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Preface

JUMP.TO TOPIC The aim of this book is to acquaint engineers, scientists, and students with the basic concepts of image algebra

————— and its use in the concise representation of computer vision algorithms. In order to achieve this goal we
— provide a brief survey of commonly used computer vision algorithms that we believe represents a core of
knowledge that all computer vision practitioners should have. This survey is not meant to be an encyclopedic
summary of computer vision techniques asit isimpossible to do justice to the scope and depth of the rapidly
expanding field of computer vision.

The arrangement of the book is such that it can serve as areference for computer vision algorithm developers
in general aswell as for algorithm devel opers using the image algebra C++ object library, i ac++.1 The
techniques and algorithms presented in a given chapter follow a progression of increasing abstractness. Each
technique isintroduced by way of abrief discussion of its purpose and methodology. Since the intent of this
text isto train the practitioner in formulating his algorithms and ideas in the succinct mathematical language
provided by image algebra, an effort has been made to provide the precise mathematical formulation of each
methodology. Thus, we suspect that practicing engineers and scientists will find this presentation somewhat
more practical and perhaps a bit less esoteric than those found in research publications or various textbooks
paraphrasing these publications.

IThei ac++ library supports the use of image algebrain the C++ programming language and is available for
anonymous ftp from ftp:/ftp.cis.ufl.edu/pub/src/ial.

Chapter 1 provides a short introduction to field of image algebra. Chapters 2-11 are devoted to particular
techniques commonly used in computer vision algorithm development, ranging from early processing
techniques to such higher level topics as image descriptors and artificial neural networks. Although the
chapters on techniques are most naturally studied in succession, they are not tightly interdependent and can be
studied according to the reader’ s particular interest. In the Appendix we present i ac++ computer programs
of some of the techniques surveyed in this book. These programs reflect the image al gebra pseudocode
presented in the chapters and serve as examples of how image algebra pseudocode can be converted into
efficient computer programs.
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Notation

The tables presented here provide a brief explantation of the notation used throughout this document. The
reader is referred to Ritter [1] for a comprehensive treatise covering the mathematics of image algebra.

Logic
Symboal Explanation

pOq “pimpliesq.” If pistrue, then gistrue.
pOq “pif and only if g,” which meansthat p and g are logically equivalent.
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iff

?

st.

“if and only if”
13 not”
“there exists”

“there does not exist”

“for each”
“such that”

Sets Theoretic Notation and Operations

Symbol
XV, Z
XY, Z

X, Y,Z

X, Y, Z

N

r 5 L o
Z,

Iy

z:i:ﬂ
R,RT,R~,R2°

XUy

U Xa
ACA

U X;

=1

U X:

XnY

Explanation
Uppercase characters represent arbitrary sets.
Lowercase characters represent elements of an arbitrary set.
Bold, uppercase characters are used to represent point sets.
Bold, lowercase characters are used to represent points, i.e., el ements of point sets.

Theset N={0,1,2 3, ..}.
The set of integers, positive integers, and negative integers.

Theset £n ={0,1,...n- 1.
Theset Zn ={1,2,.. n}.

Theset L4n = {-n+1,..,-1,0, 1., n- 1}.

The set of real numbers, positive real numbers, negative real numbers, and positive
real numbersincluding O.

The set of complex numbers.

An arbitrary set of values.

The set [ unioned with { .
The set | unioned with { }.

The set I unioned with {- , }.

The empty set (the set that has no elements).
The power set of X (the set of al subsets of X).
“is an element of”

“isnot an element of”

“isasubset of”

Union

X*Y={z:z Xorz Y}
Let 1“*ATxcA beafamily of setsindexed by an indexing set >. AcA ={x:x X,
for at least one » >}

T

U X;

i=l =X *X,* X
=]

U X: _
i=1  ={x:x X forsomei

I‘i‘

oo}
Intersection
X)Y={z:z Xandz Y}
- N X
Let{ *’*}Acﬁbeafamilyof setsindexed by an indexing set>. AEA ={x:x X,
forall » >}

n X!.
:'LéJl =X ) %X,) ) X,



X2

card(X)
choice(X)

o

N X

=1 ={x:x Xforali Zog}
Cartesian product
XxY{(x¥):x Xy Y}

IT X;
i=L = { (XX X) X X}
IT X:
i=1 = {(X X Xger) D X X}
Fﬂ. —_ 1'[ F
The Cartesian product of n copies of U:, ie, i=1
et difference
Let X and Y be subsets of some universal set U, X\ Y={x X:x Y}.
Complement

X2 =U\ X, where U isthe universal set that contains X.
The cardinality of the set X.
A function that randomly selects an element from the set X.

Point and Point Set Operations

Symbol
X+y
X-y
Xy
xly
X1y
X¥y
x3y
kéx

X"y

XXy

pi(x)

Explanation
Ifx,y Hﬂ,thenx+y=(x1+y1,...,xn+yn)
Ifx,y Hn,thenx-y:(xl-yl,...,xn-yn)
If X,y Hﬂ, then X -y = (XYy,eees XoY0)
Ifx,y Hn,then XY = (XYyseees XY
Ifx,y Hﬂ,thenx:y=(x1:y1,...,xn:yn)
Ifx,y Hn,thenx¥y:(x1¥y1,...,xn¥yn)
Ingenerd, ifx,y R™ and?* R xR — Rxyy = (XY 1o Xe2Y0)
itk Randx R and ¥ R XR =R jheniox = (k... kix)
If X,y Hn,thenx"y=x1y1+x2y2+ ot XY,
Ifx,y Hﬂ,thmxxyz(x2y3-x3y2, Xa¥1 - X1Yar X1Ys - Xo¥4)
ifx R™ andy R™ thmfﬁ"=(x1,...,xn,y1,...,yn9
itx B™, then X = (Xgpeens X)
If X Hn,thenlfx H“,then X = (X ey Xy)
If x Hﬂ,then X = (X ey Xq)
itx B™ then[x] = (x]..... %))
I X = (Xy X X) BT, then pi () = x
If x Hﬂ,then£x=x1+x2+---+xn
If x H“,then X = XX e X,
If x Hﬂrt,then:xle:le---:xn

If x Hﬂ,then¥x=xl¥x2¥---¥xn



[l

11Xl
[l
dim(x)
X+Y
X-Y
X+p

Ax

choice(X)

card(X)

Morphology

, 3
itx R™, then ||x||2=\/331 + + x5

itx B then [l = el + ol + -+ e

ifx R™ then x| = IXal § Xl 1+ 1 1%l

ifx R™ thendimx) =n

11X, Y © B™ thenX +Y ={x+y:x Xandy Y}
11X, Y € R” thenX - Y ={x-y:x Xandy V}
1tX C R™ thenx +p={x+p:x X}

1fx € Hn,thenx-pz{x-p:x X}

IfX,YE Hn,thenX*Y={z:z Xorz Y}
11X, Y € R” thenx\Y ={z:2z Xandz Y}
11X, Y € R” thenx " Y ={z:2 X*Yandz X)V}
11X, Y € R™ thenX xY ={(x,y) :x Xandy Y}
1t X € R™ then-x ={-x:x X}

EXER™ then X ={z:2 R andz x3

If X E Hn, then sup(X) = the supremum of X. If X = {Xy, X,,..., X, }, then sup(X) = x,
1 1 1
IX2 [ I IXn

For apoint set X with total order <, x,= ¥ X Ox < x,, x X \{xg}

1t X © R™ then inf(X) = the infimum of X . If X = {Xy, X, X}, , then sup(X) = x,
¥X, ¥ ... ¥X,

For apoint set X with total order <, x,= /A X Ox, < x, x X \{xg}

1fx € R™ then, choice(X) X (randomly chosen element)
1t X € R™ then card(X) = the cardinality of X

Infollowing table A, B, D, and E denote subsets of H“.

Symbol
A*

A2

Ab
AxB
A/B
AOB

A"B

A®C

Explanation
The reflection of A acrosstheorigin 0= (0, 0, ... 0) H“.

The complement of A; i.e., A2={x R™ :X A}

A,={at+b:a A}

Minkowski additionisdefinedasA xB={a+b:a A,b B}.(Section7.2)
Minkowski subtraction is defined as A/B = (A2 x B*)2. (Section 7.2)

The opening of A by B isdenoted A O B and isdefined by A © B = (A/B) x B.
(Section 7.3)

The closing of A by B isdenoted A " B and isdefined by A " B = (A x B)/B. (Section
7.3)

Let C = (D, E) be an ordered pair of structuring elements. The hit-and-miss transform
of theset A isgivenby A® C ={p: D,4A andE, 4 A2}. (Section 7.5)

Functions and Scalar Operations

Symboal

Explanation



frX'Y
domain(f)

range(f)
f1

fla

flo

gOf

Il
1)(

L
P - _HIJQ = Xj
e

card()?)
choice(X)
Xjy
X¥y

X

X

[X]
xmody

G

fisafunction from X into Y.
The domain of the functionf: X’ Yisthe set X.
Therange of thefunctionf: X' Yistheset {f (X): x X}.
The inverse of the function f.
The set of all functionsfrom Xinto VY, i.e, iff YX thenf: X'Y.
Givenafunctionf: X’ Yand asubset A4 X, therestriction of fto A, f|,: A" Y, is
defined by f|,(a) = f(a) fora A.
Given: f: A’ Yandg: B’ Y, theextension of f to g is defined by
r) ifxed
M=) = {ﬂr; ifzreB\A
Given two functionsf: X’ Yandg: Y’ Z, the compositiong @ f: X’ Z isdefined by
(9Of)(x) = g(f (X)), for every x X.
Let f and g be real or complex-valued functions, then (f + g)(x) = f(X) + g(X).
Let f and g be real or complex-valued functions, then (f - g)(x) = f(X) - g(x).
Let f bearea or complex-valued function, and k be areal or complex number, then f
FX kD09 =k (f ().
[ = [f(X)], wherefisareal (or complex)-valued function, and [f(X)| denotes the
absolute value (or magnitude) of f(x).
The identity function 1, : X' Xisgiven by 1,(x) = X.

The projection function p, onto the jth coordinate is defined by p(X;;....X,---,X,) = X.
The cardinality of the set X.

A function which randomly selects an element from the set X.

Forx,y R, X |y isthe maximum of x and y.

Forx,y R, X ¥y istheminimun of x andy.

Forx Rthe ceiling function x returns the smallest integer that is greater than or
equal to x.

Forx IR thefloor function x returns the largest integer that isless than or equal to x.

For x [R the round function returns the nearest integer to x. If there are two such
integersit yields the integer with greater magnitude.

For x,y N,xrmdyz rif there existsk, r Nwithr<ysuchthatx=yk+ r.

XS(-’F)={1 ifxes

The characteristic function Cis defined by 0 otherwise.

I mages and I mage Operations

Symbol
ab,c

Explanation

Bold, lowercase characters are used to represent images. Image variables will usually
be chosen from the beginning of the al phabet.

Theimageaisan [F-valued image on X. The set [F is called the value set of a and X
the spatial domain of a.

Let F be aset with unit 1. Then 1 denotes an image, all of whose pixel valuesare 1.
Let F be aset with zero 0. Then 0 denotes an image, al of whose pixel values are 0.
The domain restriction of a FX to asubset Z of X isdefined by al, =a) (Z x [F).

Therangerestriction of a X to the subset S4 [ is defined by alls=a) (X x S).
The double-bar notation is used to focus attention on the fact that the restriction is

applied to the second coordinate of a4 X x .



a9

app

(@), (ajfay| -+ |a,)

a

b
f(a)

alOf

asb

k3a

ifa F¥ zax,andsalF | then the restriction of ato Z and Sis defined as al,, =
a)(Zx9.
Let X and Y be subsets of the same topological space. The extension of a FX tob

brey — J B(x) ifzEX
FYisdefinedbya K {hl'.:rl ifzeY\X

Row concatenation of images a and b, respectively the row concatenation of images
ay, &y,..., &,

Column concatenation of imagesa and b.

Ifa FX andf: [~ Y, thentheimagef(a) YXisgivenby fQ a,i.e, f(a) = {(x, c(x))
sc(X) =f(a(x)), x X}.

1Ff: Y’ X anda F, theinducedimagea O f F Y isdefined by a O f={(y,
a(f(y))) :y Y}

If 3isabinary operation on [F, then an induced operation on FX can be defined. Let
a,b Fx; the induced operation isgiven by a3 b = {(x, c(x)) : ¢(xX) = a(x) 3 b(x), x
X}.

Letk |F, a Fx, and 2 be abinary operation on . Aninduced scalar operation on
imagesisdefined by k3a={(x, c(X)) : c(x) = k3a(x),x X}.

Leta, b Rx; ab = {(x, c(x)) : c(X) = a(x)p®, x X}.

RH)*
Leta, b ( ) log,a = { (X, c(x)) : c(x) = log,ya(x), x X}.

Pointwise complex conjugate of image a, a* (X) = (a(x))*.

“a denotes reduction by a generic reduce operation I: FK — F

The following four items are specific examples of the global reduce operation. Each assumes a Rx and X =

{X1) Xoperey X} -

Y.a

yac a(x,) + a(x,) + -+ a(x,)

[Ta = ax) - ax) - a(x,)

Vazax)lax) - akx,)

Aa- a(x,) ¥a(x,) ¥ - ¥a(x,)

Dot product, a" b = £(a - b) = x€X (a(x) - b(x)).
Complementation of a set-valued image a.

Complementation of a Boolean image a.
Transpose of image a.

Templates and Template Operations

Symbol
s t,u

. (FX)Y

Explanation

Bold, lowercase characters are used to represent templates. Usually characters from the
middle of the alphabet are used as template variables.

A template is an image whose pixel values are images. In particular, an F-valued

X
templatefrom Y to X isafunctiont : Y ' FX_ Thus; t (F ) andtisan
FX valuedimageonY.



t, (Fx)Y

Lett .Foreachy Y,t =t(y). Theimaget, X isgivenby t, ={(x, t,
(X)) : x X}.
IfF S {ch} andt (F ) , then the support of t is denoted by St,) and is
defined by S(t,) ={x X :t,(x) " 0}.
wa Y
S(t) e (RS) JthenS(t,) = {x X :t,)" }.
e Y
S (L) e (REL) JthenS (1) ={x X:t, -}.
w oY
S (t) e (Roo) Jthen'S, (t,) = {x X:t,(x) %}.
t(p) A parameterized F-valued template fromY to X with parametersin P isafunction of
FX)¥
theformt:P’( ) .
12 x b £ x Y !
Lett (F ) . The transpose t2 (F ) isdefinedastx{ﬂ:tl’(x].

| mage-Template Operations

In the table below, X is afinite subset of ™.
Symbol Explanation

Y
alDt X
Let([F,3, D) be asemiring and a Fx,t (F ) , then the generic right product

of awith is defined asa *®t = { (B :¥ €Y, b(y) L a(x) Ot (9}

t@a | y (FX)Y |
With the conditions above, except that now t , the generic left product of a

with t is defined ast 02 = {{3"* b(y)):y € Y,b(y) 5 L a(x) O tx(r)}.

x, Y
LetY4Rm,a [Fx,andt (F ) ,whereFE'IQH}.Therightlinear
product (or convolution) is defined as

a@t={{mb(ﬂ} :y€Y,b(y)= ¥ a(x)-ty{xl}

zeXrB(ty)

a®Dt

t®a

(F¥)™
With the conditions above, except that t , the left linear product (or

t@a= {[r- by)):¥y€Y.b(y)= L ﬂ{x}l'tn[r]}
convolution) is defined as =eXns(t;) .

allt X X 1Y
For a R:l:m andt [H‘-’m] , the right additive maximum s defined by

amt={{:~f-. b(y)):ye€Y,b(y)= V B(x}-i-ty{x}}

rEXNS_ . (ty)

tMa X vy X
For a R:l:m and t (R:I:m) , the left additive maximum is defined by

th{{r,h{r}J :¥eY,bly)= V v{x}+tu{r)}

eXnS_ ()




alNt

tANa

a®@t

t@a

a®t

t®a

HK

X Y
For a R:1:1’.3'-=:='andt ( "'M)

, theright additive minimum is defined by

a@t={iy,h{y]}=r6“f, biy)= A ax) +’t.v(x1}

seXNSit,)

(RY.)™
For a :I:D-Oandt oo/ | theleft additive minimum is defined by

tAla=
*EXMS [ }

b(¥)):¥e¥,bly)= A ax)+ ‘txtr}}

R}-U

-
.

a@t=< (v.b(y)) : y€Y,b(y) = V ﬂix}xty(XJ}

TEXNS(t,)

20
andt ([ &) ) , the right multiplicative maximum is defined by

=0 =0
For a Rm) and t ([R*“"} ) , the left multiplicative maximumis defined by

t@a=¢ (y.bly)) : yeY.b{y) = V a(x]lxtx{r}}

reXns(t,)

>0
For a (R ) andt ([H""] ) , the right multiplicative minimum is defined by

a@t= {( b(y)):yEY,b(y) = A ﬁ(x}x’tyfx]}

rEXM800 (ty )

=0 =0y Y
For a (R*‘-‘U) andt ((R“‘"} ) , the left multiplicative minimum is defined by

t@ﬁ={[y,bir}} :¥YEY,by)= A ax) x’tu{yl}

EXNS . (t] )

Neighborhoods and Neighborhood Operations

Symbol
M, N

Ne (297

N(p)

N2

N;* N,

Explanation
Italic uppercase characters are used to denote neighborhoods.

A neighborhood is an image whose pixel values are sets of points. In particular, a
neighborhood fromY to X isafunction N: Y’ 2X,

A parameterized neighborhood from Y to X with parametersin P is afunction of the
Y
formN;: P’ ()

xy Y viX
LetN (2%)7 thetranspose N2 (2¥)7 isdefined asN2(x) ={y Y :x N(y)} that
is,x N(y)iffy N2(x).

U
Thedilation of N, by N, is defined by N(y) = pe¥z(x} (N,(y) + (p - Y)).

| mage-Neighborhood Operations

In the table below, X is afinite subset of ™.

Symbol
a@©N

Explanation
Y
Givena FY andN (2%) , and reduce operation I Fx — H:, the generic
right reduction of a with N is defined as (a @ N)(x) = Fa|nex),



Y
N @a With the conditions above, except that now N (2%) , the generic left reduction of a
with t is defined as (N @a)(x) = (a © N2)(x).

a@n Givena RY, and the image average function & HY — ﬁ, yielding the
average of itsimage argument. (a (@} N)(X) = a(aly)-

a@n Givena RY, and the image median function 77 : RY — R yieding the
average of itsimage argument, (a Z N)(X) = m(aly))-

Matrix and Vector Operations
In the table below, A and B represent matrices.

Symboal Explanation
A* The conjugate of matrix A.
A2 The transpose of matrix A.
Ax B, AB The matrix product of matrices A and B.
A—B The tensor product of matrices A and B.
AP t B The p-product of matrices A and B.
' ¥ o ’
A EBPH The dual p-product of matrices A and B, defined by A@,B = (B’ @,4') .
References

1 G. Ritter, “Image algebrawith applications.” Unpublished manuscript, available via anonymous ftp
from ftp://ftp.cis.ufl.edu/pub/src/ia/documents, 1994.
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Chapter 1
p—— Image Algebra
b LUMP TO TOPIG

[ | 1.1.Introduction

Since the field of image algebrais arecent development it will be instructive to provide some background
information. In the broad sense, image algebrais a mathematical theory concerned with the transformation
and analysis of images. Although much emphasisis focused on the analysis and transformation of digital
images, the main godl is the establishment of a comprehensive and unifying theory of image transformations,
image analysis, and image understanding in the discrete as well as the continuous domain [1].

The idea of establishing a unifying theory for the various concepts and operations encountered in image and
signal processing is not new. Over thirty years ago, Unger proposed that many algorithms for image
processing and image analysis could be implemented in parallel using cellular array computers[2]. These
cellular array computers were inspired by the work of von Neumann in the 1950s[3, 4]. Realization of von
Neumann’s cellular array machines was made possible with the advent of VLSI technology. NASA’s
massively paralel processor or MPP and the CLIP series of computers developed by Duff and his colleagues
represent the classic embodiment of von Neumann’s original automaton [5, 6, 7, 8, 9]. A more genera class
of cellular array computers are pyramids and Thinking Machines Corporation’s Connection Machines[10, 11,
12]. In an abstract sense, the various versions of Connection Machines are universal cellular automatons with
an additional mechanism added for non-local communication.

Many operations performed by these cellular array machines can be expressed in terms of simple el ementary
operations. These elementary operations create a mathematical basis for the theoretical formalism capabl e of
expressing alarge number of algorithms for image processing and analysis. In fact, acommon thread among
designers of parallel image processing architecturesis the belief that large classes of image transformations
can be described by asmall set of standard rules that induce these architectures. Thisbelief led to the creation
of mathematical formalisms that were used to aid in the design of special-purpose parallel architectures.
Matheron and Serra’s Texture Analyzer [13] ERIM’s (Environmental Research Institute of Michigan)
Cytocomputer [14, 15, 16], and Martin Marietta’'s GAPP [17, 18, 19] are examples of this approach.

The formalism associated with these cellular architecturesisthat of pixel neighborhood arithmetic and
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mathematical morphology. Mathematical morphology is the part of image processing concerned with image
filtering and analysis by structuring elements. It grew out of the early work of Minkowski and Hadwiger [20,
21, 22], and entered the modern era through the work of Matheron and Serra of the Ecole des Minesin
Fontainebleau, France [23, 24, 25, 26]. Matheron and Serra not only formulated the modern concepts of
morphological image transformations, but also designed and built the Texture Analyzer System. Since those
early days, morphological operations have been applied from low-level, to intermediate, to high-level vision
problems. Among some recent research papers on morphological image processing are Crimmins and Brown
[27], Hardlick et al. [28, 29], Maragos and Schafer [30, 31, 32], Davidson [33, 34], Dougherty [35], Goutsias
[36, 37], and Koskinen and Astola [38].

Serraand Sternberg were the first to unify morphological concepts and methods into a coherent algebraic
theory specifically designed for image processing and image analysis. Sternberg was also the first to use the
term “image algebra’ [39, 40]. In the mid 1980s, Maragos introduced a new theory unifying alarge class of
linear and nonlinear systems under the theory of mathematical morphology [41]. More recently, Davidson
completed the mathematical foundation of mathematical morphology by formulating its embedding into the
|attice algebra known as Mini-Max algebra [42, 43]. However, despite these profound accomplishments,
morphological methods have some well-known limitations. For example, such fairly common image
processing techniques as feature extraction based on convolution, Fourier-like transformations, chain coding,
histogram equalization transforms, image rotation, and image registration and rectification are — with the
exception of afew simple cases — either extremely difficult or impossible to express in terms of
morphological operations. The failure of a morphologically based image algebrato express afairly
straightforward U.S. government-furnished FLIR (forward-looking infrared) algorithm was demonstrated by
Miller of Perkin-Elmer [44].

The failure of an image algebra based solely on morphological operations to provide a universal image
processing algebrais dueto its set-theoretic formulation, which rests on the Minkowski addition and
subtraction of sets[22]. These operations ignore the linear domain, transformations between different
domains (spaces of different sizes and dimensionality), and transformations between different value sets
(algebraic structures), e.g., sets consisting of real, complex, or vector valued numbers. The image algebra
discussed in this text includes these concepts and extends the morphological operations[1].

The development of image algebra grew out of aneed, by the U.S. Air Force Systems Command, for a
common image-processing language. Defense contractors do not use a standardized, mathematically rigorous
and efficient structure that is specifically designed for image manipulation. Documentation by contractors of
algorithms for image processing and rationale underlying algorithm design is often accomplished viaword
description or analogies that are extremely cumbersome and often ambiguous. The result of these ad hoc
approaches has been a proliferation of nonstandard notation and increased research and devel opment cost. In
response to this chaotic situation, the Air Force Armament Laboratory (AFATL — now known as Wright
Laboratory MNGA) of the Air Force Systems Command, in conjunction with the Defense Advanced
Research Project Agency (DARPA — now known as the Advanced Research Project Agency or ARPA),
supported the early development of image algebra with the intent that the fully developed structure would
subsequently form the basis of a common image-processing language. The goal of AFATL wasthe
development of a complete, unified algebraic structure that provides a common mathematical environment for
image-processing agorithm development, optimization, comparison, coding, and performance eval uation.
The development of this structure proved highly successful, capable of fulfilling the tasks set forth by the
government, and is now commonly known as image algebra.
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Because of the goals set by the government, the theory of image algebra provides for alanguage which, if

properly implemented as a standard image processing environment, can greatly reduce research and

development costs. Since the foundation of this language is purely mathematical and independent of any

» JUMP. TO TOPIC future computer architecture or language, the longevity of an image algebra standard is assured. Furthermore,
————— savings due to commonality of language and increased productivity could dwarf any reasonable initial

_ investment for adapting image algebra as a standard environment for image processing.

Although commonality of language and cost savings are two major reasons for considering image algebraas a
standard language for image processing, there exists a multitude of other reasons for desiring the broad
acceptance of image algebra as a component of al image processing development systems. Premier among
these is the predictable influence of an image algebra standard on future image processing technology. In this,
it can be compared to the influence on scientific reasoning and the advancement of science due to the
replacement of the myriad of different number systems (e.g., Roman, Syrian, Hebrew, Egyptian, Chinese,
etc.) by the now common Indo-Arabic notation. Additional benefits provided by the use of image algebraare

* The elemental image algebra operations are small in number, translucent, simple, and provide a
method of transforming images that is easily learned and used,;

* Image algebra operations and operands provide the capability of expressing all image-to-image
transformations;

» Theorems governing image a gebra make computer programs based on image algebra notation
amenable to both machine dependent and machine independent optimization techniques;

* The algebraic notation provides a deeper understanding of image manipulation operations due to
conciseness and brevity of code and is capable of suggesting new techniques;

« The notational adaptability to programming languages allows the substitution of extremely short and
concise image algebra expressions for equivalent blocks of code, and therefore increases programmer
productivity;

« Image algebra provides a rich mathematical structure that can be exploited to relate image processing
problems to other mathematical areas;

« Without image algebra, a programmer will never benefit from the bridge that exists between an image
agebra programming language and the multitude of mathematical structures, theorems, and identities
that are related to image algebra;

« There is no competing notation that adequately provides all these benefits.
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The role of image algebrain computer vision and image processing tasks and theory should not be confused
with the government’ s Ada programming language effort. The goal of the development of the Ada
programming language was to provide a single high-order language in which to implement embedded
systems. The special architectures being devel oped nowadays for image processing applications are not often
capable of directly executing Ada language programs, often due to support of parallel processing models not
accommodated by Ada’ s tasking mechanism. Hence, most applications designed for such processors are still
written in special assembly or microcode languages. Image algebra, on the other hand, provides alevel of
specification, directly derived from the underlying mathematics on which image processing is based and that
is compatible with both sequential and parallel architectures.

Enthusiasm for image algebra must be tempered by the knowledge that image algebra, like any other field of
mathematics, will never be a finished product but remain a continuously evolving mathematical theory
concerned with the unification of image processing and computer vision tasks. Much of the mathematics
associated with image algebra and its implication to computer vision remains largely unchartered territory
which awaits discovery. For example, very little work has been done in relating image algebra to computer
vision techniques which employ tools from such diverse areas as knowledge representation, graph theory, and
surface representation.

Several image algebra programming languages have been developed. These include image algebra Fortran
(IAF) [45], an image algebra Ada (IAA) trandlator [46], image algebra Connection Machine *Lisp [47, 48], an
image algebralanguage (IAL) implementation on transputers [49, 50], and an image algebra C++ class library
(i ac++) [51, 52]. Unfortunately, there is often a tendency among engineers to confuse or equate these
languages with image algebra. An image algebra programming language is not image algebra, whichisa
mathematical theory. An image algebra-based programming language typically implements a particular
subalgebra of the full image algebra. In addition, simplistic implementations can result in poor computational
performance. Restrictions and limitations in implementation are usually due to a combination of factors, the
most pertinent being development costs and hardware and software environment constraints. They are not
limitations of image algebra, and they should not be confused with the capability of image algebraas a
mathematical tool for image manipulation.

Image algebrais a heterogeneous or many-valued algebra in the sense of Birkhoff and Lipson [53, 1], with
multiple sets of operands and operators. Manipulation of images for purposes of image enhancement,
anaysis, and understanding involves operations not only on images, but also on different types of values and
guantities associated with these images. Thus, the basic operands of image algebra are images and the values
and quantities associated with these images. Roughly speaking, an image consists of two things, a collection
of points and a set of values associated with these points. Images are therefore endowed with two types of
information, namely the spatial relationship of the points, and also some type of numeric or other descriptive
information associated with these points. Consequently, the field of image algebra bridges two broad
mathematical areas, the theory of point sets and the algebra of value sets, and investigates their
interrelationship. In the sections that follow we discuss point and value sets as well asimages, templates, and
neighborhoods that characterize some of their interrelationships.
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1.2. Point Sets

- A point set is simply atopologica space. Thus, a point set consists of two things, a collection of objects called
JUMP'TO TOFIC points and a topology which provides for such notions as nearness of two points, the connectivity of a subset
_ of the point set, the neighborhood of a point, boundary points, and curves and arcs. Point sets will be denoted
by capita bold letters from the end of the alphabet, i.e., W, X, Y, and Z.

Points (elements of point sets) will be denoted by lower case bold letters from the end of the alphabet, namely
X,Y,Zz X.Notealsothatif X € K" then x is of form x = (X3, X0 & , X)), whereforeachi =1, 2,& , n, X
denotes areal number called the ith coordinate of x.

The most common point sets occurring in image processing are discrete subsets of n-dimensional Euclidean

space R" withn= 1, 2, or 3 together with the discrete topology. However, other topologies such as the von
Neumann topology and the product topology are also commonly used topologies in computer vision [1].

There is no restriction on the shape of the discrete subsets of K" usedin applications of image algebrato
solve vision problems. Point sets can assume arbitrary shapes. In particular, shapes can be rectangular,

circular, or snake-like. Some of the more pertinent point sets are the set of integer pointsE (here we view
Z < RY then-dimensional lattice
FCR (e, 2" =T xIx- xl=fxeR" :x=(n,..., s zi€L fori=1,....n}) withn=20rn=3

and rectangular subsets of Z ?. Two of the most often encountered rectangular point sets are of form

X=lmxly={(z,22) €L : 0<m <m-1,0<2 <=1},

X=2;XI;={(I1,:B2}EZE: lgxlﬂm.lg:ﬁgﬂu}.

We follow standard practice and represent these rectangular point sets by listing the pointsin matrix form.

=TTt
Figure 1.2.1 provides a graphical representation of the point set K=L,x I,,_
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B

Figure1.2.1 The rectangular pointsetx =&y X Ln

Point Operations

As mentioned, some of the more pertinent point sets are discrete subsets of the vector space K" These point
setsinherit the usua elementary vector space operations. Thus, for example, if XCZ"ad (or
X CR" x=(x,&,x),y=(yp & ,Y,) X,thenthesum of the pointsx and y is defined as

X+y=(xl+y1& 7Xn+yn)1

while the multiplication and addition of ascalar & € Z (or k € R) and apoint x is given by
K-x=(k-x,&,k-x)

and

k+X:(k+le& ’ k+Xn)!
respectively. Point subtraction is also defined in the usual way.
In addition to these standard vector space operations, image algebra also incorporates three basic types of
point multiplication. These are the Hadamard product, the cross product (or vector product) for pointsin z3
(or 33), and the dot product which are defined by

Xy = (XY & % Y,

XXY= (X Y3~ Xg Yo Xg Y1 =% Yo %o " Yo = %o+ V),
and
X-Y=X Y1+ % Yot & + X0,

respectively.

Note that the sum of two points, the Hadamard product, and the cross product are binary operations that take
asinput two points and produce another point. Therefore these operations can be viewed as mappings X x X’
X whenever X is closed under these operations. |n contrast, the binary operation of dot product is a scalar and

not another vector. This provides an example of a mapping XxX — F, where F denotesthe
appropriate field of scalars. Another such mapping, associated with metric spaces, is the distance function

X x X — R which assignsto each pair of points x and y the distance from x to y. The most common
distance functions occurring in image processing are the Euclidean distance, the city block or diamond
distance, and the chessboard distance which are defined by

5 )
d(x,y) = LZ) (@x = yk)"] ;
=1

n
p(x,y) =Y lax =l

k=1
and
“(xy) = max{|x -yl : 1d kdn},
respectively.
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Distances can be conveniently computed in terms of the norm of a point. The three norms of interest here are
derived from the standard LP norms

7 1fp
lIxl, = { > lailP
i=1

TheL normisgiven by

i
Il = \/ |l
i=1
n
."Jlr |ﬂT=I = mm:{lu:||, rar gy |ﬂ:“|} . . . .
where i=1 . Specifically, the Euclidean normis given by

= il iy 2
Ixll, = V=i + + &5 Thus, dxy) =[x - yll,- Similarly, the city block distance can be computed
using the formulation A(x,y) = |x - y||, and the chessboard distance by using “(x,y) = |Ix - y|
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: X =R

Note that the p-norm of a point x is a unary operation, namely afunction I "I’ ' . Another
assemblage of functions X — Rwhich play amajor role in various applications are the projection
JUMP TO TOPIC functions. Given X C R™ | then theith projection on X, wherei {1, & , n}, is denoted by p, and defined by

— pi(x) = x, where x; denotes the ith coordinate of x.

Characteristic functions and neighborhood functions are two of the most frequently occurring unary
operationsin image processing. In order to define these operations, we need to recall the notion of a power set
of aset. The power set of aset Sis defined as the set of all subsets of Sand is denoted by 25. Thus, if Z isa
point set, then 22 = {X : X 4 Z}.

Given X 27 (i.e,, X 4 Z), then the characteristic function associated with X isthe function
G.:Z'{0,1}
defined by

(1 ifzeX
’fx{*}‘{u ifzgX.

For apair of point sets X and Z, a neighborhood system for X in Z, or equivalently, a neighborhood function
fromX to Z, isafunction

N: X’ 2z
It follows that for each point x X, N(X) 4 Z. The set N(x) is called a neighborhood for x.

There are two neighborhood functions on subsets of Ez which are of particular importance in image
processing. These are the von Neumann neighborhood and the Moore neighborhood. The von Neumann

2
neighborhood N : X — 2% is defined by
NX)={y:y=0(=xj,X%)ory=(X, % xK),j, k {0,1}},
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_ ; 2 2
where X = (71, #2) € X C Z% \yhjje the Moore neighborhood M : X — 2% is defined by
MX)={y:y=x*],%%K),j,k {0,1}}.

Figure 1.2.2 provides a pictorial representation of these two neighborhood functions; the hashed center area
represents the point x and the adjacent cells represent the adjacent points. The von Neumann and Moore
neighborhoods are also called the four neighborhood and eight neighborhood, respectively. They are local
neighborhoods since they only include the directly adjacent points of a given point.

i B

Figdr"e 1.2.2 The von Neumann nei ghborhood N(x) and the Moore neighborhood M(x) of a point x.

There are many other point operations that are useful in expressing computer vision algorithms in succinct
algebraic form. For instance, in certain interpolation schemes it becomes necessary to switch from points with
real-valued coordinates (floating point coordinates) to corresponding integer-valued coordinate points. One
such method uses the induced floor operation|. J : R — I7 definedby x =(x,, X, &, X,), where

x = (z1, 22, ..., Tn) ER" yql7i] € Z denotes the largest integer less than or equal to x, (i.e.,

x dx andif K € & withkdx, thenkd x).
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KEYWORD SEARCH

Summary of Point Operations

We summarize some of the more pertinent point operations. Some image a gebraimplementations such as

JUMPTOTOPIC iac++ provide many additional point operations [54].

. Binary operations. Letx = (X, %, & ,x), ¥ = (1. 42, .o ¥n) € R gy
Zz = {31,22,... ; Zm) e R™

addition X+Y=(X Yy, &, %, +Y,)

subtraction X-Y =% -y, &, %~ Yy)

multiplication XY= (XY &, XY

division Xly = (%Y1, &  X/Yn)

supremum sup(x.y) = (X1 1 Y1 & 4 X, 1Y)

infimum inf(x,y) = (% ¥y, & , X, ¥Y,)

dot product XY = XYy T XY, + & + Xy,

cross product (n = 3) X XY = (X3 - XgYar Xa¥1 = X1Ya X4Ya - Xo¥1)

concatenation Xz = (;;-:11 sav gy Byyy Zhy sos y zm)
scalar operations K = (K%, & , Kx.), where® {+,-,*, | ¥}

Unary operations. Inthefollowing let * = [Trdaynmg) ERE
negation X = (X, &, -X)

ceiling X =(X, &, X,)

floor {=(x,.&, X,)

rounding [X] = (%], &, [x])

projection pi(X) =X

sum EX=X +X%+& +X,
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product X = XX & X,

maximum X=X 1% 1 & (X,
minimum X=X g% g& X,
Euclidean norm Ixll, = /¥ + -~ + 22
L1 norm X1l = ol + ol + & + IXnI
L norm IXI = Pl Pl i & 4
dimension dim(x) =n
neighborhood N(x) C R*

- . 1 ifze X
characteristic function ¥x(Z) = {D ii z¢ X

It isimportant to note that several of the above unary operations are special instances of spatial
transformations X ' Y. Spatia transforms play avital role in many image processing and computer vision
tasks.

In the above summary we only considered points with real- or integer-valued coordinates. Points of other

n
spaces have their own induced operations. For example, typical operations on points of X = EE'-!] (i.e,
Boolean-valued points) are the usual logical operations of AND, OR, XOR, and complementation.

Point Set Operations

Point arithmetic leads in a natural way to the notion of set arithmetic. Given a vector space Z, then for X, Y
22 (i.e., X,Y 4Z) and an arbitrary point p Z we define the following arithmetic operations:

addition X+Y={x+y:x Xandy Y}
subtraction X-Y={x-y:x Xandy Y}
point addition X+p={x+p:x X}
point subtraction X-p={x-p:x X}
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Another set of operations on 22 are the usual set operations of union, intersection, set difference (or relative
complement), symmetric difference, and Cartesian product as defined below.

- union X*Y={z:z Xorz Y}
JUMP'TO TOFIC intersection X)Y={z:z Xandz Y}

B set difference X\Y ={z:z Xandz Y}

symmetric difference XY ={z:z X*Yandz X)Y}
Cartesian product XxY={(xy):x Xandy Y}

Note that with the exception of the Cartesian product, the set obtained for each of the above operationsis
again an element of 22,

Another common set theoretic operation is set complementation. For X 22, the complement of X is denoted

by X, and definedas X = 12 : 2 € Zand 2 & X} |1 contrast to the binary set operations defined
above, set complementation is a unary operation. However, complementation can be computed in terms of the

binary operation of set difference by observing that X =2Z\X

In addition to complementation there are various other common unary operations which play amajor rolein

agorithm development using image algebra. Among these is the cardinality of a set which, when applied to a
finite point set, yields the number of elementsin the set, and the choice function which, when applied to a set,
selects arandomly chosen point from the set. The cardinality of a set X will be denoted by card(X). Note that

card : 22 — N (for all finite elements of 2%},

choice: 22’ Z.

That is, caTd(X) € M 5ng choice(X) = x, where x is some randomly chosen element of X.

Aswas the case for operations on points, algebraic operations on point sets are too numerous to discuss at
length in a short treatise as this. Therefore, we again only summarize some of the more frequently occurring
unary operations.
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Summary of Unary Point Set Operations

Inthefollowing X C R™

negation X={x:x X}

complementation X={z:zecZandz¢gX}
supremum sup(X) (for finite point set X)

infimum inf(X) (for finite point set X)

choice function choice(X) X (randomly chosen element)
cardinality card(X) = the cardinality of X

The interpretation of sup(X) is as follows. Suppose X isfinite, say X = {X;, X,, & , X,}. Then sup(X) = sup( &
SUP(SUP(SUP(X4,X,),X3),X,), & , X,), Where sup(x;,x;) denotes the binary operation of the supremum of two
points defined earlier. Equivalently, if x; = (x,y;) fori =1, &, k, then sup(X) = (X; | % 1 & | %0 Y1 1Yo 1 & | Yi)-
More generally, sup(X) is defined to be the least upper bound of X (if it exists). The infimum of X is
interpreted in asimilar fashion.

If X isfinite and has atotal order, then we aso define the maximum and minimum of X, denoted by V X and
A X, respectively, asfollows. Suppose X = {x, %, & , x} and X1 = X2 =< -+ =< Xk wherethe
symbol ~ denotes the particular total order on X. Then V X = Xk and Jh‘n X = *1. The most commonly

used order for asubset X of Ez isthe row scanning order. Note also that in contrast to the supremum or
infimum, the maximum and minimum of a (finite totally ordered) set is always a member of the set.

1.3. Value Sets

A heterogeneous algebra is a collection of nonempty sets of possibly different types of elements together
with a set of finitary operations which provide the rules of combining various el ementsin order to form anew
element. For a precise definition of a heterogeneous algebra we refer the reader to Ritter [1]. Note that the
collection of point sets, points, and scalars together with the operations described in the previous section form
a heterogeneous algebra.

A homogeneous algebra is a heterogeneous algebra with only one set of operands. In other words, a
homogeneous algebrais simply a set together with a finite number of operations. Homogeneous algebras will

be referred to as value sets and will be denoted by capital blackboard font letters, e.g., E, [F, and G. There
are severa value sets that occur more often than othersin digital image processing. These are the set of
integers, real numbers (floating point numbers), the complex numbers, binary humbers of fixed length k, the
extended real numbers (which include the symbols + and/or - ), and the extended non-negative real numbers.

We denotethese setsby Z: By €, Zov \ Ry = RU{+20} ang

i >0 _ g+ o
R_co = RU {00}, Rioo = RU {400, 00} 4g R& =R U {0, +%}, respectively, where
the symbol R+ denotes the set of positive real numbers.
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Operationson Value Sets

The operations on and between elements of a given value set F arethe usua elementary operations

- associated with [ Thus, if F e {E._ R, 2, ]' then the binary operations are the usual arithmetic and
——— | logicoperations of addition, multiplication, and maximum, and the complementary operations of subtraction,

division, and minimum. If F= C, then the binary operations are addition, subtraction, multiplication, and
division. Similarly, we allow the usual elementary unary operations associated with these sets such asthe
absolute value, conjugation, as well as trigonometric, logarithmic and exponential functions as these are
availablein al higher-level scientific programming languages.

JUMP TO TOPIC

For the set R:I:::r::- we need to extend the arithmetic and logic operations of R asfollows:
@+ (—o0) = (-00)+a = -0 a€R_o
A+00=00+0a=0C0 G € Reo
(—0)+xx =00+ {—0)=—0

avV{—-o)=(—c)Va=ua o €Ric

Note that the element - acts as anull element the system (Rioo, V, +) if we view the operation + as
multiplication and the operation | as addition. The same cannot be said about the element in the system

(Rioey Ay +)since (-)+ = +(-) =-.Inorder to remedy this situation we define the dual structure
(Ricos A +) of (Rioss V, +) asfollows
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a+'b=a+b a,beR
a+' (—00) =(—x)+ a=—0 a€R_
a+'co=00+a=00 ¢ € Reo
(—00) + 00 =00+’ (—00) = 0

ahNco=c0Aa=a a € Ry

Now the element + actsasanull element in the system [Him: Ay +I). Observe, however, that the dual
additions + and +2 introduce an asymmetry between - and + . The resultant structure

(Rioss Vi Ay +4 4"} isknown as abounded lattice ordered group [1].

Dual structures provide for the notion of dual elements. For each T = R:t ou we defineits dual or conjugate
r* by r* = -r, where-(- ) = . Thefollowing duality laws are a direct conseguence of this definition:

D (*)*=r
(2) (r¥t)* =r*trand (r | t)* =r* ¥t*,

Closely related to the additive bounded | attice ordered group described above is the multiplicative bounded
>0 !
| attice ordered group (RZ, v, A, X, X') Herethe dual x2 of ordi nary multiplication is defined as

>
ax'b=axb ¥Ya,be R =R"U{0}
with both multiplicative operations extended as follows:

aX0o0=00Xa=00 a € RY,
ax'oco=cox'a=00 a € RE
Oxoo=0cx0=0
0x'co=00x"0=0c

=0
Hence, the element 0 acts as a null element in the system (HED » Vs }"}and the element + actsasanull
- (RZ0, A, x') . re RO . o

element in the system \**>c + '~ . The conjugate r* of an element o of thisvalue set is defined
by

r~l ifreRt

r=c0 if r=4o0c.

+oo ifr=10
Another algebraic structure with duality which is of interest in image algebrais the value set
(B v A 5 F) e T8 = (Z2) 0o = T2 U {00, —00} = {0, 1, =0, 50} The|ogica
operations | and ¥ are the usual binary operations of max (or) and min (and), respectively, while the dual
additive operations + and + are defined by the tables shown in Figure 1.3.1.

Figure 1.3.1 The dual additive operations + and -i-’.

Note that the addition - (aswell as -i-’) restricted to £2 = {0. 1} isthe exclusive or operation xor and
computes the values for the truth table of the biconditional statementp” g (i.e., pif and only if g).

The operations on the value set EE can be easily generalized to its k-fold Cartesian product
Ty = I3 x T3 x - X T3 guecifically, it ™ = (M1s oo ) € To oy

no=(ng, ... m) € IE",wheremu ni € L3tori=1 & K then
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m-|"~n= {fnl-i-ﬂl, P mﬂ-nk}.

The addition + should not be confused with the usual addition mod2« on £2%. In fact, for m,
m, n € Ty mn = ((my +my), ..., (mg + ng)') where

_ v J O if (my 4 n)mod2 =1
(ms +ne) = { 1 if (m; +n:)mod2 = 0

Many point sets are also value sets. For example, thepointsetX = H”isametricspaceaswellasa

vector space with the usual operation of vector addition. Thus, (R, + } where the symbol “+" denotes
vector addition, will at various times be used both as a point set and as a value set. Confusion as to usage will
not arise as usage should be clear from the discussion.

Summary of Pertinent Numeric Value Sets

In order to focus attention on the value sets most often used in this treatise we provide alisting of their
agebraic structures:

@ (R, VoA +,0)

) (€ +: )

© TV, A+, )

@@ (VoA +, )

© (Rico, V), A, +, +)
0 (RO, v, A, x, x')

© (1;. v, A+, )

In contrast to structure c, the addition and multiplication in structure d is addition and multiplication mod2.

These listed structures represent the pertinent global structures. In various applications only certain
subalgebras of these algebras are used. For example, the subalgebras (-ocs Vs )} and (Rioes Ay +7) of
(Ricc, V, A, +, +) play special rolesin morphological processing. Similarly, the subalgebra

(N, Vo Ay ) of (2, Vo A+ ) where™ = {0, 1.2, .. omy . b s the only pertinent applicable
algebrain certain cases.

The complementary binary operations, whenever they exist, are assumed to be part of the structures. Thus, for
example, subtraction and division which can be defined in terms of addition and multiplication, respectively,

are assumed to be part of (s WV, A, +, +)

Value Set Operators

Asfor point sets, given avalue set F, the operations on oF are again the usual operations of union,

intersection, set difference, etc. If, in addition, Fisa lattice, then the operations of infimum and supremum
are also included. A brief summary of value set operatorsis given below.

For the following operations assume that A, B e o for some value set IF.

union A*B={c:c Aorc B}
intersection A)B={c:c Aandc B}

set difference AB={c:c Aandc B}
symmetric difference A'B={c:c A*Bandc A)B}
Cartesian product AxB={(ab):a AandbEB}
choice function choice(A) A

cardinality card(A) = cardinality of A



supremum sup(A) = supremum of A
infimum inf(A) = infimum of A
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1.4. Images

- The primary operands in image algebra are images, templates, and neighborhoods. Of these three classes of
JUMP'TO TOFIC operands, images are the most fundamental since templates and neighborhoods can be viewed as special cases
_ of the general concept of an image. In order to provide a mathematically rigorous definition of an image that
covers the plethora of objects called an “image” in signa processing and image understanding, we define an
image in general terms, with a minimum of specification. In the following we use the notation A8 to denote
the set of al functionsB* A (i.e.,, AB ={f: fisafunction fromB to A}).

Definition: Let F beavalue set and X apoint set. An F-valued image on X is any element of

FX. Givenan Fvauedimagea € FX(ie,a : X — F), thenF iscalled the set of
possible range values of a and X the spatial domain of a.

It is often convenient to |et the graph of animage & € FX represent a. The graph of animageisalso
referred to as the data structure representation of the image. Given the data structure representation a =
{(x,a(x)) : x X}, then an element (X, a(x)) of the data structure is called a picture element or pixel. Thefirst
coordinate x of apixel is called the pixel location or image point, and the second coordinate a(x) is called the
pixel value of a at location x.

The above definition of an image covers all mathematical images on topological spaces with rangein an
algebraic system. Requiring X to be atopological space provides us with the notion of nearness of pixels.
Since X is not directly specified we may substitute any space required for the analysis of an image or imposed

by aparticular sensor and scene. For example, X could be a subset of Ea or H3 withx X of formx = (x,y,t),
where the first coordinates (x,y) denote spatial location and t atime variable.

Similarly, replacing the unspecified value set F with Lok or F = (Zg4 , Zom | Z3n) provides us with
digital integer-valued and digital vector-valued images, respectively. Animplication of these observationsis
that our image definition also characterizes any type of discrete or continuous physical image.

Induced Operations on | mages
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Operations on and between F-valued images are the natural induced operations of the algebraic system F.
For example, if 3 isabinary operation on F, then 3 induces a binary operation — again denoted by 3 — on
F:"'L defined asfollows:

Leta,b € FX Then
adh = {(x,c(x)) : c(x) = a(x)3b(x), x X}.

For example, suppose a, b € RX and our value set is the algebraic structure of the real numbers
[H, +;5 0 Vs ""'“:]'. Replacing 3 by the binary operations +, -, |, and ¥ we obtain the basic binary operations
a+b={(x,c(x)) : c(x) =a(x) + b(x), x X},
a-b={(x,cX):c(x)=a(x) -b(x),x X},
aib={(x,c(x)): c(x) =a(x) | b(x), x X},
and
ajb={(x,c(x)) : c(x) = a(x) i b(x), x X)}

on real-valued images. Obviously, all four operations are commutative and associative.

In addition to the binary operation between images, the binary operation 3 on F also induces the followi ng
scalar operations on images:

Fork € Faga € FK'

kea = {(x,c(x)) : c(x) = ka(x), x X}
and

ak = { (x,c(X)) : c(x) = a(x)%k, x X}.

Thus, for k& € R, we obtain the following scalar multiplication and addition of real-valued images:
ka={(x,c(x)): c(x) = k-a(x),x X}
and
k+a={(x,c(X):c(x)=k+a(x),x X}.
It follows from the commutativity of real numbers that,
ka=akandk+a=a+k.

Although much of image processing is accomplished using real-, integer-, binary-, or complex-valued images,
many higher-level vision tasks require manipulation of vector and set-valued images. A set-vaued imageis of

F -
forma : X — 2F. Herethe underlying value setis (2 + Y M ™) where the tilde symbol denotes
complementation. Hence, the operations on set-valued images are those induced by the Boolean algebra of the

; X
value set. For example, if a, P € (2°)" then

a* b={(x,c(x):c(x) =a(x) * b(x),x X},
a)c={(x,cx): c(x) =a(x) * b(x),x X},

and

i {[x,c{x]}  e(x) = a(x), x € X}

Previous !Tabl e of Contents|Next
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The operation of complementation is, of course, a unary operation. A particularly useful unary operation on
images which isinduced by abinary operation on avalue set is known as the global reduce operation. More

e — precisdly, if 2 is an associative and commutative binary operation on F and x isfinite, say X = {Xy, X5, ... X},
JUMP TO TOPIG then 3 induces a unary operation

I I
called the global reduce operation induced by 3, which is defined as

n
Fa=T a(x) =, a(xk) = a(x1)ya(x2)y -~ 7a(xa).
Thus, for example, if F = Randsisthe operation of addition (3 = +) then“ = £ and

Y a= > alx)=a(x))+alxz) + -+ +a(x,).

xe X

Inall, thevalue set (Rs 5 ¥4 A) provides for four basic global reduce operations, namely

Eaz l_[a'l Vﬂ,and;"'\ﬂ.
Induced Unary Operations and Functional Composition

In the previous section we discussed unary operations on e ements of Fx induced by a binary operation 3 on
F. Typicaly, however, unary image operations are induced directly by unary operations on F.Givena unary
operation f:F=— F, then the induced unary operation FX - FXis again denoted by f and is defined
by

f(@) = {(x,c(x)) : c(x) = f(a(x)), x X}.

Note that in this definition we view the composition foa asaunary operation on FX with operand a. This
subtle distinction has the important consequence that f is viewed as a unary operation — namely a function


http://www.earthweb.com/
http://corpitk.earthweb.com/
http://corpitk.earthweb.com/content/corp.html
http://corpitk.earthweb.com/search/
http://corpitk.earthweb.com/faq/faq.html
http://corpitk.earthweb.com/sitemap.html
http://corpitk.earthweb.com/contactus.html
http://corpitk.earthweb.com/search/search-tips.html
http://corpitk.earthweb.com/search/search-tips.html
http://corpitk.earthweb.com/search/
http://corpitk.earthweb.com/search/

from FX to FX_ and a as an argument of f. For example, substituting R for F and the sine function
sin : R — R forf, we obtain the induced operation $in. : RX — RX whee
sin(a) = {(x, c(x)) : c(x) =sin(a(x)), x X}.
As another example, consider the characteristic function
1 if r>k
X2 (r) = 0 otherwise.
Then for any @ € R®, x..(a) s the Boolean (two-valued) image on X with value 1 at location x if a(x) ek

and value 0 if a(x) < k. An obvious application of this operation is the thresholding of an image. Given a
floating point image a and using the characteristic function

iy 1 if j<r<k
XuwmlTT= 10 otherwise,
then the image b in the image algebra expression
b:=Ciy @

isgiven by

b ={(x, b(x)) : b(x) = a(x) if j d a(x) d k, otherwise b(x) = 0} .
The unary operations on an image & € F* discussed thus far have resulted either in ascalar (an element of
F) by use of the global reduction operation, or another F-valued image by use of the composition

foa = f(a) More generaly, given afunction f:F =G thenthe composition S @ provides for aunary

operation which changes an F-valued imageinto a G-valued image f(a). Taking the same viewpoint, but
using afunction f between spatial domainsinstead, provides a scheme for realizing naturally induced

operations for spatial manipulation of image data. In particular, if f: Y’ X and & € Fx, then we define the
inducedimage@ © f € 2 by

aof={(y,a(f(y)) : yeY}.
Thus, the operation defined by the above equation transforms an F-valued image defined over the space X

into an F-valued | mage defined over the space Y.

Examples of spatial based image transformations are affine and perspective transforms. For instance, suppose
ac Hx,wherex C 7 isarectangular mx n array. If sk = % andf: X' X isdefined as

_ [y fk<z
fla.y) = {{ﬂk-—:::_,y} iz <k’

then 82 f is a one sided reflection of a acrossthe line x = k. Further examples are provided by several of the
algorithms presented in this text.

Simple shifts of an image can be achieved by using either a spatial transformation or point addition. In
: 2
paticular, givena € FX, X C 72 andY € Z° wedefineashift of aby y as

a+y={(zb@):b@=az-y),z-y X}.
Notethat a+yisanimageon X +y sincez-y X Oz X +Yy, which provides for the equivalent formulation
a+y={(z,b(@):b(@)=a(z-y),z X +y}.

Of course, one could just as well define a spatial transformationf: X +y’ X by f(z) =z - y in order to obtain
the identical shifted image® +¥ = ao f,

Another simple unary image operation that can be defined in terms of a spatial map isimage transposition.



Givenanimage & € Fén ﬂ“, then the transpose of a, denoted by a2, is defined as@ = aof where
frolnx T — L X Lnisgivenby f(xy) = (v.X).

Binary Operations Induced by Unary Operations

Various unary operations image operations induced by functions J+F = Fcanbpe generalized to binary

operations on Fx. Asasimpleillustration, consider the exponentiation function f:R*" =R defined by
f(r) = rk, where k denotes some non-negative real number. Then f induces the exponentiation operation

at = {{x,h[x)} . b(x) = [a(x)]*, x € x},

where ais anon-negative real-valued image on X. We may extend this operation to a binary image operation
asfollows: if a, P € (R} then

a® = {(x,c{x}} o) = a{x}h{x}, X € K}.

The notion of exponentiation can be extended to negative valued images as long as we follow the rules of

arithmetic and restrict this binary operation to those pairs of real-valued images for which

:TE

a(x) € R ¥x € X Thjsavoids creation of complex, undefined, and indeterminate pixel values such as

(=l ]'3E ' u'l'-" and 0°, respectively. However, there is one exception to these rules of standard arithmetic. The

algebra of images provides for the existence of pseudo inverses. For & € Hx, the pseudo inverse of a, which
for reason of simplicity is denoted by a! is defined as

a~l = {{x,h{x}} : b(x) = iﬁj if a(x) # 0 otherwise b(x) = [I}.

Note that if some pixel values of a are zero, then a-a * 1, where 1 denotes unit image all of whose pixel
values are 1. However, the equality a-a -a = a always holds. Hence the name “ pseudo inverse.”
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The inverse of exponentiation is defined in the usual way by taking logarithms. Specifically,

logya = {(x,c(X)) : c(x) = logy,ya(x), X X}.
M Asfor real numbers, log,a is defined only for positive images; i.e., a, b e fﬂ"lx.
— Another set of examples of binary operations induced by unary operations are the characteristic functions for
comparing two images. For b € RX we define

Cq (@) = {(x,c(x)) : c(x) = 1if a(x) d b(x), otherwise c(x) = O}

Co (@) = {(x,c(x)) : c(x) = 1if a(x) < b(x), otherwise c(x) = O}

C., (@) = {(x,c(x)) : c(x) = 1if a(x) = b(x), otherwise c(x) = O}

Co (@) = {(x,c(x)) : c(x) = 1Lif a(x) eb(x), otherwise c(x) = O}

C.p (@) = {(x,c(x)) : c(x) = 1if a(x) > b(x), otherwise c(x) = O}

Cyp (@) ={(x,c(x)) : c(x) = Lif a(x) ~ b(x), otherwise c(x) = O}.

Functional Specification of Image Operations

The basic concepts of elementary function theory provide the underlying foundation of afunctional
specification of image processing techniques. Thisis adirect consequence of viewing images as functions.
The most elementary concepts of function theory are the notions of domain, range, restriction, and extension
of afunction.

Image restrictions and extensions are used to restrict images to regions of particular interest and to embed
images into larger images, respectively. Employing standard mathematical notation, the restriction of

a € FX toasubset Z of X isdenoted by al,, and defined by
alz =an(Z xF)={(x,a(x)) : xe€ Z}.

Z
Thus, alz € F* | practice, the user may specify Z explicitly by providing bounds for the coordinates of the
pointsof Z.
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There is nothing magical about restricting ato a subset Z of its domain X. We can just as well define

restrictions of images to subsets of the range values. Specifically, if SCFadac Fx, then the
restriction of a to Sis denoted by a|s and defined as

a|ls =an(X x S).
In terms of the pixel representation of allswe have alls= { (x,a(x)) : a(x) . The double-bar notation is used
to focus attention on the fact that the restriction is applied to the second coordinate of & KXotk
Image restrictions in terms of subsets of the value set Fisan extremely useful concept in computer vision as
many image processing tasks are restricted to image domains over which the image values satisfy certain
properties. Of course, one can always write this type of restriction in terms of afirst coordinate restriction by
settingZ ={x X:a(x) S sothat alls=al,. However, writing a program statement such asb := a|, is of
little value since Z isimplicitly specified intermsof S, i.e., Z must be determined in terms of the property
“a(x) S” Thus, Z would have to be precomputed, adding to the computational overhead as well as increased

code. In contrast, direct restriction of the second coordinate values to an explicitly specified set S avoids these
problems and provides for easier implementation.

As mentioned, restrictions to the range set provide a useful tool for expressing various algorithmic

procedures. For instance, if & € RX and Sistheinterval (k. 2¢) C H, where k denotes some given threshold
value, then al|, , denotes the image a restricted to all those points of X where a(x) exceedsthe valuek. In

order to reduce notation, we define alf,, aally ,. Similarly,
Allg @8l ), @l aall. 4 allc 2@l and ally aall,. -
Asin the case of characteristic functions, amore general form of range restriction is given when S
X
7 ie, S(x) € F ¥x € X | this case we define

alls={(x.a(x)) :ax) Sx)}.

corresponds to a set-valued image © € (27

For example, fora, b € R we define
ally, a{ (x,a(x)) : a(x) d b(x)}, all, a{ (x.ax)) : a(x) < b(x)},
alls a{ (x,ax)) : a(x) eb(x)}, all,, a{ (x,a(x)) : a(x) > b(x)},
all, a{(x.a(x)) : a(x) = b(x)}, all,, a{(x,a(x)) : a(x) * b(x)}.
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Combining the concepts of first and second coordinate (domain and range) restrictions provides the general

definition of an image restriction. If & € [Fx, Z4X,and 8.C F, then therestriction of ato Z and Sis

. defined as
_JLIMP TO TOPIC

T A

It followsthat al, ¢ = {(x,a(x)) : x Zanda(x) ,alyg =alls and AlizF) = alz,

The extension of & € F* tob € F¥ on Y, where X and Y are subsets of the same topological space, is
denoted by alr and defined by

_Jalx) fxeX
o°(x) = {b{x} if x € Y\X.

In actual practice, the user will have to specify the function b.

Two of the most important concepts associated with afunction are its domain and range. In the field of image
understanding, it is convenient to view these concepts as functions that map images to sets associated with
certain image properties. Specifically, we view the concept of range as afunction

range : FX — 2F

defined by Yange(a) = {r € F : r = a(x) for some x € X}

Similarly, the concept of domain is viewed as the function

domain : F* lax ey — o,

FX|oxxor) = {b : b=a|zs), aeF*, Ze2¥, Se i
and domain is defined by
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domain(b)= {x € X : al(z,5)(x) = b(x) = r for some r € F}.

These mapping can be used to extract point sets and value sets from regions of images of particular interest.
For example, the statement

s := domain(all,,)

yields the set of al points (pixel locations) where a(x) exceeds k, namely s={x X : a(x) > k}. The statement
s:= range(all.,)

on the other hand, resultsin a subset of [ instead of X.

Closely related to spatial transformations and functional composition is the notion of image concatenation.
Concatenation serves as atool for simplifying algorithm code, adding translucency to code, and to provide a

link to the usual block notion used in matrix algebra. Given @ € FLmx2y andb € Fim KI", then the
row-order concatenation of a with b isdenoted by (a | b) and is defined as

(alb) aa|b+(0,k)_
I??I. I!|+
Notethat (& | b) € F&mXfne

Assuming the correct dimensionality in the first coordinate, concatenation of any number of imagesis defined
inductively using the formula (a | b|c) = ((a | b)|c) so that in general we have

(as]az| --- &) = ((a1]az] - - [ai-1)|ar) .
Column-order concatenation can be defined in asimilar manner or by simple transposition; i.e.,
fay
ag

T | = (alag] - )’

\a, /
Multi-Valued Image Oper ations

Although general image operations described in the previous sections apply to both single and multi-valued

images as long as there is no specific value type associated with the generic value set F, there exist alarge
number of multi-valued image operations that are quite distinct from single-valued image operations. Asthe
general theory of multi-valued image operations is beyond the scope of this treatise, we shall restrict our
attention to some specific operations on vector-valued images while referring the reader interested in more
intricate details to Ritter [1]. However, it isimportant to realize that vector-valued images are a specia cases
of multi-valued images.

fF = R™ anda € FX then a(x) isavector of form a(x) = (a,(x), &, &,(x)) where for eachi = 1, & , n,

, . X, .
ai(x) € R Thus animagea € (R")" isof forma = (a,, & , a,) and with each vector value a(x) there are
associated n real values a,(x).

Real-val ued image operations generalize to the usual vector operations on (R™)*
b€ (R")™ then

. Inparticular, if a,

a+b=(a;+by,...,a, +by,)
a-b=(a;-by,...,a, by)

avb=(a;vby,...,8,Vb,)
aﬂ.h:{alﬁbl,... ,anﬂb,,).

fF = (r1,...,™) € Hn,thenwealsohave



rta=(rp+ta, & r,+a),
r-a=(rp-a, &, r,-ay),

etc. In the special casewherer =(r, r, & , r), wesimply usethe scalar T € R and definer +aar + a,r-aa
r -a, and soon.

As before, binary operations on multi-valued images are induced by the corresponding binary operation

7 :R" xR" — R" onthevaue set ™. 1t turns out to be useful to generalize this concept by replacing
the binary operation 3 by a sequence of binary operations 75 * R" x " — n, wherej =1, ... n, and defining

a’b a(adb,adb, & , a3 p).
For example, if 7i + B" % R" — B 5 qefined by

(X1 & 5 %)%V, &, Yp) =max{x,y; - 1didj},

x
then for a, b e (R")” andc= a®b, the components of c(x) = (c,(x), & , ¢,(x)) have values

(%) = a(x)3b(x) = max{a(x) ja(x) : 1didj}
forj=1,&,n.

Previous|Table of Contents Next|

HOME SUBSCRIBE | SEARCH [FAGQ SITEMAP CONTACT US

Use of this site is subject to certain All rights

reserved. Reproduction whole or in part in any form or medium without express written of
EarthWeb is prohibited. Read EarthWeb's statement.


http://corpitk.earthweb.com/
http://corpitk.earthweb.com/content/corp.html
http://corpitk.earthweb.com/search/
http://corpitk.earthweb.com/faq/faq.html
http://corpitk.earthweb.com/sitemap.html
http://corpitk.earthweb.com/contactus.html
http://corpitk.earthweb.com/products.html
http://corpitk.earthweb.com/contactus.html
http://corpitk.earthweb.com/aboutus.html
http://www.earthweb.com/about_us/privacy.html
http://www.itmarketer.com/
http://corpitk.earthweb.com/
http://corpitk.earthweb.com/agreement.html
http://corpitk.earthweb.com/copyright.html
http://www.earthweb.com/about_us/perm.html
http://www.earthweb.com/about_us/privacy.html

&

An
EARTHWEB

Resource

HOME SUBSCRIBE SEARCH FAG  SITEMAP [CONTACT US

iT KNOWLEDG E_COMW Enterprise Subscription X

Need IT. Find IT. Know IT. iITKNOWLEDGE.COM \4 :

KEYWORD SEARCH Uil Handbook of Computer Vision Algorithms in Image Algebra
b by Gerhard X. Ritter; Joseph N. Wilson
CRC Press, CRC Press LLC

I - ISBN: 0849326362 Pub Date: 05/01/96

¥ Search Tios Search this book:

F Advanced Search m

PUBLICATION LOOKUP Previous!TabIe of Contents!Next

As another example, suppose 2, and 3, are two binary operations % x R? — R defined by

—_— (X1 %)% (Y1 Ya) = XqY1 = XY
JUMP TO TOPIC

— (X1 %)%(Y1s Ya) = XqYo + XV,

x
respectively. Now if a, b € (R?) represent two complex-valued images, then the productc = a3b represents
pointwise complex multiplication, namely

C(x) = (8, (})bs(X) - a(x)b(X), @y (X)b(X) + a(x)0;(x)).

Basic operations on single and multi-valued images can be combined to form image processing operations of
arbitrary complexity. Two such operations that have proven to be extremely useful in processing rea
vector-valued images are the winner take all jth-coordinate maximum and minimum of two images.

Specifically, if a, b € (R ]x, then the jth-coordinate maximum of a and b is defined as
a; b ={(x,c(x)) : c(x) = a(x) if a(x) e b;(x), otherwise c(x) = b(x)},
while the jth-coordinate minimum is defined as

a¥|b={(x,c(x)) : c(x) = a(x) if a(x) d b;(x), otherwise c(x) = b(x)}.

Unary operations on vector-valued images are defined in a similar componentwise fashion. Given afunction
f R — R thenfinducesafunction B™ — R™, again denoted by f, which is defined by

X0, X & , %) a(f(xy), f(xo), & , ().

