CHAPTER 2 LIMITS AND CONTINUITY

2.1 RATES OF CHANGE AND TANGENTS TO CURVES

f(3) — f2 - f(1) = f(—1 -
1. (a) %: (;72():2819:19 (b) %: (1)7(7(1)):220:1
Ag _ g—g=D) _ 1-1 _ Ag _ g0)—g(=2) _ 0-4 _
2. (a)ﬂ_ﬁ_T_O (b)E—W—T——Z
W) -h(d) _ —i- h(5)-h(§) _ 0-v3 _ -3./3
3. (a) %: (4%_44) _ 1% 1 :7% (b) %: (2%_%(6) — j%\[: 7:[
Ag _ gm—-g0® _ 2-D-2+D _ 2 Ag _ gm—g-=m _ 2-DH-2-1) _
4. (a) At T -0 T—0 - T (b) At T a—-(-m 2 =0
5 AR _ RQ-RO) _ VBHI-VI _3-1 _
A T T 2-0 2 =2 =
AP _ PQ-P(1) _ 8—16+10)—(1—4+5) _ _
6. XM= 21 = T =2-2=0
2_3)—(22-3 3 2 .
7. (@) Ry = (@I o-(@3) _ drdniiiodol bl 44 b Ash — 0,44 h — 4 = at P(2, 1) the slope is 4.

A
b)) y—1=4x—-2)=y—-1=4x-8=y=4x—-7

2 2
8. (a) &Y= CoUEW)ZBol) _solodhoiod _ ol ) h Ash— 0,2 —h— —2 = at P(1, 4) the

slope is —2.
b) y—4=(2)x—1)=y—4=-2x+2=y=-2x+6

9. (a) % _ ((2+h)2—2(2+h);3)—(22—2(2)—3) _ 4+4h+h2_4h—2h—3—(—3) _ zhﬁ-hz =2+h Ash—0,24+h—2=at
P(2, —3) the slope is 2.
b)) y—(-3)=2x—-2)=y+3=2x—4=y=2x—1.
10. (a) % _ ((l+h)‘—4(1+}111))—(12_4(l)) _ l+2h+h2_h4_4h—(—3) _ h2£2h @ h_2.Ash 5 0h—2 2= a

P(1, —3) the slope is —2.
b y—(-3)=(2)x-1)=y+3=-2x4+2=y=-2x—1.

11. (a) % — (2+h})13—23 — 8+12h+4}t1h2+h378 — 12h+4}¥1h2+h3 —_ 12—|—4h—|—h2ASh—>O, 12+4h—|—h2 _ 12’ = at
P(2, 8) the slope is 12.

b)) y—8=12(x—-2)=>y—-8=12x—-24=y=12x — 16.

3 2
12, (@) Ry =200 —0o0) _ ooioshoswowiol _ 3ok o 33 b2 Ash— 0, -3 —3h—h? — -3, = at
P(1, 1) the slope is —3.

b)) y—1=(3)x—-1)=y—-1=-3x+3=y=-3x+4.

3 3_ 3
13. (a) % _ (L+h) —12(1+hh)_(1* 12(1)) _ 1+3h+3h2+h‘;12—12h7(711) _ 79h+t3lhz+h3 94 3h+h Ash— 0.

—9+3h+h?>— — 9= atP(l, —11) the slope is —9.
®) y—(—11)=(-9)x-1)=y+1l=-9x+9=y=-9x—2.
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Chapter 2 Limits and Continuity

A (2+h)>—3(2+h)?+4— (23 -3(2)% +4 2 B3 _ 12— 12h—3h2+4— 24 p3
A - ( ) _ 8+12h46h’+h 2o 12h=3h'ed=0 _ MW 3p 4 p2 Agh — 0,
3h +h? — 0 = at P(2, 0) the slope is 0.

y—0=0x—-2)=y=0.

Q Slope of PQ = 2P
Q1(10,225) 650225 — 42.5 m/sec
Q.(14,375) 858=37 = 45.83 m/sec
Q;(16.5,475) 650473 — 50.00 m/sec
Q4(18,550) 650-3%0 — 50.00 m/sec
At t = 20, the sportscar was traveling approximately 50 m/sec or 180 km/h.

Q Slope of PQ = 22
Q1(5,20) $0-2 — 12 m/sec
Q:(7,39) 80-3 — 13.7 m/sec
Q3(8.5,58)  H=38 — 147 m/sec
Q4(9.5,72) $9-9% = 16 m/sec
Approximately 16 m/sec

§ 200
% 100
£

0 1 1 1 x

2000 01 02 03 04

Year

Ap _ _174-62  _ 112 _
Af = 5001200 = 3 = 6 thousand dollars per year
The average rate of change from 2001 to 2002 is% = % = 35 thousand dollars per year.
The average rate of change from 2002 to 2003 is% = % = 49 thousand dollars per year.

So, the rate at which profits were changing in 2002 is approximatley %(35 + 49) = 42 thousand dollars per year.

F(x) = (x +2)[(x — 2)

X | 1.2 1.1 1.01 1.001 1.0001 1
F(x) | —4.0 —-34 —3.04 —3.004 —3.0004 -3
AF _ —40-(3) _ _= . AF _ =33-(3) _ 4 7.

Ax T T 12-1 —5.0; Ax — T 11-1 —4.4;

AF _ —304—(-3) _ 7. AF _ —3.004—(=3) _ A
Ax — 101—-1 —4.04; Ax — 1001—-1 —4.004;
AF __ —3.0004 —(=3) __ AN0A4-

Ax — T 10001—1 —4.0004;

The rate of change of F(x) at x = 1 is —4.

Ag _ g@-g) _ V2-1 Ag _ g5 —g) _ J/I5-1

R = 20 - V2ol 5 0414213 o= D = Vo x0.449489

Ag _ gl+h)—gd) _ 1+h-1

Ax — (+m-1 — ~ n

g(x) = /x
1+h 1.1 1.01 1.001 1.0001 1.00001 1.000001
V1+h 1.04880 1.004987  1.0004998 1.0000499 1.000005  1.0000005
(\/ 1+h-— 1) /h | 0.4880 0.4987 0.4998 0.499 0.5 0.5

The rate of change of g(x) at x = 1is 0.5.
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Section 2.1 Rates of Change and Tangents to Curves 45

(d) The calculator gives lim Hhh*l = %
—
. 3) — f2 i3 %
20 @0 B ==
” ED-fQ) _ T-5 _ f—g _ 2-T _ _2-T _
ii) (T—2 =15 =TT *2T2(T—T2)* —2%(2IT)*_%’T762
b) T 2.1 2.01 2.001 2.0001 2.00001 2.000001
f(T) 0.476190  0.497512  0.499750  0.4999750 0.499997  0.499999
(f(T) — £(2))/(T —2) | —0.2381 —0.2488 —0.2500 —0.2500 —0.2500 —0.2500

(c) The table indicates the rate of change is —0.25 att = 2.
d) Jim (=5) = -3

NOTE: Answers will vary in Exercises 21 and 22.

21. (@) [0,1]: & = B5=0 = 15 mph; [1,2.5]: 2 = =8 = D mph; [2.5,3.5]: £ = 32=20 = 10 mph

(b) At P(%, 7.5): Since the portion of the graph from t = 0 to t = 1 is nearly linear, the instantaneous rate of change

will be almost the same as the average rate of change, thus the instantaneous speed at t = % is 115:(; '55 = 15 mi/hr.

At P(2, 20): Since the portion of the graph from t = 2 to t = 2.5 is nearly linear, the instantaneous rate of change will
be nearly the same as the average rate of change, thus v = 22=2% — (0 mi/hr. For values of t less than 2, we have

25-2

Q Slope of PQ = &¢
Qi(1,15) 13-20 — 5 mi/hr
Q(1.5,19) =2 = 2 mi/hr
Q3(1.9,19.9) 23=3% = 1 mi/hr
Thus, it appears that the instantaneous speed at t = 2 is O mi/hr.

AtP(3,22):

Q Slope of PQ = &¢ Q Slope of PQ = &¢
Q1(4,35) 322 — 13 mi/hr Q1(2,20) 20-22 — 2 mi/hr
Q:2(3.5,30) P2 — 16 mi/hr Q:2(2.5,20) L2 = 4 mi/hr
Qs3(3.1,23) 2=2 = 10 mi/hr Q3(2.9,21.6) ZE=2 — 4 mi/hr
Thus, it appears that the instantaneous speed at t = 3 is about 7 mi/hr.

(c) It appears that the curve is increasing the fastest at t = 3.5. Thus for P(3.5, 30)

Q Slope of PQ = &¢ Q Slope of PQ = &¢
Qi(4,35) 33-30 — 10 mi/hr Q:(3,22) 230 — 16 mi/hr
Q2(3.75,34) 25— = 16 mi/hr Q2(3.25,25) 1555 = 20 mi/hr
Qs(3.6,32) 2=30 = 20 mi/hr Qs(3.4,28) B30 = 20 mi/hr

Thus, it appears that the instantaneous speed at t = 3.5 is about 20 mi/hr.

CAA 1015 1, CAA _39-15 1, CAA _0—-14 1
22 (a) [0,3]: 48 = 10=B ~ —1.67 £, [0,5]: 48 = 22=D ~ 22 87,10 28 = 051~ 05 &2
(b) AtP(1, 14):

Q Slope of PQ = 42 Q Slope of PQ = 42
Qi(2,122) 122-18 — 1.8 gal/day Q1(0,15) =14 — _1 gal/day
Q4(1.5,13.2) B2-14 — _1.6 gal/day Q4(0.3, 14.6) Be-14 — 1.2 gal/day
Qs(1.1,13.85) 185-14 — _1.5 gal/day Q3(0.9, 14.86) 18614 — 1.4 gal/day
Thus, it appears that the instantaneous rate of consumption at t = 1 is about —1.45 gal/day.

AtP(4,6):
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46 Chapter 2 Limits and Continuity

Q Slope of PQ = 52 Q Slope of PQ = 52
Q:(5,3.9) 32=8 — —2.1 gal/day Q:(3,10) 96 — —4 gal/day
Q,(4.5,4.8) 13-¢ = —2.4 gal/day Q2(3.5,7.8) 73=¢ = —3.6 gal/day
Q;(4.1,5.7) 21-6 — _3 gal/day Q3(3.9,6.3) 83-6 — _3 gal/day
Thus, it appears that the instantaneous rate of consumption at t = 1 is —3 gal/day.

AtP(8, 1):

Q Slope of PQ = 52 Q Slope of PQ = 52
Q1(9,0.5) %=1 = —0.5 gal/day Qi(7,1.4) La-l — —0.6 gal/day
Q4(8.5,0.7) 91— = —0.6 gal/day Q4(7.5,1.3) 13=% = —0.6 gal/day
Q5(8.1,0.95) 935-1 — —0.5 gal/day Q5(7.9,1.04) L04=1 — —0.6 gal/day

Thus, it appears that the instantaneous rate of consumption at t = 1 is —0.55 gal/day.
(c) It appears that the curve (the consumption) is decreasing the fastest at t = 3.5. Thus for P(3.5, 7.8)

Q Slope of PQ = 52 Q Slope of PQ = &¢
Qi1(4.5,4.8) $3-78 — 3 gal/day Qi(2.5,11.2) L2=78 — 3.4 gal/day
Q:2(4,6) 6-78 — 3.6 gal/day Q:(3,10) D=8 — —4.4 gal/day
Q3(3.6,7.4) 23-18 — —4 gal/day Q3(34,8.2) 82-18 — —4 gal/day

Thus, it appears that the rate of consumption at t = 3.5 is about —4 gal/day.
2.2 LIMIT OF A FUNCTION AND LIMIT LAWS

1. (a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x)
approaches 1. There is no single number L that all the values g(x) get arbitrarily close to asx — 1.
(b) 1 (© 0 (@ 0.5

2. (@ 0
(b) —1
(c) Does not exist. As t approaches O from the left, f(t) approaches —1. As t approaches 0 from the right, f(t)

approaches 1. There is no single number L that f(t) gets arbitrarily close toast — 0.
(d —1

3. (a) True (b) True (c) False
(d) False (e) False ) True
(g) True

4. (a) False (b) False (¢) True
(d) True (e) True

5. limO ﬁ does not exist because ‘7"| =3 =1lifx>0and ﬁ = 2, = —1ifx < 0. As x approaches 0 from the left,
X —

Ii_\ approaches —1. As x approaches 0 from the right, Ii_\ approaches 1. There is no single number L that all the

function values get arbitrarily close to as x — O.
6. As x approaches 1 from the left, the values of X—il become increasingly large and negative. As x approaches 1

from the right, the values become increasingly large and positive. There is no one number L that all the function
values get arbitrarily close to as x — 1, so lim1 ﬁ does not exist.
X —
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Section 2.2 Limit of a Function and Limit Laws

Nothing can be said about f(x) because the existence of a limit as x — X, does not depend on how the function
is defined at xy. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when

x is close enough to xy. That is, the existence of a limit depends on the values of f(x) for x near X, not on the
definition of f(x) at x itself.

