iézj:\/g

V2-x)=x3 = 2yyQ2 - x) +yi(~-1)=3x* = y' = zyyz(;ri’f) ; the slope of the tangent line is m = i‘/;(;ix;)
n
% =2 = the tangent lineisy — 1 =2(x — 1) = y = 2x — 1; the normal lineisy — 1 = f%(xf D=y= f%er%

yi—dy? =x1—9x% = 4y3y —8yy =4x3 —18x = y' (4y® —8y) =4x> — 18x = y = 40— 18x _ 20— 9x

X3+y—0xy =0 = 32 +3y’y —9xy' =9y =0 = y 3y’ - 9%) =9y —3x*> = y =

(a)
(b)

(©)

—x(@2¢-9) _ m; (—3,2): m= U89 — %7 :(—3,-2): m= %7 13,2 m=2;3,-2): m=—2%

To4y-8y T2yt -4y

8 8

y (2y? —4) 28-4)

9y —3x*> __ 3y—x>
3y2—-9x T y2—3x

/ _ 5 ! _ 4.
Yy =7andy|,, =3

2

N\ 3 ,
y=0 = ig:;ﬁ:o =3y—-x*=0=>y=% = X3—|—(§) —9x("3—'):0 = x0-54x3 =0

= xX*(x*-54)=0 = x=0o0orx=*/54=3 3\/5 = there is a horizontal tangent at x = 3 /2. To find the

corresponding y-value, we will use part (c).
2 3
3—;:0:>§y:i§:0:>y2—3x:0:>y:i 3x;y:\/3x:>x3+<\/3x> —-9xy/3x=0

= X~ 6\/3x2=0= x3? (x3/2—6\/§) —0 = X2 =00rx3? =63 = x=0o0rx = /108 = 3 /4.

Since the equation x* + y3 — 9xy = 0 is symmetric in x and y, the graph is symmetric about the line y = x. That is, if

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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(a,b) is a point on the folium, then so is (b, a). Moreover, if y'| ., =m, theny’| . = & . Thus, if the folium has a
horizontal tangent at (a, b), it has a vertical tangent at (b, a) so one might expect that with a horizontal tangent at

X = v/54 and a vertical tangent at x = 3 */4, the points of tangency are (\3/ 54,3 \3/1) and (3 NZRY, 54),

respectively. One can check that these points do satisfy the equation x* + y* — 9xy = 0.

45, X2+ 2xy = 3y? =0=2x +2xy + 2y — 6yy =0 = yY(2x — 6y) = —2x -2y = y' = 3xy+yx = the slope of the tangent
linem=y'[, = ;er_yX = 1 = the equation of the normal line at (1,1)isy — 1 = —1(x — 1) = y = —x + 2. To find
: an

where the normal line intersects the curve we substitute into its equation: x> + 2x(2 — x) — 3(2 — x)?> = 0
Sx24+4x—2x2 34 —4x+x)=0= 42+ 16x—12=0=x>-4x+3=0= x—3)x—-1)=0

= x=3andy = —x + 2 = —1. Therefore, the normal to the curve at (1, 1) intersects the curve at the point (3, —1).
Note that it also intersects the curve at (1, 1).

46. Let p and q be integers with q > 0 and suppose that y = +/xP = xP/4, Then y9 = xP. Since p and q are integers and

~1 _1
assuming y is a differentiable function of x, & (y9) = L (xP) = qyd 'L =pxP ! = § = PL =P . &

x(p/a) -1

qya—T T q  yi!

! _p,x"! _p yp-1-(p—p/q) _ P .
(xp/q)qfl q xP-p/d q q

p.
q
47. y P =x = 4 — L If a normal is drawn from (a, 0) to (x1,y1) on the curve its slope satisfies yl = -2y

=y = —2y1(x1 —a)ora=x; + 5 . Since x; 0 on the curve, we must have that a 5 . By symmetry, the two

points on the parabola are (xy, /1) and (x1, —,/x1) . For the normal to be perpendicular, (M@) (ﬁ) =1

a a—x;

=> gy =l xu=a-x) = xlz(x1+%—x1)2 = x; = andy; = =+ }. Therefore, (1, + 1) anda= 3.

(ax

2x
3y

__2 / _ X _2.
=—sandy'|, = = 5 ;also,

48. 2X2+3y2:5:>4X—|—6yy/:0:>y/:—§ :>Y’|(1,1):_ an 3 - T3y

3y

a,=1

_ 3
’andY|(1 -y T 2y

3x2
2y

= 2yy':3x2 = y/:% = Y|(11)

a1
tangents to the curves are perpendicular at (1, 1) and (1, —1) (i.e., the curves are orthogonal at these two points of

2 _ 43 3
y* =X 5 - Therefore the

intersection).

49. @) x> +y*=4,x>=3y’=(3y)+y’ =d4=y’'=1=y= :tl.Ify:1:>x2+(1)2:4:>x =
Sx=+3.Ify=—1=>x2+ (-1 =4=>x2=3=>x= +./3.

X2 +y _4:>2X+2ydy_0 :>m1:g_i:_ and x?2 —3y :>2x—6yd = mp =

&=
At(\/g,l):mlzg—i:—éz—\/gandmz gi—%:‘?jmpmg:(—\/g) ?):—1

At \/g,fl):mlzg—i:fgzﬁandmz gi:%:—éémpmz:(\/g)(f%):fl
,1>:m1:d—y:f(_\/§):\/gandmzzﬂ:;—ﬁ:féémpmz:(\/5)(—73):—1

\/5 dx 1 dx 1)
-3 -3
At *\/3,*1) m]:d—i:—((_l))zf\/gandmzfg—i:(3<_1>)_§:>m1 my, = | — 3)(%):—1
2
b) x=1-yx=1¢= () =1-y =y =isy=+Liy=Lox=1-(¥) =11

V3 3\2 2 dy dy )
:—T:>x—l—(—7) =3.x=1-y ' =21==2yg=>m=g =—5andx=3y
él—%yg—iémz—g—i—%

At(i, f%):ml:d—i:fm:ﬁandmzzj—i:m:f\%éml-mzz(—3)(7%)271

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 3.7 Implicit Differentiation 141

2 2 2
0.y = bty f o —tamdoyk =3 s E =¥ o (D(F) 1o 5=y (5) =
:>%4:X3:>X4—4X3=0:>X3(X—4)=0:>X=001‘X=4.IfX=O:>y=((;)Zzoal’ld(—%)<32—);z)=—lis

indeterminant at (0,0). Ifx =4 =y = (4) =8.At(4,8),y=—ix+b=>8=—-4) +b=b=2.

51 xy? +x’y =6 = X(By2 dy)-l—yg—i—x2 dy+2Xy—0 = %(37(}’2'1‘?(2):_}’3_27‘)’ = %:%

VA2 also, xy3 + x2y = 6 = x (3y?) + 3d"—|—x +y(2xg—;):0 = j—;(y?H—ny):—3><y2—x2

vay~ T2
= g—; = — 3y)§y+42‘x?; thus d" y appears to equal & ¥ . The two different treatments view the graphs as functions

symmetric across the line y = X, so their slopes are reciprocals of one another at the corresponding points
(a,b) and (b, a).

52. x3+y? =sin’y = 3x2+2y di—(2smy)(cosy) o y(2y—2sinycosy):—3x2 = %:%

— 3x2

T 2sinycosy—2y

appears to equal - . The two different treatments view the graphs as functions symmetric across the line
&

y = X so their slopes are reciprocals of one another at the corresponding points (a, b) and (b, a).

. _ 2d dx __ 2sinycosy—2y ., d
;also, x® +y? =sin’y = 3x X+2y—251nycosy = ﬁ—T,thusﬁ

53-60. Example CAS commands:

Maple:
ql = x"3-x*y+y"3 =7,
= [x=2,y=11;
pl :=implicitplot( q1, x=-3..3, y=-3..3 ):
pl;

eval(ql, pt);
q2 :=implicitdiff( q1, y, x );
m :=eval( g2, pt);
tan_line :=y = 1 + m*(x-2);
p2 := implicitplot( tan_line, x=-5..5, y=-5..5, color=green ):
p3 := pointplot( eval([Xx,y],pt), color=blue ):
display( [p1,p2,p3], ="Section 3.7 #57(c)" );
Mathematica: (functions and x0 may vary):
Note use of double equal sign (logic statement) in definition of eqn and tanline.
<<Graphics' ImplicitPlot®
Clear[x, y]
{x0, yO}={1, n/4};
eqn=x + Tan[y/x]==2;
ImplicitPlot[eqn,{ X, X0 — 3, x0 4 3},{y, yO — 3, yO + 3}]
eqn/.{x — x0,y — y0}
eqn/.{ y — y[x]}
D[%, x]
Solve[%, y'[x]]
slope=y'[x]/.First[%]
m=slope/.{x — x0, y[x] — y0}
tanline=y==y0 + m (x — x0)
ImplicitPlot[ {eqn, tanline}, {x, x0 — 3, x0 + 3},{y, yO — 3, yO + 3}]
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3.8 RELATED RATES

— dA _ dr
1. A=7ar" = dl—27rrd[

— 2 dS __ dr
2. S=4mr* = E—S’ﬂ'ra

X d; X d
3. y=5x%=2=9=59=3=52)=10

4. 2x+3y=12,%¥ = 2228 4 3% _ =28 1 3(2) =0 = & =3

X d X. d;
5. y=x2,9=3=9 =% whenx=-1=F=2(-1)(3) =6

6. x=y —y, ¥ =5= & 320 Yo gpeny=2= & =302)%5) —(5) =55

7. 24y =25 %= 2=2%x% 42y ¥ =0 whenx =3andy = —4 = 2(3)(-2) +2(-4) ¥ =0= L = -3

8. x2y3:24—7,%:%:>3x2y2%+2xy3%:O;Whenx:2:>(2)2y3:%:y:%.Thus
2 (1\2(1 1\3dx _ dx _ _9
3°()(G)+20 () T =0=G=—3
T d dy dL i dx dy XEIYE.
9. L=+/x +y,E:fl,a:3éa:2m(2xa+2ya):W,whenx:Sandy:H

10, t4+82 4V =12, 8 =g &= 35 &4 o5d 4 328 _ g whenr=3ands=1= (3)+ (1)’ +vV =12=v=2

= 4+2(1)(-3) +32) ¥ =0= & =1

X X . 2
11 (a) S=6x% ¢ =-50 = 8 = 12x&; whenx =3 = 8 =12(3)(—5) = —180 2
(b) V=x) &= 50 - &V _ 3328 yhenx =3 = & =3(3)*(-5) = —135 L

1208 =6x2, S =720 o 85 _ o &t 7)) — 2(3) B o Ky =3 o OV 308 whenx =3

> dt sec dt sec? dt

= & =3(3)°(2) =54 I

sec

13. (@ V=nr’h = ¥ =m P (b) V=mr’h = & =2narh §

() V=nr’h = & =7 ¢ +27rh &

14. (@ V=jn’h = §=1im? ¢ (b) V=3mr*h = & = Zmrh &

dv. _ 1.2 dh 2 dr
(© TG =3m G +3mh G

15. (a) % =1 volt/sec (b) % = — % amp/sec
av di dr dR _ 1 (dV di dR _ 1 (dVv _ VvV dI
© FT=R(H+I(F) = F=1(FR® = T=1(F-T7

(d) % = % [1 — L (— %)] = (%) 3) = % ohms/sec, R is increasing

— 2 dP __ 12 dR dl

16. (@) P=RP = % PR 4oy d
P
T

_ D12 _ &P _pP R dI dR _  orrdr . 2(5) ar _ _ opar
(b) P=RI :>O_E_I 3+2Rla:>¥—71—25—7 P ad =" F &
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Section 3.8 Related Rates 143

1/2
@ s= VX2+y2:(X2+y2)/ = %: \/x2x+y2 c:l_)t(
1/2 d
(b) s= VX2+Y2:(X2+y2)/ = % - \/x2x+y2 ?T)t("‘ \/x2y+y2 @t
© s=vxX2+y? = 2=x>+y? = 25 B =2x B 4oy D = . 0=2x L oy P o o VO

@ s=/xX+y2+22 = 2=x"+y’+22 = 2s L =2x B 2y ¥ 27 &

ds _ X dx y dy z dz
= dt — \/x2+y2+22 dt + \/x2+y2+zz dt + /x2+y2+22 dt
ds y dy z dz

: dx __ _
(b) From part (a) with . =0 = § = I T d + ST d

(c¢) From part (a) with § =0 = O:ZX%—’:—i—Zy‘;—{—i—ZZ% = %—{—%%—{—%%:0

() A=3absing = % =1labcosd ¢ (b) A=Zabsing = % =1labcosd ¥ + lbsing &

=1 i da _ 1 dd | 1y g da 4 1, db
(c) A=g3absinf = ‘¢ =gabcost G +5bsind F + jasinf F

Given A = 7r?, § = 0.01 cm/sec, and r = 50 cm. Since & = 27t | then 42 o = 2m(50) (165) = ™ cm*/min.

