80 Chapter 2 Limits and Continuity

(c) We say that f(x) approaches minus infinity as x approaches x, from the left, and write . lin}( _f(x) = —o0,
— X0

if for every positive number B (or negative number —B) there exists a corresponding number é > 0 such
that for all x, xg — 6 < x < X9 = f(Xx) < —B.

94. ForB>0,1 >B>0 & x < g. Choose § = . Then0 <x <6 = 0<x< g = I>Bsothat lim {=oc.

X —

95. ForB>0,1 <-B<0 < —1>B>0« —x<i & —1<x Choosed=2. Then—6 <x<0
j*%<xéi<7Bsothat limifzfoo_
Xx—0" X

96. ForB>0, 25 <-B & — 15 >B & —(x—-2)<§ & x—2>—4 & x>2— . Choose § = §. Then

2-86<x<2=> —6<x-2<0=> —3<x-2<0=> L5 <-B<Osothat lim -5 =—oc.
x—2" X

97. ForB>0, 25 >B < 0<x—2<32. Choose§ =2. Then2<x<2+6§ = 0<x—2<¢§ = 0<x—-2<2
= —5 > B > 0so that lim+i:oo.

X—2 X — 2

98. ForB>Oand0<x<1,l;>B & l—x2<% & (1—X)(1+X)<%. Now%<1sincex<l. Choose

X

§<z5 Thenl—§<x<1l= —6<x—-1<0=1-x<6<z = 1-x0+x)<g (5 <t
= ﬁ>Bfor0<x<landxnear1 = linﬁf 1%:

X —

= = 0.
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

103, y=¥-1—-x_1 104, y=541 = x4+ L

X

105. y:\/4X__X2 106 y:\/;i_x2
y Lo y
=2 : o
5 2 : i
it | ; | =7
Ea— IR |
i -1 i
[
: x=2]
107. y =x*3 4+ 15 108. y = sin (")

109. (a) y — oo (see accompanying graph)
(b) y — oo (see accompanying graph)
(c) cuspsatx = =+ 1 (see accompanying graph)

- %(X %)2/3
110. (@) y — Oandacuspatx =0 (seethe accompanying .
graph) 1
b)) y— % (see accompanying graph)
(c) avertical asymptote at x = 1 and contains the point y=3

(71, ZEW) (see accompanying graph)
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82 Chapter 2 Limits and Continuity

CHAPTER 2 PRACTICE EXERCISES

1. Atx=—-1: Xilr{lr f(x) = xl}r{lﬁ fx) =1

= lim fx)=1=f(—1)
X — —1

= fis continuous atx = —1.
Atx=0: lim f(x)= Ilim f(x)=0 = Ilim f(x)=0.
x—0 x — 0t x—0

But f(0) = 1 # lim f(x)

= fis discontinuous at x = 0.
If we define f(0) = 0, then the discontinuity at x = 0 is

removable.
Atx=1: lim f(x)=—-1and lim f(x)=1
x—1 X — 1t

= lim_ f(x) does not exist
x—1

= fis discontinuous at x = 1.

2. Atx=—-1: Ilim f(x)=0and lim fx)=—
X — —1 x — —1F

= lim 1 f(x) does not exist

X — —
= fis discontinuous at x = —1.

Atx=0: lim f(x) = —ocoand lim f(x)=
x—0 x — 0F

= lim0 f(x) does not exist
X —

= fis discontinuous at x = 0.

Atx=1: lim fx)= Ilim fx)=1 = Ilim f(x)=1.
x—1 x — 1t X — 1
But f(1) =0 # lim1 f(x)
X —

= fis discontinuous at x = 1.
If we define f(1) = 1, then the discontinuity at x = 1 is
removable.

lim (3f(t)) =3 lim £(t) =

t*?tg t*?tg

(®) lim (£(1)° = ( lim £(1 (=749

© lim (1) £(0) = lim £~ lim &) = (-70) =0
f(t) t]]l?o f(t) dim £V

dm (g() =7) — lim g(t) —

(e) lim cos (g(t)) = cos (tILn}U g(t)) =cos0=1

— 1

3(~7) = —21

_ =1 _
lim7 =1
e

d lim

t—ty 80O-7

M lim |ft|:‘ lim f(t)‘:|—7|:7
t—1tp t— 1ty

(g) lim (f(t) +g(t)) = lim f(t)+ lim g(t)=-7+0=—7
t— tg t—to t—tp

: 1 _ 1 1 1

(h) tll»n%o (W) T olmfo T -7 7

4. (@) lim —gx) = — lim g(x) = —/2
x—0 x—0

0, x<-1

fw =1 0<lxl<1

0, x=1
I, x>1

—-

() lim (200 f00) = lim g0 lim ) = (v2) (4) = 2
(© lim (f(x)+g(x)) = lim f(x)+ lim g(x) =3+ V2
() lim ﬁ:@;ézz
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10.

