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his book is intended primarily to serve as a textbook for courses in 
minatic set theory. The Zermelo-Fraenkel system is developed in detail „.. 

:Mathematical prerequisites are minimal; in particular, no previous 
iieWledge of set theory or mathematical logic is assumed. On the other 

:-fiAniltudents will need a certain degree of general mathematical sophis-
AiCatien, especially to master the last two chapters. Although some logical 

..k,ation is used throughout the book, proofs are written in an informal 
Ay,le and an attempt has been made to avoid excessive symbolism. A 

&:sary of the more frequently used symbols is provided. 
eight chapters are organized as follows. Chapter 1 provides a brief 

-:i;A-trOdliction. Chapter 2 is concerned with general developments, and 
..thapter 3 with relations and functions. There is not a single difficult 
aheCréin in these first three chapters, and they can be covered very rapidly 

Advanced class. The main pedagogical emphasis is on the exact role 
various axioms introduced in Chapter 2, which are summarized at 

ilie'end of the chapter. 
- :.-Chapter 4 considers the classical topics of equipollence of sets, finite 

sets and cardinal numbers. The Sehriider-Bernstein Theorem is proved 
early in the chapter. The development of the theory of finite sets follows 
closely Alfred Tarski's well known article of 1924. The theory of cardinal/ 

bers is simplified by introducing a special axiom to the effect that the 
Cardinal numbers of two equipollent sets are identical. This axiom is 
,-not  -part of the standard Zermelo-Fraenkel system, and so every definition 

theorem which depends on it has been marked by the symbol T, but 
Hitleads to such a simple and natural development that I feel its introduction . 
A' fully justified. Chapter 5 covers some of the sanie ground from another 

havpoint,. The natural numbers are defined as von Neumann ordinals 
';afid the theory of recursive definitions is developed. The axiom of infinity 
IOntroduced, and the final section covers the basic facts about denumerable 

jn  Chapter 6 the standard construction of the rational and real numbers is 
grizen in detail. Cauchy sequences of rational numbers rather than  Dede-
kind  cuts are used to define the real numbers. Most of the elementary facts 
4ent sets of the power of the continuum are proved in the final section. 

V"  
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Because for many courses in set theory it will not be feasible in the time 
allotted to include the construction of the real numbers or because the 
topic may be assigned to other courses, the book has been written so that 
this chapter may be omitted without loss of continuity. 

Chapter 7 is concerned with tra.nsfinite induction and ordinal arithmetic. 
The treatment of transfinite induction and definition by transfinite re-
cursion is one of the most detailed in print. Numerous variant formulations 
have been given in the hope that successive consideration of them will 
clarify for the student the essential character of transfinite processes. 
The axiom schema of replacement is introduced in connection with estab-
lishing an appropriate recursion schema to define ordinal addition. The 
more familiar facts about alephs and well-ordered sets are proved in the 
latter part of the chapter. 

Chapter 8 deals mainly with the axiom of choice and its equivalents, like 
Hausdorff's Maximal Principle and Zorn's Lemma. Important facts whose 
known proofs require the axiom of choice are also deferred consideration 
until this chapter. A typical example is the identity of ordinary and 
Dedekind infinity. 

Although the list of references at the end of the book is small compared 
to that given in Fraenkel's Abstract Set Theory, I have attempted to refer 
to many of the more important papers for the topics considered. Because 
set theory, even perhaps axiomatic set theory, is finally coming to be a 
staple of every young mathematician's intellectual fare, it is of some 
historical interest to note that the majority of the papers referred to in 
the text were published before 1930. 

I hope that this book will prove useful in connection with several kinds 
of courses. A semester mathematics course in set theory for seniors or 
first-year graduate students should be able to' cover the whole book with 
the exception perhaps of Chapter 6. Philosophy courses in the foundations 
of mathematics may profitably cover only the first four chapters, which 
end with the construction of the natural numbers as finite cardinals. The 
material in the first six chapters, ending with the construction of the real 
numbers, is suitable for an undergraduate mathematics course in the foun-
dations of analysis, or as auxiliary reading for the course in the theixy of 
functions of a real variable. 

This book was begun in 1954 as a set of lecture notes. I have revised the 
original version at least four times and in the  process  have benefited greatly 
from the criticisms and remarks of many people. I want particularly to 
thank Michael Dummett, John W. Gray, Robert McNaughton, John 
Myhill, Raphael M. Robinson, Richard Robinson, Herman and Jean Rubin, 
Dana Scott, J. F. Thomson and Karol Valpreda Walsh. During the academic 
year 1957-58 Joseph 'Lillian used a mimeographed version at Stanford, and 
most of his many useful criticisms and corrections have been incorporated. 
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itbe  Case of my Introduction to Logic, I owe a debt of gratitude too large 

1=416:Ore to Robert Vaught for his detailed and penetrating comments on 
tsi3:41 .6xt,to-final draft. David Lipsich read the galley proofs and suggested 

changes most of which could be accommodated. Mrs. 
ursby has typed with accuracy and patience more versions of the 

jj  than I care to remember. Mrs. Blair McKnight has been of „much 
.Toptrinee in reading proofs and preparing the indexes. Any erro-rs which 
:'• '..-care my sole responsibility. 
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Scinlard; California 
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CHAPTER 1 

INTRODUCTION 

L1: Set Theory and the Foundations of Mathematics. Among 
4;ittiy branches of modern mathematics set theory occupies a unique 
ei...with a few rare exceptions the entities which are studied and analyzed 

1i: Mathematics may be regarded as certain particular sets or classes of 
766-leas:, 'Ms means that the various branches of mathematics may be 
tarnally defined within set theory. As a consequence, many fundamental 

StIons about the nature of mathematics may be reduced to questions 
Ut ;Set theory. 

'working mathematician, as well as the matt in the street, is seldom 
i5iicer..... ned with the unusual question: What is a number? But the attempt 

tnswer  this question precisely has motivated much of the work by 
Atiiheinaticians and philosophers in the foundations of mathematics 
,tharg the past himdred years. Characterization of the integers, rational 
:bers and real numbers has been a central problem for the classical 
4:searches of Weierstrass, Dedekind, Kronecker, Frege, Peano, Russell, 

'tehead, Brouwer, and others. Perplexities about the nature of number 
-tilitItint originate in the nineteenth century. One of the most magnificent 
iemitributions of ancient Greek mathematics was Eudoxus' theory of pro-
;Stich, expounded in Book V of Euclid's Elements; the main aim of 

dokus was to give a rigorous treatment of irrational quantities like the 
etric mean of 1 and 2 It may indeed be said that the detailed develop

-ni ut  from the general axioms of set theory of number theory and analysis 
is much in the spirit of Eudoxus. 

èt  the real development of set theory was not generated directly by an 
attempt to answer this central problem of the nature of number, but by 
14e..:.:résearches of Georg Cantor around 1870 in the theory of infinite series 

..z..tlirituitively we mean by set or class a collection of entities of any sort. Thus we eau 
7+04, of the set of all Irishmen, or the set of all prime numbers. In ordinary maths- 
Iriaties the words 'set', 'class', 'collection', and 'aggregate' are synonyms, and the 

Shall be true here, except in a few explicitly noted contexts. 
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and related topics of analysis.* Cantor, who is usually considered the 
founder of set theory as a mathematical discipline, was led by his work 
into a consideration of infinite sets or classes of arbitrary character. In 
1874 he published his famous proof that the set of real numbers cannot be 
put into one-one correspondence with the set of natural numbers (the non-
negative integers). In 1878 he introduced the fundamental notion of two 
sets being equipollent or having the same power (Machtigkeit) if they can 
be put into one-one correspondence with each other. Clearly two finite 
sets have the same power just when they have the same number of members. 
Thus the notion of power leads in the case of  infinite sets to a generalization 
of the notion of a natural number to that of an infinite cardinal number. 
Development of the general theory of transfinite numbers was one of the 
great accomplishments of Cantor's mathematical researches. 

Technical consideration of the many basic concepts of set theory in-
troduced by Cantor will be given in due course. From the standpoint 
of the foundations of mathematics the philosophically revolutionary aspect 
of Cantor's work was his bold insistence on the actual infinite, that is, 
on the existence of infinite sets as mathematical objects on a par with 
numbers and finite sets. Historically the concept of infinity has played a 
role in the literature of the foundations of mathematics as important as 
that of the concept of number. There is scarcely a serious philosopher of 
mathematics since Aristotle who has not been much exercised about this 
difficult concept. 

Any book on set theory LS naturally expected to provide an exact analysis 
of the concepts of number and infinity. But other topics, some controversial 
and important in foundations research, are also a traditional part of the 
subject and are consequently treated in the chapters that follow. Typical 
are algebra of sets, general theory of relations, ordering relations in par-
ticular functions, finite sets, cardinal numbers, infinite sets, ordinal 
arithmetic, transfinite induction, definition by transfinite recursion, axiom 
of choice, Zorn's Lemma. At this point the reader is not expected to know 
what these phrases mean, but such a list may still give a clue to the more 
detailed contents of this book 

In this book set theory is developed axiomatically rather than intuitively. 
Several considerations have guided the choice of an axiomatic approach. 
One is the author's opinion that the axiomatic development of set theory 
is among the most impressive accomplishments of modern mathematics. 
Concepts which were vague and unpleasantly inexact for decades and 
sometimes even centuries can be given a precise meaning. Adequate axioms 
for set theory provide one clear, constructive answer to the question: 
Exactly what assumptions, beyond those of elementary logic, are required 

*For a detailed historical survey of Cantor's work, see Jourdain's Introduction to 
Cantor [19151. 
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to  a -basis for modern mathematics? The most pressing consideration, 
however, is the discovery, made around 1900, of various paradoxes in 

naive, intuitive set theory, which admits the existence of sets of objects 
having any definite property whatsoever. Some particular restricted 

Lociomatic approach is needed to avoid these paradoxes, which are discussed 

§t, 1.3 and 1.4 below. 

--12 Logic and Notation. We shall use symbols of logic extensively 

for Oa/poses of precision and brevity, particularly in the early chapters. -  
But proofs are mainly written in an informal style. The theory developed 
is treated as an axiomatic theory of the sort familiar from geometry and 

,other parts of mathematics, and not as a formal logistic system for which 
exact rules of syntax and semantics are given. The explicitness of proofs 

sufficient to make it a routine matter for any reader familiar with 
:mathematical logic to provide formalized proofs in some standard system 
of -logic. However, familiarity with mathematical logic is not required for 
:understanding any part of the book. 

At this point we introduce the few logical symbols which will be used. 
We first consider five symbols for the five most common sentential con-
nectives. The negation of a formula P is written as - P. The conjunction 
of: two formulas P and Q is written as P & Q. The disjunction of P and 
as? V Q. The implication with P as antecedent and Q as consequent as 

Q. The equivalence P if and only if Q as P Q. The universal quan-
tifier  For every y as  (Vv),  and the existential quantifier For some y as (30. 
irlie also use the symbol (EN) for There is exactly one y such that. This 

- notation may be summarized in the following table. 

LOGICAL NOTATION 

—P 
P 
P V 0 
P 
P 4-4  Q 
MOP 
(30P 
(Elv)P 

It is not the case that P 
P and 
P or Q 
If P then a 
P if and only if 
For every v, P 
For some v, P 
There is exactly one y 

such that P 

Thus the sentence: 

For every x there is a y such that x  < y  
is  SYMbaliZed: 

(Vx)(3y)(x < y). 
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The sentence: 

For every e there is a  ô such that for every y 

if Ix —  vi <ô then if(x) — f(v)I< e 
is symbolized: 

(2) (V€)(35)(VY)(ix — vi < 	if(x) — f(01 < e). 
The sentence: 

For every x there is exactly one y such that x + y = 0 

is symbolized: 
(Vx)(E ly)(x y = 0). 

A given logical symbol may correspond to several English idioms. Thus 
(Vv)P may be read For all y, P as well as For every y, P. Sentences (1) 
and (2) illustrate the use of parentheses for purposes of punctuation. 
No formal explanation seems necessary. However, one convention con-
cerning the relative dominance of the sentential connectives (Sr, V, and 
<-* will reduce considerably the number of parentheses. The convention 
is that 4-3 and dominate & and V. Thus, the formula: 

(x  < y  & y < z) x  < z  

may be written without parentheses: 

(3) 
Similarly, 

may be written: 

x<y&y<z—>x<z. 

X  y 0 (x  p 0 V  y 

x-Fy04-4x00Vy0. 

Principles of logic which are needed in the sequel and which may not 
be familiar to some readers will be intuitively explained when used. One 
principle used, concerning which there is some disagreement in practice 
among mathematicians, is that the double bar ' is taken as the sign of 
identity. The formula `x = y' may be read `x is the same as y', `x is identical 
with y', or `x is equal to y'. The last reading is permissible here only if it 
is understood that equality means sameness of identity (which is what it 
does mean in almost all ordinary mathematical contexts). The exact status 
of the relation of identity within set theory is discussed in §2.2. 

A few remarks concerning quantifiers may also be helpful. The scope 
of a quantifier is the quantifier itself together with the smallest formula 
immediately following the quantifier. What the smallest formula is, is 
always indicated by parentheses. Thus in the formula 

(4) (3x)(x < y) V y =-- 0 

the scope of the quantifier  '(3x)' is  the formula  '(3x) (z  G y)'. Following 
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an almost universal practice in mathematics, we shall omit, in the formula-

tion of axioms and theorems, any universal quantifier.whose scope is the 
whole formula. For instance, instead of (1) above, we would write: (3y) 
(x < y). 

In a few places we shall need the notions of bound and free variables. 
An occurrence of a variable in a formula is bound if and only if this occur-
rence is within the scope of a quantifier using this variable. An occurrence 
of a variable in a formula is free if not bound. Finally, a variable is a 
bound variable in a formula if and only if at least one occurrence is bound; 
it is a free variable in a formula if and only if at least one occurrence is free. 
Li formula (1) of this section all variables are bound; in (3) all variables 
are free; in (4) 'x' is bound and 'y' is free. By virtue of the convention stated 
in the preceding paragraph concerning omission of universal quantifiers 
in axioms and theorems, all variables occurring in axioms and theorems 
are bound. 

§ 1.3 Axiom Schema of Abstraction and Russell's Paradox. In 
his initial development of set theory, Cantor did not work explicitly 
from axioms. However, analysis  of his proofs indicates that almost all 
of the theorems proved by him can be derived from three axioms: (i) The 
axiom of extensionality for sets, which asserts that two sets are identical 
if they have the same members; (ii) the axiom of abstraction, which states 
that given any property there exists a set whose members are just those 
entities having that property; (iii) the axiom of choice, which will not be 
formulated at this point and is not pertinent to our discussion of the 
paradoxes. 

The source of trouble is the axiom of abstraction. The first explicit 
formulation of it seems to be as Axiom V in Frege [1803 ] . In 1901 Bertrand 
Russell discovered that a contradiction could be derived from this axiom 
by considering the set of all things which have the property of not being 
members of themselves.* Because this paradox was historically important 

*Frege stated his own reaction to Russell's paradox in a famous appendix to the second 
volume of his Grundgesetze der Aritlunetik, published in 1903. The translation of the 
opening lines given here is from Geach and Black [1952, p. 2341. 

"Hardly anything more unfortunate can befall a scientific writer than to have one 
of the foundations of his edifice shaken after the work is finished. 

"This was the position I was placed in by a letter of Mr. Bertrand Russell, just when 
the printing of this volume was nearing its completion. It is a matter of my Axiom (V). 
I have never disguised from myself its lack of the self-evidence that belongs to the other 
axioms and that must properly be demanded of a logical law. . . I should gladly have 
dispensed with this foundation if I had known of any substitute for it. And even now 
I do not see how arithmetic can be scientifically established; how numbers can be 
apprehended as logical objects, and brought under review; unless we are permitted — 
at least conditionally — to pass from a concept to its extension. May I always speak 
of the extension of a concept — speak of a class? And if not, how are the exceptional 
cases recognized?. . . These are the questions raised by Mr. Russell's communication." 
For a recent discussion of Frege's appendix, see Quine [195.5]. 
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in motivating the development of new, restricted axioms for set theory, 
its derivation will be given here. For symbolic formulation we need to 
introduce the binary predicate `E' of set membership. The formula `xEy' 
is read 's is a member of y', 's belongs to y', or sometimes, `x is in y'. Thus, 
if A is the set of first five odd positive integers, the sentence 'PEA' is true 
and `6CA' is false. 

Using `E' and the logical notation introduced in the previous section, 
we may give a precise formulation of the axiom of abstraction: 

(1) (3Y)(Vx)(x  

where it is understood that (o(r) is a formula in which the vaiiable 'y' is 
not free. To obtain Russell's paradox, we want v(x) to assert that x is not 
a member of itself. The appropriate formula is clearly: 

—(x e x). 

We then have as an instance of the axiom of  abstraction: 

(2) (3y)(Vx)(x  ë /  —(x x)). 

Taking x =  y in (2), we infer: 

(3) Y C Y 	--(Y Y), 

which is logically equivalent to the contradiction: 

(4) C & —(Y Y). 

This simple derivation has far-reaching consequences  for the axiomatic 
foundations of set theory. It plainly shows that in admitting (1) as an 
axiom we have granted too much. If we adhere to ordinary logic we cannot 
in a self-consistent manner claim that for every property there is a cor-
responding set of things having that property. 

In considering how to build anew the foundations of set theory, perhaps 
the first thing to notice is that the axiom of abstraction is really an infinite 
bundle of axioms rather than a single axiom: when we replace the expression 
'i(x)' in (1) by any formula in which 'y' is not a free variable, we have a 
new axiom. An axiom which permits this sort of blanket substitutiOn of 
formulas is usually called an axiom schema. The reason for using the word 
'schema' should be obvious. As it stands (1) is not a definite assertion, 
but a scheme for making many assertions. From the schema we obtain 
a definite assertion by substituting a definite formula for 'io(x)'. 

The axiom schema which we shall use is clue to Ernst Zermelo [1908], 
and is usually called the axiom schema of separation (Auwonderung Axiom) 
because it permits us to separate off the elements of a given set which satisfy 
some property and form the set consisting of just these elements. Thus if 
we know that the set of animals exists, we may use the axiom schema of 
separation to assert the existence of the set of animals which have the 
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property of being men. That is, the property of being human enables us 

to separate men from other animals. Corresponding to (1) the precise 

form of the axiom is: 

(5) (3y)(Vx)[x  C 1/4-xC  z & io(x)]. 

The change from (1) to (5) is slight but potent. (1) asserted the existence 
of sets unconditionally. (5), on the other hand, is completely conditional; 
first we have to be given the set z, then we can assert the existence of the 
subset y. 

It should be clear that we cannot pass from (5) to a, contradiction like 
(4). Using again the formula `-(x e x)' as an instance of (5) we have: 

(6) (3y)( \fx)[x y 	x z -(x x)1, 

and again taking x = y, we infer: 

(7) YCy4.-C.z&-(yEy), 

which is not contradictory. To make the meaning of (7) a little clearer 

let z be the set A whose only two members are the set consisting of the 
number 1 and the set consisting of the number 2, that is, 

(8) A = 	12H. 
(In (8) we have informally introduced a familiar notation for describing 

sets: we describe a set_ by- Writing down names or descriptions of its 

members, separated by commas, and enclosing the whole in braces. In 
the next chapter this notation is formally defined.) Considering now the 

set A and Russell's formula '-(x x)', we have from the axiom schema 

of separation: 

(9) (3Y)[YEy 4- CA &-(yCy)]. 

The truth of (9) is seen by choosing A itself as an appropriate y, for A is 
not a member of itself. Thus the left-hand side is false, and the right-hand 
side is also false, since 'A C A & -(A e A)' is contradictory. 

Both the axiom schema of abstraction and the axiom schema of separa-

tion have been stated as though it were perfectly clear exactly what 
formulas may be substituted for `io(x)'. In the next chapter a precise 
syntactical definition of formula is considered. What has been important 
historically is that it is by means of an exact definition of the formulas of a 

theory (here set theory) that application of an axiom schema like that of 

separation may be made precise. Zermelo [1908] originally formulated the 

axiom schema of separation in terms of questions or statements which 

have the property of being definite. Roughly speaking, he said that a 
statement is definite if it can be decided in a non-arbitrary manner whether 
or not any object satisfies the statement.* His formulation of the axiom 

*-The decision does not have to be by some effective or finite procedure. For further 
elaboration of this point, see Zermelo [19291. 
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schema is then (slightly paraphrased): If a statement 0(x) is definite for 

all elements of a set M, then there is always a subset iliço of M which 
contains exactly those elements x of M for which ,p(x) is true. 

The first real clarification of this notion of definiteness was given- by 
Skolem [1922], who characterizes definite statements as just those which 
satisfy his exact definition of formula. For some further discussion see 
Zermelo 11929] and Skolem [1930].* 

It is not feasible to enter into the details of these papers by Zermelo 
and Skolem, but some readers, not interested in clarity for its own sake, 
may wonder why Zermelo was so interested in the first place in restricting 
the axiom schema of separation to definite statements. The answer to this 
query is most easily given in the contest of discussing further paradoxes 
which arise in the foundations of mathematics. 