Given %f = —2 cm/sec, “}T‘:’ =2cm/sec, { = 12cmand w = 5 cm.

(a) A=tw = ‘fi—‘? =/ %—V[V +w j—f = % = 12(2) + 5(—2) = 14 cm?/sec, increasing

(b) P=20+2w = € =2d 42 d_52)+2(2) =0 cm/sec, constant

/ 12 12 0w ey
© D=+/W+ 0= (w?+ )" = D Lw+ )7 (2w & 20 &) :%zw%wg
_ 001 _

14 :
— = reasin
SEy 5 cm/sec, decreasing

av

@ V=xyz = ¥ =yz & 4 xz ¥ 4 xy ¥ = & wan = B + HR)N(=2) + HB)(1) = 2 m*/sec

(b) S=2xy+2xz+2yz = ¥ =2y+22) L +2x+22) ¥ + 2x+2y) &
= Rl s = 0D + (12)(=2) + (14)(1) = 0 m*/sec

dt | 432

1/2
(© L=x2+y*+22= (X +y* +727) 2= g_f = «/x2+xy2+zz (31_): + \/x2+yy2+z2 (c% + \/x2+zy2+zz %
de _ 4 3 2 _
= &)= (ﬁ) (1) + (ﬁ) (—2) + (ﬁ) (1) = 0 m/sec

Given: % = 5 ft/sec, the ladder is 13 ft long, and x = 12, y = 5 at the instant of time
(a) Since x* +y? =169 = % = — § % = — ('5—2) (5) = —12 ft/sec, the ladder is sliding down the wall

(b) The area of the triangle formed by the ladder and wallsis A = 1 xy = 9 = (1) (x &ty fi—’t‘) . The area

dt 2
is changing at 1 [12(—12) + 5(5)] = — 12 = —59.5 ft*/sec.

P
X L _gnpgdd _ 1 d o d0_ 1 _ (1) (s)— _
(€ cosf=% = —sinf P =% = L=—51-%=_(1)(5 =—1rad/sec

Pyl oS oyl s (x oy j‘i—{) = & = _L_[5(—442) + 12(-481)] = 614 knots
Let s represent the distance between the girl and the kite and x represents the horizontal distance between the girl and kite

=7 = (300 +x* = § =1 % = XD = 20 fi/scc.

When the diameter is 3.8 in., the radius is 1.9 in. and % = L in/min. AlsoV = 6712 = ¥ = 127t %

~ 3000 dt
= ‘fj—\[' = 127(1.9) ( = 0.00767. The volume is changing at about 0.0239 in/min.

00)
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36.

Chapter 3 Differentiation
_ 3r __ 4h 1 h)2y, _ 167rh3 dv __ 167h* dh
V= 371'1' —8(21') I:>I'—?:>V 3T ()h— :>E— 79T at
(a) E|h=4:( W42)(10) W~01119m/sec_11 19cm/sec
b)) r=2 = F=3F=3(22) = 1= ~0.1492 m/sec = 14.92 cm/sec

2 15h _ 1. (15h\2y __ 757h? dV __ 2257h? dh dh _ A4=50) -8
(@) V= gﬂ'rhandr— 2 :>V_37T(2)h_ 4 T @ T 4 @ 7 dtlnes = D5:G¢ — 157

~ —0.0113 m/min = —1.13 cm/min

b) r=5 = F=0& = & = (5)(52) =57t =~ —0.0849 m/sec = —8.49 cm/sec

(@ V=3y"3R-y) = ﬂzg[zy(3R—y)+y2(—1)] & & _[7(6Ry - 3y?)] ¥ = aR=13and

dt
d
y =8 we have & = —L-(—6) = 71 m/min

(b) The hemlsphere is on the circle r? + (13 —y)? = 169 = r = \/26y —y?m

_ 2\1/2 ar _ 1 2y=1/2 _ 13-y d dr _ _13-38 —1
© r=026y—y) " = $=1026y-y) "26-2y ¢ =>4 = Ty A 7 dilyes \/m(m)
288 m/min
fv=2 7rr S = 4nr?, and dv = kS = 4knr?, then = 4qr? % = 4knr? = 4ar? gf = E =k, a constant.
Therefore, the radius is increasing at a constant rate.
IfV =37’ r=5 and & = 1007 ft*/min, then § = 4mr* & = & =1 f/min. Then S = 4mr® = §

= 8nr ¢ a = 8m(5)(1) = 4O7r ft?/min, the rate at Wthh the surface area is increasing.

Let s represent the length of the rope and x the horizontal distance of the boat from the dock.

(@) Wehaves? =x?+36 = & =5 & \/sf_—% & Therefore, the boat is approaching the dock at

dt x dt
dx _
10 m( 2) = —2.5 ft/sec.
(b) cos@zg = —smﬁd—ef—r%% = i_?*ru?ne g{ Thus,r:10,x:8,andsin0:%
de
= 5_102(1%) (—2) = %rad/sec

Let s represent the distance between the bicycle and balloon, h the height of the balloon and x the horizontal
distance between the balloon and the bicycle. The relationship between the variables is s> = h? 4 x>

= $=1hP+x%) = §=5I68(1)+51(17)] = 11 ft/sec.

(a) Let h be the height of the coffee in the pot. Since the radius of the pot is 3, the volume of the coffee is

dav dh sedh 1 dV _ 10 : .
=97h = G =97 = therate the coffee is rising is it = 5- ‘Fr = g, in/min.

(b) Let h be the height of the coffee in the pot. From the figure, the radius of the filter r = g = V= % nr’h
= ® | the volume of the filter. The rate the coffee is falling is & = =L & -2 (-10)=—2 in/min.

y=QD! = ¥ =p 1R _qQD?PL =1 ) (131?2 (—2) = 88 L/min = increasing about 0.2772 L/min

Let P(x, y) represent a point on the curve y = x* and @ the angle of inclination of a line containing P and the

.. 2 .
origin. Consequently, tan =¥ = tanf =% =x = sec?f ¥ =& = B _ ;4529 & Since & = 10 m/sec

2 2
X = 3 =1L wehave dt| = 1 rad/sec.

2 _
and cos® 0| _, = Vol T e T 100
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The distance from the origin is s = y/x2 + y? and we wish to find % cin = % (x2+ y2)71/2 (2X ‘(‘i—’t‘ + 2y %)
’ (5,12)

_ ®OCED+A=S

= mria 5 m/sec

Let s = distance of car from foot of perpendicular in the textbook diagram = tan 0 = 55 = sec? 6 % = % %
= ¥ = C‘l’g;‘g & & — _264and 0 =0 = % = —2rad/sec. A half second later the car has traveled 132 ft

1

right of the perpendicular = |0 = 7, cos?f = % and % = 264 (since s increases) = ‘(ij—f = % (264) = 1 rad/sec.
Lets = 16t2 represent the distance the ball has fallen, h the L

. . Ballattime t=0
distance between the ball and the ground, and I the distance

between the shadow and the point directly beneath the ball. 1/2 sec later

Accordingly, s + h = 50 and since the triangle LOQ and = P
triangle PRQ are similar we have I = % = h =50 — 16t>
- 30 Q
_ 30(50—16t") __ 1500 _ dl _ 1500

and I = 5555160y = Tor — 30 = & = — 50 © R

= 9. = —1500 ft/sec.
When x represents the length of the shadow, then tan 6 = 8)(—0 = sec’f % = — % ‘é—’t‘ = ‘é—’t‘ = ”‘2830“29 ‘(jj—f . We are

i o _ o_ 3m i — -3 dx| _ [=x?sec’d df — 3z i
given that 5 = 0.27° = 5000 rad/min. Atx = 60, cos § = s = | = % pr (= g sec0-1) =1 ft/min
~ 0.589 ft/min ~ 7.1 in./min.
The volume of theiceis V=478 — $ 743 = & =d4n? & = & = =3 in./min when & = —10 in®/min, the

. . . . 5 . . . _ 2 dS di ds _ -5
thickness of the ice is decreasing at 73— in/min. The surface area is S = 47r* = ¢ =8nr g = G| _ =487 (m)

= — 13—0 in?/min, the outer surface area of the ice is decreasing at '3—0 in?/min.

Let s represent the horizontal distance between the car and plane while r is the line-of-sight distance between the car and

plane = 9+s* =1’ = % = \/rer % = % = ﬁ (—160) = —200 mph =- speed of plane + speed of car

= 200 mph =- the speed of the car is 80 mph.

Let x represent distance of the player from second base and s the distance to third base. Then % = —16 ft/sec
(@ s> =x*+8100 = 2s $ =2x & = $ = & When the player is 30 ft from first base, x = 60
= s=30y/13and & = 30% (—16) = % ~ —8.875 ft/sec
(b) sinf; = % = cos 6 % = —95—9 . g—i = % = _522)291 . % = —% - %. Therefore,x:60ands:30\/E
= & = —7(30\/91_%(60) . (%) =3 rad/sec;cos 0 = 2 = —sinfy P2 = 0. & - b _ Ty - ¢
= 3_—?( - %. Therefore, x = 60 and s = 30\/E = dd—‘gf = m . (\_/—31—23) = —% rad/sec.
© @ =—vas &=y ) () =02 () =(vhw) & = Jlin ¢
= Jim (~ i) (19) = § radisee; = - = (2) (3) () = (2) ()
= (%% & = Jim 9 — 1 rad/sec
Let a represent the distance between point O and ship A, b the distance between point O and ship B, and D the distance

between the ships. By the Law of Cosines, D* = a® + b? — 2abcos 120° = 2 = L 2a & 4 2b P +a P +b £].

