CHAPTER 3 DIFFERENTIATION

3.1 TANGENTS AND THE DERIVATIVE AT A POINT

1. Pi:my=1,Py: my=35 2. Pi:mp=-2,Py: my=0
3. Pomy = %,PQ: my = —% 4. Pi: mp =3,Py: my = -3
[4-(1+0]—(4-(=1? y

5. m= lim ;
h—0

. —_ —_ 2 . —
— lim (1 2l;+h )+1 — lim h(2h h _ 2:
h—0 h—0

at(—1,3): y=34+2(x—(—1)) = y=2x+35,
tangent line

2 T — 12 . 2
[(1+h—1) +l}1 [(1-1)2+1] — lim hF
h—0

:hlimoh:O;at(l,l): y=14+40x—-1 = y=1,

6. m= lim
h

—0

tangent line

7. m= lim 2/1+h-2V1 _ lim 2¥lth=2 2y1+h+?2
' h=0 "  h—0 h 2y/1+h+2

_ st -4 _ g 2 .
—hh_r)no 2h(x/l+h+1) hlgno Vith+l L
at(1,2): y=2+1x—1) = y =x+ 1, tangent line

1

1
— ljm ST e gy L=’
8. m = fim, SR = lim S
T —(=2h+h?) . 2-h _ _ ».
*hh_ﬂno h(—1+h)? *hh_l,no Crohe = %

at(—=1,1) y=1+2x—(-1)) = y=2x+3,
tangent line
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Chapter 3 Differentiation

. . _ _ 2 3 y
m= lim — lim 8+ 12h h6h +h’+8 \
h—0 h—0 y=12x+16 y=x

_ _ 2y _ 19.
= lim (12— 6h+h?) = 12;

at(—=2,-8): y=-84+12x—(—-2)) = y=12x+ 16,
tangent line

(=24h)* = (=2)}
h

(-2,-8)¢ -8}

1

1
— lim e iy 8- (24D
m—hlgn h —hlgno ZSh(—2 1 hy?
T —(12h=6h2+h3) _ . 12 — 6h +h?
= im =gy = Mmoo
2 _ 3.
T 8-% — 16’
1V, y— _1_ 3
at (=2, —3):y=—1— 2(x—(-2)
= y= —13—6x— %,tangentline
m= lim @thP+i-5 _ . (Shdhth)os o @b _ oy
h—0 h h—0 h h—o P ’

at(2,5): y —5 = 4(x — 2), tangent line

m= lim +m=20407-D _ ;0 (+h=2-4h-20)4+1 _ . h(=3-2h) _ 4.
h—0 h h—0 h h—0 h ’
at(1,—1): y+ 1 = —3(x — 1), tangent line

_3+h 3
_ 1 Gih-2 _ 1 B+h-3h+D _ s )
m= hlgno h - hlgno hth+1) - hh_I,n() hth+1) — 2;
at(3,3): y — 3 = —2(x — 3), tangent line
8 __2 2 2
T 2+n2 T 8—22+h?% 1. 8—2(4+4h+h%) _ . —2h@+h) _ -8 _ .
m= hlgno h hlgno PSS hlgno TP RN hlgno TEEE e

at(2,2): y—2=-2(x—-2)

. 3 _ . 2 3y _ . 2
m= lim 2+h°-8 _ lim (8+12h+6h*+h*) -8 lim h(12+6h+h*) 12:
h—0 h h—0 h h—0 h

at (2,8): y — 8 = 12(t — 2), tangent line

3 2 3 2
m= lim +’+3a+j-4 0 (I+3h+3h°+h'+3+3h)—4 4. h(6+3h+hY) 6;
h—0 h h—0 h h—0 h
at (1,4): y —4 = 6(t — 1), tangent line

. 4+h-2 . 4+h-2 /A+h+2 . (4+h)—4 . h 1
. m= lim Y———= = lim - = lim ——X——~ = lim =
h—0 h h—0 h VA+h+2 TR0 n(Varhe2)  h—0 h(Varhe2)  VA+2

=1 at(4,2): y —2 = 1(x — 4), tangent line

. Grm+i-3 . 9+ h-3 /9+h+3 . ©+h)—9 . h
m= lim Y27 "7 — [im . = _O0x0=2 _ — lim ——
h—0 h h—0 h VO+h+3 T h 0 h(\/9+h+3) h—=0 h(\/9+h+3)

\/§1+3 = 4;at(8,3): y — 3 = ¢ (x — 8), tangent line

_ 2_ . .
S+ =5 iy — lim

5(1-2h41) =S Sh=24h) _
h h—0 h h—0 h

Atx=-1,y=5 = m:hlim0 —10, slope
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Section 3.1 Tangents and the Derivative at a Point

(1-4—4h—h?+3

Atx=2,y=-3 = m= lim [L=CWI-CD _ jip b = lim 740 — 4 slope
h—0 h—0 h—0
1 1
_ _ 1 S T Gih-1_2 __ 2—-2+h) _ —h 1
Atx=3,y=3 = m_hlgno S _hhin0 0 T h) —hlin0 T = — 4. slope
- (=D . (h—D+(h+1
— hit 7 pLLIm Ve Ul VA _<n
Atx=0,y=-1 = m= l_r>nO o —hh_r)n0 CES)) —hl_r>n(J h(hH)—Z,slope
[(x+h?+4x+h)—1]— (x2+4x—1)

At a horizontal tangent the slopem =0 = 0=m = hhm0 =
—

— Jjm (Crhehedo D)o (Eebo ) gy 2R iy (x4 h44) = 2x + 4
h—0 h—0 h—0

2x+4=0 = x=—-2. Thenf(—-2) =4—-8—1= -5 = (=2, -5) is the point on the graph where there is a
horizontal tangent.

[(x+h)? =3(x+h)]—(x*=3x) _ li (x® 4+ 3x%h + 3xh? + h® — 3x — 3h) — (x* — 3x)
h =, h
h—0

:hlim() M— hm (3x2 +3xh+h*>—-3)=3x>-3;3x>~3=0 = x=—lorx = 1. Then

f(—1)=2and f(1) = -2 = (-1, 2) and (1, —2) are the points on the graph where a horizontal tangent exists.

0=m= lim
h—0

1 1
1 — — 1 G+h—1  x—1 x—1)—(x+h-1) . —h _ 1
1_m_hlgno h —h1£“0 h(xX— D(x+h—1) —hlgno M —Dx+h=1) —  x=17
= x—-12=1=x>-2x=0 = x(x—2)=0 = x=00orx=2. Ifx=0,theny = —l andm = —1

> y=—1-xx—-0=—-x+1). fx=2,theny=1landm=-1 = y=1—-(x—-2)=—(x—3).

p=m=lim, S \/—_hlgno Ea gi? e h(y%h);:/—)
:hILO h(ﬁ+[) = ﬁ Thus,%: ﬁ = y/X=2 = x=4 = y =2. The tangent line is
y=2+3Gx-4=3+1
lim @+h-f® _ }im (100 —4.92 +h)*) — (100-4.92*) _ lim —4.9 (4+4h +h?) +4.9(4)
h—0 h h—0 h h—0 h

= hlim0 (—19.6 — 4.9h) = —19.6. The minus sign indicates the object is falling downward at a speed of 19.6 m/sec.

. —f . 2 _ 2 . 2
lim f(10+h£ 19 _ Jim 3(]0+h)h 3107 _ fim 3(20l;1+h) — 60 fi/sec.
h—0 h—0 h—0
- 2 2 2 .
lim w — 1im M — lim W = lim m(6+h) = 67
h—0 h—0 h—0 h—0
ar 3 _ 41 93 ar 2 3
lim 124W=fD) _ gy ZCEW I FO gy ZIEINT _ piny 47(12 4 6h + h?) = 167
h—0 h—0 h—0 >
. . . (m(xo+h)+b)—(mxo+b) __ mh _ 1 _

At (x9, mxo + b) the slope of the tangent line is hlgn0 (o Th) =0 _hhino A _hlgn0 m=nm

The equation of the tangent line is y — (mxg +b) = m(x — xg) = y = mx +b.

1 1 1
1 _ : G¥n 2 : 4+h7§ . 2yV4+h . 271/4+h)
Atx=d.y= andm = lim 5— = lim, [ b A o (2h\/4+h

7
. — /4 +v4+h| . 4—(4+h) BT —h
- hllm [ \/7 2+ \/m] 7h1£n0 <2h 4+h(2+\/m>> 7h1£n0 <2h 4+h(2+\/m>)
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33

34.

35.

36.

37.

38.

39.

=lm |—— | =~ =—%
h—0 (2\/4+h(2+\/4+h) 2V/4(2+/4) 16
2 sin (1 , .
. Slope at origin = lim w = lim =» Slﬁ(“) = lim_hsin (%) =0 = yes, f(x) does have a tangent at
h—0 h— —0

the origin with slope 0.

. —g . hsin (1 . . . . . .

lim &0 =e® _ pjp, 2B G) — lim sin i. Since lim sin L does not exist, f(x) has no tangent at
h=0 h h— h h—o b h—o b
the origin.

lim w = lim  ==% =o00,and lim w = lim 5% = co. Therefore,
h— 0~ h— 0~ h— 0" h— 0"

. f0+h)—f(0) _ . ..
hhm0 ————— =00 = yes, the graph of f has a vertical tangent at the origin.

—

lim w = lim %! =oc,and lim w = lim_1+1 =0 = no, the graph of f
h—0 h—0 h — 0* h— 0"

does not have a vertical tangent at (0, 1) because the limit does not exist.

(a) The graph appears to have a cusp at x = 0.

(0,0)

. { — 1 . 2/5 _ . .
(b) lim ORI = iy b0 = jim L = —coand lim
h— 0" h— 0" h— 0~ b¥ h—0*

= the graph of y = x*/® does not have a vertical tangent at x = 0.

hsi = 0o = limit does not exist

(a) The graph appears to have a cusp at x = 0.