These functions provide for one type of unary operations on vector-valued images. In particular, if
a=(a,a,...,a,) € {H"}x,then

f(a) = fﬂa e~ (f(al}: f(aE}: R f[aﬂ-)}
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Thus, iff = sin : R — H,then

sin(a) = (sin(a,), & , sin(a,)).
Similarly, if f = C, then

Cal@ = (Cal@), & , Culf@y))-

Anyfunctionf : R" = R" gives rise to a sequence of functionsfi = pie f:R" = R wherej =1,
& , n. Conversely, given a sequence of functions i + R™ — H,wherej =1, & , n, then we can define a

. kit L
function f : R* = R by

f(x) = (fl(x): fZ(x}! et fn(x)):

where X = (%1, - #u) € B" gych functions provide for amore complex type of unary image operations
since by definition

fla)=(fi(a), ... . fufa)) = {{x.b{x)) : b{x) = (fufa(x]), ... , fnfalx]})},
which means that the construction of each new coordinate depends on all the origina coordinates. To provide
a specific example, define h: RZ - R by f,(x,y) = sin(x) + cosh(y) and f:R* =R by f,(X, y) = cos(x)
+ sinh(y). Then the induced function / * (%) = (R®)* given by f = (t,, ). Applying f to an image

oy X
a € (F*)" requitsin the image

f(a) = {(x,b(x)) : b(x) = (sin(ai(x)) + cosh(az(x)), cos(a;(x))
+ sinh{as(x))), x€ X }.

Thus, if we represent complex numbers as pointsin R? and a denotes a complex-valued image, then f(a) isa
pointwise application of the complex sine function.

T x
Global reduce operations are also applied componentwise. For example, if @ € (R™) , and k = card(X), then

Ya=(Za,...,Za,)

k k
= Zal{xj'}'. -.Za,,{xj} eR".

j=1

 Sai= Y pia) € RX X o
In contrast, the summation i=1 i sinceeach @ € B™ Note that the projection function p,

n x
isaunaryoperation'[FI gtk Hx.

Similarly,
Va=(Vaj,...,Va,),
Aa=(Aay, ..., Aa,),
and
a=(a, &, a,).
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Summary of Image Operations

: The lists below summarize some of the more significant image operations.
JUMP'TO TOPIC

e Binary image operations
It is assumed that only appropriately valued images are employed for the operations listed below. Thus, for
the operations of maximum and minimum apply to real- or integer-valued images but not complex-valued

images. Similarly, union and intersection apply only to set-valued images.

generic

addition
multiplication
maximum

minimum

scalar addition
scalar multiplication
point addition

union

intersection

exponentiation
logarithm
concatenation

concatenation

characteristics

ash ={(x, c(X)) : c(x) = a(x)b(x), x X}
a+b={(x,c(x)):c(x)=ax) +b(x),x X}
a-b={(x,cx):c(x)=a(x) -b(x),x X}
a;b={(x,c(x)):c(x) =a(x) | b(x), x X}
a¥b={(x,c(x)):ckx)=ax) ¥b(x),x X}
k+a={(x,c(X):c(x) =k+a(x),x X}
k-a={(x,c(x)):c(x) =k a(x),x X}
aty={(z.b(2):b(@=alz-y),z X+y}
a* b={(x,cx):c(x)=ax) * b(x),x X}
a)b={(x,c(x)) : c(x) =a(x) ) b(x), x X}
L.|x|_ x€ x}
log,a = {(x,c(X)) : c(x) =10g,,alx), x X}
{H|h:] = a|b+[ﬁ,.&j? acE F:l'...q HIR\ ae |:i‘!.,t:-c1’,T

a

- | = (alb)

b

ab = {r_x.-:r_x]} : ofx) = afx)

Cy(@) = {(X,C(X)) : €(X) = Lif a(x) d b(x), otherwise c(x) = 0}
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Co(@ ={(x,c(x)) : c(x) = 1if a(x) < b(x), otherwise c(x) = 0}
C_(@ ={(x,c(x)) : c(x) = 1if a(x) = b(x), otherwise c(x) = 0}
Co(@) = {(x,c(x)) : c(x) = 1if a(x) e b(x), otherwise c(x) = O}
C.p(@) = {(x,c(x)) : c(x) = 1Lif a(x) > b(x), otherwise c(x) = O}
Co(@) ={(x,c(x)) : c(x) = 1if a(x) ~ b(x), otherwise c(x) = 0}

Whenever b is aconstant image, say b =k (i.e., b(x) =k x X), then we simply write ak for ab and log,a for
log,a. Similarly, we have k+a, C,(a),C. (), etc.

Unary image operations

Asin the case of binary operations, we again assume that only appropriately valued images are employed for

the operations listed below.

value transform
spatial transform
domain restriction
range restriction

extension

domain
range
generic reduction

image sum

image product
image maximum
image minimum
image complement

pseudo inverse

image transpose

HOME SUBSCRIBE

foa= f(a) = {(x,¢(x)) : e(x)= f(a(x)), x € X}
aof = {(y,a(f(y)) : ye Y}

al; ={(x, a(x) : x 2}

alls={(x, ax)) : ax) S

gt = {{x,c{x]} poe(x) = {;‘Eﬂ :i : E#‘\x}
domain{a) = {x € X : 3r € F s.t. a{x) = r}
range(a) = {r € F : 3x € X s.t. r = a(x)}
“a= a(x,’alx,)? - %alx,)

2a= %E{x} = a(x1) + a(xz) + -+ +a(x;)
Ma =TT a(x) = a(s) -a) - -a(s)
Va= x‘gxa(x} =a(x1)vVa(xz) vV --- Va(xs)
Aa= x;;\xﬂ[x] = a(x;) Aa(xz) A --- Aa(xn)

a = {(x.c(x) : cfx) = afx), x € X}
at = {(sbte) b = {37 Fac£0

otherwise

a2 = {((xy), a2(xy)) : a2(x,y) = a(y.x), (y.x) X}
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1.5. Templates

—_ Templates are images whose values are images. The notion of atemplate, as used in image algebra, unifies
WUMPTO TOPIG and generalizes the usual concepts of templates, masks, windows, and neighborhood functionsinto one
_ general mathematical entity. In addition, templates generalize the notion of structuring elementsas used in
mathematical morphology [26, 55].

Definition. A template is an image whose pixel values are images (functions). In particular, an
F-valued template fromY to X isafunction t:Y — [Fx. Thus, ¢ € [FK]Y andtisan
Fx—val ued imageon'Y.

For notational convenience we definet, at(y) y Y. Theimaget, has representation

t,={(x, t,(x) : x X}.

The pixel valuest,(x) of thisimage are called the weights of the template at point y.

If tisareal- or complex-valued template from Y to X, then the support of t, is denoted by St,) and is defined
as

gty) ={x X:t,(x) " 0}.

Y
More generally, if t € (FX) andF isan algebraic structure with a zero element 0, then the support of t, will
be defined as t,) = {x X :t,(x) O}.

For extended real-valued templates we a so define the following supports at infinity:
S(ty) ={x X:t,(x)" }

S(t)={x X:t(x) -}
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4
If X isaspace with an operation + such that (X, +) isagroup, then atemplate te (F*)" issidtobe
tranglation invariant (with respect to the operation +) if and only if for each triplex, y, z X we have that
t,(x) =t,,, (X +2). Templates that are not translation invariant are called translation variant or, simply,

variant templates. A large class of trandation invariant templates with finite support have the nice property
that they can be defined pictorially. For example, let X = 72 and y = (X,y) be an arbitrary point of X. Set x,

=X y-1,x,=(x+1y),andx;=(x+1,y-1). Definet € (Hx}x by defining the weightst,(y) = 1, t (x,) =
3, 1,(%,) = 2, t,(X;) = 4, and t,(x) = 0 whenever x is not an element of {y, Xy, X,, X5 }. Note that it follows from
the definition of t that S(t,) = {y, X;, X,, X3} . Thus, at any arbitrary point y, the configuration of the support
and weights of t, isas shown in Figure 1.5.1. The shaded cell in the pictorial representation of t, indicates the
location of the point y.

¥ ¥

—_—

P
B 3 ]
y

xal s |2

'

Figure 1.5.1 Pictorial representation of atranslation invariant template.

There are certain collections of templates that can be defined explicitly in terms of parameters. These
parameterized templates are of great practical importance.

Definition. A parameterized [F-valued template fromY to X with parametersin P isafunction

t: P— (FKJY . .
of form * * . The set P iscalled the set of parametersand eachp Piscaled a
parameter of t.

Thus, a parameterized F-valued template from Y to X givesriseto afamily of regular F-valued templates

FX)Y: peP
fromY to X, namely{t{p] = { } e }

Image-Template Products

The definition of an image-template product provides the rules for combining images with templates and
templates with templates. The definition of this product includes the usual correlation and convolution

products used in digital image processing. Suppose [ is avalue set with two bi nary operations O and 3

FZ)¥
WhereOdistributesover 3, and 3 is associative and commutative. |f te { } , then for each

x X
Yy € Y, t'J-' €F . Thus, if a € FX, where X isfinite, thenao't:ur €F and “ [aOt,) € F. It

follows that the binary operations O and 2 induce a binary operation
@ :FX x (FX)Y - FY,
where
b=a@teF*
is defined by
b(y) =T(aQty) =L (a(x) Oty(x)).
Therefore, if X ={X, Xy, ..., X}, then
b(y) = (a(x1) O ty(x1)}r(alxz) O ty(xz))y - - v(a(xn) O ty(xn)).

The expression & @t iscaled the right product of a with t. Note that while ais an image on X, the product

a@tisan image on Y. Thus, templates allow for the transformation of an image from one type of domain to
an entirely different domain type.


javascript:displayWindow('images/01-04.jpg',250,223)
javascript:displayWindow('images/01-04.jpg',250,223)

Replacing (F:7: O) by (R, +, ) changesP = a@t into
b =a-t,

the linear image-template product, where

b(y) =Y (a(x) - ty(x)),

xeX
w1 ¥
acR¥adt € [H ) .
X k4 F —
Every template® € (F¥)" hasatranspose® € (F*) " which is defined sy(x) = sx(¥), Obviously, (s2)
i X
2 = sand s2 reverses the mapping order from X — F¥ t0 Y — FX. By definition, S QaeF® 4y

/ v X
r {SF O a) S F, whenever € Fx and € (F ) . Hence the binary operati onso and 3 induce
another product operation

@: (FY)* xFX S FY,
where
b=s@acFY
is defined by

b(y) =T (s} Oa) =L (sy(x) Oa(x)).

The expression ¥ a is called the left product of a with s.
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When computing S @A itisnot necessary to use the transpose s2 since

SR L (s,(x) Oa(x) =L (sx(y) Oa(x)) -
JUMP TO TOPIC

— This allows us to redefine the transformation B = s @a a5
b(y) =L (sx(y) O a(x)) .

For the remainder of this section we assume that (F,~) isamonoid and let O denote the zero of [F under the

AR 4
operation 3. Suppose & &£ FXandt € (F?} , Wwhere X and Z are subsets of the same space. Since Fisa
monoid, the operator @ can be extended to a mapping

@ :FX x (F%)¥ - FY,
where B = a1t jsdefined by is defined by

P ty if XNZ#0Q
M”=%W“Q&M3 &D;fxnziﬁ.

The l€ft product $ €04 is defined in asimilar fashion. Subsequent examples will demonstrate that the ability
of replacing X with Z greatly simplifies the issue of template implementation and the use of templatesin
algorithm devel opment.

Significant reduction in the number of computations involved the image-template product can be achieved if

7. Y
(F. . O) is acommutative semiring. Recall that if t & (F?) , then the support of t at apointy Y with
respect to the operation 3 isdefined as St,) = {x Z :t(x) " 0}. Sincet (x) = 0 whenever x t,), we have

that 2(x) O ty(x) = 0 yhenever x S(t,) and, therefore,

oz (@(X) Oty(x)) =T (a(x) O ty(x)).

wEXNE(ty)
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It follows that the computation of the new pixel value b(y) does not depend on the size of X, but on the size of
S(t,). Therefore, if k= card(X ) ty)), then the computation of b(y) requiresatotal of 2k - 1 operations of

type 3 and O

As pointed out earlier, substitution of different value sets and specific binary operations for 3 and O resultsin

awide variety of different image transforms. Our prime examples are the ring (H y s ] and the value sets

(Raoo, Vy Ay, +) g (RZD V. A X, X'} The sructure (Rtoos Vi A+, +7) provides for two
|attice products:

b=ailt,
where
by)= \ [0 +ty()],
XKEXMS oo (by)
and
b=a@t,
where

biy)= A [ax) + ty(x)].

xE€XNSeo(ty)

In order to distinguish between these two types of lattice transforms, we call the operator [ the additive
maxi mum and El the additive minimum. It follows from our earlier discussion that if

Xns. W(t:ﬁ') = g,then thevalue of b(y) is-, the zero of R+ o under the operation of |. Similarly,
it if XN Slty) =D henppy)= .

The left additive max and min operations are defined by

tBa={(y,by): bly)= V [ +ax)],yeY
xEXNS5_ moty)

and

t@a=¢(y,b):bly)= A [+ ax)], yeYy,
xEXMS o (ty)

respectively. The relationship between the additive max and min is given in terms of lattice duality by
B.t- — [t*Ea*]*,
Y
where theimage a* is defined by a* (x) = [a(x)]*, and the conjugate (or dual) of * € (RX.) " isthe template

L] * x . f
t5(y) = [ty(0)]" definedby ¢ € (FXe)™ it tollowsthat tx(¥) = —ty(x)

>0 r
The value set (RE Vs Ay %, X'} g provides for two lattice products. Specifically, we have
b=a@t,

where



by)= V [ xt,(),

xEXMS(ty)

and
b=a@®t,

where

biy)= A [ax) x"ty(x)].

xEXNSL.(ty)
20 =
Here 0 is the zero of B% under the operation of |, so that b(y) = 0 whenever Xn S{t:-'] . @. Similarly,
b(y) = whenever & N Sea(ty) = &,

The lattice products ) and ® are called the multi plicative maximum and multiplicative minimum,
respectively. The left multiplicative max and left multiplicative min are defined as

t@a= {{hh[r)} :biy)=  \  [x(y) xa(x), ¥ EY}

xEXNSee (15 )

and

t@a= {[J"-b[ﬂl :bly)= A [(y) x"ax)], rE‘Y},

xEXNSa(t})
respectively. The duality relation between the multiplicative max and minis given by
a@®t = (t"Qa")",
where a* (x) = (a(x))* and t%(¥) = [ty (®)]". Here r* denotesthe conjugate of r in ngn.
Summary of Image-Template Products
In the following list of pertinent image-template products € Fx and® € {FK]?

we assume the appropriate value set F.
right generic product

a@t = {(b(y)) : b(y) =L (a(x) Oty(x)), y € Y}

right linear product

. Again, for each operation

ait = {{r,h[yn : b(y) =) (a(x) - ty(x)), y € Y}
xeX
right additive max

a@t= {{r.h{ﬂ} : b(y) =/ [a(x) + ty(x)], rE‘Y}
xEX
right additive min )

afit = {{r,b(:v'.l) : by) = A [a(x) + ty(x)], er}
xEX
right multiplicative max )



a@t = (v,b(y)) : b(y) = |/ [a(x) x t,(x)], J’EY}

wEX
right multiplicative min

a@t = {( b)) : bly) = A [alx) K'tx(NJ],!EY}

xeX
right xor max
{[3' b(y)) : b(y)= |/ [ax)¥ty(x)] , y €Y
xEX
right xor min

aft= {(r,b(r}) :b(y)= A [a(x)+ty(x)], y € Y}

xeX

x
In the next set of operations, t € (F¥)
left generic product

t@a={(v,b(y) : b¥) =L (t(¥) Oalx)). y € Y}

left linear product

t@Da= {(F,btﬂ} : b(y) =D (t(y)-a(x)), y € Y}

xeEX
|eft additive max

tBa={(y,by) : b{y) =/ [tx(y) +a(x)], J'EY}

xEX
|eft additive min

tBa= {{ b)) : bly)= A [tx(y) + a(x)], er}
xeX
left multiplicative max

{(r,h(r]} b(y) = |/ [tx(y) x a(x)], y € Y}

HEX
left multiplicative min

t®a= {{r,b[r]} :b(y) = A [tx(y) X"a(x)], y € Y}

xcX

Binary and Unary Template Operations
Since templates are images, al unary and binary image operations discussed earlier apply to templates as

¥
well. Any binary 3 on [ induces abi nary operation (again denoted by 3) on (F*) " asfollows: for each pair
¥y Y
st € (F } the induced operation s’ is defined in terms of the induced binary image operation on Fx,
F=Rste (R\)
namely (st), as’, y Y.Thusif® = ™ 5t € { ,and3 =+ then (s+t), =g +t, wheres +
t, denotes the pointwise sum of the two images Sy € R* gty € RX

The unary template operations of prime importance are the global reduce operations. Suppose Y isafinite



Y
point set, say Y ={y, ¥, ..., ¥}, and t e (FX) . Any binary semigroup operation 3 on - induces a global
reduce operation

Y
T: [Fx) Fx
which is defined by

Ft=1 ty =TIty =ty yty,y - ty,.

Thus, for example, if F = Randzisthe operation of addition (3 = +), then“ = £ and

D= by =ty by, e by,

¥yEY
Therefore, E t isan image, namely the sum of afinite number of images.

In all, the value set [H' +, 4V, ‘h'*] provides for four basic global reduce operations, namely

ot JIt, Ve, and At

If the value set [ has two binary operations 3 and O so that {F,‘T, O) isaring (or semiring), then under
ki
the induced operations [[Fx]' ) ""0} isaso aring (or semiring). Analogous to the image-template product, the

binary operations O and 2 induce atemplate convolution product
®: (F2)* x (FX)Y = (F%)Y

" x ?
defined as follows. Suppose $ € [F'E] te [Fx} , and X afinite point set. Then the template product
L ¥
r=s@t wheer € (FX)" isdefined as

ry(z) =L (5x(2) Oty(x)) Vy €Y and Vz€ Z.

FARMS x\¥
Thus, if ® € (H ) and te (H ] , thenr = s+t isgiven by the formula

rl"{z} = Z sx(z) - ty(x).

xeX
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=z x X Y
Thelattice product T = 8 [ tisdefined in asimilar manner. For § € (H:E-:wj and ¥ € [R:I:ac] ,
the product template r is given by

The following example provides a specific instance of the above product formulation.

72\ I?
Example: Supposesit € (H ) the following trandlation invariant templates:

P
b
N
Vd

1 2 1

Iy=113 /6\3
N A

-1 | -2 -1

il &
1f S:t € (Rix]‘ are defined as above with values - outside the support, then the template product
r = S{ tisthetemplate defined by
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2 |3 |2
N
"\5/
0 | 0

=0
Thetemplatet isnot an RS valued template. To provide an example of the template product ¥ @t, we
redefinet as

1
oo P )
YN A
1
ThenT = s @t is given by
1 |2 |1
y=13 ‘fﬁ‘\\ 3
d N
1 2 1

The utility of template products stems from the fact that in semirings the equation

a®(sOt) = (a@s) Ot

holds [1]. This equation can be utilized in order to reduce the computational burden associated with typical

T
I:r
convolution problems. For example, if B (H ) is defined by ¥¥ € Iz, then

4 |6 | -4

=16 [9 ]-6

4| 6|4

where
2
N LN
= 2 K ty =
T o b S ¥
-2

The construction of the new image b := asr requires nine multiplications and eight additions per pixel (if we
ignore boundary pixels). In contrast, the computation of the image b := (aes) <t requires only six
multiplications and four additions per pixel. For large images (e.g., size 1024 x 1024) this amounts to
significant savings in computation.

Summary of Unary and Binary Template Operations



x Y
In the following S te(F } and [ denotes the appropriate value set.

generic binary operation st (%), as’t,

template sum s+ti(s+t), as +t,

max of two templates sit:(sit), as it,

min of two templates S¥t:(s¥t) as ¥t,

generic reduce operation I't —z’{‘_ ty =bf‘1t,“ = ty, Ty, T - - Thy,,

sum reduce t= Y =ty +iby, + - +ty,
YEY

product reduce [It= I ty =t,, slyrg v ooy,
ycyY

max reduce Vs V ty=t, Vi, V- Vi,
yEY

min reduce At= A ty=ty, Aty, A Aty
yeY

X ki
Inthe next list, 8 € {F%)7» t € (FX} " X isafinite point set, and [ denotes the appropriate value set.

generic template product r=s@t: ry(z) 215: (sx(z) O ty(x))
linear template product r=s@t: ry(z)= xze:x sx{z) - by (x)
additive max product r=sf@t: ry(z)= ngﬂx(z] + ty(x)
additive min product r=s@t: ry(z)= xa";x sx(z) + ty(x)
multiplicative max product r=s@t: ry(z)= !Exszfz} -ty (x)
multiplicative min product r=s@t: ry(z)= xgx sx(2) - ty(x)

1.6. Recursive Templates

In this section we introduce the notions of recursive templates and recursive template operations, which are
direct extensions of the notions of templates and the corresponding template operations discussed in the
preceding section.

A recursive template is defined in terms of aregular template from some point set X to another point set Y
with some partial order imposedon Y.

Definition. A partially ordered set (Pr '4) (or poset) isaset P together with abinary relation
=<, satisfying the following three axioms for arbitrary x,y, z P:

(i) £ = & (reflexive)
Gy T <yand ¥y <T = T =¥ antisymmetric)
i) T <yandy <2z = = <z yangtive)
Now suppose that X isapoint set, Y isapartially ordered point set with partial order =<, and F- amonoid. An
[F-valued recursive templatet from'Y to X isafunction * = (b4 ) : Y — (FX, FY}, where b2 Y — FX
and T~ Y~ quchthat
1. ¥ € S(t<(¥)) and
2. foreach @ € S(t<(¥)), 2 <y,

Thus, foreach ¥ € Y t(¥) isan [F-valued image on X and t< (¥} is an [F-valued imageon Y.
In most applications, the relation X 4 Y or X =Y usually holds. Also, for consistency of notation and for



notational convenience, we define t#y = t4(¥) g t<y = t<(¥) otha by = (brys t<y) The

support of t at apoint y is defined as S(ty) = (S(tgy), S(t-cr”. The set of all F-valued recursive

(F*, FY)
templates from Y to X will be denoted by ' .

In analogy to our previous definition of trandlation invariant templates, if X is closed under the operation +,
. t € (FX FK)”‘-“”. o .
then arecursive template ' iscalled trandlation invariant if for each triplex, y, z X,

we havet,(x) = t,.(x + 2), or equivalently, by (x) = baysa(X +2) gngt<y(X) = toyia(x+2),
An example of an invariant recursive template is shown in Figure 1.6.1.

4 L]

(B -. 1
. Ii_,--q.

[ Eao]
I,-.:"1 1

Figure 1.6.1 Anexample of an integer-valued invariant recursive template from z? to 32.

If t isan invariant recursive template and has only one pixel defined on the target point of its nonrecursive

support S(tgy }, thent iscalled asimplified recursive template. Pictorialy, asimplified recursive template
can be drawn the same way as a nonrecursive template since the recursive part and the nonrecursive part do
not overlap. In particular, the recursive template shown in Figure 1.6.1 can be redrawn asillustrated in Figure
16.2

-4 1
1 : ;?.1-K
| N/
Figure 1.6.2 An example of an integer-valued simplified recursive template.

|
[
|
t= |
!

The notions of transpose and dual of arecursive template are defined in terms of those for nonrecursive
¥

. . . . =t t -
templates. In particular, the transpose t2 of arecursive templatet is defined as ( * “). Similarly,

X pXx X< TR
t€ (R REC)™ ™ thenthe additive dual of t is defined by ¢ (£ %) The multiplicative dual for

>0
Rz,

recursive -valued templates is defined in alikewise fashion.
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Oper ations between | mages and Recursive Templates

In order to facilitate the discussion on recursive templates operations, we begin by extending the notions of
JUMP TO TOPIG the linear product », the additive maximum [, and the multiplicative maximum @ to the corresponding

— recursiveoperations®-¢* E*,and@-:,respectively.

X
Let X and Y be finite subsets of R™ with Y partially ordered by <. If a € RX ang t € (R
then the recursive linear image-template product & Dt is defined by

; RY}{Yl*}

a@.t= {{y,bl{y}} tyeY, bly)= 2 (a(x)-ty(x)+

xES tay )

2. (b(z)- t{,-.-(ﬂ'.ll}-

ZES(tyy )

The recursive template operation D computes a new pixel value b(y) based on both the pixel values a(x) of
the source image and some previously calculated new pixel values b(z) which are determined by the partial
order == and the region of support of the participating template. By definition of arecursive template,

Z < Yiorevay2 € S(t<y) a2z € S(t<y). Therefore, b(y) is always recursively computable.
Some partial orders that are commonly used in two-dimensional recursive transforms are forward and
backward raster scanning and serpentine scanning.

It follows from the definition of B« that the computation of a new pixel b(y) can be done only after all its
predecessors (ordered by =) have been computed. Thus, in contrast to nonrecursive template operations,
recursive template operations are not computed in aglobally parallel fashion.

Note that if the recursive templatet is defined such that S(t-ﬂ') = Ej. foraly Y, thenoneobtainsthe
usual nonrecursive template operation
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a@t={ b)) :by)= ) (aX) ty(x).yeY
xES{tiy}
Hence, recursive template operations are natural extensions of nonrecursive template operations.

Recursive additive maximum and multiplicative minimum are defined in asimilar fashion. Specifically, if
X X x y(X.=)
achk gt € (RE, REL) ™ 4,

+00 an en

b=aM <t

is defined by

biy)= V [x)+ty()v \  [bz)+tey(z).
X€5_ 00 (bay) 3E€S5-ca(ty)

ae ®)%, e (®D)F @)
b= a@_,:t

is defined by

by)= \ [a@)+tgxlv\ [b(z)+ t<y(2)].

xE.S_.,.D{I.”} BES ot wy)
The operations of the recursive additive minimum and multiplicative minimum ( = and @4) are defined
in the same straightforward fashion.

Recursive additive maximum, minimum as well as recursive multiplicative maximum and minimum are
nonlinear operations. However, the recursive linear product remains alinear operation.

The basic recursive template operations described above can be easily generalized to the generic recursive
image-template product by simple substitution of the specific operations, such as multiplication and addition,

by the generic operations O and 3. More precisely, given asemiring {F, T O} with identity, then one can
define the generic recursive product

@< :FX; b=a@.t 9 LFY
by defining ? = a@<t

by =L ) OtaI1L,,, b(e) O tay(a)

Again, in addition to the basic recursive template operations discussed earlier, awide variety of recursive
template operations can be derived from the generalized recursive rule by substituting different binary

operations for O and 3. Additionally, parameterized recursive templates are defined in the same manner as
parametrized nonrecursive templates; namely as functions

t: P (FX, FY)¥),
(Y.<) t — (t , t )
where P denotes the set of parameters, and t[_p)_{ e (FY] with (P:l (p)"‘k {p){ and
tp)e € (FX)"

Summary of Recursive Template Operations



X gY)\(¥.<)
In the following list of pertinent recursive image-template products & € FXagt€ [F , F ) A

before, for each operation we assume the appropriate value set F.
recursive generic product

S

(v.b®) : by) =ye Y, L, ,[)Otath

a.t=
| [b(z) Oty (2]

'1;5{'-4:
recursive linear product
(y,b(y)) : bly)=ye Y*:ES{EL,‘.‘.}{&[X] -y (X)) +

2. (b(z) -ty (2))

2ES(toy) )

Ve

BEB'-:t':

recursive additive max

am b= (¥,b(y)) : Bly) =y €Y, ﬁsi{m}lnix}+t,¢,{xj|v |
V. [b(z) +ty(z)]

SE5 soltuy)

recursive additive min

i

(v,b(y)) : bly) =y €Y, xesj:t“} [a(x) 4’ tey ()] A

A [b(z) + ty(2)]
h BESaalty)

recursive multiplicative max

ﬂ.m.<t=i

(v.b(y)) : b(y) =y €Y, um}iﬂ}la{x} Xty ()] V

V  [b(z) x toy(z)]

N ZES(Lay) J

a@.t=¢

right multiplicative min
(¥,b(y)) : bly)=y €Y, !éﬁi}tﬁ][ﬂ(x} X" £y (x)] A ..

A [b(z) x" t<y(2)]

IESm“-::IJ S

af_ t =

%

The definition of the left recursive product t @_{a is aso straightforward. However, for sake of brevity and
since the different left products are not required for the remainder of this text, we dispense with their
formulation. Additional facts about recursive products, their properties and applications can be found in [1,
56, 57].

1.7. Neighborhoods

There are several types of template operations that are more easily implemented in terms of neighborhood
operations. Typicaly, neighborhood operations repl ace template operations whenever the values in the
support of atemplate consist only of the unit elements of the value set associated with the template. A

xy Y
template t € (F ) with the property that for eachy Y, the valuesin the support of t, consist only of the

unit of I iscalled aunit template.
2
2
o te (H’- ) o N .
For example, the invariant template shown in Figure 1.7.1 is aunit template with respect to the
value set (Fl, +, ] since the value 1 isthe unit with respect to multiplication.



1 1 |

t=11 1|1

| 1 1

Figure 1.7.1 The unit Moore template for thevalueset(R! +, }

7 )
r
Similarly, the template = ( T shown in Figure 1.7.2 is a unit template with respect to the value set

(R-m* Vs +:'sincethevalue0isthe unit with respect to the operation +.

Figure 1.7.2 The unit von Neumann template for thevalueset(R-m* ¥y +:'.

2 F o
1t X C Z%isanmxn array of points, & € ﬂx, and t € (®") " isthe 3 x 3unit Moore template, then
the values of the m x n image b obtained from the statement b := a st are computed by using the equation

biy)= Y ax)t(x)= Y alx-l.
XEXNS(ty) xEXNS(ty)

We need to point out that the difference between the mathematical equality b = a <t and the pseudocode
statement b := a <t isthat in the latter the new image is computed only for those pointsy for which

Xns {tﬁ"} # E}'. Observe that since a(x) - 1 = a(x) and M(y) = St,), where M(y) denotes the Moore
neighborhood of y (see Figure 1.2.2), it follows that

by)= Y al).
xeXNM(y)

This observation leads to the notion of neighborhood reduction. In implementation, neighborhood reduction
avoids unnecessary multiplication by the unit element and, as we shall shortly demonstrate, neighborhood
reduction also avoids some standard boundary problems associated with image-template products.

To precisely define the notion of neighborhood reduction we need a more general notion of the reduce

+ x - . . - -
operation | R T F, which was defined in terms of abinary operation 3 on . The more generd
form of “ isafunction

I':F*x —F,

whereFxh" = {alw : aEFxT WCK}.
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X X 2
For example, if ifF*=R" where X C L ,isanmx n array of points, then one such function
could be defined as

JUMP TO TOPIC 3 R:{]gx =R

.
2 (alw) = 3 alx)
ere

xEW . Another example would be to define

[:R¥x —»R

wh

I'(alw) = zwy L alx)
as o ) xeW , then “ implements the averaging function, which we shall denote by
average. Similarly, for integer-valued images, the median reduction

median : N¥[;x — N

isdefined as Medion(alw) = median{a(x; ), a(X,), ..., a{x;ij}, where

1% Xy sovn Xig} = W
Y

Now Supposex CZte {FZ]

(Fy7. Q) N+ Y = 2% 5 aneighborhood system defined by N(y) = St,), and @ € F*_ it then

followsthat P = a'[i»“-"isgiven by

by) =L .. (@) Oty (x) =L, a(x).

xEXNS(ty

isaunit template with respect to the operation O of the semiring

This observation leads to the following definition of an image-neighborhood product. Given X 4 Z,
EX
ac Fx, areduction function I * Fax — F, and a neighborhood system
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< Z z)Y s
N:Y —2%(ie,N€ (2 ] }, then the image-neighborhood productb = a@©N s defined by
b(y) =T (alxnwy))
for eachy Y. Note that the product © issimilar to the image template product G} in that @ isafunction

®:FXx (22)° = FY.

e o
. . . 73 . t € (HI) .
In particular, if € RX. M :7%2 = 2 is the Moore neighborhood, and isthe3x 3
unit Moore template defined earlier, then a 1t = a 1M.

z
- R,

Likewise, @l T = al{ N , Where e ( =2} denotes the von Neumann unit template (Figure

1.7.2) and N denotes the von Neumann neighborhood (1.2.2). The latter equality stems from the fact that if

= v — i - =
b := alraaic = ald N,thensncery(x)—OforaIIx X)S.(ry)and S (r,) = N(y) for all

2
points ¥ € £* \ve have that

by)= \/ ax)+rnx)= \ ax)=cy).

xEXNS_(ry) xEXNN(y)

Unit templates act like characteristic functions in that they do not weigh a pixel, but simply note which pixels
arein their support and which are not. When employed in the image-template operations of their semiring,
they only serveto collect a number of values that need to be reduced by the gamma operation. For this reason,
unit templates are also referred to as characteristic templates. Now suppose that we wish to describe a
trandation invariant unit template with a specific support such as the 3 x 3 support of the Moore template t
shown in Figure 1.7.1. Suppose further that we would like this template to be used with a variety of reduction
operations, for instance, summation and maximum. In fact, we cannot describe such an operand without

regard of the image-template operation @ by which it will be used. For usto derive the expected results, the
template must map all pointsin its support to the unitary value with respect to the combining operation O

Thus, for the reduce operation of summation Z , the unit values in the support must be 1, while for the

maximum reduce operation V the values in the support must all be 0. Therefore, we cannot define asingle
template operand to characterize a neighborhood for reduction without regard to the image-template operation
to be used to reduce the values within the neighborhood. However, we can capture exactly the information of
interest in unit templates with the simple notion of neighborhood function. Thus, for example, the Moore
neighborhood M can be used to add the valuesin every 3 x 3 neighborhood as well as to find the maximum or

minimum in such a neighborhood by using the statementsa « M, m, and @, respectively. Thisis one
advantage for replacing unit templates with neighborhoods.

Another advantage of using neighborhoods instead of templates can be seen by considering the simple

example of image smoothing by local averaging. Suppose & € RX, where X C 7 isanmx n array of

Ii

I‘a

points, and E isthe 3 x 3 unit Moore template with unit values 1. The image b obtained from the
= 1
statement b= 9 (a EBt) represents the image obtained from a by loca averaging since the new pixel
value b(y) is given by
1 1
b(y) = 9 Y ax)-ty(x)= 9 > ax).

x€XNS(ty) x€XNS(ty)

Of course, there will be aboundary effect. In particular, if X {(i,j)):1didm,1djdn},then

b(1,1) = %(a(], 1) +a(1,2) +a(2,1) +a(2,2)),



which is not the average of four points. One may either ignore this boundary effect (the most common
choice), or one may one of several schemesto prevent it [1]. However, each of these schemes addsto the
computational burden. A simpler and more elegant way is to use the Maoore neighborhood function M

combined with the averaging reduction a a average. The simple statement b:=a@M provides for the
desired locally averaged image without boundary effect.

Neighborhood composition plays an important role in algorithm optimization and simplification of algebraic

. R™
expressions. Given two neighborhood functions N, ) Ny :R" — 2 , then the dilation of N, by N,,

n
denoted by N, » N,, is aneighborhood function V2 R™ — 2R hich is defined as

Ny)= | (M) +(e-v),
PEN2(y)

where N(y) + ga{x +q:x N(y)}. Just asfor template compoasition, algorithm optimization can be achieved
by use of the equation @©(N1 BN2) = (a@©N) ©N: for appropriate neighborhood functions and

n
neighborhood reduction functions “. For k € N, the kth iterate of a neighborhood N:R*— o is
0 =
definedinductivelyastzNk-l-N,whereN (y) = {¥} Vy € R™

Most neighborhood functions used in image processing are tranglation invariant subsets of 14 (in particular,
72 — R2? . . N+Hn_}2H“. . L
subsets of C ). A neighborhood function . issaid to betrandation invariant if
T
N(y + p) = N(y) + p for every point P € R . Given atrandation invariant neighborhood N, we define its

. zyX
reflection or conjugate N* by N*(y) = N*(0) +y, where N*(0) = {-x : x N(0)} and N:P— (2%) denotes
the origin. Conjugate neighborhoods play an important role in morphologica image processing.

Note also that for atrandation invariant neighborhood N, the kth iterate of N can be expressed in terms of the
sum of sets

Ni(y) = Nt (y) + N(O)

Furthermore, since (X <Vag N =(Ng, Ng): X = {22'2’:), we have the symmetric relation
x & N«(x),
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Summary of | mage-Neighborhood Products

e — L N : z2 € N.(x),z<x
JUMP TO TOPIC In the following list of pertinent image-neighborhood products ( )! ,and

— Fe {R: C}_ Again, for each operation we assume the appropriate value set F

generic neighborhood reduction

a®@N = {(y,b(y)) : b(y) =T (alng)). y € Y}

neigborhood sum

a@®N =4 (v,b(y) : blyy= 3 a{x}.yew}

XEXNN(¥)
neighborhood maximum

xEXNN(¥)
neighborhood minimum

afl N = {(y.biy) : bly)= A alx).yeY

a@N = ! b(y)) : biy)= \/ u{x}.yev}

=EXNN(y)
Note that

a@N = {{Jﬂh{y}] :biy)= |/ ax),ye Y}

=EXMN(¥)

and, therefore, 2N = 5'-E|‘ﬂ"']r.8imilarly,5‘®1“Illr =a@AN

Although we did not address the issues of parameterized neighborhoods and recursive neighborhood
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operations, it should be clear that these are defined in the usua way by simple substitution of the appropriate
neighborhood function for the corresponding Boolean template. For example, a parameterized neighborhood

. zy X
with parametersin the set P is afunction N:P—(2%) . Thus, for each parameter p P, N(p) isa
neighborhood system for X in Z since N(p) : X * 22. Similarly, a recursive neighborhood system for a partially
o " Z aX
orderedset(X'- *}isafunction N = (N'#*N*} X = {2 »2 )sﬂtisfying the conditions that for each
X X,x E j."‘rﬁﬂ‘::x},andforeach"‘"’" € N—-i(x)* z < X

1.8. The p-Product

It iswell known that in the linear domain template convolution products and image-template products are
equivalent to matrix products and vector-matrix products, respectively [58, 1]. The notion of a generalized
matrix product was developed in order to provide a general matrix theory approach to image-template
products and template convolution products in both the linear and non-linear domains. This generalized
matrix or p-product was first defined in Ritter [59]. This new matrix operation includes the matrix and vector
products of linear algebra, the matrix product of minimax algebra[60], as well as generalized convolutions as
specia cases[59]. It provides for atransformation that combines the same or different types of values (or
objects) into values of a possibly different type from those initialy used in the combining operation. It has
been shown that the p-product can be applied to express various image processing transforms in computing
form [61, 62, 63]. In this document, however, we consider only products between matrices having the same

type of values. In the subsequent discussion, Fe {H’ C} and the set of al m x n matrices with entries

. F . . - F*=F
from IF will be denoted by ¥ mXxmn, Wewill follow the usua convention of setting =¥ 1xn and
view F™ asthe set of all n-dimensional row vectors with entries from . Similarly, the set of all

! !
m-dimensional column vectors with entries from [ is given by (F™) = [FIXm} = Fmx1,

Let m, n, and p be positive integers with p dividing both m and n. Define the following correspondences:

Op ! I;’ P E:},p — It
; noo
by ¢p(k,j) = (k= 1)% +3

where 1 < j < E,aml 1<k <p,
»

and

. + +
rpiZh, X T¥ - T

by rp(i,k) =(f — 1)p + K,
wherel1 < k < p,and1< i < %.
+ 7+

A x
Sincer(i,k) <r,(i2k2) Oi<i2ori=i2and k <k2, r, linearizesthe array m/p P using the row
scanning order as shown:



- 1 2 k P -
{1.1) {1.2) (1,k) (L,p)
ptl pt2 ptk 2p
(2,1) @2 - @k - (2
(i—1)p+1 {(i—1)p+k ip
(i,1) (i,2) (i,k) (i.p)
((mfp)—1}p+1 (mjpip=m
L (m/p.1) (m/p2) - (m/pk) . (m/pp) I
+ +

X
It follows that the row-scanning order on = ™/p P jsgiven by
(i, k) < (&', k') & rp(i k) < T'p(é;ykﬁ)
or, equivaently, by
(i,k) < (@ k)ei<i ori=14 andk <k
We define the one-to-one correspondence

fF:Efx?:W,xE: — I} x I}

by fp:(2.9,2) = (2,7(3,2)).

The one-to-one correspondence allows us to re-index the entries of a matrix A= (as,* ) € FI ¥ in
terms of atripleindex a,, by using the convention

Bs (i k) = Bsp & Tp(i, k) =1,
where 1 <i<m/pand 1<k<p.

Example: Supposel =2, m=6andp=2. Thenm/p=3,1dkdp=2,and1di dm/p=3. Hencefor
A = (a'ﬁ.f) € Fi?‘:ﬁ,weha\/e

A_(ﬂu @12 M3 dyg 4p3 am)
iz @z @p3 g A3 Gag

=(ﬂ1,:l.|: @112y Qi) @422 B30 ﬂ-l.;a.m)
2011y @212 @20 ®22n Ay B3

It x 2}

+
The factor z1r1 of the Cartesian product 7 isdecomposed in asimilar fashion. Here the

row-scanning map is given by

Y A APEELY A
where ¢,(k,j) = (k- 1)(n/p) + 7,

1<j<nfp, and 1 £k<p.

This allows us to re-index the entries of a matrix B = {bh*) € Mﬂx?(F] in terms of atripleindex
by« By using the convention



bkt = bsr & ep(k,j) =,
where 1<k<pand 1 <5< n/p.

Example: Supposen=4,g=3andp=2. Thenn/p=2,1dkdp=2,and1dj dn/p= 2. Hencefor
B = (bsuf) € F“*Q‘,weha\/e

bir b1z bis buna bunz baays
e b bpp b3 | _ | baoa buaz bpos
ba1 baz a3 beni benz bana
by bya by bia2)1 b2z b2aya

Nowlet"'tl = (st‘) € Fixm ad B = (bire) € Fﬂ'?‘“!.Usingthemapsrpandcp,AandB
can be rewritten as

A= (“s,(i,kl):xm,whereldsdl, 1dr,(i,k) =j2dm, and

b= {b(’*‘-ﬂ'-‘}umr,whereldcp (kj)=i2dnand1dtdaq.
The p-product or generalized matrix product of A and B is denoted by A < B, and is the matrix
C=AD,B € Fin/pyx(m/p)a
defined by

P
Co)it) = D (B0,600Ck2e) = (@a,i1)001,508) + -+ + (Baim)bi@iit)s
k=1

where ¢ ) denotes the (s, j)th row and (i, t)th column entry of C. Here we use the lexicographical order (s,
)< (s2,j2) Os<2orif s=s2,j <j2. Thus, the matrix C has the following form:

SaKLE) v HLaia) ) s HLaMEa) e LA e “:..ﬂ[%*}'
Suadney oo Hiata) SeaEin) o SiaWaa) o oo e e ”u.,:,{}_t]

E'g"}l]“-" c‘{"-EI]tl-d cil.i]::,n tg-.;-}l;a,.; It.g-}[-.u cgl..{:)-[:?.f}

ERNEEY 3 K14} 13, i W0} LD PR R 2,0 500,) wnw 3.8 [?-']
C2)on 7 (2)oe ERen T (e T @ER)es 7 (2)(34)
ﬁ-.r.;u.n ‘u.i;t:.ﬂ fu.:;u.n ‘t-.j;tl.-u! 8, . L) v “"-"&E-‘}

Srapea) v HLIMLg SLAMI) - SLAMRad - SN} - ﬂw.'{?_')

,"'(J.;-}p.n G[i.ﬂu.,l. E{i.ﬂu.ul"' c{l.%]ﬂ:ﬂ ¢{l_i]|._ﬂ. e['ﬂ(?‘)
Theentry Cg;i in the (sj)-row and (i,t)-column is underlined for emphasis.

To provide an example, supposethat | =2, m=6,n=4, and q= 3. Thenfor p=2, oneobtainsm/p= 3, n/p=
2and 1dkd2. Now let

73 a a a a a
e 11 12 13 14 15 16 € My 6(R)
g1 g2 d23 @4 G2 G426

and



b1 b2 b3
bay  baz  bos
bsy  baz  bas
by1 by baa

H= EH:.I){E;

Then the (2,1)-row and (2,3)-column element ¢, ;) , 5) Of the matrix

C = A@:2B € Ritnfp)x(m/p)g = Raxo

isgiven by

2
C(2,1)(2,3) = ZH’ZJ‘Q[E.H 'bﬂzﬂhllﬁ
k=1
= 2ry(2,1) * Oca(1,1),3 T @2,r2(2,2) “ besg2,1),3
= ag3 - by + @24 - byz .

Thus, in order to compute C, ., 3, the two underlined elements of A are combined with the two underlined
elements of B asillustrated:

b1y b1z g
(ﬂn ajz a3 Q14 @15 ﬂlﬁ) by baz  bog
@1 G2 Gp3 @24 (25 G2 2| bay baz bas
'blil b‘i? b43

_ [ ®1201,1) @1,03(1,2)  @100(2,1) Q1rg(2.2) C1,09(3,1) @1,r2(3,2) D
@2,ry(1,1)  @2,r5(1,2) 92,r5(2,1) B2,r2(2,2) D2,r5(3,1) @2,r5(3.2) 2

bey(1,1)1 b2z ber(i1)s
bep(1,2)1 Pea1,2)2 Des(1,2),3

beye21)1 bearz1)z bes2,1)2
bey2.2)1  Bes(z2),2 Dea(z,2),3
€1y (L1 1)n2) Ut 6128 Tt H(1,1)(3.3)
— | C,2)(1,1) €(1,2)(1,2) """ C(1,2)(2,3y "7 KWL,2)(3,3)
C2,1)(1,1)  €(2,1)(1,2) ﬂ?,l}{?.:’l} Tt G(2,13(3,3)
Cez23(1,1)  C(z2(1,2) "7 C(zay23) Tt €(2,2)(3.3)
€11 €12 -+ Cig - €19
_ | €21 €22 -+ Cog - C29
T lem ez .- C3g - €39
C41 €42 - €46 - C49
In particular,
2 6 1 6 10 11 10 10 25 14 30 19
1 20 5 4 3 1 3 2} |7 3 10 15 0 20 13 12 20
(2341&6)$3225_10181?1[]269121230
3 0 4 1 6 168 7 12 12 18 0 24
If

-4
Il
——
Lo

[}
1) and B =

Lo O b e



then
(A@,B) =(4,2,2,1) # (4, -2, 6, =3) = B' @,A".
This shows that the transpose property, which holds for the regular matrix product, is generally false for the

p-product. The reason is that the p-product is not a dual operation in the transpose domain. In order to make
‘

the transpose property hold we define the dual operation @'p of =, by
I . &
A@B = (B'@,A').
It follows that

A®,B=(B'®,4")

f
and the p-product is the dual operation of @P. In particular, we now have the transpose property
(A@,B) = B'@pA’
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’
Since the operation EB'P is defined in terms of matrix transposition, labeling of matrix indices are reversed.
Specificaly, if A= (ay) isan| x mmatrix, then A gets reindexed as A = (a;,), using the convention

as,(k,j} - ﬂl&:t # cp(klj) =t'!
where 1<j<m/fpand 1<k<p.
Similarly, if B = (by) isan n x g matrix, then the entries of B are relabeled as b ,, using the convention
bﬁ!k)rt = bs't Al TP(EI" k) =iy
where 1 <k <pand 1<i<n/p.

¥
The product A @PE =C isthen defined by the equation
r
caytd) = DO (Bo,kaiybiiint) = (5,006,102 + - - + (Bs,,5)05),2)-
k=1 .

f O e Cor L
Note that the dimension of r p l;'.
@l‘
To provide a specific example of the dual operation ¥, suppose that

bin b2
by
11 G121z a4 bay Ez
A= 3] ({99 @93 Aoy and B = b b
41 D42
ft31 32 {33 3y by bua

be1 Doz
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Inthiscasewehavel =3, m=4,n=6,and q=2. Thus, for p = 2 and using the scheme described above,
the reindexed matrices have form

b1 b2
bz baz)2
bz, b2z
biz,2)1  biz2)2
bz, 11 b2
bia2)  baz2),2

21,(1,1) @1,(1,2) @1,(2,1) G1,(2,2)
A=la30,1) @202 6201 6222 | and B=
@3,(1,1) @3,(1,2) G3,(2,1) G3,(2,2)

’ —
According to the dual product definition, the matrix A @23 =C isa9 x 4 matrix given by

e €12 €13 €4 S0 S0z SaEn fLe)
€21 €2 €23 On Sun0) S22 a2z .2
C= H H : : . H H H =
gl Caz g3 Csd S2A0,1)  C2INLE SRz S2.3)nE
o G O O Can a0 CEINLY  C3.3)(2.2)

The underlined element c; is obtained by using the formula:
2

Ce3 = €(2,3)(2,1) = Z “3.[5»-.1}”{2.!:}.2 = ﬂ:i,{m)b(z,l}.z e 11312,1}5{2.2].2 .
k=1
Thus, in order to compute ¢, the two underlined elements of A are combined with the two underlined
elements of B asillustrated:

by bio
bay  bao
1] @12 @13 014 byy  bao

’
Gz Q22 d23 Q4 @2 b

a1 baa |7
@z @3z a3z Qag Bex Bes
ﬁﬁl E’&!

Asafinal observation, note that the matrices A, B, and C in this example have the form of the transposes of
the matrices B, A, and C, respectively, of the previous example.

1.9. References

1 G. Ritter, “Image algebrawith applications.” Unpublished manuscript, available via anonymous ftp
from ftp://ftp.cis.ufl.edu/pub/src/ia/documents, 1994.

2 S. Unger, “A computer oriented toward spatial problems,” Proceedings of the IRE, val. 46, pp.
1144-1750, 1958.

3 J. von Neumann, “The general logical theory of automata,” in Cerebral Mechanismin Behavior:
The Hixon Symposium, New Y ork, NY: John Wiley & Sons, 1951.

4 J. von Neumann, Theory of Self-Reproducing Automata. Urbana, IL: University of Illinois Press,
1966.

5 K. Batcher, “Design of amassively parallel processor,” |EEE Transactions on Computers, vol. 29,
no. 9, pp. 836-840, 1980.

6 M. Duff, D. Watson, T. Fountain, and G. Shaw, “A cellular logic array for image processing,”
Pattern Recognition, voal. 5, pp. 229-247, Sept. 1973.

7 M. J. B. Duff, “Review of CLIP image processing system,” in Proceedings of the National
Computing Conference, pp. 1055-1060, AFIPS, 1978.

8 M. Duff, “Clip4,” in Special Computer Architectures for Pattern Processing (K. Fuand T.
Ichikawa, eds.), ch. 4, pp. 65-86, Boca Raton, FL: CRC Press, 1982.



ftp://ftp.cis.ufl.edu/pub/src/ia/documents

9 T. Fountain, K. Matthews, and M. Duff, “The CLIP7A image processor,” |EEE Pattern Analysis
and Machine Intelligence, vol. 10, no. 3, pp. 310-319, 1988.

10 L. Uhr, “Pyramid multi-computer structures, and augmented pyramids,” in Computing Structures
for Image Processing (M. Duff, ed.), pp. 95-112, London: Academic Press, 1983.

11 L. Uhr, Algorithm-Structured Computer Arrays and Networks. New York, NY: Academic Press,
1984.

12 W. Hillis, The Connection Machine. Cambridge, MA: The MIT Press, 1985.

13 J. Kleinand J. Serra, “ The texture analyzer,” Journal of Microscopy, vol. 95, 1972.

14 R. Lougheed and D. McCubbrey, “ The cytocomputer: A practical pipelined image processor,” in
Proceedings of the Seventh International Symposium on Computer Architecture, pp. 411-418, 1980.
15 S. Sternberg, “Biomedical image processing,” Computer, vol. 16, Jan. 1983.

16 R. Lougheed, “A high speed recirculating neighborhood processing architecture,” in
Architectures and Algorithms for Digital Image Processing 11, vol. 534 of Proceedings of SPIE, pp.
22-33, 1985.

17 E. Cloud and W. Holsztynski, “Higher efficiency for parallel processors,” in Proceedings |EEE
Southcon 84, (Orlando, FL), pp. 416-422, Mar. 1984.

18 E. Cloud, “ The geometric arithmetic parallel processor,” in Proceedings Frontiers of Massively
Parallel Processing, George Mason University, Oct. 1988.

19 E. Cloud, “Geometric arithmetic parallel processor: Architecture and implementation,” in
Parallel Architectures and Algorithms for Image Understanding (V. Prasanna, ed.), (Boston, MA.),
Academic Press, Inc., 1991.

20 H. Minkowski, “Volumen und oberflache,” Mathematische Annalen, vol. 57, pp. 447-495, 1903.
21 H. Minkowski, Gesammelte Abhandlungen. Leipzig-Berlin: Teubner Verlag, 1911.

22 H. Hadwiger, Vorlesungen Uber Inhalt, Oberflaeche und Isoperimetriem. Berlin: Springer-Verlag,
1957.

23 G. Matheron, Random Sets and Integral Geometry. New Y ork: Wiley, 1975.

24 J. Serra, “Introduction ala morphol ogie mathematique,” booklet no. 3, Cahiers du Centre de
Morphologie Mathematique, Fontainebleau, France, 1969.

25 J. Serra, “Morphologie pour les fonctions “apeu pres en tout ou rien”,” technical report, Cahiers
du Centre de Morphologie Mathematique, Fontainebleau, France, 1975.

26 J. Serra, Image Analysis and Mathematical Morphology. London: Academic Press, 1982.

27 T. Crimmins and W. Brown, “Image algebra and automatic shape recognition,” |EEE
Transactions on Aerospace and Electronic Systems, vol. AES-21, pp. 60-69, Jan. 1985.

28 R. Haralick, S. Sternberg, and X. Zhuang, “Image analysis using mathematical morphology: Part
I,” IEEE Transactions on Pattern Analysis and Machine Intelligence, vol. 9, pp. 532-550, July 1987.

29 R. Haralick, L. Shapiro, and J. Lee, “Morphological edge detection,” |EEE Journal of Robotics
and Automation, vol. RA-3, pp. 142-157, Apr. 1987.

30 P. Maragos and R. Schafer, “Morphological skeleton representation and coding of binary
images,” |EEE Transactions on Acoustics, Soeech, and Sgnal Processing, vol. ASSP-34, pp.
1228-1244, Oct. 1986.

31 P. Maragos and R. Schafer, “Morphological filters Part I : Their relations to median,
order-statistic, and stack filters,” |EEE Transactions on Acoustics, Soeech, and Signal Processing,
vol. ASSP-35, pp. 1170-1184, Aug. 1987.

32 P. Maragos and R. Schafer, “Morphological filters Part |I: Their set-theoretic analysis and
relationsto linear shift-invariant filters,” |EEE Transactions on Acoustics, Speech, and Signal
Processing, vol. ASSP-35, pp. 1153-1169, Aug. 1987.

33 J. Davidson and A. Talukder, “ Template identification using simulated annealing in morphol ogy
neural networks,” in Second Annual Midwest Electro-Technology Conference, (Ames, 1A), pp. 64-67,
|EEE Central lowa Section, Apr. 1993.

34 J. Davidson and F. Hummer, “Morphology neural networks: An Introduction with applications,”
|EEE Systems Sgnal Processing, vol. 12, no. 2, pp. 177-210, 1993.

35 E. Dougherty, “Unification of nonlinear filtering in the context of binary logical calculus, part ii:
Gray-scalefilters,” Journal of Mathematical Imaging and Vision, val. 2, pp. 185-192, Nov. 1992.

36 D. Schonfeld and J. Goutsias, “Optima morphological pattern restoration from noisy binary



images,” |EEE Transactions on Pattern Analysis and Machine Intelligence, vol. 13, pp. 14-29, Jan.
1991.

37 J. Goutsias, “On the morphological analysis of discrete random shapes,” Journal of Mathematical
Imaging and Vision, vol. 2, pp. 193-216, Nov. 1992.

38 L. Koskinen and J. Astola, “Asymptatic behaviour of morphological filters,” Journal of
Mathematical Imaging and Vision, vol. 2, pp. 117-136, Nov. 1992.

39 S. R. Sternberg, “Language and architecture for parallel image processing,” in Proceedings of the
Conference on Pattern Recognition in Practice, (Amsterdam), May 1980.

40 S. Sternberg, “Overview of image algebra and related issues,” in Integrated Technology for
Parallel Image Processing (S. Levialdi, ed.), London: Academic Press, 1985.

41 P. Maragos, A Unified Theory of Trandation-Invariant Systems with Applicationsto
Morphological Analysisand Coding of Images. Ph.D. dissertation, Georgia I nstitute of Technology,
Atlanta, 1985.

42 J. Davidson, Lattice Structuresin the Image Algebra and Applications to Image Processing. PhD
thesis, University of Florida, Gainesville, FL, 1989.

43 J. Davidson, “Classification of lattice transformations in image processing,” Computer Vision,
Graphics, and Image Processing: |mage Understanding, vol. 57, pp. 283-306, May 1993.

44 P. Miller, “Development of a mathematical structure for image processing,” optical division tech.
report, Perkin-Elmer, 1983.

45 J. Wilson, D. Wilson, G. Ritter, and D. Langhorne, “Image algebra FORTRAN language, version
3.0,” Tech. Rep. TR-89-03, University of Florida CIS Department, Gainesville, 1989.

46 J. Wilson, “Anintroduction to image algebra Ada,” in Image Algebra and Morphological Image
Processing 11, vol. 1568 of Proceedings of SPIE, (San Diego, CA), pp. 101-112, July 1991.

47 J. Wilson, G. Fischer, and G. Ritter, “Implementation and use of an image processing algebrafor
programming massively parallel computers,” in Frontiers’88: The Second Symposium on the
Frontiers of Massively Parallel Computation, (Fairfax, VA), pp. 587-594, 1988.

48 G. Fischer and M. Rowlee, “Computation of disparity in stereo images on the Connection
Machine,” in Image Algebra and Morphological Image Processing, vol. 1350 of Proceedings of
SPIE, pp. 328-334, 1990.

49 D. Crookes, P. Morrow, and P. McParland, “An algebra-based language for image processing on
transputers,” 1EE Third Annual Conference on Image Processing and its Applications, vol. 307, pp.
457-461, July 19809.

50 D. Crookes, P. Morrow, and P. McParland, “An implementation of image algebra on transputers,”
tech. rep., Department of Computer Science, Queen’s University of Belfast, Northern Ireland, 1990.
51 J. Wilson, “Supporting image algebrain the C++ language,” in Image Algebra and
Morphological Image Processing IV, vol. 2030 of Proceedings of SPIE, (San Diego, CA), pp.
315-326, July 1993.

52 University of Florida Center for Computer Vision and Visualization, Software User Manual for
thei ac++ Class Library, version 1.0 ed., 1994. Aviaable via anonymous ftp from ftp.cis.ufl.edu in
/ pub/i al/ docunent s.

53 G. Birkhoff and J. Lipson, “Heterogeneous algebras,” Journal of Combinatorial Theory, val. 8,
pp. 115-133, 1970.

54 University of Florida Center for Computer Vision and Visualization, Software User Manual for
thei ac++ Class Library, version 2.0 ed., 1995. Avialable via anonymous ftp from ftp.cis.ufl.edu in
[ pub/i al/ docunent s.

55 G. Ritter, J. Davidson, and J. Wilson, “Beyond mathematical morphology,” in Visual
Communication and Image Processing |1, vol. 845 of Proceedings of SPIE, (Cambridge, MA), pp.
260-269, Oct. 1987.

56 D. Li, Recursive Operations in Image Algebra and Their Applications to Image Processing. PhD
thesis, University of Florida, Gainesville, FL, 1990.

57 D. Li and G. Ritter, “Recursive operations in image algebra,” in Image Algebra and
Morphological Image Processing, vol. 1350 of Proceedings of SPIE, (San Diego, CA), July 1990.
58 R. Gonzalez and P. Wintz, Digital Image Processing. Reading, MA: Addison-Wesley, second ed.,
1987.

59 G. Ritter, “Heterogeneous matrix products,” in Image Algebra and Morphological Image


http://corpitk.earthweb.com/reference/pro/0849326362/ch01/ftp.cis.ufl.edu
http://corpitk.earthweb.com/reference/pro/0849326362/ch01/ftp.cis.ufl.edu

Processing |1, vol. 1568 of Proceedings of SPIE, (San Diego, CA), pp. 92-100, July 1991.

60 R. Cuninghame-Green, Minimax Algebra: Lecture Notesin Economics and Mathematical
Systems 166. New Y ork: Springer-Verlag, 1979.

61 G. Ritter and H. Zhu, “The generalized matrix product and its applications,” Journal of
Mathematical Imaging and Vision, vol. 1(3), pp. 201-213, 1992.

62 H.Zhu and G. X. Ritter, “The generalized matrix product and the wavel et transform,” Journal of
Mathematical Imaging and Vision, val. 3, no. 1, pp. 95-104, 1993.

63 H. Zhu and G. X. Ritter, “The p-product and its applicationsin signa processing,” SAM Journal
of Matrix Analysis and Applications, vol. 16, no. 2, pp. 579-601, 1995.

Previous|Table of Contents Next|

HOME | SUBSCRIBE SEARCH FAQ SITEMAP CONTACT U5

Use of this site is subject to certain ; All rights
reserved. Reproduction whole or in part in any form or medium without express written of
EarthWeb is prohibited. Read EarthWeb's statement.



http://corpitk.earthweb.com/
http://corpitk.earthweb.com/content/corp.html
http://corpitk.earthweb.com/search/
http://corpitk.earthweb.com/faq/faq.html
http://corpitk.earthweb.com/sitemap.html
http://corpitk.earthweb.com/contactus.html
http://corpitk.earthweb.com/products.html
http://corpitk.earthweb.com/contactus.html
http://corpitk.earthweb.com/aboutus.html
http://www.earthweb.com/about_us/privacy.html
http://www.itmarketer.com/
http://corpitk.earthweb.com/
http://corpitk.earthweb.com/agreement.html
http://corpitk.earthweb.com/copyright.html
http://www.earthweb.com/about_us/perm.html
http://www.earthweb.com/about_us/privacy.html

&

An
EARTHWEB

Resource

HOME SUBSCRIBE SEARCH FAG  SITEMAP [CONTACT US

iT KNOWLEDG E_COMW Enterprise Subscription X

Need IT. Find IT. Know IT. iITKNOWLEDGE.COM \4 :

KEYWORD SEARCH Ui Handbook of Computer Vision Algorithms in Image Algebra
b by Gerhard X. Ritter; Joseph N. Wilson
CRC Press, CRC Press LLC

I - ISBN: 0849326362 Pub Date: 05/01/96

¥ Search Tios Search this book:

F Advanced Search m

PUBLICATION LOOKUP Previous!TabIe of Contents!Next

Chapter 2
p—— Image Enhancement Techniques
JUMP'TO TOPIC

——— | 2.1 Introduction

The purpose of image enhancement is to improve the visual appearance of an image, or to transform an image
into aform that is better suited for human interpretation or machine analysis. Although there exists a
multitude of image enhancement techniques, surprisingly, there does not exist a corresponding unifying
theory of image enhancement. Thisis due to the absence of a general standard of image quality that could
serve as a design criterion for image enhancement algorithms. In this chapter we consider several techniques
that have proved useful in awide variety of applications.

2.2. Averaging of Multiple Images

The purpose of averaging multiple imagesis to obtain an enhanced image by averaging the intensities of
several images of the same scene. A detailed discussion concerning rationale and methodol ogy can be found
in Gonzalez and Wintz [1].

| mage Algebra Formulation

For,i=1, ...,k let & € RX be afamily of images of the same scene. The enhanced image, & € Hx, is
given by

1 ke
ai= EZEE.

For actual implementation the summation will probably involve the loop
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a:=>0

for i in 1.k loop

a:=a-++a;
end loop
a.= lﬂ
o — k -
.HE':-?;}"JK
;T
- il

Figure2.2.1 Averaging of multiple images for different values of k. Additional explanations are given in the
comments section.

Comments and Observations

Averaging multiple images is applicable when several noise degraded images, a,, a,, ..., a,, of the same scene
exist. Each g is assumed to have pixel values of the form

a;(z) = ag(x) + mi(x),

where a, is the true (uncorrupted by noise) image and - (x) is a random variable representing the introduction

of noise (see Figure 2.2.1). The averaging multiple images technique assumes that the noise is uncorrelated
and has mean equal zero. Under these assumptions the law of large numbers guarantees that as k increases,

e
a(x) = § 3 ai(x) : o : :
i=1 approaches a,(x). Thus, by averaging multiple images, it may be possible to assuage
degradation due to noise. Clearly, it is necessary that the noisy images be registered so that corresponding
pixelsline up correctly.

2.3. Local Averaging

Local averaging smooths an image by reducing the variation in intensities locally. Thisis done by replacing
the intensity level at a point by the average of the intensities in a neighborhood of the point.

Specifically, if a denotes the source image and N(y) aneighborhood of y with card(N(y)) =n Yy &€ I%
then the enhanced image b is given by

by)=— ¥ ax).

xEN(¥)

Additional details about the effects of this simple technique can be found in Gonzalez and Wintz [1].
I mage Algebra Formulation

Let a € R® pethe sourceimage, and ¥ () € 2% a predefined neighborhood of ¥ € Z7. Tet a :RY — Y ¢
arbitrary Y be the function yielding the average pixel value in itsimage argument. The result image b € Hx,
derived by local averaging fromab € R¥ s given by:

b ;= a(@ N.

Comments and Observations

Local averaging traditionally imparts an artifact to the boundary of its result image. Thisis because the
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number of neighborsis smaller at the boundary of an image, so the average should be computed over fewer
values. Simply dividing the sum of those neighbors by afixed constant will not yield an accurate average. The
image algebra specification does not yield such an artifact because the average of pixelsis computed from the
set of neighbors of each image pixel. No fixed divisor is specified.

2.4. Variable Local Averaging

Variable local averaging smooths an image by reducing the variation in intensities locally. Thisis done by
replacing the intensity level at a point by the average of the intensities in a neighborhood of the point. In
contrast to local averaging, this technique allows the size of the neighborhood configuration to vary. Thisis
desirable for images that exhibit higher noise degradation toward the edges of theimage [2, 3].

The actual mathematical formulation of this method is as follows. Suppose & & R* denotes the source image
and N : X’ 2X aneighborhood function. If n, denotes the number of pointsin N(y) 4 X, then the enhanced

image b isgiven by

by) = > a(x).

Y xeN(y)
I mage Algebra Formulation

Let a € RX genote the source imageand N : X ' 2X the specific neighborhood configuration function. The
enhanced image b is now given by

b := a@ N.

Comments and Observations

Although this technique is computationally more intense than local averaging, it may be more desirable if
variations in noise degradation in different image regions can be determined beforehand by statistical or other
methods. Note that if N istranslation invariant, then the technique is reduced to local averaging.

2.5. lterative Conditional Local Averaging

The goal of iterative conditional local averaging is to reduce additive noise in approximately piecewise
constant images without blurring of edges. The method presented here is a simplified version of one of several
methods proposed by Lev, Zucker, and Rosenfeld [4]. In this method, the value of theimage a at location y,
a(y), isreplaced by the average of the pixel valuesin a neighborhood of y whose values are approximately the
same as a(y). The method isiterated (usually four to six times) until the image assumes the right visual
fidelity as judged by a human observer.

For the precise formulation, let & € R and for y X, let N(y) denote the desired neighborhood of y.
Usually, N(y) isa3 x 3 Moore neighborhood. Define

S(y) = {x € N(y) : [a(y) — a(x)| < T},
where T denotes a user-defined threshold, and set n(y) = card(Sy)).

The conditional local averaging operation has the form
an(y) = — ap-1(x},
n(y) 2 )

where a (y) is the value at the kth iteration and a, = a.

| mage Algebra Formulation

Let a € R* denote the source imageand N : X’ 2% the desired neighborhood function. Select an appropriate
threshold T and define the following parameterized neighborhood function:



[S(a)l(y) = {x € N(y) : [a(y) - a(x)| < T}.
The iterative conditional local averaging algorithm can now be written as

ax_1 @ S(ag-1),

ay =

whereag = a
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2.6. Max-Min Sharpening Transform

—_ The max-min sharpening transform is an image enhancement technique which sharpens fuzzy boundaries and
WUMPTO TOPIG brings fuzzy gray level objectsinto focus. It also smoothens isolated peaks or valleys. It is an iterative
_ technique that compares maximum and minimum values with respect to the central pixel valuein asmall
neighborhood. The central pixel value is replaced by whichever of the extremain its neighborhood is closest
toitsvalue.

The following specification of the max-min sharpening transform was formulated in Kramer and Bruchner
[5]. Leta e R* be the source image and N(y) denote a symmetric neighborhood of y * X. Define

an (y) = max{a(x) : x € N(y)}
an(y) = min{a(x) : x € N(y)}.
The sharpening transform sis defined as

_ ) A {Y} if a (J") e 3{)"] < ﬂ{}"] i R.,,{}"}
s(aly)) = {a:l:y] ut.h;wiﬁe_

The procedure can be iterated as
s"*(a(y)) = s(s"(a(y))).
I mage Algebra Formulation

Leta € R™ bethe source image, and N(y) a desired neighborhood of ¥ € Z* The max-min sharpened
image sis given by the following algorithm:
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ay = a@ N

a,, := a@N

b:= ay+a,, —-2-a

s:= x<o(b)- apm+xs>o(b)-a,, .