Before turning to these paradoxes in the next section a historical remark 
may be made about the axioms to be considered in the sequel. Essentially 
they correspond very closely to those in Zermelo [1908]. However, when 
we come to the theory of transfinite induction and ordinal arithmetic, we 
shall need to add a stronger axiom schema than that of separation, namely, 
what is usually called the axiom schema of replacement, which is due to 
Fraenkel [19224 f For these reasons the system of axiomatic set theory 
developed in this book is usually called Zermelo-Fraenkel set theory in the 
literature of the subject, although it would seem historically more appro-
priate to call it Zermelo-Fraenkel-Skolem set theory. 

§ 1.4 More Paradoxes. Because of its simplicity Russell's paradox 
was introduced to show why the obvious, direct asiomatization of intuitive 
set theory is inconsistent. Historically, other paradoxes were discovered 
before Russell's, the first published one apparently being Burali-Fortits 
paradox [1897] of the greatest ordinal. A full analysis of the ten or twelve 
paradoxes which have been discussed in the literature would be out of place 
here.i For a good survey the reader is referred to Beth [1950]. Several 
of the paradoxes are relatively slight variations of each other, so that we 
shall briefly and informally describe only the more prominent ones. 

F. P. Ramsey [1926] seems to be the first person explicitly and clearly to 
divide the paradoxes into two classes: the logical or mathematical para-
doxes, and the linguistic or semantical ones. Roughly speaking, the first 
class arises from purely mathematical constructions; the second from direct 

*Zermelo's paper of 1929 was concerned also with maldng the notion of definiteness 
more precise; it was wiitten without knowledge of Skolem's paper of 1922, and does 
not provide as satisfactory a formulation as Skolem's. Some telling criticisms of 
Zermelo's paper are macle by Skolem in his paper of 1930. A less detailed but essentially 
correct clarification of definiteness was given independently by Fraenkel [1922b1. 

f Essentially the same axiom was proposed independently and at the same time by 
Skolem 119221. 

tA paradox is often also called an antinomy in the literature. 
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consideration of the language which we use to talk about mathematics 
and logic. 

Russell's paradox belongs to the first class, as does the Burali-Forti 
paradox, which is discussed further in §5.3. The general idea of the latter 
goes as follows. In intuitive set theory every well-ordered set has an 
ordinal number. Moreover, the set of all ordinals is well-ordered, whence 
the set of all ordinal numbers has an ordinal number, 0 say. But the set 
of all ordinals up to and including any given ordinal is well-ordered and 
thus has an ordinal number, which exceeds the given ordinal by one. 
Consequently, the set of all ordinals including 0 has the ordinal number 0 

1, which is greater than O. Therefore 0 is not the ordinal number of 
all ordinals. 

It might be thought that any device which blocked direct derivation of 
Russell's paradox would do the same for Burali-Forti's, but this is not the 
case. For example, J. B. Rosser [19421 derived  the latter paradox in the sys-
tem of Quine [1940] thereby showing its inconsistency, although it is clear 
that no direct derivation of Russell's paradox is possible in Quine's system. 

Another well-known paradox in the first class is Cantor's paradox of 
the greatest cardinal number, which he found in 1899 and which was first 
published with his correspondence in 1932. Again operating in intuitive 
set theory we consider the cardinal number n of the set S of all sets. 011 

the one hand it is clear that n is the greatest possible cardinal. But we 
may also consider the set of all subsets of S, and its cardinal p. By a 
standard theorem of intuitive set theory p must be greater than n. 

To readers unfamiliar with the notions of cardinal and ordinal number 
freely used in describing these last two paradoxes it may be said that in 
subsequent chapters these notions will be developed in detail and com-
pletely ab ovo. Without giving an exact analysis at this point it should 
be clear in a general way how these paradoxes do not arise when the primary 
axiom for constructing sas is Zermelo's axiom schema of separation, 
for then the existence of the set of all sets or the set of all ordinal numbers 
cannot be established. 

The oldest sernantical paradox is Epimenides' paradox of the liar. 
Epimenides the Cretan said, "I am lying." If the statement is true then 
he is lying and the statement is false. If the statement is false, then he 
is not lying and the statement is true. Modern versions often read like 
this. Consider the sentence, "The only sentence on this panel of the black-
board is false." If the sentence is true it must be false, and conversely. 

An amusing related puzzle which dates fron antiquity is the dilemma of 
the crocodile. The crocodile has stolen a child and says to the father, 
"I will return the child if you guess correctly whether or not I will return 
the child." The father replies, "You will not return the child." What 
should the crocodile do? 
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The first published modern semantical paradox seems to be Richard's 
paradox [1905], which is related to Cantor's proof of the non-denumerability 
of the set of all real numbers (which proof is given in §6.6).* By an expres-

sion of the English language let us mean any finite sequence of the twenty-
six letters, a comma, a period, and a blank space; that is, an expression is 
any finite sequence of these twenty-nine symbols. Now order the expres-
sions according to total number of symbols and lexicographically within 
each total number. Thus we have 

a 

Ela 

ab  

aaa 

Now strike out those expressions which do not define real numbers; let E 
be the remaining subsequence. Translating and paraphrasing somewhat, 
we may use Richard's original formulation to define a certain real number 
N with respect to E: "The real number whose whole part is zero, and 
whose n-th decimal is p plus one if the n-th decimal of the real number 
defined by the nth member of E is p and p is neither eight nor nine, and is 
simply one if this n-th decimal is eight or nine." By construction N is 
not a member of E, since it differs from every real number in E in at least 
one decimal place, but N is defined by a finite expression, whence it is in E. 
Thus the contradiction. 

The third and final semantical paradox to be mentioned here is the 
Grelling-Nelson paradox [1908] of lieterologiectlity. A predicate is called 
heterological if the sentence ascribing to the predicate the property ex-
pressed by the predicate is false. Thus the predicate 'red' is heterological 
since the sentence, "The predicate 'red' is red" is false. The contradiction 
arises from asking if the predicate gheterological' is itself heterological. 
Clearly, if it is, we infer that it is not; and if it is not that it is. 

A detailed discussion of these semantical paradoxes would take us 
far from set theory proper into the general domain of formal logic. 
But it is pertinent to see how the inferences leading to them are blocked 
in Zermelo-Fraenkel set theory. Zermelo specifically introduced his notion 
of definiteness in the axiom schema of separation to prevent construction 
of the semantical paradoxes (cf. Zermelo [1908, p. 264]). As was pointed 

*For an analysis and exposition of Richard's paradox, see Church [1934]. 
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out in the preceding section, this notion of definiteness is made precise 
by reducing it to the syntactical notion of formula. With reference to the 
semantical paradoxes the point of this reduction may be made clearer. 
Everyone of these paradoxes arises from having available in the language 
expressions for referring to other expressions in the language. Any language 
with such unlimited means of expression is perforce inconsistent.* Con-
sequently it is important to distinguish between the object language — 
here the language in which we talk about sets — and the metalanguage, 
that is, the language in which we talk about the object language. Although 
set theory is not developed in this book in a fully formalized mariner, at 
the beginning of the next chapter we consider an exact definition of formula 
for the object language we use. Our metalanguage is a certain vaguely 
defined fragment of ordinary English augmented by certain symbols 
familiar from intuitive mathematics. It will be obvious that our object 
language is not rich enough to provide any direct means of expressing the 
semantical paradoxes. In other words, we avoid these paradoxes by 
severely restricting the richness of our language. It should be noted that 
when a formalized language is used it is intuitively clear there is little 
prospect of deriving one of the semantical paradoxes in this language; 
the intuitive status of the mathematical or logical paradoxes is usually 
not as immediately clear. 

These semantical matters will not be pursued in the sequel. They have 
been discussed in a somewhat cursory fashion here to clarify the need of 
what amounts to a semantical restriction on the axiom schema of separa-
tion. Furthermore, it should be mentioned that a complete and exact 
formalization of the object language is necessary for proving metamathe-
matical facts about Zermelo-Fraenkel set theory. By `metamathematical 
facts' we mean facts about the object language. An example of an im-
portant metamathematical fact is that the axiom schema of separation 
cannot be replaced by a finite number of axioms in the object language. 

Finally, it may be emphasized that Zermelo-Fraenkel set theory pro-
vides but one of several possible approaches to the foundations of mathe-
matics. There is one alternative so intimately tied to Zermelo-Fraenkcl 
set theory that it should be mentioned here, namely, von Neumann- 

*In Tarski [1956, p. 402] this is put most succinctly: "The main source of the 
difficulties met with seems to lie in the following: it has not always been kept in mind 
that the semantical concepts have a relative character, that they must always be related 
to a particular language. People have not been aware that the language about which 
we speak need by no means coincide with the language in. which we speak. They have 
carried out the semantics of  a language in that language itself and, generally speaking, 
they have proceeded as though there was only one language in the world. The analysis 
of the antinomies mentioned shows, on the contrary, that the semantical concepts simply 
have no place in the language to which they relate, that the language which contains 
its own semantics, and within which the usual logical laws hold, must inevitably be 
inconsistent." 
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Bernays-Go-del set theory.* There are two essential differences. The latter 
theory may be finitely axiomatized. No axiom schema of construction 
like that of separation is required, but instead a finite number of specific 
set and clsss constructions suffices. And in what we shall call for brevity 
von Neumann set theory, there is a technical distinction between classes 
and sets. Every set is a class, but not conversely. Those classes which are 
not sets are called proper classes, and their distinguishing characteristic 
is that they are not members of any other class. The class of all ordinal 
numbers and the class of all sets both exist, but both are proper classes. 
Thus the Burali-Forti and Cantor paradoxes cannot be constructed, for 
they require these classes to be members of other classes. Similar remarks 
apply to Russell's paradox. In subsequent chapters informal indications 
are often given to indicate the slight variations in theorems, definitions or 
proofs required in von Neumann set theory. Zermelo and von Neumann 
set theory are so closely connected that anyone familiar with the one will 
soon find himself at home in the other. 

§ 1.5 Preview of Axioms. Because the axioms for Zermelo-Fraenkel 
set theory which we shall use are introduced individually in various sections 
of succeeding chapters, a cursory preview will perhaps help provide a general 
sense of development. The remarks at this point are superficial for we 
shall introduce the axioms only by name. In the next chapter we consider 
the following seven axioms, the bulk of those needed: 

Axiom of extensionality 
Axiom schema of separation 
Union axiom 
Pairing axiom 
Axiom of regularity 
Sum axiom 
Power set axiom 

Toward the end of Chapter 2 we shall show that the union axiom is re- 
dundant; that is, it may be derived from the other six. It is used at the 
beginning of the chapter in order to make initial developments simple. 

*Originally formulated by von Neumann in a series of papers [1925], [19280, [1929]. 
His formulation differs considerably from Zermelo set theory because the notion of 
function is taken AB fundamental rather than that of class or set. In a series of papers 
in the J07111201 of Symbolic Logic Bernays modified the von Neumann approach in order 
to remain nearer to the original Zermelo system (see References for the list of papers). 
Bernays introduced two membership relations: one between sets, and one between sets 
and classes. In Giidel [1940] the theory is still further simplified; his primitive notions 
are those of set, class, and membership (although membership alone is sufficient). 
A paper by R. M. Robinson [1937] provides a simplified system close to von Neumann's 
original one. 
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In Chapter 3, which is concerned with relations and functions, no new 
axioms are introduced. In Chapter 4, a special axiom for cardinal numbers 
is presented and used mainly in the context of that chapter. This special 
axiom is not a part of clsssical Zermelo-Fraenkel set theory, but it enor-
mously facilitates the construction of intuitive cardinal number theory 
within our axiomatic framework. 

The axiom of infinity is introduced in Chapter 5 in order to make it 
possible to prove that the set of all natural numbers exists. The natural 
numbers themselves can be constructed without this axiom. Chapter 6 
is concerned with construction of the real numbers, and no further axioms 

are needed for this work. 
In Chapter 7 the axiom schema of replacement is brought in as necessary 

for the development of ordinal mithmetic and transfinite induction. It is 
also shown that the pairing axiom may be derived from this schema and 
the power set axiom. Chapter 8, the final chapter, is mainly devoted to the 
axiom of choice. 



CHAPTER 2 

GENERAL DEVELOPMENTS 

§ 2.1 Preliminaries: Formulas and Definitions. Let us now 
(a) explicitly define the notion of formula required in the axiom schema of 
separation (and later in the axiom schema of replacement) and (b) state 
the approach to definitions we adopt in introducing the many defined 
symbols needed. 

In Chapter 1, the 'important distinction was made between the object 
language, that is, the language in which we talk about sets, and the meta-
language, that is, the language in which we discuss the object language 
itself. We use the metalanguage, which for us is ordinary English aug-
mented by a certain amount of intuitive mathematical language, to de-
scribe exactly the object language. It may be helpful to look upon this 
description as analogous to an exact characterization of a game like chess 
or bridge. But this analogy is not to be carried too far, for most of the 
expressions of our object language have a definite meaning in terms of 
intuitive mathematical ideas, which the positions or moves in a game like 
chess do not. 

We begin with a fivefold classification of the symbols of the object 
language into constants, variables, sentential connectives, quantifiers or 
operators, and punctuation or grouping symbols.* The two primitive con-
stants of the language are the membership relation symbol 'c', introduced 
informally in Chapter 1, and the constant V, which denotes the empty set. 
In addition, we take from logic the predicate constant which is the 
identity symbol. The general variables ranging over all objects are the 
letters 'x', 'y', '2', . . . with and without subscripts or superscripts. The 
sentential connectives are the five mentioned in §1.2 &, V, 
the three quantifiers or logical operators we use — V, 3, El — were also 
mentioned in §1.2. Finally, left- and right-hand parentheses are our only 
punctuation symbols. 

*This classification originates with von Neumann 11927]. For detailed discussion 
of these matters see the first chapter of Church 119561. 

14 
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Expressions of the object language are finite sequences of the five classes 

of symbols of the language. Certain of these expressions, simply because 

of their structure, are called primitive formulas of the object language. 
We now define such formulas so that merely by looking at the form of an 

expression we can automatically decide in a finite number of steps whether 

or not it is a primitive formula. Although this definition is purely syntac-

tical or structural, it is just the expressions satisfying it which have a clear 

intuitive meaning. An expression like '( x' is not a primitive formula 

and has no intuitive meaning. 
We first define primitive atomic formulas. 

A primitive atomic formula is an expression of the form (y  C w), or of 

the form (y = w), where y and w are either general variables or the con-
stant '0' .* 

Thus `x C y' and 'z = 0' are primitive atomic formulas. 
We may now give what is usually called a recursive definition of primitive 

formulas: 

(a) Every primitive atomic formula is a primitive formula; 
(b) If P is a primitive formula, then —P is a primitive formula; 
(c) If P and Q are primitive formulas, then (P & 0), (P V Q), 

(P —0 0), and (P 4—o Q) are primitive formulas; 
(d) If P is a primitive formula and y is any general variable then (Vv)P, 

(3v)P and (Elv)P are primitive formulas; 
(e) No expression of the object language is a primitive formula unless 

its being so follows from rules (a) — (d). 

The following are examples of primitive formulas of the object language 
which are not atomic: '(3x)(Vy) — (y x)', C 1 (0 z) 
(0 = z)'. In terms of this definition, an exact formulation of the axiom 
schema of separation is then: 

Any primitive formula of the object language of the form 

(3v)((3w1)(wiCyV v= 0) & (Vw)(w Cv 4-0 wE  u &so)) 
is an axiom, provided the variable y is distinct from u and w 1  and is not 
free in the primitive formula ç.  

*In this definition, as elsewhere, we use the boldface letters 'u', `v 1, 'w', 	̀v1', 
'w 1', . . . as metamathematical variables which take as values variables 'x', 'y', 
• . . or the constant '0' of the object language. And we use boldface letters, 'P', `1;2', 

. , as well as Greek letters '9' and as metamathematical variables which take as 
values formulas of the object language. The conventions about use and mention fol-
lowed here, which are probably obvious, are that (i) the constants 'C' and '=', the 
sentential connectives, the quantifier symbols, and the left and right parentheses are 
used as names of themselves, and (ii) juxtaposition of names of expressions denotes a 
binary operation on expressions which yields new expressions (for example, `a-Cy' & 
`YEz' = `xCy & yCz1). For ft more detailed discussion of these conventions, see Chapter 6 
of Suppes [1957]. 
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Justifying reasons for the restrictions on the variable y are given in the 
next section. 

In principle all of the axioms and theorems of set theory that we state 
in the following pages can be written as primitive formulas of the object 
language — indeed, our official object language shall consist of these prim-
itive formulas. For working purposes it will be useful and convenient to 
introduce by definition considerable additional notation. We shall in 
practice apply the axiom schema of separation to formulas which are not 
written solely in primitive notation; but since at any point in our develop-
ment only a finite number of definitions will have preceded, such a formula 
can be replaced by a primitive formula by a finite number of substitutions. 

Regarding definitions, then, our viewpoint is that they are informally 
admitted if clear recipes are given for eliminating new symbols from any 
context. We thus require that a formula of the object language, which 
introduces a new symbol must satisfy the following: 

CRITERION OF ELIMINABILITY. A formula p introducing a new symbol 

satisfies the criterion of eliminability if and only if: whenever C), is a 

formula in which the new symbol occurs, then there is a primitive formula 

02 such that P (0 1 4-) 02) is derivable from the axioms. 

Notice that we have stated this criterion without giving an exact definition 
of formula (as opposed to primitive formula). Such a definition is straight-
forward if we list all the defined symbols introduced in this book, and then 
proceed in terms of this list as we did before with the primitive notation. 
This tedious task we shall not perform, but we do want to mention a second 
criterion we expect our definitions to satisfy, namely, our definitions must 
not be creative. 

CRITERION OF NON-CREATIVITY. A formula p introducing a new 
symbol satisfies the criterion of mm-creativity if and only if: there is no 
primitive formula  Q such that p ---) Q is derivable from the axioms but 

is not. 

In other words, a definition should not function as a creative axiom per-
mitting derivation of some previously unprovable formula in which only 
primitive notation occurs. 

The classical problem of the theory of definition for any exactly stated 
mathematical theory is to provide rules of definition whose satisfaction 
entails satisfaction of the two criteria just stated. We may restrict our-
selves here to rules for defining operation symbols. Slight modifications 
yield appropriate rules for defining relation symbols and individual con-
stants.* In these rules we refer to preceding definitions, which implies 
that the definitions are given in a fixed sequence and not simultaneously; 

*Individual constants may in fact be treated as operation symbols of degree zero. 
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this approach permits use of defined symbols in the :definitions of new 
symbols.* 

Proper definitions of operation symbols may be either equivalences or 
identities. We begin with the former. 

An equivalence P introducing a new n-place operation symbol 0 is a 
proper definition if and only if P is of the form 

0(Y 1 , 	,v ) = w 4-* Q 

and the following restrictions are satisfied: (i) v 1,. 	w are distinct 
variables, (ii)  Q has no free variables other than 4,1 , . . . , w, Q 
is a formula in which the only non-logical constants are the primitive or 
previously defined symbols of set theory, and (iv) the formula (E! tv)(;) 
is derivable from the axioms and preceding definitions. 

Regarding the phrase 'non-logical constants' in 	the only logical con- 
stants are those introduced in §1.2; all other constants are non-logical. 
Justification of the various restrictions is easily given. Here we shall 
emphasize only the importance of (iv). Consider the following definition 
in elementary arithmetic of the pseudo-operation *. 

(1 ) 	 xiky=z4->x<z&y<z. 

Clearly it is false that 

(Elz) (x < z & y < z). 

Thus (1) violates (iv), and we want to show that violation of it will lead 
to a contradiction. Now since 1  <3,  2  <3,  1  < 4,  and 2  <4, we im- 
mediately infer from (1): 

1  *2  = 3 

and 

1 *2 = 4 

whence 

4 = 3, 

which is absurd. In ordinary mathematical language the point of (iv) 
is to require that performing an operation shall always yield a unique object. 

For a definition which is an identity we have the following rule. 

An identity p introducing a new n-place operation symbol 0 is a proper 
definition if and only if P is of the form 

0(y, 	= t 
*The rules to be given and related matters are discussed in more detail in Chapter 8 

of Suppes [1957]. 
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and the following restrictions are satisfied: (i) v1, • • - 	are distinct 
variables, (ii) the term t has no free variables other than v 	,v,„ and 
(iii) the only non-logical constants in the term t are primitive symbols 
and previously defined symbols of set theory. 

An example of a definition by means of an identity in arithmetic is the 
definition of subtraction in terms of addition and the negative operation. 

X  — y =  x (—y).  

It is straightforward to prove that definitions satisfying either of these 
rules just given, or the analogous ones for relation symbols and individual 
constants, satisfy the criteria of eliminability and non-creativity. 

Unfortunately many of the definitions common in mathematics and many 
of the definitions to be introduced in the sequel do not satisfy the criterion 
of eliminability; and thus most of the definitions of operation symbols do 
not satisfy one of the two rules introduced. The reason for this failure 
may be simply stated: the definitions are often conditional in form. A 
typical instance of a conditional definition in arithmetic is provided by a 
definition of division, for which the problem of division by zero arises. 