©.0)]
(b)  lim O+h—f0) _ Jim h’”sh*‘) = lim_ =% = —ooand hlir%+ =% =00 = limit does not exist
— — — — '
= y = x*° does not have a vertical tangent at x = 0.
(a) The graph appears to have a vertical tangent at x = 0. Y
= M5
(0,0 y=x

A

=00 = y = x'/% has a vertical tangent at x = 0.

(b) lim D=0 _ i
h—0 h 0

h—

h'/—0 li 1
= 11m gz
h h—0 hi/5
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Section 3.1 Tangents and the Derivative at a Point

40. (a) The graph appears to have a vertical tangent at x = 0.

(=35

0,0)

f(0+h)—f(0) _ h¥/°—0

(b) [lim === = lim =2 = lim % =00 = the graph of y = x*° has a vertical tangent at x = 0.
41. (a) The graph appears to have a cusp at x = 0. s
5
y= llxz/5 - 2x
3
X
-1 0 1 2
li [0+ -f0) _ 3 4h%5—2h _ li 4 9 li 4 9 _
R Y e o and, I, e 2=

2/5

= limit does not exist = the graph of y = 4x*/° — 2x does not have a vertical tangent at x = 0.

42. (a) The graph appears to have a cusp at x = 0.

y= B 523
0,0

(2.0,-4.76)

(b) lim M0+0-10 Jim B —P Jim e Jim =5 does not exist = the graph of
— — — — :

y = x°/3 — 5x%/3 does not have a vertical tangent at x = 0.
43. (a) The graph appears to have a vertical tangent at x = 1 y
andacuspatx =0.
2
y=x?3_(x-1)1/3
1
X
-1 0 1 2

. 2/3 _ /3 . 2/3 _ /3 _
(b) x=1: lim d+h (thrh D L lim (€2 Vb e Y —00

h—0 h
= y=x*% — (x — 1)/3 has a vertical tangent at x = 1;
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98 Chapter 3 Differentiation

. _ . 2/3 _ _ N3 _(_1\1/3 . _ 1H1/3
x=0 lim w:hm W7 —(h lk)1 =D im ﬁ_%"‘%

does not exist = y = x*3 — (x — 1)'/? does not have a vertical tangent at x = 0.

44. (a) The graph appears to have vertical tangents at x = 0 and
x =1

/ y=xPra-n'®

1/3 1/3 __1\1/3
(b) x=0: lim O+-10) _ Jim MO CDT — g = y=x3 4 (x— DY hasa
— —

vertical tangent at x = 0;
x=1: lim MW= _ }3y
h—0 h h—0

vertical tangent at x = 1.

1/3 /3 _
(1+h) +(1h+h Dl -0 = y=x"34+(x-1)"3hasa

45. (a) The graph appears to have a vertical tangent at x = 0. y

y=Yixt, x<0
v/x—, x>0
() lim [OEW=O gy VRS0 gy o
h— 0t x — 0t h—o0 vh
lim  fOEW—O oy VBZ0 iy oV iy L oo
h— 0" h h—o0- P h—0- —h " h—=0- Vil

= y has a vertical tangent at x = 0.

46. (a) The graph appears to have a cusp at x = 4.

(b) lim (G4 -4 _ iy \/\47(4h+h)|fo: lim \/hj

h—0F h h—0F h—0*
lim f(4+hlz—f(4) — lim \/\47}§4+h)| — lim \!Lﬂ
h— 0" h— 0" h—0- —hl

= y = v/4 — x does not have a vertical tangent at x = 4.

47-50. Example CAS commands:

Maple:
f:=x->x"3 +2*%x;x0 :=0;
plot( f(x), x=x0-1/2..x0+3, color=black, # part (a)
title="Section 3.1, #47(a)" );
q := unapply( (f(xO+h)-f(x0))/h, h ); # part (b)

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 3.2 The Derivative as a Function 99

L :=limit( q(h), h=0); # part (c)

sec_lines := seq( f(x0)+q(h)*(x-x0), h=1..3 ); # part (d)

tan_line := f(x0) + L*(x-x0);

plot( [f(x),tan_line,sec_lines], x=x0-1/2..x0+3, color=black,
linestyle=[1,2,5,6,7], title="Section 3.1, #47(d)",
legend=["y=f(x)","Tangent line at x=0","Secant line (h=1)",

"Secant line (h=2)","Secant line (h=3)"] );
Mathematica: (function and value for X0 may change)

Clear[f, m, x, h]

x0 = p;

f{x_]: = Cos[x] + 4Sin[2x]

Plot[f[x], {x,x0 — 1,x0 + 3}]

dq[h_]: = (f[x0+h] — f[x0])/h

m = Limit[dg[h],h — 0]

ytan: = f[x0] + m(x — x0)

yl: = f[x0] + dq[1](x — x0)
y2: = {[x0] + dq[2](x — x0)
y3: = {[x0] + dq[3](x — x0)

Plot[{{[x], ytan, y1,y2,y3}, {x,x0 — 1,x0 + 3}]

3.2 THE DERIVATIVE AS A FUNCTION

1. Stepl: f(x)=4—x%and f(x +h) =4 — (x +h)?
oD —fx) _ B+ - (4—x%) _ (4—-x*—2xh—-h*)—44+x> _ _2xh—h> _ h(-2x—h)
Step 2: S —= = . = = A==

h h h
=—-2x—h
Step 3: f'(x) = hlim0 (—2x —h) = =2x; f'(=3) = 6, f'(0) = 0, f'(1) = -2

2. Fx)=(x—1?+1landF(x+h)=(x+h—-1?+1 = F’(x):hlimo [("+h—1>2+1}1—[(x—1>2+1]

. 2 2 o _(x2— . 2 _ .
— lim (x2+2xh+h? —2x 2h-;l+1) (x*—2x+141) lim W — lim (2x4+h—2)
h—0 h—0 h—0

=2(x— 1) F(=1) = -4, F(0) = —2,F(2) =2

. 1 _ 1
L N (127(1“,‘)2)

Step 2: &t —g®) _ wen? "2 vt ) @ (@42 4h?) 2t h?

p 4 h = h = h = T @rnPeEh  — ({+hZch

_ h(=2t—h) __ —2t—h
T (t+h)2t2h T (t+h)?e?

Step3: g'(h) = lim =5 = F:g(-D=2dQ)=-3¢ (\/§> =35

1—(@z+h _ 171)

L = 7 ks = 5 = K = i ()

—7— —(1—= . 2 _ g 2 .
(1-z—-hz—-(Q1 z)(z+h): lim 2=z zh—z—h+z°4+zh _ lim

= 2G+ h)zh 2+ hyzh 2_I;1h:1im2_lh
h—0 (z + h)zl h—0 (z +h)zl h— (o 2z+hz h— o 2z+hz

= SR = - LKW = - LK (V2) = -

5. Step1: p(d) = /30 and p(d +h) = \/3(0 + h)
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Step 2: RO —p@®) _ \/3(9+h V30 _ (V39+3 \/—) (V30+3h+V30) (35 an
Ps T (Ve va) | n(V3nv0)

3h _ 3
h(\/39+3h+\/§) /301 3h + /36

. ! I B 3 _ 3 _ 3 . _ 3 — 1 (2y_ _3
Step 3: p(0) = lim | ot = s = v P = 55 PO = 5.0 (5) = 555
6. 1(s) =+/2s+ landr(s+h) = /2 +h) + 1 = r’(s):hlimo Vostahtl-ovastl
—
~ lim (\/25+h+1—\/25+1) . (\/25+2h+1+\/25+1) (@s42ht 1)— 254 1)
h—0 h (Vason+i+yvas+1) ho h(v2s+2h+1+y/25+1)
= lim lim 2 2
h—0 h( 2s+2h+ 1+ 25“) hao Vtoht + /25l \/25+1+\/23+1 VT
1 1
= AT O=Lr) = Jo.r () = &
. 3 _ny3 . 3 2 2 h3) _ 9yl
7. y=f(x) =2x*and f(x + h) = 2(x + )} = ¥ = lim ZEW =20 iy ZOCEIChEIR R -2
X h—0 h—0
P p 2 2
= Jlim OREGITEA = lim BiS +esh o) — Jim (6x* + 6xh + 2h%) = 6x*
s+h)* —2(s+h)?+3) — (s> —2s2+3 . 082 _4sh—h 43— _
8. r=s3—22+3 = &= Tim ((s+h)°—2(s+ )h+) (9=2843) _ iy S35+ 3 4 b 25 dsh — W3- 07 = 3
S — 0 h—0
. —4sh— . h(3s®+3sh+h> —4s—h .
= hllmOSSZhMShZ*hhS 4sh hz = h11rn0 (3 +3s +h s=h) 11m0(3s2 +3sh+h? —4s —h) = 35 — 2s
— —
h d (24( fﬂ)hﬁ) = (557)
— _ t _ t+ s _ 1: t t
9. s=r() = ztyandr(t+h) = 35y = ¢ = lim 2RI
(t+h)2t+1)—t(2t+2h+1)
— im (W) . hm (t+h)Q2t+ 1) —t2t+2h+ 1)
- h—0 h =0 (2t+2h+ 1)(2t+ Dh
T 2[2+t+2ht+h—212—2ht—t_ 1
*hlgno 2t12h+ D2+ Dh *hh_ﬂno (2t+2h+1)(2t+1)h hlgno @i+2h+ D2+ D)
_ 1 1
= @rna+n . @i+Ie
<t+h)7¢}f(lf%) ho L1 (MW)
10. & = lim | = lim Gh Tl — Jim Gl
¢t hSo h h—0 h h—0 h
T h +h%+h _ q; +ht+1 _ 241 1
= Jim - Scme = im) S = = 1te
1. p=1f(q) = and f(q+h) = o —— = ¥ = lim (Zatorsr) - ()
- P q \/ q Vg+h+1 d 1) h
mwm
= lim YV iy Vel vathil
h—0 h h—o0 hv/ag+h+1y/q+1
— m Watfi-vathtl) (Vatl+yaihtl) (@+D=(q+h+1)
h—0 hya+h+1/q+1 (Va+1++q+h+1) — 15 h\/q+h+1«/q+ (Va+1++4q+h+1)
_ . _h _ .
_hlino hy/q+h+1/q+1(v/a+1+/q+h+1) _hllno \/q+h+l‘/q+1(\/q+1+\/q+h+l)
_ -1 _ -1
T Va+t1Va+1(Va+l+/q+1) T 2@+ D/q+1
1 1
12 dz _ lim <\/3<W+h)727 /3w—2) — lim V3w —2—+/3w+3h—
B gy h h—0 h\/3w+3h 23w — 2
i (R VAR) (VReAe) (Bw=2)— Gw+3h—2)
h—0 hy/3w+3h-23w-2 (\/3w—2+ 3w+3h—2) h—0 hy/3w+3h—2/3w— 2(\/3w 243w+ 3h— z)