Nothing can be said. In order for limo f(x) to exist, f(x) must close to a single value for x near 0 regardless of the
X —

value f(0) itself.

No, the definition does not require that f be defined at x = 1 in order for a limiting value to exist there. If f(1) is
defined, it can be any real number, so we can conclude nothing about f(1) from lim1 f(x) = 5.
X —

. No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(1) itself. If

liml f(x) exists, its value may be some number other than f(1) = 5. We can conclude nothing about lim1 f(x),
X — X —

whether it exists or what its value is if it does exist, from knowing the value of f(1) alone.

. lim_ (Qx+5)=2-T)+5=-14+5= -9
X — —

cJim (X £ 5x—2) = (P +5(2) ~ 2= —4+10-2=4
X —

. tliﬁm6 8t—=5)(t—7)=8(6—-5)(6—-7)=-8

lim2(x3—2x2+4x+8):(—2)3—2(—2)2+4(—2)+8:787878+82716

X — —

lim X2 =243 — 2 16. lim 3s2s—1)=3(3)[2(3) - 1] =2(3-1) =
s — = - -

[=))

X — 2 X+ 2

1im1 302x — 1)2 = 3(2(=1) — 1)? = 3(=3)% = 27

X — —

y+2 242 4 4

lim

_ _ _ 4 _1
: y—2 y24+5y+6 = (22+52)+6 — 4+10+6 — 20 — 5

 im 6= =[5 - (I = ®)Y = (®3)" =24 =16
Jim 2z = 8)!/% = (2(0) - 8)!/% = (=8)!/* = -2

3

lim 3 = 3 =23 =
h—0 V3h+i+1  BO+1+1 ~ V141~ 2

lim YShEA=2 o WShea-a Shedeo g (Ghed) =4 _ 5h g 5
im Y=—— = lim . = lim /"< = lim ——2—— = lim ————
h— h— VEh+442 T h—0 n(vsh+d+2)  h—0 h(\shta+2)  h—0 VSh+d+2
= 5 = §

Va2 4

- 5 =5 _ o1 1
Jim 55 = im0 = M 5 =535 =1

- x+3 X3 _ o 1 _ 1
x£n13 x2+4x+3 —x£n13 (x+3)(x+1) —x£n13 x+1 7 =341 7 2
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48 Chapter 2 Limits and Continuity

. 243y . 5)x—2) .
25. lim_ X310 — iy GEIEZD iy (x—2)= -5 —2=—7
x— —5 x+5 X— =5 x+5 XH*E)( ) g
. 2 _ . — — .
26. lim X=0xH10 — fjy G202 D iy (x —5)=2-5=—3
X — 2 X—2 X — 2 x—2 X — 2
: 2t— -1 _ t+2 _ 142 _ 3
27. lim == - = Aim ey = m 5 =15 =
: 4342 E+)+D _ qs 42 _ =142 _ _ 1
28. lim m5 = lm ey = imyp S = 55 =3
—2x—4 __ —2(x+2) __ : =2 _ =2 _ _1
29 dim, Shae = limy, Sy = Iim, =T =
. S5y3+8y* g y:(5y+8) _ q: S5y+8 8 1
30. yhm N6y 11_r)n0 V2 (3y?—16) —ylino W16 — 16 — 2
. 1-1 L . X 1 :
31. lim lim —=— = lim ( ): Iim —= = -1
X — 1 1 x— 1 x-1 X — 1 X x—1 X — 1
32 li ! it ] 1 li ()EH)I)((:;) 1 2x 1 1 2 2 2
o lim =t = lim S = lim (e ) = M e = S = —
X — 0 X X — 1 X x_>1<(x71)(x+1) x) X — 1 x=Dx+1) -1

2 _ . 2
33. lim u.4_1 — lim (V+1)@+Du-1) lim (V+D)@+D) _ a+ba+1D _ 4

u 31 W +ut+ D=1 = ;757 w+u+l T 14+1+1 T 3
: 8 _ 1: V=2) (v +2v+4) _ Vi42v+4  _ 44+4+4 12 3
34. Vlﬂng t—16 _Vh_r,ng (V=2)v+2) (v +4) — Vlgng V+2)(VZ+4) T @B T 32 7 8
. 3 — .
35. lim VX Vx-3 = 1 —_1 _1

x—3 . o Vx=3 1 _
- imy S = limy S ey Ty s T Ve s

codxex? o (G- o XCHVX) VX)) g _ _
36. lim =3 = lim JE—2 = lim, = Jim x (24 V/x) =42 +2) =16

X —1

. x—1 1 (x—1) (v/x+3+2) T x—1(vx+3+2) ( )_ o
3. Jim e = im e ey —m s = iy (VX3 42) = Va2 =4

38 lim  Y*¥*3-3 _ lim (Vx” )(VXZJr +3) lim —_(+8-9
o1 x+l x> -1 (x+l)(\/x2+8+3) Ty x+D(V¥+8+3)
lim x+DhHx=1 _ _ox=1 . =2 _ 1
xafl (erl)(\/x2 +3) XHfl Vx2+8+3 343 3
30, lim YXE2-4 (Ves2-4) (Vi+12+4) lim (X +12)— 16
T x—2  x—2 X2 (x72)(\/x2+12+4> T x—2 (x72)(\/x2+1 +4)
G-2x+2) x42 _1

x 2 (x—2)(\/x2+l +4) x Y Veri2ia \F+4

(x+2) (\/x2 +3) (x+2) (\/x2 +3)

40. 22 = lim = lim —
XH -2 VX+45-3  x— -2 (\/x~+ - )(\/x2+ +3) x — —2 (*+5)-9
— lim (x+2) ('X2 +%) — lim VEF5+3 /943 3
= M, Y-y M, T2 T T T 72
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Section 2.2 Limit of a Function and Limit Laws

lim 2=V¥=5 _  1im (2—~x2—5)<2+vx2—5) lim —4=(2=5
X — —3 x+3 X — —3 (x+3)(2+\/x275> X — —3 (x+3)(2+\/x~ )

— lim 9—x2 lim B=xC+x) — lim 3-x __6 _ 3

X — —3 (x+3)(2+\/x2—5) X — 3(x+3)(2+\/x2 ) X— =3 2+Vx2-5 244 2
(4-x) (5+ Vi 9) ) —x) (5+ \/x2+9>

lim = lim lim — i
x—4 5319 \/X+ T x—4 (5 x2+9)(5+\/x2 ) X —4 - (x*+9)
oy (4—x)(5+\/x2+9) o (4—x)(5+\/x2+9) _ oy SV _54VE _ s
= Jm, 16—x2 = M TaoEro My Tai T T T3 T %

. . . . . . . 2 . 2
lim (2sinx — 1) = 2sin0—1=0—1=—1 44, lim sin’x = ( lim smx) = (sin0)"=0>=0
x—0 x—0 x—0
limsecx = lim — =1 =1=] 46. lim tanx = lim X — sin0 _ 0 _ ¢
X — 0 X — () COsX cos0 1 X — 0 X — () COsX cos0 1

: l+x+sinx _ 14+0+4sin0 __ 14040 __ 1
xlgno 3cos x - 3cos 0 - 3 -3

limo(x2 —1)(2 —cosx) = (0> —=1)(2 —cos0) = (=1)(2 - 1) = (=1)(1) = —1

X —

im /x+4cos(x+7) = lim_\/x+4 - lim cos(x+m)=+-7+4 -cosO=+4d—m-1=4—7

limo\/7 + sec?x = \/ lim (7 + sec?x) = \/7 + lim sec’x = V7 +sec0=1/7+ (1> =22
X — X — X —

(a) quotient rule (b) difference and power rules
(c) sum and constant multiple rules

(a) quotient rule (b) power and product rules
(c) difference and constant multiple rules

@ Jim 0200 = [ Jim_f00] [ lim, 600] = (5)(=2) = ~10

(b) Jim, 2fx) g(x) = 2 [ Jim_ 0] | lim, 00 = 265)(-2) = ~

(©) Jim_[f(x) +3g(0)] = Jlim_f(x) +3 lim_g(x) =5+ 3(-2) = —

) hm f(x) 5 _ 5
(d) xh;nc f0—gx — Im 0 — lmgx)  5-(-2 7

X—C

(a) x11314 [ex)+3] = xlim g(x) + lim 3==34+3=0
(b) Xlim4 xf(x) = Xlim4 X - hm f(x) (4)(0) =0

© lim (g0 = | lim g(x)] = [-3P =9

lim g(x)

g(x) — x—4 — ;3 —
) x15n4 -1 = Timfoo—Jim1 — 0-1 3

@ Tim [f00+g00] = lim {00+ lim 800 =7 +(=3) =4

(b) lim fx)- 200 = | lim 60| [ lim g00] = (7(-3) =~

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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50 Chapter 2 Limits and Continuity

© xliinb 4gl0) = [Xli—r>nb 4] [xlijnb g(X)} =@ =12

(d) X11_r>nb fx)/gx) = x11_r>nb f(x)/xlgnb g(x) = =5 3

56. (a) XEm_Q [p(x) + r(X) + s(x)] = XE}m_Qp(x)4—)(£m_2r(x)4—)(2111_2s(x) =4+0+(-3)=1
(b) tlim pe <100 -500 = [ lim peo] | tim 10| | fim 50| = @)©0)(-3) =0

© lim [=4p(x) + S0V = |4 lim p(0+5 lim 10 / tim s = [~4(4) + 50O)Y-3 = £

57. lim (R lim RS lim P2ER = fim (24 h) =2

h—0 h—0 h—0
. - 2— - 2 . —_ _ . - .
58. lim CEERESCRN gy dshibod gy DO iy (b 4) = 4
h—0 h—0 h—0 h—0
59. lim BEEW-s-BO-4 - fiy 3h =3
h—0 h h—o N
G o) o Sl o 224k “h 1
60. hlﬂno F _hlino =7 _hllno ~3h(—21h) _hlﬂno h@—2m — 4

A (V) (TR

; _ _ T+h) -7 — 1 h _ 1 1
ol. hh—>m0 h h—0 h(\/7_ +h+\ﬁ) hh—>m0 h(\/7_ +h+\ﬁ) hh—>m0 h(\/7_ +h+\ﬁ) hh—>m0 VT+h+/7
_ _1
Q\ﬁ

. B0+ 13O T . (V3h+‘—1)(v3h+‘+1)7 . Gh+hH-1  _
62. lim o = lim = lim —————~ = lim
h—=0 h—0 h(\/3h+1+1) h—0 h(\/3h+1+1) h—0 h(\/3h+1+1)
— T 3 _3
- hlgno V3h+1+1 2

63. lim /5 —2x2 = /5 -2(0)° = /5 and lim_ V5 —x2 = /5= (0)2 = \/5; by the sandwich theorem,
X — X —
lirn0 f(x) = \/g
X —

3h

64. lim (2 — x2) =2—-0=2and lim0 2 cos x = 2(1) = 2; by the sandwich theorem, lim0 gx) =2
X — X —

x—0

: x? _ 0 _ . 1. : : Xsinx __
65. (a) Xlgn (1 — F) =1-—¢=1and xlgn(J 1 = 1; by the sandwich theorem, Xlgn0 5 cosx = 1

(b) Forx # 0,y = (x sin x)/(2 — 2 cos x) ¥ = (x sin x)/(2 — 2 cos x)
lies between the other two graphs in the . hix) =1~
figure, and the graphs converge as x — 0. \<
0.5

~2 -1 1 2
2 2
. lim (lf"—):lim 1~ jim 2 =1_0="1and lim ! = 1: by the sandwich theorem
66 (a)x_>0 373 Jmo g — lim 9 =3 0 2adx_)02 2,bytesad ch theorem,
lim 1=gsx — 1
x—0 2 2
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Section 2.2 Limit of a Function and Limit Laws 51

(b) For all x # 0, the graph of f(x) = (1 — cos x)/x> e
lies between the line y = % and the parabola

y = % — x2/24, and the graphs converge as x — 0.

N

67. (@) f(x) = (x2 — 9)/(x +3)

X -3.1 —3.01 —3.001 —3.0001 —3.00001 —3.000001
f(x) —6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001
X -29 —2.99 —2.999 —2.9999 —2.99999  —2.999999
f(x) -5.9 —-5.99 —5.999 —5.9999 —5.99999  —5.999999
The estimate is  lim 5 f(x) = —6.
X — —

(b)

f) =G =9)/(x+3)

_x2-9 _ (x+3)x-=3) __ : : _ _
(© 00 =577 = S —x ~3ifx # ~3,and_lim (x—3)=-3-3=6.

68. (a) g(x) = (x> —2)/ (x _ ﬁ)

X | 1.4 1.41 1.414 1.4142 1.41421 1.414213
g(x) | 2.81421 2.82421 2.82821 2.828413  2.828423  2.828426

(b)

y

v |
/ i .
/ﬁ V2

8 = (2 -2/ -12)

() g(x):xxiji: (X+(X22§23ﬁ) =x+ 2ifx;£\/§,andxgm\/§ (er\/E) :\/5+\/§:2\/§.