11.

12.

13.

14.

15.

Chapter 2 Practice Exercises

(e) Xlgn0 (x +f(x)) = xlg‘n0 X + xlino f(x) =0+

2= 2
(B lim sy _ @ OIEOr (D)
X — 0 x—1 )}% X — }%1 0— 2

Since lim0 x = 0 we must have that lim (4 — g(x)) = 0. Otherwise, if lim0 (4 — g(x)) is a finite positive
X — X —
number, we would have lin}) ~ {4 g(x)} —o0 and hnz)+ {@} = oo so the limit could not equal 1 as
X — X —

x — 0. Similar reasoning holds if lim0 (4 — g(x)) is a finite negative number. We conclude that lirn0 g(x) = 4.
X — X —

2= lim , [x i, g00] = tim x- fim | im, g60] = ¢, i, |, g00] = ~4 Jim, g00

X — —

(since lim_ g(x) is a constant) = lim_ g(x) = %1 = — %
x—0 x—0 -

(@) lim f(x) = lim_ x'/? = c¢!/3 = f(c) for every real number ¢ = f is continuous on (—o0, c0).
X—C X—C

(b) Jim g(x) = lim x g(c) for every nonnegative real number ¢ = g is continuous on [0, 00).
(¢) Jim h(x) = lim x~ = h(

. —om x-1/6 1
(d) Jlim k(x) = lim x = Kk(

c) for every positive real number ¢ = k is continuous on (0, co)

@ U ((n — %)7‘(, ( ) ) where I = the set of all integers.
nel

() U (nm, (n+ 1)m), where I = the set of all integers.
nel

() (—o0, ™) U (m, 00)
(d) (—o0, 0)U (0, c0)

x=2)x=2)

(a) xlgn0 ;&+_5)(47~Xj144x = lim ey = XliLn0 X(X+7) , X # 2; the limit does not exist because
Jim o 555 =ocoand lim 5%y = —oo

(b) lim o = lim G300 = lim 222 x # 2and lim) 222 = 565 =0

(a) 11_r>n0 m = hm0 % = X11_r>n0 m Xlgn0 XQ(X“) ,X# 0and x # —1.
Nowthf m = ooandxlin%)+ m =00 = xhl}n0 m = oo.

b lim 5= lim G = dim X,(X+1),x # 0and x # —1. The limit does not

—oo and hm = o0.

exist because lim =
X > —1t x2(x+ 1)

1 —
X — —1- X2(x+D

. 1I—yx _ . 1-/x 1
Ay e = 0 e T TR

—

: x2—a2 _ 1 (x> —a?) — 1 _
xhipa xt—al T x—a (x2+4a?)(x2-a?) T Xtha xZ+aZ — 2a2

lim GHWIox o, (a2 o Jim (2x 4 h) = 2x

h—0 h h—0 h
2_ 2 . 2 2) _ 2 .
lim W — 1im <X+Zh’+h)x — lim 2x+h)=h
x—0 x—0 x—0
-3 —Q2+x) 1
1 2+x 2 J— —_ =
Xhino X - Xh_r,no 2x(2+x) - hmo 4+2x - 4
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c) for every nonzero real number ¢ = h is continuous on (—oo, 0) and (—o0, 00).
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Chapter 2 Limits and Continuity