_ -3 _ -3
h1—>0 \/3w+3h 23w — 2(\/3w 2+/3w+3h— 2) o \/3w—2\/3w—2(\/3w—2+\/3w—2)

= 26w-2) \/3w -
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Section 3.2 The Derivative as a Function

x4+ | — [x+2
13. f(x) =x+ 2 and f(x + h) = (x + h) + bt |+ ] =[x+

(x+h) = h - h
_ x(x+h?4+9x—x2(x+h)—-9x+h) _ x34+2x%h+xh?+9x—x* —x2h—9x —%h __ x*h+xh?—9%h
- x(x +h)h - x(x +h)h ~  x(x+h)h
_ hGx®2+xh—=9) _ x2+xh—9. ¢ T x2+xh—-9 _ x2-9 __ / _
~  x(x+hh T x(x+h) f (X) - hlgno x(x+h — T xz2 1- x2 ; - f( 3) 0
14. k dk h 1 K T k(x+h) —kx) __ li (2+i+h - ﬁ)
. k(x) = 2+Xan (x+h) = TaTh (x)—hlm T S m
- hm Cro)—-Q+x+h) _ 3, —h —1 -1

m, h(2+x)(2+x+h) PR N YRS TG A & B hmo CrOC+xth) — CFx2’

15. 9 — lim [t+0)’—+h’) - (" —¢) lim (8 +3%h 4 3th® + %) — (2 +- 2th +- h?) — 3 4 ¢
B gy h h—0 h

. 2 2 13 o 12 . 2 2
= lim ACAETE 20 — iy RO = fim (32 + 3th b — 2t~ h)
h—0 h—0
__ 242 _ ds _
=3t —2tm= @ — =5
dy Ex{»(h)+h§_>l(+3 (x+h+3)((ll—x);)((xl+3))(l—x—h) tha3 ) b3 34 2+3 4 xh+3h
16. & = lim RIS i S i —— T E Bt B R 28
dx h—0 h h—0 h h—0 h(l*X*h)(l*X)
d 4 4
th$—hm 4 =4 & =4 4
h— 0 h(I-x=h)(I-x) h—o (I-x=h)(1-x) (1—x)* dx ——2 (3) 9

__ 8 ___8
17. fx) = 78_2 and f(x +h) = \/(th)_z = f(”hg_“x) = W Vxo2

8(\/3*\/”?) . < Xx—24++v/x+h— 8[(x —2) — (x +h—2)]
hy/x+h—2/x-2 ( x—2+ x+h—2) h/x+h—2vx—2 ( x— +\/x+h—2)

— —8h

T harh2vA2(Vi-2+ vxrh-2) = ') = lim, WF( xfzwm)

-8 _ —4 / —_1 i
= mm( — x—2) = aosm =1'(6) = \[ 5 = the equation of the tangent
lineat(6,4)isy—4:—%(x—6):>y:—%x+3+4:>y:—§x+7.

) (\/4717117\/44) ( 4—72—h+ 47z>
= lim n -
h—0 ( 4—z—h+ 4—2)

18. g(z) = lim (Ve - (14 Vi)
& h—0 h

(4—z—h)—(4—z) lim -1 1

= lim —h = = —
T h—>0 h( —z—h+ z) h—0 h( 4—z—h+ 472) h—0 ( 4—z—h+ 471) 24—z
m=g¢3) = 2\/— = — 1 = the equation of the tangent line at (3,2) isw — 2 = — £ (z — 3)

sw=—1z+3+2=>w=-1z+1

19. s=1f() =1—3t%and f(t+ h) = 1 = 3(t+ h)> = 1 — 3t> — 6th — 3h? = ¢ :hhmo f(t+h£—f(l)
_ N (1-3t2—6th—3h*) —(1-3¢) _ . _ ds B
_hlino h _hlgno (=6t —3h) = —6t = ¢ = 6

1-L)-(1-1
20, y=fx)=1-landfx+h)=1- 1 = &= lim - = }jy (oew) (1) ”h)h (1-3)

x+h dx h—0 h h—0
1 1
_ N X TX4h o 7 h g _ 1 dy 1
—hlgno h —hlgno XX+ hh —hlgno x(x+h) X T dx /i 3
9 0 2 _ 2
21. r=1(0 - and (0 + h) = 72— dr — iy 1OED=O) gy Ao VASd
©) = \/ ©+h = Ji—@rm @, h h—0 h

— lim 24=0-2yA—0-h _ o 2/4-0-2/1-0-h (ZV‘**H”V“*‘)**‘)
h—0 hV/4-0v4-6-h h—0 h/4-04-6-h (2\/476+2\/4797h>
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102 Chapter 3 Differentiation

44—0) —4(4—0-1h) — lim 2
hﬂo 24— 0/4— 69— (\/ 0+v/4—6— h) h—0 \/470\/479711(\/476“/479711)
1

- (44)(2@) - (4—9>\/m = oo =5

2. w=fz)=z++/zandfz+h)=@Z+h)++/z+h = g—jzh@lo fe+h -1

RN e

= lim

(z+h+¢7) (V) _ h+\/: hVzrh—yz _

lim

h—0 T h—0 h—0 (Va+n+2)
_ +h—-z ; 1 _ 1 dw _ 5
_1+h1£no h(\/z+ +\[) 1+hh—I>n() Vith+/2 1+2\f T P
/ o f(2) - f(x) g Z127x12 T (x+2)—(z+2) . o 1 4
2. fi(x) = Zlgnx z—x zlgnx% - Zlgnxm B zlgnx(z X)(Z+2)(x+2) B zlgnx(z+2)(x+2) T (x+2)?

. f(z) — £l . 72 -3z2+4+4) — (x2=3x+4 . 2 _ 3, 42 . 2 _ 42 _
24. f/(X) — lim (z) —fx) _ lim ( )= ( ) — Jim Z=82=X 43 _ (i 22X’ =324 3x
7 =X Z—X 7 — X Z—X 7 — X Z—X Z— X zZ—X

. z—Xx)(z+x)—3(z—x . z—Xx)|(z+x)—-3 .
:llmMZllmwzzlgnx[(z—kx)—ﬂ:h—:%

Z — X Z—X 7 — X Z—X

1 (z) —egx) _ 1; s it e ST z(x—1)—x(z—=1) _ q: —z24x _ -1
25. g(x) = Jlim 802 = lim 2= =1 = Mmoo 5e e —Zlinx(z—xxzjn(x—n —Zlﬁnx(z—m(x—n 17
g g g (VD) (VX)) Vim VX Vrhyx - _
26. g/(x)_zlgnxﬁ_zlgnT_ lgnx z—x i+ Jx z—»xm z—>x\f+\f_7

27. Note that as x increases, the slope of the tangent line to the curve is first negative, then zero (when x = 0),
then positive = the slope is always increasing which matches (b).

28. Note that the slope of the tangent line is never negative. For x negative, f5(x) is positive but decreasing as x increases.
When x = 0, the slope of the tangent line to x is 0. For x > 0, f4(x) is positive and increasing. This graph matches (a).

29. f3(x) is an oscillating function like the cosine. Everywhere that the graph of f3 has a horizontal tangent we expect f} to be
zero, and (d) matches this condition.

30. The graph matches with (c).

31. (a) f’isnotdefined at x = 0, 1, 4. At these points, the left-hand and right-hand derivatives do not agree.

For example, X 11)1%7 w = slope of line joining (—4, 0) and (0, 2) = % but . 11}11}J+ w = slope of
line joining (0, 2) and (1, —2) = —4. Since these values are not equal, f'(0) = limo w does not exist.
X —

(b)

f'on (-4, 6)

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



32. (a)
¥
3
y=f&)
1 /\
1 1 1 1 x
2 1 3 \i
-1
33. )
y
32t—0
1: o—0
0.6 1 1 1 1 1
_07F 84 o0—o 87 88
-33F o0—0
34. (a)
18
161
141
12+
_dp
10 }—E
8_
6_
4
2_
1 1 1 1
10 20 30 40 530

Section 3.2 The Derivative as a Function

(b) Shift the graph in (a) down 3 units

(b) The fastest is between the 20™ and 30" days;
slowest is between the 40" and 50" days.

35. Answers may vary. In each case, draw a tangent line and estimate its slope.

(@) i) slope~ 1.54 = ' ~ 1.54°F

~ ar  o°E
iii) slope = 0 = ‘& = 0%

(b)

()

.. ~ dT oF
ii) slope ~ 2.86 = - ~ 2.86°-
iv) slope ~ —3.75 = 4f ~ —3.75°F

103

The tangent with the steepest positive slope appears to occur at t = 6 = 12 p.m. and slope ~ 7.27 = 9T ~ 7.27"%.

dt

The tangent with the steepest negative slope appears to occur att = 12 = 6 p.m. and

slope ~ —8.00 = 4T ~ —8.00° L

Slope

ol
(°F/hr) 6

Of 2 4 6 8\J0 12

t (hrs)

36. Answers may vary. In each case, draw a tangent line and estimate the slope.

(a) i) slope ~ —20.83 = 4% ~ —20.83
iii) slope ~ —6.25 = O ~ —6.25

.. N aw Ib
ii) slope ~ —35.00 = 4¥ ~ —35.00

month

(b) The tangentwith the steepest positive slope appears to occur at t = 2.7 months. and slope ~ 7.27

aw
= G~ 53

13 b

month
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104  Chapter 3 Differentiation

37.