Whena =35, % = 14,b =3, and =21, then Y = %2 where D = 7. The ships are moving 42 = 29.5 knots apart.
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3.9 LINEARIZATION AND DIFFERENTIALS

L fX)=x>-2x+3 = ) =3x2-2 = LK) =f'Q)(x —2) +f2) = 10(x —2) +7 = L(x) = 10x — 13 atx =2

2. 10 =V +9=(2+9" = 0= (1) (2+9) 20 = 2 = LO0 = f(-4)(x +4) + f(—4)
—%(x+4)+5:>L(x):—%x+5at —4

3 =x+!l = fO=1-x?=LR=f(D+f(Dx-1)=2+0x—1)=2
4. 1) =x" = F(x) =325 = L) =1 (-8)(x — (—8)) +f(—8) = 5 (x+8) -2 = L(x) = 5 x— 3
5. f(x) = tanx = f'(x) = sec?x = L(x) = f(m) + f'(m)(x = m) = 0+ I(x = 7) = x — 7
6. (a) f(x)=sinx = f'(x) = cosx = L(x) = f(0) + f'(
(b) f(x) =cosx = f'(x) = —sinx = L(x) = f(0) + f/(0)(x —0) = 1 = L
(©) f(x) = tanx = f'(x) = sec?x = L(x) = f(0) + f/(0)(x — 0) = x = L(x) = x
7. fx)=x242x = f'(x) =2x+2 = L&x) =f'(0)(x — 0) + f(0) =2(x — 0) + 0 = L(x) =2xatx =0
8. fx)=x"! = f®X)=-—x2 = L =f(Dx-D+f1)=(-Dx-D+1 = LEx) =-x+2atx =1
9. fx)=2x244x -3 = f'X) =4x+4 = LE) =f'(—DE+ 1) +f(—=1) =0x + 1) +(=5) = L(x) = —5atx = —1
10 f(x)=1+x = X =1 = LE)='@)(x -8 +f(8) =1(x -8 +9 = LX) =x+ latx =8

1L fx) = /x=x% = )= (3)x?® = L =/@®)x—-8) +f8) =5 x -8 +2 = Lx) = 5x+ Fatx =8

12, f(0) = 25 = oo = 0 — s = L) = f'(Dx — D+ (1) = § (x— D+

= LKx) = %x—i—%atx:l
13. f'(x) = k(1 4 x)*'. We have f(0) = 1 and f'(0) = k. L(x) = f(0) + f'(0)(x —0) = 1 + k(x — 0) = 1 + kx

14. (@) f(x)=(1-x°=[1+(—x)]"~1
b) f(x) = 2= =2[1+ (—x)] " ~2[1+ (~1)(-x)] =2+ 2x
() f(x :(l—l—x)*l/Zzl—i—(—

)
)
)
(d) fx)=\/2+—x2=ﬁ(1+ Z)I/Qzﬁ(1+%x2_z):\/§ 1+x£)
) %3
)

() f(x) = (4+3x)"% = 41/3(1 4 35)° x 4153(3
(-

® flx

15. (a) (1.0002)°° = (1 + 0.0002)*° ~ 1 + 50(0.0002) = 1 + .01 = 1.01
(b) v/1.009 = (1 4 0.009)"/3 ~ 1+ (1) (0.009) = 1 +0.003 = 1.003

16. f(x) = /x+ L +sinx = (x+ DY2 +sinx = f'(x) = (3) x+ D> +cosx = Li(x) = f'(0)(x — 0) + £(0)
= %(X -0 +1 = Lix) = %X + 1, the linearization of f(x); g(x) = v/x+ 1 = (x + D'/ = ¢'(x)
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Section 3.9 Linearization and Differentials

= (%) x+1)YV2 = L,(x) = g(0)(x — 0) + g(0) = % x—-0+1 = Lx = %x + 1, the linearization of g(x);
h(x) =sinx = h'(x) = cosx = L,(x) =h(0)x —0)+h0) = (1)x—0)+0 = L,(x) = x, the linearization of
h(x). L{(x) = L,(x) + L,(x) implies that the linearization of a sum is equal to the sum of the linearizations.

y=x}-3/x=x>-3x12 = dy= (3> - Ix1?) dx = dy = (3X 77)

y=xVT=x2 =x(1=x)"" = dy= () (1=x)" 400 (3) (1 =) (=20] ax
=(1- )(2)71/2 [(1—x%)—x%dx = (1=20) 4%

o @) (1+x°) — (22x) e
Y=t = dy= ( (I +x0)° ) dx = Ty dx

. 24/x gl (x2 (3 (1+x12)) —2x!/2 (3x71/?) )  3xl243-3
Y= 3 ym T e = ( 9 (14+x1/2) dx = 9(1+x1/2)
_ 1
= dy 3/ (1+ %) dx

2932 4 xy —x=0 = 3y"2dy+ydx+xdy—dx=0 = (By"/?+x)dy=(1—-y)dx = dy = 3l/_§ix dx

xy? —4x*? —y =0 = y?dx +2xydy — 6x//2dx —dy =0 = (2xy — 1) dy = (6x"/2 —y?) dx

= dy765£_¥ dx

y = sin (Sﬁ) = sin (5x1/2) = dy = (cos (5x1/2)) (% X_l/z) dx = dy = SCOS\(}\/_)

y = cos (x?) = dy = [—sin (x?)] (2x) dx = —2x sin (x?) dx

y = 4 tan (X;> = dy=4 (8602 (%3)) (x?) dx = dy = 4x? sec? ("3—3> dx

y =sec(x? — 1) = dy = [sec (x? — 1) tan (x? — 1)] (2x) dx = 2x [sec (x? — 1) tan (x* — 1)] dx
y=3csc(l—2y/x) =3csc(l—2x2) = dy =3 (—csc (1 —2x"/2)) cot (1 — 2x1/2) (—x7/2) dx
= dy = \[csc(l—Z\/_) cot(l—Z\/) dx

y = 2 cot (ﬁ) =2 cot (X’I/Q) = dy = —2 csc? (x’l/Q) (— %) ( ’3/2) dx = dy = \F csc (%)
fx)=x>+2x,x=1,dx=0.1 = f/x) =2x+2

(a) Af = f(xo + dx) — f(xg) = £(1.1) — f(1) = 3.41 — 3 = 0.41

() df = f'(xo) dx = [2(1) + 2](0.1) = 0.4

(© |Af—df| = [0.41 — 0.4 = 0.01

fx)=2x>+4x—-3,x0=—-1,dx=0.1 = f'x) =4x+4

(2) Af = f(xo + dx) — f(xo) = £(—=.9) — f(—1) = .02

(b) df =f'(xo)dx = [4(—=1) +4]1(.1) =0
(©) |Af—df| =02 -0 =.02
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fx)=x>—xx=1,dx=0.1 = f'(x) =3x>—-1
(a) Af = f(xg + dx) — f(xg) = f(1.1) — f(1) = 231
(b) df = f'(xp)dx = [3(1)2 — 1](.1) = 2

(c) |Af—df| =231 —.2| =.031

f(x) = x4, xo = 1,dx = 0.1 = f'(x) = 4x3

(a) Af = f(x +dx) — f(xg) = f(1.1) — f(1) = .4641
(b) df = f'(xo)dx = 4(1)3(.1) = .4

(©) |Af—df| = 4641 — 4] = 0641

fx) =x71,x0=05,dx=0.1 = f'(x) = —x2
(@) Af = f(xo + dx) — f(xo) = f(.6) — f(.5) = — %

(b) df =f'(x)dx = (—4) (§5) = — 2

(© |Af—df|=|-1+2[=4%
fx)=x>—2x+3,x=2,dx=0.1 = f'(x) =3x>-2
(@) Af =f(xo + dx) — f(xo) = f(2.1) — f(2) = 1.061

(b) df = f'(x)dx = (10)(0.10) = 1

(c) |Af—df| =]1.061 — 1| = .061

V=124m = dV =4rrldr 36. V=x% = dV =3x3 dx

S =6x2 = dS = 12xq dx

S = 7ry/r2 +h? = 7r(r? + h2)1/2, h constant = % =7+ h2)1/2 +ar-r(r? + h2)71/2

2 2 2 2 2
= &8 _r@e) et g - TGN g h constant

dr V24 h? \/rg+—h2
V = 7r’h, height constant = dV = 27roh dr 40. S =2nrh = dS =27nrdh

Givenr=2m,dr=.02m
(@) A=nar? = dA =27rdr =27(2)(.02) = .087 m?
(b) (4&) (100%) = 2%

C=2mranddC=2in. = dC=2rdr = dr=1 = the diameter grew about 2 in.; A = mr? = dA = 27rdr
=27(5) (1) =10in?

The volume of a cylinder is V = 7r?h. When h is held fixed, we have %_\: = 2mrh, and so dV = 27rh dr. For h = 30 in.,
r = 6 in., and dr = 0.5 in., the volume of the material in the shell is approximately dV = 27rh dr = 27(6)(30)(0.5)
= 1807 ~ 565.5in?.

Let § = angle of elevation and h = height of building. Then h = 30tan 6, so dh = 30sec?¢ df. We want |dh| < 0.04h,
which gives: [30sec?d df| < 0.04|30tan 6] = —L|df| < 2288 — 49| < 0.04sin 6 cos § = |d6]| < 0.04sin 22 cos 22

cos26 cos 0 12

= 0.01 radian. The angle should be measured with an error of less than 0.01 radian (or approximatley 0.57 degrees),
which is a percentage error of approximately 0.76%.
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dr
The percentage error in the radius is @ x 100 < 2%.

dc
(a) Since C =27r= dC = 27r ;- The percentage error in calculating the circle's circumference is ( g) x 100

k] )><100f(‘“) % 100 < 2%.

2'rr

(b) Since A = 1> = ¥ = 27rr ;- The percentage error in calculating the circle's area is given by =& &) x 100

= g )><100—2( 1) ><100§2(2%):4%.

dx
The percentage error in the edge of the cube is M x 100 < 0.5%.

(a) Since S = 6x> = d = 12x i - The percentage error in the cube's surface area is (‘“) x 100 = (12)( ‘“) x 100
=20« 100 < 2(0.5%) = 1%

(b) Since V =x* = & = 3x?%_ The percentage error in the cube's volume 1s( 1) 100 = (x—“‘) x 100
=304« 100 < 3(0.5%) = 1.5%

V = 7h® = dV = 37h? dh; recall that AV & dV. Then |AV] < (1%)(V) = LD - |qy| < LD

= |37th dh| < (1) "h W) |dh| < 55 h = (3 %) h. Therefore the greatest tolerated error in the measurement
of his 5 %.

(a) Let D, represent the interior diameter. Then V = 7ir*h = 7 ( ) h=""andh=10 = V= SﬂDQ =
dV = 57D, dD;. Recall that AV & dV. We want |AV| < (1%)(V) = |dV| < (5%) (@) = 74_'3?

= 57D, dD; < 71—?)7 = % < 200. The inside diameter must be measured to within 0.5%.

(b) Let D, represent the exterior diameter, h the height and S the area of the painted surface. S = 7D.h = dS = 7whdD,
= % = %. Thus for small changes in exterior diameter, the approximate percentage change in the exterior diameter

is equal to the approximate percentage change in the area painted, and to estimate the amount of paint required to
within 5%, the tanks's exterior diameter must be measured to within 5%.