The agorithm isusually iterated until s stabilizes or objects in the image have assumed desirable fidelity (as
judged by a human observer).

Comments and Observations

Figure 2.6.1 isablurred image of four Chinese characters. Figure 2.6.2 show the results, after convergence, of
applying the max-min sharpening algorithm to the blurred characters. Convergence required 128 iterations.
The neighborhood N used is as pictured below.

E %
%

Figure 2.6.1 Blurred characters.

N
B

Figure 2.6.2 Result of applying max-min sharpening to blurred characters.

2.7. Smoothing Binary Images by Association

The purpose of this smoothing method is to reduce the effects of noise in binary pictures. The basic ideais
that the 1-elements due to noise are scattered uniformly while the 1-elements due to message information tend
to be clustered together. The original image is partitioned into rectangular regions. If the number of 1’sin
each region exceeds a given threshold, then the region is not changed; otherwise, the 1's are set to zero. The
regions are then treated as single cells, acell being assigned a1 if thereis at least one 1 in the corresponding
region and 0 otherwise. This new collection of cells can be viewed as alower resolution image. The pixelwise
minimum of the lower resolution image and the original image provides for the smoothed version of the
origina image. The smoothened version of the original image can again be partitioned by viewing the cells of
the lower resolution image as pixels and partitioning these pixelsinto regions subject to the same threshold
procedure. The precise specification of this agorithm is given by the image algebra formulation below.

| mage Algebra Formulation

Let T denote a given threshold and a’ {0, 1}X be the source image with X € Z*. For afixed integer k e 2,
define a neighborhood function N(k) : X * 2, by
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NIy = {xex: [T] =]

el)

HereﬁJ means that if x = (X, y), then LE) = (LE]: L£)).
The smoothed image a, * {0, 1} * is computed by using the statement

ay :=aA x>r(a @N(k)).

If recursion is desired, define

a;:=aA xsr(ais1 ON(k+i— 1))
fori >0, wherea,=a.

The recursion algorithm may reintroduce pixels with values 1 that had been eliminated at a previous stage.
The following alternative recursion formulation avoids this phenomenon:

a; = a1 ﬂXET(ai_l @N(k +: - ].))

Comments and Observations
Figures 2.7.1 through 2.7.5 provide an example of this smoothing algorithm for k=2 and T = 2. Note that

N(K) partitions the point set X into disjoint subsets since (NR(y) = N(R))(z) & |F]=[F] Obviously, the
larger the number k, the larger the size of the cells[N(K)](y). In the iteration, one views the cells [N(K)](y) as
pixels forming the next partition [N(k + 1)](y). The effects of the two different iteration algorithms can be
seenin Figures 2.7.4 and 2.7.5.

syt |

I':igure 2.7.1 The binary source image a.

Figure2.7.2 The lower-resolution image X=2 (2 @V (2)) is shown on the left and the smoothened
version @ A x=z2(a @N(2)) of 4 on theright.

-

Figure 2.7.3 The lower-resolution image X=2(a1 ®N(3}) of the first iteration.

Figure2.7.4 The smoothed version & = & A xzz{a1 @N(3)) of o
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Figure2.7.5 Theimage 8 = a1 A xzz2(a1 BN (3)),

As can be ascertained from Figs. 2.7.1 through 2.7.5, several problems can arise when using this smoothing
method. The technique as stated will not fill in holes caused by noise. It could be modified so that it fillsin
the rectangular regionsif the number of 1's exceeds the threshold, but this would cause distortion of the
objects in the scene. Objects that split across boundaries of adjacent regions may be eliminated by this
algorithm. Also, if the image cannot be broken into rectangular regions of uniform size, other
boundary-sensitive techniques may need to be employed to avoid inconsistent results near the image
boundary.

Additionaly, the neighborhood N(K) is a trand ation variant neighborhood function that needs to be computed
at each pixel location y, resulting in possibly excessive computational overhead. For these reasons,
morphological methods producing similar results may be preferable for image smoothing.

2.8. Median Filter

The median filter is a smoothing technique that causes minimal edge blurring. However, it will remove
isolated spikes and may destroy finelines[1, 2, 6]. The technique involves replacing the pixel value at each
point in an image by the median of the pixel valuesin a neighborhood about the point.

The choice of neighborhood and median selection method distinguish the various median filter algorithms.
Neighborhood selection is dependent on the source image. The machine architecture will determine the best
way to select the median from the neighborhood.

A sampling of two median filter algorithmsis presented in this section. Thefirst isfor an arbitrary
neighborhood. It shows how an image-template operation can be defined that finds the median value by
sorting lists. The second formulation shows how the familiar bubble sort can be used to select the median over
a 3 x 3 neighborhood.
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| mage Algebra Formulation

= Let a € R® pethe sourceimage, N : X ' 2X neighborhood function. Let #rt : RY — Rfor arbitrary Y be
WJUMPTOTOPIC the function yielding the median of itsimage argument. The median filtered image m is given by

e m := a@N.

Alternate | mage Algebra Formulation

The alternate formulation uses a bubble sort to compute the median value over a3 x 3 neighborhood. Let
a € R* pe the source image. The images g, are obtained by

a;:=aof;, 1£i<8,
where the functions f are defined asfollows:

filx) =x+(0,1)
fo(x)=x+(-1,1)
fa(x) =x+(-1,0)
fa(x) =x+(-1,-1)
fs(x) =x+(0,-1}
fe(x) =x+(1,-1)
fz(x) = x +(L1,0)
fe(x) = x + (1,1).
The median image m is calculated with the following image algebra pseudocode:
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ag:—a
for ¢ in 0..4 loop
for j in¢+ 1..8 loop
b:=a; V a;
a;:=a; Na;
a;:=h
end loop
end loop
m''= aj.
Comments and Observations

The figures below offer a comparison between the results of applying averaging filter and a median filters.
Figure 2.8.1 is the source image of anoisy jet. Figures 2.8.2 and 2.8.3 show the results of applying averaging
and median filter, respectively, over 3 x 3 neighborhoods of the noisy jet image.

AN
R "‘fiﬁt
Figure2.8.1

Figure 2.8.3 Result of applying median filter over a3 x 3 neighborhood to the noisy jet image.

Coffield [ 7] describes a stack comparator architecture which is particularly well suited for image processing
tasks that involve order statistic filtering. His methodology is similar to the alternative image algebra
formulation given above.

2.9. Unsharp Masking

Unsharp masking involves blending an image’ s high-frequency components and low-frequency components
to produce an enhanced image [2, 8, 9, 10]. The blending may sharpen or blur the source image depending on
the proportion of each component in the enhanced image. Enhancement takes place in the spatial domain. The
precise formulation of this procedure is given in the image algebra formulation below.

| mage Algebra Formulation
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Let a € R pethe source image and let b be the image obtained from a by applying an averaging mask
(Section 2.3). Theimage b is the low-frequency component of the source image and the high-frequency
component isa - b. The enhanced image ¢ produced by unsharp masking is given by

ci=7-(a-b)+b,
or, equivaently,
c:=v-a+(l-7)-b.

A A ¥ € R petween 0 and 1 resultsin asmoothing of the sourceimage. A 3 greater than 1 emphasizes the
high-frequency components of the source image, which sharpens detail. Figure 2.9.1 shows the result of
applying the unsharp masking technique to a mammogram for several values of 3. A 3 x3 averaging
neighborhood was used to produce the low-frequency component image b.

A more general formulation for unsharp masking is given by
c:=a-(a—-b)+4 b

where ®: 8 € R Here + isthe wei ghting of the high-frequency component and 2 is the weighting of the
low-frequency component.

113
17
3

Figure2.9.1 ure2.9.1 Unsharp masking at various values of 3.

Comments and Observations

Unsharp masking can be accomplished by simply convolving the source image with the appropriate template.
For example, the unsharp masking can be done for the mammogram in Figure 2.9.1 using

c:=adt,
wheret isthe template defined in Figure 2.9.2. ThevaJuesofvandware 9 and 5 , respectively.
I

¥ ¥ ¥
[ZaS
th!’ ¥
I.Pl'l? v

Figure 2.9.2 The Moore configuration template for unsharp masking using a simple convolution.

2.10. Local Area Contrast Enhancement

In this section we present two methods of local contrast enhancement from Harris [11] and Narendra and
Fitch [12]. Each is aform of unsharp masking (Section 2.9) in which the weighting of the high-frequency
component is a function of local standard deviation.

I mage Algebra Formulation
Leta € Ex, and N be a neighborhood selected for local averaging (Section 2.3). The von Neumann or

Moore neighborhoods are the most commonly used neighborhoods for this unsharp masking technique. The
local mean image of a with respect to this neighborhood function is given by
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m:=a@ N.

Thelocal standard deviation of a is given by theimage
1
9 F
d=iB ((a.—m) @N) .

i
Theimage ((ﬂ -my @ N) actually represents the local standard deviation while2 > 0 isalower bound
applied to d in order to avoid problems with division by zero in the next step of this technique.

The enhancement technique of [11] is a high-frequency emphasis scheme which uses local standard deviation
to control gain. The enhanced image b is given by

b:=dl~(a—m).

Asseen in Section 2.9, a- m represents a highpass filtering of a in the spatial domain. The local gain factor
Lldisinversaly proportional to thelocal standard deviation. Thus, alarger gain will be applied to regions with
low contrast. This enhancement technique is useful for images whose information of interest liesin the
high-frequency component and whose contrast levels vary widely from region to region.

Theloca contrast enhancement technique of Narendra and Fitch [12] is similar to the one above, except for a
dightly different gain factor and the addition of a low-frequency component. In thistechnique, let

1
m.= E a
card(a)
denote the global mean of a. The enhanced image b is given by
-m
b:=
d

where 0 < £ It; 1. The addition of the low-frequency component m is used to restore the average intensity
level within local regions.

‘(a—m)+m,

We need to remark that in both techniques above it may be necessary to put limits on the gain factor to
prevent excessive gain variations.
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2.11. Histogram Equalization

- Histogram equalization is a technique which rescales the range of an image’s pixel values to produce an
JUMP'TO TOFIC enhanced image whose pixel values are more uniformly distributed [13, 1, 14]. The enhanced image tends to

_ have higher contrast.
The mathematical formulation is asfollows. Let 2 € It denote the source image, n = card(X), and n; be the

number of timesthe gray level j occursin theimage a. Recdll that Z; ={0,1,---,{ = 1} The enhanced
image b is given by

a(x) n;
b(x)= o
(x)=1)_ -
=0
I mage Algebra Formulation

Leta€ T be the source image and let € denote the normalized cumulative histogram of aas defined in
Section 10.11.

The enhanced image b is given by
b:i=(-1) (Toa).

Comments and Observations

Figure 2.11.1 isanillustration of the histogram equalization process. The original image and its histograms
are on the left side of the figure. The original image appears dark (or underexposed). This darkness manifests
itself in a biastoward the lower end of the gray scale in the original image’ s histogram. On the right side of
Figure 2.11.1 isthe equalized image and its histograms. The equalized histogram is distributed more
uniformly. This more uniform distribution of pixel values has resulted in an image with better contrast.
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Fi"g' ure2.11.1 Left: Original image and histograms. Right: Equalized iamge and histograms.

2.12. Histogram Modification

The histogram equalization technique of Section 2.11 is a specific example of image enhancement using
histogram modification. The goal of the histogram modification technique is to adjust the distribution of an
image' s pixel values so as to produce an enhanced image in which certain gray level ranges are highlighted.
In the case of histogram equalization, the goal isto enhance the contrast of an image by producing an
enhanced image in which the pixel values are evenly distributed, i.e., the histogram of the enhanced imageis
flat.

Histogram modification is accomplished via atransfer function

g =T(z),
wherethevariable z, z, eze z,, represents agray level value of the sourceimage and g, g; eg e gy, isthe
variable that represents agray level value of the enhanced image. The method of deriving atransfer function

to produce an enhanced image with a prescribed distribution of pixel vaues can be found in either Gonzalez
and Wintz [1] or Pratt [2].

Table 2.12.1 lists the transfer functions for several of the histogram modification examples featured in Pratt
[2]. Inthe table P(2) isthe cumulative probability distribution of the input image and + is an empirically
derived constant. The image algebra formulations for histogram modification based on the transfer functions
in Table 2.12.1 are presented next.

Table 2.12.1 Histogram Transfer Functions

Name of modification Transfer function T(2)
Uniform modification: o=[9,,- 9,]P(@ + 9,
Exponential modification: g=m~2ln[l-P(z)]
Rayleigh modification: g=1m+ [*znr" In (I+.[:])]m
Hyperbolic cube root modification: g= ([m',;"‘ 5 _,,:”] [P(z)) + .fh'“m} 3
Hyperbolic logarithmic modification: g=g [ﬁ] P

| mage Algebra Formulation

Leta€ r denote the source image and € the normalized cumulative histogram of a as defined in Section
10.11. Let g, and g,,, denote the grey value bounds for the enhanced image. Table 2.12.2 below describes the
image algebra formulation for obtaining the enhanced image b using the histogram transform functions
defined in Table 2.12.1.
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2.13. Lowpass Filtering

—_ Lowpass filtering is an image enhancement process used to attenuate the high-frequency components of an
WUMPTO TOPIG image’s Fourier transform [1]. Since high-frequency components are associated with sharp edges, lowpass

_ filtering has the effect of smoothing the image.

Suppose 4 & C* where X = £, X &4 et adenote the Fourier transform of a, and h denote the lowpass
filter transfer function. The enhanced image g is given by

g(x.y) = 5 {a(u, v) - h(u,v)}.

where h isthe filter which attenuates hi gh frequencies, and F~! denotes the inverse Fourier transform.
Sections 8.2 and 8.4 present image algebra implementations of the Fourier transform and itsinverse.

Table 2.12.2 Image Algebra Formulation of Histogram Transfer Functions

Name of modification | I mage algebra formulation
Uniform modification: b = [gn = m](coa)+ g
Exponential modification: b= g - 2 [l -(Eoa
. e . 1/2
Rayleigh modification: b= g + [2;12 In (m)]
Hyperbolic cube root modification: b := ([y,‘,f“ ~ | (eoa) + _ql'f"’)s
Hyperbolic logarithmic modification: b := g [%]{m&

Let d{u, v) be the distance from the point (u, V) to the origin of the frequency plane; that is,

d(u,v) = (u? + 1;2)”2.


http://www.earthweb.com/
http://corpitk.earthweb.com/
http://corpitk.earthweb.com/content/corp.html
http://corpitk.earthweb.com/search/
http://corpitk.earthweb.com/faq/faq.html
http://corpitk.earthweb.com/sitemap.html
http://corpitk.earthweb.com/contactus.html
http://corpitk.earthweb.com/search/search-tips.html
http://corpitk.earthweb.com/search/search-tips.html
http://corpitk.earthweb.com/search/
http://corpitk.earthweb.com/search/

Thetransfer function of the ideal lowpassfilter is given by

1 if d(u,v) < d
0 if d(u,v) > d,

where d is a specified nonnegative quantity, which represents the cutoff frequency.

h(u,v) =

The transfer function of the Butterworth lowpass filter of order k is given by

. _ 1
) 1+ c[&(u,v}/d]%’

where c isascaling constant. Typical valuesfor c are 1 and V2 -1,

The transfer function of the exponential lowpass filter is given by

oy

h(u,v) = exp —ﬂ.(El(u, 'u)/d)k

Typical values for a are 1 and (v},

The images that follow illustrate some of the properties of lowpass filtering. When filtering in the frequency
domain, the origin of the image is assumed to be at the center of the display. The Fourier transform image has
been shifted so that its origin appears at the center of the display (see Section 8.2).

Figure 2.13.1 isthe original image of anoisy angiogram. The noiseisin the form a sinusoidal wave. Figure
2.13.2 represents the power spectrum image of the noisy angiogram. The noise component of the original
image shows up as isolated spikes above and below the center of the frequency image. The noise spikesin the
frequency domain are easily filtered out by an ideal lowpass filter whose cutoff frequency d falls within the
distance from the center of the image to the spikes.

Figure 2.13.3 shows the result of applying an ideal lowpass filter to 2.13.2 and then mapping back to spatial
coordinates via the inverse Fourier transform. Note how the washboard effect of the sinusoidal noise has been
removed.

One artifact of lowpassfiltering isthe “ringing” which can be seen in Figure 2.13.2. Ringing is caused by the
ideal filter’s sharp cutoff between the low frequenciesit lets pass and the high frequencies it suppresses. The
Butterworth filter offers a smooth discrimination between frequencies, which resultsin less severe ringing.

Figure2.13.1 Noisy angiogram.

The lowpass filtering used above was successful in removing the noise from the angiogram; however, the
filtering blurred the true image. The image of the angiogram before noise was added is seen in Figure 2.13.4.
The blurring introduced by filtering is seen by comparing this image with Figure 2.13.3.

Lowpass filtering blurs an image because edges and other sharp transitions are associated with the high
frequency content of an image's Fourier spectrum. The degree of blurring is related to the proportion of the

spectrum’ s signal power that remains after filtering. The signal power P of b £ C* isdefined by
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P(b) = > [Re?(b(x) + I'm*(b(x)))].

xeX
The percentage of power that remains after filtering ausing an idedl filter Ly with cutoff frequency dis
P(a-hy)

P(a) - 100.

RN e O
Figure 2.13.2 Fourier transform of noisy angiogram.

@vw

IE\ irﬂ-

Figure2.13.3 F|Itered angiogram using ideal filter.

Asd increases, more and higher frequencies are encompassed by the circular region that makes up the support

of . Thus, as d increases the signal power of the filtered image increases and blurring decreases. The top
two images of Figure 2.13.5 are those of an origina image (peppers) and its power spectrum. The lower four
images show the blurring that results from filtering with ideal lowpass filters whose cutoff frequencies
preserve 90, 93, 97, and 99% of the original image’ s signal power.

The blurring caused by lowpass filtering is not always undesirable. In fact, lowpass filtering may be used asa
smoothing technique.
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| mage Algebra Formulation

The image agebraformulation of the lowpass filter is roughly that of the mathematical formulation presented
JUMP'TO TOPIC earlier. However, there are afew subtleties that a programmer needs to be aware of when implementing

] ol

._

Figure 2.13.4 Angiogram before noise was introduced.

The transfer function

1if (w2402} <d

0 if (2403} >d

represents a disk of radius d of unit height centered at the origin (0, 0). On the other hand, the Fourier

h(u,v) =

transform of animage a € 'EK, where X = Z,, X zu, resultsin acomplex valued image & € 'I:K. In
i

other words, the location of the origin with respect to ( E %} is not the center of X, whichisthepoint & - h,
but the upper left-hand corner of & Therefore, the product &is undefined. Simply shifting the image & so that
the midpoint of X moves to the origin, or shifting the disk image so that the disk’ s center will be located at the
midpoint of X, will result in properly aligned images that can be multiplied, but will not result in alowpass
filter since the high frequencies, which are located at the corners of &, would be eliminated.

There are various options for the correct implementation of the lowpass filter. One such optionsisto center
the spectrum of the Fourier transform at the midpoint of X (Section 8.3) and then multiplying the centered

transform by the shifted disk image. The result of this process needs to be uncentered prior to applying the
inverse Fourier transform. The exact specification of theideal lowpassfilter is given by the following
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algorithm.

Suppose & £ CXad X =12, £, where mand n are even integers. Define the point set

I [ I R N Y

and set
h = (1y)°
@ =
o &
i i

i ¥

Figure 2135 ITowpassfi Itering with ideal filter at various power levels.

The algorithm now becomes
a := aocenter(X)
g = §! [(é - fl) e {:&ﬂf.er(}{)] ;
In this algorithm, 1 and O denote the complex-valued unit and zero image, respectively.

) (w4 :-.*2)”2 < r.f}

U= ] .
If U isdefined as {[u : instead, then it becomes necessary to define h as

| i i] .
h:=1u + (_z : 3']” , Where the extension to 0 is on the array X, prior to multiplying aby h. Figure 2.13.6
provides a graphical interpretation of this algorithm.

Another method, which avoids centering the Fourier transform, is to specify the set

- Ao fnd o g2y
= {{"' w)s (et el) s d} and trandate the image /- directly to the corners of X in order to obtain the
desired multiplication result. Specifically, we obtain the following form of the lowpass filter algorithm:

h = [y + (Llu + (m.0)) + (U + (0,n)) + (L]u + (m, n))]I%
E = 3‘](5-5).

Here d% means restricting the image d to the point set X and then extending d on X to the zero image
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wherever it is not defined on X. The basic steps of this algorithm are shown in Figure 2.13.7.

J ; P
e
J o
el ]

T, e A
ey

AN
B 4

Figure 2.13.7 Illustration of the basic steps as specified by the aternate version of the lowpassfilter.

Asfor theideal lowpass filter, there are several way for implementing the kth-order Butterworth lowpass
filter. The transfer function for thisfilter is defined over the point set U = 243 X ££2 a4 is defined by

: 1
h(u,v) =
) l1+c- [§u2+;2113?]2k :

where ¢ denotes the scaling constant and the value h{: ) needs to be converted to a complex value. For

correct multiplication with the image 4, the transfer function h needs to be shifted to the corners of X. The
exact specification of the remainder of the algorithm is given by the following two lines of pseudocode:

h:

b+ (h+ (m,0)) + (B +0,m) + (B +(mm)]Ix
g = s—l(a-ﬁ).
The transfer function for exponential lowpass filtering is given by

vu? + 2
d k]

k

h(u,v) = exp|—a

where (#: ¥} € L X L8 o h(u,v) neadsto be acomplex valued. The remainder of the algorithm is
identical to the Butterworth filter algorithm.

2.14. Highpass Filtering

Highpass filtering enhances the edge elements of an image based on the fact that edges and abrupt changesin
gray levels are associated with the high-frequency components of an image’s Fourier transform (Sections 8.2

and 8.4). As before, suppose & denotes the Fourier transform of the sourceimage a. If h denotes a transfer
function which attenuates low frequencies and lets high frequencies pass, then the filtered enhancement of ais

theinverse Fourier transform of the product of aand h. That is, the enhanced image g is given by
: — 1) L
glz,y) =8 {a(u, v) - h(z, v)},

where %~ ! denotes the inverse Fourier transform.

The formulation of the highpass transfer function is basically the complement of the lowpass transfer
function. Specificaly, the transfer function of the ideal highpassfilter is given by

e 0 ifd(u,v)<d
Y71 i d(u, ) > d,
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where d is a specified nonnegative quantity which represents the cutoff frequency and
a{u, 1:.'} = {112 + ”.'.!] U?.

The transfer function of the Butterworth highpass filter of order kis given by

l 1 I
fl(‘u, 'U) = 1+1‘:[{Ha[u,u}]ﬂ if [u? 'U) % (U!ﬂ)
{} if (H,i}) = (01{]):

where c isascaling constant. Typical valuesfor c are 1 and vZ2-1,

The transfer function of the exponential highpassfilter is given by

i k
ﬁ(ﬂ-. v} =¢ P [— ﬂ-(d/d{m 1:)) ] if {(u,v) # (0,0)
0 if (w.v) = (0,0).
Typical valuesfor aare 1 and In f"'{\’ﬁ},
| mage Algebra Formulation

Let & € TX denote the source image, where X = Zyu X Z.u. Specify thepointset © = Loz X Ty
and defineh € CY py
. 1/2
0 if (152+v2)’, <d
. 172
1 if (u?+ vz) 5 d.

Once the transfer function is specified, the remainder of the algorithm is analogous to the lowpass filter
algorithm. Thus, one specification would be

[h + (h + (m, ﬂj) + (h + (0, u]) - (ﬁ + (mn, 'ﬂ.})] |x
g = 3—1(5-1}).

This pseudocode specification can also be used for the Butterworth and exponentia highpass filter transfer
functions which are described next.

hw, v) =

h :

The Butterworth highpass filter transfer function of order k with scaling constant ¢ is given by

if (u,v) # (0,0)
if (u,v) = (0,0),

1
ﬁ(u, v) = E"Jf "‘['f-f{u"-q-uz]lfz]ﬂ

¢} E U= Iﬂ-%l. Kzi%.

where {“‘

The transfer function for exponential highpass filtering is given by

i, v) = wp[—a(d/(u’ +v“)”2)k] if (u, ) # (0,0)
0 if (u,v) = (0,0).

Previous !Tabl e of Contents!Next




BSCRIBE SEARCH FAQ SITEMAP COMTACT

Use of this site is subject to certain s
reserved. Reproduction whole or in part in any form or medium without express written
EarthWeb is prohibited. Read EarthWeb's statement.

All rights
of


http://corpitk.earthweb.com/
http://corpitk.earthweb.com/content/corp.html
http://corpitk.earthweb.com/search/
http://corpitk.earthweb.com/faq/faq.html
http://corpitk.earthweb.com/sitemap.html
http://corpitk.earthweb.com/contactus.html
http://corpitk.earthweb.com/products.html
http://corpitk.earthweb.com/contactus.html
http://corpitk.earthweb.com/aboutus.html
http://www.earthweb.com/about_us/privacy.html
http://www.itmarketer.com/
http://corpitk.earthweb.com/
http://corpitk.earthweb.com/agreement.html
http://corpitk.earthweb.com/copyright.html
http://www.earthweb.com/about_us/perm.html
http://www.earthweb.com/about_us/privacy.html

&

An
EARTHWEB

Resource

HOME SUBSCRIBE SEARCH FAG  SITEMAP [CONTACT US

iT KNOWLEDG E_COMW Enterprise Subscription X

Need IT. Find IT. Know IT. ITKNOWLEDGE.COM M4

KEYWORD SEARCH Ui Handbook of Computer Vision Algorithms in Image Algebra
b by Gerhard X. Ritter; Joseph N. Wilson
CRC Press, CRC Press LLC

I - ISBN: 0849326362 Pub Date: 05/01/96

¥ Search Tios Search this book:

F Advanced Search m

PUBLICATION LOOKUP Previous!TabIe of Contents!Next

2.15. References

e 1 R. Gonzalez and P. Wintz, Digital Image Processing. Reading, MA: Addison-Wesley, second ed.,
JUMP'TO TOPIC 1987.

— 2 W. Pratt, Digital Image Processing. New Y ork: John Wiley, 1978.

3 G. Ritter, J. Wilson, and J. Davidson, “Image algebra: An overview,” Computer Vision, Graphics,
and Image Processing, val. 49, pp. 297-331, Mar. 1990.

4 A.Lev, S. Zucker, and A. Rosenfeld, “ Iterative enhancement of noisy images,” |EEE Transactions
on Systems, Man, and Cybernetics, vol. SMC-7, pp. 435-442, June 1977.

5 H. Kramer and J. Bruchner, “Iterations of a non-linear transformation for the enhancement of digital
images,” Pattern Recognition, vol. 7, pp. 53-58, 1975.

6 R. Hardick and L. Shapiro, Computer and Robot Vision, vol. I. New Y ork: Addison-Wesley, 1992.

7 P. Coffield, “An architecture for processing image algebra operations,” in Image Algebra and
Morphological Image Processing I11, vol. 1769 of Proceedings of SPIE, (San Diego, CA), pp. 178-189,
July 1992,

8 R. Gonzalez and R. Woods, Digital Image Processing. Reading, MA: Addison-Wesley, 1992.

9 L. Loo, K. Doi, and C. Metz, “Investigation of basic imaging propertiesin digital radiography 4.
Effect of unsharp masking on the detectability of simple patterns,” Medical Physics, vol. 12, pp.
209-214, Mar. 1985.

10 R. Cromartie and S. Pizer, “ Edge-affected context for adaptive contrast enhancement,” in Ninth
Conference on Information Processing in Medical Imaging, 1991.

11 J. Harris, “ Constant variance enhancement: a digital processing technique,” Applied Optics, val. 16,
pp. 1268-1271, May 1977.

12 P. Narendraand R. Fitch, “ Real-time adaptive contrast enhancement,” IEEE Transactions on
Pattern Analysis and Machine Intelligence, vol. PAMI-3, pp. 655-661, Nov. 1981.

13 D. Ballard and C. Brown, Computer Vision. Englewood Cliffs, NJ: Prentice-Hall, 1982.

14 A. Rosenfeld and A. Kak, Digital Picture Processing. New York, NY: Academic Press, 2nd ed.,
1982.


http://www.earthweb.com/
http://corpitk.earthweb.com/
http://corpitk.earthweb.com/content/corp.html
http://corpitk.earthweb.com/search/
http://corpitk.earthweb.com/faq/faq.html
http://corpitk.earthweb.com/sitemap.html
http://corpitk.earthweb.com/contactus.html
http://corpitk.earthweb.com/search/search-tips.html
http://corpitk.earthweb.com/search/search-tips.html
http://corpitk.earthweb.com/search/
http://corpitk.earthweb.com/search/

HOME SUBSCRIBE 'SEARCH FAQ SITEMAP CONTACT US

Use of this site is subject to certain s
reserved. Reproduction whole or in part in any form or medium without express written
EarthWeb is prohibited. Read EarthWeb's statement.

Previous !Tabl e of Contents|Next
All rights
of


http://corpitk.earthweb.com/
http://corpitk.earthweb.com/content/corp.html
http://corpitk.earthweb.com/search/
http://corpitk.earthweb.com/faq/faq.html
http://corpitk.earthweb.com/sitemap.html
http://corpitk.earthweb.com/contactus.html
http://corpitk.earthweb.com/products.html
http://corpitk.earthweb.com/contactus.html
http://corpitk.earthweb.com/aboutus.html
http://www.earthweb.com/about_us/privacy.html
http://www.itmarketer.com/
http://corpitk.earthweb.com/
http://corpitk.earthweb.com/agreement.html
http://corpitk.earthweb.com/copyright.html
http://www.earthweb.com/about_us/perm.html
http://www.earthweb.com/about_us/privacy.html

N

An
EARTHWEB

Resource

HOME  SUBSCRIBE  SEARCH FAQ@ |SITEMAP |COMNTACT US

iT KNOWLEDG E_COMW Enterprise Subscription X

Need IT. Find IT. Know IT. ITKNOWLEDGE.COM M4

F KEYWORD SEARCH el Handbook of Computer Vision Algorithms in Image Algebra
b by Gerhard X. Ritter; Joseph N. Wilson
CRC Press, CRC Press LLC

I - ISBN: 0849326362 Pub Date: 05/01/96

¥ Search Tios Search this book:

F Advanced Search m

k PUBLICATION LOOKUP Previous!TabIeof Contents!Next

Chapter 3
m—————— Edge Detection and Boundary Finding Techniques
k[ JUMP TO TOPIC

-—— | 3.1.Introduction

Edge detection is an important operation in alarge number of image processing applications such as image
segmentation, character recognition, and scene analysis. An edge in an image is a contour across which the
brightness of the image changes abruptly in magnitude or in the rate of change of magnitude.

Generally, it is difficult to specify a priori which edges correspond to relevant boundaries in an image. Image
transforms which enhance and/or detect edges are usually task domain dependent. We, therefore, present a
wide variety of commonly used transforms. Most of these transforms can be categorized as bel onging to one
of the following four classes: (1) simple windowing techniques to find the boundaries of Boolean objects, (2)
transforms that approximate the gradient, (3) transforms that use multiple templates at different orientations,
and (4) transforms that fit local intensity values with parametric edge models.

The goal of boundary finding is somewhat different from that of edge detection methods which are generally
based on intensity information methods classified in the preceding paragraph. Gradient methods for edge
detection, followed by thresholding, typically produce a number of undesired artifacts such as missing edge
pixels and parallel edge pixels, resulting in thick edges. Edge thinning processes and thresholding may result
in disconnected edge elements. Additional processing is usually required in order to group edge pixelsinto
coherent boundary structures. The goal of boundary finding isto provide coherent one-dimensional boundary
features from the individual local edge pixels.

3.2. Binary Image Boundaries

A boundary point of an object in abinary image is a point whose 4-neighborhood (or 8-neighborhood,
depending on the boundary classification) intersects the object and its complement. Boundaries for binary
images are classified by their connectivity and whether they lie within the object or its complement. The four
classifications will be expanded upon in the discussion involving the mathematical formulation.

Binary image boundary transforms are thinning methods. They do not preserve the homotopy of the original
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image. Boundary transforms can be especially useful when used inside of other algorithms that require
location of the boundary to perform their tasks. Many of the other thinning transforms in this chapter fall into
this category.

The techniques outlined below work by using the appropriate neighborhood to either enlarge or reduce the

region with the i or (Al operation, respectively. After the object has been enlarged or reduced, it is
intersected with its original complement to produce the boundary image.

Fora {0, 1}%, let A denote the support of a. The boundary imageb {0, 1} X of ais classified by its
connectivity and whether B 4 A or B 4 A2, where B denotes the support of b.

(@) Theimageb isan exterior 8-boundary imageif B is 8-connected, B 4 A2, and B is the set of points
in A2 whose 4-neighborhoods intersect A. That is,

b(x) = 1 i .“#;{:FJ NA#Q andx € A'
(0 otherwise.

(b) Theimageb isan interior 8-boundary imageif B is 8-connected, B 4 A, and B is the set of points
in A whose 4-neighborhoods intersect A2. The interior 8-boundary b can be expressed as

b(X) o { 1 if N.{x] ﬂAI ?E & 2“1'[] X e .A.
0 otherwise.

(c) Theimageb isan exterior 4-boundary image if B is 4-connected, B 4 A2, and B is the set of points

in A2 whose 8-neighborhoods intersect A. That is, theimage b is defined by

b(x) = 1 i Ny(x)NA#@ andx € A'
0 otherwise.
(d) Theimageb isan interior 4-boundary image if B is4-connected, B 4 A, and B is the set of points
in A whose 8-neighborhoods intersect A2. Thus,
b(x) = 1 if Ng(x)NA' £ andx€ A
0 otherwise.

Figure 3.2.1 below illustrates the boundaries just described. The center image is the original image. The
8-boundaries are to the left, and the 4-boundaries are to the right. Exterior boundaries are black. Interior
boundaries are gray.

i

Figure3.2.1 Interior and exterior 8-boundaries (left), original image (center), and interior and exterior
4-boundaries (right).

I mage Algebra Formulation

The von Neumann neighborhood function N is used in the image algebra formulation for detecting
8-boundaries, while the M oore neighborhood function M is used for detection of 4-boundaries. These
neighborhoods are defined below.

Leta {0, 1} be the sourceimage. The boundary image will be denoted by b.
(1) Exterior 8-boundary —

b:=(1—a) (aldN)

(2) Interior 8-boundary —

b:=(1-(a@N))-a

(3) Exterior 4-boundary —

b:=(1-a) - (al M)

(4) Interior 4-boundary —
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b:=(1-(a@M))-a

Comments and Observations

These transforms are designed for binary images only. More sophisticated algorithms must be used for gray
level images.

Noise around the boundary may adversely affect results of the algorithm. An algorithm such as the salt and
pepper noise removal transform may be useful in cleaning up the boundary before the boundary transform is

applied.
3.3. Edge Enhancement by Discrete Differencing

Discrete differencing is aloca edge enhancement technique. It is used to sharpen edge elementsin an image
by discrete differencing in either the vertical or horizontal direction, or in acombined fashion [1, 2, 3, 4].

Leta € EX be the source image. The edge enhanced imageb 3 RK can be obtained by one of the
following difference methods:

(1) Horizonta differencing

b(i, j) = a(i, ) — a(t,j + 1)
or

hl:?.j]l = Eufl*j:] = ‘“[1:1j = ]:I = a[iu?l '!1}'
(2) Vertica differencing

hiz.7) =a.5) a{i+1,7)
or

b(i,j) = 2a(i,j) - a(i = 1,j) = afi + 1,5)
(3) Gradient approximation

b(i, ) = |a(i,j) — al(i + 1,5)] + |a(i, ) — a(i, j + 1)|
or
b(i,7) = |a(i,j) — a(i + 1,j + 1)} + |a(i — 1,5) — a(i, 7 + 1)|

| mage Algebra Formulation

Given the source image & € Rx, the edge enhanced image b e Hx is obtained by the appropriate
image-template convolution below.

(1) Horizontal differencing
b:=a®r
where the invariant enhancement templater is defined by
1 ifx = ()
ripn(x) =9 -1 ifx=(:j+1)
0  otherwise

b := a s,

or

where



2  IEx=lag
sai(x) =1 -1 ifxe{(i,j—1),(7F+1)}
0 otherwise.
(2) Vertical differencing

b :=a®t

where the template t is defined by

1 if x = 08,7)
ti5(x) =4 —1 ifx=(i+1,)
0 otherwise
or

b :=a@u,
where
2 ifx=(if
ui () =9 -1 ifxe{(i-1,9),6G+1,5)}

0  otherwise.
(3) Gradient approximation

b :=|la®t|+|a®r|

or

b:=la®v|+|a®w],
where the templatest and r are defined as above and v, w are defined by
1 i X = (?_;)
Vi) (%) = {—1 ifx=(i+1,5+1)
0 otherwise
and
1 if x = (4,7)
W{ihﬂ{x}:{—] ifx=(G-1,7+1)
0  otherwise.
The templates can be described pictorialy as

— R
ST ETO IR
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= Wt

goo

Previ ous!TabI e of Contents|Next |

HOME SUBSCRIBE 'SEARCH FAGQ SITEMAP CONTACT US



javascript:displayWindow('images/03-03.jpg',500,248)
http://corpitk.earthweb.com/
http://corpitk.earthweb.com/content/corp.html
http://corpitk.earthweb.com/search/
http://corpitk.earthweb.com/faq/faq.html
http://corpitk.earthweb.com/sitemap.html
http://corpitk.earthweb.com/contactus.html

Use of this site is subject to certain . All rights
reserved. Reproduction whole or in part in any form or medium without express written of
EarthWeb is prohibited. Read EarthWeb's statement.



http://corpitk.earthweb.com/products.html
http://corpitk.earthweb.com/contactus.html
http://corpitk.earthweb.com/aboutus.html
http://www.earthweb.com/about_us/privacy.html
http://www.itmarketer.com/
http://corpitk.earthweb.com/
http://corpitk.earthweb.com/agreement.html
http://corpitk.earthweb.com/copyright.html
http://www.earthweb.com/about_us/perm.html
http://www.earthweb.com/about_us/privacy.html

.l.\.

An
EARTHWEB

Resource

HOME SUBSCRIBE SEARCH FAG  SITEMAP [CONTACT US

iT KNOWLEDG E_COMW Enterprise Subscription X

Need IT. Find IT. Know IT. iITKNOWLEDGE.COM \4 :

Handbook of Computer Vision Algorithms in Image Algebra
by Gerhard X. Ritter; Joseph N. Wilson
CRC Press, CRC Press LLC

I - ISBN: 0849326362 Pub Date: 05/01/96

F Search Tips

F Advanced Search m

KEYWORD SEARCH

Previous !Tabl e of Contents ! Next

Comments and Observations

: Figures 3.3.2 through 3.3.4 below are the edge enhanced images of the motorcycleimagein Figure 3.3.1.
_JLIMP T0 TOPIG

—_ RN Mtk pa Fan niie e 1E3

S

L gyt

Figre 3.3.1 Original image.

Figure 3.3.2 Horizontal differencing: left [a er|, right |a e5].

Figure 3.3.4 Gradient approximation: left |a st| + [a er|, right |a ev| + |a *w|.

3.4. Roberts Edge Detector

The Roberts edge detector is another example of an edge enhancement technique that uses discrete

differencing [5, 1]. Let & € RX be the source image. The edge enhanced image b € R% that the
Raoberts technique produces is defined by

b(i,5) = ((a(i,j) - ali + 1,5 +1))* + (ai,j + 1) —ai + 1._-5)}2)”2

| mage Algebra Formulation
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Given the source image & = Rx, the edge enhanced image b € Rx isgiven by

o 1/2
b= ((a@s)" + (a®t)’)
where the templates sand t are defined by

1 ifx = (i.§)

0 otherwisc:
1 ifx = (i, )
tipx)=9 -1 fx=(i+1.j-1)

() ot herwise.
The templates sand t can be represented pictorialy as

2]
5= I t=

Comments and Observations

Figure 3.4.1 shows the result of applying the Roberts edge detector to the image of a motorcycle.

Figure3.4.1 Motorcycle and its Roberts edge enhanced image.

3.5. Prewitt Edge Detector

The Prewitt edge detector calculates an edge gradient vector at each point of the source image. An edge
enhanced image is produced from the magnitude of the gradient vector. An edge angle, which is equal to the
angle the gradient makes to the horizontal axis, can also be assigned to each point of the sourceimage|[6, 7, 1,
8, 4].

Two masks are convolved with the source image to approximate the gradient vector. One mask represents the
partial derivative with respect to x and the other the partial derivative with respecttoy.

Let@ € RX be the source image, and a,, a,, ..., &, denote the pixel values of the eight neighbors of (i, j)
enumerated in the counterclockwise direction as follows:

a a, a.

Letu=(ag+ag+a;)-(a, +a,+ag) andv=(a,+a, +a,) - (a; + a, + ag). The edge enhanced image
b € RX isgiven by

— 1/2

bii, 7} = (uz + 'UE) /

X
andtheedgedirectionimaged- = H isgiven by
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v
d(i. i) = arct (_)
(1,7) = arctan ”

I mage Algebra Formulation

Let@ € Rx be the source image and let s and t be defined as follows:

1 ifx=(i-1,j-1), (i=1,5), or (i - 1,j+1)
sap(X)=4{1 ifx=(i+l,5—1), (i+1,5), or (i+1,5+1)

0 otherwise;

1 ifx=(i-1,5—1), (i, —1), or (i+1,5 - 1)
tan(X) =41 ifx=(i=-1,5+1), (i,j+1), or (i+1,541)
0 otherwise.

Pictorially we have:

bz ] aa 1| 1| {1

The edge enhanced image b € RY isgiven by
1/2
b:= ([(a ®s)i+(ad t}g] # )

Theedgedirectionimaged = RY isgiven by

_d = arctan ((a Bt)domain(b].q): (@ @Sjidamnin{b”}nj}'
Here we use the common programming language convention for the arctangent of two variables which

deﬁnaarctaﬂ![u.v} = arcmn{ﬁ}l.

Comments and Observations
A variety of masks may be used to approximate the partial derivatives.

Figure 3.5.1 Motorcycle and the image that represents the magnitude component of the Prewitt edge
detector.

3.6. Sobel Edge Detector

The Sobel edge detector is anonlinear edge enhancement technique. It is another ssimple variation of the
discrete differencing scheme for enhancing edges[9, 10, 1, 8, 4].

Let@ € Rx be the source image, and a,, a,, ..., &, denote the pixel values of the eight neighbors of (i, j)
enumerated in the counterclockwise direction as follows:
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‘ a, | )| %

‘ [ a, (‘8

where

u = (a5 + 2a¢ + a7) — (a1 + 2as + a3)
and

v = (2a0 + a1 + a7) — (a3 + 2a4 + as).

The gradient direction image d is given by

d(i,j) = m'r-r‘un( ”).

| mage Algebra Formulation

LetA € Rx be the source image. The gradient magnitude image 111 © Hx isgiven by

m = [(a @s)’+(ad t]z] 1;‘2’

where the templates sand t are defined as follows:

-1 ifx=(i-1,57—-1)or (i—1,j+1)
1 if x = (i+1,j—1) or (i+1,5+1)
5, (X) =4 -2 ifx=(i- 1,7)

2 if x = (i+1,7)

L () otherwise.

(-1 ifx=(i—1,5—1)or (i+1,j—1)
1 ifx=(i—1,j+1) or (i+1,5+1)
tu () =4 -2 ifx=(i,5-1)

2 ifx=(:75+1)

\ () otherwise.

-1 -2 -1 =1 1
E ZERN
§= t,-.:
N = N :
i 2 ] -1 1

The gradient direction image is given by

d := arctan2((a@s)|b>0, (a Pt)|b>0),




where A7 ctan2(u, v) = arctan ( 5} :

Comments and Observations

The Sobel edge detection emphasizes horizontal and vertical edges over skewed edges; it isrelatively
insensitive to off-axis edges. Figure 3.6.1 shows the Sobel edge image of the motorcycle test image.

.

Dt

Figure 3.6.

Motorcycle and its Sobel edge enhanced image.
3.7. Wallis Logarithmic Edge Detection

Under the Wallis edge detection scheme a pixel isan edge element if the logarithm of its value exceeds the

X

average of the logarithms of its 4-neighbors by afixed threshold [2, 1]. Suppose & € (RY) denotes a source
image containing only positive values, and a,, a,, a,, a; denote the values of the 4-neighbors of (i, j)
enumerated as follows;

The edge enhanced image b € RXis given by

i :
bii,j) = logs(ali, 5)) — E{Iu_:;r;.{rm_l + logy(ay) + logs(a2) + logs(aa))
or
1 (a(i, 7))

b(?-aj'):fﬂﬂb m .

| mage Algebra Formulation

X
_|_
Let & € (R ) be the source image. The edge enhanced imageb = EK isgiven by

1 -
b : = - log(a) B,

where the invariant enhancement template t: X = HKiSdefinedasfollows;
4 Hx={(13)
tag(x) =14 -1 if x € {(i+1,5),(i,5-1), (i-1,5), (§,5+1)}

] otherwise,

Pictorialy, t isgiven by
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Comments and Observations

The Wallis edge detector isinsensitive to a global multiplicative change in image values. The edge image of a
will bethe same asthat of n - aforany 12 € R+

Note that if the edge image isto be thresholded, it is not necessary to compute the logarithm of a. That is, if

bi= %mg,.(a) Dt

and
c.=a-t,
then
bl_-_-h— = CI}{,-H g

Figure 3.7.1 shows the result of applying the Wallis edge detector to the motorcycle image. The logarithm
used for the edgeimageisbase 2 (b = 2).

Figure3.7.1 Motorcycle and its Wallis edge enhancement.
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3.8. Frei-Chen Edge and Line Detection

JUMP TO TOPIC A 3 x 3 subimage b of an image a may be thought of as avector in Eg. For example, the subimage shown in

————————— Figure 3.8.1 has vector representation

[ | b
o ki

by

The mathematical structure of the vector space Eg carries over to the vector space of 3 x 3 subimagesin the
obvious way.

by | by | by
l‘]‘f_ | bﬂ bl
bﬁi b? 'bﬂ |

Figure3.8.1 A 3 x 3 subimage.

Let V denote the vector space of 3 x 3 subimages. An orthogonal basisfor V, ‘B V, that isused for the
Frei-Chen method is the one shown in Figure 3.8.2. The subspace E of V that is spanned by the subimages v,

V,, V5, and v, is called the edge subspace of V. The Frei-Chen edge detection method bases its determination

of edge points on the size of the angle between the subimage b and its projection on the edge subspace [11,
12, 13].
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Figure3.8.2 Thebasis ‘,B V" used for Frei-Chen feature detection.

The angle , . between b and its projection on the edge subspace is given by

i H
¥ (vieb)?
]

3 (vi o b)?

ly = cos

The" operator in the formula above isthe familiar dot (or scalar) product defined for vector spaces. The dot

product of b, ¢ Visgiven by
B
bec= E bict-.

1=l
Small values of | imply a better fit between b and the edge subspace.

For each point (X, y) in the source image a, the Frei-Chen algorithm for edge detection calculates the angle ¢

between the projection of the 3 x 3 subimage centered at (X, y) and the edge subspace of V. The smaller the
valueof . at (X, y) is, the better edge point (x ,y) is deemed to be. After . iscalculated for each image point, a

threshold A is applied to select points for which . d A.

Figure 3.8.3 shows the results of applying the Frei-Chen edge detection algorithm to a source image of variety
of peppers. Thresholds were applied for angles , of 18, 19, 20, 21, and 22°.

Equivalent results can be obtained by thresholding based on the statistic

i=1
behbh

which is easier to compute. In this case, alarger value indicates a stronger edge point.

3 (v(i) o b)?

The Frei-Chen method can also be used to detect lines. Subimages vs, Vg, V,, and vg form the basis of the line
subspace of V. The Frei-Chen edge detection method bases its determination of lines on the size of the angle
between the subimage b and its projection on the line subspace. Thresholding for line detection is done using
the statistic

(v(i) o b)°
beb

I!-lllmm

Larger values indicate stronger line points.
I mage Algebra Formulation

Leta € Hx be the source image and let v(i), denote the parameterized template whose values are defined
by the image v; of Figure 3.8.2. The center cell of theimage v; is taken to be the location of y for the template.
For agiven threshold level A, the Frei-Chen edge image eis given by
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; (a@v (i)’

8= —_—
X2l T v (9)

The Frei-Chen lineimagel is given by

- 2
g [aEvli))

= | Srgeey

Fig' Gre 3.8.3 E&ge detection using the Frei-Chen method.

3.9. Kirsch Edge Detector

The Kirsch edge detector [14] applies eight masks at each point of an image in order to determine an edge

gradient direction and magnitude. Let & € HK be the source image. For each (i, j) we denote a,, a,, ..., a;
as pixel vaues of the eight neighbors of (i, j) enumerated in the counterclockwise direction as follows:

ay

]
a, a,
—
(g | ay
.
[ a a,
1

a,
ay

Theimage 111 € ﬁx that represents the magnitude of the edge gradient is given by
m(i,j) = max{l,max{|5sp — 3| : k=0,..., T} }.

wheres, = a, + a,, + &,, and t, = 8,3+ 8,, + ... + a.,. The subscripts are evaluated modulo 8. Further
details about this method of directional edge detection are givenin[11, 8, 1, 14, 4].

Theimaged {0, 1, ..., 7} that represents the gradient direction is defined by

9] =, re |5sq — 3tq| = o8k — 3tx|}.
d(i,j) := d. where [5s4 — 3t4] Ugnkairj?{lask k| }

Theimaged - 45° can be used if it is desirable to express gradient angle in degree measure. Figure 3.9.1 show
the magnitude image that results from applying the Kirsch edge detector to the motorcycle image.

Fig-ljre 3.9.1 Kirsch edge detector applied to the motorcycle image.

| mage Algebra Formulation

LetM={-1,0, 1} x{-1, 0, 1} denote the Moore neighborhood about the origin, and M2 = M\{ (0, 0)} denote
the deleted M oore neighborhood.
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Let f be the function that specifies the counterclockwise enumeration of M2 as shown below. Note that

MF
fE EH and for each 8-neighbor x of apoint (i, j), the point x2 defined by x2 = x - (i, j) isamember of M
2.

k) 2 1
f=| 4 0
5 6 7

Foreachk {0,1,..., 7}, wedefinet(k) asfollows:

53 ifx’eMand f(x"V+k mod8 <2
t(k) ) (x) =1 -3 if x' € M'and f(x') + k mod 8 > 2

0 otherwise.

Thus, t can be pictorially represented as follows:

. e[S

-

For the sourceimage & & Hx let b, := Jast(k)|. The Kirsch edge magnitude image m is given by

m :=1v(£ﬂhi)'

The gradient direction image d is given by

?
= (/\ (L'+1}'Xmim]) -1

k=10
In actual implementation, the algorithm for computing the image m will probably involve the loop
m:=1
for k in 0..7 loop
m:=mV |a@t(k) |
end loop.

A similar loop argument can be used to construct the direction image d.
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3.10. Directional Edge Detection

- The directional edge detector is an edge detection technique based on the use of directional derivatives
JUMP TO TOPIC [15,16]. It identifies pixels as possible edge elements and assigns one of n directions to them. Thisis

It
— accomplished by convolving the image with a set of Z edge masks. Each mask has two directions associated
with it. A pixel isassigned the direction associated with the largest magnitude obtained by the convolutions.
Suppose that the convolution with the ith mask yielded the largest magnitude. If the result of the convolution
was positive, then the direction ; is assigned; otherwise, the direction ; + 180 (modulo 360) is assigned.

For agiven sourceimage@ € [ﬁx, let g, =a* m;, wheremg, my, ..., M, ; denote the edge masks and *

denotes convolution. The edge magnitude image 1M € Xis given by

mi{x) = max a;[x).
(]ﬂiiig— i (x)|

Let ,; be the direction associated with the mask m,. Suppose that m(x) = [a,(x)|. The direction image
d € R® isgivenby

di(x) = (fr. + x<o{ar(x)) - 180) mod 360.

Asanillustration, the directional edge technique is applied to the infrared image of a causeway across a bay
as shown in Figure 3.10.1. The six masks of Figure 3.10.2 are used to determine one of twelve directions, 0°,
30°, 60°, ..., or 330°, to be assigned to each point of the source image. The result of applying the directional
edge detection algorithm is seen in Figure 3.10.3. In the figure, directions are presented as tangent vectors to
the edge rather than gradient vectors (tangent to the edge is orthogonal to the gradient). With this
representation, the bridge and causeway can be characterized by two bands of vectors. The vectorsin one
band run along aline in one directions, while those in the other band run along alinein the opposite direction.

The edge image representation is different from the source image representation in that it is a plot of avector
field. The edge magnitude image was thresholded (see Section 4.2), and vectors were attached to the points
that survived the thresholding process. The vector at each point has length proportional to the edge magnitude
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at the point, and points in the direction of the edge.

Figure 3.10.1 Sourceimage of causeway with bridge.

Figur-e 3.10.3 Edge points with their associated directions.

I mage Algebra Formulation

Tl

Leta € RX pethe sourceimage. For © € {0:1:+++ 5 b et

a; = (0,i) + f(a ®mi),

where f(r) is defined as

£r) = (Irl, 5 - x<or).

Theresult image b is given by

=1
b = (Vll)-;;:ﬂ a;.

Note that the result b contains at each point both the maximal edge magnitude and the direction associated
with that magnitude. As formulated above, integers O through n - 1 to represent the n directions.

Comments and Observations

Trying to include the edge direction information in Figure 3.10.3 on one page has resulted in arather “busy”
display. However, edge direction information is often very useful. For example, the adjacent parallel edgesin
Figure 3.10.3 that run in opposite directions are characteristic of bridge-like structures.

The major problem with the display of Figure 3.10.3 is that, even after thresholding, thick (more than one
pixel wide) edges remain. The thinning edge direction technique of Section 5.7 is one remedy to this problem.
It uses edge magnitude and edge direction information to reduce edges to one pixel wide thickness.

One other comment on directional edge detection technique concerns the size of the edge masks. Selecting an
appropriate size for the edge mask is important. The use of larger masks allows alarger range of edge
directions. Also, larger masks are less sensitive to noise than smaller masks. The disadvantage of larger masks
isthat they are less sensitive to detail. The choice of mask size is application dependent.

3.11. Product of the Difference of Averages

If the neighborhoods over which differencing takes place are small, edge detectors based on discrete
differencing will be sensitive to noise. However, the ability to precisely locate an edge suffers as the size of
the neighborhood used for differencing increases in size. The product of the differences of averages technique
[17] integrates both large and small differencing neighborhoods into its scheme to produce an edge detector
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that isinsensitive to noise and that allows precise location of edges.

We first restrict our attention to the detection of horizontal edges. Let & € Hx, where X = £ X In,
bethe sourceimage. For k € K C Z™ definetheimagev,. by

1
vi(zy, 22) = E|a{z:1 +hk=1z)+alz+k=2,72)+ -+ a(ry, r2)
=a(r) — 1,x2) — alxy — 2,x2) — - = alxy =k, x39)|.

The product
v(-‘ﬁ],ﬂ?z) =¥ ('171!-'5‘2} 3 ?Q(Ih.'l-'g} 2 VE[-rli.-J-'E} i Vp{j:lsm2]

will be large only if each of itsfactorsis large. The averaging that takes place over the large neighborhoods
makes the factors with large k less likely to pick up false edges due to noise. The factors from large

neighborhoods contribute to the product by cancelling out false edge readings that may be picked up by the
factors with small k. As (x;, x,) moves farther from an edge point, the factors with small k get smaller. Thus,

the factors in the product for small neighborhoods serve to pinpoint the edge point’s location.

The above scheme can be extended to two dimensions by defining another image h to be
h(z1,22) = hy(zy, 22) - haer,w2) -y, 22) - - hp(z,22),

where

1
hy(xy,22) = Ela{mz.m +k=1)+alz, 22+ k=2)+-- +a(x, )
—a(ry,r3 = 1) = alzy, 2z = 2) = + - - — alzy, 22 - k)]

Theimage h is sensitive to vertical edges. To produce an edge detector that is sensitive to both vertical and
horizontal edges, one can simply take the maximum of h and v at each point in X.

Figure 3.11.1 compares the results of applying discrete differencing and the product of the difference of
averages techniques. The source image (labeled 90/10) in the top left corner of the figureis of acircular
region whose pixel values have a 90% probability of being white against a background whose pixel values
have a 10% probability of being white. The corresponding regions of the image in the upper right corner have
probabilities of white pixels equal to 70% and 30%. The center images show the result of taking the
maximum from discrete differencing along horizontal and vertical directions. The images at the bottom of the
figure show the results of the product of the difference of average algorithm. Specifically, the figure's edge
enhanced image e produced by using the product of the difference of averagesis given by

elry, w3} = max{hy(xy, 20} - hglxy, 2g) - hy(ey . wg) - helzy,23) - bz, 22),

?l{J'.'| 3 :i:-_gl_l L] \fszJZ'..I-gj . tf..{'_‘l:’ ,I?J ' 'h',q_{I],l:z} . \f|.5[:r.'| ,,J'.'E}}.
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KEYWORD SEARCH

| mage Algebra Formulation

e Leta € Hx be the source image. Define the parameterized templates h(k) and v(k) to be
_JLIMP T0 TOPIC

[ 1 ifx=(p,+i)andi=01,2,...,k-1
h(k),(x) =¢ =1 ifx=(y,p—i)andi=12,...k

0 otherwise

12-,

L, Dniok=1
2.,

1 ifx={y+1,p)andi=0,
=1, k

vlfk}y{x} =4¢ -1 ifx=(y —1,pw)and:
0 otherwise,

where (y,, ¥,) = y. The edge enhanced image e produced by the product of the difference of averages
agorithm is given by the image algebra statement

e:= (H %-Ha(-j";‘uh(k}}l) V (1’[ : -I(ar&)v{kl}l)-

ke K kel

The templates used the formulation above is designed to be sensitive to vertical and horizontal edges.

3.12. Crack Edge Detection

Crack edge detection techniques comprise the family of algorithms that associate edge values with the points
lying between neighboring image pixels [18]. More precisaly, if one considers a 2-dimensional image with
4-neighbor connectivity, each spatial location lying exactly between two horizontally or vertically
neighboring pixels corresponds to a crack. Each such point is assigned an edge value. The name crack edge
stems from the view of pixels as square regions with cracksin between them.
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o

I':i'g'l-J're 3111 The product of the difference of averages edge detection method vs. discrete differencing.

Any of the edge detection methods presented in this chapter can be converted into a crack edge detector.
Below, we consider the particular case of discrete differencing.

For agiven sourceimage @ € Hx, pixel edge horizontal differencing will yield animage b € RX such
that b(i, j) = a(i, j) - a(i,j + 1) for dl (i,j) X. Thusif thereisachangein value from point (i, j) to point (i, j +
1), the difference in those values is associated with point (i, j).

The horizontal crack edge differencing technique, given & € Hx, will yield aresult image b€ Rw

1 1
whereW ={(i,r): (i,r- 2),(,r+2) X},thatis, b’spoint set corresponds to the cracks that lie between
horizontally neighboring pointsin X. The values of b are given by

b(i,r) = a(i, |r]) ~ a(i, [r]).

One can compute the vertical differences aswell, and store both horizontal and vertical differencesin asingle
image with scalar edge values. (This cannot be done using pixel edges since each pixel is associated with both

ahorizontal and vertical edge.) That is, givena& € HK, we can compute b € RY where

 {nm) + (n= D). o+ 2, o= S (o + Se) %)
and
b(i,r) = a([i], lr]) — a([41, [r]).
| mage Algebra Formulation

Given source image & € Hx, define spatial functionsf, f,, f;, f, on R? asfollows:

fi(xy,x2) = (11.1‘*2 + 1)
falzy,22) = (Ihﬂ'z - ;)
filzy,z2) = (1‘1 + :+$2)
filzy, 22} = (1:1 l,xz)

Next construct the point set

Y = (1(X) 0 £205) U (f(X) N £2(X)),
anddesinet € (R®)"

1 if (z1,22) = (lnl, ly2))
t(y, .40) (%1, 22) = { -1 if (zy,z2) = ([1], [¥2])
0 otherwise.

For apoint with integral first coordinate, t can be pictured as follows:
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[1&-1]

and for apoint with integral second coordinate, t can be pictured as

The crack edgeimage b € RY is given by
b:=a®t.

Alternate | mage Algebra Formulation

Some implementations of image algebrawill not permit one to specify points with non-integral coordinates as
are required above. In those cases, several different techniques can be used to represent the crack edges as
images. One may want to map each point (y,, y,) in Y to the point (2y,, 2y,). In such a case, the domain of the

. Y — .
crack edge image does not cover arectangular subset of beR , dl pointsinvolving two odd or two even
coordinates are missing.

Another technique that can be used to transform the set of crack edges onto aless sparse subset of 72 isto
employ a spatia transformation that will rotate the crack edge points by angle A/4 and shift and scale
appropriately to map them onto points with integral coordinates. The transformation f : X * Z defined by

Flm,w) = (m - §+yz1yz—zn + i) ¥iy.im)eY

o 2=z +1 +
fiem) = (2L A5 o) € 2

isjust such afunction. The effect of applying f to a set of edge points shown in Figure 3.12.1 below.

T
1 NP el

Figure3.12.1 The effect of applying f to a set of edge points.

Comments and Observations

Crack edge finding can be used to find edges using a variety of underlying techniques. The primary benefit it
providesisthe ability to detect edges of features of single pixel width.

Representation of crack edges requires one to construct images over pointsets that are either sparse, rotated, or
contain fractional coordinates. Such images may be difficult to represent efficiently.

3.13. Local Edge Detection in Three-Dimensional Images

This technique detects surface el ementsin three-dimensional data. It consists of approximating the surface
normal vector at a point and thresholding the magnitude of the normal vector. In three-dimensional data,
boundaries of objects are surfaces and the image gradient is the local surface normal [11, 19, 20].

Forw=(x,y, 2, let Wl = V(2% + 9% + 2) g cetine g, (w) = wwl, gw) = y/Iwl, and ) =
2wl

Suppose a denotes the source image and

M{wg) = {{r.g:l:i,mij,zg-l_-k} c0<i g k< ’“,; '}

denotes a three-dimensional mx mx mneighborhood about the point w, = (X,, Y, Z,). The components of the
surface normal vector of the point w, are given by
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m= 3  a(w)-a(w-w), i=123
wEM (wa)

Thus, the surface normal vector of w; is

n{wg) = (ny, ng, n3).

The edge image e for a given threshold T, is given by
ofw) = { ln{w)| if [[n(w)|| > To
0

otherwise.
I mage Algebra Formulation

Leta € Hx be the source image. The edge image e is defined as

e=xon( (2 @r) + (2 @r2) + (2 @8:)* )
(

where &i wo (W) = g (W-wp) if w M(w,). For example, consider M(w,) a3 x 3 x 3 domain. The figure
below (Figure 3.13.1) shows the domain of the g;’s.

Figure3.13.1 Illustration of athree-dimensional 3 x 3 x 3 neighborhood.

Fixing z to have value z,, we obtain

o | o 0
P
E;,u{x.y.zuh o \u/ 0
o 0 0
Fixing z to have value z, + 1, we obtain
VANANS
3 2 3
PN
Brufrnag) =M (1 ]
ANANAS
3 2 3
Fixing zto have value z, - 1, we obtain
3 2 3
R VA 2 VA
glwc(‘x'}'lzﬂl}- 1 N I.rf 3
.\ﬁ__-_z._ﬁ
3 Fi 3
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Comments and Observations

The derivation uses a continuous model and the method minimizes the mean-square error with an ideal step
JUMP TO TOPIC edge.

—— | 3.14. Hierarchical Edge Detection

In this edge detection scheme, a pyramid structure is developed and used to detect edges. Theideaisto
consolidate neighborhoods of certain pixelsinto one pixel with avalue obtained by measuring some local
features, thus forming a new image. The new image will have lower resolution and fewer pixels. This
procedure isiterated to obtain a pyramid of images. To detect an edge, one applies alocal edge operator to
an intermediate resolution image. If the magnitude of the response exceeds a given threshold at a pixel then
one proceeds to the next higher resolution level and applies the edge operator to all the corresponding pixels
in that level. The procedure is repeated until the source image resolution level is reached [21, 11].

X : . ) . .
Fork {041, ...,1-1}, let @k ER denote the imagesin apyramid, where X, ={(i,j) : 0di,j d 2x- 1}.

, . XKic1 . ,
The sourceimageis@1-1€ R l.leenaH, one can construct, a,, ..., g, in the following manner:

ai(i,7) = 4—-[&;;4_1{2‘:?2}] +ag41(2i +1,27) + a1 (21,25 + 1) + a1 (26 + 1,25 + 1)).
The agorithm starts at some intermediate level, k, in the pyramid. Thislevel istypically chosen to be
k= [4]

The image by € R containing boundary pixels at level k isformed by

by, ) = lai, - 1) - ali,j + DI + 3 + 1)) - ai - L.j)]

foral (i,j) X,

If, for some given threshold T, b,(i, j) > T, then apply the boundary pixel formation technique at points (2i,
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2),(2i+1,2), (2,2 +1), (2 +1,2) +1) inlevel k+ 1. All other pointsat level k + 1 are assigned value 0.
Boundary formation is repeated until level | - 1 is reached.

I mage Algebra Formulation

For any non-negative integer k, let X, denotethe set {(i,j) : 0di,j d 2k- 1}. Given a source image
X - X

a;_1€ R lconstructapyramidofimagesak € R™ for k {0, 1, ...,1-2} asfollows:

1
ag = Zak+1 Ps,

where

oy = J 1 i x € {(24,29),(2i+1,25), (2,25 +1), (2i+1, 27+1)}

5(i,5)(X) = *
0 otherwise.

For k= [%.l *, construct the boundary images b,,..., b, _; using the statement:

b, :=abs(a * t;) + abs(a  ty),

where

PERLS N
N

-1

To construct the boundary images at level mwherek <md | - 1, first define

Y., := domain(b,.—||>T)-

Next let Xm—1 — 2%™ be defined by
93, )) ={(2, 2), (2 +1,2),(2,2 +1), (2 + 1,2 + 1)}
and§ 1 2%mt = 2% 0 efined by

W)= |J glij), for WcX;_..
(1.3)eW

The effect of this mapping is shown in Figure 3.14.1.

BTN iy

7 O SO it 7
e %
Figure 3.14.1 Illustration of the effect of the pyramidal map g

21'.,.._1 s 21«..
The boundary image b,,, is computed by
b,, = [(abs(am Dt1) + abs(an @tg))lﬂym}] °,

where 0 denotes the zero image on the point set X,

Alter nate | mage Algebra Formulation

The above image algebra formulation gives rise to amassively parallel process operating at each point in the
pyramid. One can restrict the operator to only those pointsin levels m > k where the boundary threshold is
satisfied as described below.
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Letg,(i,)) ={(,j), (-1,j),(+1,j),@,j-2),(,j+2)}. Thismapsapoint (i, j) into its von Neumann
neighborhood. Let §1 ¢ 2%™ — 2%m pe defined by
(W) = U a(i,7), for W c 2%m,
(i,5)eW

Note that in contrast to the functions g and -ﬁ , 0, and 91 are functions defined on the same pyramid level.
We now compute b,,, by

by := [(abs(amls 3(v.)) Bt1) + abs(am| s 3(v..)) Bt2)) lacy.)] -

Comments and Observations
This technique ignores edges that appear at high-resolution levels which do not appear at lower resolutions.

The method of obtaining intermediate-resolution images could easily blur, or wipe out edges at high
resolutions.

3.15. Edge Detection Using K-Forms

The K-forms technique encodes the local intensity difference information of an image. The codes are
numbers expressed either in ternary or decimal form. Local intensity differences are calculated and are
labeled 0, 1, or 2 depending on the value of the difference. The K-form is alinear function of these labels,
where k denotes the neighborhood size. The specific formulation, first described in Kaced [22], isas
follows.

Let a, beapixel valueand let a,, ..., ag be the pixels values of the 8-neighbors of a, represented pictorially
as

G§=a-3

forall {1, ..., 8} andfor some positive threshold number T definep : R— {U_. 1*2} as

0 ifr<-—T
piry=<1 if|r|< T
2 ifr>T.