(x34+6x>+12x+8)—8

lim V=8 _ jipy = lim (x> +6x+4 12) =12
x—0 X x—0 X x—0
K1/3 1 T (x'3—1)  (&@P4x"Pr1)(Vx+1) . (x—1(y/x+1) Vx+1
Xh_>1 Vx—1 Xh_l,n] (Vx=1)  (Vx+1)(x23+x13+1) _Xh_l,n] (x— D3 +x13+1) hm1 x23 +x1/3+1
141 2
T 14+1+41 7 3
. B_16 1 (P-4 (x'P+4) . (x!3—4)(x '/3+4) (P4 ax!P416) (/x +8)
I B Y R OV S [ LR M aRTS
— Iim (x 64)(x'3+4) (/x+8) _ (X'P+4)(VX+8) _ (4+4)(8+8) _ 8
X — 64 (x—64)(x2B+4x153+16) — x gq x¥P4+4x13+16 T 16+16+16 T 3
tan2x __ 1z sin2x | cosmX __ q; sin 2x COS TX X 2x) __ 1.2 2
Xll,no tan X —thl’lO cos2X  sinmX _Xlino ( 2x )(cost)(sinfrx)(wx) - -1 T
lim cscx = lim L =
X — T o sinx
. . rx . o . e
Xlgn7T sin (5 + smx) = sin (5 + sm7r) = sin (5) =1
lim_cos? (x — tanx) = cos’ (1 — tan7) = cos? (7) = (-1)* =1
8x — 1 — 8 —
hmo 3sinx —x XIE,HO X _p 7T 3() -1 4
: cos2x—1 _ 13 cos2x—1  cos2x+1) _ 1; cos?2x—1  __ —sin? 2x _ 1
xlgno sinx xlgno ( sinx c052x+1) - Xlgno sinx(cos2x+1) — hmo sinx(cos2x+1) — xlgno

—4sinxcos>x __

—4(0)(1)*

cos2x+1

1+1

1/3
Xlir%+ 4ex)]/? =2 = L linr(l]+ 4 g(x)] =2 = Xlir%+ 4 g(x) = 8, since 2° = 8. Then xlir%+ g(x) = 2.

lim_ 1 -=2= lm_ +gx)=1%= 5+ lim_gx)=1% = Ilm_gx)=1-+/5
x — /5 *TE® X — 2 Vs x—/5 2 xS S
3241 : _ : : 2 _
Jim S =00 = Xlgn1 g(x)—OsmceXlgn1 B3x*+1)=4
. 5— . _ . . ) _
xl_l}mf2 \/&TX =0 = 1_1>rni2g(x)foos1ncexl_1>mi2(5 x?) =1
_ 1. . _ x(x* 1) i
Atx=—1: xilr{lr f(X)_ximfll’ =1 /
= lim _ X(’f:ll) = lim x=-1,and 1
x— —1 X x — —1
. x(x2—1) . x(x2—1)
im {0y = lim e = lim TG . : "
= hml(—x)_ —(—1) =1. Since
X — —
limlf f(x) # 1im1 f(x) /’ -1
X —
=x(x? = 1)/Ix? —
= lim f(x) does not exist, the function f cannot be f@) =2 =D =1
x— —1
extended to a continuous function at x = —1.
_1- : 1 x(-1) _ g -1 _ ) —
Atx = 1: xlimrf(x)_xlin} FoT _xlin%* *(XLU_lemr( X) 1, and
lim fx)= Lm 280 — jim XD _ fmox = 1. Again lim f(x) does not exist so f
X — 17 x -1+t K=l x -1+ x¥-1 x — 1 - he x—1

cannot be extended to a continuous function at x = 1 either.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.

=0



Chapter 2 Practice Exercises

30. The discontinuity at x = 0 of f(x) = sin (1) is nonremovable because lim0 sin 1 does not exist.
X —

X

31. Yes, f does have a continuous extension to a = 1: y

32.

33.

34.

35.

36.

37.

39.

define f(1) = 1im1 Xx—l =4
X —

_4\/} 3°

-1 1

x -1
f(x)=x_~./;. a=1
Yes, g does have a continuous extension to a = %: o
8
T\ — 13 Scosf __ 5
g (5) - algni_)r 9—2r —  4°
80)= 450670;(; T
L ]
) 3
\ z
From the graph we see that lim h(t) # lim_ h(t) h(t)
t— 0~ t— 0t
so h cannot be extended to a continuous function \
2
ata=0.

1

—

-1 1

-1
h(@t) =1+ DY, a=0

From the graph we see that lim k(x) # lim k(x)
x —0 X — 0 k(x)

so k cannot be extended to a continuous function
ata = 0. -2l

2+

(@) f(—1)=—1andf(2) =5 = fhasaroot between —1 and 2 by the Intermediate Value Theorem.
(b), (¢) root is 1.32471795724

(a) f(—2) = —2and f(0) =2 = f has a root between —2 and 0 by the Intermediate Value Theorem.
(b), (c) root is —1.76929235424

3 B 3
s 2X4+3 i 2FF 240 _ 2 . 243 2+t3 240 _ 2
x UM S T x=005+1 7 5+0 T 5 38.  lim fos = XEIEOOKHXLQ =540 5
: X2 —4x+8 __ : 1 _ 4 8)Y—_0— =
xl}n—loo 3x3 _xlln—loo(Bx 3x2+3x3) =0-0+0=0

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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86 Chapter 2 Limits and Continuity

1
i — = 1 2 — 0 _
40. Xleooxz_7xH—lemOO17£+x% —o0 =0
H x2—Tx : x=7 x! + x3 x4+l
41. _ lim = _lim = —00 42, lim o525 lim -5 =00

x e T2 + 128 — x = —ool12+ 3

43. lim $8* < 1im -1 = O since int x — 0o as X — oo =_lim _$1* = (.
X =00 |x] X — 00 [x] X — 00 [X]

44. lim <=1 < lim 2 =0= lim ©f=1—0.