69. (a) G(x) = (x + 6)/ (x> +4x — 12)

X -5.9 -5.99 -5.999 —5.9999 —5.99999  —5.999999
G(x) —.126582 —.1251564 —.1250156 —.1250015 —.1250001 —.1250000
X —6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001
G(x) —.123456  —.124843  —.124984 —.124998 —.124999 —.124999
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(b)
y
10
-6 2 S
-10
20 G(x) = (x + 6)/(x? + 4x — 12)
(¢) GKx) = (x2+xzf;6712) = (x+"6;x672) = Loifx # —6, andxgrrl6 L=l =-1=—0125
70. (@) h(x) = (x> —2x —3)/(x* —4x + 3)
X 2.9 2.99 2.999 2.9999 2.99999 2.999999
h(x) 2.052631  2.005025  2.000500  2.000050  2.000005  2.0000005
X 3.1 3.01 3.001 3.0001 3.00001 3.000001
h(x) 1.952380  1.995024  1.999500  1.999950  1.999995  1.999999
(b) s
10
m 1 3
1
=20
hx) = (32 = 2x = 3)(x% —4x + 3)
(© h() = 5273 = G50ty = M ifx #3,and lim 35 =35 =5 =2.
71. (@) fx)=(x>—1)/(]x|—1)
X —1.1 —1.01 —1.001 —1.0001 —1.00001 —1.000001
f(x) 2.1 2.01 2.001 2.0001 2.00001 2.000001
X -9 -.99 —.999 —.9999 —.99999  —.999999
f(x) 1.9 1.99 1.999 1.9999 1.99999 1.999999
(b) y
2
|
|
Lo
: f&) =G =-D/(x -1
1 X
-1 1
(+ D(x— 1)
e ) oo =x+Lhx Oandx # 1 . ot
@ 10 == = { (Xl:(i()g(l_)l) =1-x, x<0andx # —1’ and lim (1-=x=1-=h=2
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Section 2.2 Limit of a Function and Limit Laws

72. (a) F(x) = (x> +3x+2)/(2 - [x])

X -2.1 —2.01 —2.001 —2.0001 —2.00001 —2.000001
F(x) —1.1 —1.01 —1.001 —1.0001 —1.00001 —1.000001
X —-1.9 —1.99 —1.999 —1.9999 —1.99999 —1.999999
F(x) -9 —-.99 —.999 —.9999 —.99999 —.999999
(b) ,
20
= > *
—60
Fx) = (2 + 3x + 2)/2 — |x)
s (x +22)(x+ 1) x 0
— X24+3x+2 —X ’ 1 = — = —
(© F&x) =55+ (HSRH):X—I—Lx<0andx;é—2’andxlimf?(x+1) 2+1 1.
73. (a) g(@) = (sin H)/0
0 .1 .01 .001 .0001 .00001 .000001
g(0) 998334 999983 .999999 .999999 .999999 .999999
0 —.1 —.01 —.001 —.0001 —.00001 —.000001
g(0) 998334 1999983 .999999 .999999 .999999 .999999
i, 8 =1
b
(b) )
1 y= smTB (radians)
Ll L |~ Jo—1 0
-5 —47 =37 2w 0 »™~2n 37 4w Sw
NOT TO SCALE
74. (a) G(t) = (1 — cos t)/t?
t 1 .01 .001 .0001 .00001 .000001
G(t) 499583 499995 499999 5 5 5
t —.1 —.01 —.001 —.0001 —.00001 —.000001
G(t) 499583 499995 499999 ) 5 5

Jlim G = 0.5
(b)

v

Gy = 1 —gost
0.5 !

1 1 1 1
—0.0003 -0.0001 | 0.0001  0.0003

Graph is NOT TO SCALE

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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75. lim_f(x) exists at those points ¢ where lim x* = lim x2. Thus, ¢* =¢? = ¢? (1- 02) =0=c¢=0,1,0r —1.
X—C X —C X —C

Moreover, lim f(x) = lim x> =0and lim f(x) = lim f(x) = 1.
x—0 x —0 X — —1 X — 1

76. Nothing can be concluded about the values of f, g, and h at x = 2. Yes, f(2) could be 0. Since the conditions of the

sandwich theorem are satisfied, lirn2 f(x) = =5 #0.
X —
o wes _ Jmo-ims  Emiw-s _ i ) — 24§
77. 1= Xlgn = ;!fﬂx_)}iiné == = xlgn4 fx)—5=2(1) = Xlgn4 fx)=24+5=17.
g Jlmyf0 lim ) :
78. (@) 1= lim = e = = lim fo =4,

b 1= tim = tim W gim L =] fim ) ©[(L) 5 dim =2

2 -
X X — —2 2 X — —

79. () 0=3-0= [ lim @} L@? (x — 2)} = lim {(“’%5) (x — 2)} = lim [f(0 = 5] = lim f(x) -5

Lx — 2 2
= lim2 f(x) = 5.

X —

() 0=4-0= lim f<">*5} [Xlimz (x — 2)} = lim f(x) = 5as in part (a).

x -2 X—2

r 2
80. (a) 0=1-0=[lim M] {lim x] - {lim @] {lim x'ﬂ = lim [f(—; -xﬂ — lim f(x). Thatis, lim f(x) = 0.
x—0 0 X X x—0 x—0

lx — 0 x — 0

() 0=1-0= [ fim %] [tim x| = lim [ x| = lim . Thatis, lim © = 0.
x—0 0 -0 * x—0

lx — 0 X

81. (a) Xliinoxsin%:0 Y

(b) —lgsiniglforx#o:

x>0 = —x<xsin % <x => lim0 x sin ¢ = 0 by the sandwich theorem;
X —

Xx<0 = —x xsin

=

X = lim0 x sin © = 0 by the sandwich theorem.

X —

82. (a) lim x2cos (%) =0 y
x — 0 X
h(z) = 22 cos(1/z?)
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Section 2.3 The Precise Definition of a Limit

(b) —1<cos (&) <lforx#0 = —x?<x%cos (&) <x* = lim0 x% cos (&) = 0 by the sandwich

X —

theorem since lim x% = 0.
x—0

83-88. Example CAS commands:

2.3

Maple:
f:=x->xM—-16)/(x —2);
x0:=2;

plot( f(x), x = x0-1..x0+1, color = black,
title = "Section 2.2, #83(a)" );
limit( f(x), x = x0);
In Exercise 85, note that the standard cube root, x(1/3), is not defined for x<0 in many CASs. This can be
overcome in Maple by entering the function as f := x -> (surd(x+1, 3) — 1)/x.
Mathematica: (assigned function and values for x0 and h may vary)

Clear[f, x]
fx_J:=(x> — x> — 5x — 3)/(x + 1)?
x0=—1;h=0.1;

Plot[f[x],{x,x0 — h,x0 + h}]
Limit[f[x], x — x0]

THE PRECISE DEFINITION OF A LIMIT

: e
1 5 17

Stepl:  [x—5]<éd = —6<x—-5<6 = —6+5<x<6+5
Step2: 6+5=7 = 6=2,or—6+5=1= 6=4.
The value of § which assures [x — 5] < § = 1 < x < 7 is the smaller value, § = 2.

X

7

Stepl:  |x—2| <6 = —6<x—2<8 = —64+2<x<6+2

Step2: —-64+2=1= 6=1Loré6+2=7 = §=>5.

The value of § which assures [x — 2| < = 1 < x < 7 is the smaller value, 6 = 1.

N -+

—752—I3 —1;2 *
Stepl:  |x—(-3)|<é = -6<x+3<d=> —6-3<x<6-3
Step2: —6-3=-1=>6=~Lor6-3=-1=6=3.
1

The value of § which assures |[x — (—=3)] < § = —7 < x < — } is the smaller value, 6 = 3

i } > X
3 _1
~2 T2
Stepl: |x—(=32)[ <6 = —6<x+3<é6=>-b6-3<x<b6-3
_ 7 1

Step 2: 757% f§:>6:2,oréf%:f§:>6:1.

The value of 6 which assures |x — (— %)| <6 = — % <X < — % is the smaller value, § = 1.

¢ I Y >x
Ay 7
49 172 47

Stepl: |x—%|<é=> —b<x-1<b6= b6+1<x<6+3

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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10.

11.

12.

13.

14.

15.

16.

Chapter 2 Limits and Continuity

Step 2: —6+%:g:>6:%8,0r6+%:%:>(5:%.
The value of § which assures |x — 1| <6 = § < x < 2 is the smaller value, § = .
—t +— } > X
2.7591 3 3.2391
Stepl: |x—3]<8 = —6<x—-3<86=> —-6+3<x<6+3
Step2: —6+3=2.7591 = §=0.2409,0r § + 3 = 3.2391 = § = 0.2391.
The value of § which assures |[x — 3| < § = 2.7591 < x < 3.2391 is the smaller value, 6 = 0.2391.
Stepl:  |x—=5|<8 = —6<x—-5<86 = —6+5<x<6+5
Step 2:  From the graph, -6 +5=49 = §=0.1,or6 +5=5.1 = 6 = 0.1; thus 6 = 0.1 in either case.
Stepl:  [x—(-3)|<é = —6<x+3<6=> —-6-3<x<6-3
Step2:  From the graph, -6 —3 = —-3.1 = §=0.1,0or6 —3=-29 = 6 =0.1; thus 6 = 0.1.
Stepl: |x—1]|<d = —6<x—1<é6 = —-6+1<x<é6+1
Step2: Fromthe graph, =6 +1=2 = §=L,or6+1=2 = §=2;thusé = L.
Stepl:  [x—3]<é6 = —6<x—-3<6=> —-6+3<x<6+3
Step 2:  From the graph, —6 +3 =2.61 = § =0.39,0or6 +3 =3.41 = 6 = 0.41; thus 6 = 0.39.
Stepl:  |x—2| <6 = —6<x—2<8 = —64+2<x<6+2
Step2:  From the graph, =6 +2=1/3 = 6§ =2 — /3~ 0.2679,0r6 +2=1+/5 = 6 = /52~ 0.2361;
thusé:\/gfz
Stepl:  |[x—(-D|<é = -0<x+1<éd=>-6-1<x<b-1
Step 2:  From the graph, —6—1:—§ = 5:@%0.1180,0r5—1:—§ = 6= 2_2\/3 ~ 0.1340;
thusézﬁ{z.
Stepl:  [x—(-D|<éd = -6<x+1<éd = -06-1<x<bd-1
. _ _ 16 7 _ _ 16 9 _ . _ 9 _
Step 2:  Fromthe graph, =6 —1=—-3 = 6 =5~077,0r6 —1=—32 = 5 =0.36;thus 6 = 55 = 0.36.
Stepl:  |[x—1| <6 = -d<x-L1<8d= S+i<x<b+}
. _ 1 _ 1 1 _ 1 _ 1 1. .
Step 2:  From the graph, 76+%— 501 = 0= 57m~0.00248,0r§+%— To5 = 0= 155 — 3 =~ 0.00251;
thus 6 = 0.00248.
Step1:  |(x+1)—5]<0.01 = |x—4| <00l = —00l <x—4<0.0l = 399 <x<4.01
Step2:  |x—4|<d = —6<x—4<éd=> —6+4<x<é+4 = 6§=0.01.
Step1:  |2x—2)—(—6)] <0.02 = 2x+4| <0.02 = —0.02<2x+4<0.02 = —4.02<2x < —3.98
= —2.01 <x<-199
Step2: [x—(-2)|<é = —6<x+2<éd=> —-6-2<x<6—-2 = 6=001.
. Step 1: ’\/x+1—1‘<0.1 = 01 <VX+1-1<01=09<xt1<11= 08l <x+1<121
= —0.19 <x<0.21
Step2: |x—0] <86 = —6 <x<é.Then, -6 = —0.19 = § = 0.19 or 6 = 0.21; thus, é = 0.19.
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19.

20.

21.

22.

23.

24.

25.

26.

27.

. Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Section 2.3 The Precise Definition of a Limit 57

[Vx=1] <01 = —01</x-1<01 = 04<,/x<06 = 016 <x<036
x—3<é6 = 6<x-1<é=> —6+<x<o+i
Then, =6+ =0.16 = § =0.090r 6 + ; = 0.36 = 6 = 0.11; thus 6 = 0.09.

‘\/19—x—3‘<1 = 1<y/19-x-3<1=2<y/19—x<4=4<19-x<16

= 4>x—19>—-16 = 15>x>3o0r3<x<15
x—10] <6 = —6<x—10<6 = —6+10<x <6+ 10.
Then -6 +10=3 = 6 =7,or6 +10=15 = § = 5;thus 6 = 5.