Some common K-form neighborhoods are pictured in Figure 3.15.1. We use the notation

97| =

A r—

Figure 3.15.1 Common K-formsin a3 x 3 window.
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ne

b to denote the K-form with representation in base b, having a neighborhood containing n pixel
neighbors of the reference pixel, and having orientation characterized by the roman letter ¢. Thusthe

2h
horizontal decimal 2-form shown in Figure 3.15.1 is denoted -'El 0, having base 10, 2 neighbors, and

horizontal shape. Itsvalueisgiven by

10 (a0) = 3p(es) + pler).
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2h
The value of f‘.l 0 isasingle-digit decima number encoding the topographical characteristics of the point in
question. Figure 3.15.2 graphically represents each of the possible values for the horizontal 2-form showing a
pixel and the orientation of the surface to left and right of that pixel. (The pixel is represented by alarge dot,

P UL DAL and the surface orientation on either side is shown by the orientation of the line segmentsto the left and right
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Figure 3.15.2 The nine horizontal 2-forms and their meaning.

The vertical decimal 2-form is defined to be

fi3 (ao) = 3p(er) + ples).

Theternary K-forms assign aternary number to each topographical configuration. The ternary horizontal
2-form is given by

3" (a0) = 10p(es) + pler),

and the ternary normal 4-formis

f3 = 1000p(e7) + 100p(e3) + 10p(es) + pler) = 10037 + f3*.

Note that the multiplicative constants are represented base 3, thus these expressions form the ternary number
yielded by concatenating the results of application of p.

The values of other forms are calculated in a similar manner.

Three different ways of using the decimal 2-forms to construct a binary edge image are the following:
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(@) Anedgeinrédlief isassociated with any pixel whose K-formvalueisO, 1, or 3.
(b) Anedgein depthisassociated with any pixel whose K-form valueis5, 7, or 8.
(c) An edge by gradient threshold is associated with a pixel whose K-formisnot 0, 4, or 8.

| mage Algebra Formulation

Leta € Hx be the source image. We can compute images € € RX forl {1, ..., 8}, representing the
fundamental edge images from which the K-forms are computed, as follows:

e; = a®t(l),

X
where the t1) € (R*)™ are defined as shown in Figure 3.15.3.

] oedad

Figure 3.15.3 K-form fundamental edge templates.

Thus, for example, t(1) is defined by

o -1 if (z,y) = (¢,4)
(Dt =91  if(z,y)=(75+1)
0 otherwise.

L et the function p be defined as in the mathematical formulation above. The decimal horizontal 2-formis
defined by

24
flo =3 ples)+ pler).
Other K-forms are computed in a similar manner.

Edgeinrelief is computed as

ds 2h
L= X{0,1,3} (fio)-
Edgein depth is computed as

2h
d := x(s5.7.8 (i)
Edgein threshold is computed as

h = x{1,2,358,7} (flzf?)

Comments and Observations
The K-forms technique captures the qualitative notion of topographical changesin an image surface.

The use of K-forms requires more computation than gradient formation to yield the same information as
multiple forms must be computed to extract edge directions.

3.16. Hueckel Edge Operator

The Hueckel edge detection method is based on fitting image datato an ideal two-dimensional edge model [1,
23, 24]. In the one-dimensional case, the image a isfitted to a step function

_Jb if z < x
Ble = {b+h if 2 > .

If thefit is sufficiently accurate at a given location, an edge is assumed to exist with the same parameters as
the ideal edge model. (See Figure 3.16.1.) An edgeis assumed if
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Fig.u?e.3?16.:i O‘r;edi mensional edge fitting.
the mean-square error
g+l
E= / [a(z) — s(z)]*dz
J:.;; =!
is below some threshold value.

In the two-dimensional formulation the ideal step edge is defined as

- b if xeost + ysind < p
AEII=1o+h if xcos + ysind = p,

where A represents the distance from the center of atest disk D of radius R to the ideal step edge (A d R), and
, denotes the angle of the normal to the edge as shown in Figure 3.16.2.

\ b

T
Figure3.16.2 Two-dimensional edge fitting.

The edge fitting error is
E=][[a(a:,y}—s{x,y)]2drdy.
D

In Hueckel’ s method, both image data and the ideal edge model are expressed as vectors in the vector space of
continuous functions over the unit disk D = {(x, y) : X2+ y2d 1}. A basisfor this vector space — aso known
as a Hilbert space — is any complete sequence of orthonormalized continuous functions{h, : i =0, 1, ...}

with domain D. For such abasis, a and s have vector forma=(a,, a,, ...) ands=(s,, s,, ...), where
= ‘/]h,.{:m yalz, y)dedy, 1=0.1,...
1
and

5 :ffh*[::: yis(z, y)dxdy, i =0,1,...
D

For application purposes, only afinite number of basis functions can be used. Hueckel truncates the infinite
Hilbert basis to only eight functions, hy, h,, ..., h,. This provides for increased computational efficiency.

Furthermore, his sub-basis was chosen so as to have alowpass filtering effect for inherent noise smoothing.
Although Hueckel provides an explicit formulation for his eight basis functions, their actual derivation has
never been published!

Having expressed the signal a and edge model sin terms of Hilbert vectors, minimization of the mean-square
7

{4:'!., o sl}j
error of Equation 3.16.1 can be shown to be equivalent to minimization of :=0 . Hueckel has
performed this minimization by using some simplifying approximations. Also, although a is expressed in
terms of vector components a,, ..., a,, S(X, y) is defined parametrically in terms of the parameters (b, h, A, ).
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The exact discrete formulation is given below.

Definition of the eight basisfunctions. Let D (X,, Y,) be adisk with center (X,, Y,) and radius R. For each (x,
Y) D(X o), define

r= V(e — a0l + (5 - )
Qr) = (1-r2)"",

and
Hylz,y) = %ﬂé‘[r] (1 +20%)
H(x,y) = (%r)m- Q(ri(5r® - 2)
Ha(z,y) = (;—’r)m~ Qirl“—;’i’[w - 1)
Hy(z,y) = (;) %, ch}“’—‘@w ~1)
m{x.y}=(2)1 QM E= ) 5 _ 4
H(x,y) = (f)m Q' ;,W]'[a 1
o @ a2 ()]
Hr{z,y}:(%):ﬂ o(r) - o{Z = B} #u}{y Rm‘
Then

by = Tyl
lq, = H.1.+H.5.

2
3
2
5 | K]
-h:'.=(3) (0 = )
(E
1

152
j} (H - Hs).

2 2
Note that when \/{x — o) +(y—w0) = R, then Q(r) = 0. Thus, on the boundary of D each of the
functions h, is 0. In fact, the functions h; intersect the disk D as shown in the following figure:

Figuré3.1é.3 The intersection DIMgraph(h).

In his algorithm, however, Hueckel usesthe functionsH; (i =0, 1, ..., 7) instead of h; (i =0, 1, ..., 7) in order
to increase computation efficiency. Thisis allowable since the H;’ s are also linearly independent and span the
same eight-dimensional subspace.
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. 2 o8
Asafinal remark, we note that the reason for normalizingr — i.e., " _I\/{I ~%o)" + (U= %) jngend of
JUMPTO TOPIC

r= \/(I—Iulzﬂy - %)*
forcing0dr d1— isto scalethe disk D(X,, Y,) back to the size of the unit
— disk, so that a restricted to D(X,, Y,) can be expressed as a vector in the Hilbert space of continuous functions
onD.

Hueckel’salgorithm. The algorithm proceeds as follows: Choose a digital disk of radius R (Risusualy 4, 5,
6, 7, or 8, depending on the application) and a finite number of directions ; (j = 1,..., m) — usualy , = 0°,
45°,90°, 135°.

a; = Y alxy)Hi(z,y)

Step 1. Fori=0,1, ..., 7, compute {z.y)€D(z0,50)

Step 2. Forj=0,1, ..., m compute &y,;) = a,cos,; + a;sin, ;

Step 3. Forj=0,1, ..., m compute g(,;) = a,cos,; + a;sin,;;

Step 4. Forj=0,1, ..., m compute ey,;) = a, + a5(Cos,; - Sin?,)) + a,2sin,;Cos,;;

oy — eoldy) 1.2¢0. 278 3112,
Step 5. Forj=0,1,...,m, computeu(ﬂ") T ey} [El(ﬂ:"}-l-ez[g})] ’

Step 6. Forj =0, 1, ..., m, compute>(,;) = &) + u(,);
Step 7. Find k such that ()l e p(,)l.j=0,1, ... , m;
Step 8. Calculate

u&[ﬂ;_},-"(ﬁ[u{ﬁk]l S (ﬂ»}t)‘
A8/ [(3m) 21 = %) (1 + 20%)),
ay — hl4+ p(3 + p(2 4 p))](1 — p)*/8;

P
h
b

Step 9. Set
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A(Bi)

K =
607 + 2(a3+a3+aj+a2) + 3(a2+a?))/?

and define

_J(bhp,b) K>T
e(xg,yo) = {ﬂ ’ otherwise.

Remarks. The edge image e has either pixel value zero or the parameter (b, h, A, ). Thus, with each edge

pixel we obtain parameters describing the nature of the edge. These parameters could be useful in further
analysis of the edges. If only the existence of an edge pixel is desired, then the algorithm can be shortened by
dropping STEP 8 and defining

1 fK>T

E L. El = a
(0, 30) {{} otherwise,

Note that in this case we also need only compute a,, ..., &, since a, isonly used in the calculation of b.

It can be shown that the constant K in STEP 9 is the cosine of the angle between the vectorsa = (a,, a, ..., &)
ands= (s, Sy, ..., Sy)- Thus, if the two vectors match exactly, then theangleiszeroand K = 1; i.e., ais

aready an ideal edge. If K < 0.9, then thefit is not a good fit in the mean-square sense. For this reason the
threshold T is usually chosenintherange 0.9 d T < 1. In addition to thresholding with T, a further test is often
made to determine if the edge constant factor h is greater than a threshold factor.

Asafinal observation we note that K would have remained the same whether the basis H; or h; had been used
to compute the components a;.

I mage Algebra Formulation
In the algorithm, the user specifies the radius R of the disk over which the ideal step edge isto be fitted to the
image data, afinite number of directions , .4, ... , ., and athreshold T.

- 2
Leta € Hx denote the source image. Define a parameterized templatet(*] :2* - R? , Wherei =0, 1,
.., 1,by

; Hi(x) iflx-yll <R
t(2) (x) = { ' =
( }3"( ) 0 otherwise.
Herey = (y,, ¥,) corresponds to the center of the disk D(y) of radius Rand x = (x;, X,). For j in{0, 1, ..., m},
define i 1R = R by £) = (r,r],).

The agorithm now proceeds as follows:



fori in 0.7 loop
a, = adt)
end loop
for j in 0.m loop
ep,; 1= ag - costy + ag - sind,
ey, 1= ay - cosf; + as . sind,
ep; =8y + a5 {cmzﬂj - sinzﬂr] + ag 2. sind, . cosf,

&0, 2 2 14
i, = =—— +¢
» IE .:I { 1.4 !-J}

Ay i=eg, 4y

end loop

A= (Vla)ymali(A)

c:= cos(ps(A))

§:= sin(pa(A))

By i= Ay -C+Ay -8

e := ay-ct+ag-s

ey := A +ay- (¢?-s?)+a;-2.5-¢

uis i-:'-—ﬁ : {af+e§}§

ei= eof(VE(ute)))

hi= 4- ;Jll',l:l,.l"[v"'ﬂ~‘.'r= (=) (142-5%)]
b= sg=h-[+r-@+r(2+0)] (1-1)/8
k:= pa(A)/[6-ai+2- (af+aj+al+a) +3- [uﬁﬂ#)]*
e:= xs7(k):(b.h,r p(A))

Remarks. Notethat eisavector valued image of four values. If we only seek a Boolean edge image, then
the formulation can be greatly simplified. The first two loops remain the same and after the second loop the
agorithm is modified as follows:

)= V |A;]
=0

k= A/[6-al+2- (al+al+al+al) +3- (al+al)]’
e := ¥sr(k).

Furthermore, one convolution can be saved as a, need not be computed.

Comments and Observations

Experimental results indicate that the Hueckel operator performs well in noisy and highly textured
environments. The operator not only provides edge strength, but also information as to the height of the step
edge, orientation, and distance from the edge pixel.

The Hueckel operator is highly complex and computationally very intensive. The complexity rendersit
difficult to analyze the results theoretically.
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3.17. Divide-and-Conquer Boundary Detection

- Divide-and-conquer boundary detection is used to find a boundary between two known edge points. If two
JUMP'TO TOFIC edge points are known to be on a boundary, then one searches along the perpendiculars of the line segment
_ joining the two points, looking for an edge point. The method is recursively applied to the resulting 2 pairs of

points. The result is an ordered list of points approximating the boundary between the two given points.

The following method was described in [11]. Supposea {0, 1} X isan edge image defined on apoint set X, p
and g denote two edge points, and L(p, q) denotes the line segment joining them. Given D > 0, define a
rectangular point set Sof size 2D x ||p - q|| as shown in Figure 3.17.1

Figure3.17.1 Divide-and-conquer region of search.

Let Y bethe set of al the edge points in the rectangular point set S. Next, choose point r from Y such that the
distance fromr to L(p, q) ismaximal. Apply the above procedure to the pairs (p, r) and (r, Q).

| mage Algebra Formulation

Leta {0,1}* beanedgeimage, andp = (p;, P,), d = (0;, 9,) X bethe two edge points of a. Let L(x, y)
denote the line segment connecting points x and y, and let d(x, L) denote the distance between point x and line
L.

Find arectangular point set Swith width 2D about the line segment connecting p and g. Assume without loss

— win—1{ 22—
of generality that p, d q. Let B (iﬂ~=|). Let pointss, t, u, v be defined as follows:
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s=p+D- (cas(t‘? + —Tr),.sin(ﬂ + %))

2
t=p+D‘(Cﬂ-ﬁ f+ 3;)15?:?1(34' 3;))

u=q+ D tras(l'.‘:"+ g)rSi“(H-l_ %))

v=q+D. (ms(ﬂ'+ %ﬂ-),:}in(ﬂ'+3§)).

Figure 3.17.2 shows the relationships of s, t, u, v, and Sto p and g.

Let f(j, X, y), where x = (x;, X,) and y = (y,, ¥,), denote the first coordinate of the closest point to x on L(x, y)
having second coordinate j, that is,

e =y )ty (ra—ve)myalrimi) g g, £ Y2

Jx,y) = {

m if 3 = yo.

Notethat f is partial inthat it is defined only if thereisapoint on L(X, y) with second coordinate j.
Furthermore, let F(j, w, X, y, z) denote the set 1(8.3) & i € &, f(i.w.x) <@ < f(5.2,¥)}5; that i's, the set of
points with second coordinate j bounded by L(w, x) and L(y, 2).

Figure 3.17.2 Variables characterizing the region of search.

We can then compute the set Scontaining all integral pointsin the rectangle described by corner pointss, t, u,
and v asfollows:

g = &
if ¥ = wug then
for i in [tz]..[wua2] loop
if § = a3 then
if 3 > wg then
5 m SUF{jusuv);
clse

g = SuF(jusawvE)
end if
elae ==3 = &g

il 5 = wy then

5 = SuUF(jsatuwv)
else
H om FUF(fs bt v
end if;
end if;
end loop:

else ——ag > g
for 5 in |wal..[s2] loop
if 5 = t3 then

if 7 = wy then

5 = SuUF{jat sul
else

& om SWEG s tou, v
end if;

elge ——3 = i

il j = wuy then

F o= SUF(j,t v,s,ul
elae

HF = FuU F{j,t,v,v.u};
end if;

end if;
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end loop;
end if.

Let ¥ = domain((als)||=1).. if card(Y) = 0, the line segment joining p and q defines the boundary between
p and g, and our work is finished.

If card(Y) > 0, defineimage b € RY by b(x) = d(x, L(p, q)). Let r = choice(domain{Bll=vb}}). Thus, as
shown in Figure 3.17.3, r will be an edge point in set Sfarthest from line segment L(p, q). The algorithm can
be repeated with points p and r, and with pointsr and g.

" 74
e

Figure 3.17.3 Choice of edge point r.

Comments and Observations

Thistechniqueis useful in the case that alow curvature boundary is known to exist between edge elements
and the noise levelsin the image are low. It could be used for filling in gaps left by an edge
detecting-threshol ding-thinning operation.

Difficulties arise in the use of this technique when there is more than one candidate point for the new edge
point, or when these points do not lie on the boundary of the object being segmented. In our presentation of
the a gorithm, we make a non-deterministic choice of the new edge point if there are several candidates. We
assume that the edge point selection method — which is used as a preprocessing step to boundary detection
— isrobust and accurate, and that all edge points fall on the boundary of the object of interest. In practice,
this does not usually occur, thus the sequence of boundary points detected by this technique will often be
inaccurate.

3.18. Edge Following as Dynamic Programming

The purpose of this particular technique is to extract one high-intensity line or curve of fixed length and
locally low-curvature from an image using dynamic programming. Dynamic programming in this particular
case involves the definition and evaluation of afigure-of-merit (FOM) function that embodies a notion of
“best curvature.” The evaluation of the FOM function is accomplished by using the multistage optimization
process described below (see also Ballard and Brown [11]).

Let X C Z? peafinite point set and suppose g is area-valued function of n discrete variables with each
variable apoint of X. That is,

g: X" —-R
(X1, .- Xn) = g{X1,....Xn).
The objective of the optimization processisto find an n-tuple (X1,---:%n) Xnsuch that

9(%y,..., %) = mazfg(x1,...,Xn) : (X1,-..,%X,) € X"}

It can be shown that if g can be expressed as a sum of functions

9(x1, -, Xn) = g1(x1,X2) + g2(X2,X3) + -+ + gn-1(Xn-1,Xn),
then a multistage optimization procedure using the following recursion process can be applied:
1. Define a sequence of functions fi : X =R recursively by setting
Hix}=0vxeX
frwr(y) = maz{ge(x,y) + fuly) : x € X} Yy € X,
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javascript:displayWindow('images/03-32.jpg',400,320)

fork=1,...,n-1.
2. Foreachy X, determinethe point m,(y) =X, X such that

feer(¥) = gr(xe, ¥) + fu{xk);

that is, find the point x, for which the maximum of the function

ﬁ:’y,k{x} . gk{x-.}’} S fk{x)
isachieved.

The n-tuple{ils ++++Xn can now be computed by using the recursion formula
3. Find Xn X suchthat fn(Xn) = maz{fu(y} : y € X}
4. set & = Muen1(Xewr) fork=n-1, ..., 1.

The input to this algorithm is an edge enhanced image with each pixel location x having edge magnitude e(x)

e 0 and edge direction d(x) € Zs, Thus, only the eight octagonal edge directions 0, 1, ..., 7 are allowed (see
Figure 3.18.2).
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In addition, an a priori determined integer n, which represents the (desired) length of the curve, must be
supplied by the user as input.

TUMPTO TOPIC For two pixel locations X, y of the image, the directional difference q(x, y) is defined by

— q[x,y) = {|d[x] —d(y)| if |d(x)—d(y)| #7
1 otherwise.

The directional difference qis a parameter of the FOM function g which is defined as

n n-1
g, Xn) = Y e(Xi) = D q(k, Xip)
k=1 k=1

subject to the constraints
(i) e(x) >0 (orex,) >k, for some threshold k),

(i) Ixx = xkall € V2 and
(i) axy Xier) d 1.

The solution (R1,.-- %) obtai ned through the multistage optimization process will be the optimal curve
with respect to the FOM function g.

Note that constraint (i) restricts the search to actual edge pixels. Constraint (ii) further restricts the search by
requiring the point x, to be an 8-neighbor of the point x,,,. Constraint (iii), the low-curvature constraint,

narrows the search for adjacent points even further by restricting the search to three points for each point on
the curve. For example, given x,,, with d(x,.,) = 0, then the point x, preceding x,,, can only have directional

values 0, 1, or 7. Thus, x, can only be one of the following 8-neighbors of x,,, shown in Figure 3.18.1.

— -.\\'-'
M. e e

a

Figur €3.18.1 Thethree possible predecessors of X,,.
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In this example, the octagonal directions are assumed to be oriented as shown in Figure 3.18.2.

3 2 1

5 6 7
Figure 3.18.2 The eight possible directions d(x).

In the multistage optimization process discussed earlier, the FOM function g had no constraints. In order to
incorporate the constraints (i), (ii), and (iii) into the process, we define two step functions s, and s, by

31{?'):{30 ifr<o0

ifr>0
and
sl oc ifr>1
. 0 ifr<i.
Redefining g by
g(x1,. .., %n) = g1{x1,X2) + g2(x2,%X3) + -+ + gn—1(Xn—1,Xn),
where

9k(Xky Xk41) = [exe) = s1(e(xa))] = [alxe, Xeg1) + s2(q(xk, Xk41))]

fork=1, ..., n- 1, resultsin afunction which has constraints (i), (ii), and (iii) incorporated into its definition
and has the required format for the optimization process. The algorithm reduces now to applying steps 1

through 4 of the optimization process to the function g. The output (1{1 10 xﬂ) of this process
represents the optimal curve of length n.

| mage Algebra Formulation

The input consists of an edge magnitude image e, the corresponding direction image d, and a positive integer
n representing the desired curve length. The edge magnitude/direction image (e, d) could be provided by the
directional edge detection algorithm of Section 3.10.

X . X wy X
Suppose':e1d} € (R, Zy) .Defineaparameterizedtemplatet (R, Zg)” — [H ]' by

tle.d), (x) = {e(x] —q(x,y) if |x -yl € v2,e(x) >0, and g(x,y) < 1
% —00 otherwise

and afunction ft : RX - X by
h(a) = choice{domain(allva)).
The multistage edge following process can then be expressed as


javascript:displayWindow('images/03-34.jpg',200,208)
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fi:=0 (f; € RX)
forkinl.m -1 loop
fri1:=fAtle,d)
M4y = ho(tle.d)+fi) (notethat ho(tle,d)+fi) e }[x]

end loop

Xp = h{fh}

for kinn—1..1 loop
Ry = mg 1 (Xes1)

end loop

Note that by restricting f, to Y= dﬂmain[e" ::-ﬂ} one may further reduce the search areafor the optimal

curve(il‘ gl ?i“).

Comments and Observations

The agorithm provides the optimal curve of length n that satisfiesthe FOM function. The method is very
flexible and general. For example, the length n of the curve could be incorporated as an additiona constraint
in the FOM function or other desirable constraints could be added.

The method has severa deficiencies. Computation time is much greater than many other local boundary
following techniques. Storage requirements (tables for m,,) are high. The length n must somehow be
predetermined. Including the length as an additional constraint into the FOM function drastically increases
storage and computation requirements.
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Chapter 4
m— Thresholding Techniques
JUMP'TO TOPIC

———- | 4.1 Introduction

This chapter describes severa standard thresholding techniques. Thresholding is one of the simplest and most
widely used image segmentation techniques. The goal of thresholding is to segment an image into regions of
interest and to remove all other regions deemed inessential. The simplest thresholding methods use asingle
threshold in order to isolate objects of interest. In many cases, however, no single threshold provides a good
segmentation result over an entire image. In such cases variable and multilevel threshold techniques based on
various statistical measures are used. The material presented in this chapter provides some insight into
different strategies of threshold selection.

4.2. Global Thresholding

The global thresholding technique is used to isolate objects of interest having values different from the
background. Each pixel is classified as either belonging to an object of interest or to the background. Thisis
accomplished by assigning to apixel the value 1 if the source image value is within a given threshold range
and 0 otherwise [1]. A sampling of algorithms used to determine threshold levels can be found in Sections
4.6,4.7, and 4.8.

The global thresholding procedure is straightforward. Let & € R* be the source image and [h, k] beagiven
threshold range. The thresholded imageb {0, 1} X isgiven by

_f1 ifh<a(x)<k
L e 0 otherwise

foral x X.

Two specia cases of this methodology are concerned with the isolation of uniformly high values or uniformly
low values. In thefirst the thresholded image b will be given by
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o= {3 a5

whilein the second case

o= {4 22!

where k denotes the suitable threshold value.
I mage Algebra Formulation

Leta € R¥ bethe source image and [h, k] be a given threshold range. The thresholded result imageb {0,
1} X can be computed using the characteristic function

b := Xk (a)-
The characteristic functions

b := xzi(a)
and

b:= y<i(a)

can be used to isolate object of high values and low values, respectively.

Comments and Observations

Global thresholding is effective in isolating objects of uniform value placed against a background of different
values. Practical problems occur when the background is nonuniform or when the object and background
assume a broad range of values. Note also that

b= xpu(a) = (xza(a)) - (x<x(a)).
4.3. Semithresholding

Semithresholding is a useful variation of global thresholding [1]. Pixels whose values lie within a given
threshold range retain their original values. Pixels with values lying outside of the threshold range are set to 0.

For asourceimage@ € R and athreshold range [h, K], the semithresholded image b € RX isgiven by

_Jalx) ifh<a(x)<k
b(x) 0 otherwise

foral x X.
Regions of high values can be isolated using

= Jalx) ifa(x)>k
b(x): {l} otherwise

and regions of low values can be isolated using

._ Ja(x) ifa(x) <k
i) . { 0 otherwise.

I mage Algebra Formulation
The image algebra formulation for the semithresholded image b € X over the range of values[h, k] is
bi=a xpu(a).
The images semithresholded over the unbounded sets[k, ) and (- , k] are given by
b(x):=a- Xak{a}



and

b(x):=a- x<x(a),
respectively.
Alternate | mage Algebra Formulation

The semithresholded image can a so be derived by restricting the source image to those points whose values
liein the threshold range, and then extending the restriction to X with value 0. The image algebra formulation
for this method of semithresholding is

b := (alljn ) 1°.

If appropriate, instead of constructing aresult over X, one can construct the subimage c of a containing only
those pixels lying in the threshold range, that is,

c:=al|nx-

Comments and Observations

Figures 4.3.2 and 4.3.3 below show the thresholded and semithresholded images of the original image of the
Thunderbirdsin Figure 4.3.1.

e
A

el g
s

Figure4.3.1 Image of Thunderbirds a.

=

Figure4.3.2 Thresholded image of Thunderbirdsb := C d 190 (a).

Figure 4.3.3 Semithresholded image of Thunderbirdsb :=a - C d 190 (a).

4.4. Multilevel Thresholding

Global thresholding and semithresholding techniques (Sections 4.2 and 4.3) segment an image based on the
assumption that the image contains only two types of regions. Certainly, an image may contain more than two
types of regions. Multilevel thresholding is an extension of the two earlier thresholding techniques that allows
for segmentation of pixelsinto multiple classes[1].

For example, if the image histogram contains three peaks, then it is possible to segment the image using two
thresholds. These thresholds divide the value set into three nonoverlapping ranges, each of which can be
associated with a unique value in the resulting image. Methods for determining such threshold values are
discussed in Sections 4.6, 4.7, and 4.8.

Lea € R¥ be the source image, and let k;,...,k, be threshold values satisfying k; > k, > ... > k.. These values

partition R into n + 1 intervals which are associated with values Vy,...,Vy,, iN the thresholded result image. A

m=1 1 i

typical sequence of result valuesmightbe ** "n """t n*™ The thresholded image‘l:II € RX s gefined by
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v if k< a(x)
b(x) = 4{ ¥ if ki < a(x) < k,;_l
Un+1 if a(x) ‘_: kn

| mage Algebra Formulation
Definethefunction / : B — R by

(o ifki <r
f(f'): Vi ifk; <r<ki_;
Vps1 ifr < k,.

The thresholded image b € R¥ can be computed by composing f with a, i.e.,
b:=foa.

4.5. Variable Thresholding

No single threshold level may produce good segmentation results over an entire image. Variable thresholding
alows different threshold levelsto be applied to different regions of aimage.

For example, objects may contrast with the background throughout an image, but due to uneven illumination,
objects and background may have lower values on one side of the image than on the other. In such instances,
the image may be subdivided into smaller regions. Thresholds are then established for each region and global
(or other) thresholding is applied to each subimage corresponding to aregion [1].

The exact methodology isasfollows. Let a € R* pe the source image, and letimage d € R® genote the
region threshold value associated with each point in X, that is, d(X) is the threshold value associated with the
region in which point x lies. The thresholded imageb {0, 1} X is defined by

1 ifa(x)= d(x)
b(x)= {u if a(x)< d(x).
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| mage Algebra Formulation

The thresholded image b can be computed as follows:
JUMP'TO TOPIC

E— )
Comments and Observations

Variable thresholding is effective for images with locally bimodal histograms. This method will produce the
desired results if the objects are relatively small and are not clustered too close together. The subimages
should be large enough to ensure that they contain both background and object pixels.

The same problems encountered in global thresholding can occur on alocal level in variable thresholding.
Thus, if an image has locally nonuniform background, or large ranges of valuesin some regions, or if the
multimodal histogram does not distinguish object from background, the technique will fail. Also, it isdifficult
to define the image d without some a priori information.

4.6. Threshold Selection Using Mean and Standard Deviation

In this section we present the first of three automatic thresholding techniques. The particular threshold derived
hereisalinear combination, k¥4 + k,A, of the mean and standard deviation of the source image and was

proposed by Hamadani [2]. The mean and standard deviation are intrinsic properties of the source image. The
weights k; and k, are pre-selected, based on image type information, in order to optimize performance.
For agivenimage & € R* where X isanmxn grid, the mean ¥ and standard deviation A of a are given by

H= ﬁ ZZ&{#;]

im] jm=]
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o= \J L33 (alind) -

im] jm]
respectively. The threshold level A is set at
T=kp+ ko,

where the constants k, and k, are image type dependent.
I mage Algebra Formulation

Leta € Hx, where X = z'r'n X zn. The mean and standard deviation of a are given by theimage
agebra statements

and

S xS

Thethreshold level is given by
T:=kip+ kqo.
Comments and Observations

For typical low-resolution IR imagesk, = k, = 1 seemsto work fairly well for extracting “warm” objects. For
higher resolution k;, = 1 or k; = 1.5 and k, = 2 may yield better results.

Figure 4.6.1 show an origina IR image of ajeep (top) and three binary images that resulted from thresholding
the original based on its mean and standard deviation for various k; and k.

|

Figure4.6.1 Thresholding an image based on threshold level A = k %+ k,A for variousk; and k,: (a) k; = 1,
k,=1,A =145 (b) k, =1, k,=2,A =174, (c) k, = 1.5, k, = 1, A = 203. At the bottom of the figure is the
histogram of the original image. The threshold levels corresponding to images (a), (b), and (c) have been
marked with arrows.

4.7. Threshold Selection by Maximizing Between-Class Variance

In this section we present the method of Otsu [3, 4] for finding threshold parametersto be used in
multithresholding schemes. For a given k the method finds thresholds0d A, < A, < ... <A, , <| - 1for

X
partitioning the pixels of @ € (Zr)™ into the classes

Co={{x.a(x)):0<a(x)<n}
Ci = {(x,a(x)) : i< a(x) € 7isa }

Cror = {(x,a(x)) : i< alx) £1-1}

by maximizing the separability between classes. Between-class variance is used as the measure of separability
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between classes. Its definition, which follows below, uses histogram information derived from the source
image. After threshold values have been determined, they can be used as parameters in the multithresholding
algorithm of Section 4.4.

x e
Let2 € (Z1)” andlet I be the normalized histogram of a (Section 10.10). The pixelsof a areto be
partitioned into k classes C,,, C,,...,C, , by selecting the A;’ s as stipul ated below.

The probabilities of class occurrence Pr(C;) are given by

T
Pr(Co) = wo = 3 B(j) = win)

Fuuid

Tiwl

PriC)=wi= Y B(j)=wlra)—w(n)

j=mi+l

-1
PriCeoy)=wy—y = Z R(j) =1 = wine-1),

J=7r_1+l

Th o .
w(n) = 3 h(j) _ _ )
where j=0 is the Oth-order cumulative moment of the histogram evaluated up to the A th level.
The class mean levels are given by

j=p wiT1)
o <« j-h(j) _ #lrian) = plm)
e -"E"l 1 w(Tiy1) — w(m)

-1 . .
Pr-1 = z i-hG) _ i = i)

wh-1 1= w(7k-1)’

J=Ti-1+1

ur) = 35 -B(s) _ . ]

where =0 is the 1st-order cumulative moment of the histogram up to the A;th level and
-1 e

p= 2 j-h(j)

Jj=0 isthe total mean level of a.

In order to evaluate the goodness of the thresholds at levelsOd A; < A, < ... <A, , <I-1, the between-class

2
variance is used as discriminant criterion measure of class separability. This between-class variance This

defined as
2 _ 2 2 2
op = wolpo — p)” +wrln — p)" - Fwp—1 (g1 — )
or, equivaently,

of = woptp +wipt + -+ Wk—lﬁi—l - pl.

2
Note that Tb isafunction of A A,,...,A, (if we substitute the corresponding expressionsinvolving the

2
A.’s). The problem of determining the goodness of the A’ s reduces to optimizing T , i.e,, to finding the

2
maximum of 7 b (Tl’s T2yern 1T.i:—1)or



mmv(wn,uﬁ +¢J1H? + -+ wx-_mi_l == .152)-
< <m< < Ty <l-1

Totheleftin Figure 4.7.1 is the blurred image of three nested squares with pixel values 80, 160, and 240. Its
histogram below in Figure 4.7.2 shows the two threshold levels. 118 and 193, that result from maximizing the

variance between three classes. The result of thresholding the blurred image at the levels aboveis seen in the
image to the right of Figure 4.7.1.

10

Figure4.7.1 Blurred image (left) and the result of thresholding it (right).

F'igu'r e 472 Hi&ogram of blurred image with threshold levels marked.
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| mage Algebra Formulation

We will illustrate the image a gebra formulation of the algorithm for k = 3 classes. It is easily generalized for

JUMPTOTOPIC other kwith1d k<1 - 1.

[ ] x BoaE
Letd € (L) bethe source image. Let h and € be the normalized histogram and normalized cumulative

histogram of a, respectively (Sections 10.10 and 10.11). The 1st order cumulative moment image u of his
given by

wom E t [:E}I f
wheret isthe parameterized template defined by

(@50 = {37 i

The image a gebra pseudocode for the threshold finding algorithm for k = 3 is given by the following
formulation:
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m:=0

=0
T2:=10
pi=ufl-1)

for i in 0.0 — 2 loop
for jini+ 1.0 =1 loap
wp =& (i)
wy = B(F) = E(i)
wy 1= 1-%(5)
= u®)
T wp
_ ulj) - ufs)
wh
= u(j)
e
of 1= wopd +wiid +wyd — 4t
if o > m then
T i=t
=g
m:=a§

My G

ey 2=

end if
and loop
end loop.

When the agorithm terminates, the desired thresholds are A; and A,

Comments and Observations

This algorithm is an unsupervised algorithm. That is, it has the advantageous property of not requiring human
intervention. For large k the method may fail unless the classes are extremely well separated.

In the figures below, the directional edge detection algorithm (Section 3.10) has been applied to the source
image in Figure 4.7.3. The magnitude image produced by the directional edge detection algorithm is
represented by Figure 4.7.4. The directional edge magnitude image has 256 gray levels. Its histogram can be
seen in Figure 4.7.6.

Otsu’s algorithm has been applied to find a bi-level threshold A, that can be used to clean up Figure 4.7.4.
Thethreshold level is determined to be 105, which liesin the valley between the broad peak to the left of the
histogram and the spiked peak at 255. The threshold is marked by an arrow in Figure 4.7.6. The thresholded
image can be seen in Figure 4.7.5.

Figure4.7.3 Source image of a causeway with bridge.

Figure 4.7.4 Magnitude image after applying directional edge detection to Figure 4.7.3.

Figure4.7.5 Result of thresholding Figure 4.7.4 at level specified by maximizing between-class variance.

F:ig-l;re 4.7.6 Hiétogram of edge magnitude image (Figure 4.7.4).
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4.8. Threshold Selection Using a Simple Image Statistic

The simple image statistic (SIS) algorithm [5, 4, 6] is an automatic bi-level threshold selection technique. The
method is based on simple image statistics that do not require computing a histogram for the image. Let

ac Rx be the source image over an m x narray X. The SIS algorithm assumes that a is an imperfect
representation of an object and its background. The ideal object is composed of pixelswith gray level a and
the ideal background has gray level b.

Let &(i, j) be the maximum in the absolute sense of the gradient masks s and t (below) applied to a and
centered at (i,j) X.

In[5], it is shown that

3 3 lali.d) - e(i, )]

i=13

-

‘:z ‘2 leGi, 5)|

The fraction on the right-hand side of the equality is the midpoint between the gray level of the object and
background. Intuitively, this midpoint is an appealing level for thresholding. Experimentation has shown that
reasonably good performance has been achieved by thresholding at this midpoint level [6]. Thus, the SIS
algorithm setsits threshold A equal to

W,

ﬂ+b
2 .

Fi

1=1;

™

la(Z,7) -e(i, 7)|

T =

um- i

E le(i, )|

Theimageto theleft in Figure 4.8.1 isthat of a square region with pixel value 192 set against a background
of pixel value 64 that has been blurred with a smoothing filter. Its histogram (seen in Figure 4.8.2) is bimodal.
The threshold value 108 selected based on the SIS method divides the two modes of the histogram. The result
of thresholding the blurred image at level 108 is seen in the image to the right of Figure 4.8.1.

LIC]

Figure4.8.1 Blurred image (left) and the result of thresholding (right) using the threshold level determined
by the SIS method.

| mage Algebra Formulation

Leed@ € Rx be the source image, Wherex = Im X In. Let sand t be the templates pictured
below.

1 N

Lete: = [ag|| [a-t|. The SIS threshold is given by the image algebra statement

2 (e-]a])
- Ye

T:=
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Figu}é 482 I;-IisEogram of blurred image.

Comments and Observations

Figures 4.8.4 and 4.8.5 are the results of applying Otsu’s (Section 4.7) and the SIS algorithms, respectively, to
the source image in Figure 4.8.3. The histogram of the source image with the threshold levels marked by
arrows is shown in Figure 4.8.6. Note that the maximum between class variance for Otsu’ s threshold occurred
at gray level values 170 through 186. Thus, the smallest gray level value at which the maximum
between-class variance occurred was chosen as the Otsu threshold level for our illustration.

Figure 4.8.3 Original image.

Canl =

Figure4.8.4 Bi-level threshold image using Otsu’s agorithm.

ol ==

i

Figure 4.8.5 Bi-level threshold image using the SIS algorithm.

F.igu-re 21.8.6 Histogram of original image with threshold levels marked by arrows.
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Chapter 5
mm—— Thining and Skeletonizing
JUMP'TO TOPIC

- | 5.1.Introduction

Thick objects in a discrete binary image are often reduced to thinner representations called skeletons, which
are similar to stick figures. Most skeletonizing algorithms iteratively erode the contours in a binary image
until athin skeleton or single pixel remain. These algorithms typically examine the neighborhood of each
contour pixel and identify those pixels that can be deleted and those that can be classified as skeletal pixels.

Thinning and skeletonizing algorithms have been used extensively for processing thresholded images, data
reduction, pattern recognition, and counting and labeling of connected regions. Another thinning application
is edge thinning which is an essential step in the description of objects where boundary information is vital.
Algorithms given in Chapter 3 describe how various transforms and operations applied to digital imagesyield
primitive edge elements. These edge detection operations typically produce a number of undesired artifacts
including parallel edge pixelswhich result in thick edges. The aim of edge thinning is to remove the inherent
edge broadening in the gradient image without destroying the edge continuity of the image.

5.2. Pavlidis Thinning Algorithm

The Pavlidis thinning transform is a simple thinning transform [1]. It provides an excellent illustration for
translating set theoretic notation into image algebra formulation.

Leta {0, 1}* denote the sourceimage and let A denote the support of a; i.e.,, A={x X:a(x)=1}.The
inside boundary of A is denoted by IB(A). The set C(A) consists of those points of IB(A) whose only
neighborsarein IB(A) or A2.

The algorithm proceeds by starting with n = 1, setting A° equal to A, and iterating the statement

A" := C(A™ ) u (A" T\ IB(A™Y)) (5.2.1)
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until An= An-1,

It isimportant to note that the algorithm described may result in the thinned region having disconnected
components. This situation can be remedied by replacing Eg. 5.2.1 with

A" = C(A™!)u (A \IB(A"" 1)) u (OB(C(A" 1)) nA™T)

where OB(R) is the outside boundary of region R. The trade-off for connectivity is higher computational cost
and the possibility that the thinned image may not be reduced as much. Definitions for the various boundaries
of aBoolean image and boundary detection algorithms can be found in Section 3.2.

Figure 5.2.1 below shows the disconnected and connected skeletons of the SR71 superimposed over the
origina image.

Figdre 5.2.1 Disconnected and connected Pavlidis skeletons of the SR71.

I mage Algebra Formulation
Define neighborhoods M, and M as shown in Figure 5.2.2. The image algebra

e 1 W

Figlﬁ'r'é'5.2.2' I'\I'éi”ghborhoods used for Pavlidis thinning algorithm.

formulation of the Pavlidis thinning algorithm is now as follows:

b:=0
while b # a loop
b:=a
e:=al@g M
i:=e"Aa
c:= x=ol{aAi")BMy) Ad
a=cve
end loop.

When the |oop terminates the thinned image will be contained in image variable a. The correspondences
between the images in the code above and the mathematical formulation are

e = croded a.

e"=l-e.

i = inside hboundary of A = [B{A).
i"=1-1 and

c = C(A).

If connected components are desired then the last statement in the loop should be changed to
a:=cVeV(c°A(c M)Aa)

Comments and Observations

There are two approaches to this thinning algorithm. Note that the mathematical formulation of the algorithm
isinterms of the underlying set (or domain) of the image a, while the image algebra formulation is written in
terms of image operations. Since image algebra also includes the set theoretic operations of union and
intersection, the image algebra formulation could just as well have been expressed in terms of set theoretic


javascript:displayWindow('images/05-01.jpg',450,202)
javascript:displayWindow('images/05-01.jpg',450,202)
javascript:displayWindow('images/05-02.jpg',450,143)
javascript:displayWindow('images/05-02.jpg',450,143)

notation; i.e., A := domain(al|,), A2 := domain(al|,), and so on. However, deriving the sets IB(A) and C(A)
would involve neighborhood or template operations, thus making the algorithm less translucent and more
cumbersome. The image-based algorithm is much cleaner.

5.3. Medial Axis Transform (MAT)

X
Let X C R% a € {0,1}" andlet A denote the support of a. The medial axisisthe set, M C A
consisting of those points x for which there exists aball of radiusr,, centered at x, that is contained in A and

intersects the boundary of A in at least two distinct points. The dotted line (center dot for the circle) of Figure
5.3.1 represents the medial axis of some simple regions.

Figure5.3.1 Medial axes.
The medial axistransformm isagray level image defined over A by

_[rx ifxeM

mix) = E
(%) 0 otherwise
The media axis transform is unique. The original image can be reconstructed from its media axis transform.

The media axis transform evolved through Blum’s work on animal vision systems[1-10]. Hisinterest
involved how animal vision systems extract geometric shape information. There exists a wide range of
applications that finds aminimal representation of an image useful [7]. The media axistransformis
especially useful for image compression since reconstruction of an image from its medial axistransformis
possible.

Let B, (x) denote the closed ball of radiusr and centered at x. The medial axis of region A isthe set
M={x€A : 3rx € R* 3B, (x) C A, and card(B,,(x) NJA) > 2}
The medial axis transform isthe function 1 : A — R* defined by

m(x) = {fr,( if x e M
0  otherwise
The reconstruction of the domain of the original image a in terms of the medial axis transform m is given by
A= U Bm{x} (K]
xeM
Theoriginal image aisthen

a)= {1 ifxcA
=10 ifxeX\A
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| mage Algebra Formulation

: Leta {0, 1}* denote the source image. Usually, the neighborhood N isadigital disk of a specified radius.
JUMP'TO TOPIC The shape of the digital disk will depend on the distance function used. In our example N is the von Neumann

— neighborhood shown in Figure 5.3.2 below.

Figure 5.3.2 von Neumann neighborhood.

The following image algebra pseudocode will generate the medial axis transform of a. When the loop
terminates the medial axis transform will be stored in the image variable m.
i:=1
m:=10
while a # 0 loop
b:=a-x=o((al N)& N)
ti=t41
m:=m+ (i-b)
a:=a@AN
end loop.

The result of applying the medial axis transform to the SR71 can be seen in Figure 5.3.3. The medial axis
transformation is superimposed over the origina image of the SR71 which is represented by dots.
Hexadecimal numbering is used for the display of the medial axis transform.
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Figure5.3.3 MAT superimposed over the SR71.

The original image a can be recovered from the medial axis transform m using the image a gebra expression

a:= V {X:k{mj il Nk]
fe=1

The reconstruction in this case will not be exact. Applying the algorithm to a small square block will show
how the reconstruction fails to be exact.

Comments and Observations

The medid axis transform of a connected region may not be connected. Preserving connectivity is adesirable
property for skeletonizing transforms.

The application of the medial axis on adiscretized region may not represent a good approximation of the
medial axis on the continuous region.

Different distance functions may be used for the medial axis transform. The choice of distance function is
reflected by the template or neighborhood employed in this algorithm.

5.4. Distance Transforms

A distance transform assigns to each feature pixel of abinary image avalue equal to its distance to the nearest
non-feature pixels. The algorithm may be performed in parallel or sequentialy [11]. In either the parallel or
sequential case, global distances are propagated using templates that reflect local distances to the target point
of thetemplate [9, 11, 12, 13].

A thinned subset of the original image can be derived from the distance transform by extracting the image that
consists of the local maxima of the distance transform. This derived subset is called the distance skeleton. The
original distance transform, and thus the origina binary image, can be reconstructed from the distance
skeleton. The distance skeleton can be used as a method of image compression.

Let a be abinary image defined on X C 2% with for feature pixels and O for non-feature pixels. The SR71
of Figure 5.4.1 will serve as our source image for illustrations purposes. An asterisk represents a pixel value
of . Non-feature pixel values are not displayed.

Figure 5.4.1 Source hinary image.

The distance transform of aisagray level image b £ BX gch that pixel vaue b(i, j) isthe distance
between the pixel location (i, j) and the nearest non-feature pixels. The distance can be measured in terms of
Euclidean distance, city block, or chess block, etc., subject to the application’ s requirements. The result of
applying the city block distance transform to the image of Figure 5.4.1 can be seen in Figure 5.4.2. Note that
hexadecimal numbering is used in the figure.
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The distance skeleton c of the distance transform b is the image whose nonzero pixel values consist of local
maxima of b. Figure 5.4.3 represents the distance skeleton extracted from Figure 5.4.2 and superimposed over
the original SR71 image.

The restoration transformis used to reconstruct the distance transform b from the distance skeleton c.

Figure 5.4.2 Distance transform image.
| mage Algebra Formulation

Let X C 7% anda {0, }* bethe sourceimage. Note that the templates 5 t = (t#:t<) and u may be
defined according to the specific distance measure being used. The templates used for our city block distance
example are defined pictorially below in Figure 5.4.4.

Distance transform

The distance transform b of a, computed recursively, is given by
b:= {aEI ..<t-) Al :;..t-'F

where = isthe forward scanning order defined on X and 7 isthe backward scanni ng order defined on X.
The parallel image algebra formulation for the distance transform is given by

b:=0

while a # b loop
b:=a
a:=(aflu)

end loop.

Figure5.4.3 Distance skeleton.

+-[e]ele]n- ".if.i'.

I

Figufé 5.4.4 Templates used for city block distance image algebra formulation.

Distance skeleton transform

The distance skeleton transform is formulated nonrecursively as
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c:=b-x=o((b@s) - b)

Restoration transform

The restoration of b from ¢ can be done recursively by

bi=(cB <(~t)) @ ¢’
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5.5. Zhang-Suen Skeletonizing

e —— The Zhang-SQuen transformis one of many derivatives of Rutovitz' thinning algorithm [6, 7, 14, 15, 16]. This
» JUMP TO TOPIC class of thinning algorithms repeatedly removes boundary points from aregion in a binary image until an
_ irreducible skeleton remains. Deleting or removing a point in this context means to change its pixel value

from 1 to 0. Not every boundary point qualifies for deletion. The 8-neighborhood of the boundary point is
examined first. Only if the configuration of the 8-neighborhood satisfies certain criteriawill the boundary
point be removed.

It is the requirements placed on its 8-neighborhood that qualify a point for deletion together with the order of
deletion that distinguish the various modifications of Rutovitz' original algorithm. Some of the derivations of
the original agorithm are applied sequentially, and some are parallel algorithms. One iteration of a parallel
algorithm may consist of several subiterations, targeting different boundary points on each subiteration. Itis
the order of removal and the configuration of the 8-neighborhood that qualify a boundary point for deletion
that ultimately determine the topological properties of the skeleton that is produced.

The Zhang-Suen skeletonizing transform is a parallel algorithm that reduces regions of a Boolean image to an
8-connected skeletons of unit thickness. Each iteration of the algorithm consists of two subiterations. The first
subiteration examines a3 x 3 neighborhood of every southeast boundary point and northwest corner point.
The configuration of its 3 x 3 neighborhood will determine whether the point can be deleted without
corrupting the ideal skeleton. On the second subiteration a similar processis carried out to select northwest
boundary points and southeast corner points that can be removed without corrupting the ideal skeleton. What
is meant by corrupting the ideal skeleton and a discussion of the neighborhood configurations that make a
contour point eligible for deletion follows next.

Leta {0, 1}* be the source image. Select contour points are removed iteratively from a until a skeleton of
unit thickness remains. A contour (boundary) point is a point that has pixel value | and has at least one
8-neighbor whose pixel valueis 0. In order to preserve 8-connectivity, only contour points that will not
disconnect the skeleton are removed.

Each iteration consists of two subiterations. The first subiteration removes southeast boundary points and
northwest corner points. The second iteration removes northwest boundary points and southeast corner points.
The conditions that qualify a contour point for deletion are discussed next.
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Let py, p,, ..., Pg bethe 8-neighbors of p. (See Figure 5.5.1 below.) Recalling our convention that boldface
characters are used to represent points and italics are used for pixel values, let p, = a(p,),i {1....,8}.

[ 5 T Lo
B¢ ]m
? A
E‘s 3 p‘
A |

Figure5.5.1 The 8-neighbors of p.

Let B(p) denote the number of nonzero 8-neighbors of p and let A(p) denote the number of zero-to-one
transitions in the ordered sequence p,, P, .., Pg, P;- If p isacontour point and its 8-neighbors satisfy the
following four conditions listed below, then p will be removed on the first subiteration. That is, the new value
associated with p will be 0. The conditions for boundary pixel removal are

() 2dB(p) d6

(b) Alp)=1
(© pr-pP3-ps=0
(d) ps-ps-p;,=0

In the example shown in Figure 5.5.2, p is not eligible for deletion during the first subiteration. With this
configuration B(p) =5 and A(p) = 3.

Lo 1|1

1 P 0
R
|’| 0|1

Figure 5.5.2 Example pixel values of the 8-neighborhood about p.

Condition (a) insures that endpoints are preserved. Condition (b) prevents the deletion of points of the
skeleton that lie between endpoints. Conditions (¢) and (d) select southeast boundary points and northwest
corner pointsfor the first subiteration.

A contour point will be subject to deletion during the second subiteration provided its 8-neighbors satisfy
conditions (a) and (b) above, and conditions (c2) and (d2) are given by

(€2) pr-ps-p;=0

(d2) py-ps-p;=0

Iteration continues until either subiteration produces no change in the image. Figure 5.5.3 shows the
Zhang-Suen skeleton superimposed over the original image of the SR71.

Figure 5.5.3 Zhang-Suen skeleton of the SR71.
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: Leta {0, 1}* bethe sourceimage. The templatet, defined pictorialy in
_JLIMP T0 TOPIG

e il

Figure5.5.4 “Census template used for Zhang-Suen thinning.

Figure 5.5.4, is a census template used in conjunction with characteristic functions defined on the sets
S, ={3,6,7, 12, 14, 15, 24, 28, 30, 48, 56, 60, 62, 96,

112, 120, 129, 131, 135, 143, 192, 193, 195, 199,

207, 224, 225, 227, 231, 240, 241, 243, 248, 249}

S,={3,6,7, 12, 14, 15, 24, 28, 30, 31, 48, 56, 60, 62
63, 96, 112, 120, 124, 126, 129, 131, 135, 143,
159, 192, 193, 195, 224, 225, 227, 240, 248, 252}

to identify points that satisfy the conditions for deletion. S, targets points that satisfy (a) to (d) for the first
subiteration and S, targets points that satisfy (a), (b), (c2), and (d2) for the second subiteration.

The image agebra pseudocode for the Zhang-Suen skeletonizing transformis
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b:=0

while (a # b) loop
b:=a
a:=a-(1-xs,(adt))
a:=a- (1 - xs,(a®t))

end loop.

It may be more efficient to use lookup tables rather than the characteristic functions CS,, and CS,. The lookup
tables that correspond to CS,, and CS, are defined by

‘ﬁﬂz{l if r €5,

0 otherwise, and

_J1 ifreS,
g(r) = {[.‘r otherwise,

respectively.

Comments and Observations

The Zhang-Suen algorithm reduces the image to a skeleton of unit pixel width. Endpoints are preserved. The
Zhang-Suen algorithm is also immune to contour noise. The transform does not allow reconstruction of the
original image from the skeleton.

Two-pixel-wide diagonal lines may become excessively eroded. 2 x 2 blocks will be completely removed.

Finite sets A and B are homotopic if there exists a continuous Euler number preserving one-to-one
correspondence between the connected components of A and B. The fact that 2 x 2 blocks are removed by the
Zhang-Suen transform means that the transform does not preserve homotopy. Preservation of homotopy is
considered to be an important topological property. We will provide an example of athinning algorithm that
preserves homotopy in Section 5.6.

5.6. Zhang-Suen Transform — Modified to Preserve Homotopy

The Zhang-Suen transform of Section 5.5 is an effective thinning algorithm. However, the fact that 2 x 2
blocks are completely eroded means that the transform does not preserve homotopy. Preservation of
homotopy is adesirable property of athinning algorithm. We take this opportunity to discuss what it means
for athinning transform to preserve homotopy.

Two finite sets A and B are homotopic if there exists a continuous Euler number preserving one-to-one
correspondence between the connected components of A and B.

Figure 5.6.1 shows the results of applying the two versions of the Zhang-Suen thinning algorithm to an image.
The original image is represented in gray. The largest portion of the origina imageisthe SR71. A 3 x 3-pixel
square hole has been punched out near the top center. An X has been punched out near the center of the SR71.
A 2 x 2-pixel square has been added to the lower right-hand corner. The original Zhang-Suen transform has
been applied to the image on the | eft. The Zhang-Suen transform modified to preserve homotopy has been
applied to the image on the right. The resulting skeletons are represented in black.

The connectivity criterion for feature pixelsis 8-connectivity. For the complement 4-connectivity isthe
criterion. In analyzing the image, note that the white X in the center of the SR71 is not one 8-connected
component of the complement of the image, but rather nine 4-connected components.

The feature pixels of the original image are contained in two 8-connected components. Its complement
consists of eleven 4-connected components. The skeleton image produced by the original Zhang-Suen
agorithm (left Figure 5.6.1) has one 8-connected components. Its complement has eleven 4-connected
components. Therefore, there is not a one-to-one correspondence between the connected components of the
origina image and its skeleton.



Notice that the modified Zhang-Suen transform (right Figure 5.6.1) does preserve homotopy. Thisis because
the 2 x 2 in the lower right-hand corner of the original image was shrunk to a point rather than being erased.

To preserve homotopy, the conditions that make a point eligible for deletion must be made more stringent.
The conditions that qualify a point for deletion in the original Zhang-Suen algorithm remain in place.
However, the 4-neighbors (see Figure 5.5.1) of the point p are examined more closely. If the target point p
has none or one 4-neighbor that has pixel value 1, then no change is made to the existing set of criteriafor
deletion. If p has two or three 4-neighbors with pixel value 1, it can be deleted on the first pass provided p, -

ps = 0. It can be deleted on the second passif p, - p;, = 0. These changes insure that 2 x 2 blocks do not get
completely removed.

Figure5.6.1 Original Zhang-Suen transform (left) and modified Zhang-Suen transform (right).

I mage Algebra Formulation

As probably anticipated, the only effect on the image algebra formulation caused by modifying the
Zhang-Suen transform to preserve homotopy showsup in the sets S, and S, of Section 5.5. The sets S2, and S
2, that replace them are

S2,.=5,1{28, 30, 60, 62}

and

S2,=S,\{193, 195, 225, 227}.
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5.7. Thinning Edge Magnitude Images

e The edge thinning algorithm discussed here uses edge magnitude and edge direction information to reduce the
JUMP'TO TOFIC edge elements of an image to a set that is only one pixel wide. The algorithm was originally proposed by
_ Nevatiaand Babu [17]. The algorithm presented here is a variant of Nevatia and Babu’ s algorithm. It was
proposed in Ritter, Gader, and Davidson [18] and was implemented by Norris[19].

The input to the algorithm is an image of edge magnitudes and directions. The input image is also assumed to
have been thresholded. The edge thinning algorithm retains a point as an edge point if its magnitude and
direction satisfy certain heuristic criteriain relation to the magnitudes and directions of two of its 8-neighbors.
The criteriathat a point must satisfy to be retained as an edge point will be presented in the next subsection.

The edge image that was derived in Section 3.10 will serve as our example source image. Recall that even

1']
after thresholding the thickness of the resulting edges was undesirable. Let a = (m, d) (F)" peai mage with

£
edge magnitudes ™ € R™ and directions d € HI’. Therange of d in this variation of the edge thinning

agorithm isthe set (in degrees), {U" 40,60, .. ., 33{]} CR .

To understand the requirements that a point must satisfy to be an edge point, it is necessary to know what is
meant by the expression “the two 8-neighbors normal to the direction at a point.” The two 8-neighbors that
comprise the normal to a given horizontal or vertical edge direction are apparent. The question then arises
about pointsin the 8-neighborhood of (i, j) that lie on the normal to, for instance, a 30° edge direction. For
non-vertical and non-horizontal edge directions, the diagonal elements of the 8-neighborhood are assumed to
make up the normals. For example, thepoints(i - 1, - 1) and (i + 1, j + 1) are on the normal to a 30° edge
direction. These two points are aso on the normal for edge directions 60°, 210°, and 240° (see Figure 5.7.1).
We are now ready to present the conditions a point must satisfy to qualify as an edge point.

Figu_re 5.7.1 Directionsand their 8-nei ghborhood normals about (i, ).
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An edge element is deemed to exist at the point (i, j) if any one of the following sets of conditions hold:
(1) The edge magnitudes of points on the normal to d(i, j) are both zero.

(2) The edge directions of the points on the normal to d(i, j) are both within 30° of d(i, j), and m(i, j) is
greater than the magnitudes of its neighbors on the normal.

(3) One neighbor on the normal has direction within 30° of d(i, j), the other neighbor on the normal has
direction within 30° of d(i, j) + 180°, and m(i, j) is greater than the magnitude of the former of itstwo
neighbors on the normal.

The result of apply the edge thinning algorithm to Figure 3.10.3 can be seen in Figure 5.7.2.

| mage Algebra Formulation

Il el x.
Let #= (m.d) € (R)™ e an jmage on the point set X, where M € R% isthe edge magnitude image, and
d € R® jsthe edge direction image.

The parameterized template t(i) has support in the three-by-three 8-neighborhood about its target point. The
ith neighbor (ordered clockwise starting from bottom center) has value 1. All other neighbors have value 0.
Figure 5.7.3 provides an illustration for the case i = 4. The small humber in the upper right-hand corner of the
template cell indicates the point’s position in the neighborhood ordering.

Thefunctiong: {0, 30, ..., 330} ' {0, 1, ..., 7} defined by

o) = | X

isused to defined theimagei = g(d) {0, ..., 7}x. The pixel valuei(x) is equal to the positional value of one
of the 8-neighbors of x that is on the normal to d(x).

The function f is used to discriminate between points that are to remain as edge points and those that are to be
deleted (have their magnitude set to 0). It is defined by

F ] Wang = me =10

[T R=TET T 3R LIPS
izr_'fll E'mb
szl — 5] £ 0

flema Ty, e i iy, ofs) = 4 ifm ',:l-m;.]ﬂ—dl]l'*_'{m
Anl]lEy 4 o = i3] 53

B oy, | - o £ 30,
and L8 = 2= ] £30

(LY ntkerwier,

The edge thinned image be (R?)™ can now be expressed as

b := flm, m @), m Pt((i + 4)mod 8), d, d Bt(i), d Bt ((i + 4) mod 8))

‘"

I':igure 5.7.2 Thinned edges with direction vectors.
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Figur e5.7.3 Parameterized template used for edge thinning.
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Chapter 6
mm—— Connected Component Algorithms
JUMP'TO TOPIC

- | 6.1.Introduction

A wide variety of techniques employed in computer vision reduce gray level imagesto binary images. These
binary images usually contain only objects deemed interesting and worthy of further analysis. Objects of
interest are analyzed by computing various geometric properties such as size, shape, or position. Before such
an analysisis done, it is often necessary to remove various undesirable artifacts such as feelers from
components through pruning processes. Additionally, it may be desirable to label the objects so that each
object can be analyzed separately and its properties listed under its' label. As such, component labeling can be
considered afundamental segmentation technique.

The labeling of connected components also provides for the number of componentsin an image. However,
there are often faster methods for determining the number of components. For example, if components
contain small holes, the holes can be rapidly filled. An application of the Euler characteristic to an image
containing components with no holes provides one fast method for counting components. This chapter
provides some standard labeling algorithms as well as examples of pruning, hole filling, and component
counting algorithms.

6.2. Component Labeling for Binary Images

Component labeling algorithms segment the domain of a binary image into partitions that correspond to
connected components. Component labeling is one of the fundamental segmentation techniques used in image
processing. Aswell as being an important segmentation technique in itself, it is often an element of more
complex image processing algorithms [1].

The set of interest for component labeling of animage, a {0, 1}%, isthe set of points YCX that have
pixel value 1. This set is partitioned into disjoint connected subsets. The partitioning is represented by an
image b in which al points of Y that lie in the same connected component have the same pixel value. Distinct
pixel values are assigned to distinct connected components.
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Either 4- or 8-connectivity can be used for component labeling. For example, let theimageto theleftin
Figure 6.2.1 be the binary source image (pixel values equal to 1 are displayed with black). Theimagein the
center represents the labeling of 4-components. The image to the right represents the 8-components. Different
colors (or gray levels) are often used to distinguish connected components. Thisiswhy component labeling is
also referred to as blob coloring. From the different gray levelsin Figure 6.2.1, we see that the source image
has five 4-connected components and one 8-connected component.

2 oFL

Figure6.2.1 Original image, |abeled 4-component image, and |abeled 8-component image.

| mage Algebra Formulation
Leta {0, 1}* bethe source image, where X isan m x n grid. Let theimage d be defined by
dii,jl=(i=1m+jwherel <i<mand 1<j<n.

The agorithm starts by assigning each black pixel aunique label and uses c to keep track of component labels
asit proceeds. The neighborhood N has one of the two configurations pictured below. The configuration to
the left is used for 4-connectivity and the configuration to the right is used for 8-connectivity.

R g
ancftoliasadd | PR S

When the loop of the pseudocode below terminates, b will be the image that contains connected component
information. That is, points of X that have the same pixel value in the image b lie in the same connected
component of X.

b:=0

c:=d-a

while b # ¢ loop
b:=
c:=(b@N):a

end loop.

Initially, each feature pixel of ahas a corresponding unique label in the image c. The algorithm works by
propagating the maximum label within a connected component to every point in the connected component.

Alternate | mage Algebra Formulations
Let d be as defined above. Define the neighborhood function N(a) as follows:
[Na)(y)={y}ui{x=y+(0i)ory+(:0):a(x) #0i=10r —1}.

The components of a are labeled using the image algebra pseudocode that follows. When the loop terminates
the image with the labeled components will be contained in image variable b.
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b=
c:=d-a
while ¢ # b loop
b:=c
:=b@A N(a)
end loop.

Note that this formulation propagates the minimum value within a component to every point in the
component. The variant template t as defined above is used to label 4-connected components. It is easy to see
how the transition from invariant template to variant has been made. The same transition can be applied to the
invariant template used for labeling 8-components.

Variant templates are not as efficient to implement as invariant templates. However, in thisimplementation of
component labeling there is one less image multiplication for each iteration of the whi | e loop.

Although the above algorithms are simple, their computational cost is high. The number of iterationsis
directly proportional to mn. A faster alternate labeling algorithm [2] proceeds in two phases. The number of
iterationsis only directly proportional to m + n. However, the price for decreasing computational complexity
isan increase in space complexity.

In the first phase, the alternate algorithm applies the shrinking operation developed in Section 6.4 to the
source image m+ n times. The first phase resultsin m+ n binary images a,, a,, ... , 8,.,.1- Each a, represents
an intermediate image in which connected components are shrinking toward a unique isolated pixel. This
isolated pixel isthetop left corner of the component’s bounding rectangle, thus it may not be in the connected
component. Theimage a,,,,,., consists of isolated black pixels.
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In the second phase, the faster algorithm assigns labels to each of the isolated black pixels of theimage a,,, -
These |abels are then propagated to the pixels connected to them in a,,,,, , by applying alabel propagating

_ operation, then to a,,,,.3, and so on until &, is labeled. In the process of propagating labels, new isolated black
WUMPTO TOPIG pixels may be encountered in the intermediate images. When this occurs, the isolated pixels are assigned

— unique labels and label propagation continues.

Note that the label propagating operations are applied to the imagesin the reverse order they are generated by
the shrinking operations. More than one connected component may be shrunk to the same isolated pixel, but
at different iterations. A unique label assigned to an isolated pixel should include the iteration number at
which it is generated.

The template s used for image shrinking and the neighborhood function P used for label propagation are
defined in following figure. The faster algorithm for labeling

. ] |
LR co i |
Lok

8-componentsis as follows:
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while a; # 0 loop
ag+1 = X{5,7,9,10,11,12,13,14,15)} (a, Ps)
k:i=k+1

end loop

l = k-1

Cc = ay

while [ > () loop
c:= (d-(m+n)+1) - x=1(c)Ve

c = cVa._,
c:= (c@P) ay_,
l:=1-1

end loop

When thelast | oop terminates the labeled image will be contain in the variable c. If 4-component labeling is
preferred, the characteristic function in line 4 should be replaced with

X{7.9,11,12,13,14,15}

Comments and Observations

The aternate algorithm must store m + n intermediate images. There are other fast algorithms proposed to
reduce this storage requirement [2, 3, 4, 5]. It may also be more efficient to replace the characteristic function
Q{S’ 79,15 by alookup table.

6.3. Labeling Components with Sequential Labels

The component labeling algorithms of Section 6.2 began by assigning each point in the domain of the source
image the number that represents its position in aforward scan of the domain grid. The label assigned to a
component is either the maximum or minimum from the set of point numbers encompassed by the component
(or its bounding box). Consequently, label numbers are not used sequentially, that is, in 1, 2, 3, ..., n order.

In this section two algorithms for labeling components with sequential |abels are presented. The first locates
connected components and assigns labels sequentially, and thus takes the source image as input. The second
takes as input label images, such as those produced by the algorithms of Section 6.2, and reassigns new labels
sequentially.

It is easy to determine the number of connected componentsin an image from its corresponding sequential
label image; simply find the maximum pixel value of the label image. The set of label numbersis also known,
namely {1, 2, 3, ..., v}, where v is the maximum pixel value of the component image. |f component labeling
is one step in larger image processing regimen, this information may facilitate later processing steps.

Labeling with sequential labels also offers a savingsin storage space. Suppose one isworking with 17 x 17
gray level images whose pixel values have eight bit representations. Up to 255 labels can be assigned if
labeling with sequential labelsis used. It may not be possible to represent the label image at al if labeling
with sequential labelsis not used and alabel value greater than 255 is assigned.

I mage Algebra Formulation

Leta {0, 1} be the sourceimage, where X isan m x n grid. The neighborhood function N used for
sequential labeling has one of the two configurations pictured below. The configuration to the left is used for
|abeling 4-connected components, and the configuration to the right is used for |abeling 8-connected
components.
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When the algorithm below ends, the sequential label image will be contained in image variable b.

[:=0
b:=a
c.=a

for i in 1..m loop
for j in l..n loop
if b(i,7) = 1 then
f:=i+1
b(i, ) :=b(i, i) +1
vhile b # ¢ loop
ce=b
b:=(c@N)-a
end loop
end if
end loop
end loop
b:=b - a.

Alternate | mage Algebra Formulation

The aternate image a gebra algorithm takes as input alabel image a and reassigns |abels sequentially. When
thewhi | e loop in the pseudocode below terminates, the image variable b will contain the sequential 1abel
image. The component connectivity criterion (four or eight) for b will be the same that was used in generating
the image a.

f:=10

b:=0

mi=va

while m # 0 loop
=141
bi=i youla)+b
a={y-nlal-a
m:=Va

end loop.

Comments and Observations

Figure 6.3.1 shows a binary image (left) whose feature pixels are represented by an asterisk. The pixel values
assigned to its 4- and 8-components after sequential labeling are seen in the center and right images,
respectively, of Figure 6.3.1.