0 — oo 6= ool —oo 0
. sin x
45, fim AEemRVx o DR sod0 g
XS 00 X + sin x X = 00 1+S“”‘ 1+0

+xt g 1+ x5\ _ 140 _
46. xh—{noox2/3+c052x_xlll>’noo<1+%> 1 0_1
x2/

. 2 . .
47. (@) y =2+t x +34 = —ocoand lim_ **& = -+ oo, thus x = 3 is a vertical asymptote.
x—>3 = X — 3t X~
— =2 _ X" —x=2 X2—-x-2 _ 13 :
(b) y = 557 is undefined at x = 1: thr a1 — —ooand x11m1+ a1 = —00, thus x = 1 is a vertical
asymptote.
_ X>4+x—6 : : _ AT xX2+x—6 __ x+3 _ 5. 13 X24+x—6 _ 1; X+3 _
(¢) ¥y = 5795 is undefined at x = 2 and —4: thlz Tiax—g — Xthz e 6’x1Lm74* T ix—8 XILHLL* 3 =
x>+x—6 x+3 A3
lem e lim g+ xtd = 00 Thus x = —4 is a vertical asymptote.
48. (a) y= 2 gim =X — Jim X%_l—‘———land lim =2 = lim 2Tl o=l - thusy = —1lisa
: y_xz+1'x~>ooxz+l_xﬁ>oo +Xi_ 1 = oo X241 _x~>7001+%2_ 1 = ’ y=
horizontal asymptote.
4
VXA o x+4 I+7 110 _ s .
b) y= i kM e = Jim = = Vit6 = 1, thus y = 1 is a horizontal asymptote.
T
Ve fETa 1+5 1/_ . 2 . 1+5 . 1+3
(c) y= Y+t im Y14 — Jim =1land _lim 44— lim —~ = lim —
X X—00 X X — 00 1 X— —00 X X—= =00 73 X — —00 Ix
1+iz I
o X +0 1 _
= lim — = —1,thusy = 1 and y = —1 are horizontal asymptotes.
X — —oo0 —1

©

XZ . 1+7 _ _
P ccca 3 S e RSOV N = S e Y
thusy = 5 is a horizontal asymptote.
CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES
1. (@ x | 0.1 0.01 0.001 0.0001 0.00001

x* | 0.7943 0.9550 0.9931 0.9991 0.9999
Apparently, . ll.r%+ x*=1

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Chapter 2 Additional and Advanced Exercises 87

(b)
y
1
0.6 .
y=x
0.2
X
0.2 0.6 1
(@ x | 10 100 1000

()™ 03679 03679 0.3679

Apparently, lim (%)1/(]“) =0.3678 =1
(b)

Y

1 1/(1n x)
fo) = (-)

X
0.4

0.2

. . v2 vl‘g?,in 2
Jim L= lim Loy /1-%=Loy/1 -5 =1L /1-=0

The left-hand limit was needed because the function L is undefined if v > c¢ (the rocket cannot move faster
than the speed of light).

@ |5 -1]<02 5 —02<%-1<02 5 08< <12 = 16</X<24 = 256 <x <576,

®) |5 =1 <01 5 <01 <Y =1<01 = 09< <1l = 18</Xx<22 = 324 <x <4384,

|10 + (t — 70) x 10~% — 10| < 0.0005 = |(t— 70) x 10| < 0.0005 = —0.0005 < (t — 70) x 10~* < 0.0005
= 5<t—70<5 = 65°<t<75° = Within 5°F.

We want to know in what interval to hold values of h to make V satisfy the inequality

|V —1000| = |367h — 1000| < 10. To find out, we solve the inequality:

|367h — 1000] < 10 = —10 < 367h — 1000 < 10 = 990 < 367h < 1010 = % <h< %

= 8.8 < h < 8.9. where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe.

The interval in which we should hold h is about 8.9 — 8.8 = 0.1 cm wide (1 mm). With stripes 1 mm wide, we can expect
to measure a liter of water with an accuracy of 1%, which is more than enough accuracy for cooking.