( 1 ) 	 y 0 	(x/y 

Using (1) as the definition of the operation symbol for division, we cannot 
eliminate the symbol from contexts like: 

1/0  s 2. 

On the other hand, we can use (1) to eliminate division in all "interesting" 
cases, that is, all those which satisfy the hypothesis of (1). Moreover, it 
is not difficult to modify the two rules given in such a way that conditional 
definitions satisfying them satisfy the criterion of non-creativity. In fact, 
the appropriate modifications of the rule for equivalences which define 
operation symbols are embodied in the following. 

An implication p introducing a new operation symbol 0 is a conditioned 
definition if and only if P is of the form 

	

--)[0(v 1 , 	= w 4- 11] 

and the following restrictions are satisfied: (i) the variable w is not free 

in Q, 	the variables ye ! , 	w are distinct, 	R has no free 

variables other than %,„ ,y„, w, (iv) Q and R are formulas in which 
the only non-logical constants are the primitive symbols and previously 
defined symbols of set theory, and (y) the formula Q —> (!w)R is 
derivable from the axioms and preceding definitions. 

To convert a conditional definition of an operation symbol into a proper 
definition satisfying the criterion of eliminability is a routine matter once 
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an object is chosen which can be the result of performing the operation 
when the hypothesis of the conditional definition is /not satisfied. In 
arithmetic the natural choice is the number zero. Having agreed upon 
this, we may replace the conditional definition (1) of division by: 

x/y = z (y 0 —) x = y.z) & (y = 	z = 0). 

The corresponding natural choice in set theory is the empty set. Thus 
any conditional definition satisfying the rule stated above may be converted 
into a proper definition by writing it as: 

(2) 	0(v 1 , 	,vn) = w (Q R) & (—CI w 0). 

In the sequel we shall continually use conditional definitions, but with the 
understanding that the notation they introduce may always be eliminated 
in favor of piimitive notation by recasting them as proper definitions of 
the form indicated by (2). 

From a logical standpoint definitions of the kind we have been describing 
are non-creative axioms stated in the object language. They are properly 
classified as axioms because they function as additional premises in the 
derivation of theorems, but their non-creative character insures that they 
do not actually strengthen set theory as formulated in the basic creative 
axioms. We shall occasionally introduce definition schemata which, like 
the axiom schema of separation, should properly be formulated in the 
metalanguage. Such definition schemata will mainly occur in connection 
with the introduction of new methods of binding variables. We shall also 
augment our primitive notation by the introduction of several kinds of 
variables: set variables ranging over sets but not individuals ('A', 
'C', .), cardinal variables ranging over cardinal numbers Cm', 'n', 	.), 

ordinal variables ranging over ordinal numbers ('a', 73', 	.), integer 
variables ranging over non-negative integers ('m', 'n', `p', .), rational 
variables ranging over non-negative rational numbers (711','N', ..). 
We shall not explicitly consider rules for definition schemata which intro-
duce new variables or new methods of binding variables, but it will be 
clear for the small number of such schemata actually used how it may be 
shown that they satisfy the two criteria of eliminability and non-creativity, 
or how they may be slightly modified to obtain this satisfaction. 

§ 2.2 Axioms of Extensionality and Separation. We begin with 
the definition of the notion of a set. The content of the definition conforms 
to intuitive ideas: a set is something which has members or is the empty set. 

DEFINITION!.  y is a set (3x) (x CyV y = 0). 

As might be expected, the notion of being a set is needed every step of the 
way. Most of the definitions introduced, for instance, will be conditional 
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ones intended intuitively to apply only to sets. In order to save the trouble 
of continually writing out the predicate 'is a set', we shall adopt the follow-
ing convention regarding variables. Capital italic letters 'A', 'B', 'C', etc. 
shall be used only for sets. Lower case italic letters , 'y', 'z', etc., on the 
other hand, may take as their values either sets or individuals. (We call 
the latter symbols general variables.) With this convention clearly in mind 
we may without any confusion ordinarily omit the predicate 'is a set'. 

Translation of sentences involving set variables into the basic notation 
of general variables  is straightforward. The three rules needed are quite 
simple; rather than give a formal statement of them, we may illustrate 
their use by three examples, one dealing with a universal quantifier, one 
with an existential quantifier, and one with the 'exactly one' quantifier. 
The sentence: 

is translated: 

and the sentence: 

is translated: 

The sentence: 

is translated: 

A)(3x)—(x  c A) 

(VO (y is a set (3x)—(x  c y)) , 

(Vx)(3A)—(x A) 

CSI x)( 3Y)(y is a set & —(x 0). 

(Et.A)(Vx)(x A) 

MOO is a set & (Vx)(x  c 0). 

It is to be noted that the individual constant denoting the empty set 
is used in the definiens of Definition 1. It is customary in many axiomatic 
developments of set theory to define the symbol for the empty set rather 
than to begin with it as a primitive symbol. But this is not possible here, 
for the axioms are framed so as to permit individuals within the domain of 
discourse. In this respect we follow Zermelo's original 1908 formulation 
of set theory. However, our axioms do not actually postulate the existence 
of any individuals, and they are thus consistent with the view that there 
are only sets in the domain of discourse. A standard definition of the empty 
set is: 

0 =  

but it is easy to prove on the basis of this definition that any individual is 
identical with the empty set, and this effectively excludes individuals. 
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The two axioms we consider in this section are the axiom of  extensionality: 

=13'.  

and the axiom schema of separation: 

(3B)(Vs)(xCB 4 - xE A &sto(x)). 

It is understood in the axiom schema of separation that the variable 'B' 
is not free in v (x). An exact inetamathematical formulation of this schema 
was given in the preceding section.* For intuitive working purposes we 
shall hold to the form just now used, which is a mixture of the object 
language and metalanguage; but the reader should keep clearly in mind 
that this is an axiom schema, not a single axiom. The restriction that 'B' 
not be free in v(x) is essential, for without it we can derive a contradiction 
whenever A is a non-empty set. To see this, let io(x) be `-(x C BY and let 
A be the set consisting of the empty set (the existence of A follows from 
other axioms in this chanter). Then we have: 

(3B)(0c134- 'OC A&-(OCB)), 

which,  since  OC  A,  implies:  

(3B) (0 C B 4-> -(0 C B)), 

an absurdity. On the other hand, it is legitimate and sometimes necessary 
for ço(x) to contain free variables other than simply 'z';  only 'B' is excluded. 

We turn now to systematic developments. We first define the standard 
notation 	for something not being a member of something else. 

DEFINITION 2. 	y -(x y). 

Correspondingly, we use from logic the notation `x x' for `-(x = x)'. 
As the first theorem, we have: 

THEOREM 1. aq O. 

PROOF. Taking iø(z)  as `x x' we have from the axiom schema of 
separation: 

(I) 	 (3A)(Vx)(xcA4->xcO&x0x). 

Suppose now that some x is in A; then by (1), x x, which is absurd. 
Hence we conclude: 

(2) (vx)(x e A), 

*It is worth noting that strictly speaking the formulation with set variables is weaker 
than the metamathematical one with only one kind of variable, for the former reads: 

x is a set 	(3y) (y is a set & (Vz)(zcy 4—> zcx & v(z))), 

whereas the earlier metamathematical version does not have this conditional form. On 
the other hand, it is of no real interest to have the axiom apply when z is an individual. 
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and therefore by Definition 1 

(3) 	 A = O. 

The theorem follows from (2) and (3). Q.E.D. 

We next prove a simple theorem concerning the uniqueness of the empty 
set. 

THEOREM 2. (Vx)(x Et A) A =  O. 

PROOF. If A = 0, then by Theorem 1., x a A. On the other hand, if 
for every x, x A, then there is no element in the set A and by Definition 1, 
A = O. Q.E.D. 

The remainder of this section is concerned with the notions of inclusion 
and proper inclusion of sets. If A and B are sets such that every member 
of A is a member of B, then we say that A is included in B, or that A is a 
subset of B, which we symbolize: A C B. Thus we may write: 

The set of Irishmen is included in the set of men 
or: 

The set of Irishmen is a subset of the set of men 
or simply: 

The set of Irishmen C the set of men. 
Formally, we have: 

DEFINITION 3. ACB4-(Vx)(xEA—>xaB). 

From a formal standpoint Definition 3 is a conditional definition of a two-
place relation symbol. The fact that it is a conditional definition is masked 
by the use of capital letters in the manner agreed upon. This same remark 
applies to all the definitions introduced which use set variables. 

THEOREM 3. A C A. 

PROOF. Since it is a truth of logic that 

(Vx) .(xCA --)xCA), 

it follows immediately from Definition 3 that 

A C A. Q.E.D. 

Theorem 3 asserts simply that inclusion is reflexive; the next theorem asserts 
that it has the property of antisymmetry, as it is usually called. 

THEonEm 4. AcB&BcA--)A = B. 

PROOF. If A C B and B C A, then it follows from Definition 3 that 

(V x)(xEA4- ■ xcB). 

Hence by the axiom of extensionality, A = B. 	 Q.E.D. 
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THEOREM 5. ACO—>11.-- O. 

pnooF. By virtue of Definition 3 and the hypothesis of the theorem, 
if x E A then x O. But by Theorem 1 x O. Hence for every x, 	A, 
and thus by Theorem 2, A = O. 	 Q.E.D. 

Transitivity of inclusion is asserted in the following theorem. 

THEOREM 6. ACB&BCC—ACC. 

PROOF. Consider an arbitrary element x. Since A C B if z E A then 
EB, but B  Ç C; hence if x B then .r E C. Thus by the transitivity 

of implication if 2: e A then x e C. Q.E.D.* 
A typical procedure used in informal proofs is exemplified here. We 

need to prove something about all elements :c. To do this it suffices to 
give the argument for an arbitrary s. The use of the phrase 'arbitrary 
element' corresponds in the language of logic to introducing a free variable 
in a premise (in this case the premise:  xc  A). 

We now define proper inclusion. 

DEFINITION 4. ACB4-AcB&A B. 

Thus using informally the brazes notation not yet formally defined, we 
have: 

11,21 C {1,2,31 

but it is not the case that 

11,21 C (1,21. 

(Here we describe a set by writing down names of its members separated 
by commas and enclose the result with curly braces.) The next four 
theorems assert expected properties of proper inclusion; the proofs are left 
as exercises. 

THEOREM 7. —(AC A) 

THEOREM 8. A C B —(B C A) 

TnEortEm 9. ACB&BCC—,ACC. 

THEOREM 10. ACB—)AC B. 

EXERCISES 

1. Prove Theorems 7-10. 
2. Formulate Definition 4 as a conditional definition without using set variables 

etc. 

*"Transitivity of implication" just means that from P 	Q and Q --> R we may 
infer P R. 



24 
	

GENERAL DEVELOPMENTS 	 CHAP. 2 

3. Formulate Theorems 2 and 3 without using any set variables. 
4. Along the lines of Definition 1 give a formal definition of the notion of an 

individual 

§ 2.3 Intersection, Union, and Difference of Sets. The elementary 
properties of the three most basic binary operations on sets are the concern 

of this section. Using again informally the braces notation for sets, some 

simple examples illustrating these operations may be given. If A and B 

are sets, then by the intersection of A and B (in symbols: A n B) we mean 
the set of all things which belong both to A and B. Thus 

( 1,2) n 12,3) = [2) 

and 

11) n {2} = O. 

By the union of A and B (in symbols: A UB) we mean the set of all 
things which belong to at least one of the sets A and B. For instance, 

11,2) U ( 2,3) = ( 1,2,3) 

and 

11) U ( 2) = ( 1,2). 

By the difference of A and B (in symbols: A B) we mean the set of all 

things wlieh tAong to A but not to B. Thus 

11,2) 	( 2,3) =  111 

and 

( 1) ,---, 121 = 

The basic theorems asserting existence of the sets which are the inter-
section and difference of two sets may be proved by use of the axiom schema 
of separation. The same thing cannot be said for the union of two sets, and 
so at this point we introduce the union axiom, which we will show later 
to be redundant in terms of the full set of axioms introduced in this Chap-
ter:* 

(30(Vx)(xECxCAV xcB). 

We do not use this axiom immediately, but first develop the properties 
of the intersection operation. 

TETEOREM 11. (E!C)(Vx)(xEC4-xcA SrxcB). 

The sum axiom introduced below in §2.6 is sometimes called the union axiom. The 
present axiom, which is redundant, must not be confused with it. 
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PROOF. The following is an instance of the axiom schema of separation: 

(30(Vx)(xEC4-xcA&xcB). 

We now need to show that C is unique. Suppose there were a second set 
C' such that for every x 

xC C' :eC A &xc B; 

then for every x 

X  c C' 4-) x c C 

and by virtue of the axiom of extensionality 

= C. Q.E.D. 

The theorem just proved formally justifies the definition of intersection. 

DEFINITION 5. AnB = y 4-- (VX)(X,Cy<—). 2.:CA &  z C B) & y is 
a set. 

Admittedly the natural tendency is to write in place of Definition 5, the 
formula: 

(1) AnB=C(Nyx)(xEC‹-xcA&xCB), 

but (1) does not translate back into general variables in a satisfactory 
manner; for it becomes: 

(2) x,y,z are sets —qx ny = z 4-> (Vzo) (w c z 4-> wc x&wc y)), 

and the reasons for preventing the free occurrence of 'z' in the hypothesis 
of (2) are obvious; if it is there we cannot prove, for instance, that OnO z 
for any individual z. Note that the rule for conditional definitions given 
in the preceding section prohibited such a free occurrence of 'z'. 

If the definitional rules stated at the beginning of this chapter had been 
more liberal, we could have adopted as the definition of intersection the 
following theorem, which has the virtue of being much easier to work with 
in proofs. The argument against liberalizing the rules of definition is that 
non-creativity of definitions becomes much less obvious and in many cases 
difficult to prove. 

THEOREM 12. xcAn134--*xc A &xc B. 

prlooF. Using the identity: 

AnB = AnB 

and putting 'A nB' for 'z' in Definition 5, we obtain the theorem at once. 
Q.E.D. 

The next two theorems assert the commutativity and associativity of 
intersection. The proofs are left as exercises. 
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THEOREM 13. AnB = BnA. 

THEOREM 14. (AnB)nC = A n(B nC). 

A binary operation is idempotent if the operation, when performed on 
any element with itself, results in just that element. The next theorem 
asserts the idempotence of intersection. 

THEOREM 15. AnA A. 

PROOF. By Theorem 12 

xCAnA4-xCA&xc A, 

but 

xc A &xc A 4-* x c A, 

and thus by Definition 5 

A n A = A. 	 Q.E.D. 

Three intuitively obvious theorems are next stated; only the first is proved. 

THEOREM 16. A no  =  O.  

PROOF. By virtue of Theorem 12 

xcAnCli-xc AZixc 0, 

but by Theorem 1 

x O. 

Hence 

x A no, 

and since the argument holds for every x, by Theorem 2 

A no —  O.  Q.E.D. 

THEOREM 17. A nB c A. 

TB:EOREM 18. A B4- AnB = A. 

We now turn to the theorem justifying the operation of union of sets. 
The proof of this theorem involves the first use of the union axiom. 

THEOREM 19. (E!C)(Vx)(X CCXCA V XC B). 

PnooF. Similar to the proof of Theorem 11, but using the union axiom 
in place of the axiom schema of separation. 

DEFINITION 6. AuB = y (Vx)(x y <-xC A V xc B)&y 
is a set. 
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For working purposes we immediately need a theorem for the operation 
of union analogous to Theorem 12. 

THEOREM 20. xcAUB<->xcAV xc B. 

PROOF. Similar to the proof of Theorem 12. 

Since many of the proofs of theorems about union of sets parallel those 
about intersection, we may often dismiss them with reference to the 
corresponding theorem about intersection, as we have done in the proofs 
of Theorems 19 and 20. 

The next three theorems assert the commutativity, associativity, and 
idempotence of union. 

THEOREM 21. AUB = BUA. 

THEOREM 22. (AUMUC = A u  (BUC). 

THEOREM 23. AUA = A. 

Further facts are asserted in the next four theorems. 

THEOREM 24. AUO = A. 

THEOREM 25. A C AUB. 

THEOREM 26. AC 134- flUB = B. 

THEOREM 27. A CC&BCC---AUBCC. 

We now state two fundamental distributive laws for intersection and union, 
and prove the first one. 

THEOREM 28. (A U B) n = (A n u (B n . 
PROOF. Let x be an arbitrary element. By virtue of Theorem 12 

x (AUB)nC4- , xcAUB&xc C, 

and by Theorem 20 

XC AUB&xEC (x CAV xcB)&xEC, 

and by the distributive laws of sentential logic* 

(xCA V xCB)&xEC44 (reCA&xEC)V xCB&xEC). 

Using again Theorem 12 

(x A &xEC)V (xCB&xEC)4->xCAriCV xEBnC, 

*Ile law in question is that from (P  V 0) & R we may infer (1) & R) 	& R) 
and conversely, where P, Q, and R are any formulas.  
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and now using Theorem 20 again 

x A ne V x BnC x c (A nC)  U  (B nC). 

Hence from the transitivity of equivalence we infer: 

x (A u B) nC x c (A nC)u (B nC), 

and thus by the axiom of extensionality 

(A u B) nC = (AnC)u(BnC). 	Q.E.D. 

In the proof of Theorem 28 a device which is used over and over again 
has been employed: in order to prove two sets identical, we begin by con-
sidering an arbitrary element of one of the sets and show that it belongs to 
this set if and only if it belongs to the other. Using the axiom of exten-
sionality we immediately obtain the identity of the two sets. 

THEOREM 29. (A nB)u C - (A u C) n (B u C). 

We next state the justifying theorem and definition of the operation of 
set difference. 

THEOREM 30. (E!C)(Vx)(x C4-* x c A &xq B). 

PROOF. Similar to Theorem 11, but here taking io(x) as ixq B'. 

DEFINITION 7. A — B = y(-).(Vx)(xcy<-3xcA&xqB)&y 
is a set. 

THEOREM 31. xcli ,--, 134-xcAiScxe B. 

PROOF. Similar to the proof of Theorem 12. 

The next theorem obviously entails the fact that difference of sets is not 
idempotent, granted the existence of non-empty sets. 

THEOREM 32. A --, A  =  0. 

PROOF. By Theorem 1 

x O. 

Hence by sentential logic 

xc04-4xcA&xcA, 

and thus by Definition 7 

A A = O. 	 Q.E.D. 

The remaining theorems of this section state facts relating the set opera-
tions of intersection, union and difference. The proofs of the theorems are 
easily given by employing an approach similar to that used for Theorem 
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28. As with that theorem, the proofs depend upon exploiting formal proper- 

ties of the sentential connectives analogous to the  forma! Properties asserted 

in the theorems. The proof of only the first of these theorems is given here. 

THEOREM 33. A — (A n B) = A — B. 

PROOF. Let x be an arbitrary element. Then 

	

x E A — (A n B) x c A & -(x c A n B) 	by Theorem 31 

4-* x E A & -(x E A Sr x B) by Theorern 12 

xE A & (xcAv xcB) 
by sentential ogic 

*-*(xEA&xeA)V (xcA&xqB) 
by sentential logic 

4->xEASzxfcB 	by sentential logic. 
Q.E.D. 

A staccato style, which consists of displaying a series of equivalences and 
is similar to that often used for a chain of identities, has been adopted 
here. Some readers may find this method of presentation clearer than the 
more prolix one used in the proof of Theorem 28. 

THEOREM 34. An (A B) = A B. 

THEOREM 35. (A B)u B = A u B. 

THEOREM  36. (AuB)—B = A—B. 

THEOREM 37. (A nB) B =  O. 

THEOREM 38. (A B)nB = O. 

Tumoram 39. A — (B uC) = (A — B) n (A — C). 

THEOREM 40. A — (B nC) --- - (A — B)u (A — C). 

In von Neumann set theory the universe V, which is the class of all sets, 

exists. The complement —A of a set A can then be defined as 

--- V A. 

But this is not possible in Zermelo-Fraenkel set theory, and it may be of 
interest to see why not in some detail. Analogous to the justifying theorems 
for the definitions of the three operations already considered, we would 
need to prove: 

( 1 ) 	 (0B)(V x)(2  E B -z A) 

and then we would define complementation by: 
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(2)  

Suppose now that it were possible to prove (1). Let A =  0, then 

(3) (E I/3) (Vx)(x c B), 

that is, B is the universal set to which every object belongs; but with B 
at hand the axiom schema of separation reduces to the axiom schema of 
abstraction by taking A as the universal set B, and Russell's paradox may 
be derived as in §1.3. We conclude that (1) cannot be proved and Definition 
(2) is impossible in Zermelo-Fraenkel set theory. One aspect of this 
discussion may be formalized in the useful result that there does not exist 
a universal set. As just indicated, the proof of this theorem proceeds by the 
line of argument of Russell's paradox via a reductio ad absurdum. 

THEOREM 41. -(3A)(Vx)(re C A). 

EXERCISES 

1. Prove Theorems 13 and 14. 
2. Prove Theorems 17 and 18. 
3. Prove Theorems 21, 22, and 23. 
4. Prove Theorems 24, 25, 26, and 27. 
5. Can you give an example of an operation of ordinary arithmetic which is 

idempotent? 
6. Prove Theorem 29. 
7. Prove Theorems 34, 35, and 36. 
8. Prove Theorems 37 and 38. 
9. Prove Theorems 39 and 40. 