Figure 6.3.1 A binary image, its 4-labeled image (center) and 8-labeled image (right).
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6.4. Counting Connected Components by Shrinking

e The purpose of the shrinking algorithm presented in this section is to count the connected componentsin a
JUMP'TO TOFIC Boolean image. The idea, based on Leviadi’s approach [6], is to shrink each component to a point and then
_ count the number of points obtained. To express thisideaexplicitly, let a {0, 1}* denote the source image
and let h denote the Heaviside function defined by

[0 ift<0
hﬁy“{1 if £ > 0.

One of four windows may be chosen as the shrinking pattern. Each is distinguished by the direction it
compresses the image.

Shrinking toward top right —

a(i.j) = hlbla(i.j — 1) +a(i, 7} + a4+ 1,7) = 1) + k{a(e.7) + a(i + 1.7 - 1) = 1)].
Shrinking toward top left —

ali,j) == h[h(a(i, /) +a(i,j+ 1) +a(i +1,7) = 1)+ k(ai,j) +ali + 1,5+ 1) = 1)].
Shrinking toward bottom left —

ali,j) = hlh(a(i, )} +ali- 1,7} +ali.j+ 1) = 1)+ h{afi,§) +ali- 1.4 1) = 1]].
Shrinking toward bottom right —

afi,j) := h{h(ali,j) +ali,j-1)+ali-1,j) - 1)+ h(a(i,j) +ali=1,j=1)=1]].

Each iteration of the algorithm consists of applying, in parallel, the selected shrinking window on every
element of the image. Iteration continues until the original image has been reduced to the zero image. After
each iteration the number of isolated points is counted and added to a running total of isolated points. Each
isolated point corresponds to an 8-connected component of the original image.
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This shrinking processisillustrated in the series (in | eft to right and top to bottom order) of images in Figure
6.4.1. The original image (in the top left corner) consists of five 8-connected patterns. By the fifth iteration the
component in the upper left corner has been reduced to an isolated pixel. Then the isolated pixel is counted
and removed in the following iteration. This process continues until each component has been reduced to an
isolated pixel, counted, and then removed.

B R A= =
H PP
pipin,

o

Fd r

Figure6.4.1 The parallel shrinking process.

I mage Algebra Formulation

Leta {0, 1} be the sourceimage. We will illustrate the image algebra formulation using the shrinking
window that compresses toward the top right. This choice of shrinking window dictates the form of
neighborhoods M and N below. The template u is used to find isolated points.

= [ :

The image variable a isinitialized with the original image. The integer variable pisinitialy set to zero. The
agorithm consists of executing the following loop until the image variable a is reduced to the zero image.

while a # 0 loop

pi=p+) (an(l-(a®0))

a = xso(x>1(a@M) + x-1(2a@N))
end loop.

When the algorithm terminates, the value of p will represent the number of 8-connected components of the
original image.

Alternate | mage Algebra Formulation

The above image algebra formulation closely parallels the formulation presented in Levialdi [6]. However, it
involves three convolutions in each iteration. We can reduce number of convolutions in each iteration to only
one by using the following census template. A binary census template (whose weights are powers of 2), when
applied to abinary image, encodes the neighborhood configurations of target pixels. From the configuration
of apixel, we can decide whether to change it from 1 to 0 or from 0 to 1, and we can also decide whether it is
an isolated pixel or not.

16| 32 | 64

<
= | § ]j_,.llﬂ
a |z izsﬁ

The agorithm using the binary census template is expressed as follows:

while a # 0 loop

a = afs

p = p+E(x=(a))
a = f(@)

end loop.

In order to count 8-components, the function f should be defined as
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_J1 if rmodl6 € {3,5,7,9,10,11,13, 14,15}
flr) = {ﬂ otherwise.

The 4-components of the image can be counted by defining f to be

In either case, the movement of the shrinking component is toward the pixel at the top right of the component.

_[1 ifrmod16 ¢ {3,7,9,11,13,14,15}
fir) {ICII otherwise.

Comments and Observations

The maximum number of iterations required to shrink a component to its corresponding isolated point is equal
to the d, distance of the element of the region farthest from top rightmost corner of the rectangle

circumscribing the region.

6.5. Pruning of Connected Components

Pruning of connected components is a common step in removing various undesirable artifacts created during
preceding image processing steps. Pruning usually removes thin objects such as feelers from thick,
blob-shaped components. There exists awide variety of pruning algorithms. Most of these algorithms are
usually structured to solve a particular task or problem. For example, after edge detection and thresholding,
various objects of interest may be reduced to closed contours. However, in real situations there may also be
many unwanted edge pixelsleft. In this case a pruning algorithm can be tailored so that only closed contours
remain.

In this section we present a pruning algorithm that removes feelers and other objects that are of single-pixel
width while preserving closed contours of up to single-pixel width as well as 4-connectivity of components
consisting of thick bloblike objects that may be connected by thin lines. In this algorithm, a pixel is removed
from an object if it contains fewer than two 4-neighbors. The procedure is iterative and continues until every
object pixel hastwo or more 4-neighbors.

I mage Algebra Formulation

Leta {0, 1}* bethe source image and N dencte the von Neumann neighborhood. The following smple
agorithm will produce the pruned version of a described above:

b:=
while b # a loop
b:=a
a:= xssla-(a®N)]
end loop.

The results of applying this pruning algorithm are shown in Figure 6.5.1.

Bt o

Figure6.5.1 The sourceimage a is shown at the left and the pruned version of a on the right.

Comments and Observations

The agorithm presented above was first used in an autonomous target detection scheme for detecting tanks
and military vehiclesin infrared images[7]. As such, it represents a specific pruning agorithm that removes
only thin feelers and non-closed thin lines. Different size neighborhoods must be used for the removal of
larger artifacts.

Since the algorithm presented hereis an iterative algorithm that uses a small neighborhood, removal of long
feelers may increase computational time requirements beyond acceptable levels, especialy if processing is
done on sequential architectures. In such cases, morphological filters may be more appropriate.
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6.6. Hole Filling

S Asits nameimplies, the hole filling algorithm fills holes in binary images. A hole in this context is aregion of
WUMPTO TOPIG 0-valued pixels bounded by an 8-connected set of 1-valued pixels. A holeisfilled by changing the pixel value

_ of pointsin the hole from 0 to 1. See Figure 6.6.1 for an illustration of hole filling.

bl Bl

Figure6.6.1 Original image (left) and filled image (right).

| mage Algebra Formulation

Leta {0, 1}* bethe sourceimage, and let the template s and the neighborhood N be pictured below. The
hole filling image a gebra code below is from the code derived by Ritter [8].

[T v
[=] .
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c:=0

b:=a

while b # ¢ loop
c:=h
b =b + x(14,20)(b Ds)

end loop

c:=10

while b # ¢ loop
c:=h
b:=(bAN)Va

end loop.

When the first whi | e loop terminates, the image variable b will contain the objectsin the original image a
filled with 1's and some extra 1's attached to their exteriors. The second whi | e loop “peels off” the
extraneous 1's to produce the final output image b. The algorithm presented above is efficient for filling small
holes. The alternate version presented next is more efficient for filling large holes.

Alter nate Image Algebra Formulation

Leta {0, 1}* be the sourceimage and t the template as previously defined. The holesin a are filled using the
image algebra pseudocode below.

b:=0

c:=1

while ¢ # b loop
bi=c
c:=(bAt)va

end loop.

When the loop terminates the “filled” image will be contained in the image variable c. The second method
fills the whole domain of the source image with 1's. Then, starting at the edges of the domain of the image,
extraneous 1's are peeled away until the exterior boundary of the objects in the source image are reached.

Depending on how & isimplemented, it may be necessary to add the line
c(0,0)=0

immediately after the statement that initializes ¢ to 1. Thisis because template t needs to encounter a 0 before
the peeling process can begin.
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Chapter 7
mm——— Morphological Transforms and Techniques
b LUMP TO TOPIG

[ | 7.1.Introduction

Mathematical morphology isthat part of digital image processing that is concerned with image filtering and
geometric analysis by structuring elements. It grew out of the early work of Minkowski and Hadwiger on
geometric measure theory and integral geometry [1, 2, 3], and entered the modern era through the work of
Matheron and Serra of the Ecole des Minesin Fontainebleau, France [4, 5]. Matheron and Serra not only
formulated the modern concepts of morphological image transformations, but also designed and built the
Texture Analyzer System, a parallel image processing architecture based on morphological operations[6]. In
the U.S., research into mathematical morphology began with Sternberg at ERIM. Serra and Sternberg were
the first to unify morphological concepts and methods into a coherent algebraic theory specifically designed
for image processing and image anaysis. Sternberg was a so the first to use the term image algebra [7, 8].

Initially the main use of mathematical morphology was to describe Boolean image processing in the plane,
but Sternberg and Serra extended the concepts to include gray valued images using the cumbersome notion of
an umbra. During this time a divergence of definition of the basic operations of dilation and erosion occurred,
with Sternberg adhering to Minkowski’s original definition. Sternberg’ s definitions have been used more
regularly in the literature, and, in fact, are used by Serrain his book on mathematical morphology[5].

Since those early days, morphological operations and techniques have been applied from low-level, to
intermediate, to high-level vision problems. Among some recent research papers on morphological image
processing are Crimmins and Brown [9], Haralick, et al. [10, 11], and Maragos and Schafer [12, 13, 14]. The
rigorous mathematical foundation of morphology in terms of lattice algebra was independently established by
Davidson and Heijmans [15, 16, 17]. Davidson’ s work differs from that of Heijmans' in that the foundation
provided by Davidson is more general and extends classical morphology by alowing for shift variant
structuring elements. Furthermore, Davidson’ s work establishes a connection between morphology, minimax
algebra, and a subalgebra of image algebra.
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7.2. Basic Morphological Operations: Boolean Dilations and Erosions

Dilation and erosion are the two fundamental operations that define the algebra of mathematical morphology.
These two operations can be applied in different combinationsin order to obtain more sophisticated
operations. Noise removal in binary images provides one simple application example of the operations of
dilation and erosions (Section 7.4).

The language of Boolean morphology isthat of set theory. Those pointsin a set being morphologically
transformed are considered the selected set of points, and those in the complement set are considered to be not
selected. In Boolean (binary) images the set of pixelsis the foreground and the set of pixels not selected isthe
background. The selected set of pixelsisviewed as aset in Euclidean 2-space. For example, the set of all
black pixelsin a Boolean image constitutes a compl ete description of the image and isviewed asaset in
Euclidean 2-space.

A dilation is amorphological transformation that combines two sets by using vector addition of set el ements.
In particular, adilation of the set of black pixelsin abinary image by another set (usually containing the
origin), say B, isthe set of all points obtained by adding the points of B to the points in the underlying point
set of the black pixels. An erosion can be obtained by dilating the complement of the black pixels and then
taking the complement of the resulting point set.

Dilations and erosions are based on the two classical operations of Minkowski addition and Minkowski

subtraction of integral geometry. For any two sets A C R" and B € R™, Minkowski addition is defined
as

AxB={a+b:ace A, be B}
and Minkowski subtraction as
A/B = (A’ xB*),

whereB* ={-b:b B} and A2 ={x R™: x A}, i.e, B* denotesthereflection of B acrossthe origin 0 =

0,0,...,0 R™ while A2 denotes the complement of A. Here we have used the original notation employed
in Hadwiger’s book [3].

Defining A, ={a+b:a A}, onealso obtainsthe relations

AxB=|]JAo={p:BpnA+0T} (7.2.1)
beB
and
A/B= () Ap={p:By C A}, (122
beB-

whereB,={b +p:b B}.Itistheselast two equationsthat makes morphology so appealing to many
researchers. Equation 7.2.1 isthe basis of morphological dilations, while Equation 7.2.2 provides the basis for
morphological erosions. Suppose B contains the origin 0. Then Equation 7.2.1 saysthat A x B isthe set of all
points p such that the trandlate of B by the vector p intersects A. Figures 7.2.1 and 7.2.2 illustrate this
situation.

-Z‘ .

Figure7.2.1 Theset A C R? with structuring element B.
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Figure7.2.2 Thedilated set A x B.
Note: original set boundaries shown with thin white lines.

The set A/B, on the other hand, consists of all points p such that the trandate of B by the vector p is
completely contained inside A. This situation isillustrated in Figure 7.2.3.

Figure 7“23 The eroded set A/B.
Note: original set boundaries shown with thin black lines.

In the terminology of mathematical morphology when doing a dilation or erosion of A by B, it is assumed that
A isthe set to be analyzed and that B is the measuring stick, called a structuring element. To avoid anomalies
without practical interest, the structuring element B is assumed to include the origin, and both A and B are
assumed to be compact. The set A corresponds to either the support of abinary imagea {0, 1}* or to the
complement of the support.

The dilation of the image a using the structuring element B results in another binary imageb {0, 1} X which
isdefined as

0 otherwise,
Similarly, the erosion of theimagea {0, 1}X by B isthe binary imageb {0, 1} X defined by

bigl= 0 otherwise. Wlicct)
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The dilation and erosion of images as defined by Equations 7.2.3 and 7.2.4 can be realized by using max and
min operations or, equivalently, by using OR and AND operations. In particular, it follows from Equations
7.2.3 and 7.2.1 that the dilated image b obtained from ais given by

JUMP TO TOPIC
— b(x) = maz{a(x+y) : ¥y € B}.
Similarly, the eroded image b obtained from a is given by
b(x) =min{a(x+y): yeB"}.
I mage Algebra Formulation

Leta {0, 1}* denote asourceimage (usualy, X € Z* isarectangular array) and suppose we wish to dilate
A 4 X, where A denotes the support of a, using a structuring element B containing the origin.

Define aneighborhood N : X ' 2X by
Ny)={xeX:x-ye€B}

The image algebra formulation of the dilation of the image a by the structuring element B is given by

b:=aN.
The image agebra equivalent of the erosion of a by the structuring element B is given by
b:=a@N"*.

Replacing a by its Boolean complement ac in the above formulation for dilation (erosion) will dilate (erode)
the complement of the support of a.

Alternate | mage Algebra Formulations

We present an alternate formulation in terms of image-template operations. The main rationale for the
aternate formulation isits easy extension to the gray level case (see Section 7.6).
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I?
. t € ( F)
Let [F denote the 3-element bounded subgroup {- ,0, } of R Define atempalate by
1 fx=y+p, peB
t,(x ={ . ;
y(x) —oc  otherwise.
The image algebra formulation of the dilation of the image a by the structuring element B is given by

b:=alt.
The image agebra equivalent of the erosion of a by the structuring element B is given by
b:=a@t".

With aminor change in template definition, binary dilations and erosions can just as well be accomplished
using the lattice convolution operations ® and @, respectively.

I
. ot (FI )
In particular, let F = {0, 1, } and define = by

1 ifx=y+p, peB

byl 0 otherwise.

The dilation of the image a by the structuring element B is now given by
b :=a@t

and the erosion of a by B isgiven by
b:=a@®t.

Comments and Observations

It can be shown that
A C (A xB)/B,
(A/B)x B C A,
(A/B)/C=A/(BxC),
A x (B/C)c (A xB)/C,
AxXx(BUC)=(AxB)U(A x C), and
A/(BuC)=(A/B)n(A/C).

These equations constitute the basic laws that govern the algebra of mathematical morphology and provide
the fundamental tools for geometric shape analysis of images.

The current notation used in morphology for adilation of A by B isA ¢ B, while an erosion of A by B is

denoted by A © B. In order to avoid confusion with the linear image-template product ¢, we use Hadwiger’s
notation [3] in order to describe morphological image transforms. In addition, we use the now more
commonly employed definitions of Sternberg for dilation and erosion. A comparison of the different notation
and definitions used to describe erosions and dilations is provided by Table 7.2.1.

Table 7.2.1 Notation and Definitions Used to Describe Dilations and Erosions
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7.3. Opening and Closing

Dilations and erosions are usually employed in pairs; adilation of animageis usualy followed by an erosion
of the dilated result or vice versa. In either case, the result of successively applied dilations and erosions
resultsin the elimination of specific image detail smaller than the structuring element without the global
geometric distortion of unsuppressed features.

An opening of an image is obtained by first eroding the image with a structuring element and then dilating the
result using the same structuring element. The closing of an image is obtained by first dilating the image with
astructuring element and then eroding the result using the same structuring element. The next section shows
that opening and closing provide a particularly simple mechanism for shape filtering.

The operations of opening and closing are idempotent; their reapplication effects no further changes to the
previously transformed results. In this sense openings and closings are to morphology what orthogonal
projections are to linear algebra. An orthogonal projection operator isidempotent and selects the part of a
vector that liesin a given subspace. Similarly, opening and closing provide the means by which given
subshapes or supershapes of a complex geometric shape can be selected.

The opening of A by B isdenoted by A © B and defined as
AcB=(A/B)xB.
Theclosing of A by B isdenoted by A « B and defined as
AeB = (A x B)/B.

| mage Algebra Formulation

Leta {0, 1}* denote a source image and B the desired structuring element containing the origin. Define N :
X' 2% isdefined by

Ny)={xeX:x—ye B}
The image agebra formulation of the opening of the image a by the structuring element B is given by
=(a@ N )@ N.
The image agebra equivalent of the closing of a by the structuring element B is given by

b:=(a@N)AN".

Comments and Observations

It follows from the basic theorems that govern the algebra of erosions and dilations that
AoBCA (AoB)ocB=AcB.ACA®B yj.B)-B=A-B. Thisshowsthe

anaogy between the morphological operations of opening and closing and the specification of afilter by its
bandwidth. Morphologically filtering an image by al opening or closing operation corresponds to the ideal
nonrealizable bandpass filters of conventional linear filters. Once an image isideal bandpass filtered, further
ideal bandpass filtering does not alter the resullt.

7.4. Salt and Pepper Noise Removal

Opening an image with a disk-shaped structuring element smooths the contours, breaks narrow isthmuses, and
eliminates small islands. Closing an image with a disk structuring element smooths the contours, fuses narrow
breaks and long thin gulfs, eliminates small holes, and fills gaps in contours. Thus, a combination of openings
and closings can be used to remove small holes and small speckles or islandsin a binary image. These small
holes and islands are usually caused by factors such as system noise, threshold selection, and preprocessing
methodologies, and are referred to as salt and pepper noise.

Previous|Table of Contents|Next
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Consider the image shown in Figure 7.4.1. Let A denote the set of all black pixels. Choosing the structuring
element B shown in Figure 7.4.2, the opening of A by B

JUMP.TO TOPIC AoB=(A/B)xB,

- | removesal the pepper noise (small black areas) from theinput images. Doing aclosingon A O B,
(AoB)eB =[(AoB)x B|/B,

closes the small white holes (salt noise) and results in the image shown in Figure 7.4.3.

Figure7.4.1 SR71 with salt and pepper noise.

Figure 7.4.2 The structuring element B.

Figure 7.4.3 SR71 with salt and pepper noise removed.
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I mage Algebra Formulation

Leta {0, 1}* denote a sourceimage and N the von Neumann neighborhood

The image b derived from a using the morphological salt and pepper noise removal techniqueis given by
b:=({((aBN)MN)RBN)AN .

Comments and Observations

Salt and pepper noise removal can also be accomplished with the appropriate median filter. In fact, thereisa
close relationship between the morphological operations of opening and closing (gray level as well as binary)
and the median filter. Images that remain unchanged after being median filtered are called median root
images. To obtain the median root image of a given input image one simply repeatedly median filters the
given image until there is no change. An image that is both opened and closed with respect to the same
structuring element is a median root image.

7.5. The Hit-and-Miss Transform

The hit-and-miss transform (HMT) is anatural operation to select out pixels that have certain geometric
properties such as corner points, isolated points, boundary points, etc. In addition, the HMT performs
template matching, thinning, thickening, and centering.

Since an erosion or adilation can be interpreted as special cases of the hit-and-miss transform, the HMT is
considered to be the most general image transform in mathematical morphology. This transform is often
viewed as the universal morphological transformation upon which mathematical morphology is based.

Let B = (D, E) beapair of structuring elements. Then the hit-and-miss transform of the set A is given by the
expression

A®B={p: D, CA and E, C A"}. (1.5.1)

For practical applicationsit is assumed that DNE =@ Theerosonof A by D is obtained by simply
letting E = @, in which case Equation 7.5.1 becomes

A®@B=A/D.

Since a dilation can be obtained from an erosion viathe duality A x B = (A2/B*)2, it followsthat a dilation is
also aspecia case of the HMT.

I mage Algebra Formulation

13
z?
Leta € (Z2) and B = (D, E). Define " © (F ) ,whereF = Rtoo, by

£ (x) = 0 ifx=y+p,peD
YW1 ifx=y+p, peE

The image agebra equivalent of the hit-and-miss transform applied to the image a using the structuring
element B is given by



Alternate | mage Algebra Formulation
Let the neighborhoods N, M : X * 2% be defined by

N(y)={xeX:x-yeD}
and
M(y)={xeX:x-yeE}.
An aternate formulation image algebra for the hit-and-miss transform is given by

ci= (2B N") - (x,(a) @ M*).

Comments and Observations

Davidson proved that the HMT can also be accomplished using alinear convolution followed by asimple
threshold [15]. Let X3 xaly)o oo oxalyl} = See(5)] U Sie(8}) | \where the enumeration is such that
{xa(y)s x2ly) s o o Xu(¥)} = Sa(t5) gng {Xk41(¥) s Xaes2(¥) s -+ Xu(¥)} = Sec(8y) . Definean
integer-valued template r from Z* to Z* py

_ 21 i x=x(y)
rf{x}h{ﬂ if xZx(y)i=1,...,n.

Then

ke
c:=x, (a@®r), where m = 22"4

i=1
is another image algebra equivalent formulation of the HMT.

Figure 7.5.1 shows how the hit-and-miss transform can be used to locate square regions of a certain size. The
source image isto the left of the figure. The structuring element B = (D, E) is made up of the 3 x 3 solid
square D and the 9 x 9 square border E. In this example, the hit-and-miss transform is designed to “ hit”
regions that cover D and “miss’ E. The two smaller square regions satisfy the criteria of the example design.
Thisis seen in the image to the right of Figure 7.5.1.

The template used for the image algebra formulation of the example HMT isshownin Figure 7.5.2. Ina
similar fashion, templates can be designed to locate any of the region configuration seen in the source image.

= m W -
i &
x

L]

- O
Figure 7.5.1 Hit-and-miss transform used to locate square regions. Region A (corresponding to source image
a) istransformed to region B (image b) with the morphological hit-and-miss transform using structuring

dementB=(D,E) by A=A ®B.n image algebranotation, c=a A t with t as shown in Figure 7.5.2.

D nnn
t= [o [N
y LLLLLL

[zl=lzl]

H il
nnonannon
Figure 7.5.2 Template used for the image algebra formulation of the hit-and-miss tranform designed to locate
sguare regions.

7.6. Gray Value Dilations, Erosions, Openings, and Closings

Although morphological operations on binary images provide useful analytical tools for image analysis and
classification, they play only avery limited role in the processing and analysis of gray level images. In order
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to overcome this severe limitation, Sternberg and Serra extended binary morphology in the early 1980s to
gray scale images viathe notion of an umbra. Asin the binary case, dilations and erosions are the basic
operations that define the algebra of gray scale morphology.

While there have been several extensions of the Boolean dilation to the gray level case, Sternberg’s formulae
for computing the gray value dilation and erosion are the most straightforward even though the underlying

theory introduces the somewhat extraneous concept of an umbra. Let X 4 Rand f: X = R pea
function. Then the umbra of f, denoted by H(f), isthe set U(S) 4 R™ ! defined by

(1, T2, ..., 2x) EX Hu{l}

“in= {':“"‘ mirs ) SR L e oy

Note that the notion of an unbounded set is exhibited in this definition; the value of x,,,, can approach - .

since U(f) € R™ we can dilate U(S) by any other subset of R™ ! This observation provides the
clue for dilation of gray-valued images. In general, the dilation of afunction f : B* — R py afunctiong: X’

R wherex 4 R™ is defined through the dilation of their umbras U (f) x ¢ (g) as follows. Let

x = (21,..., %) € R" ond defineafuncion @ : B" — R by d(x) = maz{z € R : (x,2) € U{f) x U(g)
We now define f x g ad. The erosion of f by gis defined asthe function fig ae, where € = ~[(=f) x 4] and
a(x) = g(-x)
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Openings and closings of f by g are defined in the same manner as in the binary case. Specificaly, the
opening of f by g isdefined asf 0 g = (f/g) x gwhile the closing of f by gisdefined asf ¢ g = (f x g)/g.
JUMP TO TOPIC When calculating the new functions d = f x g and e = f/g, the following formulas for two-dimensional

E dilations and erosions are actually being used:

d(y) = mgz {f(y + x) + g(x)}

for the dilation, and
e(y) = min {f(x+y) - g°(x)} (7.6.1)

for the erosion, where 9° * X* = R jsdefined by 9" (%) = 9(=%) ¥x € X* |y hractice, the function f
represents the image, while g represents the structuring element, where the support of g correspondsto a

binary structuring element. That is, one starts by defining a binary structuring element B in 7’ about the
origin, and then adds gray valuesto the cellsin B. This defines a real-valued function g whose support is B.
Also, the support of g is, in general, much smaller than the array on which f is defined. Thus, in practice, the
notion of an umbra need not be introduced at all.

Since there are dight variations in the definitions of dilation and erosion in the literature, we again remind the
reader that we are using formulations that coincide with Minkowski’ s addition and subtraction.

I mage Algebra Formulation

Let @ € R¥ denotethe gray scale source image and g the structuring element whose support is B. Define an
extended real-valued template t from Z* to Z* py

(y-x) if y-x €B
oty = { 80
y(x) { —00 otherwise.

Note that the conditiony - x B isequivalenttox B,, where B, denotes the translation of B by the vector y.
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The image algebra equivalents of a gray scale dilation and a gray scale erosion of a by the structuring element
g are now given by

b:=a@t
and

b:=a@t*,
respectively. Here

sici e | =9¥—-x) fy-xecB*
by (%) { +00 otherwise.

The opening of a by gisgiven by
b:={a@t*)8@at
and the closing of a by gisgiven by

b:=(a@t)@t".

Comments and Observations
Davidson has shown that a subalgebra of the full image algebra, namely

_ (mx x Y, o
A= (Ri“ »(Ri) s @, @, Vi A+, ) contains the algebra of gray scale mathematical morphology as
aspecial case[15]. It follows that all morphological transformations can be easily expressed in the language
of image algebra.

That the algebra A is more general than mathematical morphology should come as no surprise as templates
are more general objects than structuring elements. Since structuring elements correspond to translation
invariant templates, morphology lacks the ability to implement translation variant lattice transforms
effectively. In order to implement such transforms effectively, morphology needs to be extended to include
the notion of trandlation variant structuring elements. Of course, this extension is already a part of image
algebra.

7.7. The Rolling Ball Algorithm

As was made evident in the previous sections, morphological operations and transforms can be expressed in

terms of image algebra by using the operators M ang @, Conversdly, any image transform that is based on
these operators and uses only invariant templates can be considered a morphological transform. Thus, many
of the transforms listed in this synopsis such as skeletonizing and thinning, are morphological image
transforms. We conclude this chapter by providing an additional morphological transform known as the
rolling ball algorithm.

Therolling ball algorithm, also known as the top hat transform, is a geometric shape filter that corresponds to
the residue of an opening of animage [5, 7, 8]. The ball used in thisimage transformation corresponds to a
structuring element (shape) that does not fit into the geometric shape (mold) of interest, but fits well into the
background clutter. Thus, by removing the object of interest, complementation will provide its location.

In order to illustrate the basic concept behind the rolling ball algorithm, let a be a surface in 3-space. For
example, a could be a function whose values a(x) represent some physical measurement such as reflectivity at

points X € Rz . Figure 7.7.1 represents a one-dimensional analogue in terms of atwo-dimensional slice
perpendicular to the (x, y)-plane. Now suppose sisaball of some radiusr. Rolling this ball beneath the
surface a in such away that the boundary of the ball, and only the boundary of the ball, always touches a,
resultsin another surface b which is determined by the set of points consisting of all possible locations of the
center of the ball asit rolls below a. The tracing of the ball’ s center locationsisillustrated in Figure 7.7.2.



javascript:displayWindow('images/07-10.jpg',500,188)

Figure7.7.1 Thesignal a.
It may be obvious that the generation of the surface b is equivalent to an erosion. To realize this equivaence,
lets: X' R bedefined by “® = V"~ 1" where X = {x € R? : x|l <7} opviously, the graph of s

corresponds to the upper surface (upper hemisphere) of aball s of radius r with center at the origin of RE.
Using Equation 7.6.1, it is easy to show that b = a/s.

Figure7.7.2 The surface generated by the center of arolling ball.

Next, let sroll in the surface b such that the center of sisaways apoint of b and such that every point of b
gets hit by the center of s. Then the top point of straces another surface ¢ above b. If aisflat or smooth, with
local curvature never lessthan r, then ¢ := a. However, if a contains crevasses into which s does not fit — that
is, locations at which sis not tangent to a or points of a with curvature lessthanr, etc. — then ¢ ™ a. Figure
7.7.3 illustrates this situation. It should also be clear by now that ¢ corresponds to a dilation of b by s.
Therefore, cisthe opening of a by s, namely

c=(afs)xs=aos.

Hence, cd a.

Figure7.7.3 The surface generated by the top of arolling ball.

In order to remove the background of a — that is, those locations where s fits well beneath a — one simply
subtracts ¢ from a in order to obtain theimage d = a - ¢ containing only areas of interest (Figure 7.7.4).

Figure7.7.4 Thé result of therolling ball algorithm.
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Let a € R* denotethe di gital sourceimage and s a structuring element represented by digital hemisphere of
some desired radius r about the origin. Note that the support of sisadigital disk Sof radiusr. Therolling ball

—_— agorithmis given by the transformation a’ d which is defined by
JUMP'TO TOPIC

e d=a-(a/s) x 3]
| mage Algebra Formulation

Let a € R* denotethe source image. Define an extended real-valued template s from 1% 1o I by

_[sly-x) ify-x€8
sy(x) = { e otherwise.

The image algebraformulation of the rolling ball algorithm is now given by
d:=a-[(a@s) s

Comments and Observations

It should be clear from Figure 7.7.4 that such an algorithm could be used for the easy and fast detection of hot
spotsin IR images. There are many variants of this basic algorithm. Also, in many applicationsit is
advantageous to use different size balls for the erosion and dilation steps, or to use a sequence of balls(i.e, a
sequence of transformsa’ d;, i =1, 2, ..., K) in order to obtain different regions (different in shape) of interest.
Furthermore, there is nothing to prevent an algorithm devel oper from using shapes different from disks or
balls in the above algorithm. The shape of the structuring element is determined by a priori information
and/or by the objects one seeks.
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Chapter 8
mm—— Linear Image Transforms
JUMP'TO TOPIC

[ | 8.1.Introduction

A large class of image processing transformations is linear in nature; an output image is formed from linear
combinations of pixels of an input image. Such transforms include convolutions, correlations, and unitary
transforms. Applications of linear transforms in image processing are numerous. Linear transforms have been
utilized to enhance images and to extract various features from images. For example, the Fourier transformis
used in highpass and lowpass filtering (Chapter 2) aswell asin texture analysis. Another application isimage
coding in which bandwidth reduction is achieved by deleting low-magnitude transform coefficients. In this
chapter we provide some typical examples of linear transforms and their reformulationsin the language of
image algebra.

8.2. Fourier Transform

The Fourier transformis one of the most useful tools in image processing. It provides arealization of an
image that is a composition of sinusoidal functions over an infinite band of frequencies. Thisrealization
facilitates many image processing techniques. Filtering, enhancement, encoding, restoration, texture analysis,
feature classification, and pattern recognition are but a few of the many areas of image processing that utilize
the Fourier transform.

The Fourier transform is defined over afunction space. A function in the domain of the Fourier transformis
said to be defined over a spatial domain. The corresponding element in the range of the Fourier transform is
said to be defined over afrequency domain. We will discuss the significance of the frequency domain after
the one-dimensional Fourier transform and its inverse have been defined.

The Fourier transform $(f) = f of the function f € €(R") is defined by
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f(w) = [FH)w) = f F(z)e 2w b,

. 1 : -1
where? = v/ =1 Given J, then f can be recovered by using the inverse Fourier transform E whichis
given by the equation

(@)= [F 3 @) = f Fluyer ey,

The functions f and / are called a Fourier transform pair.

Substituting the integral definitions of the Fourier transform and its inverse into the above equation, the

following equality is obtained
f{:I-'J= f [[ f{x}ﬂ_ﬂ“i“*dm]tz'i“riu.

—on |
Theinner integral (enclosed by square brackets) isthe Fourier transform of f. It is afunction of u aone.
Replacing the integral definition of the Fourier transform of f by flu) we get

P f Flu)er™ v du,

Euler’'s formula allows e22iux to be expressed as cos(2Aux) + i sin(2Aux). Thus, e2Aiv js a sum of areal and
complex sinusoidal function of frequency u. Theintegral isthe continuous analog of summing over all

frequencies u. The Fourier transform evaluated at u, f (1), can be viewed as aweight applied to the real and
complex sinusoidal functions at frequency u in a continuous summation.

Combining all these observations, the original function f(x) is seen as a continuous weighted sum of
sinusoidal functions. The weight applied to the real and complex sinusoidal functions of frequency uisgiven
by the Fourier transform evaluated at u. This explains the use of the term “frequency” as an adjective for the
domain of the Fourier transform of afunction.

For image processing, an image can be mapped into its frequency domain representation viathe Fourier
transform. In the frequency domain representation the weights assigned to the sinusoidal components of the
image become accessible for manipulation. After the image has been processed in the frequency domain
representation, the representation of the enhanced image in the spatial domain can be recovered using the
inverse Fourier transform.

The discrete equivaent of the one-dimensiona continuous Fourier transform pair is given by

n—1
a(j) = [F(a)l(s) = Y a(k)e~2maki/n
k=0
and
n—1
a(k) = [§H@) (k) = ; 3 agiermssr,
j=0

wherea € R ang & € C¥n iy digital signal processing, a is usually viewed as having been obtained
from a continuous function / € ¢(R') by sampling f at some finite number of uniformly spaced points

{Zo, 21, .+ s Ta-1} C R gnq setting a(k) = f(x).

For /€ ”(“2}, the two-dimensional continuous Fourier transform pair is given by



Lo =]

fu,v) = f ff(xfy}ed“"‘“"'"”jdwd.f;

—o0 — o

and

fle,y) = 7 ? flu, v)e? =t gy gy,

—00 — o0

For discrete functions & - Im X En - R we have the two-dimensional discrete Fourier transform

n—1m=-1
a(n,v) = [Fa))(u,v) = Z Z a(j, kye~2milim+rs)
k=0 j=l
with the inverse transform specified by
n-1lm-1
a(i,j) = [F'(a)](i,5) = e E z afu, v]eﬁ"’(“j‘”‘k')
v=0 u=0

Figure 8.2.1 shows the image of ajet and its Fourier transform image. The Fourier transform image is
complex valued and, therefore, difficult to display. The value at each point in Figure 8.2.1 is actually the
magnitude of its corresponding complex pixel value in the Fourier transform image. Figure 8.2.1 does show a
full period of the transform, however the origin of the transform does not appear at the center of the display. A
representation of one full period of the transform image with its origin shifted to the center of the display can
be achieved by multiplying each point a(x,y) by (-1)xY before applying the transform. The jet’s Fourier
transform image shown with the origin at the center of the display is seen in Figure 8.2.2.

N

Figure8.2.1 Theimage of ajet (left) and its Fourier transform image (right).

Figure 8.2.2 Fourier transform of jet with origin at center of display.

| mage Algebra Formulation

The discrete Fourier transform of the one-dimensional image a € RZ-js given by the image algebra
expression

a=aQf,

1,
where f € (€**)"" isthe template defined by

fJ(k) - E—Eﬂ'kjifﬂ._

Thetemplate f is called the one-dimensional Fourier template. It follows directly from the definition of f that
f2 =f and (f*)2 = f* where f* denotes the complex conjugate of f defined by

(k) = (5(K))" = e2rst/n
given by

. Hence, the equivalent of the discrete inverse Fourier transform of ais
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i 1. *
a= n{a ).
The image a gebra equivalent formulation of the two-dimensional discrete Fourier transform pair is given by
a=a®f
and
= —(aer)
N am !
where the two-dimensional Fourier template f is defined by
c gy o =2mifj kL
flu) (G k) = 720 %),

and X = Z,, x Z,.

8.3. Centering the Fourier Transform

Centering the Fourier transform is a common operation in image processing. Centered Fourier transforms are
useful for displaying the Fourier spectra as intensity functions, for interpreting Fourier spectra, and for the
design of filters.

The discrete Fourier transform and its inverse exhibit the periodicity
a(u,v) = aflu+ m,v) = a(u,v+n) = alu+ m,v +n)

for an m x nimage a. Additionally, since &(#%: #) = &*( =, =¥} the magnitude of the Fourier transform
exhibits the symmetry

Iﬁ{u,t’)l = |ﬁ{—'u,, -‘-‘U]| :
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Periodicity and symmetry are the key ingredients for understanding the need for centering the Fourier

transform for interpretation purposes. The periodicity property indicates that au, v) has period of length min
e — the u direction and of length nin the v direction, while the symmetry shows that the magnitude is centered
JUMP TO TOPIC about the origin. Thisis shown in Figure 8.2.1 where the origin (0,0) is located at the upper |eft hand corner of
— the image. Since the discrete Fourier transform has been formulated for values of u in the interval [0, m -1]
and valuesvin theinterva [0, n - 1], the result of this formulation yields two half periodsin these intervals
that are back to back. Thisisillustrated in Figure 8.3.1 (&), which shows a one-dimensional slice along the

u-axis of the magnitude function a(u, 0)], Therefore, in order to display one full period in both the u and v

directions, it is necessary to shift the origin to the midpoint [% %} and add points that shift to the outside of
the image domain back into the image domain using modular arithmetic. Figures 8.2.2 and 8.3.1 illustrate the
effect of this centering method. The reason for using modular arithmetic isthat, in contrast to Figure 8.3.1 (a),

when Fourier transforming @ € RX where X = £y X £y, there is no information available outside the
intervals[0, m- 1] and [0, n - 1]. Thus, in order to display the full periodicity centered at the midpoint in the

interval [0, m- 1], theintervals [%: ] and [ + 1™ = 1] need to be flipped and their ends glued together. The
same gluing procedure needs to be performed in the v direction. This amounts to doing modular arithmetic.
Figure 8.3.2 illustrates this process.

Figure 8.3.1 Periodicity of the Fourier transform. Figure (a) shows the two half periods, one on the interval

[ﬂ, %] and the other on the interval [%, "‘]. Figure (b) shows the full period of the shifted Fourier transform on
theinterval [0, m].

| mage Algebra Formulation

Let@ € Cx, where X = L, X Zy; and mand n are even integers. Define the centering function center :
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X' X by

LU ]

center(p) = [p + (51 E)]mﬂd{m, n).

Note that the centering function is its own inverse since center (center(p)) = p. Therefore, if € denotesthe
centered version of &, then € given by

¢ = Ao center.
Figure 8.3.2 illustrates the mapping of points when applying center to an array X.

l':igure 8.3.2 The centering function applied to a 16 x 16 array. The different shadings indicate the mapping
of points under the center function.

Comments and Observations

If X is some arbitrary rectangular subset of £2., then the centering function needs to take into account the
location of the midpoint of X with respect to the minimum of X, whenever min(X) ~ (0, 0). In particular, by
defining the function

maz(X) — min(X) + 1

mid(X) = : 1

the centering function now becomes
center(p) = [p — min(X) + mid( X)]mod{ 2mid( X)) + min{X) .

Note that mid(X) does not correspond to the midpoint of X, but gives the midpoint of the set X - min(X). The
actual midpoint of X is given by center(min(X)). Thisisillustrated by the example shown in Figure 8.3.3. In

this example, min(X) = (4.5), max(X) = (13.18), and mid(X) = (5, 7). Also, if X = & X &n, then min(X) =

(0,0), max(X) =(m-1,n-1), and mid(X) = (%, %). This shows that the general center function reduces to
the previous center function.

i
)

Figure 8.3.3 The shift X - min(X) of a10 x 14 array X. The point mid(X) = (5, 7) is shown in black.
If X isasquare array of form X = & X &5, then centering can be accomplished by multiplying theimage a

by the image b defined by b(x, y) = (-1)**y prior to taking the Fourier transform. This follows from the simple
fact expressed by the equation

e2milugzdvgy}/n — wi(z+y) - (_1}#+v,

which holds whenever (010} = (5. 5). Thus, in this case we can compute € by using the formulation
¢ := F{a-b).
8.4. Fast Fourier Transform

In this section we present the image algebra formulation of the Cooley-Tukey radix-2 fast Fourier transform
(FFT) [1, 2]. The image algebra expression for the Fourier transform of & € cZ- isgivenin Section 8.2 by

4 =a@f,

where f isthe Fourier template defined by
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£;(k) = e~ 2rhii/n,
Expanding a «f, we get the following equation for &

n=1

ﬁ.(j‘] 4 Z n[k]ﬁ“irﬁ‘w“.
k=0

Inthisformit is easy to see that O (n?) complex adds and multiplications are required to compute the Fourier
transform using the formulation of Section 8.2. For each 0dj d n- 1, n complex multiplications of a(k) by

E_‘z”ijk"{n arerequired for atota of nz2 complex multiplications. For each0dj d n- 1 the sum

e~ 2mi3k/ M Leiiresn - 1 complex adds for atotal of n2 - n complex adds. The complex arithmetic involved
n—1

in the computation of the :Eu terms does not enter into the measure of computational complexity that is

optimized by the fast Fourier algorithm.

The number of complex adds and multiplications can be reduced to O (n log, n) by incorporating the
Cooley-Tukey radix-2 fast Fourier algorithm into the image algebra formulation of the Fourier transform. Itis
assumed for the FFT optimization that n is a power of 2.

The separability of the Fourier transform can be exploited to obtain a similar computational savings on higher
dimensional images. Separability allows the Fourier transform to be computed over an image as a succession
of one-dimensional Fourier transforms along each dimension of the image. Separability will be discussed in
more detail later.

For the mathematical foundation of the Cooley-Tukey fast Fourier algorithm the reader is referred to Cooley
eta.[1, 2, 3]. A detailed exposition on the integration of the Cooley-Tukey algorithm into the image algebra
formulation of the FFT can be found in Ritter [4]. The separability of the Fourier transform and the definition

of the permutation function E._E“'ij kin used in the image algebra formulation of the FFT will be discussed
here.

The separability of the Fourier transform is key to the decomposition of the two-dimensional FFT into two
successive one-dimensional FFTs. The structure of the image algebra formulation of the two-dimensional
FFT will reflect the utilization of separability.
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The discrete Fourier transform, as defined in Section 8.2, is given by

n=1m-—1
e IO TARI =) : —2mij 2 +kE
JUMP.TO TOPIC a(u,v) =3 3 a(j, k)e~ i ).
— — k=0 j=0
The double summation can be rewritten as
n—1 m=1
a(u,) =3 |(e7*%) 3 alj ke iR

n—1
a(u,v) = ) a(u,k)e >,
k=0

m—1

a(u, k) = ) a(j,k)e 2 i,
=0

ForeachOdkdn- 1, &(u, k) isthe one-dimensiona Fourier transform of the kth column of a. For eachOd u
dm-1,

n—1
a(u,v) = Z a(u, k)e ?mkn
k=0

isthe one-dimensional Fourier transform of the uth row of a(u, k).
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From the above it is seen that a two-dimensional Fourier transform can be computed by a two-stage
application of one-dimensional Fourier transforms. First, a one-dimensional Fourier transform is applied to
the columns of the image. In the second stage, another one-dimensional Fourier transform is applied to the
rows of the result of the first stage. The same result is obtained if the one-dimensional Fourier transformis
first applied to the rows of the image, then the columns. Computing the two-dimensiona Fourier transformin
thisway has “separated” it into two one-dimensiona Fourier transforms. By using separability, any saving in
the computational complexity of the one-dimensional FFT can be passed on to higher dimensional Fourier
transforms.

For n = 2, the permutation Pn * £, — €, isthefunction that reverses the bit order of the k-bit bi nary
representation of itsinput, and outputs the decimal representation of the value of the reversed bit order. For

example, the table below represents #8 - Iz — Is. The permutation function will be used in the image
algebraformulation of the FFT. The algorithm used to compute the permutation function A, is presented next.

Table 8.4.1 The Permutation A8 and Its Corresponding Binary Evaluations

i Binary i Reversed binary i Ag(i)
0 000 000 0
1 001 100 4

| 2 010 | 010 | 2

| 3 011 | 110 | 6

| 4 100 | 001 | 1

| 5 101 | 101 | 5
6 110 | 011 | 3
7 111 | 111 | 7

Forn=2andi=0,1,...,n- 1 compute A (i) asfollows:

begin
jom=
mi:=i

for | :=0 to logs(n) — 1 loop

m
h:= I.EJ
j:=2j+(m—2h)
m:=h
end loop
return j

end.

| mage Algebra Formulation
One-Dimensional FFT

Leta € E‘I“, where n = 2k for some positive integer k. Let P ={2/: =0, 1,...,log,n-1} and for p P, define the
parameterized template t(p) by

1 if |7/p] isevenand ! = j

w(j,p) if |j/p]isevenandl=j+p
t(p);(1) = § —w(j,p) if li/p]isoddand!=j

1 if |j/p] isoddandl=j—-p

0 otherwise,

: i llgj wei ol Pl
wherew(j,p) = e ¥ . Thefollowing image algebra a gorithm computes the Cooley-Tukey



radix-2 FFT.
a:=aocp,
fori:=1 to loggn loop
=adt(z )
end loop.

The function An is the permutation function defined earlier.

By the definition of the generalized convolution operator, a «t(2-1) is equal to

a(i)= 3 al)-t@);0).

les(t(p),)

Notice that from the definition of the template t there are at most 2 values of | in the support of t for every 0d
j 8804 n - 1. Thus, only 2n complex multiplications and n complex adds are required to evaluate a «t(21-1).
Since the convolution a«t(2-1) is contained within aloop that consists of log,n iterations, there are O(n log n)

complex adds and multiplications in the image algebra formulation of the FFT.

One-Dimensional Inverse FFT

The inverse Fourier transform can be computed in terms of the Fourier transform by simple conjugation. That

N | zeyy* i .
is, 2 = (28(@")" Thefollowi ng algorithm computes the inverse FFT of & € €~ using the forward FFT
and conjugation.

a:=4a"op,

fori:=1 to logzn loop
a::a@t(?i_l]

end loop

s (o)1

In our earlier discussion of the separability of the Fourier transform, we noted that the two-dimensional DFT
can be computed in two steps by successive applications of the one-dimensional DFT; first along each row
followed by aone-dimensional DFT along each column. Thus, to obtain afast Fourier transform for
two-dimensional images, we need to apply the image algebra formulation of the one-dimensional FFT in

simple succession. However, in order to perform the operations @ © £ and a «t(p) specified by the
agorithm, it becomes necessary to extend the function An and the template t(p) to two-dimensional arrays.
For this purpose, suppose that & = &m X &y, wheren = 2" and n = 2%, and assume without |oss of
generality that nd m.

Two-Dimensional FFT

LetP={2:i=0,1,.,log,m- 1} andforp P definethe parameterized row template t(p) : X — CX by

1 if |u/p] is even and (z,y) = (u,v)

w(u,p)  if|u/p|is even and (z,y) = (u + p,v)
t@}{u,u}{% y) =4 —w(u,p) if|u/p]isodd and (z,y) = (u,v)

1 ifufp] is odd and (z,y) = (u — p,v)

0 otherwise,
_ mifu modp)
wherew(u, p) = € ¥ . Notethat for eachp P, t(p) isarow template which is essentially identical

to the template used in the one-dimensional case.

The permutation A is extended to afunctionr : X * X in asimilar fashion by restricting its actions to the rows
of X. In particular, define



Tm: X=X
by rm(i,3) = (pm(i), 7).

With the definitions of r and t completed, we are now in a position to specify the two-dimensiona radix-2
FFT in terms of image algebra notation.

If X, r,andt are specified as above and & & CX then the followi ng algorithm computes the two-dimensional
fast Fourier transform of a

a:=aory,

for i:=1 to logam loop
a:=adpt [2‘5“1)

end loop

a:=a'or,

for i:=1 to logzn loop
a:=afpt [Ei_l]

end loop

-

a:=a'.
Two-Dimensional Inverse FFT

Asin the one-dimensional case, the two-dimensional inverse FFT is also computed using the forward FFT
and conjugation. Let a € C*. Theinverse FFT is given by the following a gorithm:

a:=4a"
Apply forward FFT

s all
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Alternate Image Algebra Formulation

The formulation of the fast Fourier transform above assumes that the image-template operation « is only
applied over the support of the template. If thisis not the case, the “fast” formulation using templates will
result in much poorer performance than the formulation of Section 8.2. The aternate image algebra
— formulation for the fast transform uses spatial transforms rather than templates. The alternate formulation is
more appropriate if the implementation of « does not restrict its operations to the template’ s support.

JUMP TO TOPIC '

For the alternate formulation, |et the variables of the two-dimensional FFT above remain as defined. Define
the functionsf,, g, : X’ X asfollows:

filz,9) = { (z+27Yy) if |5%r] iseven

(z,¥) otherwise
, _J(z-2"Yy) if |51 isodd
9i(w,y) = {:i:x, y) ) othl-gmiic.

Theimages Wi € £ used in the alternate formulation are defined as

wi(z, 1) = {wtraﬂ*‘*) if F-—; J even

~w(e,271) if [ ]is odd.

The aternate formulation for the fast Fourier transform using spatial transformsis given by
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a:=ao0ry,

fori:=1 to logam loop
a:=aog;+w;-(aocf;)

end loop

a=a"or,

for i:=1 to logan loop
a:=aog; +w;-(aof;)

end loop

a=a'.

Note that the use of the transpose a2 before and after the second loop in the code above is used for notational
simplicity, not computational efficiency. The use of transposes can be eliminated by using analogues of the
functionsf;, g, and w; in the second loop that are functions of the column coordinate of X.

Comments and Observations

The discussion presented here concerns a general algebraic optimization of the Fourier transform. Many
important issues arise when optimizing the formulation for specific implementations and architectures [4].

The permutation function is not needed in the formulation of the Fourier transform of Section 8.2. The
computation of the permutation function An does add to the computational cost of the FFT. For each i
{0,1,...,n- 1}, An(i) requires O(log,n) integer operations. Thus, the evaluation of An will require atotal of
O(nlog,n) integer operations. The amount of integer arithmetic involved in computing An is of the same order

of magnitude as the amount of floating point arithmetic for the FFT. Hence the overhead associated with bit
reversal is nontrivia in the computation of the FFT, often accounting for 10% to 30% of the total computation
time.

8.5. Discrete Cosine Transform

Leta € R~ The one-dimensional discrete cosine transform €(a) s defined by

(2x + 1}1.-,7)

2 u=01,...,n—1,

n=1
(e(@)(e) = 2220 Y a(e) - cos
E=I{)
where

L fu=0
- ?E I
c(u) {1 fu=1,2,...,n-1

-1
The inverse one-dimensional discrete cosine transform ¢ [a] isgiven by

n—1
[ H@)(e) = 3 elu) au) - cos{ ZEEIT),

u=l{) 2n

The cosine transform provide the means of expressing an image as aweighted sum of cosine functions. The
weightsin the sum are given by the cosine transform. Figure 8.5.1 illustrates this by showing how the square
wave

(z) = 1 if0<gz<1
=11 if1<z<2

is approximated using the first five terms of the discrete cosine function.

Fora £ RInXxZx the two-dimensional cosine transform and its inverse are given by



(@) = 2T . cou( EELRE ). con (B l%)

=l y=0)

and

(e @)z = 2 iiﬂm o{v) - alu,v) - wv(m?,:}“') "‘“”(ml}:}“),

1.|.-I] wml)
respectively.

Figure 8.5.2 shows the image of a jet and the image which represents the pixel magnitude of its cosine
transform image.

N

Figure 8.5.1 Approximation of a square wave using the first five terms of the discrete cosine transform.

. ,.”

I mage Algebra Formulation

Thetemplatet used for the two-dimensional cosine transform is specified by

(2x + ljmr) _ms(fﬂy + l}wr).

t{u.u}(zvy} = E{u] b Cl:t!:l " CEJE( Dy 2n

The image agebraformulations of the two-dimensional transform and itsinverse are

@)= (a@t)

and

i 2 ;
¢(a) =~ (adt),

Flgure 8.5.2 Jet image (left) and its cosine transform image.

The one-dimensional transforms are formulated similarly. The template used for the one-dimensional caseis

(2z + l}tm)_

tu(z) = clu)- ma( =

The image agebra formulations of the one-dimensional discrete cosine transform and itsinverse are
2
C(a):= = (a@t)

and

¢"(a) = (at),
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respectively.

In [5], amethod for computing the one-dimensional cosine transform using the fast Fourier transform is
introduced. The method requires only a ssimple rearrangement of the input data into the FFT. The even and

odd terms of the original image & & HI“, n = 2k are rearranged to form a new image b according to the
formula

b(z) = a(2z) i
and z=ﬂ,l,...,§—l.
b(n—1-z)=a(2z+1)

Using the new arrangement of terms the cosine transform can be written as

2e(u) e (4z + 1)ux
< = E b(x) - e

n
3-1
IS )
+,.Z=Dh{“ 1-xz") ms( 5 )]

Substituting x = n - 1 - X2 into the second sum and using the sum of two angles formulafor cosine functions
yields

a)l(u —Mﬂ_l T) - cos (et Dua
(€@ = 22 3 bie)-eos ).

The above can be rewritten in terms of the complex exponentia function as

[E(a]](-u] = %‘l ihfﬂ:} ¢ Rﬂ.(ﬁ“tilfﬂﬂ ; e;\:u?wi}n)

=0
=1
= 2¢c(u) - RE(Euﬁf‘ln . %2 (b{x] . eu:ﬂti;'uJ)

= 2¢(u) - RE(G““'”“ -[F7'(b)] {HJ)E

where & . denotes the inverse Fourier transform.
Let d = e*/#"-F=1(b) Sinceb is real-valued we have that d(n - u) = id* (u).
Consequently,

[€(a))(u) = 2- c(u) - Re(d(u))
and u=01,....—.
[€(@))(n - u) = 2- Fm(d(u)) 2

=

n
Therefore, it is only necessary to compute 2 terms of the inverse Fourier transform in order to calculate
[€(a)](u) for u = 01,..,n-1.

The inverse cosine transform can be obtained from the real part of the inverse Fourier transform of

c(u) - a(u) - e¥™/2"

Let theimages ¢ and e be defined by
o(u) = c(u)

e(u) =™/ 4 =0,1,...,n—1.

The even indexed terms are calculated using



=1
[ (@)](22) = Re |3 (c(w) - afw) - +mi/2) . gm,.-.rn]

wm{l

= Re([§~Y(c - a-e)](x)) P 1l R

The odd indexed terms are given by

ums(

n—1
[e~*(a)](2z + 1) = Re E (.:{u]. -a(u)- tun‘f!n) : cui:ifﬂ]
= Re([F"{c-a e)](n-1-1)) m:ﬂ,l,...,%—l_

With the information above it is easy to adapt the formulations of the one-dimension fast Fourier transforms
(Section 8.4) for the implementation of fast one-dimensional cosine transforms. The cosine transform and its
inverse are separable. Therefore, fast two-dimensional transforms implementations are possible by taking
one-dimensional transforms along the rows of the image, followed by one-dimensional transforms along the
columns|[5, 6, 7].
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8.6. Walsh Transform

—_ The Walsh transform was first defined in 1923 by Walsh [8], although in 1893 Hadamard [9] had achieved a
WJUMPTOTOPIC similar result by the application of certain orthogonal matrices, generally called Hadamard matrices, which

_ contain only the entries +1 and -1.

In 1931 Paley provided an entirely different definition of the Walsh transform, which is the one used most
frequently by mathematicians [10] and is the one used in this discussion.

The one-dimensiona Walsh transform of @ € RE" wheren = 2%, isgiven by

n—1 k=1
(20(a)](u) = %Z a(z) [ (-)*@*=®),  o<u <.
z=0 i=0

Theterm b(2) denotes the jth bit in the binary expansion of z. For example,

bo(17) = 1, by(17) = 0, b2(17) = 0, bs(17) = 0, and bs(17) = 1.

The inverse of the Walsh transform is

n—1 k—1
{M_I(E]] (x) = Z afu) H (_l}hiﬂh_;-i(u]_
u=0 i=0

The set of functions created from the product

k-1
gu(z) = H {—I]BiEzlh#-l—fl:u?I

i=0
form the basis of the Walsh transform and for each pair (x, u), g,(X) represents the (x, u) entry of the
Hadamard matrix mentioned above. Rewriting the expression for the inverse Walsh transform as
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n=1

a(z) = ) [W(a)](u) - gu(2),

u=0

itis seen that a is aweighted sum of the basis functions g (x). The weights in the sum are given by the Walsh

transform. Figure 8.6.1 shows the Walsh basis functions for n = 4 and how an image is written as aweighted
sum of the basis functions.

v-| - - - -
- ——.
i

#n H N
“'.E » s

1 | PP e e NCEEL
ot a -
Lt 1

Flgures 6 1 TheWaIsh basisfor n = 4.

Thus, the Walsh transform and the Fourier transform are similar in that they both provide the coefficients for
the representation of an image as aweighted sum of basis functions. The basis functions for the Fourier
transform are sinusoidal functions of varying frequencies. The basis functions for the Walsh transform are the

z,
elements of { —-1,1 } defined above. The rate of transition from negative to positive value in the Walsh
basis function is analogous to the frequency of the Fourier basis function. The frequencies of the basis
functions for the Fourier transform increase as u increases. However, the rate at which Walsh basis functions
change signsis not an increasing function of u.

Fora € RfnX I“, the forward and reverse Walsh transforms are given by

h—lﬂ
[20(a))(u,v) = Z:Eﬂ'ix y) H( 1064 (@081 (450 (9D ()
:r-l] y=0 i=0
and
n—ln 1
[~ (@)](z,9) = ZZH(M)H( 1) (B ()b —i(w)+be ()b~ ()]
u—Dv—D

respectively. Here again, a can be represented as aweighted sum of the basis functions

k=1

H { 1}[5 iz e =1 —i{u)+bi(y)br a1 -i(v]]
i=0

g{u.u}(mn y) =

with coefficients given by the Walsh transform. Figure 8.6.2 shows the two-dimensional Walsh basisfor n =
4. The function g, (X, y) is represented by the image g, in which pixel values of 1 are white and pixel values
of -1 are black.

Jmamn
- N
=R
iﬂﬁa

Flgure8 6. 2 Two—dlmensonal Walsh basisfor n =4,

Figure 8.6.3 shows the magnitude image (right) of the two-dimensional Walsh transform of the image of a jet
(Ieft).

= il

Figure 8.6.3 Jet image and the magnitude image of its Walsh transform image.
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I mage Algebra Formulation

The image agebraformulation of the fast Walsh transform isidentical to that of the fast Fourier formulation
(Section 8.4), with the exception that the template t used for the Walsh transform is

1 if |ufp| is even and (z,y) = (u,v)
1 if |u/p] iseven and (x,y) = (v + p,v)
ttp)[u.u}l(x‘ y} =ige—1 i L“;PJ is odd and {m,y} = (u,v)
1 if |u/p| is odd and (z,y) = (v - p,v)
0  otherwise.
The Walsh transform shares the important property of separability with the Fourier transform. Thus, the

two-dimensional Walsh transform can al so be computed by taking the one-dimensional Walsh transforms
along each row of the image, followed by another one-dimensional Walsh transform along the columns.

Alternate | mage Algebra Formulations

If the convolution « does not restrict its operations to the template’ s support, the spatia transform approach
will be much more efficient. The only change that needs to be made to the aternate fast Fourier transform of
Section 8.2 isin the definition of the wi images. For the spatial transform implementation of the fast Walsh
transform, theimagesw; {-1,1}* are defined as

Ty 1 if | 35 [is even
RS0 w2 )i 0dd.

£
Fa—1
In[11, 12], Zhu provides afast version of the Walsh transform in terms of the p-product. Zhu's method also
eliminates the reordering process required in most fast versions of the Walsh transform. Specifically, given a

one-dimensional signal & € RI’“, where m = 2k the Walsh transform of a is given by

W(a) = —[w Ba(wa Bi(-- (wa Bya)),
wherew, = (1, 1, 1,-1) fori =1, ..., k.

Note that the 2-product formulation of the Walsh transform involves only the values +1 and -1. Therefore

1
thereis no multiplication involved except for final multiplication by the quantity .

Fora € RIm ﬂ“, wherem= 2kand n = 2, the two-dimensional Walsh transform of a is given by
b = tm{w1 @o(wa @a(:-- (Wi Doa")))]
1
W(a) = E’ﬁn[“’l Ba(w2 @a(- -+ (w1 B2b')))]

where Pk * F" = Faxn withr = . h, is defined by

fi f2 e fa
*Ph(fl: fﬂ! LA | fr) - fh:-l fh:-l-‘z . fz‘h
f (g=1)h+1 f{q-l}h+z E& fqrh

Thus, the function A, converts the vector [w; *,(wW,,(...(w, *,82)))] back into matrix form.

Additional p-product formulations for signals whose lengths are not powers of two can be foundin[11, 12].
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8.7. The Haar Wavelet Transform

o nhoae @ Thesimplest example of afamily of functionsyielding amultiresolution analysis of the space L*[R] of all
e square-integrable functions on the real lineis given by the Haar family of functions. These functions are well
_ localized in space and are therefore appropriate for spatial domain analysis of signals and images.
Furthermore, the Haar functions constitute an orthogonal basis. Hence, the discrete Haar transform benefits
from the properties of orthogonal transformations. For example, these transformations preserve inner products
when interpreted as linear operators from one space to another. The inverse of an orthogonal transformation is
also particularly easy to implement, since it is simply the transpose of the direct transformation. Andrews [13]
points out that orthogonal transformations are entropy preserving in an information theoretic sense. A
particularly attractive feature of the Haar wavelet transform is its computational complexity, which islinear
with respect to the length of the input signal. Moreover, this transform, as well as other wavel et
representations of images (see Mallat [14]), discriminates oriented edges at different scales.

The appropriate theoretical background for signal and image analysisin the context of a multiresolution
anaysisisgiven by Mallat [14], where multiresolution wavel et representations are obtained by way of
pyramidal algorithms. Daubechies provides a more general treatment of orthonormal wavel et bases and
multiresolution analysis [15], where the Haar multiresolution analysisis presented. The Haar function,
defined below, isthe simplest example of an orthogonal wavelet. It may be viewed as the first of the family of
compactly supported wavelets discovered by Daubechies.

The discrete Haar wavelet transformis a separable linear transform that is based on the scaling function

(@) = { 1 0<z<l1
T =10 otherwise,
and the dyadic dilations and integer trandations of the Haar function

1 0<x <
h(z) =4 -1 $<r<
0 otherwise.
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A matrix formulation of the Haar transform using orthogonal matrices follows. A convenient factorization of
these matrices leads to a pyramidal algorithm, which makes use of the generalized matrix product of order
two. The algorithm has complexity O (n).

Letn = 25,k € I% anda € RE" be area-valued, one-dimensional signal. Associate with athe column
VECtor (8y,ay,....a, ,)2, where @i = a(i) for i € Zn_To determine an orthonormal basis {ui [1€Zn}iy
the vector space RE™ define

hpe(z) = h(2Pz — g)
for the range of integer indices P eEN and 0d g < 2r. For fixed p and g, the function h(X) isatranslation

by g of the function h(2rx), which is adilation of the Haar wavelet function h(x). Furthermore, h,,(x) is

supported on an interval of length 2». Theinfinite family of functions {fpe() | P € N,0 < ¢ < 27}
together with the scaling function g(x) constitute an orthogonal basis, known as the Haar basis, for the space

L2[0,1] of sguare-integrable functions on the unit interval. This basis can be extended to a basis for LE[H}. The
Haar basis was first described in 1910 [16].

To obtain a discrete version of the Haar basis, note that any positive integer i can be written uniquely as
i=2"+gq,

where ? € N and0d q> 20, Using thisfact, define

1
uo{j) = E for iﬂ.“j' e I“

and

. v j
u;(§) = .1,‘? . f;pq(f:) = 2r=k¥2p (27%5) forall j € Z,,, (8.7.1)

wherei=2r+qfori=1, 2, ..., n- 1. Thefactor 2PK2 in Equation 8.7.1 normalizes the Euclidean vector

norm of the u,. Hence, |ju;||, = 1 for all i€ zn. The vector u, isanormalized, discrete version of the scaling
function g(x). Similarly, the vectorsu; for i = 1,2,...,n - 1 are normalized, discrete versions of the wavelet
functions h,,(x). Furthermore, these vectors are mutually orthogonal, i.e., the dot product

u;eu; =0 whenever ¢ # j.

Therefore, B, = {“i i = Iﬁ} isan orthonormal basis for the vector space RI" of one-dimensiona
signals of length n.

Now define the Haar matrices H,, for n = 2, k a positive integer, by letting u; © Bn be the ith row vector
of H,,. The orthonormality of the row vectors of H, impliesthat H,, is an orthogonal matrix, i.e.,
HiHn = H,H, = n, where|, isthen x nidentity matrix. Hence, H, isinvertible with inverse
H.' = :u Setting - = 22, the normalization factor may be written as
alp—k)/2 _ o—(k-p)/2 _ P,

The Haar matricesfor n = 2, 4, and 8 in terms of powers of A are



,;.2 1?2 nﬂ ﬂﬂ
2 2 2 2
e GfpL Geefyn ey
B=1% =0 o o
0 o0 0 -7
and
(ﬂz nz 7 on 5t P rf’\
O A e A
" 7° - - 0 0 0 0
Ho—|0 0 0 0 g g 2 —p
*=ln - o0 0o o0 o0 o0 o0
0 0 ] -1 0 0 0 0
0 0 0 0 n /] 0 0
\o0 0 0 0 o0 0 n -gn/
The signal amay be written as alinear combination of the basis vectors u;:
n—1
a= ) cu, (8.7.2)

where the ¢; (for all 1€ I1-1) are unknown coefficients to be determined. Equation 8.7.2 may be written as

a=[up,uy,...,up-1jc
= H,c,

(8.7.3)

where € € RE® isthe vector of unknown coefficients, i.e., c(i) = ci for each 1 €2, us ng H' = H,
and solving for ¢, one obtains

c= H.a. (8.7.4)

Equation 8.7.4 defines the Haar transform Haar Tr ansf or niLD for one-dimensional signals of length n = 2,
i.e,

HaarTransformiD(a,n) = H,a.

Furthermore, an image may be reconstructed from the vector ¢ of Haar coefficients using Equation 8.7.3.
Hence, define the inverse Haar transform | nver seHaar Tr ansf or mLD for one-dimensiona signals by

InverseHaarTransformiD(c,n) = Hc.

To define the Haar transform for two-dimensional images, let m= 2kand n = 2!, with ke Z"', and let

ac RIm*In be a two-dimensional image. The Haar transform of ayields an m x n matrix c = [c;] of
coefficients given by

c= Hm[aii]H;, (8.7.5)
where a; = a(i, j) for all l';i, i) € L X i, Equation 8.7.5 defines the Haar transform
Haar Tr ansf or n2D of atwo-dimensional m x n image:

HaarTransform2D(a,m,n) = Hy,[a;;]|H,.
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The image a can be recovered from the m x n matrix ¢ of Haar coefficients by the inverse Haar transform,
| nver seHaar Tr ansf or mLD, for two-dimensional images:

JUMP TO TOPIC. InverseHaarTransforn2D(c, m,n) = H,, [ci;]Hn,

a=H [€ij]1 Hn- (8.7.6)
Equation 8.7.6 is equivalent to the linear expansion

m—1ln-—1

ﬂ=EZﬂij’ui®qu

i=0 =0

where Wi € Brtoralt € Zmand Vs € Batoral 3 € Zn Theouter product u, — v, may be
interpreted as the image of atwo-dimensional, discrete Haar wavelet. The sum over al combinations of the

outer products, appropriately weighted by the coefficients c;, reconstructs the original image a.

| mage Algebra Formulation

The image agebraformulation of the Haar transform is based on a convenient factorization of the Haar
matrices [13]. To factor H,, for n=2, 4, and 8, let

K= nn
2 (ﬂ‘ _ﬂ,)'r

I
o5 o=
o3 ©

= o
=03 o
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and

(1;: n 0 0 0 0 0 0
0 0 n n 0 0 0 O
0o 0 0 0 nwn n 0 0
{0 0 0 0 0 0 n 9
Ks=1y -0 0 0 0 0 0
0 0 n - 0 0 0 0
0 0 0 0 n -5 0 0
\0 0 0 0 0 0 n —-n/
The Haar matrices H,, H,, and Hg may be factored as follows:
Hy = K,
_ Ko Gg
H‘_'(OB Iz)K*l}
and
H3=(‘g: ?:)xg
K3 0p |
j_»
Oy Is
O | [Ks O4
= 1 (a. L)K‘
04 | I
|

From this factorization, it is clear that only pairwise sums and pairwise differences with multiplication by n
are required to obtain the Haar wavelet transforms (direct and inverse) of an image. Furthermore, the
one-dimensional Haar transform of a signal of length 2k may be computed in k stages. The number of stages

corresponds to the number of factors for the Haar matrix H 2%, Computation of the Haar transform of asignal
of length n requires 4(n - 1) multiplications and 2(n - 1) sums or differences. Hence, the computational
complexity of the Haar transform is O (n). Further remarks concerning the complexity of the Haar transform
can be found in Andrews [13] and Strang [17].