Show lim1 f(x) = lim1 (x2—=17) = —6 = f(1).
X — X —
Stepl: [(x2=7)+6]<e = —e<x*—1<e=l-e<xt<l+e=VI-e<x<1l+e

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



88 Chapter 2 Limits and Continuity

Step2: |x—1]<éd = —6<x—1<é6=> —6+1<x<6+1
Then —§ +1=1/1—cord+1=+/11c Chooseé:mjn{l—\/l—e,\/1+e—1},then

O<|x—1]<é6 = |(x*-7)—6| <eand lim1 f(x) = —6. By the continuity test, f(x) is continuous at x = 1.
X —

. T S 1
8. Show lim, g(x) = lim, 5 =2=g(3).

1
. 1 1 1 1 1
Stepl: |5 —2|<e = —e<fE—2<e = 2-e< g <2+€=> 5 >x> .
Step2: |z -1 <6 = —b<x—-1<é = 6+i<x<é+i.
1 _ 1 _ 1 1 _ € 1 _ 1 _ 1 1 _ €
Then =8+ 3 =55 = 0= 1 x50 0 FTs=mx 2 0= 3= w9

44 2¢
Choose 6 = the smaller of the two values. Then 0 < |x — H <6 = |2lX — 2| < € and 1im1 2Lx =2.

4

_e
a@+e) >

. . . . _ 1
By the continuity test, g(x) is continuous at x = ;.

9. Show lim h(x) = lim \/2x—3 = 1="h).
X — X —
Step 1: ’\/2x—3—1’<6 = —e<V/2x—3-1<e=> l-e</2x—3<1+e = =95 oy o Qb3

Step2: |x—2|<éd = —6<x—2<bor—6+2<x<+2
Then —§ 42— U=043 L §_g_ Q=cfsd _1=0-0 | _ & qig 9 Uroies

2 2_ 5
= 6= W —2= % =€+ % Choose 6 = € — %, the smaller of the two values. Then,

0<|x=2|<é6 = ‘\/ 2x — 3 — 1’ < €, SO lim2 v/2x — 3 = 1. By the continuity test, h(x) is continuous at x = 2.
X —

10. Show lim_ F(x):xliing)\/ﬁ:z:F(S).
Step 1: ’\/ﬁ—zlq = e< V9 x-2<e=9-Q2-’>x>9— 2+
Step2: 0<|x—5|<d = —6<x—5<d = —0+5<x<6+5.
Then -6 +5=9-2+¢€? = 6=02+e)? —-4=€4+26,06+5=9—-2—-¢€? = §=4—2—¢)? =€ — 2e.
Choose § = €% — 2¢, the smaller of the two values. Then, 0 < |[x — 5| < § = ‘\/ﬁ—Q‘ < €, S0
lim \/9? = 2. By the continuity test, F(x) is continuous at x = 5.

X —5

11. Suppose L; and L, are two different limits. Without loss of generality assume Ly > L;. Lete = % (Lo — Ly).
Since lim f(x) = L, thereis a 6, > 0 such that 0 < [x —Xo] <6 = [f(x) —Li| <e = —e<f(x)—L; <e
= —1(@Ly—L)+L; <f(x) <i(Ly—Ly)+L; = 4L; — Ly < 3f(x) < 2L; + L,. Likewise, Jim f(x) = Lo
sothereis a § such that 0 < |[x —Xo| < 62 = |[f{X) —Ly| <€ = —e <f(x)— Ly <e¢
= —%(LZ —L)+ L <f(x) < %(Lz —Lp)+Ly = 2Ly +L; <3f(x) <4Ly — L4
= L — 4L, < —3f(x) < —2Ly — L;. If § = min {61, 62} both inequalities must hold for 0 < |x — x¢| < 8:

4L, — Ly < 3f(x) < 2L; + Lo
L; — 4L, < —3f(x) < —2Ly — L

a contradiction.

} = 5(L; —Ly) <0< L; —Ls. Thatis,L; — Ly <OandL; — Ly > 0,

12. Suppose thnc f(x) = L. If k = 0, then xlian kf(x) = XliLnC 0=0=0- xliLnC f(x) and we are done.
If k # 0, then given any € > 0, thereisa § > 0sothat 0 < |[x —¢| < § = |f(x) —L| < W= [k||f(x) —L| < e

= [k(f(x) —L)| < ¢ = |(kf(x)) — (kL)| < e Thus, lim_kf(x) = kL = k(x@c f(x)).

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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15.

17.