GivenD = 100 cm,dD = 1 cm, V = gw(gf = o gv= Z2D?dD = Z (100)*(1) =

6
= [@}(102%): [@}%:3%

6 6

197 . Then Y (100%)

V=i = 4n(B)" = " = dV = 7" dD; recall that AV ~ dV. Then |AV] < %)V = () (2)

_ D? D3
=% = 1AV < 55 =

”TDZ dD‘ < glo)g = |dD| < W = (1%) D = the allowable percentage error in

measuring the diameter is 1%.

bdg
W:a—i-gza—f—bg’1 = dW = —bg? dg——bdg = i‘\;‘]\,“"h = E ‘ij’; = (52) = 37.87, so a change of
(32)?

gravity on the moon has about 38 times the effect that a change of the same magnitude has on Earth.

1/2
@ T=2r (%) = dT =21/L (— L g?) dg = —m/Lg™32 dg
(b) If gincreases, then dg > 0 = dT < 0. The period T decreases and the clock ticks more frequently. Both
the pendulum speed and clock speed increase.

(¢) 0.001 = —7+/100 (98073/2) dg = dg ~ —0.977 cm/sec? => the new g ~ 979 cm/sec?
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53. E(x) =f(x) —g(x) = Ex) =f(x) —m(x —a)—c. ThenE(a) =0 = f(a) —m(a—a) —c=0 = c=f(a). Next

54.

we calculate m: lim
X—a

M:O:> lim f(x) —m(x—a)—c

X—a X —a X—a

=0 = Xli_I)na [w — m} = 0 (since ¢ = f(a))

= f’(a) —m =0 = m = f'(a). Therefore, g(x) = m(x — a) + ¢ = f’(a)(x — a) + f(a) is the linear approximation,

as claimed.
(a) i. Q(a) = f(a) implies that by = f(a).
ii. Since Q'(x) = by + 2by(x — a), Q'(a) = f'(a) implies that by = f’(a).
iii. Since Q”(x) = 2by, Q”(a) = f”(a) implies that b, = %
In summary, by = f(a), by = f’(a), and b, = fT@
®) f(x)=1—-x)"5Fx) =-1(1-x)2(=1) =1 —x)"%"(x)=-2(1—x)3(-1)=2(1—x)*
Since f(0) = 1, f’(0) = 1, and f”(0) = 2, the coefficients are by = 1,b; = 1, by = % = 1. The quadratic
approximation is Q(x) = 1 + x + x>,
© As one zooms in, the two graphs quickly become
1 indistinguishable. They appear to be identical.
3
y=l+x+x , y=:
-2 -1 1 2 >
a1 —
[-2.35, 2.35] by [-1.25, 325]
) g(x) =xThg(x) = —1x7% g"(x ):2
Since g(1) = 1, g'(1) = —1, and g"(1) = 2, the coefficients are by = 1, b; = —1, by = 2 = 1. The quadratic
approximation is Q(x) = 1 — (x — 1) + (x — 1)
As one zooms in, the two graphs quickly become
indistinguishable. They appear to be identical.
-1 1 2 *
~ 1
[-1.35, 3.35] by [-1.25, 3.25]
@ h(x) = (1+x)"50(x) =31 +x) 7350 (x) = —L(1 4+ %72
Since h(0) = 1, h'(0) = 3, and h"(0) = —1 , the coefficients are by = 1, by = £, by = _7% = —%. The quadratic
approximation is Q(x) =1+ § — ’%
As one zooms in, the two graphs quickly become
i indistinguishable. They appear to be identical.
3
2 y=vl+x
yﬂé-%///%
-1 1 2 -
-1
(f) The linearization of any differentiable function u(x) at x = a is L(x) = u(a) + v'(a)(x — a) = by + by (x — a), where

by and by are the coefficients of the constant and linear terms of the quadratic approximation. Thus, the linearization
for f(x) at x = 0 is 1 + x; the linearization for g(x) at x = 1is 1 — (x — 1) or 2 — x; and the linearization for h(x) at
x=0is1+ 3.
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55-58. Example CAS commands:

Maple:
with(plots):
a=1l:fi=x >XxA3+xXxA2—2%x;
plot(f(x), x=—1..2);
diff(f(x),x);
fp := unapply (”,x);
L:=x ->f(a) + fp(a)*(x — a);
plot({f(x), L(x)}, x=—1..2);
err:=x -> abs(f(x) — L(x));
plot(err(x), x=—1..2, title = #absolute error function#);
err(—1);

Mathematica: (function, x1, X2, and a may vary):
Clear[f, x]
{x1,x2} ={—1,2};a=1;
flx_]:=x> +x* — 2x
Plot[f[x], {x,x1,x2}]
lin[x_]=fla] + f[a](x — a)
Plot[{f[x], lin[x]}, {x, x1,x2}]
err[x_]=Abs[f[x] — lin[x]]
Plot[err[x], {x,x1,x2}]
err//N

After reviewing the error function, plot the error function and epsilon for differing values of epsilon (eps) and delta (del)
eps =0.5; del =0.4
Plot[{err[x], eps},{x, a — del, a 4 del}]

CHAPTER 3 PRACTICE EXERCISES

1. y=x%-0.125x2 + 0.25x = % = 5x* - 0.25x + 0.25

2. y=3-07x+03x" = £ =-21x*+2.1x°

3. y=x3-3(x*+7%) = g—z =3x2 —3(2x + 0) = 3x% — 6x = 3x(x — 2)

4. y:X7+\/7x—ﬁ = %:7x6+ﬁ

5. y=x+1)?(x2+2x) = g—i =x+1D?22x+2)+ (x2+2x) Qx + 1) = 2(x + D [(x + 1? + x(x + 2)]
=2(x+ 1) (2x2 +4x + 1)

6. y=2x-54 -0 = L=2x-5H-DE-02(-D+@-x"1Q2) =@ —x)2[2x - 5) + 2(4 — x)]
=3(4—-x)2

7. y=(0>+sect+1)° = g—g:3(92+sec¢9+1)2(20+sect9tan9)

2 .
8.oy=(-1-s2—8) =5 §=o(-1-egt o ) (bt 0y (g el 8 (esc G cot §— )
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0 s— Vi _ a_ V05 \/(#) _ -V 0
1+t dt (1+\/) 2Vt (1+ ) 2/t (1+ )
_ 1 ds (Vi- )0)71< )f -1
IO.S—\ﬂ71 ﬁa— (\/ ) —2%(%_1)2

2 dy

11. y:2tan2x—sec X = 3 :(4tanx)(seCQX)—(2secx)(secxtanx):2se02xtanx

_ 12 e2y
12. y= g — 55 =0sc"x—2cscx =

dy — (2 csc x)(—csc x cot X) — 2(— csc x cot X) = (2 csc x cot x)(1 — csc x)

13. s =cos’ (1 —20) = & =4cos® (1 — 20)(—sin (1 — 20))(—2) = 8 cos® (1 — 20) sin (1 — 20)

14, s =cof (3) = § =3eo () (-ese? () () = oot (2) es? ()

15. s=(sect+tant)y® = % = 5(sec t + tan t)* (sec t tan t + sec® t) = 5(sec t)(sec t + tan t)°

16. s =csc® (1 —t+3t%) = £ =5csc! (1 —t+36%) (—cse (1 —t+3t%) cot (1 — t+ 3t%)) (—1 + 6t)
= —5(6t — 1) csc® (1 — t+ 3t%) cot (1 — t+ 3t?)
17. r=1/20sin6 = (20 sin 0)"? = § = 3 (20 sin )~"/%(20 cos ¢ + 2 sin ) = L3 TEAME
18. r=20+/cos § = 26 (cos )/ = & =20 (1) (cos 6)"V/2(—sin 0) + 2(cos O)/? = _‘QCS;:; +2+4/cos 6

_ 2cosf—0sind
cos 0

19. r=sin /20 =sin(20)'/? = L = cos(20)'/% (1 (20)"1/%(2)) = ﬁ—?

20. r:sin<9+\/9—|——1) = %:cos(9+\/m> (14_2\/%):22\/\5_21 cos(9+\/¢9+—1>

21. y= %XQ csc £ 2 = % = %XQ(—csc%cot %) (;—22) + (csc %) (% -2x) = CSC %Cot— —l—Xcch
22. y=2y/xsin \/x = ¥ =2,/x(cos \/x) (ﬁ) + (sin /) (ﬁ) = cos /X + Silz/\—x/;
23, y=x""?sec(2x? = § = >r1/2 sec (2x)? tan (2x)2(2(2x) 2) + sec 2x)? (— 1 x73/2)
= 8x1/2 sec (2x)? tan (2x)% — L x73/2 sec (2x)? = 2 sec (2x)? [16 tan (2x)> — x %] or ﬁsec@x)2 [16x2tam(2x)2 —1]

24. y=/xcsc(x+ 1P =x2 csc(x + 1)3
= &= x1/2(_cse(x + 1)3 cot (x 4+ 1)3) (3(x + 1)?) + csc (x + 1)? (3 x71/2
dx
= —-3/x(x+ )% esc(x + 1)° cot (x + 1) + “C(’i/tl) =1 /xese(x+ 1) [L —6(x+1)? cot(x + 1)7]
or ﬁcso(x + 1)3[1 — 6x(x + 1) cot (x + 1)?]

25. y=5cotx?> = £ =5(—csc? x?) (2x) = —10x esc? (x?)
26. y = x? cot 5x = g—i = x2 (—esc? 5x) (5) + (cot 5x)(2x) = —5x? csc? 5x + 2x cot 5x
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

dy

dy
dx

= x% (2 sin (2x%)) (cos (2x?)) (4x) + sin? (2x?

Chapter 3 Practice Exercises 153

) (2x) = 8x? sin (2x?) cos (2x%) + 2x sin® (2x?)

x~2 (2 sin (x*)) (cos (x*)) (3x%) + sin? (x*) (—2x73) = 6 sin (x?) cos (x3) — 2x73 sin? (x3)

(4t \ 2 ds _ 4 73 (t+ D& —@nd) 40 \73 4 @+D
s= () = &= 2 ()7 (CHAER0) - 2 () T i = - Y
_ -1 _ 1 - ds _ 4
§= 15(15t— 1) — 15 (15t — 1) = d_: - 15 (=3)(A5t = 1)7*(15) = (lSt— !
Y A S I Y Wi € I o K N T S
y= (x+1 = & =2 x+1)° 2G+1)2 = TxrDF T GEIP
_(2 X) — dy _ 2(2%5) ey () -V () ) oA (R -
2V/x+1 dx 2v/x+1 vx+1)’ VR R+
X2+ x 1\1/2 d 1 1/2 1 1
y= ng _(1+§) j§_§(1+x) ( P)_izxz 141

y =4x4/x + x:4x(x—|—x1/2)1/2 = %—4x
= (x—l— \/;)—1/2 [ZX (1 +

217)+4(x+\/§)] =

(5) (e x2) 2 (1 x2) (x4 x002) o

(x+ /%) 2 (2x + X+ 4x+4y/x) = 6*\/%

_ sinf )2 dr _ sin ¢ (cos 6 — 1)(cos 0) — (sin )(—=sin §) | _ sin ¢ c0s? 6 — cos 6 4 sin® 0
r_(cose—l) jd6_2(cos€—]) [ (cos 0 —1)2 :| _2(cos€—1)< (cos 6 —1)2
(2%m6)(1—co€6) ___—2sinf
(cos 6 —1)3 ~ (cos —1)?