The image agebra formulation of the Haar wavelet transform may be expressed in terms of the normalization
constant - = 2-42, the Haar scaling vector g = (-, -)2, and the Haar wavelet vector h = (-, --)2, as described
below.

One-Dimensional Haar Transform

Lea € EI“, with n = 2k k € 1+. The following pyramidal agorithm implements
c:=Haar Tr ansf or niLD(a, n),
where a istreated as arow vector.
a’:=a
fori:=1tok loop
6 =" @,h
ot =01 Dag
end loop
c:= (o*|8*| 651 --- | 8Y).

Example: Let a= (a,a,,...,8;). The Haar transform



c=(c|86|6%|86")
— (0'03,63,602,6%3 'ﬁatﬁiié‘%lﬁ%]

of aiscomputed in three stages, as shown in Figure 8.7.1.

o 1 L
oA __H
Figure8.7.1 Pyramidal algorithm data flow.

Note that the first entry of the resulting vector is a scaled global sum, since
A=Y a.
Two-Dimensional Haar Transform

Letm=2kand n= 2, with -5'7: lelZt andleta € RIm %In be atwo-dimensional image. The following
agorithm implements

¢ := HaarTransform2D(a, m, n).

The one-dimensional Haar transform of each row of ais computed first as an intermediate image b. The
second loop of the algorithm computes the Haar transform of each column of b. This procedure is equivalent

to the computation € = Hom(la:;)H,),
a®:=a
for =1 to [ Yoop
& =o'  @;h

=t B

and loop
b= (|88 |- |6')
ot:=h

for j:= 1 to k loop
8 = h' @jo? "
ot =g @i’
end loop

o=

Example: Consider the gray scale rendition of an input image of a32 x 32 letter “A” as shown in Figure

8.7.2. In the gray scale images shown here, black corresponds to the lowest value in the image and white
corresponds to the highest value. For the original image, black = 0 and white = 255.
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Figure8.7.2 Input image.

The row-by-row Haar transform of the original image is shown in Figure 8.7.3, and the column-by-column
Haar transform of the original image is shown in Figure 8.7.4.

Figure 8.7.3 Row-by-row Haar transform of the input image.

Figure 8.7.4 Column-by-column Haar transform of the input image.

Computing the column-by-column Haar transform of the image in Figure 8.7.3, or computing the row-by-row
Haar transform of the image in Figure 8.7.4, yields the Haar transform of the original image. Theresult is
shown in Figure 8.7.5. Interpretation of Figure 8.7.5 isfacilitated by recognizing that the 25 x 25 matrix of
coefficientsis partitioned into a multiresolution grid consisting of (5 + 1) x (5 + 1) subregions, as shown in
Figure 8.7.6. Each subregion corresponds to a particular resolution or scale along the x- and y-axes. For
example, the labeled subregion “23 contains a 22 x 23 = 4 x 8 version of the original image at a scale of 1/8
aong the x-axis and a scale of 1/4 along the y-axis.

Figure8.7.5 Gray scale Haar transform of the input image.

- F

-

Figure 8.7.6 Haar transform multiresolution grid.

The large value in the upper left-hand pixel in Figure 8.7.5 corresponds to a scaled global sum. By eliminating
the top row and the left column of pixels, the remaining pixels are rendered more clearly. The result is shown
in Figure 8.7.7. The bright white pixel in the top row results from a dominant feature of the original image,
namely, the right-hand diagonal of the letter “A”. The Haar wavelet transform is therefore sensitive to the
presence and orientation of edges at different scales in the image.
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Figure8.7.7 Gray scale Haar transform without top row and left column.

8.8. Daubechies Wavelet Transforms

The Daubechies family of orthonormal wavelet bases for the space L?[R] of square-integrable functions
generalize the Haar wavelet basis. Each member of this family consists of the dyadic dilations and integer
trandations

Ym,nlZ) = % -1,&(%:1:— n), m,n € Z,

of acompactly supported wavelet function E(x). The wavelet function in turn is derived from a scaling
function A(x), which also has compact support. The scaling and wavelet functions have good localization in
both the spatial and frequency domains[15, 18]. Daubechies was the first to describe compactly supported
orthonormal wavelet bases [18].
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The orthonormal wavelet bases were developed by Daubechies within the framework of a multiresolution
anaysis. Mallat [14] has exploited the features of multiresolution analysis to develop pyramidal
decomposition and reconstruction algorithms for images. The image algebra algorithms presented here are
JUMP.TO TOPIC based on these pyramidal schemes and build upon the work by Zhu and Ritter [12], in which the Daubechies
————— wavelet transform and its inverse are expressed in terms of the p-product. The one-dimensional wavel et
_ transforms (direct and inverse) described by Zhu and Ritter correspond to a single stage of the
one-dimensional pyramidal image algebra algorithms. Computer routines and further aspects of the
computation of the Daubechies wavel et transforms may be found in Press et al. [19].

For every 9 € Z+ adiscrete wavelet system, denoted by D,, is defined by afinite number of coefficients,
A0,3y,--394.1- These coefficients, known as scaling or wavelet filter coefficients, satisfy specific orthogonality
conditions. The scaling function Z(x) is defined to be a solution of

2g9-1

e(z) =Y awp(2z — k).
k=0
Moreover, the set of coefficients

k
bk:{_l} azg_l_k'l k=ﬂ’-1’li1*2‘g_l’
defines the wavelet function E(x) associated with the scaling function of the wavelet system:

2g9—

1
P@) =Y bep(2z — k).
k=0

To illustrate how the scaling coefficients are derived, consider the case g = 2. Let
s = (ag, 01, a2, az)

and
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w = {bﬂ+bhb2.-b3}
= (a3, —az, 0y, —ay).

Note that s and w satisfy the orthogonality relation s+ w = 0. The coefficients a,,a,,a,, and a; are uniquely
determined by the following equations:

al +al+ai+al=1 (8.8.1a)

apas + dqay = 0 {8.8.1h)

ity —ag + ay — ag =0 (8.8.1c)

Oag — laz + 2a; — 3ag = 0. (8.8.1d)

Equations 8.8.1 are equivalent to

lIsfl, =1 (8.8.2a)
[uﬂ1 Iy, 83, 03, Drﬂ} . {u1 I], g, iy, g, 'l.',la.} = D {E.S.Eb}
» w=0 (8.8.2¢)
(0,1,2,3)ew =10. (8.8.2d)

Solving for the four unknowns in the four Equations 8.8.1 yields
a0 = (1+v3)/4v2
m = (3+V3)/4v2
a2 = (3 V3)/4V2
i3 = {l - vﬁ),‘h@.

In general, the coefficients for the discrete wavelet system D,, are determined by 2g equationsin 2g

unknowns. Daubechies has tabulated the coefficientsfor g = 2, 3,..., 10 [15, 18]. Higher-order wavelets are
smoother but have broader supports.

(8.8.3)

I mage Algebra Formulation
Letd . For the direct and inverse D,, wavelet transforms, let

Szfﬂn 75 ﬂ:;_.;-l}r

and

w=(bo by - bag )

denote the scaling vector and the wavel et vector, respectively, of the wavelet transform. Furthermore, let

o= ()= ()= (02)
b b bag—:
b (b{i)‘“’l B (bﬁ)"“’“’g“l - (biﬁ_f)‘

In the computation of the wavelet transform of asignal or image, the scaling vector acts as lowpass filter,
while the wavel et vector acts as a bandpass filter.

and

The agorithms in this section make use of specific column and row representations of matrices. For
X =Zm X Lpadf € RX the colum vector of f is defined by

eol(T) = (fon: foits o Tom=ns s Fite s Rt oo Bty et bz Foictin-1)'s
and the row vector of f is defined by row(f) = (col (f))2.




When computing wavelet coefficients of a data vector near the end of the vector, the support of the scaling
vector or wavelet vector may exceed the support of the data. In such cases, it is convenient to assume periodic
boundary conditions on the data vector, i.e., the data vector istreated as a circular vector. Appropriate spatial
maps are defined below to represent required shifts for data addressing.

One-Dimensional Daubechies Wavelet Transform

Letx — EN, with N = Zk. k e Zt andletf € RX be a one-dimensional signal.
Circular shifts of arow vector may be represented by composition with the spatial map K, : X * X defined by

Kq 13— (7 + q)mod(N),
whereq € Z.,

The following pyramidal algorithm computes the one-dimensional wavelet transformC & Rx of f, where
f istreated asarow vector.

o =f
R:=k - ([log2(2g)] - 1)
fori:=1to R loop
_ . g=1
§ =" Powp + EI{G'T_I o rigp) DaWp
=
_ : g=1
o' =0 s + E,["-TI_I ° K2p) D2sp
end loop -
e {ﬂ"nlﬁﬂl'ﬁﬂ_ll |.|5'}.
Remarks

» Thewavelet transform is computed in R stages. Each stage corresponds to a scale or level of
resolution. The number of stages required to compute the wavelet transform is afunction of the length
N = 2¢ of the input data vector and the length 2, of the wavelet or scaling vector.

« ARand AR are row vectors of length 211092 -3 n
» Thecaseg = 1yieldsthe Haar wavelet transform with s=: 5,=gand w = w, = h, whereg and h are
the Haar scaling and wavel et vectors, respectively.

Theoriginal signal f may be reconstructed from the vector ¢ by the inverse wavel et transform. The following

. . : X .
agorithm uses the tensor product to obtain the inverse wavelet transform of C & R where c istreated as
arow vector.

I 1= 2\ {toga(2g)1-1)

d :=[e{0), e(1),...,e(L - l}]
R:=k — ([loga(29)] - 1)
fori:=1to R loop
cti=d
e :=[e(L),e(L + }), ..ye(2L - 1))
g

d*:=s0@c" + .EISPQ{E#OHF}
=

g—1
d¥:=wo®c¥ + 3 w, ®(c" ox,)
=1

d:=d* +d"
d :=row(d’)
L:=2L

end loop.

Remarks
* Thereconstructed data vector d has dimensions 1 x N.
* dsand dw are matrices having dimensions 2 x L.



Example: Let g = 2. The scaling coefficients for D, are given by Equations 8.8.3. A typical waveletintheD,,

wavelet basis may be obtained by taking the inverse wavelet transform of a canonical unit vector of length N
= 2k For k = 8, the graph of the inverse D, wavelet transform of e, is shown in Figure 8.8.1.

Flgure88 1 Typlcal D, wavelet.

Two-Dimensional Daubechies Wavelet Transform

Le X = Zpr X LN vitnm=2,N=2, a0k, ! € ZF Circular column shifts of a

two-dimensional image are easily represented by composition with the spatial map K, : X * X defined by
kg ¢ (i,§) = (i, (j + q)mod(N)),

withd € Z ana ogously, circular row shifts of two-dimensional images may be represented by
composition with the spatiad map A, : X' X defined by

Pq 1 (1,7) = ((i 4+ g)mod(M), 7},
withg € L,

Leef € Rx be atwo-dimensional image. The following a gorithm computes the two-dimensional

wavelet transformd € Rx of f, wheref istreated asan M x N matrix. The one-dimensional transform of
each row of f iscomputed first as an intermediate image c¢. The second loop of the algorithm computes the
one-dimensional transform of each column of c.

ol =f
R = 1- ([log2(29)] - 1)
fori:=1to R loop

: ; g=1
§=oi "t @ywo + Z (o' ! o Kap) BywWy

ot =g 1@230 + E[ﬂ" 1 0 Kap) Dasp

end lo
l:'.' u}}t) §R|ﬁﬂ_l|"'1ﬁl}
U
-5" = (ﬂoqztiﬂﬂ - 1)
for j -—ltnSloup

g=1 ;
8 :=wj oo’ + 3 W), '&J"z{ﬂj_l o p2p)
p=1

: - g=1 .
ol =5 @hoi~l + s @0’ 0 pay)
F=

end loop
Kl
55
d = Eﬁ__l

v
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Example: Consider the gray scale rendition of an input image of a32 x 32 letter “A” as shown in Figure
8.8.2. In the gray scale images shown here, black corresponds to the lowest value in the image and white
corresponds to the highest value. For the original image, black = 0 and white = 255.

JUMP TO TOPIC '

Figure 8.8.2 Input image.

Suppose g = 2. The row-by-row D, wavelet transform of the origina image is shown in Figure 8.8.3, and the
column-by-column D, wavelet transform of the original image is shown in Figure 8.8.4.

Figure 8.8.3 Row-by-row wavelet transform of the input image.

Figure 8.8.4 Column-by-column wavelet transform of the input image.

Computing the column-by-column wavelet transform of the image in Figure 8.8.3, or computing the
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row-by-row wavelet transform of the image in Figure 8.8.4, yields the D, wavelet transform of the original

image. Theresult is shown in Figure 8.8.5. Asin the Haar wavel et representation, the Daubechies wavel et
representation discriminates the location, scale, and orientation of edgesin the image.

Figure 8.8.5 Gray scale wavelet transform of the input image.

Alternate | mage Algebra Formulation

The alternate image algebra formulation of the one-dimensional wavelet transform presented here uses the
'

dua @2 of the 2-product instead of the tensor product. L et

g iz A3g—%
ug = bﬂ 1 = &2 praegllyg g = E"E_q—i
g a3y azg-1
by by bag—1

The following a gorithm computes the inver se one-dimensional wavelet transformd € Rx of
C € R}{,Where}I =N, N = 2ka\nd-'{ﬁ = E—I_.

[, v= iTtoga(2a]] =1}
d = [e{0),e(1),...,e(L — 1)]
R:=k — ([loga(2g}] = 1)
for i:= 1 to i loop
c:=d
eV o= [e(L), e L4+ 1),... il:'[?.[. = 1)
d:= (e |e™) Biug + QEI.[.;_:' ok, | €™ o ny) @au,
d ::mw[d"] ’
L:=2L
end loop.
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Chapter 9
m—— Pattern Matching and Shape Detection
JUMP'TO TOPIC

[ | 9.1.Introduction

This chapter covers two related image analysis tasks: object detection by pattern matching and shape
detection using Hough transform technigues. One of the most fundamental methods of detecting an object of
interest is by pattern matching using templates. In template matching, areplica of an object of interest is
compared to all objectsin the image. If the pattern match between the template and an object in theimageis
sufficiently close (e.g., exceeding a given threshold), then the object is labeled as the template object.

The Hough transform provides for versatile methods for detecting shapes that can be described in terms of
closed parametric equations or in tabular form. Examples of parameterizable shapes are lines, circles, and
ellipses. Shapesthat fail to have closed parametric equations can be detected by a generalized version of the
Hough transform that employs lookup table techniques. The agorithms presented in this chapter address both
parametric and non-parametric shape detection.

9.2. Pattern Matching Using Correlation

Pattern matching is used to locate an object of interest within alarger image. The pattern, which represents the
object of interest, isitself an image. The image is scanned with the given pattern to locate sites on the image
that match or bear a strong visual resemblance to the pattern. The determination of a good match between an
image a and a pattern template p is usually given in terms of the metric

d = £(a — p)* = Ba® - 2%ap + Tp°,

where the sum is over the support of p. The value of d will be small when a and p are almost identical and
large when they differ significantly. It follows that the term £ap will have to be large whenever d is small.
Therefore, alarge value of £ap provides a good measure of a match. Shifting the pattern template p over all
possible locations of a and computing the match £ap at each location can therefore provide for a set candidate
pixels of agood match. Usually, thresholding determines the final locations of a possible good match.
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The method just described is known as unnormalized correlation, matched filtering, or template matching.
There are several major problems associated with unnormalized correlation. If the values of a are large over
the template support at a particular location, then it is very likely that £ap isaso large at that location, even if
no good match exists at that location. Another problem isin regions where a and p have alarge number of
zerosin common (i.e., agood match of zeros). Since zeros do not contribute to an increase of the value £ap, a
mismatch may be declared, even though a good match exists. To remedy this situation, several methods of
normalized correlation have been proposed. One such method uses the formulation

1
Cc= ;Eap,

where + = £a and the sum is over the region of the support of p. Another method uses the factor

a = (Ta)?(Zp)?

which keeps the values of the normalized correlation between -1 and 1. Values closer to 1 represent better
matches[1, 2].

The following figuresillustrate pattern matching using normalized correlation. Figure 9.2.1 is an image of an
industrial site with fuel storage tanks. The fuel storage tanks are the objects of interest for this example, thus
the image of Figure 9.2.2 is used as the pattern. Figure 9.2.3 is the image representation for the val ues of
positive normalized correlation between the storage tank pattern and the industrial site image for each point in
the domain of theindustrial site image. Note that the locations of the six fuel storage tanks show up as bright
spots. There are also locations of strong correlation that are not locations of storage tanks. Referring back to
the source image and pattern, it is understandable why thereis relatively strong correlation at these false
locations. Thresholding Figure 9.2.3 helps to pinpoint the locations of the storage tanks. Figure 9.2.4
represents the thresholded correlation image.

F'i'g' ure9.2.1 Industrial site with fuel storage tanks.

Y

Fig- ure 9.2.2 Pattern used to locate fuel storage tanks.

L4

Figure 9.2.3 Image representation of positive normalized correlation resulting from applying the pattern of
Figure 9.2.2 to the image of Figure 9.2.1.

Figure 9.2.4 Thresholded correlation image.
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| mage Algebra Formulation

e — The exact formulation of adiscrete correlation of an M x Nimage & € RX with a pattern p of size (2m- 1)
JUMPTTO TOFIG x (2n - 1) centered at the origin is given by

e o
c(z,y) = Z Z a(z+ k,y +1)-plk,1). (9.2.1)
I=={n-1) k=={m-1)

For (x+k y+1) X, oneassumesthat a(x +k,y +1) = 0. It isalso assumed that the pattern size is generally
smaller than the sensed image size. Figure 9.2.5 illustrates the correlation as expressed by Equation 9.2.1.

Fig‘ ure 9.2.5 Computation of the correlation value c(x, y) at apoint (x,y) X.

To specify template matching in image algebra, define an invariant pattern templatet, corresponding to the
pattern p centered at the origin, by setting

plu—zv—y) if —-(m-1)<u-z<m-1
tyy(wv) = and —{(n-1)<v-y<n-1
0 otherwise.

The unnormalized correlation algorithm is then given by

c:= aPt.

The following simple computation shows that this agrees with the formulation given by Equation 9.2.1.
By definition of the operation ¢, we have that
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c(z,y) = Z afu, v) -t (u,v). (9.2.2)
(u,s)EX

Sincet istrandation invariant, t,, ,,(U, V) =t o(U- X, v-Y). Thus, Equation 9.2.2 can be written as
cz,y)= Y, a(u,v)- teolu—z,v-1y). (9.2.3)
(uv)EX

Now tg g(u-X,v-y)=0unless(u-x,v-y) Stq ) or, equivaently, unless-(m-1) du-xdm-21and-(n-
1)dv-ydn- 1. Changing variables by letting k=u - xand | = v - y changes Equation 9.2.3 to

n—1

m—1
c{z.y) = Z E a(z+ k,y +1) - tgo(k, 1)

==(n-1) k=—(m-1)

n—1 m—1
E Z a(z+k,y+1)-plkl).

[=—{n—-1) k=—(m—1)

(9.2.4)

To compute the normalized correlation image ¢, let N denote the neighborhood function defined by N(y) =
S(t,). The normalized correlation image is then computed as

c := (aPt)/(aPN).

An dternate normalized correlation image is given by the statement

¢ = (a®t)/(a®N)? (Steo)*.

Note that £¢, ,, is simply the sum of all pixel values of the pattern template at the origin.

Comments and Observations

To be effective, pattern matching requires an accurate pattern. Even if an accurate pattern exists, slight
variations in the size, shape, orientation, and gray level values of the object of interest will adversely affect
performance. For this reason, pattern matching is usually limited to smaller local features which are more
invariant to size and shape variations of an object.

9.3. Pattern Matching in the Frequency Domain

The purpose of this section is to present several approaches to template matching in the spectra or Fourier
domain. Since convolutions and correlations in the spatial domain correspond to multiplicationsin the
spectral domain, it is often advantageous to perform template matching in the spectral domain. This holds
especially true for templates with large support as well as for various parallel and optical implementations of
matched filters.

It follows from the convolution theorem [3] that the spatial correlation ast corresponds to multiplication in the
frequency domain. In particular,

adt=F1(a 1), (9.3.1)

where & denotes the Fourier transform of a, £* denotes the complex conjugate of £, and ! theinverse

Fourier transform. Thus, simple pointwise multiplication of the image & with the image t* and Fourier
transforming the result implements the spatial correlation a et.

One limitation of the matched filter given by Equation 9.3.1 is that the output of the filter depends primarily
on the gray values of the image a rather than on its spatial structures. This can be observed when considering
the output image and its corresponding gray value surface shown in Figure 9.3.2. For example, the letter E in
the input image (Figure 9.3.1) produced a high-energy output when correlated with the pattern letter B shown
in Figure 9.3.1. Additionally, the filter output is proportional to its autocorrelation, and the shape of the filter
output around its maximum match is fairly broad. Accurately locating this maximum can therefore be difficult



in the presence of noise. Normalizing the correlated image Dt = a t.) as donein the previous
section, alleviates the problem for some mismatched patterns. Figure 9.3.3 provides an example of a
normalized output. An approach to solving this problem in the Fourier domain is to use phase-only matched
filters.

The transfer function of the phase-only matched filter is obtained by eliminating the amplitude of i?-* through

w— - . _i"_
factorization. As shown in Figure 9.3.4, the output of the phase-only matched filter § (a |""|) provides a
much sharper peak than the simple matched filter since the spectral phase preserves the location of objects but
isinsensitive to the image energy [4].

Further improvements of the phase-only matched filter can be achieved by correlating the phases of both a

-1 .
and t. Figure 9.3.5 shows that the image function 8 (1%[ Il‘-‘l) approximates the Dirac “-function at the
center of the letter B, thus providing even sharper peaks than the phase-only matched filter. Note also the
suppression of the enlarged B in the left-hand corner of the image. Thisfiltering technique is known asthe
symmetric phase-only matched filter or SPOMF [5].

Figure9.3.1 Theinput image a is shown on the left and the pattern template t on the right.

I
Figure 9.3.2 The correlated output image € = Fl(a-t }anditsgray value surface.

T 12 1/2
Figure 9.3.3 The normalized correlation image € = 8~ (& £°)/(a@N)""(Et0,0) ", where N(y) = st,)
and its gray vaue surface.

. v

=1 -
Figure 9.3.4 The phase-only correlation image § (a 1t ) and its gray value surface.

a t*
Ao -t

Figure9.3.5 The symmetric phase-only correlation image § ( al e ) and its gray value surface.
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Although the methods for matched filtering in the frequency domain are mathematically easily formulated,

JUMPTOTOFIC the exact digital specification isalittle more complicated. The multiplication a - t* implies that we must have

— two images & and t* of the same size. Thus afirst step isto create the image t* from the pattern templatet.

To create the image 1?-*, reflect the pattern template t across the origin by setting p(x) =t ¢,(-X). Thiswill

correspond to conjugation in the spectral domain. Sincet is an invariant template defined on 12, pisan

image defined over Z2 However, what is needed is an image over domain(a) = X. Asshown in Figure 9.2.5,
the support of the pattern template intersects X in only the positive quadrant. Hence, simple restriction of p to
X will not work. Additionally, the pattern image p needs to be centered with respect to the transformed image
a for the appropriate multiplication in the Fourier domain. Thisis achieved by transating p to the corners of a
and then restricting to the domain of a. This processisillustrated in Figure 9.3.6. Specifically, define

P:=(p+[p+(0,N)]+[p+ (MO0)]+[p+ (MN))x.

Note that there are two types of additionsin the above formula. One isimage addition and the other is
image-point addition which resultsin a shift of the image. Also, the translation of the image p, achieved by
vector addition, translates p one unit beyond the boundary of X in order to avoid duplication of the
intersection of the boundary of X with p at the corner of the origin.

Fig' ure 9.3.6 Theimage p created from the pattern template t using reflection, translations to the corners of
the array X, and restriction to X. The values of p are zero except in the shaded area, where the values are
equal the corresponding gray level valuesin the support of t at (0,0).
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Theimage £ ™ is now given by P, the Fourier transform of p. The correlation image ¢ can therefore be
obtained using the following agorithm:

p(x) := t(goy(—x)
=(p+Pp+(ON)]+[p+(MO)]+p+(MN))x
c:=F Ha p)

Using the image p constructed in the above agorithm, the phase-only filter and the symmetric phase-only
filter have now the following simple formulation:

c:=F! (ﬁ.- i)
Pl

sl B
Ei= (|a| sm)-

and

respectively.

Comments and Observations

In order to achieve the phase-only matching component to the matched filter approach we needed to divide

the complex image 13 by the amplitude |mage| P|. Problems can occur if some pixel values of |Plare equal to
zero. However, in the image algebra pseudocode of the various matched filters we assume that

- g o A
1%[ =P -[p| ,where|P| 1denot%thepseudoinvaseof|l3|.Asimilar comment holds for the quotient

o8

Some further improvements of the symmetric phase-only matched filter can be achieved by processing the
spectral phases|[6, 7, 8, 9].

9.4. Rotation Invariant Pattern Matching

In Section 9.2 we noted that pattern matching using simple pattern correlation will be adversely affected if the
pattern in the image is different in size or orientation then the template pattern. Rotation invariant pattern
matching solves this problem for patterns varying in orientation. The technique presented hereis a digital
adaptation of optical methods of rotation invariant pattern matching [10, 11, 12, 13, 14].

Computing the Fourier transform of images and ignoring the phase provides for a pattern matching approach
that is insensitive to position (Section 9.3) since a shift in a(x, y) does not affect [a(u, v)|. Thisfollows from
the Fourier transform pair relation

a{m — To, ¥ — yﬂ} A 4 ﬁ.(ﬂ,‘u) = 3-2“£{m0+1:yu]fN

which implies that

—2mi 2)/N | |12
mi(uzo+vyo)/ | = |a(u,v)|,
where x, =y, = N/2 denote the midpoint coordinates of the N x N domain of & However, rotation of a(x, y)
rotates |a(u, v)| by the same amount. This rotational effect can be taken care of by transforming |a(u, v)| to
polar form (u, v) —r (r, ). A rotation of a(x, y) will then manifest itself as ashiftintheangle ,. After

determining this shift, the pattern template can be rotated through the angle , and then used in one of the
standard correlation schemesin order to find the location of the pattern in the image.

| a(u,v)e

The exact specification of this technique — which, in the digital domain, is by no meanstrivial — is provided
by the image algebra formulation below.
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= Let t denote the pattern template and let a € REIN*In , where N = 2, denote the image containing the
JUMPTTO TOFIG rotated pattern corresponding to t. The rotation invariant pattern scheme alluded to above can be broken down

| imosenbaicas
Step 1. Extend the pattern template t to a pattern image over the domain In*xEnofa

This step can be achieved in avariety of ways. One way is to use the method defined in Section 9.3. Another
method isto simply set

P = tonvye Ny lzyxzy -

Thisis equivaent to extending t, ;) outside of its support to the zero image on Inxdn.

Step 2. Fourier transform a and p.
a = (a)
p = 3(p).

Step 3. Center the Fourier transformed images (see Section 8.3).

e

a = aocenter

P = p o center.

Centering is a necessary step in order to avoid boundary effects when using bilinear interpolation at a
subsequent stage of this algorithm.

Step 4. Scae the Fourier spectrum.
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a = log(la| +1)

s

P = log(|p| +1).

This step isvital for the success of the proposed method. Image spectra decrease rather rapidly as afunction
of increasing frequency, resulting in suppression of high-frequency terms. Taking the logarithm of the Fourier
spectrum increases the amplitude of the side lobes and thus provides for more accurate results when
employing the symmetric phase-only filter at alater stage of this algorithm.

Step 5. Convert 4 and P to continuous image.

The conversion of & and P to continuous images is accomplished by using bilinear interpolation. An image
agebraformulation of bilinear interpolation can be found in [15]. Note that because of Step 4, aand P are
real-valued images. Thus, if &, and Pt denote the interpolated images, then Ps.d € Rx, where

X={(zr,9): r,yeRand0 <z, y <N -1}.

That is, &, and Pb are real-valued images over a point set X with real-valued coordinates.

Although nearest neighbor interpolation can be used, bilinear interpolation results in a more robust matching
agorithm.

Step 6. Convert to polar coordinates.

Define the point set

i N-1 2ny o
N 2 *Ei=——"f~*f~?el‘w}

Y = {{T;,ﬂj] HE
and aspatial functionf:Y ' X by
f(ri,8) = (ricostl; + N/2, risind; + N/f2).
Next compute the polar images.
a=a,of

P:=psof.
Step 7. Apply the SPOMF agorithm (Section 9.3).
Since the spectral magnitude is a periodic function of A and , ranges over theinterval [-A =, ., = A], the
output of the SPOMF algorithm will produce two peaks along the, axis, ,; and , for some.'f € Iy and

k € IN. Due to the periodicity, |,;| + |,/ = A and, hence, k = -(j + N/2). One of these two angles
corresponds to the angle of rotation of the pattern in the image with respect to the template pattern. The
complementary angle corresponds to the same image pattern rotated 180 °.

To find the location of the rotated pattern in the spatial domain image, one must rotate the pattern template (or
input image) through the angle ,; as well asthe angle ,,.. The two templates thus obtained can then be used in
one of the previous correlation methods. Pixels with the highest correlation values will correspond to the
pattern location.

Comments and Observations

The following example will help to further clarify the algorithm described above. The pattern image p and
input image a are shown in Figure 9.4.1. The exemplar pattern is arectangle rotated through an angle of 15°
while the input image contains the pattern rotated through an angle of 70°. Figure 9.4.2 shows the output of
Step 4 and Figure 9.4.3 illustrates the conversion to polar coordinates of the images shown in Figure 9.4.2.
The output of the SPOMF process (before thresholding) is shown in Figure 9.4.4. The two high peaks appear
onthe, axis(r =0).



Figure9.4.1 Theinput image a is shown on the left and the pattern template p on the right.

;oo B N—1
The reason for choosing grid spacing Ti = N"2 in Step 6 isthat the maximum value of r is
_ (N-1)?
TN-1= 2N which prevents mapping the polar coordinates outside the set X. Finer sampling grids

will further improve the accuracy of pattern detection; however, computational costs will increase
proportionally. A major drawback of this method is that it works best only when a single object is present in
the image, and when the image and template backgrounds are identical .

Figure 9.4.2 Thelog of the spectraof & (Ieft) and P (right).

.
i'ﬁ I.ﬁ i'l ra ii

Figure 9.4.3 Rectangular to polar conversion of & (left) and P (right).

Figure 9.4.4 SPOMF of image and pattern shown in Figure 9.4.3.

9.5. Rotation and Scale Invariant Pattern Matching

In this section we discuss a method of pattern matching which isinvariant with respect to both rotation and
scale. The two main components of this method are the Fourier transform and the Médllin transform. Rotation
invariance is achieved by using the approach described in Section 9.4. For scale invariance we employ the

Mellin transform. Since the Mellin transform (&) of an imagea & REINXZng given by
N=1MN-1

[DR(a)](w,v) = D Y a(j, k)i~ CHIE-EE,

k=0 j=0
it followsthat if b(x, y) = a(xx, ty), then
[(0)](x, v) = a~ "+ M (a)] (u, v).
Therefore,
|[(b)](w, v)| = |[M(a)](u, v},
which shows that the Mellin transform is scale invariant.

Implementation of the Mellin transform can be accomplished by use of the Fourier transform by rescaling the
input function. Specifically, letting 3 = logx and 2 = logy we have

z =¢" and dx = eVdy
y = ¢ and dy = e?dp.
Therefore,
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(M@)(,0) = [ [ atepa ey Dday

=f/a(e"‘,eﬂ}e“'(“'””ﬁ}d'rdﬁ

which isthe desired result.

It follows that combining the Fourier and Mellin transform with arectangular to polar conversion yields a
rotation and scale invariant matching scheme. The approach takes advantage of the individual invariance
properties of these two transforms as summarized by the following four basic steps:

(1) Fourier transform

a(z,y), p(z,y) — a(u,v), p(u,v)
(2) Rectangular to polar conversion

a(u,v),p(u,v) — a(r,0), p(r.6)
(3) Logarithmic scaling of r

a(r, 0), p(r,0) — a(e'°o",6), p (e, 6)
(4) SPOMF
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The image agebraformulation of the rotation and scale invariant pattern matching algorithm follows the
JUMP'TO TOPIC same steps as those listed in the rotation invariant pattern matching scheme in Section 9.4 with the exception

E of Step 6, in which the point set Y should be defined as follows:
N R R L - 2

The rescaling of r; corresponds to the logarithmic scaling of r in the Fourier-Mellin transform.

Asin the rotation invariant filter, the output of the SPOMF will result in two peaks which will be a distance A
apart in the , direction and will be offset by afactor proportional to the scaling factor from the | axis. For 0d i
< N/2, thiswill correspond to an enlargement of the pattern, while for N/2 <i d N -1, the proportional scaling
factor will correspond to a shrinking of the pattern [5]. The following example (Figures 9.5.1 t0 9.5.3)
illustrates the important steps of this algorithm.

Figure9.5.1 Theinput image a is shown on the left and the pattern template p on the right.

i B2

Figure9.5.2 Thelog of the spectra of & (left) and ]J (right).

Figure 9.5.3 Rectangular to polar-log conversion of a (left) and P (right).
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9.6. Line Detection Using the Hough Transform

The Hough transformis a mapping from RZ into the function space of sinusoidal functions. It wasfirst
formulated in 1962 by Hough [16]. Sinceits early formulation, this transform has undergone intense
investigations which have resulted in several generalizations and a variety of applicationsin computer vision
and image processing [1, 2, 17, 18, 19]. In this section we present a method for finding straight lines using the
Hough transform. The input for the Hough transform is an image that has been preprocessed by some type of
edge detector and thresholded (see Chapters 3 and 4). Specifically, the input should be a binary edge image.

Figure 9.5.4 SPOMF of image and pattern shown in Figure 9.5.3

A straight “line” in the sense of the Hough algorithm is a colinear set of points. Thus, the number of pointsin
astraight line could range from one to the number of pixels along the diagonal of the image. The quality of a
straight “line” is judged by the number of pointsin it. It is assumed that the natural straight linesin an image
correspond to digitized straight “lines’ in the image with relatively large cardinality.

A brute force approach to finding straight lines in a binary image with N feature pixels would be to examine
N(N-1) N(N-1)

al 2 possible straight lines between the feature pixels. For each of the ™ 2 possiblelines, N - 2

tests for colinearity must be performed. Thus, the brute force approach has a computational complexity on the

order of N3. The Hough algorithm provides a method of reducing this computational cost.

To begin the description of the Hough algorithm, we first define the Hough transform and examine some of

its properties. The Hough transform is a mapping h from RZ into the function space of sinusoidal functions
defined by

h:(z,y) — p=xcos(f) + ysin(8).

To see how the Hough transform can be used to find straight lines in an image, afew observations need to be
made.

Any straight line |, in the xy-plane corresponds to a point (A, ,) in the A -plane, where ,, [0, A) and

p 0 E R Let n, be the line normal to |, that passes through the origin of the xy-plane. The angle n,
makes with the positive x-axis s ,,. The distance from (0, 0) to |, along n, is |A,|. Figure 9.6.1 below
illustrates the relation between |, n,, ,,, and A,. Note that the x-axis in the figure corresponds to the point (0,
0), while the y-axis corresponds to the point (0, A/2).

[
L] =
\r AN / %
[
Il s
'{‘J""\."-' .nt T
A

# b
e

Figure 9.6.1 Relation of rectangular to polar representation of aline.

Suppose (X, ¥;), 1 di d n, are points in the xy-plane that lie along the straight line |, (see Figure 9.6.1). The
line |, has arepresentation (A, ,,) in the A -plane. The Hough transform takes each of the points (x, y;) to a
sinusoidal curve A = x.cos(,) + y:sin(,) in the ,A-plane. The property that the Hough algorithm relies on is that
each of the curves A = x.cos(,) + y:sin(,) have acommon point of intersection, namely (A,, ,,). Conversely,
the sinusoidal curve A = x cos(,) +y sin(,) passes through the point (A,, o) inthe A -plane only if (x, y) lies
ontheline (A,, o) in the xy-plane.

As an example, consider the points (1, 7), (3, 5), (5, 3), and (6, 2) in the xy-plane that lie along the line |, with
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,andArepr@entationﬁD = % ~ 0'l'?85')"1‘andd-':'ﬂ = \/:3_2 ~ 5657 respectively.

Figure 9.6.2 shows these points and the line ..

Figure 9.6.2 Polar parameters associated with points lying on aline.
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The Hough transform maps the indicated points to the sinusoidal functions as follows:
h:(1,7) = p= cos(f) + Tsin(f)
LU VALY h:(3,5) = p = 3cos(8) + 5sin(d)
. h: (5,3) = p = 5cos(8) + 3sin(0)
h:(6,2) — p = 6cos(#) + 2sin(8) .

The graphs of these sinusoidal functions can be seen in Figure 9.6.3. Notice how the four sinusoidal curves
Lk -
intersectaa® = T = 0.7854 4, = /32 ~ 5.657.,

Fig"ur- €9.6.3 Sinusoidalsin Hough space associated with points on aline.

Each point (x, y) at afeature pixel in the domain of the image maps to asinusoidal function by the Hough
transform. If the feature point (x;, y;) of an image lies on aline in the xy-plane parameterized by (A, o) (.o

A), its corresponding representation as a sinusoidal curvein the A -plane will intersect the point (A,, ,,).
Also, the sinusoid A = x cos (,) +y sin(,) will intersect (A,, o) only if the feature pixel location (x, y) lies on
theline (A,, o) in the xy-plane. Therefore, it is possible count the number of feature pixel pointsthat lie along
theline (A,, ,,) in the xy-plane by counting the number of sinusoidal curvesin the A, plane that intersect at
the point (A,, ,,). This observation isthe basis of the Hough line detection algorithm which is described next.

Obviously, it isimpossible to count the number of intersection of sinusoidal curves at every pointin the A
.-plane. The A,-planefor -Rd A dR, 0d, <A must be quantized. This quantization is represented as an
accumulator array a(i, j). Suppose that for a particular application it is decided that the A -plane should be
™

quantized into an r x ¢ accumulator array. Each column of the accumulator represents a € increment in the
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2R

angle ,. Each row in the accumulator representsa 1 increment in A. The cell location a(i, j) of the

g ™
1 — =

accumulator is used as a counting bin for the point ( ( 2 ) R E) in the A_-plane (and the

corresponding line in the xy-plane).

Initially, every cell of the accumulator is set to 0. The value a(i, j) of the accumulator isincremented by 1 for
every feature pixel (X, y) location at which the inequality

Ipi — (wcos(8;) + ysin(6;))] < ¢

is satisfied, Where(p“ ((z . _) Ik J E) and i is an error factor used to compensate for
quantization and dlgltlzatlon That is, if the point (A, ;) lieson the curve A = x cos(,) +y sin(,) (withina

margin of error), the accumulator at cell location a(i, j) isincremented. Error analysis for the Hough transform
is addressed in Shapiro’sworks[20, 21, 22].

When the process of incrementing cell values in the accumulator terminates, each cell value a(i, j) will be
equal to the number of curves A = x cos(,) +y sin(,) that intersect the point (A;, ,;) inthe A,-plane. Aswe

have seen earlier, this is the number of feature pixelsin the image that lie on the line (A, )

The criterion for agood line in the Hough algorithm senseis alarge number of colinear points. Therefore, the
larger entriesin the accumulator are assumed to correspond to lines in the image.

I mage Algebra Formulation
Letb {0, 1} X bethe source image and | et the accumulator image a be defined over Y, where

= {(p*-,_ej) L = (1_,)._ B;=22,0<i<r, 0<j -r:r:}
Y\ X
Define the parametrized template (z ) by
1 ifb(z,y)=1and
t(b) (4,4 (P26) = lp — (2 cos(8) +y sin(9))] < e

0 otherwise.
The accumulator image is given by the image algebra expression

a:= Zt[h).

Computation of this variant template sum is computationally intensive and inefficient. A more efficient
implementation is given below.
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Comments and Observations

For the ¢ quantized values of , in the accumulator, the computation of x cos(,) +y sin(,) is carried out for each
JUMP'TO TOPIC of the N feature pixel locations (X, y) in the image. Next, each of the rc cells of the accumulator are examined
S ——— for high counts. The computational cost of the Hough algorithm is Nc + rc, or O(N). Thisis a substantial
— improvement over the O(N3) complexity of the brute force approach mentioned at the beginning of this
section. This complexity comparison may be a bit misleading. A true comparison would have to take into
account the dimensions of the accumulator array. A smaller accumulator reduces computational complexity.
However, better line detection performance can be achieved with afiner quantization of the A -plane.

As presented above, the algorithm can increment more than one cell in the accumulator array for any choice
of values for the point (X, y) and angle,. We can insure that at most one accumulator cell will be increment by
calculating the unique value A as afunction of (X, y) and quantized ,; as follows:

p = [xcos (6;) + ysin (85)},
where [Z] denotes the rounding of z to the nearest integer.

The equation for A can be used to define the neighborhood function

N:Y —2X

by

N(p,8) = {(z,y) : p = [xcos(B) + ysin(0)]}.
The statement

b := b”l

a:= b@®N

computes the accumulator image since
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a(i,j)= Y.  b(z,y).
[E,H)ENEP“E;})

A straight line |, in the xy-plane can a so be represented by a point (m,, ¢,), where m, isthe slope of |, and ¢,
isitsy intercept. In the original formulation of the Hough algorithm [16], the Hough transform took pointsin
the xy-plane to linesin the slope-intercept plane; i.e., h: (x, y;) ' y; = mx + c. The slope intercept
representation of lines presents difficulties in implementation of the algorithm because both the slope and the
y intercept of aline go to infinity as the line approaches the vertical. This difficulty is not encountered using
the A _-representation of aline.

As an example, we have applied to the Hough algorithm to the thresholded edge image of a causeway with a
bridge (Figure 9.6.4). The A -plane has been quantized using the 41 x 20 accumulator seen in Table 9.6.1.
Accumulator values greater than 80 were deemed to correspond to lines. Three values in the accumulator
satisfied this threshold, they are indicated within the accumulator by double underlining. The three detected
lines are shown in Figure 9.6.5.

The lines produced by our example probably are not the lines that a human viewer would select. A finer
quantization of , and A would probably yield better results. All the parameters for our example were chosen
arbitrarily. No conclusions on the performance of the algorithm should be drawn on the basis of our example.
It serves simply to illustrate an accumulator array. However, it isinstructive to apply a straight edge to the
source image to see how the quantization of the A -plane affected the accumulator values.

Figure 9.6.4 Source binary image.

Figure9.6.5 Detected lines.
Table 9.6.1 Hough Space Accumulator Values

9.7. Detecting Ellipses Using the Hough Transform

The Hough agorithm can be easily extended to finding any curve in an image that can be expressed
anayticaly in the form f(x, p) = 0[23]. Here, X isapoint in the domain of the image and p is a parameter
vector. For example, the lines of Section 9.6 can be expressed in analytic form by letting g(x, p) =x cos(,) +y

sin() - A, wherep = (,, A) and X = (z,y) € R? \We will first discuss how the Hough algorithm extends for
any analytic curve using circle location to illustrate the method.

Thecircle (x- C)2 + (y - E)2= A2in the xy-plane with center (C, E) and radius A can be expressed asf(x, p) =
(x-G)2+(y-E)2-A2=0,wherep = (C, E, A). Therefore, just asalinel, in the xy-plane can parameterized
by an angle ,, and a directed distance A, acircle ¢, in the xy-plane can be parametrized by the location of its
center (X,, Y,) and itsradius A,,.

The Hough transform used for circle detection is a map defined over feature points in the domain of theimage
into the function space of conic surfaces. The Hough transform h used for circle detection is the map

h:(zo,y0) — (x — :ﬂu)z + (¢ - yu)2 g :02 = 0.
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Note that the Hough transform is only applied to the feature points in the domain of the image. The surface (G
- X2+ (E-Yyy)?-AZz=0isaconein CEA space with CE intercept (x,, Yo, 0) (see Figure 9.7.1).

JUMP TO TOPIC '

LI

Figure 9.7.1 Thesurface (G - X,)2 + (E - y)2- A2=0.

The point (x;, ;) lieson the circle (z — XU}E +(y - "4"0}'2 0 =0 in the xy-plane if and only if the conic

surface (G - x)? + (E - y,)2 - A2 = O intersects the point (G, E,, A,) in GEA-space. For example, the points (-1,
0) and (1, 0) lieon thecircle f((x, y), (0, 0, 1)) = X2 + y2 - 1 =0 in the xy-plane. The Hough transform used for
circle detection maps these points to conic surfaces in CEA-space as follows

hi(-1,0)— (x+1P +¢* -2 =0
hi:(1,0) = (x =12 +¢2-p?=0.

These two conic surfaces intersect the point (0, 0, 1) in CEA space (see Figure 9.7.2).

Figure 9.7.2 Thetwo conics corresponding to the two points (-1, 0) and (1, 0) on the circle X2 + y2 = 1 under
the Hough transform h.

The feature point (X, y;) will lie on the circle (G,, Ey, A,) in the xy-plane if and only if itsimage under the
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Hough transform intersects the point (C,, E,, Ao) in CEA-space. More generally, the point x; will lie on the
curvef(x, py) = 0in the domain of the image if and only if the curve f(x;, p) = 0 intersects the point p, in the
parameter space. Therefore, the number of feature pointsin the domain of the image that lie on the curve f(x,
p,) = 0 can be counted by counting the number of elementsin the range of the Hough transform that intersect
Po-

Asin the case of line detection, the parameter space must be quantized. The accumulator matrix isthe
representation of the quantized parameter space. For circle detection the accumulator awill be a
three-dimensional matrix with all entriesinitially set to 0. The entry a(C,, E;, A,) isincremented by 1 for

every feature point (x;, y;) in the domain of the image whose conic surface in CEA-space passes through (C,,
E. A). More precisely, a(G,, E,, A,) isincremented provided

IGer — 2:)° + (e — 1) — pe| <6,
where [ is used to compensate for digitization and quantization. Shapiro [20, 21, 22] discusses error analysis
when using the Hough transform. If the above inequality holds, it implies that the conic surface (C - x)2 + (E -
y)? - A = 0 passes trough the point (C,, E,, A)) (within amargin of error) in CEA space. This means the point
(%, y,) liesonthecircle (x - C,)2 + (y - E)?2 - A, = 0in the xy-plane, and thus the accumul ator value a(C,, E,
A,) should be incremented by 1.
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Circles are among the most commonly found objects in images. Circles are special cases of ellipses, and
circlesviewed at an angle appear as ellipses. We extend circle detection to ellipse detection next. The method
for ellipse detection that we will be discussing is taken from Ballard [23].

HJUMPTOTORICT The equation for an ellipse centered at (C, E) with axes paralléel to the coordinate axes (Figure 9.7.3) is

E— (z-x)*  @-9)’

pe ‘32 = ],or
F(@ () = E= X 4 O };;”2 _1=0.
Differentiating with respect to x, the equation becomes
"), 2y _,

a? 32 dx

which gives us

2
@2 = (}%) - v

Substituting into the original equation for the ellipse yields

Solving for E we get
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2
W=yt b ;

(142G

It then follows by substituting for E in the original equation for the ellipse that

o

x=zx ;

(+ )

For ellipse detection we will assume that the original image has been preprocessed by a direction edge
detector and thresholded based on edge magnitude (Chapters 3 and 4). Therefore, we assume that an edge
directionimaged [0, 2A)X exist, where X is the domain of the original image. The direction d(x, y) isthe
direction of the gradient at the point (x, y) on the éllipse. The tangent to the ellipse at

ic 9y
(22’-, y) 15 dx I(E-F}. Since the gradient is perpendicular to the tangent, the following holds:

%'(zm} = tan(d(m,y} - ;—r)

al ; T -""\_

e | o -._._,'

Figure9.7.3 Parémeters of andlipse.

Recall that so far we have only been considering the equation for an ellipse whose axes are parallel to the axes
of the coordinate system. Different orientations of the ellipse corresponding to rotations of an angle, about (
C, E) can be handled by adding afifth parameter , to the descriptors of an ellipse. This rotation factor

dy

manifests itself in the expression for da, which becomes

dy T
22 w) = m“(d(iﬂmy) —5 5)-
With this edge direction and orientation information we can write C and E as

ﬂﬂ

X=2* —F4]—
ﬁﬂ
(1 + uﬂ{mn(d(z,y]—g—a])z)

and
2
p=yx B 3
(1 + nE(tﬂn(d(?g}—%_g))z)

respectively.

The accumulator array for ellipse detection will be afive-dimensional array a. Every entry of aisinitialy set
to zero. For every feature point (X, y) of the edge direction image, the accumulator cell a(C,, E, ., £, 3) is
incremented by 1 whenever
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2
|xr - |z=x Cu | < €]
g2
1 M
( T rxi(tan(d{m.y}*%-ﬂ;))u)
and
2
|1f)a -\ ¥u + Jﬂv | < €9.

(1 + “E(tﬂﬂ(d[z;;g}_%_ﬂt})g)

Larger accumulator entry values are assumed to correspond to better ellipses. If an accumulator entry is
judged large enough, its coordinates are deemed to be the parameters of an ellipse in the original image.

It isimportant to note that gradient information is used in the preceding description of an ellipse. Asa
consequence, gradient information is used in determining whether apoint lies on an ellipse. Gradient
information shows up as the term

dy B T
Ei{m'y} = tcm(d[z,y] e ﬂ)

in the equations that were derived above. The incorporation of gradient information improves the accuracy
and computational efficiency of the algorithm. Our original example of circle detection did not use gradient
information. However, circles are special cases of ellipses and circle detection using gradient information
follows immediately from the description of the ellipse detection agorithm.

I mage Algebra Formulation

Theinput image b = (c, d) for the Hough algorithm is the result of preprocessing the original image by a
directional edge detector and thresholding based on edge magnitude. Theimagec {0, 1}X is defined by

1 if edge magnitude at (z,y)
c{z,y) = exceeds threshold
0 otherwise.

Theimaged [0, 2A)X contains edge direction information.
Y ,
Letd € £ ¥ bethe accumulator image, where

Y = {(%rsWss 0.0 Bo) :0<r < RO<8<85,0<t<T,
0<u<UVand0<v<V}

LetC(x, Y, G E, ., £ 2 My, 1) denote the condition

2
X
Ix—|zx | <€ and

\/ (1 + uz(mn[d{cz;l—f‘ﬂ)}:)




B3
(1 + al (m“(d{?f}_. ¥ *ﬁ"})g )

|--’ZE2.

- |yx

Define the parameterized template t by

1 if condition C(z,y,x.¥, 0, a,3,€1,¢€2) is satisfied
t{b};x,ﬂ(x,’i’r 8,0,8) = and c(z,y) =1

I otherwise.

The accumulator array is constructed using the image algebra expression

a:= Y t(b).

Similar to the implementation of the Hough transform for line detection, efficient incrementing of
accumulator cells can be obtained by defining the neighborhood function N : Y * 2X by

‘""r{xi‘lfll:'h'ptrﬂu-ﬂu} - {Erdl'} X = rt
J r{uﬂ d{:l p}l §- E,]} )

2
B.Dd 1,‘55= y:l:_ ﬁu = ——— .

_r_ 2
(1+ mﬁ(tnn(d{:ﬁg} 5 9‘.)} )

The accumulator array can now be computed by using the following image algebra pseudocode:

Z = domain(c|1)
b := blz
a := b@N.
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9.8. Generalized Hough Algorithm for Shape Detection

- In this section we show how the Hough agorithm can be generalized to detect non-analytic shapes. A
JUMP'TO TOFIC non-analytic shape is one that does not have a representation of the form f(x, p) = 0 (see Section 9.7). The
_ lack of an analytic representation for the shape is compensated for by the use of alookup table. Thislookup
table is often referred to as the shape’' s R-table. We begin our discussion by showing how to construct an
R-table for an arbitrary shape. Next we show how the R-tableis used in the generalized Hough agorithm. The
origin of this technique can be found in Ballard [23].

L et Sbe an arbitrary shape in the domain of the image (see Figure 9.8.1). Choose any point (C, E) off the
boundary of Sto serve as areference point for the shape. This reference point will serve to parameterize the

shape S(C, E). For any point on the boundary of S(C, E) let @(T,¥) bethe angle of the gradient at (X, y)

relative to the xy coordinate axis. The vector r{-t ' 9'] from (x, y) to (C, E) can be expressed as a
magnitude-direction pair (r(x, y), (X, y)), wherer(x, y) isthe distance from (x, y) to (C, E) and £(x, y) isthe

angler{-t:- ) makes with the positive x axis.

The R-table is indexed by values of gradient angles (Pg‘ for points on the boundary of S(C, E). For each
gradient angle in the R-table, there corresponds a set R( fpt’) of (r, £) magnitude-angle pairs. The pair (r, +)
isan element of R( "ﬁt') if and only if there exists a point (x, y) on the boundary of S(C, E) whose gradient
direction is ¥% and whose vector T(s ) has magnitude r and direction +. Thus,

Rip:)={(r,a): 3(z,)€0S s.l.p(z,4) =i, olz,y)=a, and r(z, y)=r},

which we will shorten for notational ease to
R(pi) = {(r},a}) : 1 <j < N},

where Vi = card(R( ‘Fin. Table 9.8.1 illustrates the structure of an R-table. It provides a representation
the non-analytic shape S(C, E) that can be used in the generalized Hough algorithm.
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Figure 9.8.1 Non-analytic shape representation.
Table 9.8.1 The Structure of an R-Table

¥ R(pi)

‘ﬁfl (rlyal), (ri, ﬂ%]: coo (Pl o) )

({)i {(?’i,&’i),(?‘;,&;).,.--,(T;ri,aj\ri)}
QOIK {(rfya1), (3, ﬂi),.-.,(rﬁx,ﬂﬁx)}

f(xy) SC E)thereisa®%,1didK, inthe Rtable such that i = @(&: ¥)- For that Pt thereisa
i
magnitude-angle pair (r.i’ ﬂ.f) inL2(1) such that

x = x + 7 cos(aj)

and

PY=y+ r} sin(aj-).

An important observation to make about the R-table is that by indexing the gradient direction, gradient
information is incorporated into the shape’ s description. Asin the case of ellipse detection (Section 9.7), this
will make the Hough algorithm more accurate and more computationally efficient.

Asit stands now, the shape S(C, E) is parameterized only by the location of its reference point. The R-table
for S(C, E) can only be used to detect shapes that are the result of tranglations of SC, E) in the xy plane.

A scaling factor can be accommodated by noting that a scaling of (C, E) by sis represent by scaling all the

vectorsin each of theR('pi)u, 1didK, bys. IfR[(p':) = {{r},a;-) 112 3 = N"}istheset of

3 g - iy . . ;
vectors that correspond to (pt for the original shape, then R({P“S) = {(31"}, &J) 1s9s N‘}

correspond to (p.i for the scaled shape. Thus, information from the R-table is easily adapted to take care of
different scaling parameters.

A rotation of the shape through an angle , is also easily represented through adaptation of R-table information.
Let R(‘Ph ﬂ) be the set of vectors that correspond to (p'i in an R-table for the rotated shape. The set
R(‘Pi ¥ '9) isegual to the set of vectorsin R((‘Pi - ﬂ)mad 27{) of the original shape rotated through
the angle , mod 2A. More precisely, if ¥i = (i — O)mod 2m . Rlw;) = {(ri"i) 1S k< B ] then

Rlou€) = { (4 (ed — ) modze) 1 <k <} Therefore, information from an R-table representing the shape
S(C, E) parameterized only by the location of its reference point can be adapted to represent a more general

shapeS (x> 9 8,9) parameterized by reference point, scale, and orientation.

Having shown how an R-table is constructed, we can discuss how it is used in the generalized Hough
agorithm. Theinput for the generalized Hough algorithm is an edge image with gradient information that has


javascript:displayWindow('images/09-29.jpg',500,531)
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been thresholded based on edge magnitude. Let d(X, y) denote the direction of the gradient at edge point (X, y).
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The entries of the accumulator are indexed by a quantization of the shape's CEs, parameter space. Thus, the
accumulator is afour-dimensional array with entries

JUMP TIO TOPIC a{}.‘h‘!‘f’mﬂmﬂw}:“f}lem 1 i: t 5 Ttl- i: u E U:

. 1fv<V,andlsws W

Entry a(C,, E, S,, ,,») IS the counting bin for pointsin the xy plane that lie on the boundary of the shape S(C,,
E, S, .w)- Initidly al the entries of the accumulator are 0.

For each feature edge pixel (x, y) add 1 to accumulator entry a(G,, E,, s, ,,,) if the following condition,

denoted by C(X, ¥, Gy Ey» Syr ow Mo Koy 1), hOIds. For positive numbers w;, t, and P, C(X, ¥, Gy Eo Sy o Moo
Mo, Kg) is satisfied if there existsa 1l d kd N, such that

|xs — (:r + surf;ms((ai - Hw)modiw))| < €

|[1ps — (y + surf;sin((ai - Hw)madZﬂ))l < €3,

when |(d(#,y) = 8u)mod2m — p;| < €3 Tpq W, My, and Y, are error tolerances to allow for
quantization and digitization.

Larger counts at an accumulator cell mean a higher probability that the indexes of the accumulator cell are the
parameters of a shape in the image.

| mage Algebra Formulation

Theinput image b = (c, d) for the generalized Hough algorithm is the result of preprocessing the original
image by a directional edge detector and thresholding based on edge magnitude. Theimagec {0, 1}Xis
defined by
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1 if edge magnitude at (x,y)
c(z,y) = exceeds threshold
0 otherwise.

Theimaged [0, 2A)X contains edge gradient direction information. The accumulator a is defined over the
guantized parameter space of the shape

Y= {{anm-ﬁu,ﬂw]':l‘_:#‘_:Tfl ":_:H":_:U,l EHE‘U-I EW'EW}
Define the template t by

1 ife(r,y)=1
t(b) e 4 (X: ¥, 8,0) = and C(z,y, x,%, 3,8, €1, €2, €3) is satisfied
0 otherwise.

The set R(‘PJ' } isthe set from the R-table that corresponds to the gradient angle ¥ . The accumulator is
constructed with the image algebra statement

a:= Et{b).

Again, in actual implementation, it will be more efficient to construct a neighborhood function N : Y * 2%
satisfying the above parametersin a similar fashion as the construction of the neighborhood function in the
previous section (Section 9.7) and then using the three-line algorithm:

Z = domain(c|y)
b := bj|z
a ;= b@N.
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Chapter 10
p— Image Features and Descriptors
JUMP'TO TOPIC

- | 10.1. Introduction

The purpose of this chapter is to provide examples of image feature and descriptor extraction in an image
algebra setting. Image features are useful extractable attributes of images or regions within an image.
Examples of image features are the histogram of pixel values and the symmetry of aregion of interest.
Histograms of pixel values are considered a primitive characteristic, or low-level feature, while such
geometric descriptors as symmetry or orientation of regions of interest provide examples of high-level
features. Significant computational effort may be required to extract high-level features from araw gray-value
image.

Generally, image features provide ways of describing image properties, or properties of image components,
that are derived from a number of different information domains. Some features, such as histograms and
texture features, are statistical in nature, while others, such as the Euler number or boundary descriptors of
regions, fall in the geometric domain. Geometric features are key in providing structural descriptors of
images. Structura descriptions of images are of significant interest. They are an important component of
high-level image analysis and may also provide storage-efficient representations of image data. The objective
of high-level image analysisisto interpret image information. Thisinvolves relating image gray levelsto a
variety of non-image-related knowledge underlying scene objects and reasoning about contents and structures
of complex scenesin images. Typically, high-level image analysis starts with structural descriptions of
images, such as a coded representation of an image object or the relationships between objects in an image.
The descriptive terms “inside of” and “ adjacent to” denote relations between certain objects. Representation
and manipulation of these kinds of relations is fundamental to image analysis. Here one assumes that a
preprocessing algorithm has produced a regionally segmented image whose regions represent objects in the
image, and considers extracting the relation involving the image regions from the regionally segmented
image.
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10.2. Area and Perimeter

Areaand perimeter are commonly used descriptors for regionsin the plane. In this section image algebra
formulations for the calculation of area and perimeter are presented.

| mage Algebra Formulation

Let R denote theregion in A:= Z & \whose points have pixel value 1. One way to calculate the area A of
R issimply to count the number of pointsin R. This can be accomplished with the image algebra statement

A= Za.

The perimeter P of R may be calculated by totaling the number of 0-valued 4-neighbors for each pointin R.
The image a gebra statement for the perimeter of R using this definition is given by

P:=2-% (xi(a®t1) + x1(a@t2)),

where the templates t, and t, are defined pictorially as

t = 2'/1\‘ t. = .
1 N A 2~ /]\
N

Alternate | mage Algebra Formulation

The formulas for area and perimeter that follow have been adapted from Pratt [1]. They provide more accurate
measures for images of continuous objects that have been digitized. Both the formulafor area and perimeter
use the template t defined below.

/3\
t= D/
1 3

Let b := ast. The alternate formulations for area and perimeter are given by

A:= Z{% - [xa(b) + xs(b)] + % - xa(b) + g - [xs(b) + x7(b)]
+Xs(b) + 3 - [xa(b) + xs(b)]}

and

Pi= Yo {xa(b) + b (b) + xs(b) + xs(B) + xr(b)
+2(xa(b) + xs(B)]},
respectively.
10.3. Euler Number

The Euler number is atopological descriptor for binary images. It is defined to be the number of connected
components minus the number of holesinside the connected components[2].




There are two Euler numbers for a binary image a, which we denote e,(a) and e;(a). Each is distinguished by

the connectivity used to determine the number of feature pixel components and the connectivity used to
determine the number of non-feature pixel holes contained within the feature pixel connected components.
The Euler number of abinary image is referenced by the connectivity used to determine the number of feature
pixel components.

The 4-connected Euler number, e,(a), is defined to be the number of 4-connected feature pixel components
minus the number of 8-connected holes, that is

e,(a) = c,(a) - hy(a).

Here, c,(a) denotes the number of 4-connected feature components of a and hg(a) is the number of
8-connected holes within the feature components.

The 8-connected Euler number, e;(a), of a is defined by
&5(a) = cg(a) - hy(a),

where cg4(a) denotes the number of 8-connected feature components of a and h,(a) is the number of
4-connected holes within the feature components.

Table 10.3.1 shows Euler numbers for some simple pixel configuration. Feature pixels are black.

Table 10.3.1 Examples of Pixel Configurations and Euler Numbers
C4(2) Cs(a) h,(a) hg(a) e,(a) &(a)

No.

1 1 0 0 1 1

DEIE <= -
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| mage Algebra Formulation

E
+7}?
. Leta {0,1}x beaBooIeaninputimageandletb:a-twherei“E ('[z ) ) isthe template represented in

JUMP'TO TOPIC.
— Figure 10.3.1. The 4-connected Euler number is expressed as

es(a) == %Z [x1(b) + xa(b) = x5(b) = x7(b) + 2x2(b) + 2xs(b}};
and the 8-connected Euler number is given by

es(a) = %E[‘u[h! + xa(b) = xs(b) = xz(b) = 2xa(b) — 2xe(b)].

1

3

Figure 10.3.1 Pictorial representation of the template used for determining the Euler number.

The image algebra expressions of the two types of Euler numbers were derived from the quad pattern
formulations givenin[1, 3].

Alternate Image Algebra Formulation

The formulation for the Euler numbers could also be expressed using lookup tables. L ookup tables may be
more efficient. The lookup table for the 4-connected Euler number is

1 fr=1lorr=3

-1 fr=50rr="7
=3 ir—2orr=8
0 otherwise,
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and the lookup table for the 8-connected Euler number is

1 fr=1lorr=3
-1 fr=50rr=7
-2 ifr=20rr=6
0  otherwise.

The 4-connected and 8-connected Euler numbers can then be evaluated using lookup tables viathe
expressions

efa) == 7 Y f(a@t) and es(a) = 3 3 o(a®v),

respectively.
10.4. Chain Code Extraction and Correlation

The chain code provides a storage-efficient representation for the boundary of an object in a Boolean image.
The chain code representation incorporates such pertinent information as the length of the boundary of the
encoded object, its area, and moments [4, 5]. Additionally, chain codes are invertible in that an object can be
reconstructed from its chain code representation.

The basic idea behind the chain code is that each boundary pixel of an object has an adjacent boundary pixel
neighbor whose direction from the given boundary pixel can be specified by a unique number between 0 and
7. Given apixel, consider its eight neighboring pixels. Each 8-neighbor can be assigned a number from 0to 7
representing one of eight possible directions from the given pixel (see Figure 10.4.1). Thisis done with the
same orientation throughout the entire image.

Figure 10.4.1 The 8-nei ghborhood of x and the associated eight directions.

1
#

The chain code for the boundary of a Boolean image is a sequence of integers, ¢ ={c(0), ¢(2), ...,c(n-1)},

fromtheset{0, 1, ..., 7};i.e, € € &g for i = 0,1, ..., m =1 The number of elementsin the sequence
ciscdled the length of the chain code. The elements c(0) and ¢(n - 1) are called the initial and terminal point
of the code, respectively. Starting at a given base point, the boundary of an object in a Boolean image can be
traced out using the head-to-tail directions that the chain code provides. Figure 10.4.2 illustrates the process of
tracing out the boundary of the SR71 by following direction vectors. The information of Figure 10.4.2 is then
“flattened” to derive the chain code for its boundary. Suppose we choose the topmost |eft feature pixel of
Figure 10.4.2 as the base point for the boundary encoding. The chain code for the boundary of the SR71 isthe
sequence

7,6,7,7,0,...,1,1,1.

Given the base point and the chain code, the boundary of the SR71 can be completely reconstructed. The
chain code is an efficient way of storing boundary information because it requires only three bits (23 = 8) to
determine any one of the eight directions.

The chain code correlation function provides a measure of similarity in shape and orientation between two

J!m

I
objects viatheir chain codes. Let Let € € (Zs)™™ and €' € (Z8)™" pe two chains of length mand n,

respectively, with md n. The chain code correlation function Pee’ L, — [‘]' 1] is defined by

i [(c:(i) —c((i + j) modn))-m |

: 1
pecli) = & 3o 4

i=1
The value of j at which A ., takes on its maximum is the offset of the segment of ¢2 that best matches c. The
closer the maximum isto 1 the better the match.
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| mage Algebra Formulation

Chain Code Extraction

In this section we present an image algebra formulation for extracting the chain code from an 8-connected
object in aboolean image. This algorithm is capable of extracting the chain code from objects typically
considered to be poor candidates for chain coding purposes. Specifically, this algorithm is capable of coping
with pinch points and feelers (as shown in Figure 10.4.3).

r"“"?
e
\/

Figure 10.4.2 Chain code directions with associated direction numbers.

Leta {0, 1}* bethe source image. The chain code extraction algorithm proceeds in three phases. The first
phase uses the census template t shown in Figure 10.4.4 together with the linear image-template product
operation ¢ to assign each point x X anumber between 0 and 511. This number represents the configuration
of the pixel values of a in the 8-neighborhood about x. Neighborhood configuration information is stored in

X
theimage ® € (Z512)"  where
n:=ast.

Thisinformation will be used in the last phase of the a gorithm to guide the selection of directions during the
extraction of the chain code.

Figure 1h(.)-43 -Boolean object with a pinch point and feelers.

8l 4| 2

= 1
|8 18 \256}

) 64| 123

Figure 10.4.4 Censustemplate used for chain code extraction.

The next step of the algorithm extracts a starting point (the initial point) on the interior 8-boundary of the
object and provides an initial direction. Thisis accomplished by the statement:

Xo = A domain(al|1).

Here we assume the lexicographical (row scanning) order. Hence, the starting point x, is the lexicographical
minimum of the point set domain(al|,). For a clockwise traversal of the object’ s boundary the starting
directiondisinitially set to 0.