‘\/x—7—4‘<1 = —1<yVx—T-4<1 =2 3<y/x—-7<5=29<x-7<25 = 16<x<32

x —23] <6 = —6<x—-23<6 = —6+23<x<6+23.
Then —6 +23 =16 = 6 =T, 0r6 +23 =32 = 6§ =9;thusé = 7.

|1 -2 <005 = —005<1—-1<005=02<1<03=D>x>Ro0or<x<5
x—4|<bd = -6<x—4<éd=> —b6+4<x<b+4.
Then —6+4=2or§ =2 0oré6+4=50r6=1;thus 6 = 3.

X2 -3] <01 = —01<x2-3<01 = 29<x?<31 = /29<x<+3.1
‘x—\/g‘<(5 = —5<x—\3<6=> —6+V/3<x<6+3.
Then —6 + /3 =129 = 6§ =1/3—/29~00291,0r6+ /3 =1/3.1 = §=1/3.1—+/3 ~0.0286;

thus 6 = 0.0286.

X2 —4] <05=-05<x2-4<05=35<x><45=/35< x| <45 = —/45<x< —/35,
for x near —2.

X —(=2)|<éd = —6<x+2<éd = —-6—-2<x<6-2
Then —6 — 2= —+/45 = 6 =1/45—-2=~0.1213,0r6 —2=—+/3.5 = 6§ =2 — /3.5~ 0.1292;

thus 6 = /4.5 -2~ 0.12.

1 1 11 1 9 10 10 10 10
(D] <01l = —01<i+1<0l = —F<i<—-7 = -—[g>x>—-Fo—Fx<—1.

x—(-D|<éd = -6<x+1<d=>-6-1<x<b6—-1.

Then—6—1=-2 = 6=Lor6-1=-1 = §=1Lthusé =%,

(x2=5)—11]<1 = [X¥2—-16/<1 = -1<x*-16<1 = 15<x*<17 = VI15<x< /17
x—4|<éd = —6<x—4<b=> -6+4<x<b6+4.

Then -6 +4=+/15 = 6 =4—/15=0.1270,0r 6 +4 = /17 = 6 = /17 — 4 =~ 0.1231;
thus 6 = /17 —4 =~ 0.12.

2 -5l<1l = -1<2-5<1 =24<20<c6=1>5>8 = 30>x>200r20 < x < 30.
x —24| <6 = —6<x—-24<6 = —6+24<x<b6+24

Then —6 +24 =20 = § =4,0r6 +24 =30 = 6 = 6;thus = § = 4.

|mx — 2m| < 0.03 = —0.03 < mx —2m < 0.03 = —0.03 4+ 2m < mx < 0.03 +2m =
0.03 0.03
252 <X <24 52
x—=2|<éd = —6<x—-2<6 => —6+2<x<b6+2.
Then—6+2:2—% = 5:0%,0r6+2:2+0;nﬁ = 6:0%. Ineithercase,éz%.
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28.

29.

30.

31.

32.

33.

34.

35.

36.

Chapter 2 Limits and Continuity

Stepl: |mx—3m/<c = —c<mx—-3m<c = —c+3Im<mx<c+3m = 3 -2 <Ix<3+ =
Step2: |[x—3]<d = —6<x—-3<é6=> —-6+3<z<d6+3.
Then -6 +3=3—-+ = 6= _,0or6+3=3+, = 0= . Ineithercase, 6 = .

m

Step 1: |(mx+b)—(%+b)|<c = —c<mx—3<c= —c+yg<mx<c+3gz = %—%<X<%+%.

Step2:  |x—1| <6 = b<x-Li<é6= b+i<x<éi+l
Then —6+3=1-£& = §=S oré6+1=1+< = §= < Ineithercase, § = <.
Step 1:  |(mx +b) — (m +b)| < 0.05 = —0.05<mx —m < 0.05 = —0.05+m < mx < 0.05+m
0.05 0.05
= 1-=2<x<1+ 72
Step2: |x—1]<d = —6<x—-1<6 = —-6+1<x<é+1.
Then—é—i—lzl—%:>5:O'm£,0r6+1:1+0'mﬁiéz%.lneithercase,ézo%.
lim3 B-2x)=3-23)=-3
X —
Stepl:  |(3—2x)—(=3)] <002 = —0.02<6—-2x<0.02 = —6.02< —2x < —5.98 = 3.0l >x>299or
2.99 < x < 3.01.
Step2: 0<|x—3]<6 = —6<x—-3<§=> —-6+3<x<é6+3.
Then -6 +3 =299 = 6 =0.01,or6 +3 =3.01 = 6 =0.01; thus 6 = 0.01.

lim (=3x—=2)=(=3)(-D)—-2=1
X — —
Step1:  |(—3x—2)—-1]<0.03 = —-0.03< -3x—-3<003 = 001l >x+1>-0.01 = —1.0l <x < —0.99.
Step2: |x—(—D|<éd = —d<x+1<d = -6-1<x<6—1
Then -6 —1=-1.01 = 6=0.0l,0or6 —1=-0.99 = 6 =0.01; thus 6 = 0.01.

lim =2 — ljm &£2x=2 _ lim (x+2)=2+2=4x#2
X —

X —2 X—2 X — 2 (x=2)

Step 1: ](*2:24) —4‘ <005 = —0.05 < 8= _ 4 2005 = 395 < x+2 <405 x £2

X x—2)
= 195 <x <205 x#2.
Step2: [x—2| <6 = —6<x—-2<6 => —6+2<x<b6+2.
Then —64+2=1.95 = § =0.05,0or6 +2 =2.05 = 6 = 0.05; thus § = 0.05.

. x246x+5 _ . E+HE+1D : _
m g SEEE = lim ) BE = im kb D = 4k S,
Step 1: (%;5) —(—4)| <005 = 005 < BTN 4 4 20,05 = 405 <x+ 1 < ~3.95x # 5

= —5.05 <x< —4.95,x # —5.
Step2: |x—(=5)|<éd = —6<x+5<6 = —6-5<x<b6—5.
Then —6 —5=-5.05 = 6 =0.05,0or6 —5=—-495 = ¢ = 0.05; thus 6 = 0.05.

lim /T 5x = /T=503) = /16 = 4
X — —

Step 1: ‘\/1—5)&—4‘ <05 = —05<1—-5x—4<05= 35<+/1—5x<45 = 1225 < 1 — 5x < 20.25

= 1125 < -5x < 19.25 = —3.85 <x < —2.25.
Step2: |x—(-3)|<éd = —6<x+3<d=> —6-3<x<6—-3.
Then -0 —3=-385 = 6 =0.85,0r6 —3=—-225 = 0.75; thus 6 = 0.75.

4

lim ¢=%=2
x—2 X 2
. 4 4 4 10 X 10 10 10 5 5
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37.

38.

39.

40.

41.

42.

43.

44.

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
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x—=2|<éd = —6<x—-2<6 => —6+2<x<b6+2.

Then—6—|—2:% = (5:%,0r6+2:% = 6:%;thu56:%.
[O—x)—5|<e=>—ec<d—x<ec=>—-€—4<x<e—4=>e+4>x>4—c=>4d—e<x<4d+e
x—4| <6 = —6<x—4<éd=> —b6+4<x<b+4.

Then —6 +4=—€+4 = 6 =¢c,or6 +4=c¢+4 = 6 =¢c. Thus choose 6 = e.

|Bx=7)=2[<e = —e<3x—9<e = 9-e<3x<9+e = 3-5<x<3+3.
x—3]<é = —6<x—3<é6=> —-6+3<x<6+3.

Then—6+3:3—§ = 6:§,or6+3:3+§ = 62%. Thuschooseézg.

‘\/x—5—2‘<e S e VX—5-2<e=2—c<c\/x—5<24¢c= Q- <x—5<2+e?
= Q2-e’+5<x< 2+ +5.

X -9/ <é = —6<x-9<b6 => —-6+9<x<6+9.

Then =6 +9=€2—4¢+9 = §=4de—eX,or6+9=e2+4e+9 = 6 = 4e + €2. Thus choose

the smaller distance, § = 4e — €2.

‘\/4—x—2‘<6 o e \/A_x—2<e = 2—e<\h-x<24€e= Q-2 <d—x< (2462
= 24 <x—4<—-0C2—-€? = —Q+eP+4<x<—-2—¢€?+4.

x—0] <6 = -6 <x<6é.

Then -6 = -2+ € +4=—€>—4e = 6 =4de+ €%, 0rd = —(2 — €)®> + 4 = 4e — €2. Thus choose

the smaller distance, § = 4e — €2.

Forx# 1L, [xX2—1|<e = —e<x}*—1<e=>1-e<x*<1l4+e = V]I-e<|x|<1l+e¢

= /1—e<x<+/1+enearz =1.

x—1]<é6 = —06<x—1<é6 = —6+1<x<d+1

Then —6+1=+v1—¢ = §=1—+/1—¢cord+1=+/14+¢ = 6 =+/1+¢— 1. Choose

6 = min {1 —V1—€+1+e— 1}, that is, the smaller of the two distances.

Forx# -2, x> 4| <e = —e<x’—4<e = 4—e<xX2<d+e = VId—e<|x|<d+e
= —y/4+e<x<—v4—enearx = —2.
X —(-2)|<é = —6<x+2<§=> —6-2<x<6—-2.

Then —6 —2=—\/4+¢€¢ = 6=+/4+ec—2,0r6 —2=—\/4—¢ = § =2—+/4—¢. Choose
6:min{ Ate—2,2— /4 }

1 1

I-1ll<e=> —e<i-l<e=l-e<i<l+de= = <x<it

x—1l<éd = —6<x—-1<6=>1-6<x<1+6.

Thenl—é=1 = 6=1- =i, orl+6=11 = 6= - 1=

Choose 6 = ﬁ,the smaller of the two distances.

1 1 1 1 1 1 1 1-3¢ 1 1+ 3¢ 3 2 3
|p—§’<€:> _6<F_§<6:> §_E<F<§+6:> T<F<T = 1735>X >1+3€

3 [ 3 [ 3 /3
= 1o < X </ or (/i <x < 1,—36forxnear\/§.
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Step 2: ‘x—\/g‘<§:>—5<x—\/§<5:>\/§—5<X<\/§+5.
Then /3 — 6 = 1f3€:6=\/§—\/ﬁ,0r\/§+5: 133€:>6:\/133e_\/§'
Chooseézmin{\/g—\/ﬁ,\/lfge—\/3}.

Stepl: [($58) — (-6 < = —e<x-3+6<ex£-3 = —e<x+3<e > —e-F<x<e3

Step2:  |x—(-3)|<éd = —6<x+3<bd=> —6-3<x<b6-3.
Then -6 —3=—-€—3 = 6 =¢c,or6 —3=¢—3 = 6 =¢. Choose 6 = ¢.

Step 1: ‘(ﬁ——l)—z‘« = e<(xtD-2<exA1 = 1-c<x<lte

x—1
Step2: |x—1]|<d = —6<x—-1<6=>1-6<x<1+6.
Thenl —6=1—¢ = 6=¢c,orl+6=1+¢ = 6§ =¢. Choose § = e.

Stepl:  x<1:|4—-2x)—2|<e = 0<2—-2x<esincex <1.Thus, | —§ <x <0
X 1|(6x—4)—2]<e = 0<6x—6<esincex 1.Thus,1<x<1+¢.
Step2: |x—1|<d = —6<x—-1<6d=>1-6<x<1+6.
Thenl—ézl—g:>5:§,0r1+5:1—|—§:>6:§.Choose(5:§.
Stepl: x<0: 2x—0/<e = —e<2x<0 = —§<x<0;
X 0:]53-0[<e=0<x<2e
Step2: [x—0] <6 = =6 <x<é.

Then—éz—% = 52%,0r6:2e = 6 = 2e. Chooseéz%.

1

By the figure, —x < x sin % <xforallx >0and —x xsiny xforx < 0. Since lim0 (—x) = lirn0 x =0,
X — X —

then by the sandwich theorem, in either case, lim0 X sin % =0.
X —

By the figure, —x? < x? sin 1 < x? for all x except possibly at x = 0. Since lim (—x*) = lim x% = 0, then

X — X —

by the sandwich theorem, lim x?sin 1 = 0.
x—0 X

As x approaches the value 0, the values of g(x) approach k. Thus for every number € > 0, there existsa é > 0
suchthat 0 < [x — 0] < 6 = |g(x) — k| <e.

Writex =h+c. Then0 < [x —¢c|<d e -6 <x—c<éfxFce —6<(h+c)—c<dh+c#c
& —6<h<6,h#0<0< |h—0| <6
Thus, limf(x) = L < for any € > 0, there exists 6 > 0 such that [f(x) — L| < e whenever 0 < |x —c| < §

< |f(h+c¢) — L] < e whenever 0 < |h — 0] < 6 @}llirréf(h—l—c):L.