38.

39.

40.

41.

42.

t (months)

Left-hand derivative: For h < 0, f(0 + h) = f(h) = h? (using y = x? curve) = . lin%) - w

= lim "0 = lim h=0;
h— 0~ h— 0~

Right-hand derivative: Forh > 0,f(0 +h) = f(h) = h (using y = x curve) = 1m(1J+ 10+h -0

= lim hh;o = lim 1=1;
h— 0" h—0F
Then lim MO4W -0 ) lirr%) ) MOED-TO = the derivative f'(0) does not exist.
— —

Left-hand derivative: Whenh < 0,1+h <1 = f(I1+h =2 = lim == lim 252
= lim 0=0;
h— 0"

Right-hand derivative: Whenh >0, 1+h>1 = f(14+h) =201 +h)=2+2h = 1in%+ flhl—fh)

= G2 = im 2= Jim 2=2;
h— 0" h— 0" h— 0"
Then lim M # lim w = the derivative f'(1) does not exist.
h—0" h— 0

Left-hand derivative: Whenh < 0,1+h<1 = f(l1+h)=+/1+h =  Jim M-
Y/ e 5 WA AR I (AL L) ST P B T
h— 0" h h—0- h ( 1+h+1> h— 0" h(\/1+h+1) h— 0" VIi+h+l 2

Right-hand derivative: Whenh >0,14+h>1 = f(1+h)=2(1+h)—1=2h+1 = hlir%+ R -HD)

(1+h)—1 . 1 1

@h+1)—1

= lim “—=—F— = lim 2=2;
h— 0" h— 0"

Then N lir% M #* hn%)+ w = the derivative '(1) does not exist.

—
Left-hand derivative: lim =M — iy D=L = jim | =1

h— 0" h— 0~ h—0"
o 1=Uth
Right-hand derivative: lim = — iy, () _ lim (55)
h— 0" h h— 0" h h— 0" h
-1 _ 1.

hn%+ M = lr% EaT i
Then N hr% M #* N hr%+ r(”hh;m) = the derivative f'(1) does not exist.

— —
f is not continuous at x = 0 since lirnof(x) = does not exist and f(0) = —1

X —
Left-hand derivative:  lim M = lim % = lim 45 = +o0;
h— 0~ h— 0" h— 0~ h*
Right-hand derivative: lim EM—2@ — iy D=0 — iy = = +00;
h— 0" h— 0" h— o0t "'

Then N lin%) - M = lin(l]+ M + 0o = the derivative g'(0) does not exist.

— —
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43.

44.

45.

46.

47.

48.

49.

50.

(a)
(b)
(©)

(a)
(b)
()
(a)

(b)
(©)

(a)
(b)

()

(a)
(b)

©
(a)
(b)
(©

(a)
(b)

()
(d)

(a)

Section 3.2 The Derivative as a Function

The function is differentiable on its domain —3 < x < 2 (it is smooth)
none
none

The function is differentiable on its domain —2 < x < 3 (it is smooth)
none
none

The function is differentiable on —3 < x < 0and 0 < x < 3

none
The function is neither continuous nor differentiable at x = 0 since liII(l) f(x) # lin(l) . f(x)
X — X —

fis differentiableon —2 <x < —1, -1 <x<0,0<x<2,and2 <x <3

f is continuous but not differentiable at x = —1: lim . f(x) = 0 exists but there is a corner at X = —1 since
X — —
lim W = —3and lim wﬁ_“_” =3 = f’(—1) does not exist
h — 0~ h— 0"

f is neither continuous nor differentiable at x = 0 and x = 2:
atx =0, lim f(x)=3but lim f(x) =0 = lim_ f(x) does not exist;
x — 0 X — 0F x—0

at x =2, lim_f(x) exists but lim_f(x) # f(2)
X — 2 X — 2

f is differentiable on —1 < x < 0and 0 < x <2
f is continuous but not differentiable at x = 0: lim0 f(x) = 0 exists but there is a cusp at x = 0, so
X —

£/(0) = lim D=1 g4eq not exist
h—0 h

none

fis differentiableon —3 < x < —2, 2 <x<2,and2 <x <3

f is continuous but not differentiable at x = —2 and x = 2: there are corners at those points
none
f/(X) — 1im fx+h) —fx) _ lim —(x+h?—(=x?% — 1im —x*—2xh—h*+x* _ lim (—2x —h) = —2x
h—0 h h—0 h h—0 h h—0
y y'
1 1
y= -x2 y'=-2x
X X
1 -1 1
-1

y' = —2x is positive for x < 0, y’ is zero when x = 0, y’ is negative when x > 0
y = —x? is increasing for —oo < x < 0 and decreasing for 0 < x < co; the function is increasing on intervals

where y' > 0 and decreasing on intervals where y’ < 0

-1 -1
f'(x) = lim W — lim M — lim =Xt&+h =1
h—0 X

1
h—0 h h—0 Xx+hh _h~>0 x(x +h)
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105



106  Chapter 3 Differentiation

(b)

(c) y'is positive for all x # 0, y’ is never 0, y’ is never negative
d y= —%isincreasingfor—oo <x<0and 0 < x < o0

L/~
b
o
Wt
N—

>

flz) — ) _ lim
Z—X Z—X z

51. (a) Using the alternate formula for calculating derivatives: f'(x) = Zli_I)le

2’ —x =X @+ x+x)

1 T 1 22 rax+x2 2 / 2
= Jm se—n = Aim, 3@ = Jim TS = s T =x
(b) ,
y y
1+ i+
3 2
=X y=x
=3

(¢) y'is positive for all x # 0, and y’ = 0 when x = 0; y’ is never negative
d y= %3 is increasing for all x # 0 (the graph is horizontal at x = 0) because y is increasing where y’ > 0; y is

never decreasing

52. (a) Using the alternate form for calculating derivatives: f'(x) = lim @ =19 — |im,
Z— X Z—X Z — X Z—X
T A_xt . (z—x) (2 + x>+ %2+ x%) . x4+ x%24+x3 _ 3 / — 3
_Zlgnx m—z@x 4z —x) _Zlgnx = s ) =x
(b) ,
y y

1+

(¢) vy is positive for x > 0, y' is zero for x = 0, y’ is negative for x < 0

d y= ’% is increasing on 0 < x < oo and decreasing on —oo < x < 0

(2(x +h)?=13(x +h) +5) — (2x2 = 13x + 5) 2x2 4+ 4xh+2h®> — 13x —13h +5—2x>+ 13x =5

53y = lim, h = pim, h
= lim axh+ 207 13h lim (4 + 2h — 13) = 4x — 13, slope at x. The slope is —1 when 4x — 13 = —1

= 4x=12 = x=3 = y=2-32-13-3+5= —16. Thus the tangent line is y + 16 = (—1)(x — 3)
= y = —x — 13 and the point of tangency is (3, —16).

(5 ) (vi7he i)

54. For the curve y = y/x, we have y/ = lim xt+h)—x
y f’ y h—0 h

= lim —————

) (\/x+h+\/§) h—0 (vx-&-h-*—ﬁ)h
= lim m = ﬁ . Suppose (a, \/a) is the point of tangency of such a line and (—1, 0) is the point

h—0
Va0

a—(—D)  a+1

on the line where it crosses the x-axis. Then the slope of the line is

which must also equal
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55.

56.

57.

58.

59.

60.

Section 3.2 The Derivative as a Function

1. . . . o \/5 _ 1 o o .
3 /a0 Using the derivative formulaatx =a = Y5 = a = 2a=a+1 = a= 1. Thus such a line does
1

2
exist: its point of tangency is (1, 1), its slope is N % and an equation of the lineisy — 1 = 3 lx—1

=y=3x+3.
Yes; the derivative of —f is —f’ so that f'(x() exists = —f'(x() exists as well.
Yes; the derivative of 3g is 3g’ so that g'(7) exists = 3g'(7) exists as well.

Yes, hmO EES can exist but it need not equal zero. For example, let g(t) = mt and h(t) = t. Then g(0) = h(0)

=0,but lim &Y — lim ™ — ]im m = m, which need not be zero.
t>0 hO S0 t T 50

(a) Suppose [f(x)] < x2 for —1 < x < 1. Then [f(0)| < 0> = f(0) = 0. Then f'(0) = Jim fO£h) - 1O

_hhmow_lm W For|h| <1,-h?<fhy<h® = -h<™ <h = f(0) = mo%:o

by the Sandwich Theorem for limits.
(b) Note that for x # 0, [f(x)] = |x* sin 1| = [x?| [sin x| < [x?| - 1 = x? (since —1 < sinx < 1). By part (a),
f is differentiable at x = 0 and f’(0) = 0.

The graphs are shown below for h = 1, 0.5, 0.1. The functiony = # is the derivative of the function

y = /X so that ﬁ = lim H VXENZ VX e graphs reveal that y = H VXEh- VX gets closer to y = \1/;
as h gets smaller and smaller.
Y y Y
1
h=0.1
h=0.5
2 2. 2
y=UQRJ®) y = 1UQJ%)
1 1 / 1
/ SAFh-JE
—r
X
0 1 2 0 1 2

The graphs are shown below for h = 2, 1, 0.5. The function y = 3x? is the derivative of the function y = x3 so

that 3x? = hlimo W . The graphs reveal that y = % gets closer to y = 3x? as h

gets smaller and smaller.