Therearethree functions Pk (i) = Z — Z2, & : Is — %, \ (0,0) angd f : Zs X Ts12 — I
that are used in the final phase of the algorithm. The function b,(i) returns the kth bit in the binary
representation of the integer i. For example, b,(6) = 1, b,(6) = 1, and b,(6) = 0.

Given adirection, the function ” provides the increments required to move to the next point along the path of
the chain code in X. The values of ~ are given by

(0)=(0,1),

,(1) = ('1! 1)1
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9=(10),

‘3 =(1-D),
4)=(0,-1,
®)=@1 -,

"(6)=(1,0), and
M=@11.
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The key to the algorithm is the function f. Given a previous direction d and a neighborhood characterization
number ¢ = n(x), the function f provides the next direction in the chain code. The value of f is computed using
the following pseudocode:

JUMP.TO TOPIC f=-1

. 120

whilef=-11oop
f:=(d+2-i)mod8
if by(c = 0then)
fi=-1
end if
=i+l

end loop.

Note that f as defined above is designed for a clockwise traversal of the object’s boundary. For a
counterclockwise traversal, the line

fi=(d+2-i)mod 8
should be replaced by
f:=(d+6+i)mod8.

Also, the starting direction d for the algorithm should be set to 5 for the counterclockwise traversal.

En
Leta {0, 1} bethesourceimageand let € € (Zs}™" bethe image variable used to store the chain code.
Combining the three phases outlined above we arrive at the following image algebra pseudocode for chain
code extraction from an 8-connected object contained in a:
n:=ast
X =X
d:=0
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d, := f(d, n(x))
i:=0
loop
d:=f(d, n(x))
if d=d,and x = x, then
break
end if
c(i) ==d
X:=x+"(d)
=i+l
end loop.

In order to reconstruct the object from its chain code, the algorithm below can be used to generate the object’s
interior 8-boundary.

a:=0
a(x,:=1)
X=X, +7(c(0))
foriinl.n-1loop
ax):=1
X =X+ (c(i))
end loop.

The region bounded by the 8-boundary can then be filled using one of the hole filling algorithms of Section
6.6.

Chain Code Correlation

r I, i (4} - .

Let © € (Zs)™ and " € (Zs)™ petwo chainswheremd n. Let €5 =€ ° fi where fi{i) + £ = Tnjsthe
z, . .

function defined by (i) = (i +j) mod n. Theimage ¥ € [-L1]™" that represents the chain code correlation

between ¢ and c2 is given by

(=) m

r(j) := %st[T].

Comments and Observations

The image a gebra pseudocode a gorithm presented here was developed by Robert H. Forsman at the Center
for Computer Vision and Visualization of the University of Florida. To improve the performance of the chain
code extraction algorithm, the function f used for chain code extraction should be implemented using alookup
table. Such an implementation is given in Ritter [6].

10.5. Region Adjacency

A region, for the purposes of this section, is asubset of the domain of & € Z* whose points are al mapped
to the same (or similar) pixel value by a. Regions will be indexed by the pixel value of their members, that is,
region R; istheset {x X :a(x)=i}.

Adjacency of regionsis an intuitive notion, which is formalized for & &€ F e by the adj relation.

1. a(x)=iandaly)=7j
R; adj R; & 3x,y € X with d(x,y) = 1s.t. or
2. a(x)=janda(y)=1.

Here d denotes the Euclidean distance between x = (X;,%,) and y = (y,,Y,); i.e.,



i EET einl ol
dix,y) = (@ -n) +(2 yz].Inotherwords,Riandeareadjacentifandonlyifthereisapointin

R; and apoint in R; that are adistance of one unit apart.

The adjacency relation, denoted by adj, can be represented by a set of ordered pairs, an image, or agraph. The
ordered pair representation of the adj relation is the set

{(¢,7) : 4,7 € Z and R; adj R;}.

The adj relation is symmetric (R; adj R, o R; adj R;). Hence, the above set contains redundant information
regarding the relation. This redundancy is eliminated by using the set { (i,j) : i >j and R, adj R;} to represent
the adjacency relation.

Theimageb {0,1}Y defined by
. o _ |1 ifR;adj R,
b(i,j) = { 0 otherwise,

whereY ={(i,j)) : 2did|a, 1dj <i} istheimage representation of the adjacency relation among the regions
inX.
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Region numbers form the vertices of the graph representation of the adj relation; edges are the pairs (i,j)
where R, adj R;. Thus, there are three easy ways to represent the notion of region adjacency. As an example,
: we provide the three representations for the adjacency relation defined over the regionsin Figure 10.5.1.
JUMP T0 TOPIC

lfigure 10.5.1 Albert the dligator (Region 1) and environs.

(a) Ordered pair representation —

adj ={(2,1),(3,2),(4,2),(5,2
(5.4),(6,1),(6,2), (6,5)}

(b) Image representation —

i\j 1L 2 3 45 6

1

2 1

3 0 1

4 0 1 0
5 0 1 01
6 1 1 0 0 1

(c) Graph representation —
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| mage Algebra Formulation

Let € Nx be the input image, where X isan m x n array. In order for the adjacency relation to be
meaningful, the image a in most applications will be the result of preprocessing an origina image with some
type of segmentation technique; e.g., component labeling (Sections 6.2 and 6.3).

The adjacency relation for regionsin X will be represented by theimageb {0,1}Y, whereY ={(i,j): 2did

X
t(a) € ¥
Va, 1dj <i}. The parameterized template (@) ({0‘1} )

used to determine of adjacency is defined by
1 il (i,7) = (maz{a(z—1,y), alz, ), min(a{z -1, ), alz,5)))
or

ta) (i d)= { (i,7) = (maz{a(z,y—1),a{z,y)), min(a{z, y—1),a(z,1)))

0 otherwise.

The adjacency representation image is generated by the image algebra statement
b:= V t(a).

For afixed point (X,,Y,) of X, t{ajirn,yn} isanimagein{0,1}Y. If regions R, and R, “touch” at the point

(xo,xo),t{a}[zn \Wo) (2,7) is equal to 1; otherwiseit is 0. If regions R; and R; touch at any point in X, the
maximum

V  t@),)6.9)

(z,y)}eX

will take on value 1; otherwise it will be 0. Therefore,

bii,j)=\t(a)= \/ t(a),,(9)
(zy)EX

isequal to 1if R, and R; are adjacent and O otherwise. The ordered pair representation of the adjacency
relation isthe set

domain(bl|-,).

Comments and Observations

In the definition of adjacency above, two regions are adjacent if there isa point in one region and apoint in
the other region that are unit distance apart. That is, each point is in the 4-neighborhood of the other. Another
definition of adjacency is that two regions are adjacent if they touch along adiagonal direction. With the
second definition two regions are adjacent if there isin each region a point which lies in the 8-neighborhood
of the other. Another way to express the second adjacency relation is that there exist points in each region that

are at distance \/i of each other.

If the second definition of adjacency is preferred, the template below should replace the template used in the
original image algebra formulation.



(1 if (i,5)= (maz({a(z—1,v).a(zx,y)),
i min(ﬂ(éﬂ—l,y}.n[zm}g%,

(i.4)= {mnfi{?{tiy—l}lﬁl’mm },
e man(a{x,y-1).a{z,5)]),
t{a){z,y}(hj): ! (i,5)= {m_uw(ﬂizﬁ_hy—llymy}l].
- min(a(z—1,3-1),a(<,y})), or
(i.3)= (maz(a(z+1,y-1).a(x,y)),

. min{a(z+1,1-1).a(z,y)))
0 otherwise.

The image agebra formulation of the algorithm presented above was first formulated in Ritter [6] and Shi and
Ritter [7].

10.6. Inclusion Relation

The inclusion relation describes the hierarchical structure of regionsin an image using the relation “inside of .”
Regions are defined as they werein Section 10.5. The inclusion relation can be represented by a set of ordered
pairs, adirected graph, or an image. As an example, we present representations for the image shown in Figure
10.6.1.

P -

Figure 10.6.1 Inclusion of smaller fishesinside of abigger fish.

(a) Ordered pairs— The ordered pair (i,j) is aelement of the inside of relation iff region R; isinside of
region R;. For Figure 10.6.1 the inside of relation is represented by the set of ordered pairs

{(6,2),(6,1),(53),(51),42,41),31),
(2,1),(1,1),(22),(33),(44),(5,5), (6,6)}.
(b) Directed graph — The vertices of the graph representation of the inclusion relation are region
numbers. The directed edge (i,j) with tail at i and head at j is an element of the graph iff R; inside of R,.

The directed graph representation of the inclusion relation is shown below. The inside of relation is
reflexive,

|
R
4/\6 T

5

thus in the graph above each region is assumed to have an edge that points back to itself.
(c) Image— Theinclusion is represented by the image a defined by

alE g {[1] if R; inside of R;

otherwise.
The following is the image representation of the inclusion relation for Figure 10.6.1.
i\j1 2 3 456

1100000
2110000
3101000
4110100
5101010
6 110001

Note that regions are sets; however, the inside of relation and set inclusion 1 relation are distinct concepts.
Two algorithms used to describe the inclusion relation among regions in aimage are presented next.
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| mage Algebra Formulation

The first image algebra formulation bases its method on the tenet that R; inside of R; iff the domain of R; is
contained () in the holes of R;. The agorithm begins by making binary imagesr; = C_(a) and r; = C(a) to

JUMP TO TOPIC '

— represent the regions R; and R;, respectively, of the source image a. Next, one of the hole filling algorithms of

Section 6.6 is used to fill the holesinr; to create the filled image L. Region R; isinside of R, iff
R, iff;vT; = T;

Laa € NX bethesourceimage,wherex = Im x En.LetY = Ly X Er‘i‘,wherek=:a.

We shall construct an image b € NY that will represent the inclusion relation. Initially, all pixel values of
b are set equal to 1. The image algebra pseudocode used to create the image representation b of the inclusion
relation among the regions of a is given by
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b:=1
foriinl.. Va loop
for jin l..V a leop
if i # 7 and b(%,5) # 0 then
i i= X=i(a)
rj.:= 3'(--_1{3}
T, :=holefill(r;)
if r; VF; =T, then
bi{j,i):=0
elsae
bis,5):=0
end 1f
end if
end loop
end loop,

The subroutine hol ef i | | isanimplementation of one of the hole filling agorithms from Section 6.6.

Alternate | mage Algebra Formulation

k{k=1)
The agorithm above requires 2 applications of the hole filling algorithm. Each application of the hole
filling algorithmis, in itself, computationally very expensive. The alternate image algebra formulation
assumes that regions at the same level of the inside of graph are not adjacent. This assumption will allow for
greater computational efficiency at the cost of loss of generality.

The aternate image algebra formulation makes its determination of inclusion based on pixel value transitions
along arow starting from a point (X,,Yy,) inside aregion and moving in adirection toward the image’s
boundary. More specifically, if theimage a is defined over an m x n grid, the number of transitions from
region R; to region R; starting at (x,,y,) moving along arow toward the right side of the image is given by

card{k : dkd N-y, and (i.y) = (a0 * k- 1),80Yo * K)}

For example, in sequence

(X0:Yo) (o)
a(xy) 3 4 4 6 6 4 4 6 6 71 7 1
k 1 2 3 4 5 6 7 8 9 10 11 12

there are two transitions from 4 to 6 and one transition from 6 to 4.

It follows from elementary plane topology that if R; isinside of R; then starting from a point in R; the number

of transitionsfrom i toj is greater than the number of transitions from j to i. The image algebra formulation
that follows bases its method on this fact.

xX —
Leea €N ,WhereX =In X EH be the source image. Let | be the ordered pair representation of

F 4
- 2 0,13}
theinclusion relation. For ¥ = (Zva) ,definetheparameterizedtemplatet = [{ 1 ) by

1 if (i.5) = (a(z,y + k - 1),a(z,y + k))
tla,ry).(i.7) = andl<k<n-y
0  otherwise,

.2 2
Let g e | be the reflection f(x,y) = (y,X). The alternate image algebra formulation used to generate
the ordered pair representation of the inclusion relation for regionsin ais



I-=1{(1,1).(2.2),...,(va,va)}
forfinl..V a loop

(zg, yo) := choice(domain(al|;))

h:= Zt{a-_ To, Yo)
I:=TUudomain((h - ho f)||sq)
end loop.

Heeh O f denotes the composition of h and f, and (1 © f)(#, y) = h(f(x,y)) = h(y,2) A nice
property of thisagorithm is that one execution of the f or loop finds al the regions that contain the region
whose index is the current value of the loop variable. The first algorithm presented required nested f or loops.

., , h 4
Note that for each point k€1, t(a zo, o), € {0,1} is an image whose value at (i,j) indicate
whether the line crosses the boundary from R; to R; at (XY, + k - 1). Thus,
N =y

hii.j} = ¥ tla.xg. m) (i) = : tla, ro, yo)yl7, 7)

kEL k= is the total number of boundary crossings from R; to R;,

and h(i,j) > h(j,i) impliesR; inside of R;.

Comments and Observations

Both formulations, which were first presented in Shi and Ritter [7], produce a preordering on the set of
regions. That is, theinside of relation is reflexive and transitive. The first formulation is not a partial ordering
becauseit fails to be antisymmetric. To see this consider an image that consists of two regions, one of black
pixels and the other of white pixels that together make a checkerboard pattern of one pixel squares. Under its
assumption that regions at the same level are not adjacent, the second formulation does produce a partial
ordering.
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10.7. Quadtree Extraction

- A quadtreeis ahierarchical representation of a2n x 2n binary image based on successive partition of the
JUMP'TO TOFIC image into quadrants. Quadtrees provide effective structural descriptions of binary images, and the operations
_ on quadtrees are simple and elegant. Gargantini [8] introduced a new representation of a quadtree called linear
quadtree. In alinear quadtree, he encodes each black node (foreground node) with a quaternary integer whose
digits reflect successive quadrant subdivisions. He needs a special marker to encode big nodes with more than
one pixel. Here, we encode a quadtree as a set of integersin base 5 as follows:

Each black node is encoded as an n-digit integer in base 5. Each successive digit represents the quadrant
subdivision from which it originates. At the kth level, the NW quadrant is encoded with 1 at the kth digit, the
NE with 2, the SW with 3, and the SE with 4. For ablack node at the kth level, itslast n - k digits are encoded

Figure 10.7.1 A binary image and its quadtree.

1]

IR

HEl i i

Figure 10.7.2 Codes of black pixels.

To obtain the set of quadtree codes for a2 x 21 binary image, we assign the individual black pixels of the
image their corresponding quadtree codes, and work upwards to merge 4 codes representing 4 black nodes at
alower level into a code representing the black node consisting of those 4 black nodes if possible. The
merging process can be performed as follows. whenever 4 black nodes at the (k + 1)th level are encoded as
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k=1 , we merge those codes into =~k which represents a kth-level
black node consisting of the 4 black nodes at the (k + 1)th level.This scheme provides an algorithm to
transforms a 2" x 2n binary image into its quadtree representation.

I mage Algebra Formulation

x
Let the source image @€ Z2™ be animageon X = {(ij) : 0di,j d 21- 1}. Define animage d€ Z X by

n—1
d(i,j) =Y flin.ju)5",

k=0

where
=1
i = u.E*
k=0
n—1
i=3 a2
k=i
and
1 ifipg=0and 5, =0
. .y_ )2 ifip=1land 5, =0
fe:dk) =13 ifi, = 0and jx =1
4 ifig=1andjr.=1.
Next, define the template t(k) as follows:
P
R
(k) = [N
0 0

Finally, define two functions f, and f, by
f(y1Y2) = (2y1,2y,)

pone = (132

Now, if Q denotes the set of quadtree codes to be constructed, then Q can be obtained by using the following
agorithm.

and

Q=0
a,:= a-d
k :=n

while a; &£ 0 de
by = (ar@tk)) e fi
e = (x<obi)o fo

@ = QUrange((ak - cx)ll>0)
ag_y := by
ko= k-1,

In the above agorithm, which first appeared in Shi [7], a, isa 2 x 2<image in which any positive pixel
encodes a kth-level black node which may be further merged to a big node at the (k - 1)th level. Theimage b,
isa 2«1 x 21 imagein which any positive pixel encodes a black node merged from the corresponding four



black nodes at the kth level. Theimage ¢, is a2k x 2« binary image in which any pixel with value 1 indicates
that the corresponding node cannot be further merged. Thus, a positive pixel of a, - ¢, encodes a kth level
black node which cannot be further merged.

10.8. Position, Orientation, and Symmetry

In this section, image algebra formulations for position, orientation, and symmetry, are presented. Position,
orientation, and symmetry are useful descriptors of objects within images [9, 10].

Leta € RR be an image that represents an object consisting of positive-valued pixelsthat is set against a
background of 0-valued pixels. Position refers to the location of the object in the plane. The objects' s centroid

(or center of mass) isthe point that is used to specify its position. The centroid is the point {T ,E_I} whose
coordinates are given by

I [ x-alz y)dedy
[ [ alz, y)drdy
RA
I [ u-alr. y)dedy
<%,

I [ale y)dedy
H:

T =

W=

Bzm Xy

For the digital image& € the centroid’ s coordinates are given by

I 1]

3 Y x-a(x.y)

__J=]y=1

™m L

>. 2 alr.y)

r=1py=1

ﬁ iy-at:w]

r=1y=1

"I = Fii L

> 2 alx.y)

r=]1 y=1
Figure 10.8.1 shows the location of the centroid for an SR71 object.
Orientation refers to how the object liesin the plane. The object’s moment of inertia is used to determineits

angle of orientation. The moment of inertia about the line with slope tan , passing through {T E} is defined
as

Ms = ff[{r = Flsinf — [y - ﬁ}f:mﬂi? calx, yhdedy,
"

Theangle,;, that minimizes M isthe direction of the axis of |east inertia for the object. If ,;, is unique, then
thelinein the direction | ;;, isthe principal axis of inertia for the object. For a binary image the principal axis

of inertiais the axis about which the object appears elongated. The principal axis of inertiain the direction | is
shown for the SR71 object in Figure 10.8.1. Thelinein the direction , ., is the axis about which the moment

of inertiais greatest. In abinary image, the object is widest about this axis. Theangles , ;, and , ., are
separated by 90°.

smin

Let



Mag = (r—7)°- al, y)dxdy
]
My = ff{.r =Ty - ¥) alz.y)dedy
15

Mg = f f (y — ﬁ}z - afx, y)drdy.
R:

«

Figure 10.8.1 Centroid and angle , of orientation.

The moment of inertia about the line in the direction , can be written as
M =mysinZ, - 2my,sin, €os, + My,CoS?,.
The moment of inertiais minimized by solving
IMa
b

oy ) — _2tand N
tan 20 = 1—tan?8 the search for critical values leads to the

=0

for critical values of ,. Using the identity
quadratic equation

Thag = Mg

tan’ # + tan @ -1 = 0.

ma

Solving the quadratic equations leads to two solutions for tan ,, and hence two angles , ,, and | ... These are

the angles of the axes about which the object has minimum and maximum moments of inertia, respectively.
Determining which solution of the quadratic equation minimizes (or maximizes) the moment of inertia
requires substitution back into the equation for M .
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For the digital image & € RIm*In the central moments of order 2 are given by

. mpo =% (¢-%)* a(z,y)
I:Iy?l
my = ZZ[J:—?E} Ay —v)- alz,y)

™m "
JUMPTOTOPIC

r=] y=1
TFE L[}
— 2
mez =Y 3 (y-9)° alz,y).
r=] y=1
Ao 1
Symmetry istheratio,  — Tomas = , of the minimum moment of inertia to the maximum moment of

inertia. For binary images symmetry is arough measure of how “elongated” an object is. For example, acircle
has a symmetry ratio equal to 1; astraight line has a symmetry ratio equal to 0.

I mage Algebra Formulation

— X
Lee@ & R:“[,whereX = Lm X zn,beanimagethat represents an object. Let m € Em and

X
P2 € I3 poine projection images defined by

P1(Xy) =X
Po(Xy) =Y.

The image agebra formulations for the coordinates of the centroid are
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T o= 2 pi-a
E —Z 5
= > P2 - 8
ra
The image algebraformulas for the central moments of order 2 used to compute the angle of orientation are
given by

Mag 1= Z(Pl —E]z-a
Y (p1-7)(p2-7)-a
Z(Pz—ﬁ)z*ﬂ-

10.9. Region Description Using Moments

myy -

Mg

Moment invariants are image statistics that are independent of rotation, translation, and scale. Moment
invariants are uniquely determined by an image and, conversely, uniquely determine the image (modulus
rotation, trandlation, and scal€). These properties of moment invariants facilitate pattern recognition in the
visual field that isindependent of size, position, and orientation. (See Hu [11] for experiments using moment
invariants for pattern recognition.)

The moments invariants defined by Hu [11, 12] are derived from the definitions of moments, centralized
moments, and normalized central moments. These statistics are defined as follows;

Let f be a continuous function defined over EE. The moment of order (p,q) of f is defined by

[=_ B =]
ipg = j ] Py f(o,y) do dy.

—on — oD

wherep,q {0,1,2,...}. It has been shown [13] that if f is a piecewise continuous function with bounded
support, then moments of all orders exist. Furthermore, under the same conditions on f, m,, is uniquely

determined by f, and f is uniquely determined by m,..

The central moments of f are defined by

ol 00
Hpg = / / (x =) (y = 7)" fle,y) dr dy,
—.-f"li.: —I."JL.
where
_ m — Mo
) and y= 2
Mmoo Mmoo

The point {f, ﬁ} is called the image centroid. The center of gravity of an object is the physical analogue of
the image centroid.

X 2
Lea €R , Where X C £%isanmxn array. The discrete counterpart of the centralized moment of
order (p,q) isgiven by

tog = ) ) (x =B (y — §)als,y).

The normalized central moment is defined by

’ 'pql



J p+4q
Tipg = —{:i i where v = T-l-l.
Koo

We now present the seven, &, /,,...,A,;, moment invariants developed in Hu [11]. For the continuous case,

these values are independent of rotation, tranglation, and scaling. In the discrete case, some aberrations may
exists due to the digitization process.

¢ = 120 + To2

o = (M0 — ’-‘an)g + 4,

b3 = (130 — 3mz2)* + (3021 — n03)’

bs = (30 + m2)” + (m21 + 1103)"

5 = (nao — 3m12) (N30 + 12) [{f.‘:m + ﬂ'i'zf = 3(n21 + Hm:lz]
+ (3121 — m03) (121 + nus)[ii'riﬂau +mz)’ — (21 + nm)z]

P6 = (M0 — T.?uz}[[ﬁau + ?!12}2 = (’-’m + ﬂua]i]
+ dni1(ns0 + mz)(n21 + mos)

d7 = (3m21 = n30) (N30 + 7!12]'[(??% + ma2)” — 3(n21 + f.‘t:la}g]
+ (3112 — n30) (121 + 7oa) [3(ﬂ3n + '?.?12)2 — (1 + ﬂﬂa]z}-

Tale 10.9.1 lists moment invariants for transformations applied to the binary image of the character “A.”
There is some discrepancy within the A due to digitization.

Table 10.9.1 Moment Invariants of an Image under Rigid-Body Transformations

£, £, £, £, £, £, £,

0.472542 0.001869 0.059536 0.005188 -0.000090 0.000223 0.000018

0.472452 0.001869 0.059536 0.005188 -0.000090 0.000223 0.000015

0.472452 0.001869 0.059536 0.005188 -0.000090 0.000223 0.000018

[ 0.321618 0.000519 0.016759 0.001812 -0.000009 0.000040 0.000004

2]~ [€A[>

I? 0.453218 0.001731 0.058168 0.003495 -0.000047 0.000145 0.000031

I mage Algebra Formulation

Letd € Hx, where X% C £ isanmxn array. Let Pi - X—-1 denote the ith coordinate projection.
The image agebraformulation of the (p,qg)th moment is

— vl g .
r”p.q -—_— _rp] = p? = d.
The (p,q)th central moment is given by

tpg =X(p1 =) - (p2— 7" a,



F = it E —_ Mgy
where Man and Maa are the coordinates of the image centroid. Computation of the invariant

moments follow immediately from their mathematical formulations.

10.10. Histogram

The histogram of an image is a function that provides the frequency of occurrence for each intensity level in
the image. Image segmentation schemes often incorporate histogram information into their strategies. The
histogram can aso serve as abasis for measuring certain textural properties, and is the major statistical tool
for normalizing and requantizing an image [12, 14].

Let X be arectangular m x narray,Y ={JEN:0Zj<K
P = {aeN¥*:range(a) C Y}

} for some fixed integer K, and

Y
The histogram image, h(a) € N¥ iy correspondsto a P isdefined by
h(ai) =card{x X:a(x)=i}.

That is, h(a, i) corresponds to the number of elementsin the domain of a that are mapped toi by a. Figure
10.10.1 shows an image of ajet superimposed over a graphical representation of its histogram.

BT RS )

Figﬁfe 10.IO.1 Image of ajet and its histogram.

Tro s Y
The normalized histogram image h(a,i) € [0,1]" of aisdefined by

— 1
h(a,i) = ———— - h(a,?
(a) card(X) (a%)
. Y hfai)=1 N . .
Itisclear that ey . The normalized histograms corresponds, in some ways, to a probability

distribution function. Using the probability analogy, h(a,:) is viewed as the probability that a(x) takes on
valuei.
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| mage Algebra Formulation

: Define a parametrized template
_JLIMP T0 TOPIG

E— sEi

X
by defining for each @& € NX the template t with parameter a, i.e., t(a) € (NY) , by

tla), () = {] Eax)=J

0 otherwise.

]'X.

Theimage h € RY obtained from the code
h := £t(a)

isthe histogram of a. This follows from the observation that since Xt {EJ = a%k t (a]x,
h(5) =2 t(2)(J) - e number of pixelshaving value).

If oneisinterested in the histogram of only one particular value j, then it would be more efficient to use the

statement
n:= Y x;(a)

since 2 Xi A{a) represents the number of pixels having valuej i.e., since
Gak)) =10a(x) =].

>oxila) =3 xjlalx))
xeEX and

Comments and Observations

Note that the template formulation above is designed for parallel implementation. For serial computersitis
much more efficient to iterate over the source image’ s domain and increment the value of the histogram
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image at gray level g whenever the gray level g encountered in the source image.

10.11. Cumulative Histogram

For agiven gray level of animage, the value of the cumulative histogram is equal to the number of elements
in the image’' s domain that have gray level value less than or equal to the given gray level. The cumulative
histogram can provide useful information about an image. For example, the cumulative histogram findsits
way into each of the histogram specification formulasin Section 2.12. Additional uses can be foundin[12,
15].

. N
Lea € NXang? € N The cumulative histogram €(2) € N™is defined by

c(aji)=card{x X:a(x)di}.
— M
The normalized cumulative histogram (&) € [0 1] s defined by
~cfa,i).

The normalized cumulative histogram is analogous to the cumulative probability function of statistics.

Figure 10.11.1 shows an image of ajet superimposed over a graphical representation of its cumulative
histogram.

S

Figure 10.11.1 Image of ajet and its cumulative histogram.

I mage Algebra Formulation

The image agebra formulation for the cumulative histogram is very similar to the formulation for the
histogram (Section 10.10). Only the template t needs to be modified. The equality in the case statement of the
template becomes an inequality so that the template t used for the cumulative histogram is

ta) () = {} Tab) =7

0 otherwise.
The cumulative histogram is then represented by the image algebra statement
c :=£t(a).

Comments and Observations

As with the histogram in Section 10.10, the template formulation for the cumulative histogram is designed for
parallel computers. For serial computers the cumulative histogram c¢ should be calculated by iterating over the
domain of the source image. Whenever the gray level g is encountered, the value of c at all gray levelsless
than or equal to g should be incremented.

10.12. Texture Descriptors: Gray Level Spatial Dependence Statistics

Texture analysisis an important problem in image processing. Unfortunately, there is no precise definition of
texture. In this section, the approach to texture analysis is based on the statistical properties of animage. In
particular, statistical properties derived from spatial gray level dependence matrices of an image are
formulated.

Spatial gray level dependence (SGLD) matrices have proven to be one of the most popular and effective
sources of features in texture analysis. The SGLD approach computes an intermediate matrix of statistical
measures from an image. It then defines features as functions of this matrix. These features relate to texture
directionality, coarseness, contrast, and homogeneity on a perceptua level. The values of an SGLD matrix
contains frequency information about the local spatial distribution of gray level pairs. Various statistics [16]


javascript:displayWindow('images/10-12.jpg',450,310)
javascript:displayWindow('images/10-12.jpg',450,310)

derived from gray level spatial dependence matrices have been proposed for use in classifying image textures.
Wewill only present a subset of these statistics. Our main purpose is to illustrate how their derivations are
formulated in image algebra. Information on the interpretation of spatial dependence statistics and how they
can be used for classifying textures can be found in various sources[16, 17, 18].

The statistics examined here are energy, entropy, correlation, inertia, and inverse difference moment. For a

X
given image ac Ef_"ar', where X = Em X £, and G denotes the number of expected gray levels, all

second-order statistical measures are completely specified by the joint probability
s("x,"y :1,j) = probability{a(xyy) =i and a(x + "xy +"y) = j},

where 8T, &Y € E. Thus, s("x,"y : i,j) isthe probability that an arbitrary pixel location (x,y) has gray
level i, while pixel location (X + "X,y +"y) has gray level j.

H = 1 =4 (ﬂ) - - 2 o)
By setting B - andd )/{ﬁﬂ*} +(2y) ,S("%,"y 1 i,j) can be rewritten as

s(d, , :i,j) = probability {a(x,y) =i and a(x + dcos,,y + dsin,) =j}.

This provides for an aternate interpretation of s; the four-variable function s(d,, : i,j) represents the
probability that an arbitrary pixel location (x,y) has gray level i, while at an inter sample spacing distance d in
angular direction , the pixel location (x + dcos_,y + sin,) has gray level j.

It is common practice to restrict | to the angles 0°, 45°, 90°, and 135°, athough different angles could be used.
Also, distance measures other than the Euclidean distance are often employed. Many researchers prefer the
chessboard distance, while others use the city block distance.

For each given distance d and angle , the function sdefinesa G x G matrix s(d,,) whose (i,j)th entry 5(d,,);; is
given by s(d,,); = s(d,, : i,j). Thematrix s(d,,) is called agray level spatial dependence matrix (associated
with a). It isimportant to note that in contrast to regular matrix indexing, the indexing of s(d,,) starts at
zero-zero; i.e,0di,jdG- 1.
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The standard computation of the matrix s(”x,"y) is accomplished by setting
s("x, "y i) = card{(xy) : a(xy) =ianda(x + "x,y +"y) =j}.

JUMP TO TOPIC _ _ _ e 7X _ o
— For illustration purposes, let X bea4 x 4 grid and a 3 betheimage represented in Figure 10.12.1

_ below. In thisfigure, we assume the usual matrix ordering of a with a(0,0) in the upper left-hand corner.

]
1
1
1

Sl & — |

]
|
2
i

Figure 10.12.1 The4 x 4 example image with gray valuesin IS.

Spatial dependence matrices for a, computed at various angles and chessboard distance d = max{["x|,|"y[}, are

presented below.
1
s(1,0°) = 1 s(2,90°) =
1]
1

8(1,45%) = 0] s(1,135"%) =
0

For purposes of texture classification, many researchers do not distinguish between s(d,, : i,j) and s(d,, : j,i);
that is, they do not distinguish which one of the two pixelsthat are ("X, "y) apart has gray valuei and which

one has gray valuej. Therefore comparison between two textures is often based on the texture co-occurence
matrix

[ —

1
2
1

P
Ll = =T ]
]
[ =

| S T
Pog s

(

c(d,,) =s(d,,) +s2(d.,),

where s2 denotes the transpose of s. Using the SGLD matrices of the above example yields the following
texture co-occurence matrices associated with the image shown in Figure 10.12.1:
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2 4 2 2 2 2
c(l,0°)= (4 4 3| e290°)=[2 4 1
2 30 210
0 4 2 2 3 0
e(1,45°)={4 4 1] e(1,135°)=(3 2 4
2 1 0 0 4 0

Since co-occurence matrices have the property that c(d,,) = c(d,, + A) — which can be ascertained from their
symmetry — the rationale for choosing only angles between 0 and A becomes apparent.

Co-occurence matrices are used in defining the following more complex texture statistics. The marginal
probability matrices c(d,, : i) and c(d,, : j) of c(d,,) are defined by

c (d f:i) = eld#:i )

?

and

cy(d.0:7) =Y c(db:1,5).

L

respectively. The means and variances of ¢, and ¢, are

pa(d,8) = Zicz{dj t1)

FH[drE] = chy{d, #: -ﬂ
o2(d.8) =Y (i — pe(d, 0))’c.(d, 8 : i)

03(d.0) = 3" (7 = y(d, 0)%cy(d.9: j).
i

Five commonly used features for texture classification that we will reformulate in termsimage algebra are
defined below.

(a) Energy:

3% {e(d 845"
i

(b) Entropy:

> e(d, 6 14, j)logleld, 8 : i, 5))
i
(c) Correlation:

YT (i = el 8))(5 = pey(d, 0))e(d, 6 : 4, )
i
o (d, 8)ay(d, 0)

(d) Inverse Difference Moment:

1
———c(d,f : 1,j)
B e
(&) Inertia:

NS (i - 9)’e(d.0:4.9)
i

I mage Algebra Formulation




X
Let 2 € ?-G , Where X isan m x n grid and G represents the number of gray levelsin theimage. First, we
show how to derive the spatial dependence matrices s(d,,), where d € E+, and, {0°, 45° 90° 135°%.

By taking d to be the chessboard distance, s(d,,) can be computed in terms of the intersample spacings ”x and
"y. In particular, let N denote the neighborhood function

N(xy) ={(x+"xy +"y)}.
The image s can now be computed using the image algebra following pseudocode:
for it= 0te G — 1 loop
forj := 0te G — 1 loop

s(ax, ay)(i, 7) = Dxzlxi(a) + x;(a) BN]
end loop
end loop.

Thus, for example, choosing "x =1 and "y = 0 computes the image 5(1,0°), while choosing"x=1and"y=1
computes s(1, 45°).

The co-occurence image c is given by the statement
c("x"y) = S("X,"y) + S2("X,"y).
The co-occurence image can also be computed directly by using the parametrized template

s X
t(a, oz, ay) € (ZEoxte)™ by

2 ifi=jand afr,y)=alr+ar,y+ay) =1
tia, ar. ay), o (i§) = I if i3 jand ({a(r.y) =i and a(z + Az, 5+ Ay) = §)
Lex) or (a{x,y) = j and alz + ax, y+ ay) = i)
0 otherwise.

The computation of c(”x,”y) now reduces to the simple formula

clax, A):= Zt{a, AT, A).
To see how this formulation works, we compute c("x,”y)(i,j) fori " j. Let
S(i,7) ={(z.y) € X : (a(z,y) =t and a(z + Ax,y + Ay) = j)
or (a(z,y) =i and a(z + Ar,y+ ay) = 3)}.
By definition of template sum, we obtain

c(az,ay)(ij)= Y tla, oz ay), (i)

'“ﬁ'y]ex

- >
(z.y)ES(i, )

= card(S(i,j))

=clax, ay:i,§).

2
If i=j, then we obtain {(#w)€5(i.i)  which corresponds to the doubling effect along the diagonal when adding

the matrices s + s2. Although the template method of computing c(”x,”y) can be stated as a ssmple one-line
formula, actual computation using this method is very inefficient since the template is translation variant.

The marginal probability images ¢,("x,"y) and ¢,("x,"y) can be computed as follows:




fori=0to G — 1 loop

G-1
c.(az, ay)(i) == Y c(az, ay)(i,j)
§=0
end loop
for j =0 to G — 1 loop
G=1
cy(az,8y)(j) = Y c(aw, ay)i,J)
=0
end loop.

The actual computation of these sums will probably be achieved by using the following loops:

fori;= O0to G — 1 loop
for j := 0 to G — 2 loop
c.(ax, ay)i) = clar, ay)(i,j) + clax, ay)(i, i+ 1)
end loop

end loop

and

for j:= 0 to G — 1 loop
fori := 0to G — 2 loop
cy(az, 8y)(7) = e(ax, ay)(i,j) + clazx, ay)i+ 1,7)
and loop

end loop.

Another version for computing cx("x,"y) and ¢,("x,”y), which does not involve loops, is obtained by defining
the neighborhood functions Ny :2g = I X LG ggNy : L = e x Lg by
NG)={G,j):j=0,1,...,G-i}
and
N,G)={(j):1=0,1,...,G-1},
respectively. The marginal probability images can then be computed using the following statements:
c.(ax, Ay) = claz, Ay) DN,
c,(az, ay) = c(ax, ay) DNy.
This method of computing ¢,("x,”y) and ¢,("x,"y) is preferable when using special mesh-connected
architectures.
Next, tet 1 € (Z6)™ bethe identity image defined by
i(¢) =1, i1€{0,...,G—1}.

The means and variances of ¢,("x,"y) and ¢ ("X,"y) are given by



te(Bw, 8y) = Y i ca(Bz, AY)
”y(&;{;} &y) — Z 1- Cy(.ﬁ:ﬂt ﬁ’y}

: 2 :
Z (i— pe(ox, ay))" - c(bx, Ay)

J.E(&I,&y} = Z (i — pylax, &y] - Cyl AT, AYy).

The image algebra pseudocode of the different statistical features derived from the spatial dependence image
are
(@) Energy:

i

o2 (ax, Ay)

= Y [c(ax. )’

Entrp = Z c(az, Ay) - log(c(ax, Ay))

(b) Entropy:

(c) Correlation:

C = [ (p1 — pelaz, ) (P2 — py(Bz, Ay))e(Az, Ay)]
oAz, ay)oy(Lx, y)

Y
where the coordinate projections P1+ P2 € (ZG) forthe G x G grid Y are defined by
p.(i))=i  and
Po(i.) =]

(d) Inverse Difference Moment:

c(azx, oy)
IDM =
2 1+ (p1 — p2)°

(e) Inertia

= 3 (p1 - p2)° - claz, ay)
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Comments and Observations

If the images to be analyzed are of different dimensions, it will be necessary to normalize the spatial
JUMP'TO TOPIC dependence matrix so that meaningful comparisons among statistics can be made. To normalize, each entry
S ——— should be divided by the number c(d,,) of point pairsin the domain of the image that satisfy the relation of

— being at distance d of each other in the angular direction ,. The normalized spatial dependence image

E(ﬂf, "5'] isthus given by
c(d, )
R

Suppose ¢(1,0°) is the spatial dependence matrix (at distance 1, direction 0°) for an image defined over an m x
n grid. There are 2n(m - 1) nearest horizontal neighborhood pairsin the m x n grid. Thus, for this example

_ oy €(1,0°)
G(LU )-— m

&(d, 6) ==

&
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Chapter 11
smmm——— Neural Networks and Cellular Automata
JUMP TO TOPIC

——— | 11.1.Introduction

Artificial neural networks (ANNS) and cellular automata have been successfully employed to solve a variety
of computer vision problems[1, 2]. One goal of this chapter isto demonstrate that image algebra provides an
ideal environment for precisely expressing current popular neural network models and their computations.
Artificial neural networks (ANNS) are systems of dense interconnected simple processing elements. There
exist many different types of ANNSs designed to address a wide range of problemsin the primary areas of
pattern recognition, signal processing, and robotics. The function of different types of ANNsis determined
primarily by the processing elements’ pattern of connectivity, the strengths (weights) of the connecting links,
the processing elements’ characteristics, and training or learning rules. These rules specify an initial set of
weights and indicate how weights should be adapted during use to improve performance.

The theory and representation of the various ANNSs is motivated by the functionality and representation of
biological neural networks. For this reason, processing elements are usually referred to as neurons while
interconnections are called axons and/or synaptic connections. Although representations and models may
differ, al have the following basic components in common:

(a) A finite set of neurons a(1), a(2),..., a(n) with each neuron a(i) having a specific neural value at
time t which we will denote by a(i).

(b) A finite set of axons or neural connections W = (w;), where w;; denotes the strength of the
connection of neuron a(i) with neuron a(j).

T
(c) A propagationrule H
(d) An activation function f which takes A as an input and produces the next state of the neuron

ar1(i) = f(me(i) — 0),

where , isathreshold and f ahard limiter, threshold logic, or sigmoidal function which introduces a
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nonlinearity into the network.

It is worthwhile noting that image algebra has suggested a more general concept of neural computation than
that given by the classical theory [3, 4, 5, 6].

Cellular automata and artificial neural networks share acommon framework in that the new or next stage of a
neuron or cell depends on the states of other neurons or cells. However, there are major conceptual and
physical differences between artificial neural networks and cellular automata. Specifically, an n-dimensional

X
cellular automaton is adiscrete set of cells (points, or sites) in a€ Irr . At any giventimeacell isin one
of afinite number of states. The arrangement of cellsin the automaton form aregular array, e.g., a square or
hexagonal grid.

Asin ANNSs, timeis measured in discrete steps. The next state of cell is determined by a spatially and
temporally local rule. However, the new state of a cell depends only on the current and previous states of its
neighbors. Also, the new state depends on the states of its neighbors only for afixed number of steps back in
time. The same update ruleis applied to every cell of the automaton in synchrony.

Although the rules that govern the iteration locally among cellsis very simple, the automaton as a whole can
demonstrate very fascinating and complex behavior. Cellular automata are being studied as modeling toolsin
awide range of scientific fields. As a discrete analogue to modeling with partial differential equations,
cellular automata can be used to represent and study the behavior of natural dynamic systems. Cellular
automata are also used as models of information processing.

In this chapter we present an example of a cellular automaton as well as an application of solving a problem
using cellular automata. Asit turns out, image algebraiswell suited for representing cellular automata. The
states of the automata (mapped to integers, if necessary) can be stored in an image variable
el — ( ek ok f’k-) _ _ _

1272029 N J a5 pixel values. Template-image operations can be used to capture the state
configuration of a cell’s neighbors. The synchronization required for updating cell statesis inherent in the
paralelism of image algebra.

11.2. Hopfield Neural Network

A pattern, in the context of the N node Hopfield neural network to be presented here, is an N-dimensional
vector P = (P, P, ..., Py) from the space P = {-1, 1} N. A special subset of P is the set of exemplar patterns E

={e:1dkdK}, where X = El? X EIL'I--. The Hopfield net associates a vector from P with an
exemplar pattern in E. In so doing, the net partitions P into classes whose members are in some way similar to
the exemplar pattern that represents the class. For image processing applications the Hopfield net is best
suited for binary image classification. Patterns were described as vectors, but they can just as easily be viewed
as binary images and vice versa. A description of the componentsin a Hopfield net and how they interact
follows next and is based on the description given by Lippmann [7]. An example will then be provided to
illustrate image classification using a Hopfield net.
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As mentioned in the introduction, neural networks have four common components. The specifics for the
Hopfield net presented here are outlined below.

1. Neurons

JUMP'TO TOPIC
The Hopfield neural network has afinite set of neuronsa(i), 1 di d N, which serve as processing units.

B Each neuron has avalue (or state) at time't denoted by a((i). A neuron in the Hopfield net can bein one
of two states, either -1 or +1; i.e, a(i) {-1,+1}.

2. Synaptic Connections

The permanent memory of a neura net resides within the interconnections between its neurons. For
each pair of neurons, a(i) and a(j), there is a number w; called the strength of the synapse (or

connection) between a(i) and a(j). The design specifications for this version of the Hopfield net require
that w; = w; and w;; = 0 (see Figure 11.2.1).

Figuré.ll.z.l éynaptic connections for nodes a(i) and a(j) of the Hopfield neural network.
3. Propagation Rule

The propagation rule (Figure 11.2.2) defines how states and synaptic strengths combine as input to a
neuron. The propagation rule A (i) for the Hopfield net is defined by

N
Tt{i} = Z ag {j}?ﬂij-
j=1
4. Activation Function
The activation function f determines the next state of the neuron a,., (i) based on the value A (i)

calculated by the propagation rule and the current neuron value a(i) (see Figure 11.2.2). The activation
function for the Hopfield net is the hard limiter defined below.
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Figure 11.2.2 Propagation rule and activation function for the Hopfield network.

The patterns used for this version of the Hopfield net are N-dimensional vectors from the space P = {-1, 1}N.

ef = ([:“'.{’.Z"‘.....Lﬂf"-) . o
Let 1221 * N J denote the kth exemplar pattern, where 1 d k d K. The dimensionality of the
pattern space determines the number of nodes in the net. In this case the net will have N nodes a(1), a(2), ...,
a(N). The Hopfield net algorithm proceeds as outlined below.

Step 1. Assign weights to synaptic connections.

Thisisthe step in which the exemplar patterns are imprinted onto the permanent memory of the net.
Assign weights w; to the synaptic connections as follows:

K
k .k roo_g.
efes ifi
wt'j = ing]_ F ?E J
0 if i = 4.
Note that w; = w;, therefore it is only necessary to perform the computation above for i <j.
Step 2. Initidize the net with the unknown pattern.

At this step the pattern that is to be classified is introduced to the net. If p = (p,, p,, ..., Py) isthe
unknown pattern, set

ap(i) =p;, 1 i < N.
Step 3. Iterate until convergence.

Calculate next state values for the neurons in the net using the propagation rule and activation function,
thatis,

_ [ -1 ifb,j)=0
P-4 = 311 ifb(,j)=1

Continue this process until further iteration produces no state change at any node. At convergence, the
N-dimensional vector formed by the node states is the exemplar pattern that the net has associated with the
input pattern.

Step 4. Continue the classification process.

To classify another pattern, repeat Steps 2 and 3.
Example

As an example, consider a communications system designed to transmit the six 12 x 10 binary images 1, 2, 3,
4,9, and X (see Figure 11.2.3). Communications channels are subject to noise, and so an image may become
garbled when it is transmitted. A Hopfield net can be used for error correction by matching the corrupted
image with the exemplar pattern that it most resembles.

123489X

Figure 11.2.3 Exemplar patterns used to initialize synaptic connections w;.

X

A binary imageb {0,1}X, where “* = 12 X E‘“,canbetranslatedinto apatternp = (py, P, -+, Py), and

vice versa, using the relations

. 0 if PLo(i—1y+j5 = 2
b(i,7) = { 1 if progieayes = 1.
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and

K
k k -f . .
e exe’ 11
t:{jJ_ Elji . ?‘Ej:
0 if ¢ = j,
The six exemplar images are translated into exemplar patterns. A 120-node Hopfield net is then created by

assigning connection weights using these exemplar patterns as outlined earlier.

The corrupted image is translated into its pattern representation p = (p, p,, ..., Py) and introduced to the
Hopfield net (ay(i) isset equal to p,, 1 di d N). The input pattern evolves through neuron state changes into

the patern P = (P1:P2. - - -, PN) of the neuron states at convergence (Pi = ac(1)) it the net
converges to an exemplar pattern, it is assumed that the exemplar pattern represents the true (uncorrupted)
image that was transmitted. Figure 11.2.4 pictorially summarizes the use of a Hopfield net for binary pattern
classification process.

| mage Algebra Formulation

Iy
Letd € {_]1 1} be the image used to represent neuron states. Initialize a with the unknown image
Z,
t € (RZV)™

pattern. The weights of the synaptic connections are represented by the template whichis

defined by

K
kok o if s L
gl = Elejei if i # 7
0 if i = §,

k
where €i istheith element of the exemplar for classk. Let f be the hard limiter function defined earlier. The
image algebra formulation for the Hopfield net algorithm is as follows:

b:=0
whilea # b loop
b:=a
a:= f(adt,a)
end loop.

Asynchronous updating of neural statesis required to guarantee convergence of the net. The formulation
above does not update neural states asynchronously. The implementation above does allow more parallelism
and hence increased processing speed. The convergence properties using the parallel implementation may be
acceptable; if so, the parallelism can be used to speed up processing.
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Alternate Image Algebra Formulation

: If asynchronous behavior is desired in order to achieve convergence, then either the template t needs to be
JUMP'TO TOPIC parameterized so that at each application of a « t only one randomly chosen neuron changes state, or the

— following modification to the formulation above can be used.

i"g- ure11.2.5 Modes of convergence for the Hopfield net.
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b:=0
while a # b loop
Y := domain(a)
b:=a
while Y # & loop
1:= choice(Y)
a(i) := f(a@tl;,al(?))
¥ =Y {i}
end loop
end loop.

Comments and Observations

The Hopfield net is guaranteed to converge provided neuron states are updated asynchronously and the
synaptic weights are assigned symmetricaly, i.e., w; = w;. However, the network may not converge to the
correct exemplar pattern, and may not even converge to an exemplar pattern. In Figure 11.2.5 three corrupted
images have been created from the “1” image by reversing its pixel values with a probability of 0.35. The
network is the same as in the earlier example. Each of the three corrupted images yields a different mode of
convergence when input into the network. The first converges to the correct exemplar, the second to the
incorrect exemplar, and the third to no exemplar.

The two major limitations of the Hopfield net manifest themselvesin its convergence behavior. First, the
number of patterns that can be stored and accurately recalled is afunction of the number of nodesin the net. If
too many exemplar patterns are stored (relative to the number of nodes) the net may converge to an arbitrary
pattern which may not be any one of the exemplar patterns. Fortunately, this rarely happens if the number of
exemplar patternsit small compared to the number of nodesin the net.

The second limitation is the difficulty that occurs when two exemplar patterns share too many pixel valuesin
common. The symptom shows up when a corrupted pattern converges to an exemplar pattern, but to the
wrong exemplar pattern. For example, the Hopfield net of the communication system tends to associate the
“9” image with a corrupted “4” image. If the application alows, the second problem can be ameliorated by
designing exemplar patterns that share few common pixel values.

11.3. Bidirectional Associative Memory (BAM)

'
An associative memory is a vector space transform T i HM —F H‘h' which may or may not be
linear. The Hopfield net (Section 11.2) is an associative memory H : RY — R |deally, the Hopfield

net is designed so that it is equal to the identity transformation when restricted to its set of exemplars E, that
is,
Hlg = Ig.

The Hopfield net restricted to its set of exemplars can be represented by the set of ordered pairs

Hle = { [ek,ek} ek e E}.
A properly designed Hopfield net should also take an input pattern from RMr that is not an exemplar pattern
to the exemplar that best matches the input pattern.
A bidirectional associative memory (BAM) is a generalization of the Hopfield net [8, 9]. The domain and the

range of the BAM transformation B need not be of the same dimension. A set of associations

Az{(a"’,h’“’):a"'EﬂMandb;"EHN,lﬁkiK}



isimprinted onto the memory of the BAM so that

Bl{arn<k<k} = A

kY — hE
That is, B(a ) =b for 1d kd K. For an input pattern a that is not an element of {ak: 1 d k d K} the
BAM should converge to the association pair (ak, bK) for the ak that best matches a.

The components of the BAM and how they interact will be discussed next. The bidirectional nature of the
BAM will be seen from the description of the algorithm and the example provided.

The three major components of aBAM are given below.
1. Neurons

Unlike the Hopfield net, the domain and the range of the BAM need not have the same dimensionality.
Therefore, it is necessary to have two sets of neurons S, and S, to serve as memory locations for the

input and output of the BAM B : RM — RV:
Sa={a(m):1<m< M}
Sp={b(n):1<n<N}

The state values of a(m) and b(n) at time t are denoted a,(m) and b,(n), respectively. To guarantee
convergence, neuron state values will be either 1 or -1 for the BAM under consideration.

2. Synaptic Connection Matrix

kE _k ke k _ (pk Bk k
The associations (ak, b), 1 d k d K, where (”" g e -‘”’M) and b" = (fjl by, --b.’r), are
stored in the permanent memory of the BAM using an M x N weight (or synaptic connection) matrix w.

The mnth entry of wisgiven by
%
_ E : kak
wwﬁfl_ — ﬂm b?l w
k=1

Note the similarity in the way weights are assigned for the BAM and the Hopfield net.
3. Activation Function

The activation function f used for the BAM under consideration is the hard limiter defined by

gy ifxz=0
fle.y)=<1 ifz>0
-1 ifx <0,

The next state of aneuron from S, is given by

bt{ﬂ} if aul., = 0
besi(n) = flayw.,,be(n)) = ¢ 1 il agw., >0
-1 il ayu.,, <0,

where a, = (a(1),a(2),...,a(M)) and w,, is the nth column of w.

The next state of a(m) S, isgiven by

_ ) - as(m) ?fﬂ.ﬂﬂ;m =)
at+1(Tft} = f{hgw,'n,ﬂt(m}] = | if aw.,, = 0
-1 if ayw!, <0,




’
where b, = (b,(1),b,(2),...,b,(N)) and W.m is the mth column of the transpose of w.
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The algorithm for the BAM is as outlined in the following four steps.
Step 1. Create the weight matrix w.

Thefirst step in the BAM algorithm isto generate the weight matrix w using the formula

K
k
Win = Z ak, b,
k=1

Whereak = (af,a}, ..., af,) and b = (bF,85,...,6%)

Step 2. Initialize neurons.

JUMP TO TOPIC '

are from the association (a, bX).

For the unknown input pattern p = (p,, p., -.., Py) iNitialize the neurons of S, as follows:

ag(m) = pm.1 <m < M.

The neuronsin S, should be assigned values randomly from the set {-1, 1}, i.e,,
bo(n) = chotce({-1,1}),1 <n < N.
Step 3. Iterate until convergence.

Calculate the next state values for the neuronsin S, using the formula
biy1(n) = flagw.,,by(n)),1 <n <N,
then calculate the next state values for the neuronsin S, using
r
arr1(m) = f(byw,,,a¢),1 <m < M.

The aternation between the sets S and S, used for updating neuron values is why this type of
associative memory neural net isreferred to as “bidirectional.” The forward feed (update of S)
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followed by the feedback (update of S,) improves the recall accuracy of the net.

Continue updating the neuronsin S, followed by thosein S, until further iteration produces no state

change for any neuron. At time of convergencet = c, the association that the BAM hasrecalled is (a,
b), where a = (a(1), a(2), ..., &(M)) and b = (b(1), b,(2), ..., b(N)).

Step 4. Continue classification.
To classify another pattern repeat Steps 2 and 3.
Example

Figure 11.3.1 shows the evolution of neuron statesin a BAM from initialization to convergence. Three
|lowercase-uppercase character image associations (a, A), (b, B), and (c, C) were used to create the weight
matrix w. The lowercase characters are 12 x 12 images and the uppercase characters are 16 x 16 images. The
conversion from image to pattern and vice versais done as in the example of Section 11.2. A corrupted “&” is
input onto the S, neurons of the net.

| mage Algebra Formulation
.?"._r

= Iy
Leta@ € {—1.1}"" ang b € {=1. 1} pe theimage variables used to represent the state for neurons
inthesets S, and S, respectively. Initialize a with the unknown pattern. The neuron values of S, are

t e (RZv)*
initialized to either -1 or 1 randomly. The weight matrix W is represented by the template

given by
e
tm(n) = ) anby,
k=1

bk

k
@ nt isthe nth component of bk in the association pair (ak, bk). The

where ““rrt is the mth component of ak and
activation function is denoted f.

The image algebra pseudocode for the BAM is given by
=10
while a # c loop
ol ]
b:= f(a@t,b)
a:= f(b@t’,a)
end loop.

Comments and Observations

The BAM has the same limitations that the Hopfield net does. First, the number of associations that can be
programmed into the memory and effectively recalled is limited. Second, the BAM may have atendency to
converge to the wrong association pair if components of two association pairs have too many pixel valuesin
common. Figure 11.3.2 illustrates convergence behavior for the BAM.

The complement d¢ of a pattern d is defined by

e f1ifd()
‘“‘"}—{—1 if d(i) =

Note that the weight matrix w is defined by

-1
L
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Figure 11.3.1 Bidirectional nature of the BAM.

whichis equivaent to

K
Winn = z (—ak ) (—b5).
k=1

Therefore, imprinting the association pair (a, b) onto the memory of aBAM also imprints (a, b€) onto the
memory. The effect of thisis seen in Block 5 of Figure 11.3.2.

a-A 58 6T

4 ||
]
L

S

Figure 11.3.2 Modes of convergence for the BAM.

11.4. Hamming Net

Z 5
The Hamming distance h between two patterns a, b € { = ’ 1} is equal to the number of
componentsin a and b that do not match. More precisaly,

A
D) % S la(m) — b(m)
m=1

or

M

Z a(m)b(m).

rre=1

hia,b) = g —_

b =

. y P={-1,1}"
The Hamming net [7, 10] partitions a pattern space = — * into classesC,,, 1 d nd N. Each class
ZM'
is represented by an exemplar pattern e C,. The Hamming net takes as input a pattern pPE {" 1,1 }

and assignsit to class C, if and only if

h(ek}p] < he™;pl,¥Yn=12.....N.k#n
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That is, the input pattern is assigned to the class whose exemplar pattern is closest to it as measured by
Hamming distance. The Hamming net algorithm is presented next.

Thereisaneuron a(n) in the Hamming net for each class C,, 1 d nd N (see Figure 11.4.1). The weight t;
assigned to the connection between neurons a(i) and a(j) is given by

AP g ifd =3
7 —e if i #£ 4,
1
where0< < N and1di,jdN. Assigning these weightsis the first step in the Hamming agorithm.

. 1.1 Iy, .
When the input pattern p = (py, P,, ---, Pw) € {_ ’ } is presented to the net, the neuron value aq(n) is
set equal to the number of component matches between p and the exemplar en. If

n __ T T i
e" = (eT,e3,...,e}%) isthenth exemplar, a,(n) is set using the formula

AT v
Elu.(?.l,] = (Z U“mnpm) k ¢ ?1

m=1

T

[
= Ik
where Wmn 2°

The next state of a neuron in the Hamming net is given by

agaln) = fladnw)—¢ Y. alk)

where f isthe activation function defined by

(i = {;r ifz>0

0 otherwise.
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The next state of a neuron is calculated by first decreasing its current value by an amount proportional to the
sum of the current values of all the other neuron values in the net. If the reduced value falls below zero then
the new neuron value is set to 0; otherwise it assumes the reduced value. Eventually, the process of updating
JUMP.TO TOPIC neuron values will lead to a state in which only one neuron has a value greater than zero. At that point the
————— neuron with the nonzero value, say a (k) ~ O, represents the class C, that the net assigns to the input pattern. At
— time 0, the value of a(k) was greater than all the other neuron values. Therefore, k is the number of the class
whose exemplar had the most matches with the input pattern.

F gﬁ_fe 11.4.1 Hamming network.

Figure 11.4.2 shows a six-neuron Hamming net whose classes are represented by the exemplars 1, 2, 3, 4, 9,
and X. The Hamming distance between the input pattern p and each of the exemplarsis displayed at the
bottom of the figure. The number of matches between exemplar e and p is given by the neuron states a,(n), 1

dnd 6. At time of completion, only one neuron has a positive value, which is a(5) = 37.5. The Hamming net

example assigns the unknown pattern to Class 5. That is, the input pattern had the most matches with the “9”
exemplar which represents Class 5.

| mage Algebra Formulation

1,
Let@ € {_ 1, 1} be the image variable used to store neural states. The activation function f is as defined

Zu v EN
earlier. Thetemplate S € (R™™)™ tefined by

34
-1

S,(m) = f
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Figure 11.4.2‘ Hamming net example.

e" = (el, el et). :
where 2522+ ==3%~M/ isthe nth exemplar pattern, is used to initialize the net. The template

z
t € (R™)™ yefined by

L1 ifi=j
BB = e %]

is used to implement the propagation rule for the net.

Ty
Given theinput pattern P € {" 1, 1} the image algebra formulation for the Hamming net is as follows:

M
a:=(p®s)+ >

while Z(x>o0f{a)} > 1 loop

a:= flat)
end loop
1= domain(al|so).
The variable ¢ contains the number of the class that the net assigns to the input pattern.

Comments and Observations

The goal of our example was to find the number of the exemplar that best matches the input pattern as
measured by Hamming distance. The formulation above demonstrated how to use image algebra to implement
the Hamming neural network approach to the problem. A simpler image algebra formula that accomplished
the same goal is given by the following two statements:

c(i):== > (x=1(p-€’))
¢ := domain(c||ve).
11.5. Single-Layer Perceptron (SLP)

A single-layer perceptron is used to classify apattern p = (py, Py, ---» Pr) P C R™ into oneof two
classes. An SLP consists of a set of weights,

{wo,wy,....wn}, w; e R0 < i< m,

and alimiter function f ¢+ R\{O} = {0, 1} tefined by
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1 fxr>0
f[‘r}_{o if £ < 0.

Letp=(py, Py ---» Py P, inorder to classify p the perceptron first cal culates the sum of products

g(p) =wo +wip1 + - - + WnPm

and then applies the limiter function. If f © g(p) < O, the perceptron assigns p to class C,. The pattern p is
assigned to class C, if f © g(p) > 0. The SLP isrepresented in Figure 11.5.1.

g
' ¥ ¥
L

Pl - s oy

Figure11.5.1 Single-layer perceptron.

The graph of 0 = g(X) = W, + W;X; + -+ + WX, is a hyperplane that divides R™ into two regions. This
hyperplane is called the perceptron’ s decision surface. Geometrically, the perceptron classifies a pattern based
on which side the pattern (point) lies on. Patterns for which g(p) < 0 lie on one side of the decision surface
and are assigned to C,,. Patterns for which g(p) > O lie on the opposite side of the decision surface and are

assigned to C,.

The perceptron operates in two modes — a classifying mode and alearning mode. The pattern classification
mode is as described above. Before the perceptron can function as a classifier, the values of its weights must
be determined. The learning mode of the perceptron is involved with the assignment of weights (or the
determination of adecision surface).

If the application allows, i.e., if the decision surface is known a priori, weights can be assigned analytically.
However, key to the concept of a perceptron is the ability to determine its own decision surface through a
learning algorithm [7, 11, 12]. There are severa agorithmsfor SLP learning. The one we present here can be
found in Rosenblatt [11].

n
Let{(Prs Uk) =t beatraining set, where p, = (Pk13s Pkys+ <« s Pkyy) Pandy, {0,1} istheclass
number associated with P,. Let wi(t) be the value of ith weight after the tth training pattern has been presented
to the SLP. The learning agorithm is presented below.
Step 1. Set each w;(0), 0di d m, equal to random real number.

Step 2. Present p, to the SLP. Let yi denote the computed class number of p,, i.e.,

ye(t) = f(ﬂ-'ullf = 1)+ ZPJ:. - wi(t — 1])-
=1

Step 3. Adjust weights using the formula

wi(t) = wi(t — 1) + 1 (yx — yi(2)) - pr,
Step 4. Repeat Steps 2 and 3 for each element of the training set, recycling if necessary, until
convergence or a predefined number of iterations.

The constant, 0 < - d 1, regulates the rate of weight adjustment. Small - results in slow learning. However, if -
istoo large the learning process may not be able to home in on agood set of weights.

/ _—
Notethat if the SLP classifies p, correctly, then Yk — yk{t) =0 and there is no adjustment made to the
F
weights. If Ye — yk(f) ?{' ﬂ' then the change in the weight vector is proportional to the input pattern.
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Figure 11.5.2 illustrates the learning process for distinguishing two classesin RE. Class 1 points have been
plotted with diamonds and Class 0 points have been plotted with crosses. The decision surface for this
= exampleisaline. Thelines plotted in the figure represent decision surfaces after n = 0, 20, 40, and 80 training
JUMP TO TOPIG patterns have been presented to the SLP.

Figure 11.5.2 SLP learning — determination of the perceptron’s decision surface.
I mage Algebra Formulation

Let W € Rm+l be the image variable whose components represent the weights of the SLP. Let

pE R™ be the pattern that is to be classified. Augment p with a1 to form

- T

pP= (LPL: #ies :Pm} € {1} xR . Thefunction f isthe limiter defined earlier. The class number y
of p isdetermined using the image algebra statement

vi=[(X(w-p))

n
Totrainthe SLP, let {(Pk 1 Yk ) } k=1 be atraining set. Initialy, each component of the weight image
variable w is set to arandom real number. The image agebra pseudocode for the SLP learning algorithm
(iterating until convergence) is given by
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v:=0
while (v # w) loop
VI=W
for A in 1..n loop
Y = f(E(Pr - w))
wi=w+n- (U — k) Di
end loop
end loop.

Comments and Observations

If the set of input patterns cannot be divided into two linear separable sets then an SLP will fail asaclassifier.
Consider the problem of designing an SLP for XOR classification. Such an SLP should be defined over the
pattern space { (0, 0), (0, 1), (1, 0), (1, 1)}. The classes for the XOR problem are

Co = {(0,0),(1,1)} (0 XOR0=0,1XOR1=0)
C; ={(0,1),(1,0)} (0XOR1=1,1X0R0=1).
The points in the domain of the problem are plotted in Figure 11.5.3. Pointsin Class O are plotted with open

dotsand pointsin Class 1 are plotted with solid dots. A decision surfacein Hz isaline. Thereisnolinein

Rz that separates classes 0 and 1 for the XOR problem. Thus, an SLP isincapable of functioning as a
classifier for the XOR problem.

-

: .
Figure 11.5.3 Representation of domain for XOR.

11.6. Multilayer Perceptron (MLP)

Asseenin Section 11.5, asingle-layer perceptron is not capable of functioning as an XOR classifier. Thisis
because the two classes of points for the XOR problem are not linearly separable. A single-layer perceptronis

only ableto partition R™ into regions separated by a hyperplane. Fortunately, more complex regionsin

R™ canbe specified by feeding the output from several SLPsinto another SLP designed to serve asa
multivariable AND gate. The design of amultilayer perceptron for the XOR problem is presented in the
following example.

In Figure 11.6.1, the plane has been divided into two regions. The shaded region R, lies between the lines
whose equationsare-1 + 2x + 2y = 0 and 3 - 2x - 2y = 0. Region R, consists of all points not in R,. The points
of class C, for the XOR problem liein R, and the pointsin C, liein R,. Region R, is the intersection of the

half-plane that lies above -1 + 2x + 2y = 0 and the half-plane that lies below 3 - 2x - 2y = 0. Single-layer
perceptrons SLP1 and SLP2 can be designed with decision surfaces0=-1+2x+2yand 0= 3 - 2x - 2y,
respectively. The intersection required to create R, is achieved by sending the output of SLP, and SLP,

through another SLP that acts as an AND gate.

i
. [ ——
i L e
o NG e, 0

-_\-_ e

Ty

Figure 11.6.1 Mult layer perceptron solution strategy for XOR problem.

One SLP implementation of an AND gate and its decision surface is shown in Figure 11.6.2. All the
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components of atwo-layer perceptron for XOR classification can be seen in Figure 11.6.3. Thefirst layer
consistsof SLP, and SLP,. Aninput pattern (X, y) is presented to both SLP, and SLP,. Whether the point lies

above - 1+ 2x + 2y = O isdetermined by SLP;; SLP, determinesif it lies below 3 - 2x - 2y = 0. The second
layer of the XOR perceptron takes the output of SLP, and SLP, and determinesif the input satisfies both the
conditions of lying above -1 + 2x + 2y = 0 and below 3 - 2x - 2y = 0.

- - R

Figure 11.6.2 Single-layer perceptron for AND classification.

E .If‘.-\.'.':"
-y an L
bt « S

o

Figuré-11.6.3 Two-layer perceptron for XOR classification.

By piping the output of SLPsthrough a multivariable AND gate, atwo-layer perceptron can be designed for
any class C, whose points liein aregion that can be constructed from the intersection of half-planes. Adding a
third layer to a perceptron consisting of a multivariable OR gate alows for the creation of even more complex
region for pattern classification. The outputs from the AND layer are fed to the OR layer which servesto
union the regions created in the AND layer. An OR gate is easily implemented using an SLP.

Figure 11.6.4 shows pictorially how the XOR problem can be solved with athree-layer perceptron. The AND
layer creates two quarter-planes from the half-planes created in the first layer. The third layer unions the two
quarter-planes to create the desired classification region.

The example above is concerned with the analytic design of a multilayer perceptron. That is, it is assumed that

the classification regionsin H2 are known a priori. Analytic design is not accordant with the perceptron
concept. The distinguishing feature of a perceptron isits ability to determine the proper classification regions,
onits own, through a*“learning by example” process. However, the preceding discussion does point out how
the applicability of perceptrons can be extended by combining single-layer perceptrons. Also, by first
approaching the problem analytically, insights will be gained into the design and operation of a“true”
perceptron. The design of afeedforward multilayer perceptron is presented next.