10. Give a detailed proof of Theorem 41. 
11. Find an identity which will serve as a definition of intersection in terms 

of difference. 
12. We define the operation of symmetric difference by the identity: 

A 4- B (A B) U (B -- A). 

Prove: 

(a) A÷O=A 
(b) A B B ÷- A 
(c) (A 4- B) C A ÷ (B C) 
(d) A n (B --1- C) =  (A nB) ÷ (A no 
(e) A BcA B 
(f) A-=--B4--÷B= 0 
(g) 
(h) Find an identity which will serve as a definition of difference in terms of 

symmetric difference and intersection. 

§ 2.4 Pairing Axiom and Ordered Pairs. The three axioms con-
sidered so far permit us to prove the existence of only one set — the empty 
set. We now introduce the axiom which asserts that given any two elements, 
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that is, any two sets or individuals, we may form the set consisting of these 
two elements. This axiom is usually called the  pairing axiom: 

(3A)(Vz)(zEA4-*z=xV z= y). 

If we wanted to make the union axiom a more integral part of our system, 
we could replace the pairing axiom by the weaker axiom that the unit set 
consisting of any element exists. The pairing axiom follows from con-
sidering the union of two unit sets. However, as already remarked at the 
end of Chapter 1, we want to show toward the end of this chapter that the 
union axiom may be derived from the pairing axiom and the sum axiom, 
which has not yet been introduced. 

Preparatory to the definition of pair sets we have the usual strengthening 
of the axiom as expressed in the following theorem. 

THEOREM 42. (Eli1)(Vz)(z c A z=xVz= y). 

mom Similar to that of Theorem 11. 

DEFINITION 8. tx,y1 = w <-4  (z) (z w *-> z=xVz= y) & tv is 
a set. 

The customary theorem now follows. 

THEOREM 43. zcfx,y14----xvz= y. 

PrcooF. Similar to that of Theorem 12. 

A less trivial but also useful theorem on unordered pair sets now follows. 

THEOREM 44. fx,y1 = tu,vj -4 (X u & y = v) v (x = v & y = u). 

moon By virtue of Theorem 43 

u c {u,v}, 

and thus by the hypothesis of the theorem 

u c lx,y1. 

Hence, by virtue of Theorem 43 again 

(1) u=xvu=y- 

By exactly similar arguments 

(2) v=xVv=y, 

(3) x=uVx=v, 

	

- (4) 	 y=uVy=v. 

We may now consider two cases. 



32 
	

GENERAL DEVELOPMENTS 	 CHAP. 2 

Case 1. x = y. Then by virtue of (1), x = u, and by virtue of (2) y = v. 

Case 2. x y. In view of (1), either x u or y = u. Suppose r u. 
Then y = u and by (3) r =  v. On the other hand, suppose y u. Then 

= u and by (4) y = v. Q.E.D. 

It is convenient for subsequent use to define  unit sets, triplet sets and 
quadruplet sets. The naturalness of the definitions is at once apparent. 

DEFINITION 9. 	Ix} = {x,x) 

{x,y,z} = {x,y)U (z) 

lx,y,z,w) = lx,y] U {z,w1. 

As an immediate corollary of Theorem 44 we have an intuitively obvious 
theorem about unit sets. The proof is left as an exercise. 

THEOREM 45. Ix] = ly} 	= y. 

We are now in a position to define ordered pairs in terms of unit sets 
and unordered pair sets. This definition, which was historically important 
in reducing the theory of relations to the theory of sets, is due to Kuratowski 
[1921], but the earliest definition permitting this reduction is to be found 
in Wiener [1914]. 

DEFINITION 10. < x,y 	{lx}, lx,y1). 

Within set theory, as we shall see in the next chapter, relations are defined 
as sets of ordered pairs. Without something like the present definition at 
hand it is impossible to develop the theory of relations unless the notion 
of ordered pairs is taken as primitive. Essentiall our only intuition about 

ordered pair is that it is an entity representing two objects in a given 
ing theorem establishes alit Definition 10 is adequate 

with respect to this idea; namely, two ordered pairs are identical only 
when the first member of one is identical with the first member of the other, 
and similarly for the two second members. 

THEoaEm 46. ( x,y ) = ( u,2, 	= u & y = v. 

PRooF. By virtue of Definition 10 and the hypothesis of the theorem 

fix}, 1;01 = 

and thus by Theorem 44 

(1) Or} = {u }  & lx,y] = lu,v))V 	= lu,v1 & lx,y] = [up. 

Suppose the first alternative of (1) holds. Then since 

lx} = lu) 



S EC. 2.4 
	

GENERAL DEVELOPMENTS 	 33 

by Theorem 45 

X  = u, 

and hence by Theorem 44 and the supposition that lx,y = lu,v1 

y = 

which establishes the desired result. 
Suppose now that the second alternative of (1) holds. Then since 

(x )  = ix,x1, by Theorem 44 

and similarly 

Hence 

x=u&x=v, 

X  u & y = u. 

x = & y = v. Q.E.D. 

Ordered pairs play a prominent role in the section on Cartesian products 
in this chapter and throughout the next chapter, which is concerned with 
relations and functions. 

EXERCISM 

1. Prove Theorem 45. 
2. Prove that 

x 	y---->(x,y) = f 1x11 . 

3. Is it always true that if {x,y,z) = tx,y,tvl then z = w? 
4. Show, by proving a theorem like Theorem 46, that the following definition 

of ordered pairs is adequate: 

( x,y ) = fx,0) , (y, 10M. 

§ 2.5 Definition by Abstraction. In many branches of modern 
mathematics it is customary to use the notation: 

1s: tp(X)1 

to designate the set of all objects having the property io. For example, 

( x: x > -‘f) 

is the set of all real numbers greater than -‘,f; as another example, 

: 1  < z < 4  & x is an integer) = ( 2,3). 

It should be clear why use of this notation is called definition by abstraction.  
We begin by considering some property, such as being greater than 1,f, 
and abstract from this property the set of all entities having the property. 
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Our objective is to give a formal definition of this abstraction operation, 
but it should be noted that in defining it we are introducing neither a new 
relation symbol, operation symbol, nor individual constant. What we are 
introducing is an operator which provides a new method of binding vari-
ables. Thus in the expression 

the notation 

binds the variable 'x'. 

DEFINITION SCHEMA 11. 

= 	i(Vx)(xEY -t(x)) & y is a set] 
V [y  O  & —(3B)(V x)(xCB se(x))]. 

It is immediately clear from the definition that Ire: 5,0(x){ is a set. The 
point of the second member of the disjunction of the definiens is to put 
Ix: ic(x){ equal to the empty set if there is no non-empty set having as 
members just those entities with property v. The manner of translating 
formulas in which set variables are bound by abstraction is straightforward. 
Thus the schematic formula: 

is translated: 

Ix: x is a set & io(x)i. 

There are a number of intuitively obvious theorem schemata about the 
abstraction operation, some of which we now state and prove. 

THEOREM SCHEMA 47. y Ix: io(X)] —› 

PROOF. If y C {x: io(x)1, then 

io(x)) 0O, 

and so by Definition Schema 11 

Y E ix: io(x)1 4-* so(Y) ; 

we may conclude from the hypothesis of our theorem: io(y). Q.E.D. 

THEOREM 48. A = 1x: x c Al. 

PROOF. It is a truth of logic that 

(Vx)(3; C A 4- X C A). 

Thus taking v(x) in Definition 11 as `x E A',  we obtain the theorem at 
once. Q.E.D. 



SEC.. 2.5 	 GENERAL  DEVELOPMENTS 	 35 

THEOREM 49.  0  = Ix: x xl. 

PROOF. Suppose there were a y such that 

YE IX: X 	x). 

Then by Theorem 47 

(1) 
which is absurd. Q.E.D. 
siniihu. to Theorem 41, we also have: 

THEOREM 50. 0 -= 	x =  x. 

We may prove as theorems simple formulas which could be used to define 
intersection, union, and difference of sets. 

THEOREM 51. AnB = fx:xcAZT,xcBl. 

PROOF. Use Theorem 11 and Definition 11. 

THEOREM 52. AUB = (x:xCAV xcB). 

THEOREM 53. Ar--, B= lx:xcAezxVB). 

A point of methodological interest is that if these last three theorems are 
used as definitions of the three operations, no justifying theorem is needed 
prior to the definition. (Note that the requirement of such a theorem is 
not needed in the rule for defining operation symbols by identities in §2.1.). 
From Definition 11 we know that if the intuitively appropriate set of 
elements does not exist, then the result of performing the operation is the 
empty set. However, in order to do any serious work with the operations 
we need the existence of the intuitively appropriate set, which comes down 
to Saying that when we define operations by abstraction the justifying 
theorems may come after rather than before the definition. This point is 
illustrated below in §2.7. Definitions which do not need a justifying 
theorem are often called axiom-free. 

In the sequel it is convenient to have a more flexible form of definition 
by abstraction than that provided by Definition 11. In particular we want 
to be able to put complicated terms before the colon rather than simply 
single variables. For example, in §2.8 we define the Cartesian product 
of two sets by: 

(1) . 	 AXB= Rx,y):xCA&ycBI, 

but on the basis of Definition 11 we need to replace (1) by the more awk-
ward expression: 

A X B =- Ix: (30(32)(Y CA &zEB&x = 0,4)1. 

Iii the style of Definition 11, we have: 
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DEFINITION SCHEMA 12. 

Ir(x i , 	 = (y:(3x 1) . . . (3x,i)(y = 

& 50(x I, • • • gn))1- 

It is apparent that Definition Schemata 11 and 12 differ from the other 
definitions introduced thus far in that both of them are schemata, which 
should receive a metamathernatical formulation. For example, Definition 
12 could be given the following form: 

If (i)  y,,  . . . ,y,„ w are any distinct variables, (ii) 7.(v 1 , . . . ,v.) is any 
terni in which no bound variables occur and exactly y „ . . . ,y„ occur free, 
and (iii) w does not occur in the formula v, then the identity 
tr(y 1, . . • 'v.): 91 = iw: (3v 1) - • • ( 3v.) (w = r(v 1, • • • ,v.) &to)i 
holds. 

Clauses (i)-(iii) make clear the restrictions imposed on Definition 12. 
Actually it is not necessary to require that T have no bound variables and 
in some contexts it might be inconvenient, although not in any eases which 
arise in this book. 

When using either Definition 11 or 12, we shall usually refer to definition 
by abstraction rather than the numbered definition. We close this section 
with a theorem schema which express the important idea that equivalent 
properties are extensionally identical. The proof is left as an exercise. 

	

THEOREM SCHEMA 54. (V x)(i0(x) Vx)) 	Ix (.0(x) I =(x :''(x) J.  

E'XERCESES 

1. In the interests of complete explicitness Definition Schema 11 should have 
been preceded by the following theorem: 

(Ely)R(Vx) (xCy (o(x)) & y is a set) V (y = 0 & —(3B) (Vx)(seB4-4 

2. Why can the implication sign in Theorem 47 not be replaced by an equiva-
lence sign 4—* ? 

3. Prove Theorem 50. 
4. Give a detailed proof of Theorem 51. 
5. Prove Theorems 52 and 53. 
6. Define by abstraction the unordered pair set. 
7. Prove Theorem 54. 
8. Give a counterexample to the following: 

(\fx)(V(x) -->*(x)) ---} lx: io(x)) 	{x: Alf(x)} 
9. Theorems 49 and 50 suggest the following principle: 

(Vx)(to(x)4—* —4,(x)) 	1z: 4,(x)} 	1144}. 

If it is true, prove it. If not, give a counterexample. 
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2.6 Sum Axiom and Families of Sets. The SUM aXi0111, which is 
the basis of the present section, postulates the  existence-of the union of a 
family of sets.* To illustrate the notation, let 

A = 111,21,12,31, 141, Jane Austen} . 

Then 

UA = (1,2,3,41. 

Here A is a family of sets together with one individual. The union or sum 

of A (in symbols: U A) is the set of all things which belong to some member 
of A. Note that any individual in A is irrelevant to U A. In determining 
VA we need only consider those members of A which are non-empty sets. 

The formal definition uses the abstraction notation introduced in the 
preceding section. 

DEriNrrioN 13.  VA = Ix: (3B)(x CB&BE A)) • 

We know from the characteristics of definition by abstraction that if the 
appropriate set of elements does not exist then VA is simply the empty 
set. However, in order to do any serious work with the union of a family 
of sets we need the existence of the intuitively appropriate set. To this end 
we introduce the sum aziomr 

(3C)(Vx)(x C <-* (3B)(x cB&Bc A)). 

We have at once as a consequence of the axiom and the definition of  V A 
the desired theorem: 

THEOREM 55. xcUA.4->(3B)(xcB&BEA). 

The more obvious elementary properties of the U operation are stated 
in the next few theorems. Some of the proofs are left as exercises. 

THEOREM 56. UO O. 

moor. By Theorem 1 

-(3B)(B C 0). 

Hence by Theorem 55 for every x 

x u 0. 

THEOREM 57. U101 0. 

PROOF.  If B c 101 then 

Q.E.D. 

B= O  

The word 'family' is a common synonym for 'set', and we use family of sets and set 
of sets interchangeably. 
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and then 

x B. 

Hence by Theorem 55, for every x 

x 	U 101. Q.E.D. 

H it were postulated that there are no individuals, that is, that every 
object is a set, then we could prove that if U A = 0, then either A = 0 or 
A = {0). As it is, the sums of many different sets may be empty, in fact 
the sum of any set whose only members are individuals and the empty 
set. 

THEOREM 58. U IA) = A. 

THEORE/a 59. U {A,B) = AU B. 

ritooF. By virtue of the fundamental property of unordered pair sets 
if C {A,B} then 

C=AVC=B. 

Thus by Theorem 55 

(I) 	 xE U{A,B1 (-xCAVsEB, 

and the inference of the desired conclusion from (1) is obvious. Q.E.D. 

THEoREm 60. U(AUB) = (UA) U (UB). 

PROOF. 

C U (Au B) (3C) (:e EC&Cc AUB) 	by Theorem 55 

*--)(3C)((xEC&CEA)V (xEC&CCB)) 

by Theorem 20 
and sentential 
logic 

4-÷(30(xEC&CCA)V (30(xEC&Cc13) 

by quantifier 
logic* 

4->vcc UA V rec UB 	 by Theorem 55 

4-42;c UA t1 UB 	 by Theorem 20. 
Q.E.D. 

*Clearly, from (3v) (P V Q) we nifty infer (3v)P V (3v)Q, and conversely. 
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THEOREM 61. AcB U ACU B. 

PROOF. 

xE UA'-*(3C)(xEC&CEA) 	 by Theorem 55 

(3G) (x CC& CE 

—*xcUB 

by hypothesis 
of the theorem 
by Theorem 55. 

Q.E.D. 

THEOREM 62. 

THEOREM 63. 

THEOREM 64. 

THEOREM 65. 

PROOF. 

ACB—*ACUB. 

A)(A B ACC)—) U BCC. 

A)(11- B —> A n C = 0) (U f = O. 

U (x,y) = {x,y). 

U(x,Y) = U {14 ix,YI I 	by definition  of ordered pairs 

= {x)Ulx,y) 	 by Theorem 59 

= 	 Q.E.D. 

THEOREM 66. U U(A,B) = AUB. 

We now turn to the definition and properties of the iniersection of a 
family of sets. The intuitive content of this notion should be clear from 
the discussions of union. If, as before, 

A = 111,21, 12,31, 14), Jane Austen) 

then 

n A = 0, 

since there is no number common to all the sets which are members of A. 
As a second example, if 

B =  1{1,2),  12,31)  

then 

nB = 11,2) n 12,31 =  1 2). 

The formal developments which follow require little comment. 

DEFINITION 14. nA = lx:(vB)(BcA--,xcB)). 

There is no theorem related to Definition 14 in the way that Theorem 55 
is related to Definition 13, that is, we cannot prove: 

(I) 	 xcnA(vB)(Bc.A--,scB), 
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and the reason is obvious. If A has no sets as members, then the light 
member of (1) is always true and every x must be a member of nA. But 
there is no set having every entity x as a member, a fact which was estab-
lished by Theorem 41. What we are able to prove is the more restricted 
result: 

THEOREM 67. XC nA—(vB)(BCA-- , xcB) ,& (3B)(B c A). 

PROOF [Necessity]. By hypothesis x C fl A.  Hence fl A 0. 

Thus by virtue of Definition 14 and the general properties of definition by 
abstraction, we infer that 

(1) xcf1A4-)(VB)(BcA-->xcB). 

Now let us make the supposition that 

(2) -(3B)(B c A). 

Then vacuously it is true that 

(VB)(BC A -*a:CB), 

from which we may infer: 

(3) (VB)(B C A -> x B) 4-4 x = x. 

Equivalences (1) and (3) yield that for every x 

xc nA4-4x x, 

whence by Theorem 54 

fx:xc nAi = fx: x = s), 

but by virtue of Theorem 48 the left-hand side is fl A and by Theorem 50 
the right-hand side is the empty set, and so we infer 

n A - 0 

which contradicts the hypothesis that x  C  nA and proves our supposition 
(2) false. 

[Sufficiency]. By hypothesis there is a set, say B*, which is a member 
of A. Hence we may apply the axiom schema of separation to obtain: 

(4) (3C)(Vx)(s C4-)x B* & (VB)(B C A ---)x C B)). 

Since the fact that x  C B* follows from B* C A, and the other part of our 
hypothesis, namely that 

(VB)(BCA --*xCB)) 

we infer from (4) that 

(5) (3C)(Vx)(s 	(VB)(B  C A x 	B)). 
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That x C fl A follows from (5), the definition of fl A and the defining 
conditions for definitions by abstraction. Q.E.D. 

In  this proof a square-bracket notation, which is often convenient in 
proving an equivalence, has been used. We consider the formula which is 

the right member of the equivalence as asserting a necessary and sufficient 
condition for the formula which is the left member to hold. Thus if we 
want to prove a theorem of the form P 4-* 0, we establish that Q is a 
necessary condition for p by assuming P and deriving Q. We establish 
that is a sufficient condition for P by deriving P from Q. 

The order of development of this section is somewhat deceptive. The 
proof of Theorem 67 does not depend on the sum axiom, and thus the 
elementary theory of the fl operation could have preceded consideration 
of this axiom. 

THEOREM 68.  no  o. 
PR 0 OF. Suppose that no O.  Then there is an x in no, and by 

Theorem 67 there is a set B E 0, which is absurd. Q.E.D. 
It is worth remarking that in von Neumann set theory, which admits 

sets which are not members of any other set, that is, proper classes, the 
operation symbol FP is defined in such a way that Theorem 68 is false. 
In fact, the theorem is then that 

	

(1) 	 no — v, 
where V is the universe, that is, the proper class which has as members 
everything which is a member of something. The radical difference between 
(1) and Theorem 68 emphasizes the slightly artificial character of any form 
of axiomatic set theory. Intuitively (1) may seem preferable to Theorem 
68, but (1) entails the admission of proper classes, which appear rather 
bizarre from die standpoint of naive, intuitive set theory. 

THEOREM 69. n loi = o. 
pRooF. Suppose there is an element x in n (0). Then by virtue of 

Definition 14 x c 0, which is absurd. Q.E.D. 
Like the previous two theorems the next four theorems are concerned 

with the intersection of extremely simple families of sets. Two of the 
proofs are omitted. 

THEOREM 70. n (AI =  A. 

PROOF. If 

xc  fi  (A), 

then since A C  IA), by Definition 14 

x A. 
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On the other hand, if x C A, then since for every B  in IA),  B = A, by 
Theorem 67, 

xc wit). 

TREoRFaser 71. n{A,B} = A nB. 

THEOREM 72. n (x,y) = Ix } . 

THEOREM 73.  fl  MA,B) = A. 

PROOF. By virtue of Theorem 72 

fl(A,B) = IA}, 

and by virtue of Theorem 70 

Q.E.D. 

n IA) = A. 	 Q.E.D. 

Five general implications concerning intersections of families of sets are 
next. 

THEOREM 74. ACB & (3C)(C A) ---,nBc n A. 

PROOF. Let x be an arbitrary element of n B. Then for every C  C B, 
we must have: 

x  C C, 

but the hypothesis of the theorem assures us that if C C A then C  C B. 
Whence for every Cc A, we must have: x c C, and thus x  C  nA, the 
desired result. Q.E.D. 

Exact explanation of why the condition that (3C)(C  C A) is needed in 
the hypothesis of Theorem 74 is left as an exercise. 

THEOREM 75. A c13 --> flBcA. 

THEOREM 76. A c B & AcC flBcC. 

THE0REm 77 . A B & AnC 0 (f1B)ne = O. 

THEOREM 78. (3C) (C c A) & (3D) (D B) —÷ n (Au B) = 
(nA) n (nB). 