Let f(x) = x2. The function values do get closer to —1 as x approaches 0, but lim0 f(x) = 0, not —1. The
X —

function f(x) = x? never gets arbitrarily close to —1 for x near 0.
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Let f(x) = sinx, L = 1, and xo = 0. There exists a value of x (namely, x = Z) for which |sin x — }| < € for any given

€ > 0. However, 1im0 sin X = 0, not % The wrong statement does not require X to be arbitrarily close to Xy. As another\
X —

L= %, and xo = 0. We can choose infinitely many values of x near O such that sin % = % as

you can see from the accompanying figure. However, lim0 sin % fails to exist. The wrong statement does not require all
X —

1

example, let g(x) = sin o
values of x arbitrarily close to Xy = 0 to lie within ¢ > 0 of L = % Again you can see from the figure that there are also
infinitely many values of x near O such that sin % = 0. If we choose € < % we cannot satisfy the inequality

|sin % - %‘ < ¢ for all values of x sufficiently near xo = 0.

y=1
17

— e - - - — ——- HH +

IA—9/ <001 = —001<7(3)"-9<001 = 899< ™ <901 = %899 <x2< (9.0
= 24/32 <x <2,/2% 0r3.384 < x < 3.387. To be safe, the left endpoint was rounded up and the right

endpoint was rounded down.

— vV _ \'4 120 120 10 R 10
V=Rl = §=1= |[§-5/<01 = -01<-5<01 =49<2<51 =73 55 »=
(120)(10) (120)(10)

CF2 <R < B0 = 23,53 <R <2448,

To be safe, the left endpoint was rounded up and the right endpoint was rounded down.

(@ —6<x—-1<0=1-6<x<1 = f(x)=x. Then|f(x) 2| =|x—2|=2—x>2—1=1. Thatis,

[fx) —2| 1 % no matter how small 6 is taken when 1 — 6 < x <1 = lirn1 f(x) # 2.
X —

b) 0<x—-1<8§=1<x<1+86 = f(x) =x+1. Then [f(x) — 1| = |(x+ 1) — 1| = |[x| = x > 1. Thatis,
[f(x) — 1| 1 no matter how small § is taken when1 < x <146 = Xliéml f(x) # 1.

© —-6<x—1<0=>1-6<x<1 = fx)=x. Then|fx)— 15|=|x—-15]/=15—-x>15-1=05.
Also,0<x—1<6 = 1<x<1+6 = f(x) =x+ 1. Then [f(x) — 1.5| = |(x+ 1) — L.5] = |x — 0.5]
=x—05>1-0.5=0.5. Thus, no matter how small ¢ is taken, there exists a value of x such that
—6 <x—1< ébut [f(x) — 1.5] % = Xliin1 f(x) # 1.5.

(@) For2<x<2+4+6 = h(x)=2 = |h(x) —4| =2. Thusfore < 2, |h(x) —4| € whenever2 < x <2+ 8no

matter how small we choose 6 > 0 = lim2 h(x) # 4.
X —

(b) For2 <x<2+4+6 = h(x)=2 = |h(x) —3| =1. Thusfore < I, |h(x) —3| € whenever2 < x <2+ 8 no

matter how small we choose 6 > 0 = lim2 h(x) # 3.
X —

(c) For2 —§ <x <2 = h(x) =x%so0|h(x) — 2| = [x* — 2|. No matter how small § > 0 is chosen, x? is close to 4
when x is near 2 and to the left on the real line = [x? — 2| will be close to 2. Thusif e < 1, [h(x) — 2| €
whenever 2 — § < x < 2 no mater how small we choose § > 0 = lim2 h(x) # 2.

X —
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59. (a) For3—6<x<3= f(x) >48 = |f(x) —4| 0.8. Thusfore < 0.8, [f(x) —4| € whenever
3 — § < x < 3 no matter how small we choose 6 > 0 = lim3 f(x) # 4.
X —

(b) For3<x<3+46 = f(x) <3 = [f(x) —4.8] 1.8. Thusfore < 1.8, [f(x) —4.8] e whenever3 <x <3+
no matter how small we choose 6 > 0 = lim3 f(x) £ 4.8.
X —

() For3—6<x<3 = f(x) >4.8 = |f(x) —3] 1.8. Again, fore < 1.8, [f(x) — 3] € whenever3 —46 <x <3
no matter how small we choose 6 > 0 = lim3 f(x) # 3.
X —

60. (a) No matter how small we choose 6 > 0, for x near —1 satisfying —1 — 6 < x < —1 + 4, the values of g(x) are
near 1 = |g(x) —2|is near 1. Then, for e = 1 we have |g(x) —2| 3 for some x satisfying
—l1-6<x<—-1+8000<|x+1]<b6 = limlg(x)#Z.

X — —

(b) Yes, lim | g(x) = 1 because from the graph we can find a 6 > 0 such that |g(x) — 1| < €if 0 < |[x — (—=1)| < 6.
X — —

61-66. Example CAS commands (values of del may vary for a specified eps):

Maple:
f:=x->(x"-81)/(x-3);x0 := 3;
plot( f(x), x=x0-1..x0+1, color=black, # (a)
title="Section 2.3, #61(a)" );
L := limit( f(x), x=x0 ); # (b)
epsilon :=0.2; #(c)

plot( [f(x),L-epsilon,L+epsilon], x=x0-0.01..x0+0.01,
color=black, linestyle=[1,3,3], title="Section 2.3, #61(c)" );
q := fsolve( abs( f(x)-L ) = epsilon, x=x0-1..x0+1); # (d)
delta := abs(x0-q);
plot( [f(x),L-epsilon,L+epsilon], x=x0-delta..x0+delta, color=black, title="Section 2.3, #61(d)" );
for eps in [0.1, 0.005, 0.001 ] do # (e)
q := fsolve( abs( f(x)-L ) = eps, x=x0-1..x0+1 );
delta := abs(x0-q);
head := sprintf("Section 2.3, #61(e)\n epsilon = %5f, delta = %5f\n", eps, delta );
print(plot( [f(x),L-eps,L+eps], x=x0-delta..xO+delta,
color=black, linestyle=[1,3,3], title=head ));
end do:
Mathematica (assigned function and values for x0, eps and del may vary):
Clear[f, x]
yl: =L —eps; y2: =L +eps; x0 = 1;
flx_]: = (3x> — (7x + 1)Sqrt[x] + 5)/(x — 1)
Plot[f[x], {x, x0 — 0.2, x0 4+ 0.2}]
L: = Limit[f[x], x — x0]
eps = 0.1; del = 0.2;
Plot[{{[x], y1, y2},{x, xO — del, xO + del}, PlotRange — {L — 2eps, L + 2eps}]

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 2.4 One-Sided Limits

2.4 ONE-SIDED LIMITS

1. (a)
(e)
)

2. (a)
(e)
()
3. (a)
(b)
(©)
(d)

(b)
©
(d

(b)
(©

(b)
©

True (b) True (c) False (d) True
True () True (g) False (h) False
False (j) False (k) True (1) False
True (b) False (c) False (d) True
True () True (g) True (h) True
True (j) False (k) True

1 = 2 = 1 = — =
xliné+ f(x)=5+1=2, Xlin%f fx)=3-2=1
No, lim_f(x) does not exist because lim f(x) # lim f(x)
X — 2 x — 2% X — 2
. _ 4 _ . _ 4 _
Xlgr}rf(x)_ 5 +1 _3’X1l,nl+f(x)_ ;+1=3

Yes, lim f(x) =3 because 3 = lim f(x) = lim f(x)
X —4 X — 4 X — 47+

xllné+ fx)=35=1, XILI%— fx)=3-2=1,1f2)=2
Yes, lim_f(x) = 1 because 1 = lim f(x) = Ilim_f(x)
X — 2 X — 21 X — 2
lim fx)=3—-(-1)=4, lim fx)=3-(-1)=4
x— -1 x— —1*F
Yes, lim f(x) =4because4 = Ilim f(x)= Ilim f(x)
x— —1 x— —1 X — —1%
No, lin}) . f(x) does not exist since sin (%) does not approach any single value as x approaches 0
X —
lim f(x)= lim_0=0
x—0 x—0

lim f(x) does not exist because lim f(x) does not exist
x—0 X — 0t

Yes, lir%+ g(x) = 0 by the sandwich theorem since —\/I <gx) < \/; when x > 0
X —
No, linb _ g(x) does not exist since /X is not defined for x < 0
X —

No, lim_g(x) does not exist since lim g(x) does not exist
x—0 x—0

(b) Xli)mr fx)y=1= xlin%+ f(x)

(c¢) Yes, lim1 f(x) = 1 since the right-hand and left-hand
X —

3
1k y={x, x#1

0, x=1 limits exist and equal 1

(b) lLim fx)=0= lim f(x)
X — 1t X —1

2, x=l (¢) Yes, lim1 f(x) = 0 since the right-hand and left-hand
X —

limits exist and equal 0
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10.

11.

13.

14.

15.

16.

17.

(a)

(b)

()
(d)

(a)

(b)

(©)
(d)

- [x+2 _ [-05+2 _ [ _
cm o = s = Ve S

limy () () = (52) (By) = e
Jim () (459) (5%) = (72) (59 (7)
lim m V5o lim (mfﬁ)(
h— 0+ h—>0+ h

lim W+ -5

lim

h—>0+ h(m+f)

Chapter 2 Limits and Continuity

domain: 0 <x <2

range: 0 <y<landy =2
Jim  f(x) exists for ¢ belonging to
©0,1Hu@a,2)

x=2

x=0

domain: —oo < x < o0

range: —1 <y <1

Xli_r’nC f(x) exists for ¢ belonging to
(=00, =1 U (-1,1)U (1, 00)
none

none

V3

~

|\‘1 x?, 0<x<1
y=

1 1<x<2
2, x=2
2r °
1‘5\._0
L x
0 1 2

ok

I, x=0

x, -1<x<0 or 0<x<1
-
0, x<-lorx>1

: x—1 __ 1-1 —
12 dim /35 = /153 =V0=0

h(h +4)

\/h2+4h+5+\/§>
Vi +4h+5+/5

0+4 2

h1—>0+ h(ViErants+y35) V55 s

h—0" h—>0’

. 6—(5h>+11h+6
li (5h* +11h +6)

—h(Sh+11)

V/6—+/5n2+11h+ 6 \/5h2+11h+ lim (\/6—\/5h2+11h+6) (\/6+\/5h2+11h+6)

V6++/5h2+11h+6
_ —O+1DH __

— _ 1
=0 (Ve s ) h b h(Ves e mre) | Verve | 2/

(a)

(b)

. (a)

(b)

. [x+2| _ . (x+2)
. l}r{l2+ x+3) 12 « EIEQ+ x+3) (x+2)
= lim
X —
. x+2] _ . —(x+2)
Jm, x+3) 555 = lim (x+3) [ xT2)

= lim
X — —27
lim  Y20-D iy V20D
x— 1t k=1 x— 1t &=D
= lirr}+ \/2x:\/§
X —
lim  Y20-D iy V20D
X — 1" [x—1] X — 1 —x=1
= hm —V2Xx = — \/E

}

(x+2| = (x+2) forx > —2)

n 3= () +3) =1

(x+2|=—-x+2)forx < —2)

K+3)(-D=—(-2+3) = -

(x=1=x—1forx > 1)

(x=1=-x—-1Dforx <1)
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Section 2.4 One-Sided Limits

i Bl 3 _ i o _2
@ im == ®) lim =3
(@ lim (t—[t]))=4-4=0 (b) lim (t—[t}))=4-3=1
—4F t— 4~
. i 9 .
lim S0V _ [y sinx _ g where x = /20
0 — \/59 x—0 X ( \/_ )
lim oK — i ksnkt — jjy ksl fiym S0 ] =k (where 6 = kt)
t—0 ¢ t—0 t 60— 0 0—0
lim S0 — 1 iy 30 _ 3 iy S0 3 iy sind 3 where § = 3
vy & 4y Ty 4,y Ty 41 g Z ( y)
. h o 1. 3\ _ 1 1 11 1 _1.1_1 _
hlg%f Sin 30 _hlf%f (3-a5%) =3 hlimof @Iy = 3 (91361 ;f’) =3-1=3 (where 6 = 3h)
sin 2x . .
lim 2 = fim &R o gy sin2e o (gim L) (im 2sh2) = 1.2=2
X — 0 X — 0 X X — () Xcos2x X — (0 €0s2x X — 0 2x
im 2L =2 lim i~ =2 lim lC.O“:z(nm cost) 1 )=2-1-1=2
t—(Q tant t—0 (i) t— (0 st t—0 }E%T
: X csc2X X R 1 _ (1 1 2X : 1 _ (1. _ 1
Xlﬂno cosS5x T x4 (sin2x cosSx) - (2 Xlgno sin2x) (Xh_r,no cosSx) - (2 1) (D= 2
. . 2 .
lim_6x*(cot x)(csc 2x) = lim XX — Jim (3cosx- X -2 ) =3.1-1=
XHO XHO SIn X Sin zX X*’O Sin X Sin zZX
: X+XCoOSX __ 13 X X COS X 1 x . _1 . X
Xlgno sinxcos X le»(J (sinxcosx + sinxcosx) - xlgno (sinx cosx) +xl£n0 sin x
~ lim (L) lim (-1)+ lim (L)z D) +1=2
X — 0 X X — 0 (cosx)—’—x*}() X ()()+
: xX2—x+sinx _ 13 x 1 4, 1(sinx)) _—n_1_,41 _
m, 2x —Xh_r,no(Q 33 (%) =0-3+3(0)=0
. 1—cosf __ 1 (1—cos)(1+cosb) _ 1 1—cos?f 1 sin® 9
ell_rpo sin 26 70121’10 (2sin 6 cos 0)(1 + cos 0) 7915110 (2sinf cos 0)(1 + cos 0) 70151’10 (2sinf cos 0)(1 + cos 0)
T sin 6 _ _0 _
= elgno Beosd)(170050) — @)@ — 0
. R oden s bim(se)
lim A5 = fim S o fim o = fim s = el — 50— 0
x—0 ¢ x—0 9 x—=0 53 x— 0 (¥2) ,}E‘})(T)
lim M-l — Jim 18 — ] gince =1—cost — Oast— 0
t—0 1-cos -0
lim 60D — iy s — | gince § =sinh — Oash — 0
h—0 S0 6—0
: sinf __ sin 20 _ 1 13 sinf 20 1. _ 1
6]21‘10 sin20 911—>0 (sinZ(? 29) 2 0]51‘10 ( 0 sin29) -2 1-1= 2
: sin5x __ 1; sin5x _4x 5\ _ 5 7q; sin5x | _4x _5.1.1—-35
Jim Gy = lim (k53 =13 im (5 - mw) =1-1-1=3
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Chapter 2 Limits and Continuity