= (sin9+l)2:>§_§:2(

1 —cos 6

2(s1n0+1)(cos¢9 sin 6 — 1)
(1—cos §)?

y=0x+1D)y2x+1=02x+ 132 =

y = 20(3x — 4)'/4(3x —

y = 3(5x? + sin 2x)_3/2

y = (3+cos?3x)"/*

xy+2x+3y=1= (xy+y)+2+3y' =0 = xy +3y' =

x2+xy+y2—5x:2:>2x+(x

dy _ 5-2x-y

= dx — x+2y

2(sinf+1)

cos? § — sin? @ — sin )

=

sin 0+ 1 ) (1 —cos B)(cos 0) — (sin @+ 1)(sin ) | __
1 —cos

4)~1/% =2003x — 4
=

dy

dx

(cos 6 —

(1 —cos 6)2 (1 —cos 6)3

& =302x+DV22)=3y/2x + 1

)1/20 = % =20 (%) (3x — )—19/20(3) —

3
(3x — 4)19 20

& =3 (= 3) (5x2 4 sin 2%) (10 + (cos 20(2)] = P Eendy
= —1(3+cos®3x)” 13 (3 cos? 3x) (—sin 3x)(3) = %’;;ﬁf’;

y+2

2-y = yYEx+)=-2-y = y=-13

%+g+@ —5=0=x P42y P=5-2%x-y=>Lx+2)=5-2x—y

X3 dxy — 3y =2x = 3x2+(4x§—§+4y>—4y1/3g—i:2 = 4xg—i—4y1/3g—i:2—3x2—4y

= %(4){

_ 4y1/3) —2_

3x2

dy _ 2-3x>—4y

74y = dx T 4x—4yl3
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44, 5x1° +10y90 =15 = 4x V54 12y/0 L =0 = 12y/° L= —dxV0 = F = LIx 1oyl =

_1
3y

45 ()2 =1 = Lo (x P hy) =0 = )y = ) V2 o sty o o

46. Xy =1 = x2(2yj—§)+y(zx)—o = oy W= oxy? = o

(=%
<
>

2 X x+ D) —x)(1) dy _ 1
4.y =535 = g =0 > § =5y

2 _ (1 1/2 4_ 1 3d _ =M =+x)(=1) d

-1
— 2y —x)7
49. p? +4pq —3q2 =2 = 3p? “P+4(p+q§—g) —6q=0 = 3p> £ +4q P =6q—4p = £ (3p?+4q) = 69— 4p

dp __ 6q—4p
= dqg T 3p?+4q

-3/2 5/2

50. q = (5p2 +2p) * = 1=—3(5p* +2p) " <10p "P+2dp) = —2(5p* +2p)

— W _ (a2
q 3Gp+ 1D

= £ (10p+2)

51. rcos2s +sin’s =7 = r(— s1n25)(2)+(c052s)( )+251nscoss—0 = dr(cosZs)—ersts 2 sin s cos s

= dr _ 2rsin2s—sin2s __ (2r—1D)(sin2s) __ (2r — 1)(tan 2s)

ds cos 2s cos 2s
2 __ dr _ dr _ dr _ 1—-2s—2r
52 2s—r—s+s'=-3 = 2(r+sF) —F-1+25=0=> F2s—-1)=1-25s—2r = §=18%
2 2 dy
3 3 2 2 dy dy 2 42 _}’(*zx)*(*x)(z}’ﬁ)
53. (@) x*+y’=1 = 3x*+3y %—O:%——;—zﬁd—xﬁ— o
2
= ey ~2x9 + (2x%) <7 ;7) _ 72xy27% _ 2xyt-x!
axz — vl - yi - yo
2 d 2 d 1 d 1 dy 2 2d
O y=l-i=22yg=3=>g=w=>a=0 = g=-0x) [y(ZXHX &
1
o &y 29 -¥ () aneod
ax2 y2x1 y3x1

54. (a) X2 —y2=1 = 2x—2de—0 = —Zydy:—Zx = D=2

(b) %:3 = 5= 7;_31 (since y? — x? = —1)
55. (a) Leth(x) = 6f(x) — g(x) = W(x) =6f'(x) —g'(x) = W) =6f'()—g()=6(3) —(—4) =7
(b) Leth(x) = f(x)g’(x) = h'(x) = f(X) (26(0)) £(x) + 2(0f'(x) = 1'(0) = 2f(0)g(0)g'(0) + g*(0)f'(0)
=2 (3) + (D*(=3) = —

_ _f® Iigy — @00+ DF(X) — g (x) 11y — EOFDPFO —fgd) _ G+D(5)=3(=4) _
(¢) Leth(x) = 47 = h'(x) FERY: =h1) = FOFSY] G =

(d) Leth(x) = f(g(x)) = W (x) = f'(gx)g'x) = h(0) = f'(gO)g'©) =f'(1) (}) = (1) (}) =1

(e) Leth(x) = g(f(x)) = h'(x) = gE)f'(x) = W (0) = g(fO)F(0) = g'()f'(0) = (—4) (—=3) = 12

() Leth(x) = (x +f(x))*? = N(x) =3 (x+ ) (1 +1'(x)) = W) =31+ (1+£(1)
=301+3)2(1+3)=1

(g) Leth(x) = f(x + g(x)) = W(x) =f'(x+ gx) (1 + ¢'(x)) = h(0) = f'(g0)) (1 + £'(0))

= (+4) = (3) () =2

Sle
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56. (a) Leth(x) = /xf(x) = h(x) = /xf'(x) + f(x) - # = (1) =/1f'(1)+1£(1)- fﬁ =i+-3(3)=-8
(b) Leth(x) = (fx)/? = hW(x) =} (x)"? (f'x)) = W ()= 2(f(O)) V2£10) = $(9)V2(-2) = — 1

© Leth®) =f(vx) = NG =F (VX) - 50z = WO =1 (V1) - jn =11 =4

(d) Leth(x) =f(1 —5tanx) = h'(x) =f’(1 — 5 tan x) (=5 sec®’x) = h’(O) = f’(l —5tan 0) (=5 sec?0)
= PS5 = L (-5) = -

© Letho = 55 H(o = oSty ) - S0 _h

(f) Leth(x) =10sin (Z*) f2(x) = h'(x) = 10 sin (% )(2f(x)f’(x))+f2(x)(locos(%")) (2)
= h'(1) =10sin (§) (2f(Df'(1)) + 2 (1) (10 cos (3)) (5) =20(=3) (3) +0=—12

W

57. x =t +71 = ¥ =2,y =3sin2x = g—i = 3(cos 2x)(2) = 6 cos 2x = 6 cos (2t> + 27) = 6 cos (2t?) ; thus,

dt
by b geos(22) -2t = D] =6cos(0)-0=0

dt T dx T de | _,

Butlps=24+5t = & =245

58 t=(u+2u)"? = & — 12420 Pu+42)= 2 (u2+2u)" ds
+5] (3) @ +20) P+ 1)

:2(u2+2u)1/3+5;thus9 =08 [2(u2+2u)1/3

= &

d
&L =[@+20)" +5] B) @ +20) P+ ) =2(2-8 +5) (327 =22-2+5) (}) = 3

u=2

59. r=8sin(s+ %) = L =8cos(s+Z);w=sin(y/r—2) = & =cos(,/r-2) (rlﬁ)

051/8SiH<S+%)* - thus dw _ dw  dr _ COS( SSin(S+%)72) . [8 cos (S+ E)]
= 6

2,/8sin (s + ) PE T d S Ty Rsin(s+g)
o dw _ cos (,/SSm )SCOS % (cosO)(S) (4) B \/g
dsls=0 2/8sin (%) VR

1/3

60. ’t+0=1= (+t(209)+L=0= Lo+ 1)=-0 = ¥ =0 r=(0°+7)

1 (p2 -2/3 _ 2 2 -2/3, _ 2 _ _ do I
= g =30"+7) TQH=50"+7) "snowt=0and0’t+0=1=0=1sothat @ _,,_ =T =—1
a2 a3 _ 1 _ dr|  _dr| Ny 1
and @, =50 +7) =6 T dleo — dolico a (6)( D=—5
6l. yY+y=2cosx = 3y? L+ & = -2sinx = LGBy’ +1)=-2sinx = £ = Ezyzsrlx = ¥ o
_ _2sin(0) 0- &y (3y? +1) (=2 cos x) — (=2 sin x) (Gy %)
- 341 T dx2 - (3y2+1)°
L&y _ BH(=2cos0)— (=25in0)6-0) _ _ 1
%) G112 2
o1
13 4 y1/3 — 14-2/3 4 1y-2/3dy _ dy _ 98 dy g dy _
62. X/ +y/P=4 = 3Xx +3y a=0= 5= T oy l,dx_xz,3
N dz_y B (xz/:s) (7%}, 1/3 %) 7(7},2/:;) (%x 1/:;) <12_y B (82"3) [_ %-8*1/3{—1)} (82/3) (2 8- 1/3)
dxz T (X2/3>2 dx? ®8) - 84/3
ity 3 _1
&7 — 4 T 6
1 1
_ 1 f(t+h) —f() _ rmel ~ 3T _ 20+ 1—(Qt+2h+ 1)
63. f(t) = 2[+1 and f(t + h) = 544577 = h = I = @tr2h+ DRt Dh
_ —2h _ -2 / T f(t+h) flo -2
= G heg e — agmrnan o LM = hlg‘n = hlgnO Qi+ 2h+ DR+ D)
_ -2
BRCE
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64. g(x) = 2x + land g(x +h) = 2x + h)2 + 1 = 2x2 4 4xh + 2h2 4 | = ECEN—e0) _ @ adbhidnd 1) - (24 )

h
— 4xh42n’ _ I(x) — 1 g+ —g) _ 3 —
= 2 4x +2h = g'x) hhm0 o hhm0 (4x + 2h) = 4x

65. (a)

L x
1 0 \1
1k
f(x):{ x2,—1Sx<0

%, 0<x<1

. _ . 2 . _ . _ 2 — . — . . _ — .
(b) . ILHE)* f(x) = . IHI(IJ— x* = 0 and i} gr%+ f(x) = . 15%* X 0= Xlgn0 f(x) = 0. Since Xlgn(J f(x) = 0 = 1(0) it

follows that f is continuous at x = 0.
(¢) lim f'(x)= lim (2x)=0and lim f'(x)= lim (—2x)=0 = lim f’(x) = 0. Since this limit exists, it
x — 0 x — 0 x — 0 x — 0 x—0

follows that f is differentiable at x = 0.

66. (a)

o x, -1<x<0
/(A)_{lanx. 0<x<w/4

1
-1

ISEIS

—1+

(b) lim f(x)= lim x=0and lim f(xX)= lim tanx =0 = lim f(x) =0. Since lim f(x) =0 = f(0), it
x—0 x—0 + + x—0 x—0

x—0 x—0
follows that f is continuous at x = 0.

() lim f'x)= lim I=1and lim f'x)= lim sec?x =1 = lim f’(x) = 1. Since this limit exists it
x—=0 x—0 x — 0" x — 0F x—0

follows that f is differentiable at x = 0.

67. (a)

J ES 0<x<1
Y= 2-x1<x52

(b) lim f(x)= lim x=1land lim fx)= lim 2-—x)=1 = lim f(x) = 1. Since lim f(x) =1 = f(1), it
X —1 X —1 Xx — 11t X — 17 X —1 X —1
follows that f is continuous at x = 1.
. PN B . L 1 . , . , . ,
(©) xli>mr f'x) = xli>mr 1=1 andxlim1+ f'(x) = x1im1+ 1 1 = Xli)mr f'(x) #£ xlim1+ f'(x), so Xlgn1 f'(x) does
not exist = fis not differentiable at x = 1.