PROOF. 

c fl (A u B) 	OW CAUB x 

‹--*(VC)(CcAv  CB -->xEC) 

by Theorem 67 
and Hypothesis 
of Theorem 

by Theorem 20 
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by sentential 
logic 

4-*(VC)(CEA—)xce)&(VC)(CEB--xCe 

by quantifier 
logic* 

	

4-‘,E nA szxc nB 	 by Theorem 67 
and Hypothesis 
of Theorem 

	

4-+xc(nA) n (nB) 	 by Theorem 12. 

The exact formulation of Theorem 78 is sensitive to the form of axiomatic 
set theory being used. If proper classes are admitted and no = V, then 
the theorem is stated unconditionally • 

n(AuB) (nA) n (nB). 

If Zermelo set theory without individuals is the framework, then the 
formulation is simply: 

(1) 	A 0 &B 	f)(AuB)= (nA) n (nB). 

Zermelo set theory with individuals requires the formulation given in the 
theorem. The incorrectness of (1) for our framework of development is 
seen by taking: 

	

A = Euleri 	0 

B=  I Mule'. 11 O. 

Then 

and hence 

but 

nA = o 

(nA) n (nB) = o, 

n(AUB) =  f Euler } O. 

The next group of theorems involves both intersection and union of a 
family of sets. 

*Clearly from (Vv)(P & 0) we may infer (vv)P & (Vv)Q, and conversely. 
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TaEortEm 79. flA U A. 

PROOF. If x c nA, then by Theorem 67 

(1) 	 (VB)(B C A x C B) &(3B)(B A). 

It follows from (1) that 

(3B)(13 CA &xE B), 

whence by Theorem 55, x C UA. Q.E.D. 

THEOREM 80. U n (A,B) =  A. 

THEOREM 81. n U (A,B) = A nB. 

In many mathematical contexts in place of UA and n A the notation 

(1) 

and 

(2) 

U B 
RCA 

n B 
BEA 

is often seen. In fact, notation more flexible than (1) and (2) is convenient 
in later chapters for the development of ordinal nurnber theory. In 
introducing at this point the appropriate definitional schema, we use the 
expression `T(x) 1  for a term schema just as we have used `io(x)' for a for-
mula schema. 

DEFINITION SCHEMA 15. 

U r(x) = U (y: (3s)(y = 7-(x) & x A)) 
z€A 

(b) 	n 7-(x) = n ly: (3x)(y = 7-(x) &  z c A)}. 
z€A. 

Thus, if A = 11,2,31 and r(x) = fx1 U (41, then 

U r(x) = U {1,41, 12,41, {3,411 
xc 

= 11,2,3,41 

and 

n ,-(x) = (41. 
mC.A 

Still other notational devices for union and intersection of families of sets 
are often useful, but will not be formally introduced. For instance, 

U x = U lx: io(x)}. 
w(x) 

(a) 
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From a logical standpoint there is a sharp difference between Definitions 

 13 and 14 on the one hand and Definition 15 on the other. The first two 
introduce operation symbols, whereas Definition 15 introduces an operator 
which provides a new way of binding variables, and in this respect stands 
together with Definitions 11 and 12. 

We state without proof some theorems concerning the notions introduced 

by Definition 15. Note that these theorems, like Theorem 78, assert 
important general distributive laws. Some additional results are given in 

the exercises. 

THEOREM 82. U x = UA. 
xEA 

THEOREM 83. fl x = nA. 
/EA 

THEOREM 84. A n UB= U (A n C). 
CCB 

THEOREM 85. (3D)(D B) —> AunB--= fl (A uC). 
CEB 

Finally, we conclude this section by showing that the union axiom is 
redundant. Since this theorem is not about sets but about our particular 
axioms for set theory we list it as a metatheorem, that is, as a metamathe-
matica1 theorem. 

METATHEOREM 1. The union axiom is derivable from the axiom of 
extensionality, the pairing axiom, and the sum axiom. 

PROOF. Given any two sets A and B, by the pairing axiom, we have 
the set 

lA,B 1. 
Now 

xc U lA,B1 (3D)(D  c {A,B1 & x c D) 

by Theorem 55 

Av D = B) cxc D) 

by Theorem 43 
‹-xCA.VxCB 	by quantifier logic. 

From the above equivalences it is a simple matter of quantifier logic to 
derive that 

(3C)(Vx)(xE C4-÷xC AV sEB), 
which is precisely the union axiom. Q.E.D. 

In connection with the above proof, it is easy to check that Theorems 
43 and 55 depend on no more than the three axioms mentioned. Precise 
identification of the points where the axiom of extensionality is needed 
is left as an exercise. 
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EXERCISES 

1. Given that 

A = 111,21, {2,01, 11,311 
find UA,  fl A,  nuA. 

2. Given that 

	

A = { 111,21, 	, { { 1,0}}1 

find UA, nA,uUA, n nA,unA,nUA. 
3. Give a specific set A which will serve as a counterexample to the general 

assertion that 
nA = 0->A =0V A {01. 

4. Give specific sets A and B which will yield a counterexample to the general 
assertion that 

nA n ns = n(A ni3). 

5. Give a definition of U A by means of an equivalence and without use of the 
abstraction notation. 

6. In Zermelo's original paper [1908], he defined 1 .1' in such a way that if A 
has an individual as an element, n A = 0. Reformulate Definition 14 to conform 
to Zermelo's, and show by means of counterexamples which of the theorems in this 
section do not hold when this revised definition is used. 

7. Prove Theorem 58. 
8. Prove Theorems 62, 63, and 64. 
9. Prove Theorem 66. 

10. Prove Theorems 71 and 72. 
11. With respect to the existential part of the hypothesis of Theorem 74, show 

by an example that if it is omitted the resulting statement is not a theorem. 
12. Prove Theorems 75, 76, and 77. 
13. Prove Theorems 80 and 81. 
14. Prove that, 

0 C A n A = 0.  

15. Prove that 

(VC')(C C A (3D)(D EB&CC D))--* UAC U B. 

16. Prove Theorems 82 and 83. 
17. Prove Theorems 84 and 8.5. 

18. Prove that n ({xj,B) = 11 	B. 
xcA 	 xcA 

19. Explain at what points the axiom of extensionality is needed in the proof 
of Metatheorem 1. 

§ 2.7 Power Set Axiom. In this section we are concerned with the 
notion of the set of all subsets of a given set. This set is called the power 
set of a given set. The name 'power set' has its origin in the fact that if 
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a set A has n elements, then its power set (in symbols: (PA) has 2" elements. 
As an illustration of the notion, if 

A = (1,21 

then 

(PA = (0, (11, (2), Ai. 

It should be intuitively clear that, as in this example, the empty set is a 
member of the power set of any set; moreover, any set is a member of its 
own power set. 

The appropriate formal definition should be obvious. 

DEFunTioN 16. (PA = (13:B c AI. 

This definition is axiom-free in the same sense that Definitions 13 and 14 
are, but in order to prove the desired theorem concerning IPA, the power 
nt axiom guaranteeing the existence of the intuitively appropriate set is 
needed: 

(3B)(VO(C EB4-CC A). 

It is worth noting that we could have taken the weaker formulation 
q3B)(VO(C  c A —)C EB)' and then used the axiom schema of 
separation to get the present axiom. We may immediately prove: 

THEoREm 86. B (PA B A. 

PROOF. Use Definition 16, power set axiom and properties of definition 
by abstraction. 

THEOREM 87. A C (PA. 

PRooF. By Theorem 5 

A C A, 

whence by Theorem 86 we obtain the desired result. Q.E.D. 

THEOREM 88. 0 (PA. 

THEonEm 89. 6.0 = (01. 

PROOF. Since 0 C 0, 
O C 00. 

Moreover, if A (PO, then by Theorem 86 

A C 0, 

but then by Theorem 4 

A = O. 	 Q.E.D. 
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THEOREM 90. 63(P0 = {0, {0) 

There are only four further theorems concerning power sets which we 
wish to state in this section. 

THEOREM 91. A C B 4-4 WA C (PB. 

PROOF. [Necessity]. If CC (PA then by Theorem 86 

CcA, 

whence by our hypothesis 

CC B, 

and thus by virtue of Theorem 86 again 

CC (PB. 

[Sufficiency]. By virtue of Theorem 87, A C (PA, and thus by our 
hypothesis that (PA C (PB, 

A c (PB, 

but then by Theorem 86 A C B. Q.E.D. 

THEOREM 92. ((PA) U ((PB) ça3(.11 UB). 

PROOF. 

Cc ((PA) U ((PB) 4-* CC (PA V CC (PB 

<->CCAVCCB 

--*CcA U B 

—FCc 133 (A U B). 

The justification of the steps in this proof should be obvious. 

THEOREM 93. 6.(A nB) = (49A)n((PB). 

THEOREM 94. (P(A 	((wA)— (aB)) 13 fol. 

EXERCISES 

1. Find 
(P {Archimedes}, 

RP {Archimedes), 

(P ( {Archimedes, Newton}, 0). 
2. Find 

(P61130. 

Q.E.D. 

3. Prove Theorems 88 and 90. 
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4. Prove Theorem 03. 
5. Prove Theorem 94. 
6. Give counterexamples to show that it is not always the case that 

(a) ((PA) U ((PB) = (P (A  UB) 

(h) (13(A B) = ((PA) 	B) 

( § 2.8 Cartesian Product of Sets. The Cartesian product of two sets 

A and J3 Jin symbols: A X B) is theselOt__I—o-i—•dereilWirsi(x, y) such 
TffC  A and y e B. For example, if 

A = {1,2 } 

B =  {Archimedes, Eudoxusi 

then 	 lo,A 1 	o- 	 0 • 
A X B = 1(1,  Archimedes), (1, Eudoxus), (2, Archimedes) 

(2, Eudoxus)). 

Formally, we have: 

DEFINITION 17. A X B 

.2„  

(x,Y): 27 C A 4SL yC Bj. 

In order to prove the stp dard theorems about Cartesian products, we 
must show that the intuitively appropriate set exists. The proof of this 
fact depends in an essential way on the power set axiom. The crucial 
idea of the proof is that if 

x = (y
), 

yeAandze/3 

then 
x  C  (P(P(A U B). 

THEOREM 95. (3C)(Vx)(x C 4-4  (30(32)(Y  C A & z  C B & 
x = (y,z)). 

PROOF. By virtue of the axiom schema of separation 

(1) (3C)(V x)(x C C4-* re. (P(P(A U B) 

(30(30(Y C A &zEB SL  X = (y4)). 

Since the theorem is just (1) without `x C  (PC?(21 U BY , our task is to 
show that the equivalence given in (1) still holds when this clause is 
eliminated. Given (1) it follows at once that 

(2) x C 

implies 

(3) (321)(30(Y EA& zE B ezx= (y,z)). 
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To establish the converse implication it will suffice to show that (3) implies 

(4) 	 xc PW(A U B), 

since by virtue of (1) it will then be obvious that (3) implies (2). 
Thus we need show only that (3) implies (4). Now by (3) and the 

definition of ordered pairs 

= {{y}, ty,z11, 

and since by hypothesis y C A and z  E B, we have: 

( y) g A u B, 

and 

ly,z1 g A  U B, 

whence by virtue of Theorem 86 

ta')  c  P(A 

and 

{y, z} (P(A B). 

ity), {Y,z}1  Ç 033 (A  U B), 

that is, 

Ç 	u B), 

but by virtue of Theorem 86 again, we then have: 

x aw(A  U B), 

which is what we desired to prove. Q.E.D. 
We have then almost immediately the following two useful theorems. 

THEonEm 96. xCA X13 <--> (30(3MY CA&zEB&x= (M)) . 

TFEEOREM 97. (x,y)C  Ax./34-4xcAez, y B. 

We next turn to a number of theorems whose intuitive content is obvious. 
Several of the proofs are omitted and left as exercises. 

THEOREM 98. A><B=0<->A=ON/B= O. 

PROOF [Necessity]. We use an indirect argument. 
By hypothesis A X B = O. Suppose now that 

AO&Bp 6  O. 

Thus 
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Then by Theorem 2 

(3Y)(y  c A) & (3z)(z B), 

and thus by Theorem 96 

(y,z)c  AXB, 

which contradicts the hypothesis and proves our supposition false. 
[Sufficiency]. From the condition that A= 0 or B= 0 and Theorem 

2, we infer 

(1) 	 -(3y)(y c A) V -(3z)(z B), 

and it follows from (1) that 

-(3y)(3z)(ycA&zcB&x=(y,z)), 

and thus by Theorem 96, for every x 

x(ZAXB. 

Hence by Theorem 2 

AXB= O. 	 Q.E.D. 

THEOREM 99. AXB-BXAI-> (A =OVB=OV A= B). 

rnooF [Necessity]. Suppose that A 0, Bo 0 and A0B, i.e., 
suppose the condition does not hold. Since A0B, there is an x such 
that either sc A&seB or xqA &scB. For  definiteness,  let us 
assume the first alternative holds, and let y be an element of B (there are 
such elements, since B00). Then by Theorem 97 

(x,y)c AXB, 

and thus from the hypothesis that A XB =BXA, we have: 

(xMCBXA 

but by virtue of Theorem 97 again 

C B, 

which contradicts our assumption that s e B. 
[Sufficiency]. Of the three possibilities we may use Theorem 98 to 

combine two; namely, from A - 0 V B =  0 we infer that 

AXB=0=BX A. 

Assume now the third possibility: A =B. Then since it isa truth 
of logic that 

AXA= AXA 



52 	 GENERAL DEVELOPMENTS 	 CHAP. 2 

we have at once that 

AXB=BXA. 	 Q.E.D. 

THEOREM 100. A / 0 &A xBc A ><C--)Bc C. 

PROOF. If B = 0, the proof is trivial, so assume B / 0. Since by 
hypothesis A / 0, let 

Then by Theorem 97 

and thus by hypothesis 

xCil&yEB. 

(x,Y) CA X B, 

(x,y) c A X C. 

Hence by use of Theorem 97 again 

(1) 	 y C C. 

Since y is an arbitrary element of B,(1) establishes that BCC. Q.E.D. 
The proof of the next theorem is left as an exercise. 

THEOREM 101. BCC—,A X Bc A X C. 

The next three theorems state three distributive laws for the operation 
of forming the Cartesian product of two sets. Only the first one is proved 
here. 

THEOREM. 102. A X (B n = (A X B) n (A X C). 

PROOF. 

(x,y) C A X (B n C) 4-* xcA&yEB n C 	by Theorem 97 

+-*xcA&ycB&ycC byTheorem 12 

<--ccA&yEB&xcA&yEC 

by sentential logic 

(x,y) c A X B& (x,y) CA X C 

by Theorem 97 

(s,y) C (A X B) n (A X C) 

by Theorem 12. 

Q.E.D. 

THEOREM 103. A X (B U C) = (A X B) U (A X C). 

THEOREM 104. A X (B C) = (A X B) (A X C). 
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EXERCISES 

1. Prove Theorems 96 and 97. 
2. Prove Theorem 101. 
3. Prove Theorems 103 and 104. 
4. Give a simple counterexample to show that in general it is not the case that 

A U (B X C) = (A x B) U (A X C). 

5. Is the Cartesian product operation associative? If so, prove it. If not, 
give a counterexample. 

6. Prove that 

A x nB n (A X C). 
c,EB 

§ 2.9 Axiom of Regularity. It is difficult to think of a set which 
might reasonably be regarded as a member of itself. Certainly the set of 
all men, for example, is not a man and is therefore not a member of itself. 
Perhaps it might be argued that in intuitive set theory the set of all abstract 
objects or the set of au sets should provide an example of a set which is a 
member of itself, but as we saw in the first chapter, the set of all sets is 
itself a paradoxical concept. 

These remarks suggest we take as an axiom: 

(1) AA.  

However, the assumption of (1) would not prohibit the counterintuitive 
situation of there being distinct sets A and B such that 

(2) ACB&BCA. 

(If you do not believe (2) is counterintuitive, try to give a simple example 
of sets A and B satisfying (2).) Furthermore, if we took (2) as an axiom, 
longer counterintuitive cycles of membership would not be ruled out — like 
the existence of distinct sets A, B, and C such that 

(3) AcB&BEC&Cc A. 

We prevent such cycles of any length n by adopting an axiom which is, 
on the assumption of our other axioms, including the axiom of choice, 
equivalent to the non-existence of infinite descending sequences of sets 
(i.e., A i+1  c A i). The form of the axiom which we adopt, the axiom of 
regularity, is due to Zermelo [1930], although an essentially equivalent 
but more complicated axiom was given earlier in von Neumann [1929, 
p. 231] :* 

A  

*The essential idea was formulated even earlier in von Neumann [1925, p. 2391  and 
prior to that in Mirimanoff [1917]. 
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This axiom was called by Zermelo the Axiom der Fundierung. Intuitively 
it says that given any non-empty set A there is a member z of A such that 
the intersection of A and a: is empty. The part `(Vy)(y y A)' 
which expresses that the intersection of A and a; is empty has not been 
replaced by the simpler appearing formula 'A n 2; = 0' because of the 
conditional definition of intersection; for if fe is an individual, the definition 
assigns no intuitive meaning to the intersection of a; and any other object. 
When it is clear that a: must be a set, we use the simpler formula in proofs. 

We now use the axiom of regularity to prove (1) and the negation of 
(2) as theorems. 

THEOREM 105. A A. 

PROOF. Suppose that A is a set such that A C A. Since A  c MI) 
we then have 

(1) 	 A c fAInA. 

By virtue of the axiom of regularity there is an s in (A) such that 

(AI n x = 0, 

but since {A is a unit set, 

= A, 

and thus 

LAI  n A = 0,  

which contradicts (1). Q.E.D. 

THEOREM 106. —(ACB&BcA). 

PROOF. Suppose that A EB&Bc A. Then 

(1) 	A C {A,B1 n B and B {A,B) n A. 

By the axiom of regularity there is an a; in {A ,B1 such that 

{A,BI n x 0 
and by Theorem 43 

a; = A or x B. 

Hence 

{A,B) n A = 0 or IA,BI n B = 0, 

which contradicts (1). Q.E.D. 
The proof of Theorem 106 proceeded exactly as did that of the previous 

theorem. Proof of the impossibility of a cycle of three or more sets proceeds 
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As an example of the kind of theorem for which the axiom of regularity 
is essential, we may prove a theorem about Cartesian products which may 
seem intuitively obvious, but which cannot be proved on the basis of only 
the axioms introduced earlier. 

THEOREM 107. ACAXA-3A=0. 

PROOF. Since by hypothesis A is a subset of A X A, from the definition 
of Cartesian product we know that if z A then there are elements x and 
y such that 

(1) z = (x,Y) 	(x), tx,Y) 

and 

(2) xcA&ycA. 

Suppose now contrary to the theorem that A 0. Let us apply the axiom 
of regularity to A U U A; whence there is a non-empty set C such that 

CEA LI UA 

and 

(3) C n (A u  UA) = O. 

That C must be a non-empty set, and not the empty set or an individual, 
follows from (1) — the elements of both A and U A must be non-empty 
sets. Suppose now that Cc A. Then by Theorem 62, CC UA and since 
C is non-empty, we must have 

C n UA 0, 

which contradicts (3). Thus C must be in U A,  but on the basis of (1), 
there are elements x and y such that 

C = Ix) V C = lx,y) 

and on the basis of (2), ;y  c A, whence in either ease 

C n A 0, 

which also contradicts (3), and proves that our supposition that A 0 
is false. Q.E.D. 

Even though the axiom of regularity has very natural consequences 
and imposes, as Zermelo remarked in his 1930 paper, a condition which will 
be satisfied in all practical applications, it is possible to construct systems 
of set theory which contradict this axiom. Two examples are Lesniewski's 
system of ontology (for .a good account see Slupecki [19551) and the system 
Of quine [1940]. 
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EXERCISES 

1. Prove that for all sets A, B, and C it is not the case that 

ACB &BEC &CC A. 

2. Prove that if A= A XB then A = O. 

3. Prove that if A X B 0 then there is a C in A X B such that (Uo n 
(A X B) = O. 

4. Prove an analogue of Theorem 46 for the following definition of ordered 
pairs: 

(x,v)--  Ix, fx,v11. 
§ 2.10 Summary of Axioms. For convenient subsequent reference 

we summarize here the six non-redundant axioms introduced in this chapter. 
The union axiom is omitted because it was shown in §2.6 that it follows 
from the axiom of extensionality, the pairing axiom, and the sum axiom. 
These six axioms suffice for all developments in Chapter 3, which is con-
cerned with relations and functions. 

Axiom of Extensionality: 

(Vx)(xCA4-*xcB)—*A =B. 

Axiom Schema of Separation: 

(3B)(V x)(x B4->x C A & v(x)). 

Pairing Axiom: 

(3A)(sez)(z A 4-* z = x V z = ). 

Sum Axiom: 

(3C)(V x)(x C (3B)(x CB&BE A)). 

Power Set Axiom: 

(3B)(V 	B C g A). 