lim fcosd =0-1=0
6 —0

cos20 __

cos20 cos2 __ 1
sin20 lm

2sinfcosf 02cosﬁ 2

611m sinf cot20 = hrnosm 0

— —

hm sin 0
— 0

tan3x __ 13 sin 3x 1 1 sin 3x 1 U8 U3
xlgl() sin 8x —xlgllo (cos 3x sinSx) —xlgllo (cos 3x  sin8x  3x 8)
_ 375 1 sin 3x 8x _ 3 .1.1. _ 3
=g lim, (vs) (55) () =5 1-1-1=3

lim sin 3y cot 5y — lim sin 3y sin 4y cos 5y — lim sin 3y sin 4y cos Sy 3-4-5y
y—0 y cot 4y y—0 y cos 4y sin Sy y—0 y cos 4y sin 5y 3-4-5y

T in 3 in 4 5 5 34\ _
- ylgno (Sgyy> (Slzyy> (siny5y> <2224z/) (?) =1-1-1-1-

IS
oIS

sinf

. tanf 6 sinfsin30  __ 1; sin @ ( sin 30 3 _ 3\
Gh—I>nO B2cot30 hmo 92?;:‘:%9” - hmo 02 cos 0 cos 30 615110 ( 0 ) ( 30 ) (Cosﬂcos 30) - (1)(1) ( 1-1) =3
lim et — fim O5d Jim et — i Boosdt (Osinfeos6) _ pi, feosdd (dsin cos’ )
§ — 0 sin 6 cot?20 -0 sm29 ur\ 79 7 sin 6 cos>26 sin 46 sin%6 cos?26 sin 46 §— o0 sin 6 cos?26 sin 40
I 40 cos4fcosh _ 1: 46 cosd4fcos? 6\ __ 1 cos4fcos? 6\ __ 1 1_12 _
- ﬁlgno cos220sin4f 911110 (sin46) ( cos226 ) - 911110 (5‘“49 ) ( cos226 ) - (1) ( 12 ) =1
Yes. If hm f(x) =L = lim_f(x), then lim_ f(x) =L. If lim f(x) # lim_f(x), then lim_f(x) does not exist.
X—a Xx—a X —a’ X —a X —a

x—»a

Since lim f(x) = L if and only if lim+ f(x) = L and hm f(x) = L, then l1m f(x) can be found by calculating
X —C
11m f(x).

X — ¢t

If f is an odd function of x, then f(—x) = —f(x). Given lin%)+ f(x) = 3, then lin%) fx)=—
X — X —

If f is an even function of x, then f(—x) = f(x). Given liné _f(x) = 7 then lim2+ f(x) = 7. However, nothing
X — X — —

can be said about limT f(x) because we don't know lin%+ f(x).
X — — X —

I=0G,5+6) = 5<x<5+6 Also,/x—5<€ = x—5<€ = x<5+¢% Choose § = €2

= 11m vVx—5=0.

Xﬂd
I=4—-64)=>4—-6<x<4 Also,\/41—x<e=>4—x<e=x>4—¢> Choose § = ¢€>

= hn}; v4—x=0.
X —

Asx — 07 the number x is always negative. Thus, |- — (71)‘ <€ = |_LX + 1| < € = 0 < e which is always

X

true independent of the value of x. Hence we can choose any 6 > 0 with - < x < 0 = lirr(lr ‘i =—1.
X —

Since x — 27 we have x > 2 and |x — 2| = x — 2. Then,

1‘—]——1\<e:> 0<e
which is always true so long as x > 2. Hence we can choose any 6 > 0, and thus 2 < x <2+ 6

1‘ < €. Thus, lim X2 1,

x = —ot [x=2]

=

\X 2\
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51.

52.

2.5

10.

11.

12.

Section 2.5 Continuity 67

(a) li% o |x| = 400. Just observe that if 400 < x < 401, then |x| = 400. Thus if we choose § = 1, we have for any
X —

number € > 0 that 400 < x < 400+ ¢ = ||x| —400| = |400 — 400| =0 < e.

(b) 1i14r[1)07 |x] = 399. Just observe that if 399 < x < 400 then |x| = 399. Thus if we choose § = 1, we have for any
X —

number ¢ > 0 that 400 — 6 < x < 400 = ||x] — 399| = (399 — 399 =0 < .

(¢) Since lim _|x] # lim |x] we conclude that lim |x] does not exist.
X — 400* X — 400~ x — 400

(a) 1in(1)+f(x) = lin%]+ f: f:O; \/§70| <e = —e</x<e = 0<x< e forx positive. Choose § = €
X — X —
= lim f(x)=0.
x — 0" )
(b) liII(l) f(x) = linb _x%sin (1) = 0 by the sandwich theorem since —x* < x*sin (1) < x* for all x # 0.
X — X —
Since [x* — 0| = |—x? — 0] = x? < ¢ whenever |x| < /€, we choose 6 = /e and obtain |x? sin (1) — 0| < ¢
if —6 <x<0.
(c) The function f has limit 0 at xqg = 0 since both the right-hand and left-hand limits exist and equal O.

CONTINUITY
No, discontinuous at x = 2, not defined at x = 2

No, discontinuous at x = 3,1 = lin})r gx) #£gB)=1.5
X —

Continuous on [—1, 3]

No, discontinuous atx = 1, 1.5 = lilq kx) # lin%+ kx)=0
X — X —

(a) Yes (b) Yes, . _l)irzl1+ f(x) =0
(c) Yes (d) Yes

(a) Yes, f(1) =1 (b) Yes, Xli_r’n1 f(x) =2
(c) No (d) No

(a) No (b) No

[=1,00U 0, HU(,2)U(2,3)

f(2) =0,since lim f(x)=-2Q2)+4=0= lim f{(x)
X — 2 x — 2%
f(1) should be changed to 2 = lim1 f(x)
X —

Nonremovable discontinuity at x = 1 because lim1 f(x) fails to exist ( 1in}7 f(x) = 1 and lin%+ f(x) = 0).
X — X — X —

Removable discontinuity at x = 0 by assigning the number lim0 f(x) = 0 to be the value of f(0) rather than f(0) = 1.
X —

Nonremovable discontinuity at x = 1 because lim1 f(x) fails to exist ( lilq _f(x) =2and lin}+ f(x) = 1).
X = X — X —

Removable discontinuity at x = 2 by assigning the number lim2 f(x) = 1 to be the value of f(2) rather than f(2) = 2.
X —
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Chapter 2 Limits and Continuity

. Discontinuous only whenx —2 =0 = x =2 14. Discontinuous only when (x +2)2 =0 = x = —2

Discontinuous only when x> —4x4+3=0 = x—-3)x—-1)=0 = x=3o0rx=1

Discontinuous only when x> —3x —10=0 = (x—5)x+2)=0 = x=5o0rx = -2

Continuous everywhere. (|x — 1| + sin x defined for all x; limits exist and are equal to function values.)
Continuous everywhere. (|x| + 1 # 0 for all x; limits exist and are equal to function values.)
Discontinuous only at x = 0

Discontinuous at odd integer multiples o g, ie,x=2n—-1) g, n an integer, but continuous at all other x.

Discontinuous when 2x is an integer multiple of 7, i.e., 2X = n7, n an integer = X = “7”, n an integer, but
continuous at all other x.
X

Discontinuous when % is an odd integer multiple of 7—2T, i.e., %" =@n—1)Z,naninteger = x =2n— 1, nan

integer (i.e., X is an odd integer). Continuous everywhere else.
Discontinuous at odd integer multiples of I, i.e., x = (2n — 1) Z, n an integer, but continuous at all other x.

Continuous everywhere since x* +1 land -1 <sinx <1 = 0<sin?x <1 = 14sin’x 1; limits exist
and are equal to the function values.

3

Discontinuous when 2x +3 < 0 or x < — 3 = continuous on the interval [— 3

2700)'

2
Discontinuous when 3x — 1 < Qor x < % = continuous on the interval [%, oo) .

Continuous everywhere: (2x — 1)!/3 is defined for all x; limits exist and are equal to function values.

Continuous everywhere: (2 — x)/° is defined for all x; limits exist and are equal to function values.

. . . XZ—X—G_ 4 (X_3)(X+2) — 1 = =
Continuous everywhere since X11313 =0 = thl} S xh£13 (x+2)=5=¢g(3)
Discontinuous at x = —2 since _ lim 5 f(x) does not exist while f(—2) = 4.

Xli_r)nw sin (X — sin X) = sin (7 — sin ) = sin (7 — 0) = sin 7 = 0, and function continuous at X = 7.
tliﬁm0 sin (5 cos (tan t)) = sin (5 cos (tan (0))) = sin (3 cos(0)) = sin (3) = 1, and function continuous at t = 0.

lim sec (ysec’y —tan’y — 1) = lim sec (y sec’y —sec’y) = lim ‘sec ((y — Dsec’y) = sec ((1 — 1)sec? 1)
y— y—

y%

= sec 0 = 1, and function continuous aty = 1.

lim0 tan [% cos (sin x1/3)] = tan E cos (sin(O))] = tan (} cos (0)) = tan (%) = 1, and function continuous at x = 0.

X —

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.
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V2

lim cos |—Z2——| =cos |—Z——| =cos = =cos = , and function continuous at t = 0.
t— 0 V19 — 3 sec 2t V19 —3sec 0 V16 4 2

lim_ \/cs02x+5\/§tanx = \/0ch (T) +5y3tan (2) = /4 +5V/3 (%) = /9 = 3, and function continuous at
X—>5'

X = %.

g0 = L= = IO 3 43523 o g3 = lim (x+3)=6

h(t) = SH310 — (D) _ ¢4 542 = h(2) = Jlim (t+5)=7

_ -1 (PAs+DG=D _ 451 — 1 s+l 3
f) == ="%en = 31 2871 = f(l)_slgnl( s+l )—2

o xX2—16 _ x+Hx-4 _ x+4 — 1; _ 8
g = T a T e — a1 X7 4 = g = Xhinél (1) =§

As defined, lir% f(x) =(3)>—1=28and liII:I)) . (2a)(3) = 6a. For f(x) to be continuous we must have
X = X —

6a=8 = a:g—‘.

As defined, limzf g(x) = —2 and lim2+ g(x) = b(—2)? = 4b. For g(x) to be continuous we must have
X — — X — —

4b=-2=b=—1.

As defined, lirré _f(x) =12 and lirré LX) = a%(2) — 2a = 2a? — 2a. For f(x) to be continuous we must have
X—= X —

12=2a?—-2a = a=3o0ra= —2.

As defined, lim g(x) = g;'l’ == and lim g(x) = (0)2 + b = b. For g(x) to be continuous we must have
x—0 + b+1 S
b _ _ _
m—b:>b—00rb—f2
As defined, limr f(x) = —2 and lim1+ f(x) =a(—1)+ b= —a+b, and limr f(x)=a(l)+b=a+band
X — — X — — X —

lin}+ f(x) = 3. For f(x) to be continuous we must have —2 = —a+banda+b=3= a= % and b = %
X —

As defined, lir%f g(x) = a(0) 4+ 2b = 2b and lir%+ g(x) = (0)> +3a—b = 3a—b, and
X = X —
lirrif g(x) = (2)2 +3a—b=4+3a—band 111%+ g(x) = 3(2) — 5 = 1. For g(x) to be continuous we must
X—= X —
have2b =3a—band4+3a—b=1= a=—3 andb=—

N1 0%}
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47.