1 / 1
}__.3,3 y=(x+h)’-x’ \ y=(x+h)’—1’ \

h y =33 " y=3x?

x
1 2 -2 -1 0 1 2 -2 -1 0 1
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108  Chapter 3 Differentiation

61. The graphs are the same. So we know that Y

for f(x) = |x|, we have f'(x) = X 1

X

62. Weierstrass's nowhere differentiable continuous function.

2\' 2\? 2\?
8(x) = cos(nwx) + (3) cos(9mx) + (3) cos(9*rx) + (5) cos(®nx)

2 7
+eoo 4 (3) cos(9'rx)

63-68. Example CAS commands:
Maple:
fi=x->x"3 +x"2-x;
x0:=1;
plot( f(x), x=x0-5..x0+2, color=black,
title="Section 3.2, #63(a)" );
q := unapply( (f(x+h)-f(x))/h, (x,h) ); #(b)
L :=1limit( q(x,h), h=0 ); #(c)
m :=eval( L, x=x0);
tan_line := f(x0) + m*(x-x0);
plot( [f(x),tan_line], x=x0-2..x0+3, color=black,
linestyle=[1,7], title="Section 3.2 #63(d)",
legend=["y=f(x)","Tangent line at x=1"] );
Xvals := sort( [ x0+2/(-k) $ k=0..5, x0-2*(-k) $ k=0..51): #(e)
Yvals := map( f, Xvals ):
evalf[4](< convert(Xvals,Matrix) , convert(Yvals,Matrix) >);
plot( L, x=x0-5..x0+3, color=black, title="Section 3.2 #63(f)" );
Mathematica: (functions and x0 may vary) (see section 2.5 re. RealOnly ):
<<Miscellaneous'RealOnly"
Clear[f, m, x, y, h]
x0=m /4;
f[x_]:=x% Cos[x]
Plot[f[x], {x,x0 — 3,x0 + 3}]
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Section 3.3 Differentiation Rules 109

qlx_, h_]:=(f[x + h] — f[x])/h
m[x_J:=Limit[q[x,h],h — 0]
ytan:=f[x0] + m[x0] (x — x0)
Plot[{f[x], ytan},{x, X0 — 3, x0 + 3}]
m[x0 — 1]/N

m[x0 + 1]/N

Plot[{f[x], m[x]},{x, x0 — 3, x0 + 3}]

3.3 DIFFERENTIATION RULES

w‘%‘
Il

Loy=—x43 = B+ L@ = n+0=-2 = B =2

2. y=x2+x+8 = ¥ =2xt1+0=2x+1= =2

3. s=560 30 = &= d(53) d30) =152 — 15¢" = L5 = 4 (15¢2) — 4 (15t!) = 30t — 6083

4. w=37 -7 42172 = ‘;—‘;’ =217 — 2122 + 427z = CET‘; = 1262° — 42z + 42

2
5. y:%x3fx = %:4){271 = %:8){

6. y=S 454 o Wyl o S 140=2x+1

dx dxz

R3S

_2,-2 -1 dw _ -3 2 _ =6, 1 Pw —4 -3 _ 18
7. w=32"-z2" = g =-62"+7°"=3+5 = 5 =182"-22"= 73—

8 s=-2" 44?2 Lo oyt =2-8 o S 43t Y

2 t

9. y=6x>—10x—5x2 = ¥ =12x—10+10x3 =12x - 10+ 9= &y -2 0-30x*=12- 2

10, y=4—2x—x?% = ¥ = oy3t = 243 &g o5 =12

9 5.1 dr _ 23 5.2 _ Pr_ne—d 5.3 _ 2 5
s T = =58 " t3s Mt D =2 5870 =

11. r=
12.r=120""—4073 407 = &= 1202412074 — 495 =24 24 o & 0493 4895 4 2000
24 20
—F-F e
1B.@ y=063-x)-x+1) = y=0@-x)- 2 —x+1)+x-x+1)-L£(3-x%?
=0B-x)Bx®—1)+ (x> —x+1)(—2x) = —5x* + 12x> — 2x — 3
b) y=—x"+4x3 x> -3x+3 = y = -5x'+12x* = 2x -3

14. (a) y=2x+3)(5x%2 —4x) = y = 2x +3)(10x — 4) + (5x% — 4x) (2) = 30x% + 14x — 12
() y=(2x+3)(5x% —4x) = 10x> + 7x> — 12x = y' =30x> + 14x — 12

15. (@) y=(+1)(x4+5+1) = y=+1)- &L (x+5+) + (x+5+1) - L (x2+1)

=x+DA-x)+x+5+xH)2x) = (2—1—|—1—x‘2) + (2x2 —|—10x—|—2)_3x2—|—10x—|—2—%
) y=x*+5+2x+5+1 = y=3x>+10x+2 -
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Chapter 3 Differentiation

y=(1+x3) (x3/4 — x’3)

@ y =(1+x2)- (%x*1/4+3x*4) + (M - x )(2x) 2+l K/t L
(b) y = x3/4 _x3 +X11/4 QN y 4Xl4 + b+ 11 7/4+ L
y = £%3 ; use the quotient rule: u=2x+5andv=3x—2 = v =2andv =3 = y = w

_ Bx=2Q-Qx+50) _ 6x—4—6x—15 _ _—19

Gx=27 = T Bx—27 T~ Gx-29

y = 34x2+3x :use the quotientrule: u =4 —3xandv=3x>4+x= v = -3andV =6x+1 = y = M
_ (340 (=3) - (4-30)(6x+1) _ 0% —3x+18x2 —21x—4 _ 9x’—24x—4
o (3x2 +x)° B (3x2 +x)* (3x2 +x)*

gx) = 55 4. use the quotient rule: u=x*> —4andv=x4+05 = v =2xandvV =1 = ¢(x) = w
(X+05)(2X)—(X -4A) _ 2x°4x—x*+4 _ C+x+4

(x+05)7 = T &+057 T x+057
o 2-1 =D+l 41 _ t+2)M) -+ (@) _ 42-t—1 _ 1
fv = tztﬂ 27 (t+2)(t=1) — :i_z’t?é 1= fi()= (t+2)° - tJr(t+2t)2 T (t+2)?
— 1 _ 21 _ 1=t dv _ (1+8)(= 1)*(1*0(20 “1-2-2t42 _ 2-2t—1
v=>0-90+6)  =m = ¢ = (1+e) are? . (+ep
x+5 _ XD -Ex+5Q) _ 2x-7-2x-10 _ _ —17
W= = W x =77 =T @mor T o
fo) = Vb o gy = VDGR A0 (a) | sy Ly
s+1 (Vs+1)’ 25 (Vs +1)’ Va(Vs+1)”
NOTE: % (\/g) = QL\/E from Example 2 in Section 3.2
_oSbl L du VR © -6+ () _ 5x—1
u= 2¢/x dx — ax = 4anr
V:1+x;4ﬁ N V/:x(l %) X( Fx—4/%) 2\/;2_1

r=2(%+V6) = ¢ = (Mjuﬁ):—#h;—a

_ 1
Y= Deixt)

V=x-1D2x+D+x+x+1)2x) =2x3 + x> = 2x — 1 + 2x> + 2x® +2x = 4x3 + 3x% — 1

; use the quotientrule: u=landv = (x> — 1) (x> +x+1) = v =0and

= dy  w—uw/ _ 0—-1(43+3x*-1) _4x3 —3x2 4+ 1
x T v T oD +x+1) T @@= 1) (R +x+1)
— DO+ X342 o (K =3x+2)2x+3) - (X’ +3x+2)2x=3) _ _ —6x+12 _ _—6(x*~2)
Y= G-Dx-2 — x¥—3x+2 y = =12 (x—2) T x-DPx=27 T -1Px-27

y:%x4—%x2—x = y=2x%-3x-1=y' =6x>-3 = y"=12x = yW =12 = y® =0foralln 5

Y= =Y =gx!=2y =13y =1i2 = yW=x= y»=1= y0)=0foralln 6

2

y=(x-—DE>+3x =5 =x+2x>-8x+5= y =34+4x-8= y' =6x+4= y" =6= y" =0forall
n
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y=(@x+3x)2—x) = —4x* +8x* = 3x> + 6x = y = —16x° +24x> —6x + 6 = y”" = —48x> +48x — 6
= y" =-96x+48 = y¥W = —96= y =0foralln 5

y:"sT”:x?—i—%(_1 = g—i:Zx—7x_2 =2x— 5 = gx§:2+l4x_3:2+%

s=CE=l 43 Lo g5l o2 5 S =05t 24203 = 5242 = 24 2

|o

— - -4 _ 10
= O 0P —6rt =10

t°

35 = OEDEROED 0ol L9 5 S 0430t =3t =S L= 12070 = 12
36. u— (x2+x)(§’7x+1) :x(x+1)(;427x+1) :x(xi:rl) _ xx4 — 142 x = 1+X
= Wo0-xt=-xt=F= =x0=2
3. w=(H2)B-2=(Gz"'"+1)B-2=z"'—§+3-z=z"'4}-z2= ¥ =—"2240-1=-2%-1
=d-1=> &y :22—3—0=2z—3=§3
38 w=e+Dz-DE@Z+1) =@ -1)ZE+1) =21 = W =43 0=47 = ¥ - 127
2 4 _ 6 _ 42 4 _ _ _ —
39.p:(%)(qq31>:%:%q2_%q2+__Zq4 dp:6q+6q3+q %(H'G%H'%
dp _ 1 1 1 1 5
Bkl It L B Ik Sl
40 _ +3 _ +3 _ ¢*4+3 ¢ +3 1 1.1
P T QoD@ T @3 3D+ (@ 334+ 20169  2q(q2+3) 2 24
2
= E=—1q?=-%5 > PB=q?=%
41. u(O):5 u'(0) = =3, v(0) = 71 v/(0) =2

42.

43.

=u(0)V'(0) + v(O)u'(0) =5-2 4+ (—1)(—3) =13

_ V(O)U’(O)*U(O)V’(O) =D(= 3)*(5)(2) 7
(v(0)? (=1)?