Axiom of Regularity: 

A 94  0 (3x)[xE A & (Vy)(y 	y An 



CHAPTER 3 

RELATIONS AND FUNCTIONS 

§ 3.1 Operations on Binary Relations. In everyday contexts we 
frequently speak of relations which hold between two, or among several, 
things. Thus we may say that Augustus stood in the relation of stepfather 
to Tiberius, or that the relation of betvveenness holds among three points. 
When we refer to relations in ordinary contexts we insist that there be some 
intuitive description of the sort of connection existing between items which 

stand in a given relation. Fortunately this vague idea of intuitive con-
nectedness may be dispensed with in formal contexts and a relation may 
be defined simply as a set of ordered pairs. We shall in this chapter be 
concerned almost entirely with the theory of binary relations, that is, 
relations which hold between two things. Moreover, as we shall see, the 
theory of n-place relations may be constructed within the theory of binary 
relations. Consequently we omit the modifying adjective 'binary' in the 
formal definition.* 

DunNrrioN 1. A is a relation 4---> (VS)(X C A (30(34(x = (y, z»). 

It is interesting to note that this is our first definition of a one-place relation 
symbol since Definition 1 of Chapter 2, which characterized the property 
of being a set. A natural idea would be that subsequent definitions con-
cerning relations must, like the definitions following the definition of sets, 
be largely conditional in form. However, this is not the case, and nearly 
all of what follows applies to arbitrary sets, not just those special sets 
which happen to be relations. 

The subsumption of n-place (or n-ary) relations under this definition 
may be exemplified by considering ternary, that is, three-place relations. 

*Definitions and theorems are numbered anew in each chapter. A reference to a 
definition or theorem without explicit mention of a chapter is to a definition or theorem 
in the same chapter as the reference. 
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A set A is a ternary relation if and only if A is a relation and 

(Vx)(x c A —> (3y)(3z)(3w)(x = ((y, z), w))). 

On the other hand, notice that not for every intuitive relation which 
occurs in set theory is there a corresponding set of ordered pairs. For 
instance, there is no set corresponding to the inclusion relation between 
sets. In von Neumann set theory there is a proper class which is the 
inclusion relation between sets, but there is no proper class corresponding 
to the inclusion relation between proper classes. 

We begin systematic developments with three simple theorems, after 
first introducing the useful notation: x A y. 

DEriNrrioN 2. x A y 4-* (x, y)  c A. 

THEOREM 1. 0 is a relation. 

PROOF. Immediate from the definition of relations, since the empty set 
has no members. 

THEOREM 2. R is relation & S  Ç R —÷ S is a relation. 

PROOF. Let x be an arbitrary element of S. Then by hypothesis 

x R, 

whence, also by our hypothesis, there is a y and a z such that 

= (y, z). 

Hence, according to Definition 1, 8 is a relation. Q.E.D. 

THEOREM 3. R and S are relations --) R fl S, RuS and  R S are 
relations.  

Use of the variables 'IV and 'S' in the last two theorems is no formai 
innovation, for all capital italic letters are set variables; it is meant to be 
merely suggestive of the fact that we are intuitively thinking about those 
sets which are relations, although the theorems hold for arbitrary sets. 

If R is a relation then the domain of R (in symbols: DR) is the set of all 
things x such that, for some y, (x, y) c R. Thus if 

1(0, 1), (2, 3)) 

then 

DR, = {0, 21. 

The range of R (in symbols: (RR) is the set of all things y such that, for 
some x, (x, y) R. Thus 

(RR, = 1 1, 3). 
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The range of a relation is also called the counterdcmzain or converse domain. 
The field of a relation R (in symbols: ffR) is the union of  its domain  and 
range. For example, 

5R 1 =  10, 1, 2, 3). 

In the obvious formal developments connected with the three concepts 
of domain, range, and field the only difficult problem is to show that the 
intuitively appropriate set exists. As usual the definitions themselves are 
axiom-free. 

DEFINrrioN 3. 2A = ix: (3y)(x A y)). 

That SDA is the appropriate set is confirmed by the following theorem. 

THEOREM 4. x c 	(3y)(x A y). 

PROOF. By virtue of the axiom schema of separation 

(1) (3B)(Vx)(x B x c U UA & (3y)(x A y)). 

We want to establish the equivalence obtained from (1) by omitting: 

(2) xc UU A. 

Consequently, we need to show that (2) is implied by the assertion that 
there is a y such that 

(3) x A y. 

The following chain of implications serves the purpose. By Definition 2 
we have from (3): 

Y)C A, 

whence by virtue of the definition of ordered pairs 

I ixl, Ex, Yll c A. 

Thus by Theorem 55 of Chapter 2 

fx) c UA, 

and by virtue of Theorem 55 again 

cc  UU A. 

It thus follows easily from (1) that 

(4) (3B) (V x)(x  E: B (3y)(x A y)). 

The remainder of the proof simply requires routine manipulation of 
definition by abstraction. Perhaps it will be useful again to put in the 
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details. By appropriate substitution in  Definition Schema 11 of Chapter 
2 we obtain: 

(5) DA 

	

	{x: (3y)(x A y)) [(VX)(X C DA 4-> (3y((x A y)) V 
E-(3B)(Vs)(x c B 4-> (3y)(x A y)) &DA = 0]]. 

By virtue of  Definition  3 above we obtain at once from (5) 

(6) (Vx)(x C DA 4-> (3y)(x A y)) V 

[-(3B)(Vx)(x  C B 4-* (3y)(x A y)) Sz;  DA = 01 , 

and from (4) and (6), we immediately conclude that our theorem holds. 
Q.E.D. 

Notice that in spite of the formidable appearance of (5) and (6), the 
inference of the theorem from (4), (5), (6) and Definition 3 involves only 
sentential logic. 

THEOREM 5. (A u B) = DA u 

PROOF. 

x 	UB) 4-) (3y)(x A uB y) 
	

by Theorem 4 

4-> (3y)(x A y V xB y) 
	

by Theorem 20 
of Chapter 2 

(3y)(x A y) V (3y)(x B y) 	by quantifier logic 

4-ixca.)AVxcDB 	 by Theorem 4 

c  A LJZB 	 by Theorem 20 
of Chapter 2 

Q.E.D. 

Two similar theorems relating domains and intersections and differences 
are stated without proof. 

THEOREM 6. D(A nB) c 3)21 

TELE0REm 7. DA DB c 5)(A B). 

The notion of range _may be defined symmetrically to that of domain. 

DEFINITION 4. (RA = {y: (3x)(x, A y)). 

Since the theorems on the range operation parallel those on the domain 
operation, proofs are omitted. Moreover, the obvious analogue of Theorem 
4 is not stated. 

THEOREM 8. GI (Au = 61.A.0 

THEOREM 9. 	nB) c (RA n 
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THEOREM 10. (RA 	B C 

The notion of the field of a set is defined as expected. 

DEFINITION 5. gA 	A U A.  

At the moment we shall prove no theorems about the field operation F , 

but we shall subsequently make use of it. 
We now turn to the important notion of converse operation. As in the 

case of the three operations just introduced, the definition applies to 
arbitrary sets, not merely to relations. The converse of a relation R (in 
symbols: fi) is the relation such that for all x and y, x fi y if and only if 
y R x. The converse of a relation is obtained simply by reversing the order 
of the members of all the ordered couples which constitute the relation. 
Thus the converse of the relation of husband is that of wife. Referring to 
the simple relation R, introduced above, 

j t  

The definition is so framed that members of sets which are not ordered 
pairs do not belong to the converse of the set, and thus the converse of 
every set is a relation. 

DEFINITION 6. A 	((x, y):  y A x). 

As usual the immediate problem is to show that the axioms stated in 
Chapter 2 are strong enough to guarantee existence of the intuitively 
appropriate converse set. 

TFLEOREM 11. a; ;4: 	y A x. 

PROOF. By virtue of the axiom schema of separation 

(1) (3B)(Vx)(z B 4-> x GM. X DA & (By)(3z)(z = (y, z) & z A y)). 

As in previous proofs the crucial step is to show that the formula: 

(2) 

implies: 

(3) 

(3y)(3z)(x (y, z) & z A y) 

x (RA X DA. 

The following implications suffice, given that x = (y, z): 

zAy-->yECRA&zEnA 

—> (y, z) (RA X DA 

—' XE (RA X A. 

Thus we are now justified in concluding from (1) that 

(4) (3B)(V:r)(x  C B 4-4  (3Y)( 3z)(x = (y, z)& z A y)). 



62 	 RELATIONS AND FUNCTIONS 	 CHAP. 3 

By the routine steps previously taken (see, e.g., proof of Theorem 4), we 
infer from (4) and Definition 6 that 

(5) 	 x 	4-> (3Y) (3z)(x (y, & z A O. 
Our theorem follows by a straightforward application of quantifier logic 
to (5). Q.E.D. 

The strategy of this proof, like others which appeal to the axiom schema 
of separation for establishment of the existence of some set, naturally falls 
into two parts. First, it must be decided what set already known to exist 
has the desired set as a subset. Here the answer is that the set A is in-
tuitively a subset of the Cartesian product of the range and the domain 
of A. Second, it must be proved that satisfaction of the condition so in 
the axiom of separation implies membership in the larger set. Here this 
consists of showing that (2) implies (3). When these two parts of the proof 
are completed, it is usually a routine matter to finish the remainder. 

We now turn to some theorems about the converse operation; their 
intuitive content should be obvious. 

THEOREM 12. A is a relation. 

PROOF. If x  E A, then by virtue of the definition of the converse 
operation and Theorem 47 of Chapter 2 

(3Y) (3z) (x = (Y, 4); 

the theorem then follows from the definition of relations. Q.E.D. 

THEOREM 13. A C A. 

TrinonEm 14. R is a relation --> R = R. 

Three distributive laws are next. 

THEOREM 15. AnB=Ânfi. 

PROOF. By virtue of Theorem 12 and Theorem 3 it is clear that we need 
only consider ordered pairs: 

x A nB y<-)-yAnBx 

4--*yAxSzyBx 

4-4 XAy&XBy  
4-4 X (A  nij)y. 	 Q.E.D. 

(Note that in listing a sequence of equivalences we do not now justify each 
step when the inference is obvious from previous theorems.) 

THEOREM 16. AUB=AUjj. 

THEoREm 17. A,B=Â-ii. 
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The notion which it is natural to introduce next is that of the relative 
product of two sets. If R and S are relations then the relative product of 
R and S (in symbols: R/S) is the relation which holds between x and y 
if and only if there exists a z such that R holds between x and z, and S 
holds between z and y. Symbolically, we have: 

DEFINracal 7. A/B = Rx,y): (3z)(x A z &zB y)1. 

If, for instance, 

R=  (1, 3), (2, 3)1 

S=  [(3, 1)) 

then 

R/S = R1,1), (2,1)1 

S/R = ((3, 3)). 

Proof of the next theorem, which uses the axiom schema of separation 
to settle the usual existence question, is left as an exercise. 

THEOREM  18. xA/By 4-* (3z)(x A z&zB y). 

The proofs of the next four theorems are easy and will be left as exercises. 

THEOREM 19. A/B is a relation. 

THEOREM 20. 0/A = O. 

THEOREM 21. 2(A/B)  Ç A.  

THEOREM 22. A cB&CCD-->A/CCB/D. 

Three theorems asserting distributive laws follow; the proof of only 
one is given here. 

THEOREM 23. A/ (BUC) = (A /B)U (A/C). 

PROOF. By virtue of Theorem 19 and the previously proved fact that 
the union of two relations is a relation, we know at once that both A/ 
(BUG) and (A/B)U (A/C) are relations. Hence the following equivalences 
establish our theorem: 

x A/(BUC)y4-> (3z)(x A z& z BUG y) 

4->(3z)(xAz&(zByV zey)) 

4-*(3z)((xAz&zB y) V (xAz&zCy)) 

4->(3z)(sAz&zBy)V (3z)(xAz&zey) 

4-> x A/By V x A/Cy 
4-> x(A/B)U(A/C)y. 	 Q.E.D. 
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It may be noticed that finding a proof of this sort depends upon some 
familiarity with the manipulation of quantifiers. 

THEOREM 24. A/(Bnc) Ç (A /B) n (A/C). 

THEOREM 25. (A / B) (A / C) g_ A/ (B C). 

The example following the definition of the relative product operation 
indicates that this operation is not commutative. When combined with the 
converse operation, we do get the following interchange of order: 

THEOREM 26. A/B = 

PROOF. 

x A/B y yA/Bx 

4-->(3z)(yAz&zBx) 

(3z)(x fiz&zI y) 

(--).x13-/À y. Q.E.D. 

The next theorem shows that the relative product operation is associative, 
and thus parentheses may be omitted without ambiguity in reiterated 
occurrences of the relative product symbol. 

THEOREM 27. (A/B)/C = A/(B/C). 

The proof is omitted because it is a straightforward exercise in quantifier 
logic. 

We now define the notion of a relation's domain being restricted to a 
given set. As usual the definition applies to arbitrary sets. 

DEriNiTioN 8. RIA = R n (A X cR(R)).* 
The definition may be illustrated by a simple example. Let 

R = { (1, 2), (2, 3), (0, Edgar Guest)1, 

A = 11, 21. 

Then 

RIA 	Ri, 2), (2, 3)1. 

Proofs of the following six theorems are left as exercises. 

THEOREM 28. xRlAy4—>xRy&xcA. 

THEOREM 29. A C B —)RIA RIB. 

*The vertical line is a standard notation for this notion. See, for instance, Kuratowski 
D933, p. 12]. 



SEC. 3.1 	 RELATIONS AND FUNCTIONS 	 65 

THEOREM 30. RI(A nB) = (RIA)n (RIB). 

THEoRravi 31. RI (A U B) = (RIA)U (RIB). 

THEOREM 32. RRA B) = (RIA) (RIB). 

THEOREM 33. (R/S)IA = (RIA)/S. 

The next definition introduces the notation*: R"A, which is read: the 
image of the set A tender R. Thus if R and A are defined as in the previous 
example 

R"A = 

and 

R" {01 	{Edgar Guest 1.  

DEFINITION 9. R"A = at(RIA). 

Most of the proofs of the theorems concerning images of sets are omitted. 
To reduce the number of parentheses in the statement of these theorems, 
we use the convention that 'U',  ' dominate ". Thus R" A U B 
is (R" A) U B not R" (A U B). 

THEOREM 34. ycR"Ai-->(3x)(xRy&xcA). 

THEOREM 35. R" (A U B) R" A U R"B. 

PROOF.  yE1 R"(AUB) (3x)(x Ry&xc AUB) 

4.a(3x)(xRy&xcA)v (3x)(xRy&xcB) 

y 1:1"A V yc R"B 

R"AuR"B. 	 Q.E.D. 

THEDREm 36. R"(A (lB) c R"AnR"B. 

A simple example shows that inclusion cannot be strengthened to identity 
in this theorem. Let 

R = {(1, 3), (2, 3)1, 

A, = {1 } , 

B, =  {21. 

Then 

R 1 "(A 1 I1B 1) = 0, 

but 

R,"A,nR,"B,= 

*The cotation R"A follows that of Whitehead and Rumen. 
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TREoREm 37. R" A R"B G R"(A B). 

PROOF. YER"A ,--, R"B<->yER"ASzyeR"B 

4-* (34(x Ry&xc A) & -(3z)(z R y&zE B) 

(3x)(xR y & sc A) & (V z)(z R y z B) 

-4(3:1;)(xRy&scA&seB) 

- -> (3x)(x R y &xc A B) 

- y R"(A B). 	 Q.E.D. 

The particular sets used in the example just preceding this theorem may be 
used to show again that inclusion cannot be strengthened to identity: 

R i"B i =  0 

R,"(A,^- 	= 	Ai = 

THEOREM 38. A C B R"A C R"B. 

THEOREM 30. R"A = 0 +4 2R nA = o. 
The following theorem is somewhat surprising. 

THEOREM 40. 21R n A C R" (R"A). 

PROOF. x c 5.)R n A (3y)(x R y &xc A) 

- -> (3y)(x R y& yc R" A) 

- (3y)(y fix&yc R"A) 

- + x c  Q.E.D. 

The particular sets R 1 ,  A 1 ,  and  B 1  show why inclusion cannot be replaced 
by identity, and why the equivalence in line (1) of the proof must be 
weakened to an implication in line (2). 

5.)R 1 nA i  = { 1 1) 

but 

fil u(Ri uAl) = 	21. 

THEOREM 41. (R"A) nB = R" (A nii"B). 

PROOF. y C  (R"A) nB (3x)(x R y & wc A & y B) 

4--*(3x)(xRy&xc"Bie&xcA) 

+-> 

 

(3w) (w R y & z Ank"B) 

y R"(A nh"B), Q.E.D. 
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Some further theorems on the restriction and image operations are 
given in the last section of this chapter under the additional hypothesis 
that R is a function. 

EXERCISES 

1. Give a counterexample to the statement: 

DA  =  0 — A = 0. 

2. Which, if any, of the analogues of Theorems 5, 6, and 7 hold for the field 
operation 51 

3. Prove that the Cartesian product of two sets is a relation. 
4. Prove Theorem 3. 
5. Under what conditions does 

3-.)(A X B) = A? 

6. Under what conditions does 

(A X B) = A 1:1 B? 

7. Prove Theorems 6 and 7. 
8. Give a counterexample to the statement: 

5OA  n DB C 2(4 aB). 
9. Prove Theorems 8, 9, and 10. 

10. Give a counterexample to the statement: 

A = A. 
11. Prove that 

AXB=BXA. 

12. Prove Theorems 13 and 14. 
13. Prove Theorems 16 and 17. 

14. Prove that 
(A X B)/ (A X B) CA X B. 

15. Prove Theorems 19-22. 
16. Prove Theorems 24 and 25. 
17. Give a counterexample to the statement: 

(A/B) fl (A/C')  Ç  AAB 

18. Prove Theorem 27. 
19. Prove that 

x  C DA —›  a  Abi.x. 
20. Is it true that 

(a) R/ U A = U(Ii/ A), 

(b) (VR)(li C A —› NBC R)—,UA/UA   C  UA,  
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(e) (V R)(R A —> R/R C R)—> nA/n A C nA, 

(d) (V R)(R C A --> 	= R)-7UA/U A =  UA,  

(e) (VR)(R C A -4 	= R)--) n Ain A nA? 
21. Let R be the numerical relation such that 

xRy4->x+y =1. 

Let A be the set of prime numbers between 10 and 20. Explicitly describe RIA. 
22. Prove Theorem 28. 
23. Prove Theorems 29-31. 
24. Prove Theorems 32 and 33. 
25. Let R be the numerical relation such that 

sRy+-+a+1= y. 

Let A be the set of integers. 

(a) What set is frA? 
(b) What set is Rail? 
(c) What set is (R/R)"A? 

26. Prove Theorem 34. 
27. Prove Theorem 36. 
28. Prove Theorems 38 and 39. 
29. Prove that R"O =  0. 

§ 3.2 Ordering Relations. Relations which order a set of objects 
occur in all domains of mathematics and in many branches of the empirical 
sciences. There is almost an endless number of interesting theorems about 
various ordering relations and their properties. Here we shall consider 
only certain of the more useful ones; a large number of additional theorems 
are included among the exercises. 

We begin with the fundamental properties of reflexivity, symmetry, 
transitivity and the Like in terms of which we define different kinds of 
orderings. Because these notions are so familiar, illustrative examples are 
given only sparingly.* 

Regarding generality of definition, the situation is the same as in the 
last section: the definitions hold for arbitrary sets, not for just relations. 
However, in order to increase the immediate intuitive content of theorems, 
in this section we shall systematically use letters , 'S',  and  'T' as set 
variables in those contexts in which the ideas being dealt with naturally 
refer to relations. But it should be strictly understood that use of the 
variables 'if, and 'T' does not entail any formal restriction on the 
definitions and theorems. For instance, we define the property of transi- 

*Examples and elementary applications may be found among other places in.Suppes 
11 1957, Chapter 101. 
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tivity for arbitrary sets R, not merely for relations. Also, without intro- 
ducing a numbered definition we use henceforth the familiar notation: 

Y E A' for `x A & y A' and `x,y,z C A' for `xcA&yEASzzcA' 
etc. 

We begin with eight basic definitions. 

DEFINITION 10. R is reflexive in A 4-> (V x)(x A - > z R x). 

DEFINITION 11. R is irreflexive in A 4-> (IV x)(x C A -* -(x R x)). 

DEFINITION 12. R is symmetric in A 
<-4  (Vx)(Vy)(x,yc A & x R y -)y R 

DEFrrgrrioN 13. R is asymmetric in A 
(Vx)(Vy)(x,y A &xRy->-(yRx)). 

DEFINITION 14. R is antisymmetric in A 
4-*(Nifx)(V0(s,yEA&xRy&yRx->x= y). 

DEFINITION 15. R is transitive in A 
4->  (VX)(VO(VZ)(X)IV C A & sRy&yRz 

x R z). 

DEFINITION 16. R is connected in A 
<->(Vx)(Vy)(x,,yEA&xy->xRyVyRx). 

DEFINITION 17. 	is strongly connected in A 
(Vx)(Vy)(x,yEA-->xRyV yRx). 

In order to relate the above eight properties to the operations introduced 
in the previous section, it is more elegant to consider the corresponding 
one-place properties, that is, to deal with relations which are reflexive, 
rather than reflexive in some set A, etc. The general definitions just given 
are useful later. For brevity we define the eight one-place properties with 
one fell swoop; the definitions are obvious: we simply take A to be the 
field of the relation. 