Chapter 2 Additional and Advanced Exercises 89

. (@) Sincex — 0M,0<x*<x<1 = (x*-x) > 07 = lim f(x*—x)= ]ir%ff(y):Bwherey:x?’—x.
y*?

x — 0t
(b) Sincex — 07, -1<x<x3<0 = (x3-x) - 0F = 1in})7f(x3—x): lin}ﬁf(y):Awherey:x?’—x.
X — y—
(© Sincex — 07, 0<x'<x* <1 = (x¥*—x') — 0" = lim f(x*-x')= 11113J+ f(y) = A where y = x* — x%.
X — y —

(d) Sincex — 07, -1<x<0 = 0<x'<x*<1 = (X*—-x') - 0" = lim f(x>—x*)=Aasinpart(c).

x—0

(a) True, because if Xli_r)na (f(x) + g(x)) exists then Xli_Ipa fx) + g(x)) — Xli_r)na f(x) = Xli_r)na [(f(x) + g(x)) — f(x)]

= XliLna g(x) exists, contrary to assumption.

(b) False; for example take f(x) = % and g(x) = — % Then neither limO f(x) nor lim0 g(x) exists, but
X — X —
: — 1 L1y — = i
X@n0 f(x) + g(x)) = xlino (-1 X15110 0 = 0 exists.
(c) True, because g(x) = |x| is continuous = g(f(x)) = [f(x)| is continuous (it is the composite of continuous
functions).
-1, x<0 . . .
(d) False; for example let f(x) = 1 x>0 = f(x) is discontinuous at x = 0. However |f(x)| = 1 is
continuous at x = 0.
: T =1 _ 1; x+bhx=1D _ _
Showxl_l’m_lf(x)fxl_1>m_1 )(Jrlfxl_l)m_1 aiD - = 2,x # —1.
xX—1 _
Define the continuous extension of f(x) as F(x) = { X 2+1 » X F 11 . We now prove the limit of f(x) asx — —1
_ X = —

exists and has the correct value.

GO 49 e = —e<(x—DH+2<ex# 1= —e—l<x<e—L

Step2: [x— (=) <6 = —d<x+1<6 = -6-1<x<é-1
Then -6 —1=—e—1 = §=¢cor6—1=€e—1 = 6§ =¢c. Choose 6 =e. Then0 < |[x —(=1)| < ¢

Step 1:

+1

’f*l—(—2)‘<e = —e<

= ’;:;11 — (72)’ <e = lim . F(x) = —2. Since the conditions of the continuity test are met by F(x), then f(x) has a
X — —
continuous extension to F(x) at x = —1.
; — i x2=2x-3 _ 1 x=3)x+1 _
. Show Xlgn3 g(x) = Xhin3 e = xhin3 a3 = 2, X # 3.

x2—2x-3
Define the continuous extension of g(x) as G(x) = { ) x-6 > % 73 . We now prove the limit of g(x) as

,x=3
x — 3 exists and has the correct value.

x>—2x-3

Step 1: T

72‘<6é —e< BED 2 ce = —e <M -2<ex#3 = 3-2<x <342

Step2: |x—3]<éd = —6<x—3<éd6=>3-6<x<b6+3.
Then,3 —6=3—2¢ = § =2¢,0r6+3=3+2¢ = é =2¢e. Choose § =2¢. Then0 < |[x —3| < §

X-2x-3 G390t — 9 Since the conditions of the continuity test hold for G(x),

= 2x—6

72‘ <€e = X11_r)n3 o —3)

g(x) can be continuously extended to G(x) at x = 3.

(a) Lete > 0be given. If x is rational, then f(x) = x = [f(x) — 0| =|x — 0| <€ < |x — 0] < € i.e., choose
6 =¢. Then|x — 0| <8 = [f(x) — 0| < e for x rational. If x is irrational, then f(x) =0 = |f(x) — 0] < €
< 0 < e which is true no matter how close irrational x is to 0, so again we can choose 6 = €. In either case,
given e > Othereisad = e > Osuchthat0 < [x — 0] < § = |f(x) — 0] < e. Therefore, f is continuous at
x = 0.

(b) Choose x = ¢ > 0. Then within any interval (c — 6, ¢ + ) there are both rational and irrational numbers.

If ¢ is rational, pick € = % No matter how small we choose § > 0 there is an irrational number x in
(c—b,c+06) = |f(x) —f(c)] = [0 —c| =c > § = e. Thatis, fis not continuous at any rational ¢ > 0. On
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18.

19.

20.