A feedforward perceptron consists of an input layer of nodes, one or more hidden layers of nodes, and an
output layer of nodes. We will focus on the two-layer perceptron of Figure 11.6.5. The agorithmsfor the
two-layer perceptron are easily generalized to perceptrons of three or more layers.
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A nodein ahidden layer is connected to every node in the layer above and below it. In Figure 11.6.5 weight
w; connects input node x; to hidden node h; and weight v, connects h; to output node o,. Classification begins

: by presenting a pattern to the input nodes x,, 1 d i d 1. From there data flows in one direction (as indicated by
WJUMPTOTOPIC the arrows in Figure 11.6.5) through the perceptron until the output nodes o,. 1 d k d n, are reached. Output
— nodes will have avalue of either O or 1. Thus, the perceptron is capable of partitioning its pattern space into 27
classes.

e P

Fig'ur'e 1165 Two-layer perceptron.

The steps that govern data flow through the perceptron during classification are as follows:

— t
Step 1. Present the pattern P = (P1:p2,---.p) ER to the perceptron, i.e., setx, = p for 1didl.
Step 2. Compute the values of the hidden-layer nodes using the formula
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1

h j = ; 1 < J E Tre.
- wﬂj—}—z Wy jir;
1 + e r=1
Step 3. Calculate the values of the output nodes using the formula
1
Of = 1% b
— | o+ vigh;
1+e 7=

Step 4. Theclassc = (c,, c,, ..., C,) that the perceptron assigns p must be a binary vector which, when

interpreted as a binary number, is the class number of p. Therefore, the o, must be thresholded at some
level A appropriate for the application. The classthat p isassigned toisthenc=(c,, C,, ..., C,), Where

G = Cei(09).

Step 5. Repeat Steps 1, 2, 3, and 4 for each pattern that is to be classified.

Above, when describing the classification mode of the perceptron, it was assumed that the values of the
weights between nodes had already been determined. Before the perceptron can serve as a classifier, it must
undergo alearning process in which its weights are adjusted to suit the application.

(AR AN L
The learning mode of the perceptron requires atraining set {(P » € )} t=1 where Pt € R isapattern
andct {0, 1}nisavector which represents the actual class number of pt. The perceptron learns (adjustsits
weights) using elements of the training set as examples. The learning algorithm presented here is known as
backpropagation learning.

For backpropagation learning, aforward pass and a backward pass are made through the perceptron. During
the forward pass a training pattern is presented to the perceptron and classified. The backward pass
recursively, level by level, determines error terms used to adjust the perceptron’s weights. The error terms at
thefirst level of the recursion are afunction of ¢t and output of the perceptron (o,, 0,, ..., 0,). After al the

error terms have been computed, weights are adjusted using the error terms that correspond to their level. The
backpropagation algorithm for the two-layer perceptron of Figure 11.6.5 is detailed in the steps which follow.

Step 1. Initialize the weights of the perceptron randomly with numbers between -0.1 and 0.1; i.e.,

wij = choice([-0.1,0.1]) 0<i<[1<j<m
and
vjr = choice([-0.1,0.1]) 0<j<m,1<k<n.

r L, t
Step 2. Present P = (pl 1 P2y -5 Py )from thetraining pair (pt, ct) to the perceptron and
apply Steps 1, 2, and 3 of the perceptron’s classification algorithm outlined earlier. This completes the
forward pass of the backpropagation algorithm.

Step 3. Compute the errors 601: H 1 = k = T inthe output layer using
8o, = 0r(1 — Gk)(ﬂi - r);;.}._

t — | . ] t
where © = (€1,€3,...,¢3) represents the correct class of pt. The vector (0;, 0,, ..., 0,)
represents the output of the perceptron.

1<j<m

Step 4. Compute the errors é-".f ! , in the hidden-layer nodes using



i
bn, = hj(1 = hy) Z Doy, - Vjk-
k=1
Step 5. Let v, (t) denote the value of weight v, after the tth training pattern has been presented to the
perceptron. Adjust the weights between the output layer and the hidden layer according to the formula

ojk(t) = vjilt = 1) + 7+ 8o, - by,

The parameter 0 < - d 1 governsthe learning rate of the perceptron.
Step 6. Adjust the weights between the hidden layer and the input layer according to

wij(t) = wii(t—1) +7n- On, -pf,

Step 7. Repeat Steps 2 through 6 for each el ement of the training set. One cycle through the training set
is called an epoch. The performance that results from the network’ s training may be enhanced by
repeating epochs.

I mage Algebra Formulation

m
Let he {1} xR andoo € R™ be the image variables used to store the values of the input layer and

Fi Lot
the output layer, respectively. The template w € {H o } will be used to represent the weights
between the input layer and the hidden layer. Initialize w as follows:

wo(0) = 1
wo(i) =0 1<:<
w;(i) = choice([-0.1,0.1]) 0<i<[,1<j<m.

In
Thetemplate ¥V € (REm+)

Initialize v by setting

represents the weights between the hidden layer and the output layer.

vi(7) = choice([-0.1,01)) 0<j<m, 1<k <n.
The activation function for the perceptron is

[
flz) = m

t .ty1%
Let {{p e )}t=1 be the training set for the two-layer perceptron, where
E o et ot t !
P' =(p1,p3-.-.p) ER isapatternand ¢t {0, 1} isavector which represents the actual class

= ¢ g b t z z,
number of pt. Define P to be (1,p1:P5,---.P1) The parameterized templatest(d, h) € (REm+1)

I+l
andu(d, p) € (R?+1) 4

are defined by
t(d.h),(j) =n-d(k)-h(j) 0<j<m1<k<n
and
u(d,p),(¢s) =0 0<<!
u(d,p);(z) =7n-d(j) -p(i) 0<i<i1<j<m.

The image agebra formulation of the backpropagation learning algorithm for one epoch is



fortin l..s loop
hi= f(p' ®w)
o:= f(h@v)
d, :=o(l - 0) {c’ —0]
dy :=h(1 - h)(d, ®v')
v:i=v+t(dy. h)
wi=wW+ u{dwfﬁ!}

end loop.
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Toclassify p = (py, P, ..., P), first augment it with a1 to form fj' =(1, py, Py ---» P)- The pattern p isthen
assigned to the class represented by the image ¢ using the image algebra code:

JUMP TO TOPIC h:= f(p ®w)
[ | o:= f(hPv)

C:= Xx>(0).

Comments and Observations

The treatment of perceptrons presented here has been very cursory. Our purpose is to demonstrate techniques
for the formulation of perceptron algorithms using image algebra. Other works present more comprehensive
introductions to perceptrons[7, 10, 12, 13].

11.7. Cellular Automata and Life

Among the best known examples of cellular automata is John Conway’s game Life[2, 14, 15]. Thelife
processes of the synthetic organisms in this biosphere are presented next. Although this automaton is referred
to asagame, it will provide an illustration of how easily the workings of cellular automata are formulated in
image algebra.

Life evolveson agrid of points X = Ik X z!. A cdl (point) iseither alive or not alive. Life and its
absence are denoted by state values 1 and 0, respectively. The game begins with any configuration of living
and nonliving cells on the grid. Three rules govern the interactions among cells.

(a) Survivals— Every live cell with two or three live 8-neighbors survives for the next generation.

(b) Deaths— A live cell that has four or more 8-neighbors dies due to over-population. A live cell
with one 8-neighbor or none dies from loneliness.

(c) Birth— A cell isbrought to life if exactly three of its 8-neighbors are alive.

Figure 11.7.1 showsthe life cycle of an organism. Grid O istheinitial theinitial state of the life-form. After
ten generations, the life-form cycles between the configurationsin grids 11 and 12.
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Figure11.7.1 Lifecycleof an artificial organism.

Depending on theinitial configuration of live cells, the automaton will demonstrate one of four types of
behavior [14]. The pattern of live cells may:

(@) vanishintime

(b) evolveto afixed finite size

(c) grow indefinitely at afixed speed
(d) enlarge and contract irregularly

I mage Algebra Formulation

Leta {0, 1}%, where X = Zk X Ii , be the image variable that contains the state values of cellsin the
automata. The cells state at timet is denoted a,. The template used to capture the states of neighboring cell is

shown below.

| I
1 | 1

t = 51 xg\ ;W
- Yo

1| 1] 1
. |

Let a, betheinitial configuration of cells. The next state of the automaton is given by the image algebra
formula

a1 1= X¢(3,11,12) (ar Bt).
11.8. Solving Mazes Using Cellular Automata

In this section an unconventional solution to finding a path through a maze is presented. The method uses a
cellular automata (CA) approach. This approach has several advantageous characteristics. The memory
required to implement the algorithm is essentially that which is needed to store the original maze image. The
CA approach provides all possible solutions, and it can determine whether or not a solution exists[16]. The
CA method is also remarkably simple to implement.

Conventional methods to the maze problem use only local information about the maze. As the mouse
proceeds through the maze, it marks each intersection it passes. If the corridor that the mouseis currently
exploring leads to a dead-end, the mouse backtracks to the last marker it placed. The mouse then tries another
unexplored corridor leading from the marked intersection. This processis continued until the goal is reached.
Thus, the conventional method uses a recursive depth-first search.

The price paid for using only local information with the conventional method is the memory needed for
storing the mouse’ s search tree, which may be substantial. The CA approach requires only the memory that is
needed to store the original maze image. The CA approach must have the information that a viewer
overlooking the whole maze would have. Depending on the application the assumption of the availability of a
global overview of the maze may or may not be reasonable.

The maze for this exampleis a binary image. Walls of the maze have pixel value 0 and are represented in
black (Figure 11.8.1). The corridors of the maze are 4-connected and have pixel value 1. Corridors must be
one pixel wide. Corridor points are white in Figure 11.8.1.

In some ways the CA approach to maze solving may be viewed as a poor thinning algorithm (Chapter 5). A
desirable property of athinning algorithm is the preservation of ends. To solve the maze the CA removes
ends. Ends in the maze are corridor points that are at the terminus of a dead-end corridor. A corridor point at
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the end of a dead-end corridor is changed to awall point by changing its pixel value from 1 to 0. At each
iteration of the algorithm, the terminal point of each dead-end corridor is converted into awall point. This
process is continued until no dead-end corridors exist, which will also be the time at which further iteration
produces no change in the image. When all the dead-end corridors are removed, only solution paths will
remain. The result of this process applied to the maze of Figure 11.8.1 isseenin Figure 11.8.2.

Figure 11.8.1 Original maze.
For this example, the next state of a point isfunction of the current states of the pointsin avon Neumann
neighborhood of the target point. The next state rules that drive the maze solving CA are

(a) A corridor point that is surrounded by three of four wall points becomes awall point.

(b) wWall points always remain wall points.

(c) A corridor point surrounded by two or fewer wall points remains a corridor point.

I mage Algebra Formulation

Leta {0, 1}* bethe maze image. The templatet that will be used to capture neighborhood configurationsis
defined pictorially as

Figure 11.8.2 Maze solution.

/5'\
N

The image algebra code for the maze solving cellular automaton is given by
b:=0
vhile (a # b) leop
b:=a
a:= x(7,9}(a®t)
end loop.
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Appendix
e The Image Algebra C++ Library
_JLIMP T0 TOPIC .

—— | A.1 Introduction

In 1992, the U.S. Air Force sponsored work at the University of Floridato implement a C++ classlibrary to
support image algebra, i ac++. This appendix gives abrief tour of the library then provides examples of
programs implementing some of the algorithms provided in this text.

Current information on the most recent version of thei ac++ classlibrary is available viathe Worldwide
Web from URL

http://ww. cise. ufl.edul/ projects/IACC.

The distribution and some documentation are available for anonymous ftp from

ftp://ftp.cise.ufl.edu/pub/ialiac++.

The class library has been developed in the C++ language [1, 2]. Executable versions of the library have
been developed and tested for the following compiler/system combinations:

Table A.1.1 Tested i ac++ platforms.

Compiler System
g++v27.0 Sun0S 4.1.3

SunOS 5.2.5

Silicon GraphicsIRIX 5.3
Metrowerks v6 MacOS 7.5 (PowerPC)

Thelibrary islikely to be portable to other systemsif one of the supported compilersis employed. Porting to
other compilers might involve significant effort.
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A.2. Classes in the iac++ Class Library

Thei ac++ classlibrary provides a number of classes and related functions to implement a subset of the
image algebra. At the time of this writing the library contains the following major classesto support image
algebra concepts:

(& 1 A_Poi nt <T>

(b) I A_Set <T>

(©) I A_Pi xel <P, T>

(d) I A_I mage<P, T>

(e) I A_Nei ghbor hood<P, @
(f) 1 A_DDTenpl at e<| >

All names introduced into the global name space by i ac++ are prefixed by the string | A to lessen the
likelihood of conflict with programmer-chosen names.

Points

Thel A_Poi nt <T> class describes objects that are homogeneous points with coordinates of type T. The
library provides instances of the following point classes.

(@ I A_Poi nt<int>

(b) I A_Poi nt <doubl e>

The dimensionality of a point variable is determined at the time of creation or assignment, and may changed
by assigning a point value having different dimension to the variable. Users may create points directly with
constructors. Functions and operations may also result in point values.

Onemust #i ncl ude "i a/l nt Poi nt. h" to have accessto the class of pointswithi nt coordinates and
its associated operations. One must #i ncl ude "i a/ Dbl Poi nt . h" to have access to the class of points
with doubl e coordinates and its associated operations.

Point operations described in the sections that follow correspond to those operations presented in Section 1.2
of this book.

Point Constructors and Assignment

Leti,i1,i2,..,representi nt -valued expressions. Leti ar r ay represent an array of i nt valueswith n
elements. Letd, d1, d2, ..., represent doubl e-valued expressions. Let dar r ay represent an array of
doubl e valueswith n elements. And let i p and dp represent pointswithi nt and doubl e coordinate
values, respectively.

Table A.2.1 Point Constructors and Assignment

construct a copy I A_Poi nt<i nt>(ip)
I A_Poi nt <doubl e> (dp)
construct from coordinates I A Point<int> (i)

A Point<int> (il,i2)

A Point<int> (il,i2,i3)

A Point<int> (il1,i2,i3,i4)

A Point<int> (i1,i2,i3,i4,i5)
I A_Poi nt <doubl e> (d)

I A_Poi nt <doubl e> (d1, d2)

| A_Poi nt <doubl e> (d1, d2, d3)

| A Poi nt <doubl e> (d1, d2, d3, d4)
| A_Poi nt <doubl e>
(d1,d2, d3, d4, d5)

construct from array of coordinates | A Point<int> (iarray, n)

| A Poi nt <doubl e> (darray, n)
assign a point ipl = ip2

dpl = dp2




Binary Operations on Points
Let p1 and p2 represent two expressions both of typel A_Poi nt <i nt > or | A_Poi nt <doubl e>.
Table A.2.2 Binary Operations on Points

addition |p1 + p2
subtraction |p1 - p2
multiplication pl * p2

division pl / p2
supremum sup (pl, p2)
infimum inf (pl, p2)
dot product dot (pl, p2)
cross product cross (pl, p2)
concatenation concat (pl, p2)

Unary Operations on Points
Let p represent an expression of typel A_Poi nt <i nt > or | A_Poi nt <doubl e>.

Table A.2.3 Unary Operations on Points

negation -p
ceiling |cei I (p)
floor floot (p)
rounding rint (p)
projection (subscripting) p(i)

PLI ]!
sum sum (p)
product product (p)
maximum max (p)
minimum mn (p)
Euclidean norm enorm (p)
Lt norm morm (p)
L norm i norm (p)
dimension p.din( )

This function applies only to points of type| A_Poi nt <doubl e>.

'Subscripting with () yields acoordinate value, but subscripting with[ ] yields a coordinate reference to
which one may assign avalue, thus changing a point’s value.

Relations on Points

Let pl and p2 represent two expressions both of typel A_Poi nt <i nt > or | A_Poi nt <doubl e>. Note
that arelation on pointsis said to be strict if it must be satisfied on all of the corresponding coordinates of
two points to be satisfied on the points themselves.

Table A.2.4 Relations on Points

|Iessthan (strict) |p1 < p2

|Iessthan or equal to (strict) |p1 <= p2

|greater than (strict) |p1 > p2

greater than or equal to (strict) pl>=p2

equal to (strict) pl == p2

not equal to (complement of == pl !'= p2
lexicographic comparison poi ntcnp (pl, p2)




Examples of Point Code Fragments

One can declare points using constructors.

I A Point<int> pointl (0,0,0);

/1l pointl == origin in 3D integral Cartesian space
I A_Poi nt <doubl e> dpoint (1.3,2.7);

/1l dpoint is a point in 2D real Cartesian space

One may subscript the coordinates of a point. (Note that point coordinates use zero-based addressing in
keeping with C vectors.)

point1[0] = pointl[1] = 3;
[l pointl == 1A Point<int> (3, 3,0)

One can manipulate such points using arithmetic operations.

pointl = pointl + A Point<int> (1,2, 3);
[l pointl == 1A Point<int> (4,5, 3)

And one may apply various functions to points.

pointl == floor (dpoint);
/1 pointl == A Point<int> (1, 2)

Sets

The C++ template class| A_Set <T> provides an implementation of sets of elements of type T. The
following instances of | A_Set are provided:

(@ A _Set<I A Point<int> >

(b) 1 A_Set <I A_Poi nt <doubl e> >
(c) I A_Set <bool >

(d) I A_Set <unsi gned char >

(&) 1 A_Set<int>

(f) 1 A_Set <f| oat >

(@ 1A _Set<l A conpl ex>

(h) I A_Set <l A RGB>

| A Set<l A Point<int> >andl A _Set <l A Poi nt <doubl e> >, provide some capabilities
beyond those provided for other sets.

Sets of Pointsand Their Iterators

The point set classes| A_Set <I A _Poi nt<int> >and|l A_Set <l A _Poi nt <doubl e> > providethe
programmer with the ability to define and manipulate sets of point objects al having the same type and
dimension.

Onemust #i ncl ude "ia/l nt PS. h" to have access to the class of setsof i nt points and its associated
operations. One must #i ncl ude "i a/ Dbl PS. h" to have access to the class of sets of doubl e points
and its associated operations. To gain accessto point set iterator classes and their associated operations, one
must #i ncl ude "ia/PSlter. h".

Point set operations described in the sections that follow correspond to those operations presented in Section
1.2 of this book.

Point Set Constructors and Assignment

InTable A.2.5 leti p,i pl,ip2,..,represent | A _Poi nt <i nt >-valued expressions. Leti par r ay
represent an array of | A_Poi nt <i nt > values, each of dimension d, with n elements. Let dp, dp1, dp2,




.., represent | A_Poi nt <doubl e>-valued expressions. Let dpar r ay represent an array of double values,
each of dimension d, with n elements. And leti ps and dps represent setswith | A_Poi nt <i nt > and
| A Poi nt <doubl e> elements, respectively.

Thefunction| A_boxy_pset createsthe set containing al points bounded by the infimum and supremum
of itstwo point arguments. The type of set is determined by the point types of the arguments. The

I A _universal _ipset andl A enpty_i pset create universal or empty sets of type

I A _Poi nt <i nt > of dimension specified by the argument. Sets of typel A_Poi nt <doubl e> are created
in acorresponding fashionby | A_uni ver sal _dpset and| A enpty_dpset.

Table A.2.5 Point Set Constructors and Assignment

construct a copy

I A Set<l A Point<int> > (ips)

I A_Set <I A _Poi nt <doubl e> > (dps)
construct from points A Set<I A Point<int> > (ip)
| A Set<l A Point<int> > (ipl,ip2)
| A Set<l A Point<int> > (ipl,ip2,ip3)
| A Set<lA Point<int> > (ipl,ip2,ip3,ip4)
| A Set<l A Point<int> > (ipl,ip2,ip3,ip4,ipb)
| A Set <I A _Poi nt <doubl e> > (dp)
| A Set <I A Poi nt <doubl e> > (dpl, dp2)
| A Set <I A Poi nt <doubl e> > (dpl, dp2, dp3)
| A Set <l A Poi nt <doubl e> > (dpl, dp2, dp3, dp4)
| A Set <l A Poi nt <doubl e> >
(dpl, dp2, dp3, dp4, dp5)
construct from array of | A Set<l A Point<int> > (d,iparray,n)
points | A Set <I A Poi nt <doubl e> > (d, dparray n)
assign a point set ipsl = ips2
dpsl = dps2
functionsreturning point |l A_boxy_pset (ipl, ip2)
sets | A boxy_pset (dpl, dp2)
| A universal _ipset (dim
| A _uni versal _dpset (dim

| A enpty_ipset (dim
| A enpty_dpset (dim

Binary Operations on Point Sets

InTable A.2.6, let ps, ps1 and ps2 represent expressions all of typel A_Set <I A_Poi nt <i nt >>or
I A_Set <I A_Poi nt <doubl e> >. Let p represent an expression having the same type as the elements of

pS.
Table A.2.6 Binary Operations on Point Sets
addition psl + ps2
subtraction psl - ps2
point addition ps + p
p + ps
point subtraction ps - p
p - ps
|union psl | ps2
|intersection psl & ps2
|setdifference psl / ps2
|wmmetricdifference psl ~ ps2

Unary Operations on Point Sets

Let ps represent an expression of typel A Set <l A Poi nt<int> >or
| A_Set <l A _Poi nt <doubl e> >.




Table A.2.7 Unary Operations on Point Sets

negation -ps
complementation ~ps

supremum sup (ps)
infimum inf (ps)
choice function ps. choice ( )
cardinality ps.card ( )

Relations on Point Sets

Let ps, ps1, and ps2 represent expressions all of typel A_Set <I A_Poi nt<i nt > >or
| A_Set <I A_Poi nt <doubl e> >. Let p represent an expression having the same type as the elements of

ps.

Table A.2.8 Relations on Point Sets

containment test ps. cont ai ns(p)
proper subset psl < ps2
(improper) subset psl <= ps2
proper superset psl > ps2
(improper) superset psl >= ps2
|equality psl == ps2
|inequality psl != ps2
|emptin&estest ps. enpty( )

Point Set Iterators

Theclass| A_PSI t er <P> supports iteration over the elements of sets of type

| A Set<l A Point<int> >andl A _Set <l A Poi nt <doubl e> >. Thisprovidesasingle
operation, namely function application (the parentheses operator), taking a reference argument of the
associated point type and returning abool . The first time an iterator object is applied as afunction, it
attempts to assign its argument the initia point in the set (according to an implementation specified
ordering). If the set is empty, the iterator returns afalse value to indicate that it failed; otherwise it returns a
true value. Each subsequent call assigns to the argument the value following that which was assigned on the
immediately preceding call. If it fails (due to having no more points) the iterator returns afalse value;
otherwiseit returns atrue value.

Examples of Point Set Code Fragments

One can declare point sets using a variety of constructors.

I A_Set <l A Point<int> > psi,;
/{1 uninitialized point set

I A Set<l A Point<int> > ps2(lA_IntPoint (0,0,0));
[l point set with a single point

I A Set<l A Point<int> > ps3(lA _boxy pset(lA IntPoint (-1,-1),
A IntPoint (9,9)));
/1 contains all points in the rectangle
/[l with corners (-1,-1) and (9,9)

/1l Introduce a predicate function
int pred(lA IntPoint p) {return (p[0] >=0)? 1: 0; }

| A Set<l A Point<int> > ps4(2, &pred);
/'l the half plane of 2D space havi ng nonnegative Oth coord.



I A Set<l A Point<int> > ps5(3, &pred);
/1 the half space of 3D space havi ng nonnegative Oth coord.

One can operate upon those sets.

psl = ps3 & ps4;
/1 intersection of ps3 and ps4 contains all points
/[l in the rectangle with corners (0,0) and (9,9)

psl = ps3 | ps4;
/1 union of ps3 and ps4

psl = ps3 + | A Point<int> (5,5);
/1 pointset translation

psl = ps3 + ps3;
/1 M nkowski (pairwi se) addition

/'l relational operations and predicates

if ((ps2 <= ps3) || ps2.enpty( ) )
ps2 = ~ps2; [/ conplenentation

And one can iterate over the elements in those sets.

IA PSlter<lA Point<int> > iter(ps3);
/1 iter will be an iterator over the points
[l in set ps3

I A_Poi nt<int> p;

/1l the while loop below iterates over all the points in the
/1l set ps3 and wites themto the standard output device
while(iter(p)) {cout << p << "\n"; }

Setsof Valuesand Their Iterators

In addition to point sets, the user may employ the C++ template class| A_Set <T> to construct and
manipul ate extensive sets of values of any C++ type T for which there is an ordering. Instances of setswith
bool ,unsi gned char,int,fl oat,| A conpl ex,and| A_RGB elements are instantiated in the

i ac++ library. Theclass| A_Set <T> imposes atotal ordering on the elements of type T in the set, and
supports operations max and ni n. If the value type does not provide underlying definitions for max and

nm n (aswith 1 A_conpl ex), then the library chooses some arbitrary (but consistent) definition for them.

Onemust #i ncl ude "i a/ Set. h" to have access to instances of the value set class and associated
operations. To gain access to the iterators and associated operations, one must #i ncl ude
"ialSetlter.h".

Value Set Constructors and Assignment

Letv,vl,v2, .., represent T-valued expressions. Let var r ay represent an array of T valueswith n
elements, and let vs, vs1, and vs2 represent sets with T-valued elements.

Table A.2.9 Value Set Constructors and Assignment
construct a copy | A Set <T>(vs)

construct from values | A Set <T> (v)

| A Set<T> (vl,v2)

| A Set<T> (vl1,v2,v3)

| A Set<T> (vl1,v2,v3,v4)

| A Set<T> (vl1,v2,v3,v4,vb)

construct from array of | A Set <T> (varray, n)
values




|assign avalue set |vsl = vs2

Binary Operations on Value Sets
Letvs1 and vs2 represent two expressions, both of typel A _Set <T>.

Table A.2.10 Binary Operations on Value Sets

|union vsl|vs2

|intersection vsl & vs2
|setdifference vsl / vs2
|wmmetricdifference vsl N vs2

Unary Operations on Value Sets
Let vs represent an expressions of typel A _Set <T>.

Table A.2.11 Unary Operations on Value Sets

maximum max (vs)
Minimum mn (vs)
choice function vs. choi ce()
cardinality vs. card()

Relations on Value Sets
Letvs,vsl andvs2 represent expressionsall of typel A_Set <T>.
Table A.2.12 Relations on Value Sets

containment test vs. contai ns(v)
proper subset vsl < vs2
(improper) subset vsl <= vs2
proper superset vsl > vs2
(improper) superset vsl >= vs2
equality vsl == vs2
inequality vs | = vs2
emptiness test vs. enpty()

Value Set Iterators

Theclass| A _Set | t er <T> supportsiteration over the elementsof an1 A_Set <T>. Thisprovidesasingle
operation, namely function application (the parentheses operator), taking a reference argument of type T and
returning abool . Thefirst time an iterator object is applied as afunction, it attempts to assign its argument
theinitia point in the set (according to an implementation-specified ordering). If the set is empty, the
iterator returns afalse value to indicate that it failed; otherwise it returns atrue value. Each subsequent call
assigns to the argument the value following that which was assigned on the immediately preceding call. If it
fails (due to having no more points) the iterator returns afalse value; otherwise it returns atrue value.

Examples of Value Set Code Fragments
Value sets can be constructed by explicitly listing the contained values.

I A Set<int> v1(1,2,3);
/'l constructs a set containing three integers.
/] sets of up to 5 elements can be
/1 constructed in this way

float vec[] = {1.0, 2.0, 3.0,



1.0, 2.0, 3.
3.0, 2.0, 1.
| A Set<float> v2( vec, 9 );

/1 constructs a set containing the three

/1 unique values 1.0, 2.0, and 3.0, that

/'l are contained in the 9 elenment vector vec

0,
0

One can apply operations to those value sets

v2 = v2 & | A Set<float>(2.0, 3.0);
/1 the intersection of v2 and the
/1 specified set is assigned to v2
v2 = v2 | 6.0;
/1 the single elenent 6.0 is united with set v2

cout << v2.card() << "\n";
/'l wites the cardinality of set

if (A Set<int>(1, 2) <= vl) /'l test for subset
cout << vl << "\n"; [/ wite the set

One can iterate over the values in those sats.

IA Setlter<int> iter(vl);
int i;

/Il wite all the elenents of a set
while (iter(i)) (cout << i << "\n"; }

Images, Pixelsand Iterators Over Image Pixelsand Values

The image classes defined in the i ac++ library are instances of the template class| A_| mage<P, T>,
comprising the images defined over sets of points of type P having values of type T. The following instances
of thel A_| mage class are provided in the library:

(@ 1 A_I mage<l A _Poi nt<i nt>, bool >
(b) I A I mage<I| A _Poi nt<i nt>, unsigned char>
() A I mage<l A Point<int>, int>
(d) A I mage<l A Point<int>, float>
(e I A Image<l A Point<int> |A conplex>
f) 1A I mage<l A Point<int> |A RG>
(@ 1A I mage<l A Poi nt <doubl e>, fl oat>
(h) I A I mage<I| A_Poi nt <doubl e>, | A conpl ex>
To gain access to the class definitions and associated operations for each of these image types, one must

#i ncl ude the associated header file. The basic unary and binary operations on the supported image types
areincluded in the following files, respectively:

(@) i a/ Bool DI . h
(b) i a/ Uchar Dl . h
(c)iallntDl.h

(d) ia/FloatDl.h
(e ia/ Cpl xDl . h
(f) ia/ RGBDI . h

(g ia/FloatCl .h
(h) ia/ Cpl xCl.h

In these file names, the DI designation (discrete image) denotes images over sets of point with i nt
coordinates and Cl (continuous image) denotes images over sets of points with doubl e coordinates.



A pixel isapoint together with avalue. Pixels drawn from images mapping points of type P into values of
type T are supported with theclass| A_Pi xel <P, T> which can beinstantiated for any combination of P
and T. Objects belonging to this class have the two publicly accessible fieldspoi nt and val ue. An

I A_Pi xel object, whileit does bring together a point and avalue, is not in any way associated with a
specific image. Thus, assigning to theval ue field of an| A_Pi xel object does not change the actual
value associated with a point in any image. The definition of thel A_Pi xel classis contained in the header
filei a/ Pi xel . h.

I mage Constructors and Assignment

Given apoint type P and avauetype T one can create and assign images mapping points of type P into
values of type T. In the following tablei g, i ng1, andi ng2 denote objects of typel A_| mage<P, T>,
p denotes an object of typel A_Set <P>,t denotesavalue of type T, pi xar r ay denotes an array of n
objectsof typel A _Pi xel <P, T>,andf denotesafunctionwithsignatureT f (P)or T f (const
P&) .

Table A.2.13 Image Constructors and Assignment

|constructan emptyimage ([l A_ | mage<P, T> ()
|constructacopy | A | mage<P, T> (ing)
construct a constant-valued | A | mage<P, T> (ps, t)
image

construct froman array of || A_| mage<P, T> (pi xarray, n)
pixels

construct from a | A | mage<P, T> (ps, f)
point-to-value function

assign an image iml = ing2

assign each pixel a img =t

constant value

assigntoi ngl the imgl.restrict-assign(ing2)
overlapping partsof i ng2

Binary Operations on | mages
Leti ngl andi ng2 represent two expressions both of typel A_| mage<l A_Poi nt<i nt >, T>.
Table A.2.14 Binary Operations on Images

addition |i mgl + ing2

pointwise maximum max (ingl, ing2)
subtraction iml - ing2
multiplication imgl * ing2

division imgl / ing2
pseudo-division pseudo_div (ingl, ing2)
modulus iml %ing2

binary and imgl & ing2

binary or imgl | ing2

binary exclusive or imgl ~ ing2

logical and imgl && ing2

logical or imgl || ing2
|Ieftarithmeticshift iml << inmg2
|rightarithmeticshift iml >> ing2
|pointwiseminimum mn (inmgl, ing2)
|characteristic|essthan chi It (ingl, ing2)
characteristiclessthanor |chi _I e (inmgl, ing2)
equal to




characteristic equal chi _eq (ingl, ing2)

characteristic greater than |chi _gt (ingl, ing2)

characteristic greater than |chi _ge (ingl, ing2)
or equal

characteristic value set chi -contains (ingl, vset)
containment

Available only for images for which T is an integer type (bool , unsi gned char,ori nt).

Unary Operations on | mages
Leti ng represent an expressions of typel A_| nage<l A Poi nt<i nt >, T>.

Table A.2.15 Unary Operations on Images

projection i mg(p)

i mg[ p]
|negation -ing
pointwise one's ~i ngy
complement
|pointvvise|ogical not ling
|cardinality ing. card()
|domain extraction i ng. domai n()
|rangeextraction i nmg. range()
|sum sum (i ng)
|maximum max (i ng)
|minimum mn (ing)
|product prod (ing)
absolute value abs (i ng)
celling ceil (ing)
floor fl oor (ing)
exponential exp (ing)
natural logarithm log (ing)
cosine cos (ing)
sine sin (ing)
tangent tan (ing)
complex magnitude abs_f (ing)
complex angle arg_f (ing)
complex real part real _f (ing)
complex imaginary part img_f (ing)
sgare root sqrt (ing)
integer square root isqrt (ing)
square sqr (i ng)

Subscripting with () yields the value associated with the point p, but subscripting with [ ] yields areference
to the value associated with p. One may assign such areference a new value, thus changing the image. This
operation is potentially expensive. Thisis discussed at greater length in the section providing example code
fragments below.

Domain Transformation Operations on | mages
Leti ng,i ngl, andi ng2 represent expressionsof typel A_| mage<P, T>.Lett set represent an




expression of type | A_Set <T>. Let pset represent an expression of typel A_Set <P> and let p represent
an element of such apoint set.

Table A.2.16 Domain Transformation Operations on Images

trandation translate (ing, p)
restriction of domaintoa |restrict (ing, pset)
point set

restriction of domainbya |restrict (ing, tset)
value set

extension of oneimageby [extend (ingl, ing2)
another

Relations on I mages
Leti ngl andi ngy2 represent two expressions both of typel A_| mage<P, T>.
Table A.2.17 Relations on Images

less than iml < ing2

lessthan or equal to inmgl <= ing2

equal to inmgl == ing2

greater than iml > ing2

greater than or equal to inmgl >= ing2

not equal to complement of |i rgl ! = i ng2

equal to)

strictly not equal to strict_ne (ingl, ing2)

I nput/Output Operations on | mages

Thei ac++ library supports the reading and writing of images in extended portable bitmap format (EPBM)
[3]. Thisformat supports the commonly used pbm pgm and ppmformats. The EPBM supports only
two-dimensional rectangular images and does not represent an image's point set, thus not all images
representablein thei ac++ library can be directly read or written. When an EPBM imageisread, itis
assigned ani nt coordinate point set spanning from the origin to the point whose coordinates are one less
that the number of rows and number of columnsin the image. To insure that we write only rectangular
images, any image to be written is extended to the smallest enclosing rectangular domain with the value 0
used wherever the image was undefined.

Leti str representani streamandleti n_fil e_nane represent a character string containing an input
filename. Let max_pt r beapointer toani nt variable that will receive asits value the maximum valuein
the image read.

Table A.2.18 Input Operations on Images

read a bit image read_PBM (in_fil e_nane)
read- PBM (istr)
read an unsigned char read_uchar _PGM (in_file_nane)
image read_uchar _PGM (in_file_name, max_ptr)

read_uchar _PGM (i str)
read_uchar _PGM (istr, max_ptr)

read an integer image read_int_PGM (in_file_nane)
read_int_PGM (in_file_name, max_ptr)
read_int_PGM (istr)

read_int PGM (istr, nmax-ptr)

read an RGB image read-PPM (in_fil e nane)

read_PPM (in_file_name, max_ptr)
read_PPM (istr)

read_PPM (istr, max_ptr)




One may write either to anamed file or to an ostream. If writing to a named file, the image output function
returns no value. If writing to an ostream, the image output function returns the ostream.

Letost r represent anost reamand let out _fi | e_narme represent a character string containing an
output file name. Let bi t _i ng denote an image with bool values, uchar _i ng denote an image with
unsi gned char values, i nt _i ng denoteanimagewithi nt values, andr gb_i ng denote an image
with| A_RGBvalues. Let maxval beanunsi gned i nt representing the maximum value in an image.

Table A.2.19 Output Operations on Images

write a bit image wite PBM (bit_inmg, out _file_name)
wite PBM (bit_inmg, ostr)

write an unsigned char wite PGM (uchar_inmg, out_file_nane)

image wite PGM (uchar_inmg, out file_name, naxval)

wite PGM (uchar _ing, ostr)
wite PGM (uchar _ing, ostr, maxval)

write an integer image wite-PGM (int_ing, out file_name)

wite PGM (int_ing, out file_name, naxval)
wite PGM (int_inmg, ostr)
wite PGM (int_inmg, ostr, naxval)

write an RGB image wite PPM (rgb_ing, out file_namne)

wite PPM (rgb _ing, out file_name, maxval)
wite PPM (rgb ing, ostr)

wite PPM (rgb ing, ostr, maxval)

I mage | terators

Theclass| A_Pi xel <P, T> supports storing of a point and value as a unit and provides the two field
selectors poi nt andval ue. Instances of thel A _Pi xel classare provided for the same combinations of
Pand T onwhich | A_I mage instances are provided.

Iterators over either the values or the pixels of an image can be constructed and used. The class

I A IVIter<P, T>supportsimagevalueiterationandclass| A | Plter <P, T> supportspixel
iteration. The value iterator provides an overloading of function call with a reference argument of the
image' s range type. The pixel iterator function call overloading takes a reference argument of type

I A Pixel <P, T>.

Thefirst time an image value (pixdl) iterator object is applied as afunction, it attemptsto assign its
argument the value (pixel) that is associated with the first point in the image’' s domain point set. If the image
is empty, afalse value isreturned to indicate that it failed, otherwise atrue value is returned. Each
subsequent call assigns to the argument the value (pixel) associated with the next point in theimage's
domain. If theiterator failsto find such avalue (pixel) because it has exhausted the image’ s domain point
set, the iterator returns afalse value, otherwise it returns atrue value.

I mage Composition Operations

Two kinds of composition operations are supported for images. Since an image maps points to values, one
may generate a new image by composing a value-to-value mapping with an image or by composing an
image with a spatia transform (or point-to-point mapping). To composition of a value-to-value function
with an image, one must #i ncl ude "i a/ | ngConp. h".

Leti ng beanimage of typel A | mage<P, T>,letval ue_map beafunction with signature T

val ue_map (T), let poi nt _nap be afunction pointer with signature P poi nt _nap(const P&),
andletresul t - pset betheset of typel A _Set <P> over which the result of the compositionisto be
defined. The result of composing the point-to-point mapping function with the image at any point p in the
result _pset isequa toi ng( poi nt _rmap(p)) . Theresult of composing the value-to-value mapping
function with theimageisval ue-map (i ng(p)).

Table A.2.20 Image Composition Operations

compose an imagewitha [conmpose (i ng, point_nmap, result_pset)
point-to-point function




compose a value-to-value [conpose (val ue-nap, ing)
function with an image

Note that the composition of an image with a point-to-point mapping function takes a third argument,
namely the point set over which the result is to be defined. Thisis necessary because determining the set of
points over which the result image defines values would require us to solve the generally unsolvable
problem of computing the inverse of the poi nt - map function. Thus, we require the user to specify the
domain of the result.

Examples of | mage Code Fragments

One may construct images.

IA Image <IA Point<int>, int>il;
[/ uninitialized inage

I A Image<l A Point<int> int>i2(ps3, 5);
/1l a constant image over point set ps3
/'l having value 5 at each point

/1 we may use a function such as pO below to create an

/'l image with value at each point specified by a function
int pO(IA Point<int> p) { return p[0]; }

I A Il mage<l A Point<int> int>i2(ps3, &p0);

It isimportant to note the significant difference in application of animage asafunction (asini 2 (...))
versus subscripting of animage (asini 2 [ .. .]). Inthefirst case, the value of theimage at apoint is
returned. In the second case, areference to a pixel, the specific value mapping of a point within an image, is
returned. An image pixel can have its value assigned through such a reference, thus modifying the image.
Assigning an image to a variable can be quite time consuming. Thei ac++ library tries to avoid such
copying wherever possible. Assigning an image to a variable usually does not copy storage. Instead, it uses a
reference counting technique to keep track of multiple uses of a single image representation. If an image
having multiple readers is subscripted (with operation [ ] ), aunique version of the image is created so that
the subscripter (writer) will get a unique copy of the potentially modified image. While thisinsulates other
readers of that image from future changes, it also imposes a significant penalty in both time and space. Thus,
it is preferable to use function application notation rather than subscripting wherever possible.

il =1i2; // il and 2 now share the sane val ue map

I/ wite a point of inage i2 (sane as il)
cout << i2(l1A_IntPoint(3,5));

i1[1A IntPoint(2,4)] = 10;
/1 Subscripting a pixel of il causes new
/] storage for its value mapping to be allocated
/1 whether or not an assignnment is actually nade

Thei ac++ library aso supports assignment to a subregion of animagewithther estri ct _assi gn
member function.

i2.restrict_assign (il);
/1 For each point pin both il and i2's donains
/1 This perforns assignment

I i2[p] =1i1(p);

One may restrict the value of an image to a specified set of points or to the set of points containing valuesin
a specified set, and one may extend an image to the domain of another image.

il =restrict(i2, ps4d);
// i1l's domain will be the intersection of
/1 ps4 and i2. domain()



il =restrict(i2, A Set<int>(1, 2, 3));
/1 i1l's domain will be all those
[l points in i2's domain associated with val ue
/1 1, 2, or 3 by i?2.

il =extend(i2, 1A lnmage<lA Point<int> int>(ps4, 1));
/1 i1's donmain will be the union of i2.domain and ps4
/1 and value 1 will be associated with those
/1 points of ps4 not in i2.domain().

One may reduce an image to asingle value with a binary operations on the range type if the image has an
extensive domain.

/1l binary operation defined by a function
int add(int i, int j) { returni +j; }

cout << il.reduce(&dd, 0) << "\n";
/'l wites the result of adding
{1 all the pixel values of i1l

One can compose a C++ function of one parameter with an image having elements of the same type asthe
function’'s parameter. This lets one efficiently apply a user-defined function to each element of an image.

int my_function(int i) { . .}

i1l = compose (my_function, i2);
/1 This is equivalent to assigning il =i2
/1 and for each point p in il.domain() executing
{1 i1[p] = ny_function(il(p))

Likewise, since an image is conceptually a function composition of an image with a function mapping points
to points will yield anew image. The point set of such an image cannot be effectively computed, thus one
must specify the set of pointsin the resulting image.

I A _Poi nt <i nt >
reflect _through_origin(const | A Point<int> &p)

{

}

il = conmpose (i?2,
refl ect _through_origin,
| A boxy pset (-max(i2.domain()),
-mn(i2. domain()));
/1 After executing this,
/1 11(p) == i2(reflect_through_origin(p)) =1i2(-p).

Input/output, arithmetic, bitwise, relational, and type conversion operations are provided on the image
classes.

return -p;

I A Ilmage<l A Point<int>, int> i3, id4;
I A lmage<l A Point<int> float> f1, f2;

/1 image 1/ Ois supported for pbm pgm and ppminmage formats
i3 read_i nt _PGM ("i magel. pgm');
i4 read_i nt _PGM ("i mage3. pgm');

/] conversions m mc the behavior of C++ casts
f1 to float (i3*i3 + i4*i4);
f2 sqrt (f1);




/1 Al relational operations between inmages, with the

/'l exception of != return a true bool ean val ue
/1 if the relation holds at every pixel.

/Il '=is the conplenment of the == relation.

if (i3 <id)

wite PGM (max(i3) - i3);

Iteration over the values or pixelsin an image is supported by the library.

A IViter<int> v_iter(il);
// declares v-iter to be an iterator over the
/1 values of imge il

IA-IPlter<int> p_iter(il);
/1 declares p_iter to be an iterator over the
I/ pixels of inmage i1l

int i, sum= O;

/[l iterate over values in il and collect sum
while (v-iter(i)){sum+=1i; }
cout << sum << "\n";

[l prints the sum

I A_Pixel <I A Point<int> int> pix;
I A Point<int> psum = extend_to_point(0, il.domain.dim));

/1 sum together the val ue-weighted pixel locations in il
while (p_iter(pix))
psum += pi X. poi nt * pi x. val ue;

cout << (psum/ il.card) << "\n";
[l prints il s centroid.

Neighbor hoods and | mage-Neighbor hood Oper ations

A neighborhood is a mapping from a point to a set of points. Thei ac++ library template class

I A _Nei ghbor hood<P, @ providesthe functionality of image algebra neighborhoods. To specify an
instance of this class, one gives the type of point in the neighborhood’ s domain and the type of point which
isan element of the range. Thelibrary contains the single instance | A_Nei ghbor hood

<I A Point<int> |A Point<int> > mapping from pointswith integral coordinatesto sets of
points with integral coordinates. The library provides the following kinds of operations:

(a) constructors and assignment,

(b) function application of the neighborhood to a point,
(c) domain extraction, and

(d) image-neighborhood reduction operations.

Neighborhood Constructors and Assignment

L et Qbe the argument point type of a neighborhood and P be the type of elementsin the result point set. Let
nbh, nbh1, and nbh2 denote objects of typel A_Nei ghbor hood<P, .Letresult_set beasst
of typel A_Set <P> containing points with dimensionality di mthat isto be associated with 4the origin of a
tranglation invariant neighborhood. Let domai n_set beaset of typel A_Set <@ over which a
neighborhood shall be defined. Let poi nt _t o_set _nap be afunction pointer with prototype

| A Set <P> point _to set _map (Q orwithprototypel A Set <P>

poi nt _to_set_map(const Q).

Table A.2.21 Neighborhood Constructors and Assignment

construct an uninitialized |l A_Nei ghbor hood<P, Q@ ()
neighborhood




construct a copy of a I A_Nei ghbor hood<P, Q> (nbh)

neighborhood

construct a trandation | A Nei ghbor hood<P, @ (dim result_set)
invariant niehgborhood

construct a translation I A_Nei ghbor hood<P, @ (domai n_set,
variant neighborhood from [poi nt _t o_set _map)

afunction

assign a neighborhood nbhl = nbh2

value

Neighborhood operations presented in the sections that follow are introduced in Section 1.7.

I mage-Neighborhood Reduction Operations

The definitions for the neighborhood reduction operations are provided in the following header files:

(a) i a/ Bool NOps. h forimages of typel A | mage<P, bool >

(b) i a/ Uchar NOps. h forimages of typel A | nrage<P, unsi gned char >

(c) i a/ I nt NOps. h forimageof typel A_| nage<P, int>

(d) i a/ Fl oat NOps. h forimagesof typel A | nage<P, fl oat>

(e) i a/ Cpl xNOps. h forimageof typel A_| mage<P, | A _Conpl ex>
In the table following, i mg denotes an image object, nbh denotes a neighborhood, and r esul t _pset
denotes the point set over which the result image is to be defined. If no result point set is specified, the
resulting image has the same domain asi ng. For the generic neighborhood reduction operation, the
function with prototype T bi nary_reduce (T, T) isacommutative function with identity zer o
used to reduce all the elements of a neighborhood. Alternatively, the function T n_ary_reduce (T*,

unsi gned n), whichtakes an array of n values of type T and reduces them to asingle value, can be used
to specify a neighborhood reduction.

Table A.2.22 Image-Neighborhood Reduction Operations

calculate the right sum (i ng, nbhd, result_pset)
image-neighborhood sum sum (i nmg, nbhd)

calculate the right prod (ing, nbhd, result_pset)
image-neighborhood product prod (ing, nbhd)

calculate the right max (i ng, nbhd, result_pset)
image-neighborhood maximum max (i nmg, nbhd)

calculate the right mn (ing, nbhd, result_pset)
image-neighborhood minimum mn (inmg, nbhd)

calculate aright nei ghbor hood _reduction (ing, nbhd,
image-neighborhood product witha |result _pset, bi nary_reduce, zero)
programmer-specified reduction nei ghbor hood_r educti on (ing, nbhd,
function result _pset, n_ary_reduce)

Examples of Neighborhood Code Fragments

The neighborhood constructors provided in the library support both trandation invariant and variant
neighborhoods. A translation invariant neighborhood is specified by giving the set the neighborhood
associates with the origin of its domain.

I A _Nei ghbor hood<l A Point<int>, |A Point<int> >
nl (2,
| A boxy pset (IA Point<int>(-1,-1),
A Point<int>( 1, 1)));
/1 nl is a neighborhood defined for all
/1 2 dinmensional points,
/] associating a 3x3 nei ghborhood with each point.



/1 A nei ghbor hood mappi ng functi on.
I A Set<l A Point<int> > nfunc (IA Point<int>p) { ... }

/'l A nei ghborhood constructed froma nmappi ng function.

I A _Nei ghbor hood<(l A Point<int> |A Point<int> >
n2 (1A boxy pset(lA Point<int>(0,0) | A Point<int>(511, 511),
nf unc)

Neighborhood reduction functions map an image and a neighborhood to an image by reducing the neighbors
of apixel to asingle value. The built-in neighborhood reduction functions max, m n, pr oduct , and sum
are provided, together with a functions supporting a user-specified reduction function.

I A Image<l A Point<int>, int>il, i2;

il =mx (i2, nl);
/1 Finds the maxi mum val ue in the neighbors of each pixel
/1 in imge il and assigns the resultant inage to i2.

/'l Specify a reduction function.
int or (int x, int y) {return (x| vy); }

/'l Reduce an inage by giving the i mage, nei ghborhood,
/1l reduction function, and the identity of the reduction
/1l functions as arguments to the generic reduction functional.

i 1 = nei ghborhood _reduction (i2, nl, il.domain(), or, 0);

Templates and | mage-Template Product Operations

An image algebra template can be thought of as an image which has image values. Thus, image algebra
templates concern themselves with two different point sets, the domain of the template itself, and the
domain of the imagesin the template’srange. Thei ac++ library currently supports the creation of
templates — in which both of these point sets are discrete — with the C++ template class

| A DDTenpl at e<l| > which takes as a class parameter an image type. Thei ac++ classlibrary provides
the following instances of | A_DDTenpl at e:

(@) 1 A DDTenpl at e<l A_| nage<l A Poi nt <i nt >, bool > >

(b) I A_DDTenpl at e<l A_| mage<I| A_Poi nt <i nt >, unsi gned char> >
(c) | A_DDTenpl ate<l A I mage<l A Point<int> int> >

(d) I A_DDTenpl at e<l A_| mage<l A Poi nt<int>, fl oat> >

(e) | A_DDTenpl at e<l A | mage<l A Point<int>, |A Conmplex> >

The operations defined upon these | A_DDTenpl at e instances are defined in the following include files:
(&) i a/ Bool Prod. h
(b) i a/ Uchar Prod. h
(cpiallntProd. h
(d) i a/ Fl oat Prod. h
(e) i a/ Cpl xProd. h

Template Constructors

Let theargument imagetypel anl A_DDTenpl at e classbel A | mage<P, T>.Lettenpl,

tenpl 1,andt enpl 2 denote objects of typel A_DDTenpl at e<| >. Let i ng denote the image to be
associated with the origin by an image algebratemplate. Let di mdenote the dimensionality of the domain
of i ng. Let domai n_pset denote the point set over which an image algebra template is to be defined. Let
thefunction| tenpl _func (I A _Poi nt<i nt>) be the point-to-image mapping function of a
translation variant template.

Table A.2.23 Template Constructors and Assignment



construct an uninitialized
template

| A DDTenpl at e<l > ()

construct a copy of a
template

| A DDTenpl at e<l > (tenpl)

construct a trandation
invariant template

| A DDTenpl ate<l > (dim ing)
| A DDTenpl at e<l > (domai n_pset,

i )

construct a trandation

| A DDTenpl at e<l > (domai n_pset,

tenpl _func)

variant template from a
function

assign a template value

tenpll = tenpl2

Template operations presented in the sections that follow are introduced in Section 1.5.

I mage-Template Product Operations

In Table A.2.24, let i ngy denotes an image object of typel whichisl A | mage<P, T>.Lett enpl
denote an object of typel A_DDTenpl <I >, andr esul t _pset denotesthe point set over which the result
image is to be defined. If no result point set is specified, the resulting image has the same domain asi ng.
For the generic template reduction operation, the function with prototype T pwi se_op (T, T) isa
commuitative function with identity pwi se_zer o used as a pointwise operation on the source image and
template image and the function with prototype T bi nary_reduce (T, T) isacommutative function
with identity r educe- zer o used to reduce the image resulting from the pointwise combining.
Alternatively, thefunction T n_ary_reduce (T*, unsi gned n) whichtakesan array of n values
of type T and reduces them to a single value, can be used to specify atemplate reduction.

In the product operations, the following correspondences may be drawn betweeni ac++ library function
names and the image a gebra symbols used to denote them:

(@ I'i near _product correspondsto e,

(b) addi ti ve_maxi numcorresponds to E,

(c) addi ti ve_mi ni mumcorrespondsto @,

(d) mul tiplicative_nmaxi numcorrespondsto @,

(e) mul ti plicative-m ni mumcorrespondsto @, and

(f) generi c_product correspondsto @ with pwi se_op corresponding to ©,
bi nary_r educe correspondingto3, andn_ary reduce correspondingto “.

Examples of Template Code Fragments

Constructorsfor | A_DDTenpl at e support both tranglation invariant and variant templates. The trandation
invariant templates are specified by giving the image result of applying the template function at the origin.

Table A.2.24 Image-Neighborhood Reduction Operations

calculate the right i near _product (ing, tenpl, result_pset)
image-template linear i near _product (ing, tenpl)

product

calculate the right addmax_product (ing, tenp, result_pset)
image-neighborhood addmax_product (ing, tenpl)

additive maximum

calculate the right addm n_product (ing, tenpl, result_pset)
image-neighborhood addm n_product (ing, tenpl)

additive minimum

calculate the right nmul t max_product (ing, tenpl, result pset)
image-neighborhood mul t max_product (ing, tenpl)

multiplicative maximum




image-neighborhood
product with a
programmer-specified

calculate theright mul t mi n_product (ing, tenpl, result_pset)
image-neighborhood mul t m n_product (ing, tenpl)

multiplicative minimum

calculate aright generic_product (ing, tenpl, result_pset,

pwi se_op, binary_reduce,
pwi se_zer o)
generi c_product (i ng,

reduce_zero,

tenpl, result_pset,

reduction function pwi se_op, n_ary_reduce, pw se_zero)
calculate the left i near _product (tenpl, ing, result_pset)
image-template linear |'i near _product (tenpl, ing)

product

calculate the left addmax_product (tenpl, ing, result_pset)
image-neighborhood addmax_product (tenpl, ing)

additive maximum

calculate the left addm n_product (tenpl, ing, result_pset)
image-neighborhood addm n_product tenpl, ing)

additive minimum

calculate the left mul t max_product (tenpl, ing, result_pset)
image-neighborhood nmul t max_product (ing, tenpl, ing)
multiplicative maximum

calculate the left multm n_product (tenpl, ing, result pset)
image-neighborhood mul t m n_product (tenpl, ing)

multiplicative minimum

calculate a left generic_product (tenmpl, ing, result_pset,

image-neighborhood
product with a
programmer-specified
reduction function

pwi se_op, binary reduce,
pwi se_zer o)
generic_product (tenpl,
pwi se-op, n_ary_reduce,

reduce_zero,

img, result_pset,
pwi se_zer o)

I A Ilmage<l A Point<int> int>il, i2;
| A DDTenpl ate<l A I mage<l A Point<int>, int> > t1l, t2;
il =read_int_PGM ("temp-file.pgnl);

/1 read the tenplate inmage
i2 =read_int_PGM ("image. pgnt');

/1 read an inage to process

tl = | A DTenpl ate<l A I mage<l A Point<int>,int> > (i2.donain(),
i1);
I/ Define tenplate t1 over the sane domain as inage i2.
t2 = | A_DDTenpl at e<l A_| mage<I| A_Poi nt <i nt >,

/1 Define tenplate t2to apply anywhere
/1 in 2D integer Cartesian space.

int> (2, i1);

Templates can be defined by giving a function mapping points into their image values.

| A_DDTenpl at e<l A_| mage<I| A_Poi nt <i nt >,
const 1A Set<lA Point<int> >
ps (1A _boxy_pset (IA_Point<int>(0,0),
I A Poi nt<int>(511,511)));

int> > tv;

/1l function frompoint to imge
I A I mage<l A Point<int> int> f(const
{ return | A Image<l A Point<int>, int>(ps,

I A I ntPoint &p)
pLOl); }

i nt> >(ps,
yi el ds the inage

tv = | A DDTenpl at e<l A_| mage<I| A _Poi nt <i nt >,
/1 tv applied to any point p,

&) ;




/1 f(p) as its val ue.

Finally, any of these types of templates may be used with image-template product operations. The
operations| i near _pr oduct ,addmax_pr oduct ,addm n_product, nul t max_pr oduct , and
mul t m n_product areprovided by thei ac++ library together with a generic image-template product
operation supporting any user specifiable image-template product operations.

| A DDTenpl ate<l A | mage<l A Point<int>, int> > tenpl;
| A Il mage<l A Point<int>, int> source, result;
| A Set<l A Point<int> > p;

/1l ... code to initialize source and tenpl

result = linear_product(source, tenpl, ps);
[l result will be the linear product of source and
/1 tenpl defined over point set ps.

result = addmax_product (source, tenpl);
/1 result will be the add_nax product of source and
/1 tenpl defined over default point
/1 set source. domain()

result = nultm n_product (source, tenpl);

A.3. Examples of Programs Using iac++

The examplesthat follow present brief programs employing thei ac++ library. The first example shows
how to perform averaging of multiple images. This example involves the use of image input and output
operations and binary operations upon images. The second example shows how to compose an image to a
point-to-point function to yield a spatial/geometric modification of the original image. The third example
presents local averaging using a neighborhood operation in two ways:. using the sum reduction operation
(and incurring an edge effect) and using an n-ary reduction operation. The fourth and final example presents
the Hough transform.

Example 1. Averaging of Multiple Images

11

exanpl el.c -- Averaging Miltiple |Inages

11

/] usage: exanplel file-1.pgm[file-2.pgm... file-n.pgm

11

/! Read a sequence of inmages fromfiles and average them

/! Display the result.

/1 Assunes input files are pgmimages all having the same pointset
/1 and cont ai ni ng unsi gned char val ues.

11

#i nclude "i a/UcharDl . h"
#i nclude "ial/FloatDl . h"

int main(int argc, char **argv)

{
| A Il mge<| A Point<int> float> accunul at or;
I A I mage<l A _Poi nt<int>, u_char> result;

if (argc < 2) f {
cerr << "usage:
<< argv[ 0]
<< " file-1.pgm[file-2.pgm... file-n.pgn"
<< endl;




abort ();
}

/1l Get the first image
accunul ator = to_float (read_uchar_PGM (argv[1]));

/1 Sumthe first imge together with the rest
for (int i =1; i <argc - 1; i++) {
cout << "Reading " << argv[i+1l] << endl
accumul ator += to_float (read_uchar_PGM (argv[i+1]));

}

result = to_uchar (accumulator / float (i));
di splay (result);
}

Example 2. Composing an | mage with a Point-to-Point Function

11
/1 exanple2.c -- Conposition of an Inmage with a Function
/1

#i ncl ude <i ostream h>
#i nclude "i a/UcharDl . h"

/11
/] point-to-point mapping function
/11

I A Point <int>
refl ect _through_origin (const | A Point<int> &p)
{

return -p;
}
i nt
main ()
{
/1 read in image fromcin
| A | mage<l A Point<int> wu_char> ing = read_uchar_PGM (cin);
I A I mage<l A Point<int> wu_char> result;
result = conpose (ing,
refl ect _through_origin,
I A boxy_pset (-max (ing.domain),
-mn (ing.domain())));
display (result);
return O;
}

Example 3. Using Neighborhood Reductionsfor L ocal Averaging

/11

/] exanplel.c -- Local Averaging
/11

/] usage: exanplel < file.pgm

11

/! Read an inmage fromcin and average it locally



/1 with a 3x3 nei ghborhood.
11

#i ncl ude "nmath. h"
#include "ia/UcharDl. h"
#include "ia/lntD.h"

#i ncl ude "i a/ Nbh. h"

#i ncl ude "i a/ Uchar NOps. h"

u_char
average (u_char *uchar_vector, unsigned num
if (0 == num {
return O;
} else {
int sum= 0;
for (int i =0; i < num i++) {
sum += uchar-vector[i];
}
return u_char (irint (float (sum / num);
}
}
int main(int argc, char **argv)
{

I A I mage<| A Poi nt<int>, u_char>
sour ce_i mage = read_uchar _PGM (cin);

I A Nei ghborhood <l A Point<int> |A Point<int> >
box (2, I A boxy_pset (IA Point<int> (-1, -1),
A Point<int> (1, 1)));

11

/! Reduction with sum and division by nine yields a boundary
/]l effect at the linmts of the i mage point set due to the

/1 lack of nine neighbors.

/1

di splay (to_uchar (sum (source_inmage, box) / 9));

/1
/1l Reduction with the n-ary average function correctly
/1 generates average val ues even at the boundary.

/1
di spl ay (nei ghborhood_reduction (source_i nage,
box,
sour ce_i mage. donmai n(),
average));
}
Example 4. Hough Transform
main.c
11
/1 exanplel.c -- Averaging Miltiple |Inages
/1
/1 usage: exanplel file-1l.pgm|[file2.pgm... file-n.pgni
/1

/!l Read a sequence of images fromfiles and average them

/1 Display the result.

/1 Assunes input files are pgminmages all having the sanme pointset
/1 and containing unsigned char val ues.




11

#include "ia/lntD .h" /1 integer val ued inages
#include "ia/UcharDl.h" [/ unsigned character inmages
#include "ia/lntNOps. h" // nei ghborhood operations

#i ncl ude "hough. h" /1 Hough transform functions

int main(int argc, char **argv)

{
I A I mage<l A Point<int> int>
source = read_int_PGM (argv[1]);
I A I mage<l A Point<int>, int>
result;
I A Set<l A Point<int> >
accumul at or _domai n = source. domai n();
/1
/1 Initialize paranmeters for the Hough Nei ghborhood
/1
hough_initialize (source.domain(), accunul ator_donmain);
I A Nei ghbor hood<l A Point<int>, |A Point<int> >
hough_nbh (accunul at or _donmai n, hough_function);
I A I mage<l A Point<int> int> accunul ator
di splay (to_uchar (source * 255 / max(source)));
11
/1 Map feature points to corresponding | ocations
/1 in the accunul ator array.
/1
accunul ator = sum (source, hough_nbh, accurul at or _donai n);
di splay (to_uchar(accunul ator * 255 / nax(accurulator)));
/1
/1 Threshol d the accunul at or
/1
accumul ator = to_int(chi _eq (accumul ator, max(accunulator)));
di splay (to_uchar(accunul at or*255));
restrict (accumulator, 1A Set<int>(1));
/1
/1 Map back to see the corresponding lines in the
/] source domai n.
/1
result = sum (hough_nbh, accunul ator, source. domain());
display (to_uchar(result * 255 / max(result)));
}
hough.h

/1 hough. h




11
/1 Copyright 1995, Center for Conputer Vision and Visualization,
/1 University of Florida. Al rights reserved.

#i f ndef _hough_h_
#define _hough-h_

#i ncl ude "i a/ Nbh. h"
#i nclude "ia/lntPS. h"

voi d
hough_initialize (1A _Set<lA Point<int> > inage_donain,
I A_Set <l A _Poi nt<int> > accunul at or _donai n);

| A Set <l A Point<int> >
hough_function (const I A Point<int> & _t);

/1 Acconplish the Hough Transform as foll ows:

11

/1l Gven a binary inage 'Source' containing |linear features
11

/1 Call hough-initialize with first argunent Source. donai n()

/1 and with second argunent being the accunul ator donain
/1 (anr by t set of points with r equal to the number of
/1 accunul ator cells for rho and t equal to the nunber of
11 accumul ator sells for theta).

11

/1 Create an | A Nei ghborhood as foll ows:

/1 I A_Nei ghbor hood<l A Point<int> |A Point<int> >

/1 HoughNbh (Accumul at or Domai n, hough_function);

/1

/1 Then cal cul ate the Hough Transform of a (binary) inmage

/1 as follows:

I

/1 Accurul at or = sum ( Sour ce, HoughNbh);

#endi f

hough.c

/1 hough. c

/1

/1 Copyright 1995, Center for Conputer Vision and Visualization,
/1 University of Florida. Al rights reserved.

#i ncl ude "hough. h"
#i ncl ude "mat h. h"
#i ncl ude <i ostream h>

static const doubl e HoughPi
static doubl e *HoughCos;
static doubl e *HoughSi n;

atan(1.0)*4.0;

static int RhoCells;

static int ThetaCells;

static A Point<int> Iterati onM n;
static A Point<int> IterationhMax;
static | A Point<int> | nageSi ze;
static | A Point<int> Delta;

11




/! hough_initialize:

11

/1 Initializes paraneters for HoughFunction to all ow a nei ghborhood
/1l to be created for given inage and accurul ator inmage point sets.
11

voi d
hough_initialize (I A Set<lA Point<int> > inmage_domain,

| A Set <l A Poi nt<int> > accurul at or _donai n)
{

I

/1 Check to nmake sure the inmage donmi n and accunul at or donmi n
/1 are both 2 dinmensional rectangul ar point sets.

I

if (!'inmge_domain. boxy() |
l'accunul at or _domai n. boxy() ||
i mage_domain.dim!= 2 ||
accunul ator _domain.dim!= 2) {

cerr << "Hough transform needs 2-D rectangul ar domai ns."
<< endl

}

/Il

/! Record data necessary to carry out rho,theta to
/1 source pointset transformation.

11

| mageSi ze = i mage_domai n. sup() - image_domain.inf() + 1;
Delta = I nageSize / 2

Iterati onM n i mge_domain.inf() - Delta,;

It erati onMax i mage_domai n. sup() - Delta;

RhoCel | s = accumul at or _domai n. sup() (0) -
accunul ator _domain.info()(0) + 1
Thet aCel I s = accunul at or _dorai n.sup() (1) -
accunul ator_domain.info()(1) + 1
11
/1l Create sine and cosine | ookup tables for specified
/1 accunul ator i mage domai n.
I

HoughSi n
HoughCos

new doubl e [ ThetaCell s];
new doubl e [ ThetaCell s];

doubl e t HoughPi / ThetaCell s;

for (int i = accunul ator_domain.inf()(1);
i <= accumul at or _dormai n. sup() (1);
i+t ) {
HoughSi n[i ]
HoughCosJ i ]

sin (t * i);
cos (t * i);

}

/1

/1 hough_function

11

/1 This function is used to construct a Hough transform

/! neighborhood. It maps a single accumulator cell |ocation
/[l into a corresponding set of (x,y) coordinates in the



/1 source imge.
11

| A Set <l A Point<int> >
hough_function (const A Point<int> & t)

{
doubl e theta, rho;

/1
/1 Convert accunul ator image pixel location to

/1 correct (rho, theta) |ocation.
/1

rho = double (r_t(0) - RhoCells/2) *
enor m(i mageSi ze) / RhoCel | s;
theta = r_t(1)* HoughPi / ThetaCells;

A Point<int> *p_ptr, *pp;
int coord, i;
i nt num points;

/1
/1l Construct vector of (x,y) points associated with (rho,theta)
/1 We check theta to determ ne whet her we shoul d nake

/1 x a function of y or vice versa.
11

if (theta > HoughPi/4.0 && theta < 3.0*HoughPi/4.0) {
I
/1l Scan across all Qth coordinate indices
/1 assigning correspondi ng 1st coordi nate indices.
11
num poi nts | mageSi ze(0) ;
p_ptr = new | A Point<int> [num points];

for (coord = IterationMn(0), pp = p_ptr;
coord <= lterationMax(0);
coord++, pp++) {

*pp = Delta +
| A Poi nt<int> (coord,
nint (rho -
(coord * HoughCos [r_t(1)]
[/ HoughSin [r_t(1)])));
}
} else {
I
/1 Scan across all 1st coordi nate indices
/1 assigning corresponding Oth coordi nate indices.
I
num poi nts = | mageSi ze(1);
p_ptr = new | A Point<int> [num points];

for (coord = IterationMn(1l), pp p_ptr;
coord <= lterationMax(1);
coord++, pp++) {

*pp = Delta +
A Point<int> (nint (rho -
(coord * HoughSin [r_t(1)] /
HoughCos [r-t(1)])),




coord);

}
}
/1
/1l Turn vector of points into a point set
/1

| A Set<l A Point<int> > result (2, p_ptr, numpoints);

delete [] p_ptr;
return result;

EI

Figure A.3.1 Source image (left) and associated accumulator array image (right).

Figure A.3.2 Binarized accumulator image (left) and the line associated with the identified cell (right).

A.4. References

1 B. Stroustrup, The C++ Programming Language Second Edition. Reading, MA: Addison-Wesley,
1991.

2 M. Ellisand B. Stroustrup, The Annotated C++ Reference Manual. Reading, MA:
Addison-Wesley, 1990.

3 J. Poskanzer, “ Pbmplus: Extended portable bitmap toolkit.” Internet distribution, Dec. 1991.
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