DEFINITION 18. 

reflexive 

Ris  
stron

▪  

gly 
connected 

reflexive 

Ris 	 in if R. 
stron

▪  

gly 
connected 

   

In formulating the desired theorems, we need the notion of the identity 
relation on a set. It is clear from Theorem 50 of Chapter 2: 

{x: s  =  x  = 0 

that we cannot define an appropriate general identity relation, but what 
we can do is to define, for each set A, the identity relation gA on A. (Thus 



70 
	

RELATIONS AND FUNCTIONS 	 CRAP. 3 

the symbol 'g' is not an individual constant designating the identity relation 
but a unary operation symbol.) 

DEFINITION 19. gA = f(x, x): x Al. 

In addition to the definition, for working purposes we need the usual 
theorem guaranteeing that gA is the empty set only when we expect it to 
be. 

THEOREM 42. x gA x 4-> x A. 

PROOF. Since 

(x, 	=  11x1, 	xj} = 

it is clear that 

gA c emA. 

Moreover, it is easy to show that 

(1) 	 xc  A (lxil  c  GvA. 

By virtue of the axiom schema of separation and the definition of abstrac-
tion we may use (1) to obtain the theorem. Q.E.D. 

In this and subsequent proofs which use the axiom schema of separation 
to prove the existence of some set, we restrict ourselves to consideration 
of two crucial steps: deciding what set known to exist has the desired set 
as a subset, and then showing that satisfaction of the appropriate condition 

in the axiom (here it, is `x  c A') implies membership in the larger set. 
It is perhaps clarifying to remark that the formal proof does not require 
the inference that 

gA c PIPA,  

although this easily follows. But the search for a set that has gA as a 
subset is an essential strategic consideration in finding a valid proof. 

We state without proof three simple theorems concerning identity 
relations. 

THEOREM 43. DgA = A. 

THEOREM 44. gA/gA = gA. 

THEOREM 45. R is a relation 4-> (gDR)/R = R. 

The eight theorems which follow could have been used as definitions, 
and they are often so preferred. In the proofs familiar properties of the 
operations are used without explicit reference to the appropriate theorems. 

THEOREM 46. R is reflexive 4-> gg R C R. 
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°PROOF. [Necessity]. By Definition 17 every element in 6gR is of the 
form (x, x), whence by Theorem 28, x gR, and it then follows from the 
hypothesis that R is reflexive that (x, x) c R. 

[Sufficiency]. Let x be an arbitrary element of ŒR. Since our hypothesis 
is that 

ggR C R 
it follows at once that 

(x, 

but then R is reflexive. Q.E.D. 
This proof is fairly trivial, but it illustrates the approach to the remain-

ing seven, most of which are not proved here. 

THEOREM 47. R is irreflexive R flggR = O. 

THEOREM 48. R is symmetric <-› = 

THEOREM 49. R is asymmetric 4--) R nr? = O. 

THEOREM 50. R is antisymmetrie - 	C  R.  

THEOREM 51. R is transitive R/R C R. 

PROOF. [Necessity]. If 
x R1R y 

then there is a z such that 
xRz&zRy, 

whence by the hypothesis of transitivity 

R y. 

[Sufficiency]. From our hypothesis that 

R/R C R 
we have at once: 

(1) (3z)(xRz&zRy)--xRy, 

but it is a familiar fact of quantifier logic that (1) is logically equivalent to: 

(2) xRz&zRy--xRy. 	 Q.E.D. 

	

THEOREM 52. R is connected 4-)- (FR X FR) 	C 1:-.) P. 
PROOF. [Necessity]. If 

(1) s [(gR X gR)  r ggR] y 

then 

(2) xCgR&yegRST,xXy, 
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but (2) together with the hypothesis thnt R is connected yields: 

(3) 

whence 

(4) 

xR yV yR x, 

x(RU 

[Sufficiency]. We want to derive (3) from (2) on the hypothesis that 

(5) (V? X aR) ggR C R  U. 

Now (5) entails that (1) implies (4), but (1) is equivalent to (2), and (3) 
is equivalent to (4). Q.E.D. 

TIIEOREM 53. R is strongly connected gl? X V? = R W fi. 

Numerous additional facts are stated in the exercises: asymmetry implies 
irrefiexivity; symmetry and transitivity imply reflexivity; all eight prop-
erties defined in Definition 18 are invariant under the converse operation; 
and so forth. 

We now use these eight properties to define five kinds of ordering 
relations; the kinds are not mutually exclusive. For instance, any partial 
ordering is also a quasi-ordering. 

DEFINITION 20. R is a quasi-ordering of A 4 - R is reflexive and 
transitive in A. 

DuriNrrioN 21. R is a partial ordering of A  ++R >1? is reflexive, anti-
symmetric and transitive in A. 

DEFINITION 22. R is a simple ordering of A 4-+ R is antisymmetrk, 
transitive and strongly connected in A. 

DEmirrioN 23. R is a strict partial ordering of A 4-* R is asymmetric 
and transitive in A. 

DEFINITION 24. R is a strict simple ordering of A 4-> R is asymmetric, 
transitive and connected in A. 

Analogous to Definition 16, we also define en masse the appropriate 
one-place predicates. 

DEFINITION 25. 

quasi-ordering  {quasi-ordering} 

4-* R is a Rica, 
strict simple of gR. 

strict simple 
ordering J 	 ordering 
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Definitions 20-24 will be useful in Chapter 6, which  i.  concerned with the 
construction of the real numbers. For the moment, we state some obvious 
theorems about the orderings of Definition 25. 

THEOREM 54. R is a partial ordering —> R is a quasi-ordering. 

THEOREM 55. R is a simple ordering —4 R is a partial ordering. 

THEOREM 56. R is a simple ordering —> fi is a simple ordering. 

THEOREM 57. R and S are quasi-orderings flS  is a quasi-ordering. 

PROOF. We need to show that Rns is reflexive and transitive. Let 
x be an arbitrary element of g(R nS). Then x Vi and x  E gS, whence 
by hypothesis 

xRx&xSx, 
and thus 

x Rns x. 

Transitivity is established by the following implications, the second line 
following from the first on the basis of the hypothesis of the theorem: 

xRnSy&yRnSz—>xRy&yRz&xSy&ySz 

,—*xRz&xSz 

—4xRn8z. 	 Q.E.D. 

The union of any two quasi-orderings is not a quasi-ordering. For 
instance, let 

R = {(1, 1), (2, 2), (1,2)1 
and 

AS = { (2, 2), (3, 3), (2, 3)1, 

then R and S are quasi-orderings, but R  US  is not, for it is not transitive. 
However, if the fields of R and S are mutually exclusive, then their union 
is a quasi-ordering, as asserted in the next theorem. 

THEOREM 58. R and S are quasi-orderings & R ngS =  O  —*RU S is a 
quasi-ordering. 

An exact statement of the relationship between partial orderings and strict 
partial orderings is provided by the next two theorems. 

THEOREM 59. R is a partial ordering R ggR is a strict partial 
ordering. 

THEOREM  60. R is a strict partial ordering —> RU gaR is a partial 
ordering. 
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The sense in which a simple ordering or strict simple ordering is complete 
is expressed by the following theorem. 

THEOREM 61. RcSC A X A&R and S are strict simple orderings 
of A --> R = S. 

We now want to introduce the important notion of a relation well-
ordering a set. If R is a strict simple ordering of A then R well-orders A 
if every non-empty subset of A has a first or minimal element (under the 
relation R). Actually, as we shall see, we need assume only that R is 
connected in A rather than it is a strict simple ordering of A. The asym-
metry and transitivity of R in A are then provable, as is the fact that any 
element of A except the last (under the relation R) has an immediate 
successor. 

Since this notion of well-ordering is somewhat subtler than the previous 
order notions introduced, the consideration of several examples will be a 
useful preliminary to the formal definition and theorems. In these ex-
amples, as in previous ones, we shall use integers, and in fact, real numbers, 
although these entities have not yet been defined formally within our system 
of set theory. 

Let N be the set of positive integers. Then N is well-ordered by the 
relation less than, since each non-empty subset of N has a first element, 
namely, the smallest integer in the set. On the other hand, N is not well-
ordered by greater than, since many subsets do not have first elements, 
in particular N itself. N does not have a first element with respect to > 
just because there is no largest integer. 

The notion of a well-ordering is so conceived that, unlike the other 
order properties considered so far, it is not invariant under the converse 
operation, that is, if R is a well-ordering, it does not follow that R is a 
well-ordering. We already have one such example: < well-orders N, 
but < does not. A somewhat different example is given by considering 

A=  { 0 1
3

'•• , -. 1 ,• - •11. 1 

that is, 

n-1 
 A = { 	i —

n 
n s a positive integer } U (11. 

The set A is well-ordered by <, but not by 	that is, not by  >. In this 
case, the set A itself has a first element under the relation >, but the subset 
A ---, 111 does not. 

By appropriate modification of the definition  of R-first element of A 
we can frame the definition of well-orderings in such a fashion that either 
< or < well-orders N, that is, we can let our well-orderings be simple 
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orderings as well as strict simple orderings. To a large extent, the choice 
is arbitrary; we can, if we want, let a well-ordering be neither of the two. 
For instance, if A {1, 2, 3) and 

R = 1(1, 1), (2, 2), (1, 2), (2, 3), (1, 3)) 

then intuitively R well-orders A even though R is neither a simple ordering 
nor a strict simple ordering of A. But this generalization is trivial, and 
there is one persuasive reason for choosing strict simple orderings rather 
than simple orderings: the membership relation is a strict simple ordering 
of the ordinal numbers as we shall define them, and, as we shall see, in 
Chapter 7, there is a natural connection between any well-ordering of a 
set and the well-ordering of the ordinals by the membership relation. 

We turn now to formal developments. It is technically convenient to 
distinguish between the notion of a minimal element and that of a first 
element. A minimal element has no predecessors, whereas a first element 
precedes every other element. Clearly, every first element is minimal, 
but not conversely. To prove asymmetry of well-orderings it is simpler 
to use the concept of a minimal element in their definition. 

DEF7NrnoN 26. x is an R-minimal element of A1-3xCA& (stY) 
(y C A —(yRx)). 

An obvious feature of this definition is that if R n (A X A) is empty then 
every member of A is an R-minimal element. However such degenerate 
situations are not of much interest; in the case of well-orderings, we get 
uniqueness of the minimal element. 

DErrtirrxoN 27. x is an R-first element of A 4—> x  c A & (VY)(y c A 
& y xRy). 

We next define well-orderings. Subsequently we state a simple necessary 
and sufficient condition in terms of asymmetry and first element in place 
of the concept of a minimal element. 

DEFINITION 28. R well-orders A 4 R is connected in A & (V B) 
(B c A & B 	—* B has an R-minimal element). 

We now prove that under this definition R is asymmetric and transitive. 

THEOREM 62. R well-orders A --> R is asymmetric and transitive in A. 

PROOF. To establish asymmetry, suppose by way of contradiction that 
there are elements x and y in A such that x R y and y R x. Then, contrary 
to the hypothesis that R well-orders A, the non-empty subset I x,y} of A 
lins no R-minimal element. 

For transitivity, suppose for some elements x,y,z C A, we have x R y 
and y R z, but not x R z. Since R is connected in A, we must then have: 



76 	 RELATIONS AND FUNCTIONS 	 CHAP. 3 

z R x. However, the subset {x,y,z1 does not then have an R-minimal 
element, for z R x rules out x as the R-minimal element, x R y rules out y, 
and y R z rules out z. Whence our supposition is absurd. Q.E.D. 

We leave as an exercise proof of the following three theorems. 

THEORF21/ 63. R well-orders A 4-* R is asymmetric and connected in A 
& (V B)(B  C A &B 	--> B has an R-first element). 

THEOREM 64. R well-orders A & A 	---> A has a unique R-first 
element. 

THEOREM 65. R well-orders A&Bc A R well-orders B. 

On the other hand it is, of course, not generally true that if R well-orders 
A and S c R, then S well-orders A. 

Our next task is to prove the theorem about unique immediate successors. 
Two definitions are needed. 

DEFINITION 29. y is an R-immediate successor of x 4-* x R y & (V z) 
(xRz-->z y V yRz). 

DEFINITION 30. x is an R-last element of A  *-  s C A & (V 0(y  E A 
&xX y -->yRx). 

The definition of last element is obviously similar to that of first element. 
In fact, we have: 

TnEonm 66. x is an R-last element of A 4-* x is an fi-first element of A. 

The result concerning immediate successors can now be established. 

THEOREM 67. R well-orders A &xc A &x is not an R-last element 
of A —* x has a unique R-immediate successor. 

PROOF. Consider B = {y: x R }. By hypothesis the set B is not 
empty, since x is not the last element of the ordering, and it is easily seen 
that B has a unique first element, which is the immediate successor of x. 
Q.E.D. 

In the theory of ordinal numbers it will be convenient to have the notion 
of an R-section and certain facts about such sections available. The closely 
related notion of the R-segment of a set generated by an element is also 
introduced. 

DEFINITION 31. B is an R-section of A 4-* Bc A &An fi"B C B. 

Thus a set B is an R-section of a set A if all R-predecessors in A of elements 
of B belong to B — obviously fi"B is just the set of R-predecessors of 
elements of B. If, for instance, 
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• 

 

A=  {1, 2, 3, 4} 

B 1  =  {1,21 

By = 0 

B 3 = 2, 3I, 

then B, and B2 are <-sections of A, but B, is not, since 1 <2 and 
1 e A B,. On the other hand, B, is not a ›-section of A, since 3> 2 
and 3 A / 3 1 . 

DEFINITION 32. S(A,R,x) = ly: yc A &y Rx). 

The notation: 8(A, R, x) is read: the R-segment of A generated by x. 
The set S(A, R, s) is just the set of R-predecessors of x which are also 
members of A. 

TFIEOREM 68. xC A &R is transitive in A S(A, R, x) is an R-
section of A. 

PROOF. Suppose y C 8(A, R, x). We need to show that the R-predeces-
sors of y which are members of A are also members of S(A, R, x). Let z 
be such an R-predecessor of y, that is, 

zC Anretyl, 

whence 

(1) z y. 

Since y S(A, R, x), we have: 

(2) y R 

and thus by the hypothesis of transitivity it follows from (1) and (2); 

z R 

from which we conclude: z  C S(A, R, x). Q.E.D. 
On the basis of this theorem it is easily proved that 

THEounm 69. R well orders A ---> (B is an R-section of A & B 2 4-> 

(3x)(x c A & B =  

Some further concepts of order such as those of an R-upper bound of x, 
an R-supremum of x, and a lattice are introduced in the exercises. 

EXERCISES 

1. Prove the following: 
(a) I? is asymmetric —+ R is irreflexive 
(h) R is asymmetric —> R is antisymmetric 
(c)  JA  is symmetric and antisytnmetric 
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(d) R is symmetric and antisynametric relation --> (3A)(R =  JA) 
(e) R is symmetric and transitive--> R is reflexive 
(f) R is strongly connected --> R is connected. 

2. Prove that 
R is reflexive 	=  DR.  

3. Prove that 

R is a relation -> (R is symmetric 4-) R =14). 

4. Prove Theorems 43-45. 
5. Prove Theorems 47-49. 
6. Prove Theorems 50 and 51. 
7. Prove Theorem 53. 
8. Prove the following: 

(a) R is reflexive -) is reflexive 
(b) R and S are reflexive ->RUS is reflexive 
(c) R is irreflexive 	h is irreflexive 
(d) R and S are irreflexive --> Rf1S, R US, and 	S are irreflexive 
(e) R is symmetric -> :I?" is symmetric 
(f) R and S are symmetric -4? ns, R  US  and 	S are symmetric 
(g) R is asymmetric -4  , R flS and R S are asymmetric 
(h) R is antisymmetric --) R ns and 	S are antisymmetrie 
(i) R is transitive -4 T? is transitive 
(j) R is connected ---> T?  is connected 
(k) R is strongly connected -) h is strongly connected 
(1) R U g aR is reflexive 
(in) 	g V? is irreflexive 
(n) R is asymmetric -> R U g V? is antisymmetric 
(o) R is antisyrnmetric --> 	g 5- 1? is asymmetric' 
(p) R is transitive -> R U g oR is transitive 
(q) R is transitive and antisyn-unetric R 	g V? is transitive. 

9. Give a counterexample to each of the following assertions: 
(a) R and S are reflexive--) 	S is reflexive 
(h) R and 8 are reflexive-) RIS  is reflexive 
(c) R and  S are irreflexive R/S is irreflexive 
(d) R and S are symmetric -4  R/S is symmetric 
(e) R and S are asymmetric --) R US is asymmetric 
(f) R and S are asymmetric R/S is asymmetric 
(g) R and 8 are antisymmetric -) R  US is antisymmetric 
(h) R and S are transitive-) R US is transitive 
(i) R and S are  transitive -> R S is transitive 
(j) R and S are transitive -> RIS  is transitive 
(k) R and S are connected R n S is connected 
(1) R and S are connected --> R US is connected 
(m) R and S are connected -4 	S is connected 
(n) R and S are connected -) RIS is connected. 

10. Prove Theorems 54-56. 
11. Prove Theorems 58-60. 

	

12. Give a counterexample to the statement that if 	g gR is a strict partial 
ordering then R is a partial ordering. 
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13. Prove Theorem 61. 
14. Consider the following sets and relations: 

N = set of positive integers, 
= set of integers (negative and non-negative), 

Neg = set of negative integers, 
Rat  =  set of non-negative rational numbers, 

xR iy4--> n < y  + 2, 
xR 2114- x < y — 2, 
xl? sy 4-> lx1 < M V (1x1 = M  &x  < y), 
xR y4-- Ix' > M V (Ix' = M &  n>  y). 

Which of the following assertions is true? For those which are false give an explicit 
counterexample. 

(a) < well-orders Neg 
(b) > well-orders Neg 
(c) < well-orders I 
(d) < well-orders Rat 
(e) R1 well-orders N 
(f) Rs well-orders N 
(g) R3 well-orders I 
(h) R3 well-orders Neg 
(i) R  well-orders N 
(j) j well-orders Neg 
(k) R4 well-orders I 
(1)  R4 well-orders I 
(m)  j  well-orders Rat. 

15. Prove Theorem 63. 
16. Prove Theorems 64 and 65. 
17.  Consider the set 

A = {(x,y): x and y are positive integers). 

Define a relation which well-orders A. 
18. Consider the set 

B = {(x,y): x and y are integers (negative or non-negative)). 

Define a relation which well-orders B. 
19. Define a relation which well-orders the non-negative rational numbers. 

(Since the non-negative rational numbers are not well-ordered in magnitude, that 
is, well-ordered by less titan, some other device must be used; in fact, it is essential 
to use the fact that every rational number is the ratio of two integers.) 

20. Let 
N = set of positive integers 

S1=  fx:xEN&x<10 6 1 
xR ill if and only if x <  y+  1. 

Then which of the following is true? 

(a) 81 is a <-section of  N.  
(b) S1  is a >-section of N. 
(c) S i  is an R i-section  of N. 
(d) 111 is an R i-section  of N. 
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21. Prove Theorem 69. 
22. What additional ordering hypotheses if any are needed to guarantee that 

if A and B are R-sections of C then either A C B or B C A? 
23. Consider the following definitions: 

(i) x is an  B-lower bound of A 4-4 (Vy)(y C A x R y). 
(ii) x is an R-infimum of A z is an  B-lower bound of A & (Vy)(y 

is an  B-lower bound of A---4yRx).* 
(iii) y is an R-upper bound of A4-3 (Vx)(x C A x R y). 
(iv) y is an R-supremum of A y is an R-upper bound of A & 

(Vx)(re is an R-upper bound of A---4yRx).t 
(y) A is a lattice relative to R R is a partial ordering of A & 

(Vx)(1,y)(x CA &yEA fx,y) has an R-supremum and 
an R-infimum in A). 

Construct two partial orderings of a set of five elements, one of which 
yields a lattice and one of which does not. 
How many distinct lattices can be constructed out of a set of three 
elements? 
Prove that if A is a lattice relative to R then A is a lattice relative to R. 
Prove that if R is a simple ordering of A then A is a lattice relative to R. 
Give a counterexample to the assertion that if A is a lattice relative 
to R and B C A then ‘B is a lattice relative to R. 
Prove that if A is a lattice relative to R I, and B is a lattice relative 
to R2, then A X B is a lattice relative to the relation R such that if 
x,u C A and y,v B then 

(x,y) R (u,v)4— xR i u&yR2 V. 

§ 3.3 Equivalence Relations and Partitions. A relation which is  
reflexive, symmetric,. and transitive in  a set is an  equivalence  relation on that 
set. The most ubiquitous example is the relation of identity. The relation 
of parallelism between straight lines is a familiar geometric example of an 
equivalence relation; the relation of congruence between figures is another. 
The fundamental significance of equivalence relations is that they justify 
the application of a general principle of abstraction: objects which are 
equivalent in some respect generate identical classes. Analysis of equiva-
lence classes of objects rather than of the objects themselves is often much 
simpler. The family of such equivalence classes of a given set A form a 
partition of the set, i.e., is a family of mutually exclusive, non-empty 
subsets of A whose union equals A. Conversely, as we shall see, eveiy 
partition of a set defines a unique equivalence relation on that set. 