— Vll —uV u
O & (§) =25 (v)
_ uOVO —vOW () _ Q= (=D _ 1

(c) % (%) = uv,u;zvu di (I) = (0)? G 25

@ Lav-20=7 -2 = %(7V—2u)|x=0:7v’(0)—2u(0):7-2—2(—3):20

(a) (uv) =uw' +w =

ul)=2,u'(1)=0,v(l) =5,v'(1) = —1
@ S| _ =u@VD)+vDu(D)=2-(-1)+5-0= -2
(b) d_ (_) — v(O'/'(D)—u()V' (1) _ 5-0-2-(=1) __ 2

x=1 (D)2 =" 62 T
d (v 1
© & (E) =1 () 7 3

_ uvVD—vu'd) _ 2+(=D=5-0 _
@ Lv-2w  =wWDH-21)=7-(-1)-2-0=-7

y = x3 — 4x + 1. Note that (2, 1) is on the curve: 1 =23 —4(2) + 1

(a) Slope of the tangent at (x,y) is y’ = 3x> — 4 = slope of the tangent at (2, 1) is y'(2) = 3(2)> — 4 = 8. Thus the slope
of the line perpendicular to the tangent at (2, 1) is — % = the equation of the line perpendicular to the tangent line at
@ Disy—1=-tx-2ory=—%+3.

(b) The slope of the curve at x is m = 3x?> — 4 and the smallest value for m is —4 whenx = O andy = 1.
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48.
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50.

51.

52.

53.
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(c) We want the slope of the curvetobe 8 = y/ =8 =3x> -4=8=3x>=12=x>=4=x= +2. Whenx =2,
y = 1 and the tangent line has equationy — 1 = 8(x —2)ory = 8x — 15; when x = =2,y = (=2)3 — 4(-2) + 1
= 1, and the tangent line has equationy — 1 = 8(x +2) ory = 8x + 17.

(@) y=x®—3x—2=y =3x?— 3. For the tangent to be horizontal, weneedm =y = 0= 0=3x> -3 =3x>=3
= x = *x 1. Whenx = —1, y = 0 = the tangent line has equation y = 0. The line perpendicular to this line at
(=1,0)isx =—1. Whenx =1,y = —4 = the tangent line has equation y = —4. The line perpendicular to this
line at (1, —4) is x = 1.

(b) The smallest value of y' is —3, and this occurs when x = 0 and y = —2. The tangent to the curve at (0, —2)
has slope —3 = the line perpendicular to the tangent at (0, —2) has slope % = y+2= % (x—=0)or
y = % X — 2 is an equation of the perpendicular line.

_4x dy _ (P+D@-@002x) _ 4x+4-8x2 _ 4(=x*+1) _ _ 40+
Y=g~ &= 211 =TSRt T ey Whenx =0,y =0andy’ = - = 4, so the

tangent to the curve at (0, 0) is the line y = 4x. Whenx = 1,y = 2 =y’ = 0, so the tangent to the curve at (1,2) is the

liney = 2.
Y=g =¥ = (o *(12(3)4’)28(2") = (X;f:)z . Whenx=2,y=1landy = (;i(i))z = — 1, so the tangent
line to the curve at (2, 1) has the equationy — 1 = — % (x—=2),0ory=—35+2.

y = ax? + bx + ¢ passes through (0,0) = 0 = a(0) +b(0) +¢ = ¢ = 0; y = ax? + bx passes through (1, 2)

= 2 =a+b;y = 2ax + b and since the curve is tangent to y = x at the origin, its slopeis 1 atx = 0

= y =1whenx=0 = 1=2a0)+b = b=1. Thena+b=2 = a=1. Insummarya=b = 1andc=0so
the curve is y = x% + x.

y = cx — x? passes through (1,0) = 0=c(l)—1 = c¢=1 = thecurveisy = x — x. For this curve,
y=1-2xandx=1 = y = —1. Sincey = x — x> and y = x> + ax + b have common tangents at x = 0,

y = x2 + ax + bmust also have slope —latx =1. Thusy' =2x+a = —1=2-1+a = a= -3

= y = x? — 3x + b. Since this last curve passes through (1,0), we have 0 =1 —3 +b = b = 2. In summary,

a=-3,b=2andc = lsothecurvesarey = x> —3x +2andy = x — x>.

y=8x+5=>m=8f(x) =32 —4x=>f/(X) =6x — 4 6x —4=8=x=2=f(2) =3(2)" —4(2) =4 = (2,4)

8x —2y=1l=y=4x-1=om=4gx)=1x*-3x+1=2g/(x) =x*-3x;x> - 3x=4=x=4orx = —1

e =140 -3@+1=-3g-) =11’ 31 +1=-3= (4 -3 or (-1,-3)

X x—2)(1)—x(1 — . = 2
y=2x+3sm=2=m = -—py= 2oy = PR = R e = s d=(x-2)
= +2=x-2=x=4orx=0=ifx=4,y=;%5 =2 andifx =0,y = 525 = 0= (4,2) or (0, 0).

m=y=32 f(X):X2:>f/(X):2X;m:f/(X):>y_§:2X:>X2_8:2X2>X2—8:2X2—6X:>X2—6X+8:O

x—3; X — x—3

S x=4orx=2=f(4) =42 =16,1(2) =22 =4 = (4, 16) or (2, 4).

(@ y=x>-x = y =3x>~1. Whenx=—1,y=0andy’ =2 = the tangent line to the curve at (—1,0) is
y=2(x+1Dory=2x+2.
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(b)

=X _X} = X3 —x=2x4+2 = ¥ -3x-2=(x-2(x+1)2=0 = x=2o0rx = —1. Since

y = 2(2) 4+ 2 = 6; the other intersection point is (2, 6)

(@ y=x>—6x>+5x = y' =3x> -~ 12x +5. Whenx =0,y =0andy =5 = the tangent line to the curve at

(0,0)is y = 5x.
(b)
30
20:
10:
Ry A

3 2

©) yy*_XSX ox +5X} = P62 +5x=5x = xX*—6x2=0 = x2(x—6) =0 = x=0orx = 6.

Since y = 5(6) = 30, the other intersection point is (6, 30).

. 50 _
lim =1 =50x% =50(1)" =50
X—1 X x=1

2/9
lim Xl = 2x 770 =2 =-3
X—o1 X+l — 09 x=—1 917" 9

g'(x) = 2x =3 X>0,sincegisdifferentiableatx:O:> lim (2x—3)=—-3and lim a=a=a= -3
a x <0 X —0F X—0

f'(x) = a x> _1, since f is differentiable at x = —1 = lim a=aand lim _(2bx) = —2b = a = —2b, and
2bx x < —1 X — —1* X — —1

since fis continuous at x = —1 = lim +(ax+b):—a+bandxlim71 (bx? -3)=b—-3=—-a+b=b-3

X — —1

=a=3=3=-2b=b=-3.
P(x) = a,x" + a,_1x" 71 + -+ + apx? + a;x + ag = P’(x) = na,x"! + (n — 1)a,_1x"2 + -+ + 2apx + &y

R=M? (5 - Y¥) =SM? — L M?, where Cis aconstant = & =CM — M?

Let c be a constant =- %:0 = %(u-c):u-g—i—l-c-g—i:u-O—i-cg—;:cg—i. Thus when one of the

functions is a constant, the Product Rule is just the Constant Multiple Rule = the Constant Multiple Rule is
a special case of the Product Rule.

dv dv
1 v-0— l-a -1

(a) We use the Quotient rule to derive the Reciprocal Rule (with u = 1): % (1) = %o = = —

dv
dx *

Tl
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(b) Now, using the Reciprocal Rule and the Product Rule, we'll derive the Quotient Rule: & (%) = 4 (u- 1)

dx v
Ca vy du
=u-24 (1) 4+ 1.8 ProductRule) =u- () & + L & (Reciprocal Rule) = & (¥) = ud"vijdx
du dv
= devi“* the Quotient Rule.
63. (a) %(uvw) = %((uv).w) (uv) 4 v 4w (uv) =uv dW —|—W(u g—z +v g—g) =uv ‘é—‘: +wu o T wv g—g

=uvw +uv'w + u'vw
) L (uupuguy) = L ((uuzug) ug) = (ujupug) & gy L (wuoug) = L (wupuzuy)
dx dx dx dx
d d
= ujusug d—x‘ + uy (uluz o —|— uzug “2 + U3ll2 d‘:j) (using (a) above)
d du
= 3, (wuuzuy) = uuaus dx + ujusuy dx + ujuguy dx + uguzuy G
= u1u2u3u4 + u1u2u3U4 + u1u2u3U4 + u1u2u3U4

(c) Generalizing (a) and (b) above, ddx (ug---u,) = ugug---u,_qu! + wyug--u, U’ _ju, 4 ... +ujuye-eu,

—m x™-0—1 (m-x™"! —m-x™ ! m—1-2m —m—
64 (™) = () = T = S e = mexon
65. P= \?Egb vz . We are holding T constant, and a, b, n, R are also constant so their derivatives are zero
P _ (V—nb-0—@RTY(D) _ VO —(an’)(2V) _ _—nRT 2
= = n(V—nb)I; o (v2)? - nnb)2 + \a/l;
m — — 2 — m
66. A(q) = +om+ 5 = (km)q ™! +em+ (§)g = § = —(km)q + (3) = —F + § = @ = 2(km)q~* =
3.4 THE DERIVATIVE AS A RATE OF CHANGE
. s=2-3t+2,0<t<2
(a) displacement = As = s(2) — s(0) = 0m — 2m = —2 m, v,, = ﬁf = ’72 = —1 m/sec
) v==2=2t-3 = [v(0)| =|-3| =
a= W =2 = a(0) = 2 m/sec? and a(2) = 2 m/sec?
©) v=0=>2t—3=0 = t= g.visnegative in the interval 0 <t < % and vV is positive when £ <t < 2 = the body

changes direction at t = %

2. s=6t—t3,0<t<6
(a) displacement = As = s(6) —s(0) =0m, v,, = ﬁf = = = 0 m/sec
(b) v=%=6-2t = [v(0)] = | 6] = 6 m/sec and |V(6)| = |—6| = 6 m/sec;

d12 = —2= a(0) = —2 m/sec? and a(6) = —2 m/sec>

() v=0=6—-2t=0 = t= 3. vispositive in the interval 0 < t < 3 and v is negative when 3 < t < 6 = the body
changes direction at t = 3.

a —

3. s=—t2+32-3,0<t<3
(a) displacement =As=53)—s(0)=-9m,v, = % = _Tg —3 m/sec
b) v=%= 3224 6t—-3 = |v(0)] = |-3| =3 m/sec and |[v(3)| = |~ 12| = 12 m/sec; a = ¢ d—2 =—6t+6
= a(O) = 6 m/sec” and a(3) = —12 m/sec?
() v=0= 32+6t—3=0 = t2—-2t+1=0 = (t—1)>=0 = t= 1. For all other values of t in the
interval the velocity v is negative (the graph of v = —3t> + 6t — 3 is a parabola with vertex at t = 1 which
opens downward = the body never changes direction).
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4. s:%7t3+t2,0§t§3

(@ As=s53)—s(0)=2m,v, =% =1 =3m/sec

(b) v=1t>—3t2+2t = |v(0)] = 0 m/sec and |v(3)| = 6 m/sec; a = 3t> — 6t +2 = a(0) = 2 m/sec? and
a(3) = 11 m/sec?