49.

51.

52.

53.

54.

Chapter 2 Limits and Continuity
The function can be extended: f(0) =~ 2.3. 48. The function cannot be extended to be continuous at
x = 0. If f(0) ~ 2.3, it will be continuous from the
right. Or if f(0) = —2.3, it will be continuous from the
left.
Yy y
2.6
5 10 — 1
2.4 0% — 1 . f(x)=——;—
2.2 f(x)=
/ & 0.05 0.1 X
-0.1 -0.05 0.05 0.1 X
1.8
The function cannot be extended to be continuous 50. The function can be extended: f(0) ~ 7.39.

atx = 0. If f(0) = 1, it will be continuous from
the right. Or if f(0) = —1, it will be continuous

from the left.
ll 7.5 f(x):(l-}.zx)llx
0.5 7.3\

-0.5 -0.01 -0.005 0.005 0.01

) sin x
__4 fx)= W

f(x) is continuous on [0, 1] and f(0) < 0, f(1) > 0
= by the Intermediate Value Theorem f(x) takes

on every value between f(0) and f(1) = the
equation f(x) = 0 has at least one solution between
x=0and x = 1.

cosXx =X = (cosx)—x=0. IfX:—%,cos(—g)—(—g) > 0. Ifx:g,cos(g)—%<0. Thuscosx —x =0

for some x between — g and 5 according to the Intermediate Value Theorem, since the function cos X — X is continuous.

Let f(x) = x3 — 15x + 1, which is continuous on [—4, 4]. Then f(—4) = —3, f(—1) = 15, f(1) = —13, and f(4) = 5.
By the Intermediate Value Theorem, f(x) = 0 for some x in each of the intervals —4 < x < —1, —1 < x < 1, and

1 < x < 4. Thatis, x3 — 15x 4 1 = 0 has three solutions in [—4, 4]. Since a polynomial of degree 3 can have at most 3
solutions, these are the only solutions.

Without loss of generality, assume that a < b. Then F(x) = (x — a)? (x — b)? + x is continuous for all values of

X, S0 it is continuous on the interval [a, b]. Moreover F(a) = a and F(b) = b. By the Intermediate Value

Theorem, since a < % < b, there is a number ¢ between a and b such that F(x) = a;b.
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60.

61.

62.

63.
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Answers may vary. Note that f is continuous for every value of x.

(a) f(0) =10, f(1) =13 —8(1) + 10 = 3. Since 3 < 7 < 10, by the Intermediate Value Theorem, there exists a c
sothat 0 < ¢ < 1 and f(c) = 7.

(b) f(0) = 10, f(—4) = (—4)> — 8(—4) + 10 = —22. Since —22 < _\/§ < 10, by the Intermediate Value
Theorem, there exists a ¢ so that —4 < ¢ < 0 and f(c) = ,\/g_

(c) f(0) = 10, f(1000) = (1000)? — 8(1000) + 10 = 999,992.,010. Since 10 < 5,000,000 < 999,992,010, by the
Intermediate Value Theorem, there exists a ¢ so that 0 < ¢ < 1000 and f(c) = 5,000,000.

All five statements ask for the same information because of the intermediate value property of continuous functions.
(@) A root of f(x) = x®> — 3x — 1 is a point ¢ where f(c) = 0.
(b) The points where y = x3 crosses y = 3x + 1 have the same y-coordinate, or y = x> = 3x + 1
=fx)=x>-3x—-1=0.
() x3—=3x=1 = x®—3x—1=0. The solutions to the equation are the roots of f(x) = x> — 3x — 1.
(d) The points where y = x> — 3x crosses y = 1 have common y-coordinates, or y = x> — 3x = 1
= fx)=x3-3x—1=0.
(e) The solutions of x3 — 3x — 1 = 0 are those points where f(x) = x® — 3x — 1 has value 0.
sin (X — 2)
x—2

Answers may vary. For example, f(x) = is discontinuous at x = 2 because it is not defined there.

However, the discontinuity can be removed because f has a limit (namely 1) as x — 2.

1
x+1

Answers may vary. For example, g(x) = has a discontinuity at x = —1 because lim ) g(x) does not exist.
X — —

( lim  g(x) = —ocoand lim g(x)= —1—00.)
X — -1 X — —1%

(a) Suppose xg is rational = f(xg) = 1. Choose € = % For any 6 > 0 there is an irrational number x (actually
infinitely many) in the interval (xo — 8,Xxg + 6) = f(x) = 0. Then 0 < |x — X¢| < 6 but |f(x) — f(x0)]

=1> % =€, S0 XILH}( , f(x) fails to exist = fis discontinuous at x, rational.
On the other hand, X, irrational = f(xy) = 0 and there is a rational number X in (xg — 0, X + 0) = f(x)

= 1. Again xlin;( f(x) fails to exist = fis discontinuous at xq irrational. That is, f is discontinuous at
— Xo

every point.
(b) fis neither right-continuous nor left-continuous at any point x, because in every interval (xg — 6, X) or
(Xo, X + 0) there exist both rational and irrational real numbers. Thus neither limits . lgr)l( _ f(x) and
0

lim+ f(x) exist by the same arguments used in part (a).
X — Xg

f(x) 1

Yes. Both f(x) = x and g(x) = x — % are continuous on [0, 1]. However 20 is undefined at x = 5 since
g(3)=0= % is discontinuous at x = 3.
No. For instance, if f(x) = 0, g(x) = [x], then h(x) = 0([x]) = 0 is continuous at x = 0 and g(x) is not.

Let f(x) = Xi—l and g(x) = x + 1. Both functions are continuous at x = 0. The composition f o g = f(g(x))
= m = 1 s discontinuous at x = 0, since it is not defined there. Theorem 10 requires that f(x) be

continuous at g(0), which is not the case here since g(0) = 1 and f is undefined at 1.

Yes, because of the Intermediate Value Theorem. If f(a) and f(b) did have different signs then f would have to
equal zero at some point between a and b since f is continuous on [a, b].
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64. Let f(x) be the new position of point x and let d(x) = f(x) — x. The displacement function d is negative if x is
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the
Intermediate Value Theorem, d(x) = 0 for some point in between. That is, f(x) = x for some point x, which is
then in its original position.

65. If f(0) = 0 or f(1) = 1, we are done (i.e.,c = 0 or ¢ = 1 in those cases). Thenletf(0) =a > 0andf(1) =b < 1
because 0 < f(x) < 1. Define g(x) = f(x) —x = g is continuous on [0, 1]. Moreover, g(0) = f(0) —0 =a > 0 and
g(l)=1f(1) =1 =b—1< 0 = by the Intermediate Value Theorem there is a number c in (0, 1) such that
gc)=0 = f(c) —c=0orf(c)=c.

66. Lete = @ > 0. Since fis continuous at x = ¢ thereisa § > O such that |[x —c| < § = [f(x) — f(c)| < €
= f(c) — e < f(x) < f(c) +e.
If f(c) > 0, then e = § f(c) = 1f(c) < f(x) < 3 f(c) = f(x) > 0 on the interval (c — &, ¢ + &).
Iff(c) < 0, thene = — 1 f(c) = 2f(c) < f(x) < 1f(c) = f(x) < 0 on the interval (c — 6, ¢ + 6).

y  flc)+e

fle)r

A

f(c)-e

67. By Exercises 52 in Section 2.3, we have lim f(x) =L < hlimO f(c+h) =L.

Thus, f(x) is continuous at x = ¢ <> lim_f(x) = f(c) < hh—I>nO f(c +h) = f(c).

68. By Exercise 67, it suffices to show that hlimo sin(c + h) = sin ¢ and hlimo cos(c 4+ h) = cos c.
Now lim sin(c +h) = lim_[(si h inh)] = (sin c) (_lim cos h) (lim sin )
ow lim, sin(c + h) Jim [(sin ¢)(cos h) + (cos ¢)(sin h)| = (sinc) Jim cosh ) + (cosc) Jim sin
By Example 11 Section 2.2,h1imocos h=1 andhlimosin h = 0. So hlim0 sin(c + h) = sin ¢ and thus f(x) = sin x is
continuous at x = c. Similarly,
I h) = Ii h) — (sin c)(sin h)] = (lim cos h) = (sin )  lim sinh) = cosc.
Jim cos(c + h) Jim [(cos ¢)(cos h) — (sin ¢)(sin h)] = (cos ¢) lim cos (sin ¢) Jim sin cos ¢

— —

Thus, g(x) = cos X is continuous at x = c.

69. x ~ 1.8794, —1.5321, —0.3473 70. x ~ 1.4516, —0.8547, 0.4030
71. x = 1.7549 72. x = 1.5596

73. x =~ 3.5156 74. x =~ —3.9058, 3.8392, 0.0667
75. x = 0.7391 76. x ~ —1.8955, 0, 1.8955
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2.6 LIMITS INVOLVING INFINITY; ASMYPTOTES OF GRAPHS

1. (@ Ilim f(x)=0 (b) lim f(x) = -2
X —2 X — —3+
(©) lim37 f(x) =2 (d) lim3 f(x) = does not exist
X — — X —
(e) Xlg%+ fx) = —1 () Xll%— f(x) = + o0
(2) XthO f(x) = does not exist (h) xILmOO fx)=1

@ |, lim__f(x)=0

2. (@) lim f(x) =2 (b) lim f(x)=-3
X — 4 x —2F
(© Ilim fx)=1 (d) lim_f(x) = does not exist
X —2 X — 2
(e) lim f(x)= + o0 ®) lim_ f(x)= + o
x — 3% X — —3
(g) lim_f(x) = + o (h) Ilim f(x)= + o0
x— =3 x — 0F
i) lim f(x)= - () lim_ f(x) = does not exist
x—0 x—0
(k) Jim_f(x) =0 @ dim_ f(x) = -1
Note: In these exercises we use the result linil Xn% = 0 whenever T+ > 0. This result follows immediately from
X — o
. . 1 . 1\m/n . 1 m/n
Theorem 8 and the power rule in Theorem 1:  lim (—/) = lim (—) = ( lim _) — o — .
X — oo X x— foo ‘X X — +oo X
3. (a -3 (b)y -3
4. (a) 7 (b) =
5. @ 3 OF
6. () § ()
7@ -3 ® -3
8. (a) 3 ®) 3

lim  $12X — () by the Sandwich Theorem
X = 00 X

10, — L <t < L — , Jim < — 0 by the Sandwich Theorem
— —00

2 sin
. 2—t+sint 1 ) 0—1+40
1. tLI)mOO t+cost 7t1*1>m30 T+ () = 1+0 1
. r+sinr 1 1+(L'r") 1 140 1
12. r1—1>moo 2r+7—5sinr 7rli>moo 2+%,5(ern‘) *r1_1>m00 2+0-0 2
13. (@) _lim 2% = 1lim 24y _2 (b) 2 (same process as part (a))
: x o x+7 T x 2 547 75 5 p p
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15.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

29.

30.

. (a)