68. (a) lim f(x)= lim sin2x =0and lim f(x)= lim mx =0 = lim f(x) = 0, independent of m; since
X — 0 x—0 x — 0F — 0F x—0

X
f0)=0= lim0 f(x) it follows that f is continuous at x = O for all values of m.
X —
(b) lim f'(x)= lim (sin2x) = lim 2cos2x =2and lim f'(xX)= lim (mx) = lim m=m = fis
x—0 x—0 x—0 x — 0F x — 0F X — 0"

differentiable at x = 0 provided that lin}) f'(x) = lin%) . f'(x) = m=2.
X — X —
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69.

70.

71.

72.

73.

74.

75.

76.

77.
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y=3+sly=ix+@x -4 = & =1-202x—4)2; the slope of the tangentis — 3 = — 3 =1 —2(2x — 4)?

= 2=-22x-4 = l=Glo = @x-4=1= 42— 16x+16=1= 4> — 16x+15=0

= (2x—5@2x-3)=0=x=3orx=3 = (3,7) and (3, — 1) are points on the curve where the slope is — 3 .

1

?:>X

; the slope of the tangentis3 = 3 =1+ 5; = 2= 2

1

2x2 ° T4

= X = 1= (l 71) and (,l l) are points on the curve where the slope is 3.
= 207 3 202 p p

y=2x3—-3x> - 12x + 20 = % = 6x? — 6x — 12; the tangent is parallel to the x-axis when g—i =0

= 6x2-6x—12=0=x2—x-2=0= x—-2x+1)=0 = x=2o0orx=—-1 = (2,0)and (—1,27) are
points on the curve where the tangent is parallel to the x-axis.

y=x3 = gi =3’ = S—i = 12; an equation of the tangent line at (=2, —8)isy + 8 = 12(x + 2)
(2,-8)
4

= y = 12x + 16; x-intercept: 0 =12x + 16 = x = —3 = (—%,0); y-intercept: y = 12(0) + 16 = 16 = (0,16)

y=2x>—3x? - 12x +20 = £ =6x>—6x— 12

=24;6x2 —6x — 12 =24

(a) The tangent is perpendicular to the liney = 1 — % when ( T
4
= xX—x-2=4=>x>-x-6=0=> (X—3)(X+2)—O = x=—-2o0orx=3 = (—2,16)and (3,11) are
points where the tangent is perpendiculartoy = 1 — 5 .
(b) The tangent is parallel to the line y = /2 — 12x when Y=o 2= 6x2-6x—12=-12 = x>~x=0

= x(x—1)=0 = x=0o0rx=1 = (0,20) and (1, 7) are points where the tangent is parallel to

y=\/§—12x.

y = ZShx = g—i = M0 =m0 o gy = g—i = _ﬂ—f =—landmy = g—i o % = 1. Since m; = — m% the
tangents intersect at right angles.
y=tanx,— I <x<? = ¥ =sec’x; now the slope A
ofy=—13is—3$ = the normal line is parallel to el y=tanx
y =—%when & =2. Thus,sec’x =2 = _L_=2 SRS (/4. 1)
= coszx:% = cosx:% = x=-—Fandx =7}
for—3 <x<3 = (—%,—1)and (%,1) are points SR w2
where the normal is parallel toy = — 7.
(~ml4,-1) -1F y=7% -To

\
y=14cosx = g—i:—sinx = % (71): 1
= the tangent at (5,1) istheliney — 1 = — (x — )

= y = —x+ § + 1; the normal at (E l)is
y—1=M(x-%) = y=x—-7+1

; thus,

D=

y =X +C:>gy—2xandy—x:>dy—1;theparabolaistangenttoy:xwhen2x:1 = x:%:>y:
=) +c=c=}
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=3a? = the tangent line at (a,a%) is y — a® = 3a®(x — a). The tangent line

X=a

78 y=x3 => ¥ =332 = &

intersects y = x* when x> — a® = 3a’(x —a) = (x — a) (x2+xa+a?) =3a’(x —a) = (x—a)(x?+xa—2a?)=0

= (x—a)’(x+2a)=0 = x=aorx = —2a. Now 4 2 = 3(—2a)? = 12a% = 4 (3a?), so the slope at
x=-2a
X = —2a is 4 times as large as the slope at (a, a%) where x = a.
79. The line through (0, 3) and (5, —2) has slope m = % = —1 = the line through (0, 3) and (5, —2) is
y=—Xx+3y=5 = dy = 5107 sothecurvelstangenttoy— —x+3 = gi =-1=7
= x+1)?=cx#—1. Moreover,y— 7 =—x+3 = H=—x+3x#-1

= c=x+1D(—x+3),x# 1. Thusc=c = x+1P?=x+D(x+3) = x+Dx+1—(—x+3)]
=0,x#—-1= x+1)2x—-2)=0 = x=1(sincex# —1) = c=4.

80. Let (b, + v/ a? 7b2) be a point on the circle x* + y? = a?. Then x* +y? =a’ = 2x+2y =0 = % = —§
= % =7 _,b —; = normal line through (b + va? —b2) has slope iiva;sz = normal line is
x=b
y-(:l: a2 ):i\/az (X—b) = yF / b2 72 X F b2 - y = + a2b_b2x

which passes through the origin.

—% = the tangent lineisy =2 — %(x -1

81. x2 4 2y? —9:>2X+4ydy:0:>§i:_% gi

(12)

:71x+Zandthenormallineisy:2+4(x71):4x72.

:—% = the tangent line is y = 1+_73(X—1)

82. x3 +y? =2 = 3x? +2ydy—0 = %:_23;2 = g—i
an

:—'Ex-i-%andthenormallineisy:1+%(x—l):§x+%.

83. xy +2x -5y =2 = (x§—§+y)+2 58=0= Px-95=-y-2= =22 5 ¥ =3
G2

= thetangentlineisy:2+2(x—3):2x—4andthenormal]ineisy:2+%l(x—?a):—%x—i—%

84 (- xP=2x+4 = 2y -0 ($-1) =22 -0 =1+G-0 = =120 = ¥ I
= the tangent lineisy =2+ 3 (x — 6) = 3 x — 3 and the normal lineisy =2 — § (x — 6) = — $ x + 10.

85. X+, /xy=6 = 1+ 1L (xd—y+y)—0:>x +y=-2 y:>dy— 2ﬁ_y:>d—y =2
2,\/xy dx dx @ 4
éthetangentlineisy—17—(x74) f—x+6andthen0rmall1nelsy—1+ x—-4) = —xfls—l.

= —1 = the tangent line is

4
14
y:4—%(x—1):—ix+%andthenormallineisy:4+4(x—1):4x.

86. x32 42y32 =17 = %xl/Q—i—Syl/?%:O = %: ;;‘11; = %

87. X*y3 +y’=x+y = |:X (3y2 dy) +y3 (3x2)} F2y =149 = 33?2 P42y L — ¥ =1-3x%°
dy (343y2 1) =1—3x2y3 dy _ _1-3x%° | 2 dy i -
= & 0By +2y—-1)=1-3xy’ = 3 = LT < o = 7. but 5 (1’71)15 undefined.

Therefore, the curve has slope — % at (1, 1) but the slope is undefined at (1, —1).
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88. y =sin(x — sinx) = % = [cos(x —sinx)](1 —cosx);y =0 = sin(x —sinx) =0 = x —sinx = km,
k=-2,-1,0, 1, 2 (for our interval) = cos (x — sin x) = cos (kw) = =+ 1. Therefore, g—i = 0and y = 0 when
1 —cos x = 0and x = km. For —27 < x < 2, these equations hold when k = —2, 0, and 2 (since
cos (—m) = cos m = —1). Thus the curve has horizontal tangents at the x-axis for the x-values —2m, 0, and 27

(which are even integer multiples of 7) = the curve has an infinite number of horizontal tangents.

89. B = graph of f, A = graph of f’. Curve B cannot be the derivative of A because A has only negative slopes
while some of B's values are positive.

90. A = graph of f, B = graph of f’. Curve A cannot be the derivative of B because B has only negative slopes
while A has positive values for x > 0.

91. 92.

y=fx) 4. D

1,0 /\ .
N

6,-1)

1,-2)

93. (a) 0,0 (b) largest 1700, smallest about 1400

94. rabbits/day and foxes/day

95. lim S — Jim [(Si“)-m] () (L) =-1

X —0 2¥°—x x—0 X

: 3x—tan7x __ 1; 3x _ _sin7x _ 3 _ 1 1 _sin7x | _1 _ 3 _ 1.7y —
96. xll_l’}IlO 2X = lim (2x 2xcos7x) 2 Xlgno (cos7x 7x (%)) -2 (1 1 2) =-2

7. lim anr = i (S5 2 1) = (1) () im 22 = (1) (0 (1) = }

98. Jim MG — fim (SUE0) (350) — fim SEEO . Letx = sin¢. Thenx — Oasf — 0

9 —0 0 9 —0 sin 0 0 6 —0 sin 6
. sin(sinf) __ 1. sinx __
:> elgno sin 6 - Xlgno X - 1
. 44 L 41
i dan’ftanf+l _ i ( n mnze) _ (4+0+0) _
99. y lim @lfts lim (1+ s ) ="avo —4
H(E) _b(f) tan2 §
1
. e . 7—2) 0-2) 2
100, fim stz2ees _ piy (o = =-1
g 0F Scolfi-Tcotd—8 — o o+ (Fﬁ—wfzg) G-0-0) 5
: xsinx  __ 13 xsinx 13 X sin X S H 35 _sinx | 1 (%) R (%) . sinx
101 lim, 4505 = lim i = lim sty = lim [y ] = img [0 a0

=MD =1

. I—cos® _ 1; 2 sin’ (%) _1; Si“(g) Si“('g) 1] — 1y = 1
102 fim, == = lim) == = im T Ty e =M (3) =3
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103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

Chapter 3 Differentiation

: tanx __ 13 1 sinx) _ 1. _ : o 1: tan (tan x)
Xlgn0 . —xlgn0 (& -9%) =1;letd =tanx = § — Oasx — 0 = Xlgnog(x) —Xlgno o
= lim @% — | Therefore, to make g continuous at the origin, define g(0) = 1.
o ¢
: tan(tanx) __ 7q: tan (tan x) sin X 1 _ . _sinx
hm f(x) = hmo YETEY xlgn0 { xS m} =1- hm0 STCTES] (using the result of #105);

let 9 =sinx=60—0asx —0 = hm sin x = 1. Therefore, to make f continuous at the origin,

=, sin(sinx) 794,0 sin 6
define £(0) = 1.