Chapter 2 Limits and Continuity
the other hand, suppose c is irrational = f(c) = 0. Again pick ¢ = 5. No matter how small we choose 6 > 0
there is a rational number x in (c — 6,¢ + 6) with [x —¢| < § =€ < § < x < 3. Then [f(x) — f(c)| = [x — 0|
= |x| > § = ¢ = fis not continuous at any irrational ¢ > 0.
_ C . el = . .
If x = ¢ < 0, repeat the argument picking € = 5 = . Therefore f fails to be continuous at any
nonzero value x = c.
(a) Letc = T be arational number in [0, 1] reduced to lowest terms = f(c) = % Pick € = zl—n No matter how

small 6 > 0 is taken, there is an irrational number X in the interval (c — 6,¢ + ) = |f(x) — f(c)| = |0 — %|
= 1> 1 = ¢ Therefore f is discontinuous at x = c, a rational number.

(b) Now suppose c is an irrational number = f(c) = 0. Let ¢ > 0 be given. Notice that % is the only rational
number reduced to lowest terms with denominator 2 and belonging to [0, 1]; % and % the only rationals with
denominator 3 belonging to [0, 1]; 4 and 3 with denominator 4 in [0, 1]; 1, %, 2 and  with denominator 5 in
[0, 1]; etc. In general, choose N so that % < e = there exist only finitely many rationals in [0, 1] having
denominator < N, say 11, Ia, ... ,T,. Leté =min{|c —r|: i=1,... ,p}. Then the interval (c — 8,c + §)
contains no rational numbers with denominator < N. Thus, 0 < |x —¢| < § = [f(x) — f(c)| = |f(x) — O

= |f(x)] < § < € = fis continuous at x = ¢ irrational.

(c) The graph looks like the markings on a typical ruler Y

when the points (x, f(x)) on the graph of f(x) are L

connected to the x-axis with vertical lines.
0.8
0.6
0.4
0.2

L x
0 0.2 0.4 0.6 0.8 1
Fox) = 1/n  if x'=m/n is a rational number in lowest terms
=10 if x is irrational

Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the
zero point, 0, on the equator = 0 + 7R represents the midnight point (at the same exact time). Suppose X;
is a point on the equator “just after" noon = x; 4+ 7R is simultaneously “just after" midnight. It seems
reasonable that the temperature T at a point just after noon is hotter than it would be at the diametrically
opposite point just after midnight: That is, T(x;) — T(x; + mR) > 0. At exactly the same moment in time
pick xs to be a point just before midnight = x5 + 7R is just before noon. Then T(x3) — T(x2 + 7R) < 0.
Assuming the temperature function T is continuous along the equator (which is reasonable), the Intermediate
Value Theorem says there is a point ¢ between 0 (noon) and 7R (simultaneously midnight) such that

T(c) — T(c + 7R) = 0; i.e., there is always a pair of antipodal points on the earth's equator where the
temperatures are the same.

X—c 4

— 4@ - 1) =2

Jim, 0000 = Jim, £[(600 -+ £00)” — (1) — 00)?] = 2 [ (Jim, (709 + 20) "~ (Jim, () — £)) |

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Chapter 2 Additional and Advanced Exercises 91

0 T T —1++/1+a _ 1. 1+\/7)< 1+a)
21 (@) Atx=0: lim 1y @ = lim =S50 = fim ( =

T 1-(1+a) _ -1 _ 1
= lim, a(-1—/Tta)  -1-/it0 2
1-(+a) ; —a -1 __

Atx = —1I: aiilzl1+r+(a):ali{11+ a(-l—+1+a) =, im, a(C1-V1ta)  —1-V0
(b) Atx=0: lim r (@)=l 7*1*2{m: lim (*1*“1_“)(’“““)
a—

a— 0" a— 0" a —1++1+4a
= lim =03 — =l = because the
a— 0" a(- 1+\/l+a) a_>()* a(—1+/1+a) 1+\/l+a) a_>()* —1+/1+a 00 (
nominator is al n i lim r_(a)= lim —l——_ h nominator
denominator is always negat Ve),aﬁ0+ (a) Jim oo (because the denominato

is always positive). Therefore, lim0 r_(a) does not exist.
a—

— 1 : _ : —1-V1+a _ : -1 _
Atx =1 ailrzl1+r,(a)7ai11111+ a 7a*1>1n,11+ —1+\/m71
(©)
r (a)
1+ r_(a)
~1+J/T+a
0.8 r+(a)=_~ __l_ 1+a
. s‘ a 2 r-(a)—-a*
a a
-1 -0.5 0.5 1 -1 2 4
Graph not to scale -2
-4
(d)
f(x) f(x)
a=0.2 L
1 a=0.1 3?0.5
a=0.05
20
X
-1 .5 1 2=l
j X
fx)=ax*+2x—~1 =Y -30
f@ =axt+2x-1
-20

22. fx) =x4+2cosx = f(0)=0+2cos0=2>0and f(—7w) = —7m 4+ 2 cos(—m) = —7 — 2 < 0. Since f(x) is
continuous on [—7r, 0], by the Intermediate Value Theorem, f(x) must take on every value between [—7 — 2, 2].