Chapter 2 Limits and Continuity
2+ (%
: 2x+7 _ 1 (x3) _
(@) X1i>moo X3 —x2+x+7 _xll>moo 1—%+XL2+XL3 =2
(b) 2 (same process as part (a))
+1 it
: X _ b X —
(a) xlgmOo T3 = XleOO | +% =0 (b) 0 (same process as part (a))
3x+7 o
3 X — 3 X x2
Xleoo iy = XleOO 2 =0 (b) 0 (same process as part (a))
. 7X3 _ . 7 _
(a) xlgmOo TR 6 —xlgmOO 375 = 7 (b) 7 (same process as part (a))
. 1 . 4
(a) Xleoo e e :XleOO 1752“% =0 (b) 0 (same process as part (a))
10x° 4 x* 431 Rratis
3 X X — 3 X X X! J—
(a) XleOO e —Xll)mOO ; =0 (b) 0 (same process as part (a))
. 9x* +x _ : 9+%3 -9
(@) Xleoo X +5x2—x+6 —XleOO +3-4+5 2
b) 2 (same process as part (a
3 p p
2 3
: —2x>—=2x+3 _ 1; _2_72_‘—73 —_2
@ xll>moo 3x3+3x2—5x_x1l>moo 3+%_xi? - 73
b) — 2 (same process as part (a
3 p p
. 7X4 _ . —1 _
(@) xll>moo xT—7x3+7x2+9 _Xll,moo 1,Z+x12+x% =-1
b) —1 (same process as part (a
P p
lim (/9223 = gim (/i =/ nm S8 = =02 a0
x—o0o V 2x+x T xS0\ 241 T\ x=002+1 210 -
1/3 1/3
1/3 11 1_ 1
. X4x—1 o . 1+ 5 _ . 1+ 3 _ (140-0
XLHEOO< 8x2 3) _xgmoo< 8,%2‘ - xleoo Sfx%x _( 8-0
1-x3 5 S -x ° o ’ 0+ 5
. 3 R . _ o\
xl}n—loo<x2 7X) xllnfloo Xl*% - X—!mocxl Z - (1*0) =
li x2—5x __ li %_iz . li %_x% _ 0—-0 _\/6_0
xRV ¥ =2 T T -2 T e T -3 TV TH0-0 T =
2 1 2
. 2 1 . +lz . 2 .
lim b lim (‘”> 7(2) =0 28. _lim +\/;: lim (‘1/2
X =00 3x-7 X =00 3-1 X=00 2—/x  x—=00 (12/,2
1
) S-S5 | _xm-am 17()(2/15) _
xLlnloo Vx+x T xLlnloo 14 x4/ =173 = XEI'QOO 1+( )l/y) -
x=/ 10
: x4xt : e
lim 25> = lim £ = 00
X =00 X “—X x—o0o 1-1
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1/15 1 7
20B—xyy o 2 Tmmt EE
1M, X543+ /x T ) m I+ 55+ 1im =
YX—5x+3 a5+ 5
- o . 2/ x _ 53
xg —o0 2x+x%/3— 4_)(2[‘900 Y m—— SV X
X
lim VL lim NN lim VEFDE lim VIHE 110 1
x =00 x+l Tx=00 (x+1)/V/x2  x—oo (x+D/x T x=oo (I+1/x) T (1+0) T
lim x24+1 lim VE+1/Vx2 lim X+1)/x2 lim VI+1/x2 /140 1
X > —00 X+1 T xS -00 (x+1)/\/; T x = —oo (x+1)/(—x) T X—>OC( 1-1/x) = (-1-0) —
lim —X=3  — q{jm _&=3/vx lim =3 i U= (-0 1
X = 00\/4x24+25 X — 00/4x2 +25/1/x> (4x2+25)/x2 X — 001/4+25/x? V4+0 2
lim 423 = gim GCXVVX gy Go300x) gy, (X3 043 g
X — —004/x64+9 X = =00 /X6 +9/1/x6 X — —00 /(x°+9)/x° X =00 y/1+9/x° 140
lim 1 _ 00 positive 38 lim 5 _ —00 positive
X — O 3x T positive x50 X - negative
lim 3 — 00 positive 40 lim 1 = 00 positive
X — 92— X2 - negative . X > 3+ X— -3 positive
2x negative : 3x negative
X _}Iil8+ X8 = X (positive) 42. X _1}@5— 10— X (negatlve)
4 _ positive : -1 negative
x1£n7 x=72 — S (positive) 44. Xh_r,no x-(x+l) -0 (posmve posmve)
. _ : 2 _
(a) XEH})+ 3x1/3 = o0 (b) xli{l%), 3xl,’3 - o0
: 2
a) lim == b) lim % = -0
@ lim 2 () lim 2
lim - = lim —'; =00 48. lim ;= lim —5 =00
x—0 ¥ T xS0 () x—0 ¥ T xS0 ()
lim tanx = oo 50. lim L SeCX =00
s T
= (3 x— (F)
91irr(1)7 (1+csch)=—
—
; lirr(1)+ (2 —cot ) = —o0 and hm (2 — cot #) = o0, so the limit does not exist
—
: 1 _
(a) xgn’é*. x2—4 xli) o+ (x+2)(x 2) = (posmve posmve)
: 1
(b) XILH%— x2—4 — Xli{%— (x+2)(x 2) -0 (posmve negallve)
: 1 1 _
(© x~1}r£12+ x2—4 x~1} Tot+ xHD(x=2) T o0 (pomlve negatwe)
: 1 : 1 _
Y X —1>1H—12’ x—4 Ty —I}IEQ* -2 — X (negatlve negatwe)
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54.

55.

56.

57.

58.

59.

60.

61.

(a)
(b)
()
(d)

(a)
(b)
(©

(d)

(a)
(©)
(d)

(a)
(b)
(c)
(d)
(e)

(a)
(b)
()
(d)
(e)

()

(a)

(a)
(©)

Chapter 2 Limits and Continuity

. _ positive
X E}Iri+ x2—1 — X lifri+ (x+l)(x 1) = (po%mve posmve)
. X - positive
X ll,n%— x2—1 — X quf (x+l)(x 1y — -0 (posmve negauve)
1 D S X negative
X l}@p— e l}ml-# (X-H)(X n = > (posmve negauve)
1 X : X negative
X *I}H,llf x2—1 = X l}njlf x+Dx-1) — o0 (negatlve negatlve)
. 2 .
lim X5—1—0—1— lim -+ =-c ( )
X — 0F X x — 0+ X negative
lim £ —-1=0+ lim 4 =
X — 0 X X — 0~ —X posmve
. 2 2/3 _ _
lim % —1=23- =275 _2718—9
x— /2 *
: x? 11 _(1Y)_3
xl_1>m,17_§_2 (71)_2
. x2—1 positive . x2—-1 _ positive
X _1}II}2+ TE (positive (b) X _I}H_IQ— x4 X negative
: XX—1 _ 1; x+Dx-=1) _ 20 __
xlgr% 2x+4—x£ml+ w+d — 344 =0
. -1 _ -1
X 11{%7 T
. x2—3x+2 __ . x=2x-1) _ negative-negative
x EI%+ x3—2x2 T X EH%)+ x2(x—-2) 0 positive-negative
. X2—3x+2 _ 1; =)= _ 1 x—1 _ 1
X]LrnZ+ S _)(]LrnZ+ X(x~2) _XEI%Jr x? _4’X7é2
: 2 : -2)x-1 : x—1 1
lim X7342 — i 8526-D iy =1 x#£2
X — 2~ —2x? X — 22—  XA(x=2) X — 92— X 4> #
. 2 . _)x—1) x=1 _ 1
lim X37342 — lim (X— lim 251 =1 x#£2
X — 2 x3-2x2 X —2 X(x— X—2 X 4° 7&
. x2—3x+2 __ 1: x=2)x-D _ _ negative-negative
xlgno x3—2x2 xlgno x2(x —2) S positive-negative
. x2 73x+2 : x=2)x=1) _ 1 x=D _ 1 _ 1
Jim ST = ML sooere = ML e T 5@ s
. x2—3x4+2 __ x=2x—-1 _ x—1 _ negative
. _I}H_12+ Todx _1}m2+ XK= 12) l1m2+ X2 = X negative-positive
. x2—3x42 __ . x—-2)(x—-1) __ . x—1) __ negative
X ]l{r(l)— x3—dx T 4 ]l{%— x(x=2)(x+2) T x ll,n}]— x(x+2) o0 negative-positive
: X2—=3x+2 __ x=2)x=1) _ 1 x=-D _ _0 _
Jm S = JIm e = M e — e 0
x—1 _ negative
X E}H;lﬁ x(x+2) -0 ( positive-positive )
i x—1 __ negative
and X ILI%— x(x+2) o0 (negalivepositive)
so the function has no limitas x — 0.
i _ 31 =_ i _ 31 =
t le(ﬁ [2 11/3] =- (b) t Lm(l)— [2 t! '3} =00
i 1 — i 1 —
Jim - [55 +7] = o0 (b) lim [g +7] = —c0
. 1 2 .
xlin’(lﬁ [xm + x—1)2 3:| &Y (b) xlin%), [xzs + (x,1)2/3:| &Y
. 1 2 _ : 1 2 _
xli>n%_+ [XZ,/E + (X71)2,f3i| =0 (d) XEH%7 |:x2,3 + (x71)2,/3i| =0
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: 1 1 _
62. () lim [ﬁ _ wms} _

© lim [% _ (xfl)m} __

x — 17

_ _1
63. y=
y
10
sk
1 1 x
-2 -1
sk
—10k
— 1
65. ¥y = 573
y
10
1
Y= ox+4
L P
2
_x+3
SIRAETY)
-\
al X

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

b tim [ L — ] = o0

x— 0" Lx!
. 1 1 _
@ lim |5~ i) = o0
_ 1
64. y o
y
| _ 1
| ygx+1
x=—li
T X
_ =3
66. y= =5
y
bo =3
T ox-3 x=3

68, y= 2% —9_ 2

; y=2
_________ B S
- \
/ 0 ,,—\- -------- x
__l2 | o 2x
YETY HA YA
|
x=-1,
|

70. Here is one possibility.
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78 Chapter 2 Limits and Continuity

71. Here is one possibility. 72. Here is one possibility.
y y
| |y =) 4b
i i 3+
S\ N2
o] . * T~ | M
| | -4 -2 Al 2 4

_4 -
75. Here is one possibility. 76. Here is one possibility.
y Y
hy=2, x#0
© R 4fk(x>=1_l
x—1
____~
0 * I 1 e N ¥
4 2 h 4 6
_4 -
77. Yes. If _lim_ ) — 2 then the ratio of the polynomials' leading coefficients is 2, so _ lim ) — 2 as well.
x — 00 gx X — —oo g(x)

78. Yes, it can have a horizontal or oblique asymptote.

f

2®) = L, then the ratio of the polynomials' leading coefficients is L, so

79. At most I horizontal asymptote: If lim

(x)
X l} )

, L e I (x+9) — (x+4)
50 xlimoo(v"”‘v”“)* fime [ xH9— Vx| [ = din G

0 =0

= lim —>—— =
X =00 Vx+9++/x+4 x%oo /IJr /144 1+

81. lim_ (\/x2+25—¢xzf1): lim_ [\/Xz+257\/xzf1} {4@1; V:i] = lim | D) -o1)

= L as well.

0

_XHOCm+\/_ X"OO\/H—ﬁ«k\/—_l =

82'xLiIEoo( X2+3+X):xli>nloo|: X2+3+X},{7\/ﬁ+3*x}: lim (2+3) — (<)

243-x X 00 X243 —x
3 3
. 2 —=
= lim_——— = lim i =_1li =0 _—9
X — —00 /x243-x X——00  [143 _ _x X— —00 /143 41 I+1
2R <2
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83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

; 2 _ _ 2 5| . [2x=VAal+3x-2] _ (4x) — (4x> +3x —2)

tim (2% VA 3x 2)_ n [ Va2 B = iy, SR
3 12 —3x+2 2

X =—=00 2x—/4x2+43x—2 X — —00 J% 4+% 2 T xS oo \/ﬁ X = —00 _2_m
= 3-0 :—§

—2-2 )

i V9x2 — x — = VOox2 — x — 3x| . [V =xa3x]| _ (9x2 —x) — (9¢)
xll>moo( Ox* —x 3x> = hm { 9x 3x} {m+3x] —XleOC o w3
— i — _ =1 _ 1
=M Zoamm — x M m—xlﬂn@o F“ =337 76

lemm(\/x2+3x—\/x2—2x): lim [\/X2+3X—\/X2—2X}-[L§:§i]— lim w

X2 +3x+ X =00 /x243x+ 2x
= lim —(— =
X =00 \/x2+43x+/x2—2x XHOO ,/1+ +4/1

im \/x2+x—\/x2—x= limoo (VXX = Vo x| - [ i Sy
1

X =00 /x2+x+Vx2-x

For any € > 0, take N = 1. Then for all x > N we have that |f(x) — k| = [k —k| =0 < e.
For any € > 0, take N = 1. Then for all y < —N we have that [f(x) — k| = [k — k| =0 < e.

For every real number —B < 0, we must find a § > 0 such that forall x,0 < |[x — 0| < § = ;—} < —B. Now,
~L<-B<0& 4>B>0& )< & |x|<ﬁ. Chooseézﬁ,then0<\x|<6 = |x|<ﬁ

-1 . 1
= 7 <-Bso thatxlln0 — g = —0o0.

For every real number B > 0, we must find a 6 > 0 such that forall x,0 < [x — 0] < 6 = ‘ > B. Now,

m>B>0<:>|x|<E.Chooseézﬁ.ThenO<|x—0|<6 :>|x|<§:>m>Bsothat hm0 L= oo0.
X —

[x

For every real number —B < 0, we must find a § > 0 such that forall x,0 < |[x — 3| < § = ﬁ < —B.

Now, z=; < ~B <0 & 25 >B>0 6 5% <l & (=32 <2 & 0<|zr—3/< /2. Choose
6:\/>then0<|x—3|<6:> 3)2< —B < 0so that hmgﬁ:—oo.

For every real number B > 0, we must find a § > 0 such that forall x, 0 < [x — (=5)| < § = m > B.
Now, g5z >B >0 & x+5* < g & [x+5[< ﬁ Chooseézﬁ. Then 0 < [x — (=5)| < §

1 1 - _
= |X+5|<ﬁ = W>Bsothatxl_1)m = 0.

1
—5 (x+5)?

(a) We say that f(x) approaches infinity as x approaches x; from the left, and write < lin}( _f(x) = o0, if
— Xp

for every positive number B, there exists a corresponding number 6 > 0 such that for all x,
Xg— 0 <X <x9 = f(x) > B.

(b) We say that f(x) approaches minus infinity as x approaches x, from the right, and write hm f(x) = —o0,
X — XO

if for every positive number B (or negative number —B) there exists a corresponding number § > 0 such
that for all x, xg < X < X9+ 6 = f(x) < —B.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.

79