(@) S =2nr’+ 27rhand h constant = § = 47xr § + 27h & = (4nr + 27h) &

(b) S =2nr® + 27rh and r constant = %8 = 271 &

(© S=2n’+2rrh = L =drr §+2n(r ¢ +h§) = @ar+27h) § + 27 §

(d) Sconstant = £ =0 = 0=@mr+2rh) §+2mr § = QU+ F=—1F = $=575 ¢

_ /2 2 s _ g+ ) /2 2 dr.
S =ary/r’+h ia—ﬂ'l"W—Fﬂ' r“+h dt °
dh _ s _ _m g 2 p2 dr _ 2 1 he dr
(@ hconstant = & =0 = Jaam TV +h* 5§ = |mV/1* +h? + \/r2+—112 dt
ds nrh dh

dr __ —
(b) rconstant = ¢ =0 = F = JeE i dt

dr + mrh dh
dt \/r2+h2 dt

2
2+h2

(c¢) Ingeneral, & = { 2 +h? 4 7

A=m? = ® =2mr §isor=10and § = — 2 m/sec = & = (2m)(10) (— 2) = —40 m?/sec

V=gl = Y =3g2.d o ds _ L dV.g55_20and &¥ = 1200 cm?/min = @:ﬁ(IZOO)zlcm/min

dt dt dt 32 dt dt dt
® = : =0.5ohm/sec;and g = ¢+ 5 = T & = E—% ® Ri% R . Also, Ry = 75 ohms and
Ry =50 ohms = ¢ = =& + 5 = R = 30 ohms. Therefore, from the derivative equation,
-1 dR _ 1 dR _ 5000-5625\ __ 9(625) __
@Oy dt (75)Z (= 1) (50)’ (0 5) (5625 5000) = ‘& = (=900) ( 5625-5000 ) 503625 — 30 — 0-02 ohm/sec.
dR
% = 3 ohms/sec and dX = —2ohms/sec;Z = v/R2 + X2 = % = % so that R = 10 ohms and
_ dz _ dO3)+20(=2) _ -1 . _
X =20ohms = & = i S s 0.45 ohm/sec.
Given & = 10 m/sec and = 5 m/sec, let D be the distance from the origin = D? = x* 4+ y* = 2D 4

=2x dx L2y & &Y =~ p dD =x & —|—y . When (x,y) = (3,—4),D = 32—1—(—4)2 =5and
5 ‘ii—[l) = (3)(10) + (—4)(5) = % = ? = 2. Therefore, the particle is moving away from the origin at 2 m/sec
(because the distance D is increasing).

Let D be the distance from the origin. We are given that 92 = 11 units/sec. Then D? = x> + y? = x* + (x%/ 2)2
=x*+x® = 2D dD = 2x —|—3x2 dx —x(2+3x) @ ;X: 3 = D = /32 + 33 = 6 and substitution in the
derivative equation gives (2)(6)(1 1) = (3)(2 +9) & o E = 4 units/sec.

(a) From the diagram we have ho = % = r= % h.
21 47h3 dV __ 4rnh? dh av _ _ dh _ 125 :
(b) V= 37Trh 37T(5h) h—? = E_TE’SO dl——Sandh 6 = & 1447Tft/m1n.
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114. From the sketchin the text, s =10 = & =r % 4+ 9 &' Alsor = 1.2isconstant = L =0 = & =r¥ - (1.2) ¢,
Therefore, % =6 ft/secandr = 1.2 ft = % = 5 rad/sec

115. (a) From the sketch in the text, & = —0.6 rad/sec and x = tan 6. Also x = tan § = C(li—’t‘ =sec? 6 9 at point A, x = 0

> dt e
=0=0= % = (sec?0) (—0.6) = —0.6. Therefore the speed of the light is 0.6 = % km/sec when it reaches
point A.
(3/5) rad  1rev 60sec __ 18 .
(b) sec  2rrad  min 7w revs/min
. P b 4 b .
116. From the figure, & = 2% = 2 = T We are given y
that r is constant. Differentiation gives, 8 c
Loa . () @) -0 (F) ()
Toa b2 . Then,
b r
b=2rand £ = —03r
3 o _ 2r(—0.3r) X
w“ v/ (2r) r? (—0.3r) — (2r) <\/m> 0 . A
= a=r -2

2
V3R (03044030 a5 4 @) (03 i i iti i is i I
_ . Vi _ (3)( 3:)/;() *) 031 _ 30\;% = T:/? m/sec. Since % is positive, the distance OA is increasing
2 ; ;

when OB = 2r, and B is moving toward O at the rate of 0.3r m/sec.

117. (a) Iff(x) =tanxand x = — 7, then f'(x) = sec? x, y
f(— %) = —landf’ (— %) = 2. The linearization of L y=tanx
fx)isL(x) =2 (x + I) + (1) = 2x + 552 [P,
—71'1/4 7TI/4 *
/4, -1) -1F
(b) Iff(x) = sec x and x = — 7, then f’'(x) = sec x tan X, ;
f(—2) =2andf' (- T) = —/2. The :
linearization of f(x)is L(x) = —\/5 (X + %) + \/E
_ N :
= —/2x V2D, :
y:secxi
7rI/2 4

y=Nzx 4+ V2(4-m)ia

118. f(x) = m = f'(x) = % . The linearization at x = 0is L(x) = f/(0)(x — 0) + f(0) = 1 — x.
119. f(x) = /x+ 1 +sinx—05=(x+ DY2+sinx - 0.5 = '(x) = (3) x+ D2 +cosx
= L&x)=1{'(0)x —0) +f(0) = 1.5(x — 0) + 0.5 = L(x) = 1.5x + 0.5, the linearization of f(x).

120 f(x) == +/1+x=31=20-0)"+1+x0)"?=31=fx)=-2(1-x)2(-D+ 11 +x7"?

= (l_%)o + 2\/}? = L(x) = f’(0)(x — 0) + f(0) = 2.5x — 0.1, the linearization of f(x).
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121.

122.

123.

124.

Chapter 3 Differentiation

S =mry/r> +h% rconstant = dS =mr- (12 +h?)” Y2oh dh = \/;%hhzdh. Height changes from hy to hy + dh

— S — mrho(dh)

(/2 +h2

(a) S=6r2 = dS = 12rdr. We want |dS| < 2%)S = |12rdr| < 220 = |dr| <

< 300 The measurement of the

T
100
edge r must have an error less than 1%.

(b) When V =13, then dV = 3r? dr. The accuracy of the volume is (£*) (100%) = (3r dr) (100%)
= (2) @(100%) = (3) (<) (100%) = 3%

C=2mr = r=£,S=dm’>=S andV =47 = & . Ttalso follows that dr = ;- dC, dS = 2 dC and
dv = C—Z dC Recall that C = 10 cm and dC = 0.4 cm.
(@ dr=9%=2cm = (¥)(100%) = (22) (3) (100%) = (.04)(100%) = 4%

(b) dS = 20 (04) Sem = (€) (100%) = (2) (755) (100%) = 8%
(© dV =12 04) =L cem = () (100%) = (2) (6—0) (100%) = 12%

27‘2
Similar triangles yield 32 = 1 = h = 14 ft. The same triangles imply that 22 = 2 = h=120a"! +6

= dh=-120a?da=—-Rda=(-) (£ L)=(-&)(+L)=+ 2 ~ +.0444 ft = + 0.53 inches.

CHAPTER 3 ADDITIONAL AND ADVANCED EXERCISES

1.

4.

(a) sin20 =2sinfcosf = % (sin 20) = % (2sin @ cos #) = 2 cos 20 = 2[(sin #)(—sin @) + (cos B)(cos 0)]
= cos 20 = cos? — sin’ @

(b) cos 20 =cos’f —sin’H = T d (cos 20) = (cos2 6 —sin?§) = —2 sin 20 = (2 cos B)(—sin #) — (2 sin H)(cos )
= sin 260 = cos 0 sin § + sin 6 cos § = s1n29:2s1n90039

The derivative of sin (X 4+ a) = sin X cos a + cos X sin a with respect to x is cos (x + a) = cos x cos a — sin x sin a, which

2 2

is also an identity. This principle does not apply to the equation x* — 2x — 8 = 0, since x

it holds for 2 values of x (—2 and 4), but not for all x.

— 2x — 8 = 0 is not an identity:

(@) f(x) =cosx = f'(x) = —sinx = f"’(x) = —cosx,and g(x) =a+bx +cx?> = g'(x) =b+2cx = g"(x) = 2c;
also, f(0) = g(O) =cos(0)=a=a=1;f'(0) =¢'(0) = —sin(0) =b=b=0;f"(0) =g"(0) = —cos(0) =2c
= ¢ = — 5. Therefore, g(x) =1 — —x

(b) f(x) = sin (x +a) = f'(x) = cos (x + a) and g(x) = bsin X + ¢ cos x = g'(x) = b cos x — ¢ sin x; also, f(0) = g(0)
= sin(a) = b sin(0) + c cos (0) = ¢ =sin a; f'(0) = g'(0) = cos(a) = b cos (0) — ¢ sin(0) = b = cos a.
Therefore, g(x) = sin x cos a + cos X sin a.

(c) When f(x) = cos x, f”/(x) = sin x and f*)(x) = cos x; when g(x) = 1 — %XQ, 2" (x) = 0 and g¥(x) = 0. Thus
f”(0) = 0 = ¢""(0) so the third derivatives agree at x = 0. However, the fourth derivatives do not agree since
f<4>(0) =1 but g(4)(0) = 0. In case (b), when f(x) = sin (x + a) and g(x) = sin X cos a 4 cos X sin a, notice that
f(x) = g(x) for all x, not just x = 0. Since this is an identity, we have f M(x) = g(")(x) for any x and any positive

integer n.

(@) y=sinx = y =cosx = y'=—sinx = y"+y=—sinx+sinx=0;y =cosx = y = —sinx
= y'=—cosx = y'+y=—cosx+cosx=0;y=acosx+bsinx = y = —asinx+ b cosx
= y’'=—acosx—bsinx = y"+y=(—acosx—bsinx)+(acosx+bsinx) =0
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(b) y=sin(2x) = y' =2cos(2x) = y" = —4sin(2x) = y’ +4y = —4 sin(2x) + 4 sin (2x) = 0. Similarly,
y = cos (2x) and y = a cos (2x) + b sin (2x) satisfy the differential equation y"’ 4 4y = 0. In general,
y = cos (mx), y = sin (mx) and y = a cos (mx) + b sin (mx) satisfy the differential equation y” + m’y = 0.

5. Ifthe circle (x —h)? + (y —k)?> = a? and y = x? + 1 are tangent at (1, 2), then the slope of this tangent is
m = 2x| 12 = 2 and the tangent line is y = 2x. The line containing (h, k) and (1, 2) is perpendicular to
y=2x = % = — % = h =15 -2k = the location of the center is (5 — 2k,k). Also, (x —h)? + (y — k)> = a?
= x—h+@H-ky=0= 1+ +@y-ky' =0=y = ]k%(yy,)o At the point (1,2) we know
y’ = 2 from the tangent line and that y” = 2 from the parabola. Since the second derivatives are equal at (1, 2)

we obtain 2 = 11(%(22)2 = k=72. Thenh=5—2k = —4 = thecircleis (x +4)* + (y — %)2 = a2, Since (1,2)

lies on the circle we have that a = # .

6. The total revenue is the number of people times the price of the fare: r(x) = xp = x (3 — %)2 , where

0 < x < 60. The marginal revenue is &£ = (3 — %)2 +2xB-%5) (%) = L=3-%5)[B-%) - %]

=3(3-2%)(1—%). Then f =0 = x =40 (since x = 120 does not belong to the domain). When 40 people

are on the bus the marginal revenue is zero and the fare is p(40) = (3 — 4—’5)2‘ = $4.00.
x =40

7. (3 y=uv = % = % vV+4u ‘ji—f = (0.04u)v 4 u(0.05v) = 0.09uv = 0.09y = the rate of growth of the total production is
9% per year.