€ v=0 =t =32 +2t=0 = tt—2)(t—1)=0 = t=0,1,2 = v =t(t—2)(t — 1)is positive in the interval
for 0 < t < 1 and v is negative for 1 < t < 2 and v is positive for 2 < t < 3 = the body changes direction at
t=1landatt=2.

9

5. s=%-321<t<5
(@) As=s(5)—s(1)=-20m,v, = =2 = —5m/sec
(b) v==22+3 = [v(1)| =45 m/secand |[v(5)| = : m/sec;a = 12 — 10 = a(1) = 140 m/sec? and
a(5) = 55 m/sec?

© v=0= # =0= —-50+5t =0 =t =10 = the body does not change direction in the interval

6. s=2,-4<t<0

t+_5 )
(@) As=s(0)—s(—4)=-20m,v,, = — 2 = -5 m/sec
(b) v= ﬁ = |v(—4)| = 25 m/sec and |v(0)| = 1 m/sec; a = (lf;)g = a(—4) = 50 m/sec’ and

a(0) = % m/sec?

—25

(C) v=0 = 352

= 0 = vis never 0 = the body never changes direction
7. s =t3 — 6t> + 9t and let the positive direction be to the right on the s-axis.
(@ v=32—12t+9sothatv=0 = 2 —4t4+3=(t—-3)(t—1)=0 = t=1or3;a=6t— 12 = a(l)
= —6 m/sec? and a(3) = 6 m/sec?. Thus the body is motionless but being accelerated left when t = 1, and
motionless but being accelerated right when t = 3.
(b) a=0=6t—12=0=t=2 withspeed |v(2)| = |12 — 24 + 9| = 3 m/sec
(c) The body moves to the right or forward on 0 <t < 1, and to the left or backward on 1 <t < 2. The
positions are s(0) = 0, s(1) = 4 and s(2) = 2 = total distance = |s(1) — s(0)| + |s(2) — s(1)| = 4| + |-2| = 6 m.

8. v=t—4t+3 = a=2t—4
@ v=0=t?—4t+3=0 = t=1o0r3 = a(l) = —2 m/sec? and a(3) = 2 m/sec?
(b)) v>0= (t—3)(t—1)>0 = 0<t< lort> 3 and the body is moving forward; v< 0= (t—3)(t—1) <0
= 1 <t < 3 and the body is moving backward
(c) velocity increasing = a>0 = 2t—4 >0 = t> 2; velocity decreasing = a<0=2t-4<0=>0<t<2

9. s, =1.86t> = v, =3.72tand solving 3.72t = 27.8 = t= 7.5 sec on Mars; s; = 11.44t> = v; = 22.88t and
solving 22.88t = 27.8 = t ~ 1.2 sec on Jupiter.

10. (a) v(t) = s'(t) = 24 — 1.6t m/sec, and a(t) = v/'(t) = s (t) = —1.6 m/sec?
(b) Solvev(t) =0 = 24 —-1.6t=0 = t=15sec
(c) s(15) = 24(15) — .8(15)*> = 180 m
(d) Solves(t) =90 = 24t — .82 =90 = t= M ~ 4.39 sec going up and 25.6 sec going down

(e) Twice the time it took to reach its highest point or 30 sec

1. s=15t—1gt? = v=15—gtsothatv=0 = 15— gt=0 = g =12 Therefore g, = 12 = 3 = 0.75 m/sec?
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12. Solvings,, = 832t —2.6t> =0 = (832 —2.6t) =0 = t=0or 320 = 320 sec on the moon; solving
S =832t — 16t2 =0 = (832 —16t) =0 = t=00r52 = 52 sec on the earth. Also, v,, =832 —5.2t=0
= t =160 and s,(160) = 66,560 ft, the height it reaches above the moon's surface; v. = 832 — 32t =0
= t=26and s.(26) = 10,816 ft, the height it reaches above the earth's surface.

13. (a) s=179 — 16t = v = —32t = speed = |v| = 32t ft/sec and a = —32 ft/sec?

(b) s=0 = 179—-162 =0 = t= /2 ~33sec

(¢) Whent= /12 v=-32,/12 = —8\/179 ~ —107.0 ft/sec

A

I

14. (a) lim_v = elimﬂ 9.8(sin )t = 9.8t so we expect v = 9.8t m/sec in free fall

|

0
(b) a= % =9.8 m/sec?

15. (a) at2 and 7 seconds (b) between 3 and 6 seconds: 3 <t <6
© (d)
|v] (m/sec) a
_dv
4t T
Speed 3 =0 o—0
3 2k
1L
| P S I S N S . | t
1 L1 L1 ¢ (sec) _(1)_12345678910
of 2 4 6 8 >k
_3 | O=——0
4}

16. (a) P is moving to the left when2 < t <3 or5 < t < 6; P is moving to the right when 0 < t < 1; P is standing
stillwhen 1 <t<2or3<t<5

(b) v (cm/sec) speed (cm/sec)
41+ 4 o—o0
velocity
2 —0 2 O—
S—& S—1L t (sec) Ss—- oum— 1 (sec)
1 2 3 5 i 2 3 5
2k O—
4+ Oo—o0
17. (a) 190 ft/sec (b) 2sec
(c) at 8 sec, 0 ft/sec (d) 10.8 sec, 90 ft/sec

(e) Fromt = 8 until t = 10.8 sec, a total of 2.8 sec
(f) Greatest acceleration happens 2 sec after launch
_ _ . : : . _ v(10.8)—v(2)
(g) Fromt=2tot=10.8 sec; during this period, a = —77—~ ~ —32 ft/sec?
18. (a) Forward: 0 <t < land5 <t < 7;Backward: 1 <t < 5;Speedsup: 1 <t<2and5 <t <6;
Slowsdown: 0 <t< 1,3 <t<5,and6<t<7
(b) Positive: 3 <t < 6; negative: 0 <t<2and6 <t<7; zero: 2<t<3and7 <t<9
(c) t=0and2 <t<3
d 7<t<9

19. s =490t> = v =980t = a =980
(a) Solving 160 = 490t> = t= % sec. The average velocity was w = 280 cm/sec.
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(b) At the 160 cm mark the balls are falling at v(4/7) = 560 cm/sec. The acceleration at the 160 cm mark
was 980 cm/sec?.

(c) The light was flashing at a rate of % = 29.75 flashes per second.
@ .
100 - ZSK
501 /\ | Ly
1 1 t 5 10 15
_sok 5 1 15 -25
-100 - =50
-150
200
®
751 20 &io—m
S0 1 T 1 1
25|/ v=300-37 2 4 8§ 10 12 14
1 1 1 1 1 1 ' 0k
sk 2 4 6 8 10 12 14
50k —40
=15 60
—-100 -
C = position, A = velocity, and B = acceleration. Neither A nor C can be the derivative of B because B's derivative

is constant. Graph C cannot be the derivative of A either, because A has some negative slopes while C has only
positive values. So, C (being the derivative of neither A nor B) must be the graph of position. Curve C has both
positive and negative slopes, so its derivative, the velocity, must be A and not B. That leaves B for acceleration.

C = position, B = velocity, and A = acceleration. Curve C cannot be the derivative of either A or B because
C has only negative values while both A and B have some positive slopes. So, C represents position. Curve C
has no positive slopes, so its derivative, the velocity, must be B. That leaves A for acceleration. Indeed, A is
negative where B has negative slopes and positive where B has positive slopes.

(a) c(100) = 11,000 = c, = L% = 3110

(b) c(x) = 2000 + 100x — .1x?> = c/(x) = 100 — .2x. Marginal cost = ¢(x) = the marginal cost of producing 100
machines is ¢/(100) = $80

(c) The cost of producing the 101" machine is ¢(101) — c(100) = 100 — % = $79.90

(@) r(x) =20000 (1 —1) = r'(x) = 252, which is marginal revenue.r'(100) = 3§’ = $2.

(b) r'(101) = $1.96.

(©)  lim_ r'(x) = Jim

will approach zero.

20990 — 0. The increase in revenue as the number of items increases without bound

b(t) = 10° + 10% — 10°%2 = b/(t) = 10* — (2) (10%t) = 103(10 — 20)
(a) b'(0) = 10* bacteria/hr (b) b’(5) = 0 bacteria/hr
(c) b'(10) = —10* bacteria/hr

Q(t) = 200(30 — )2 = 200 (900 — 60t + 2) = Q/(t) = 200(—60 + 2t) = Q'(10) = —8,000 gallons/min is the rate

the water is running at the end of 10 min. Then w = —10,000 gallons/min is the average rate the water flows

during the first 10 min. The negative signs indicate water is leaving the tank.
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2
@ y=6(1-%)"=6(1-t+) = F=p-1
(b) The largest value of % is 0 m/h when t = 12 and the fluid level is falling the slowest at that time. The smallest
value of i—{ is —1 m/h, when t = 0, and the fluid level is falling the fastest at that time.
(c¢) In this situation, % <0 = the graph of y is
always decreasing. As % increases in value,

the slope of the graph of y increases from —1
to 0 over the interval 0 <t < 12.

av

@@ V=3m = ¥ =d4m? = §|  =4n(2)? = 167 ft’/ft

(b) Whenr =2, ‘f]—‘r’ = 167 so that when r changes by 1 unit, we expect V to change by approximately 167. Therefore
when r changes by 0.2 units V changes by approximately (167)(0.2) = 3.27 ~ 10.05 ft>. Note that

V(2.2) — V(2) ~ 11.00 ft3.

r=2

200 km/hr = 55 3m/sec = 22 m/sec,and D = P12 = V=2t Thus V=3 = Lt=230 = t=25sec. When
t=25D=4@25"=%"m
v v

s=vot— 16" = v=v)—32;v=0 = t=35:1900 = vot — 16t* so that t = 35 = 1900 = 3} — &

= Vo = /(64)(1900) = 80+/19 ft/sec and, finally, S0L19 . 60sec _ 6Omin . _Lmi o 938 mph.