Thus there is some number ¢ in [—7, 0] such that f(c) = 0; i.e., c is a solution to X + 2 cos x = 0.

23. (a) The function f is bounded on D if f(x) M and f(x) < N for all x in D. This means M < f(x) < N for all x
in D. Choose B to be max {|M|, |N|}. Then |f(x)| < B. On the other hand, if |f(x)| < B, then
—-B<fx) <B = f(x) —Bandf(x) <B = f(x)isbounded on D with N = B an upper bound and
M = —B a lower bound.

(b) Assume f(x) < N for all x and that L > N. Lete = % Since XILH}([) f(x) = L there is a 6 > 0 such that
0<[x—x| <8 = [fx)—L|<e & L-e<f(x) <L+e e L-EN<f(x) <L+~
& % < f(x) < # ButL >N = % > N = N < f(x) contrary to the boundedness assumption
f(x) < N. This contradiction proves L < N.
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.
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(¢) Assume M < f(x) for all x and that L < M. Lete = M>E. Asin part (b),0 < [x — x| < §

= L— ML < f(x) <L+ ML & LM o fx) < MEE < M, a contradiction.

(@) Ifa b,thena—b 0 = |a—bl=a—b = max{a,b} = %wL@ =bpashb 2,y
Ifa<b,thena—b<0 = |a—b|=—(a—b)=b—a = max{ab} =230 B P _atdb ba
__2b _
=3 =b.

(b) Let min{a,b} = 2+b — ‘a;bl :

. _ sin(l—cosx) _ 1. sin(1 — cos x) o l—cosx  14cosx _ 1; sin(1 — cos x) . . 1—cos’x _ 1.1 sin? x

Xll_I')IlO - X —XII_IPO 1—cos x X 1+cos x 7X1E>n() 1—cos x Xll_I')IlO x(1+cos x) =1 Xlgno x(1+ cos x)

_ : sin X sin X _ 0y _
- Xlgno X T+cosx L- (5) =0.
: sinx : sinx \/; X 1. 0n 1 R H —1.0.0 —

Jim S = lim S 2o S =1 lim ol Tim /X =1-0-0=0.

x%O*( \ﬂ) x — 0"

s osin(sinx) _ q. osin(sinX) | sinx T sin(sinx)  q: . sinx —1.1=

xlll)no X - xlgno sin X X xlll)no sin X xlll)no X I-1 L
: 2 : 2 H 2

lim $GTEX%) gy SE4Y) 1) = 1im S 4X) 0 jim PN=1-1=1
X — 0 X X — 0 X+ X (X+ ) X — 0 X2 +x X—>O(X+ )

s osin(®—4) g osin(x®—4) i SNE—4) g 14—
Xlgnz—x_2 = xlgz o (x+2) thinz e Xlgnz(x—f—Z) =1-4=4

. sin(\[—b’) T sin(\/;—b’) . 1 T sin(\/;—?)) BT 1 _1.1_1
xh~I>n9 x=9 _x1£n9 Vx=3 Vx+3 _xlgn9 Vx=3 xhin‘)\/;*?’ =1 66
Since the highest power of x in the numerator is 1 more than the highest power of x in the denominator, there is an oblique

g p g p q

asymptote. y = % =2x — ﬁ, thus the oblique asymptote is y = 2x.

Asx — ioo,%—>O:>sin(l) —>O:>1—|—sin(%) — 1, thus as x — :I:oo,y:x—kxsin(%):x(l—ksin( )) — X;

1 1
X X

thus the oblique asymptote is y = x.

Asx — 00, x24+1 - x2=V/x24+1— Vx2;asx — —o0, VX2 = —x, and as x — + 00, VV x2 = x; thus the
oblique asymptotes are y = x and y = —X.

Asx — +00,Xx+2 —=x= /X2 +2x = /x(x+2) = VX%, asx — —o00, Vx> = —Xx, and as x — + 00, VX = X;

asymptotes arey = x and y = —X.
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