(b) If % = —0.02u and ‘é—: = 0.03v, then i—f = (—0.02u)v + (0.03v)u = 0.0luv = 0.01y, increasing at 1% per year.

8. When x* +y* = 225, theny’ = — § . The tangent y
line to the balloon at (12, —9)isy + 9 = § (x — 12) x2 4 y? =225
= y= % x — 25. The top of the gondola is 15 4 8
= 23 ft below the center of the balloon. The inter-
sectionof y = —23 andy = % x — 25 is at the far

right edge of the gondola = —23 = ‘3—‘ x —25

(-12, —9)
= X = % . Thus the gondola is 2x = 3 ft wide.

/ 0y
. = (43)x - 25
Suspension cables —x—— y= (43 8¢ﬂ

Gondola .
—>|  |+~— Width

NOT TO SCALE

9. Answers will vary. Here is one possibility.

0

10. s = 10cos (t+ %) = v() = L = —10sin (t+7) = a) = % =45 = —10cos (t+ T)
(a) s(0)=10cos (%) = %
(b) Left: —10, Right: 10
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(¢) Solving 10 cos (t + %) = —10 = cos ( %) = —1 = t = 7 when the particle is farthest to the left.
Solving 10 cos (t+5) =10 = cos (t+5) =1 = t=—7% butt 0 = t=2m+ 7% = IT when the particle
is farthest to the right. Thus, v () =0,v (Z%) = (—) =10, and a (I) = —10.

(d) Solving 10cos (t+2) =0 = t=1 V(E) = v(Z)|=10anda (%) =0.

11. (@) s(t) = 64t — 166> = v(t) = % = 64 — 32t = 32(2 — t). The maximum height is reached when v(t) = 0
= t =2 sec. The velocity when it leaves the hand is v(0) = 64 ft/sec.

(b) s(t) = 64t —2.6t> = v(t) = % = 64 — 5.2t. The maximum height is reached when v(t) =0 = t ~ 12.31 sec.
The maximum height is about s(12.31) = 393.85 ft.

12. s =33 — 122 + 18t +5Sand sy = —t3 + 92 — 12t = v; =92 — 24t + 18 and vy = —3t2 + 18t — 12; v; = vy
= 02 —24t+18=-324+18t—12 = 22 - 7t+5=0 = (t—1D)Q2t—5) =0 = t=1secandt= 2.5 sec.
13. m(v2 = v3) =k (x —x?) = m(ZV %) :k(—2x %) = m‘(jjf :k(—%) ‘é—’t‘ = m‘é—‘t' = —kx(%) ‘é—’t‘. Then
substituting =V = m % = —kx, as claimed.
14. (a) x=At+Bt+Con[t},t] = v==% =2At+B = v (452) =2A ("52) + B=A(t; + ;) + Bis the
instantaneous velocity at the midpoint. The average velocity over the time interval is v,, = %
2 _ (A2 ,—
_ (At2+Bt2+(2_£lAt1+Bt1+C) _ (a—t) [égijtlHB] —A (tg + tl) +B.
(b) On the graph of the parabola x = At> + Bt + C, the slope of the curve at the midpoint of the interval
[t1, to] is the same as the average slope of the curve over the interval.
15. (a) To be continuous at x = 7 requires that . lirr71r7 sin X = hm (mx+b) = 0=mr+b = m=— % ;
- X — 7t
(b) Ify = { COSX, x<m is differentiable at x = 7, then lim_cosXx=m = m= —landb = 7.
m, X ™ X =T
16. f(x) is continuous at 0 because lim 1=S%X — 0 = £(0). f'(0) = lim =IO _ jipy "
’ x—0 X ) x—0 x-0 x—0 X
= Xli_r)nO (%) (%) = Xli_r>n0 (Sii")2 (1+iosx) = % . Therefore f'(0) exists with value % .
17. (a) For all a, b and for all x # 2, f is differentiable at x. Next, f differentiable at x =2 =- f continuous at x = 2
= lirrif f(x) =f2) = 2a=4a—2b+3 = 2a—2b+ 3 =0. Also, f differentiable at x # 2
X —
= f'(x) = 3, x <2 In order that '(2) exist we musthavea = 2a(2) —b = a=4a—b = 3a="Db
T l2ax—b, x >2° o o o
Then2a—2b+3 =0and3a=b = a=3andb=3.

(b) For x < 2, the graph of f is a straight line having a slope of % and passing through the origin; for x 2, the graph of {
is a parabola. At x = 2, the value of the y-coordinate on the parabola is % which matches the y-coordinate of the point
on the straight line at x = 2. In addition, the slope of the parabola at the match up point is % which is equal to the
slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there.

18. (a) Forany a, b and for any x # —1, g is differentiable at x. Next, g differentiable at x = —1 = g continuous at

x=—-1= lim1+ gx)=g(—1) = —a—1+2b=—-a+b = b= 1. Also, g differentiable at x # —1
X — —

a, x < —1

I(— 1 = — 2 =
3ax? 41, x> 1" In order that g'(—1) exist we must havea = 3a(—1)°"+ 1 =a=3a+1

égw—{

__1
=a=—3.
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(b) For x < —1, the graph of g is a straight line having a slope of —% and a y-intercept of 1. For x > —1, the graph of gis

a cubic. At x = —1, the value of the y-coordinate on the cubic is g which matches the y-coordinate of the point

on the straight line at x = —1. In addition, the slope of the cubic at the match up point is —% which is equal to the

slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there.

fodd = f(—x) = —f(x) = £ (f(—x) = &L (—fx) = f'(—x)(-1) =—F(x) = f'(-x) =f'(x) = {’iseven.

feven = f(—x) =f(x) = % f(—x)) = % (fx)) = f'(—x)(—1) =f'(x) = f'(—x) = —f'(x) = " isodd.

Let h(x) = (f)(0) = {0 g(x0) = W) = lim P90 = lim ~ EG= {000

X —Xp X — Xp X —Xp
— lim f(x)g(x)ff(x)g(xo)tf(x)g(m)ff(xo)g(xo) _ lim [f(x) {M” + lim { (Xo) [MH
X — Xp X —Xo — Xp X — Xp X —Xo
= 100 Jim, [ ERE ] g0 ) = 0 i, [FZ02] - g00) F130) = x0) ), i g

continuous at xy. Therefore (fg)(x) is differentiable at xq if f(x¢) = 0, and (fg)’ (x¢) = g(xo) f'(Xo).

From Exercise 21 we have that fg is differentiable at O if f is differentiable at 0, f(0) = 0 and g is continuous at 0.

(a) If f(x) = sin x and g(x) = |x|, then |x| sin x is differentiable because f'(0) = cos (0) = 1, f(0) = sin(0) =0
and g(x) = |x| is continuous at x = 0.

(b) If f(x) = sin x and g(x) = x*3, then x?/3 sin x is differentiable because f'(0) = cos (0) = 1, f(0) = sin(0) = 0

and g(x) = x*/? is continuous at x = 0.

(c) Iff(x) =1 —cos x and g(x) = */x, then */x (1 — cos x) is differentiable because f'(0) = sin (0) = 0,
f(0) =1 —cos(0) = 0 and g(x) = x!/3 is continuous at x = 0.

(d) Iff(x) =xand g(x) = x sin ( ) then x2 sin ( ) is differentiable because f'(0) = 1, f(0) = 0 and

lim x sin (l) = lim w: lim S — O (so g is continuous at x = 0).
x—0 X X — x t—oo ¢

If f(x) = x and g(x) = x sin (1), then x sin (1) is differentiable at x = 0 because {'(0) = 1, f(0) = 0 and

11m xsin (1) = 11m0 Sml(*) = hm sint — () (so g is continuous at x = 0). In fact, from Exercise 21,

h’(O) = g(0)f'(0) = 0. However, for x # 0,0 (x) = [x*cos (1)] (= &) +2xsin (). But

lim W(x) = hm [—cos () + 2x sin (1)] does not exist because cos (1) has no limitas x — 0. Therefore,
x—0 X —

the derivative is not continuous at X = ( because it has no limit there.

From the given conditions we have f(x + h) = f(x) f(h), f(h) — 1 = hg(h) and lim g(h) = 1. Therefore,

P = lim D=0 - gy OO0 — i f(x) [ﬂh)—l} = f(x) { lim g(h)} — f(x)- 1 = f(x)

= f'(x) = f(x) and f'(x)exists at every value of X.

Step 1: The formula holds for n = 2 (a single product) since y = ujuy = g—i = ‘i]‘;l up +uy d‘:f .

Step 2:  Assume the formula holds for n = k:

_ dy _ du du
y=uly Uy = 35 = dxl UsUsg-+ uk+u1 2113 Ut U G

d(u Uy -Uy) duy
Ify = Uty = (utiy-uy) Uy, then G = S8y 4ugug-uy S
du du duy, du
= (S uguz - +uy G2 ugeeu A Ul Uy §E) Uy + uglpe ey S

duy,

_ du; duy du,
= dx UgUg: - Uy + Ug d_;: Ug- - Uy + -+ upuoe Uy E Uy + Uglo: - Uy dx

Thus the original formula holds for n = (k+1) whenever it holds for n = k.
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m) __ m! m) __ m! _ m m _ m! m!
26. Recall (k) = Km_pr - hen (1) = Tim_n7 — mand (k) + (k+1) = m-0! T &7 Dlm_k—D
omlk+D4mlm—k _ mlm+l) (m+ 1) (m+1
= T kim0 K+DIm-K!  KrDIm+D—(k+rD)Y (k+1 ) Now, we prove

Leibniz's rule by mathematical induction.
Step 1: If n =1, then % =u g—; +v g—i . Assume that the statement is true for n = k, that is:
k du d-lv

d@v) _ du d'u dv k) du d’v du dv
e — e VT KGE & T (2) oz Tt (k—l) av av T U g

. _ &ty _ d (dev) _ [dtu dtu dv du dv d-'u d?v
Step2: Ifn=k+ 1 then $o00 = & (S00) — [du v du ]y [kde &k ds &y

F OO S [(F) S () ey

2
du d'v da] _ d¥u du dv k k)1 d<'u d?v
tgmtee] = vttt g R+ +G] &= &+
k k du d*v ddtly _ detly du dv k+1Y\ d~'u d?v
HE)T PG Rt = v+ k+DR G+ ) &+
k+1) du dv dy
+() & W e

Therefore the formula (c) holds for n = (k 4+ 1) whenever it holds for n = k.

27. (@) TP=4rk o =Ty — (se02Med)  p 08156 ft

g 42
2 __ 47°L _ 27 . _ 2m 1 _ .7 . _ s ~
(b) T2 =4k = T= ﬁﬁ, dT = 2 Jodl = JodLidT = et (0,01 £6) ~ 0.00613 sec.

(c) Since there are 86,400 sec in a day, we have (0.00613 sec)(86,400 sec/day) =~ 529.6 sec/day, or 8.83 min/day; the
clock will lose about 8.83 min/day.

28. v=1s3 = & =358 = —k(6s%) = § = —2k. If sy = the initial length of the cube's side, then s; = sy — 2k

1/3
= 2k = sy — s1. Let t = the time it will take the ice cube to melt. Now, t = 3 = - = %
A s () = (o)

— 1
RSB 11 hr.
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