600 - 5=200¢ - 167
400
ds _ _

200 i 200 —32¢

1 1 1 1 1 t

12
./
2001 4S__3p
d?

(a) v=0whent=06.25 sec

(b) v>0when0 <t<6.25 = body moves right (up); v < 0 when 6.25 <t < 12.5 = body moves left (down)

(c) body changes direction at t = 6.25 sec

(d) body speeds up on (6.25, 12.5] and slows down on [0, 6.25)

(e) The body is moving fastest at the endpoints t = 0 and t = 12.5 when it is traveling 200 ft/sec. It's moving slowest at
t = 6.25 when the speed is 0.

(f) When t = 6.25 the body is s = 625 m from the origin and farthest away.
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32.

2 3 4
ok
ds_o 3

dt

(a) v=0whent= % sec

(b) v<Owhen0 <t< 1.5 = body moves left (down); v > 0 when 1.5 < t <5 = body moves right (up)

(c) body changes direction at t = % sec

(d) body speeds up on (3, 5] and slows down on [0, 3)

(e) body is moving fastest at t = 5 when the speed = |v(5)| = 7 units/sec; it is moving slowest at t = % when the
speed is 0

(f) When t = 5 the body is s = 12 units from the origin and farthest away.

33.
s
L 2,
10 %=6t—12 %:3:2712”7
5 ™ /
1 1 1 t
-5
-10 s=P 62+t
+4/1
(a) v=0whent= 6 3 3 sec

§|

(b) V<Owhen%B <t< % = body moves left (down); v > 0 when 0 <t < 673 15 or 6+3‘/G <t<4

= body moves right (up)
(c) body changes direction at t = %ﬁ

(d) body speeds up on (6%@7 2) U (%,4} and slows down on [0, “T\E) U (2, Hf‘m) .

N &

(e) The body is moving fastest at t = 0 and t = 4 when it is moving 7 units/sec and slowest at t = % sec

(f) Whent= @ the body is at position s &= —6.303 units and farthest from the origin.

s=4-Tr+62- 1

5/\
% =7+ 1203

t
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120  Chapter 3 Differentiation

b) v<Owhen0 <t< 6_7‘6 or % <t <4 = body is moving left (down); v > 0 when
% <t< HT\E = body is moving right (up)

(c) body changes direction at t = % sec

(d) body speeds up on (@,2) U (6+3—\/B,4} and slows down on [O, G}—ﬁ) U (2, —6+3\/E)

(e) The body is moving fastest at 7 units/sec when t = 0 and t = 4; it is moving slowest and stationary at t = Gi;/B
(f) Whent = % the position is s =~ 10.303 units and the body is farthest from the origin.

3.5 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

. y=-10x+3cosx = %:—10+3 (cosx) = —10 — 3 sinx

2. y:%+55inx:> Si—_3+5dx(smx) 23—{-5005)(

3. y=x*cosx = % = x?(—sinx) + 2xcos x = —x?sinx + 2x cos X

4, y:\/gsecx+3:>%:\/gsecxtanerS";C/’i+0—\/_secxtaner;‘ic/5

5. y:cscx—4\/§+7:>g—i:—cscxcotx—Ziﬁ—i—O:—cscxcotx—%

6. y=x’cotx— % = Si =x? L (cotx) +cotx - & (x?) + F = —x? csc? x + (cot X)(2x) + 3
= —x?csc?x +2x cotx + 5

7. f(x) = sinxtanx = f’(x) = sinx sec?x + cosx tanx = sinx sec’x + cos x 22X = sinx(sec’x + 1)

8. g(x) = cscxcotx = g'(x) = csc x(—cse?x) + (—csc xcotx)cot x = —cse’x — csc x cot’x = —csc x(csc?x + cot?x)

9. y = (sec x + tan x)(sec X — tan X) = g—i = (sec x + tan x) % (sec x — tan x) + (sec X — tan x) (% (sec x + tan x)

= (sec X + tan x) (sec X tan x — sec” x) + (sec x — tan x) (sec X tan x + sec? x)

3

= (sec? x tan x + sec x tan? x — sec® x — sec? x tan x) + (sec? x tan x — sec x tan® x + sec® x — tan x sec?x) = 0.

(Note also thaty = sec’x — tan’x = (tan’x + 1) —tan’x = 1 = § = )

10. y = (sin X + cos X) sec X = g_y _(smx+cosx)d (secx)—l—secx ~ (sin X + cos X)

(sin X + cos X) sin X + Cos X — sin X
cos? x coSs X

= (sin X 4 cos x)(sec X tan X) + (sec x)(cos X — sin X) =

_ sin’®x4cosxsinx+cos’x—cosxsinx __ 1 2
= 1 =1 —=sec’x
cos? x cos?x

(Note alsothaty =sinxsecx +cosxsecx =tanx+ 1 = g—i = sec? x.)

11 — _cotx dy (1+cotx) £ (cot x) — (cot x) & (1+ cot x) _ (1 + cot x) (—esc? x) — (cot x) (—csc? x)
-y 1 + cot x dx (1 + cot x)? (1 + cot x)2
_ —csc?x—csc?xcotx +esc’xcotx . —esc’x
- (1 + cot x)? T (1+cotx)?
12 _ _cosx dy _ (+sin x) & (cos x) — (cos x) & (1+sinx) __ (14sinx) (—sinx) — (cos x) (cos x)
y 1 + sin x dx (1 + sin x)? (1 + sin x)?
_ —sinx—sin’x—cos’x __ —sinx—1 _ —(+sinx) -1
- (1 + sin x)? T (I+sinx)2 T (1+sinx)?2 ~ 1+sinx
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15.

16.

17.

18.

19.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Section 3.5 Derivatives of Trigonometric Functions

y= -t + L =4secx+cotx = £ =4secxtanx —csc?x
__ cosx X dy __ x(=sinx) — (cos x)(1) (cos x)(1) = x(=sinX) _ —xsinx —cosx cOos X + X sin x
Y="x + cos X = dx x2 + cos? x - x2 + cos? x
y = x?sinx +2x cos X — 2 sinx = % = (x% cos x + (sin X)(2x)) + ((2x)(—sin x) + (cos x)(2)) — 2 cos X

= x2 cos X + 2x sin X — 2x sin X 4+ 2 cos X — 2 c0S X = X cO0s X

121

y =x?cos X — 2xsinX — 2 cos X = % = (x%(—sin x) + (cos x)(2x)) — (2x cos x + (sin x)(2)) — 2(—sin x)
= —x%sin X + 2X cos X — 2X cos X — 2 sin X + 2 sin x = —x? sin X
f(x) = x*sinx cos x = f/(x) = x>sinx(—sinx) + x3cos x(cos x) + 3x?sinx cos x = —x>sin?x + x>cos?x + 3x%sin x cos x

g(x) = (2 — x)tan’x = ¢'(x) = (2 — x)(2 tan x sec’x) + (—1)tan’x = 2(2 — x)tan x sec’x — tan’x
2

= 2(2 — x)tan x( sec’x — tanx)
_ ds __ 2 __ 2 ds __
s=tant—t = F =sec’t—1 20. s=t"—sect+1 = {H =2t—secttant
g = 14csct = ds _ (I —csct)(—csctcott)—(1+csct)csctcott)
T l-—csct de — (1 —csct)?
__ —cscteott+csc’tcott—csctcott—csc’teott _ —2csctcott
- (1 —csct)? — (I—csct)?
g— —sint _ ds __ (I-cosncos)—(sint)siny) _ cost—cos’t—sin®t _ _cost—1 __ _ _ 1 _ 1
T 1-—cost de (1 —cost)? - (1 —cos t)2 T (I—cost)? l—cost ~ cost—1

r=4—-60>sinf = % =— (92 %(sin 0) + (sin 0)(29)) = — (6? cos 0 + 20 sin §) = —0(0 cos O + 2 sin 0)

r=0sinf +cosf = %:(00050+(sin0)(1))fsin0:00050

r=secfcscld = % = (sec #)(—csc 6 cot 0) + (csc O)(sec # tan 0)

= (c;slﬁ) (si111€) (%) + (silllg) (cnﬁﬁ) (ggl_qee) = si;’zle + 001—29 = sec’ ) — csc?f

r=(1+secH)sinf = % = (1 + sec 8) cos 0 + (sin A)(sec 6 tan #) = (cos § + 1) + tan® = cos 8 + sec?

p=5+- =5+tanq = g—gzseczq

cot q

p=(+cscq)cosq = g—g = (1 4 csc q)(—sin q) + (cos q)(—csc q cot q) = (—sinq — 1) — cot’> ¢ = —sin q — csc?q

__ sing4cosq = dp __ (cos g)(cos q —sin ) — (sin g + cos g)(=sin q)

p= cos q dq cos2q
_ coszq—cosqsinggsin2q+cosqsinq = g _ SCCQq
cos? q cos?q
ang - _, dp _ (I+tang)(sec®q) —(tan q) (sec’q) _ sec’q+tangsec’q—tangsec’q _  sec’q
P 1+tanq dq — (1 + tan q)? - (1 + tan q)? ~ (1+tanq)?
_ gsing = dp _ (4®—1)(qeosq+sinq(l)) — (qsing)(2q) __ g cosq+q?sing—qcosq—sing —2¢sing
P= @17 @17 @17
_ q’cosq—qg?sing—qcosq—sing
- 2
(@-1)
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