For brevity we define under the same number the appropriate one- and 
two-place predicates. 

DEFINITION 33. 
(i) R is an equivalence relation 4—> R is a relation & R is reflexive, 

symmetric, and transitive; 

*An R-infunum of A is often called an R-greatest lower bound of A. 

tAn R-supremum of A is also called an R-least  upper bound of A. 
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R is an equivalence relation on A 4—> A =  FR  & R  is  an  equiva-
lence relation. 

Unlike the ordering definitions in the last section, the present definition 

requires that R be a relation. The motivation for adding the additional 
requirement here is mainly terminological. The phrase 'I? is an equivalence' 
is not desirable since 'equivalence' is used in several different senses in 
logic and set theory. On the other hand, when the phrase 'I? is an  equiv-

alence relation' is used, it seems odd not to require that R be a relation. 

A secondary motivation is provided by the simplicity of the next theorem. 
The demand in the definiens of (ii) that A = gR is made for technical 

convenience in relating equivalence relations and partitions; the obvious-

ness of this convenience will be apparent in the sequel. 

THEOREM 70. R is an equivalence relation <-4 R/R = R. 
The next theorem relates quasi-orderings and equivalence relations in a 
natural way. 

THEOREM 71. R is a quasi-ordering —4 RriR is  an equivalence 
relation. 

The following definition introduces the notation: Mx]; we call R[x] 
the R-coset of x. Intuitively R[x] is simply the set of all objects which 
stand in the relation R to x. When R is an equivalence relation we also 
speak of R[x] as the R-equivalence class of x. 

DEFINITION 34. R[x] = { y: x R y} . 

If F is the relation of fatherhood, i.e., x F y if and only if x is the father of 
y, then 

F[George VI] = {Elizabeth, Margaret} 

and 

F[Thomas Aquinas] = 0. 

(Of course, F is not an equivalence relation.) 
As a simple artificial example, let 

R = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 1)}. 

Then R is an equivalence relation and 

R[1] = R[2] = {1, 21, 

R[31 =- [31. 

Note that in place of Definition 34, we could have used: 

Mx] = R"{x}. 
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It is not customary in mathematics to be so explicit about the relation R 
by means of which the equivalence class [x] is abstracted. However, it 
would be incompatible with our rules of definition to omit the free variable 
'R' in the definiendum. It needs to be emphasized that the notation: 
R[x] is non-standard and perhaps unique to this book, whereas the notation: 
[x] is frequently used. 

We have the customary theorem whose proof depends on the axiom 
schema of separation. 

TFIEOREM 72. y R[x] x R y. 

The following two theorems put on a systematic basis the principle of 
abstraction mentioned at the beginning of the section. As we shall see, 
these two theorems provide the essential link between equivalence relations 
and partitions. 

THEOREM 73. x,y  C 5R  & R is an equivalence relation —) (R[xl = 
R[y] x R y). 

PROOF. Assume: R[x] = R[y]. Since R is reflexive, we have: y R y, 
and thus by the previous theorem 

y C 

whence by our assumption 

yc Mx]; 

and by virtue of the previous theorem again, x R y:= 
Assume now: x R y. Let z be an arbitrary element of R[y]. In view 1 

of the previous theorem we have: 

y R z, 

whence, since R is transitive, 

and thus 

We conclude that 

( 1 ) 

Now let u be an arbitrary element of Mx]; we have at once 

x R u. 

And since R is symmetric we have from our assumption: 

y R x, 
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whence by virtue of the transitivity of R 

y R u, 

and 

u c 

Thus 

(2) 	 R[x] _Ç R[y], 	. 

and we immediately infer from (1) and (2) that 

R[x] = R[y]. Q.E.D. 

The above proof illustrates a strategy which is very common. We want to 
show that the sets R[x] and R[y] are identical. It is not convenient to 
operate with a sequence of equivalences like those used in several previous 
proofs. Rather our strategy is to show that any arbitrary element of  R[y]  
is a member of RH, and thus R[y] is a subset of RH. Then we show that 
R[x] is a subset of R[y]. These two results together establish the identity 
of the two sets. 

The second of the two theorems mentioned shows that equivalence 
classes do not overlap. 

THEOREM 74. R is an equivalence relation —> R[x] = R[y] V R[x]n 
R[y] = O. 

Note that in this theorem, unlike the preceding one, there is no need to 
require that x and y be in  FR,  for if :v ff R then R[x] = 0, and the con-
clusion of the theorem is satisfied. 

We now turn to partitions. Roughly speaking, a partition of a set A 
is a family of mutually exclusive, non-empty subsets of A whose union 
equals A. For instance, if 

A = { 1, 2, 3, 4, 5 }  

and 

{{ 1 , 2 ), E 3, 5 i, { 4 } 1, 
then H is a partition of A. 

Formally, we have: 

DEFINITION 35. II is a partition of A VII = A & (VB)(VC)(BdH  
&CcII&B C 	0) & (Vs)(s crl (3y)(y C 

The use of the letter 1-r has no formal significance, but reflects a practice 
that is both customary and suggestive. Notice that the last clause of the 
definiens excludes both individuals and the empty set from membership 
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in a partition. However, the empty set is a partition, namely, a partition 
of itself. In contrast, for non-empty sets we have: 

THEOREM 75. A 0 —4 [AI is a partition of A. 

The notion of one partition being finer than another is often useful. 
The intuitive idea is that II, is finer than 11 2  if every member of H, is a 
subset of some member of 11 2  and a least one such member is a proper 
subset. For instance, if 

A  =  [1, 2, 3}, 

HI = ( 111, ( 2, 3 11, 

11 2  

then H, is finer than 112. On the other hand, if 

n. = ( 1 , 2 I, 31), 

then neither H, nor H is finer than the other; they are simply incomparable 
regarding finermss. Instead of stating that one member of H, is a proper 
subset of 112, we may require that H, 112, as is done in our formal 
definition, which is conditional in form. 

H2 " ni  H2&  (V A)(A Ell, --> (3B)(B CII 2  & A g B))). 
DEFrivrrioN 36. LI, and  11 2 are partitions of A ----> (II, is finer than 

We leave as a somewhat intriguing exercise the proof of the following 
theorem. 

THEOREM 76. Every set has a finest partition. 

It should be clear what is meant by 'finest partition', namely, a partition 
which is finer than any other partition of the set. A hint concerning the 
proof is to consider the power set of the given set in conjunction with the 
axiom schema of separation. It should be intuitively obvious what is the 
finest partition of any set. The problem is to prove it. 

To establish in a precise manner the close connection between equivalence 
relations and partitions we now define a set which, when R is an equivalence 
relation on A, is meant to be the partition of A generated by R. 

DEFuvrrioN 37. 11(R) = (B: (3x)(B = R[x] & B 0). 

For example, if 

A, = {1, 2, 3} 

1(1, 2), (2, 1), (1, 1), (2, 2), (3, 3)), 

then 

I1(1?,) 	(11, 2), (3)); 
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it is easily seen that. R 1  is an equivalence relation on  4,  and 11(R 1) is a 
partition of  A 1 .  More generally, we have: 

THEOREM 77.  R is an equivalence relation on A —> 1I(R) is a partition 
of A. 

We also have a theorem relating inclusion of equivalence relations and 
fineness of the associated partitions: 

THEOREM 78.  R 1  and R2 are equivalence relations on A (R, C R2 
11(R 1) is finer than 11(R2)). 

Notice that if we had not required in the definition of equivalence relations 
that A = ffR, then this theorem would have to be reformulated, for R, 
might contain ordered pairs whose members are not in A. 

We now want to define the relation generated by a partition. The 
definition is general in form and is thus not restricted to partitions. 

DEFINITION 38. R(H) = ((x, y): (3B) (B 	& xCB&yE )- 

We have the usual theorem (which was omitted in the case of Definition 37). 

TerEmtEm 79. xR(H)y 4—) (3B) (B 	&xcB&yEB). 

Corresponding to Theorem 77 we have the following: 

THEOREAI 80. H is a partition of A R(H) is an equivalence relation 
on A. 

PROOF. First, since H is a partition of A, given any element x of A, 
there is a B in n with  sC  B, whence :rR (11)x, and thus R(1-1) is reflexive 
in A. Second, suppose veR(11)y. Then there is a Ben such that  XC  B 
and  yE  B. Hence by Definition  38 

yR(H)x, 

and thus R(II) is symmetric in A. Third, suppose that xR (11)y and yR(I1)z. 
Then there is a B such that x B and y e B, and there is a C such that 
y e C and z C C. Since y is in both B and C, we conclude from the definition 
of partitions that 

B = C, 

and thus z e B. Hence by Definition 38, xR(II)z, and we see that R(II) is 
transitive in A. Q.E.D. 

The next theorem shows that if we generate a partition by means of an 
equivalence relation R, then the equivalence relation generated by the 
partition is simply R again; and similarly if we begin with the equivalence 
relation generated by a partition, this relation generates the given partition. 

THEOREM 81. n is a partition of A & R is an equivalence relation on 
A —> (II = II(R) R(II) = R). 
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EXERCISES 

I. Prove 
(a) (R n S)[x] = R[x] n s[x] 
(b) (R U ,S)[x] = Mx] U Sjx]. 

2. Corresponding to (a) and (b) of Exercise 1, what holds for difference of sets? 
3. Prove Theorem 70. 
4. Prove Theorem 71. 
5. Prove Theorem 72. 
6. Prove Theorem 74. 
7. Let every member of A be an equivalence relation. 

(a) Is fl A sal equivalence relation? 
(b) Is U A an equivalence relation? 

If so, give proof. If not, give counterexample. 
8. Give two partitions of the natural numbers, one of which is finer than the 

other. 
9. Prove Theorem 76. 

10. Prove Theorem 77.. 
11. Prove that if R is a quasi-ordering then 11(1?  fl R) is a partition of M. 
12. Prove Theorem 78. 
13. Prove Theorems 79 and 80. 
14. Prove Theorem 81. 

§ 3.4 Functions. Since the eighteenth century, clarification and 
generalization of the concept of a function have attracted much attention. 
Fourier's representation of "arbitrary" functions (actually piecewise con-
tinuous ones) by trigonometric series encountered much opposition; and 
later when Weierstrass and Riemann gave examples of continuous functions 
without derivatives, mathematicians refused to consider them seriously. 
Even today many textbooks of the differential and integral calculus do 
not give a mathematically satisfactory definition of functions. An exact 
and completely general definition is immediate within our set-theoretical 
framework. A function is simply a many-one relation, that is, a relation 
which to any element in its domain relates exactly one element in its range. 
(Of course, distinct elements in the domain may be related to the same 
element in the range.) The formal definition is obvious. 

DEFnanoN 39. f is a function  4-> f is a relation & (Vx)(Vy)(Vz) 
(x fy&xfz —> y = z). 

The use of the variable `19  is not meant to have any formal significance. 
We use it here in place of 'A' or 'it' to conform to ordinary mathematical 
usage. To summarize our use of variables up to this point: 

`C", 	, `R', 'S', 	, 	(f, `g', . . . 
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are variables (with and without subscripts) which take sets as values; 

are variables (with and without subscripts) which take sets or individuals 
as values. 

In the case of functions we are not content to use the notation x f y, 
but want also to have at hand the standard functional notation: f(x) = y, 
where 'f(x)' is read `f of x'." 

DEFINITION 40. f(x) = y *--> RE1z) (x f z) & x f y] N./ [—(0z) (x f z) & 
y = 01. 

The definition is so framed that the notation 'f(x)' has a definite meaning  
for any set f and any object x. For example, if 

f = 1(1, 1), (1, 2), (3, 4)) 

then 

f(1) = 0 

f(2) 0 

1(3) = 4. 

The operation of forming the composition of two functions is so exten-
sively used in certain branches of mathematics that various special symbols 
have been used for it; we use a small circle 'o'. Thus informally, 

(J o  g)(x) = f(g(x)). 

Composition is defined directly in terms of relative product; we introduce 
the new symbol 'o' rather than use the relative product symbol because 
the order of 'f' and `g' in `f o g' is the natural one for functions and is the 
reverse of that in the corresponding relative product term 

DEFINITION 41. f o g = g/f. 

We have as two simple theorems: 

THEOREM 82. f and g are functions -->f ng and Jo  g are functions. 

THEOREM 83. f and g are functions --->  (Jo  g)(x) = f(g(x)). 

Recalling the notion of restricting the domain of a relation, we have: 

THEOREM 84. (f o g) 1A. = Jo  (gIA). 

Granted that f is a function, we may strengthen two earlier theorems 
on the image operation (Theorems 36 and 37). 

*In mathematical logic, following the usage of Whitehead and Russell in Principle 
ill  athematica, the notation: f'x is often used in place of: f(x). 
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THEOREM 85. f is a function -q"(AnB) = sf-"A nj."B & f"A 
=-fru(A B). 

And we may strengthen the analogue of Theorem 40 for the range of f. 

THEOREM 86. f is a function -› ((RD nB =  f" ("B).  
We also have: 

THEOREM 87. f is a function & A nB =  0 	"A nf"B = O. 

We now define the notion of a 1-1 function. 

DEFINITION 42. f is 1-1  -f  and are functions. 

We have the obvious result: 

THEOREM 88. f is 1-1 & x i  C  f& s 2  C  Df -÷ (Az) = f(x2) +4 
 = .x2). 

When f is 1-1 a simple definition of its inverse is possible. 

DEFEJITION 43. f is.1-1 f- -1  = Y. 

Useful facts are expressed in the following five theorems. 

THEOREM 89. f is 1-1 (f---1 (y) = s  f(s) = y). 

THEOREM 90.  fis 1-1 &  s C3. f f -1(f (x)) =  z. 

THEOREM 91.  fis 1-1 & y C atf --4(f-'(y)) = y. 

THEOREM 92. f and g are 1-1 -- f ng is 1-1. 

THEOREM 93. f and g are 1-1 & nMg = 0 
& Gy 	0 f g is 1-1. 

It is also desirable to define in a formal way at this point some standard 
mathematical language which we shall use a great deal in later chapters. 
We summarize it in one definition. 

DEFINITION 44. 

(i) f is a function on (or from) A to (or into) B f is a function 
& Df = A & c B; 

(ii) f is a function from A onto B <-0 f is a function & Df=A& 
= B; 

(iii) f maps A into B f is a 1-1 function &  f= A & ov g_ B; 
(iv) f maps A onto B f is a 1-1 function &  f=  A&ŒtfB.  

The distinction between 'into' and 'onto' in this definition is standard 
in the mathematical literature, and has its counterpart in ordinary usage. 
A  1-1 function f maps A onto B  when the range of f is the  whole  of B; 

/it maps A into B when the range of f is  oply some subset of B. 
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We conclude this section by defining the set of all functions from B 
to A, which is ordinarily designated: A B . This concept is useful in a wide 
variety of mathematical contexts. 

DEFINITION 45. A B  = LP., is a function & pf =  B&  (Rf g  A. 

By virtue of the axiom schema of separation we may establish the usual 
theorem. 

THEOREM 94. f A B  4--->f is a function & of B & ç A. 

We state without proof five elementary theorems. 

THEOREM 95. A°  = { 01 . 

THEOREM 96. A 0 --> OA  = O. 

THEOREM 97. AB  =  O  ->A =O&B 

THEOREM 98. A (x1  = Rx, y)) : y C AI. 
THEOREM 99. A c B Ac c Be. 

EX EEtCISES 

1. State and prove a necessary and sufficient condition for the union of two 
functions to be a function. 

2. Prove Theorems 82 and 83. 
3. Prove Theorem 84. 
4. Prove Theorems 85 and 86. 
5. Prove Theorem 87. 
6. Prove Theorems 89-93. 
7. Prove that if f is 1-1 then: 

(a) f"(A nB) f"A nf"B, 
(b) B) = f"A f"B. 

8. Given that f and g are 1-1, consider the following assertions. If an asser-
tion is true prove it. If false, give a counterexample. 

(a) fUg is 1-1, 
(b) f-- ,g is 1-1, 
(c) f o g is 1-1, 
(d) f uf —1  is 
(e) A nB = 0 	U g1.13 is 1-1, 
(f) A nB = 0-- q"A fig"B = 0. 

9. Prove Theorem 94. 
10. Prove Theorems 95-99. 
11. Consider Exercise 23 of §3.2, in which lattices are defined. We want to 

develop an equivalent formulation in terms of operations. Let A be a lattice 
relative to R, and x, y C A. Then we define: 

x fl A,RY = R-infimum of  s,y) 

U A ,fty --= R-supremure of ix,y). 
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Prove (where the subscripts 'A' and '1?' are dropped for brevity): 
(a) x nx = x 
(b) x Ux = x 
(c) xny = ynx 
(d) sUy = yUx 
(e) x n (y nz) = (x  fly) nz 
(f) xU (y U z) = (xU y)  Us 
(g) x n(x Uy) = x 
(h) x U(x ny) = x. 

Now to go the other way, assuming for any x,y,z C A, properties (a)—(g), define: 

XR' y4-i- zfly = y. 

Prove that A is a lattice relative to R'. 
12. We may formally define the lambda notation for abstraction: 

If y and w are distinct variables and w does not occur in the term t, then the 
identity 

(Xy)(t) = (y,w): t = w) 

holds. 

Find the following sets: 
(a) (XA)({x: x C A & AgBi) 
(b) (XA)(Ix: x 	& ACBD 
(c) (XA)({x: xCA &A = 0)) 

13. Prove: 
(a) (XA)(A nA) = 0 
(b) (7■A)(A  VA) = 0 
(c) (XA)(A A) = 0 
(d) (XA)(A/A) = 0 

(The significance of (a)—(d) is that there are no sets corresponding to the set 
operations. For instance, in view of (a) we may not regard the operation of a set 
intersecting with itself as a certain set of ordered pairs. This result for the special 
case of sets intersecting themselves is easily generalized to show that there is no 
set corresponding to the binary operation of intersection for any two possibly 
distinct sets.) 



CHAPTER 4 

EQUIPOLLENCE, FINITE SETS, AND 
CARDINAL NUMBERS 

§ 4.1 Equipollence. The axioms listed at the end of Chapter 2 
(§2.10) suffice for this section and the next, but in §4.3, on cardinal numbers, 
we introduce a special axiom whose use will always be indicated by a dagger 

In §1.1 Cantor's notion of two sets having the same power, or, as we 
shall say, being equipollent, was mentioned as fundamental. It is fun-
damental because it is the basis of generalizing the notion of positive integer 
to that of cardinal number. Two sets are equipollent if there exists a 1-1 
correspondence between them, and equipollent sets have the same cardinal 
number. This intuitive notion of 1-1 correspondence is easily made 
precise: such a correspondence is just a 1-1 function. Formally we have:* 

DEFINITION 1. 

(i) A B under f if and only if f is a 1-1 function whose domain 
is A and whose range is B; 

(ii) A B if and only if there is an f such that A = B under f. 

For example, if 
A, = 11,3, 51 

A 2 =  (1,7,9), 

then A and A I are equipollent. Any one of several functions will establish 
this: 

Ri, 1), (3 , 7), (5, 9)h 
or just as well: 

f2 = W, 7), (3, 9), (5, 1 )) 
*In this chapter, and henceforth, we use logical symbolism only sparingly in for-

mulating definitions and theorems, but in every case the appropriate symbolic formula-
tion should be obvious. 

91 
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It is clear that two finite sets are equipollent just when they have the same 
number of members. (We have, of course, not yet defined the notions of 
finiteness or number within our axiomatic framework.) It is also clear that 
if one finite set is a proper subset of another, then the two sets cannot have 
the same power, that is, they cannot be equipollent. However, the situation 
is entirely different for infinite sets. Consider, for instance, the set N 
of positive integers ( 1, 2, 3, . . . } and the set E of even numbers (2, 4, 6, . . .1. 
Obviously, E is a proper subset of N, but E and N are equipollent, which 
is easily shown by considering the doubling function f such that for each 
positive integer n 

f(n) = 2n. 

We see at once that f is 1-1, Df = N, and 61f ----- E. 
The first three theorems show that equipollence has the characteristic 

three properties of an equivalence relation. 

THEOREM 1. A A. 

moor. The identity function gA is an appropriate 1-1 function. Q.E.D. 

THEOREM 2. If A B then B A. 

THEOREM 3. IfA---- - B&B=CthenA----=,  C. 

moor. Let f be a 1-1 function establishing that A B with )f  = A, 
and let g be a corresponding 1-1 function for showing that B C with 

= B. Then the function g  o f is 1-1, D(g  o f)  = A, and 61(g  o f)  = C, 
whence A ----- C. Q.E.D. 

We now state a number of theorems relating equipollence to operations 
and relations previously introduced. These theorems make the develop-
ment of cardinal arithmetic in §4.3 very simple. The first theorem is used 
to justify the definition of cardinal addition. The second is used to justify 
the definition of cardinal multiplication; the third is used to prove the 
commutativity of cardinal multiplication, and so forth. The order of the 
theorems here is nearly the same as that of the corresponding theorems 
for cardinal numbers in §4.3. 

THEOREM 4. If A B  &  C D  & AflC = 0 & BrID = 0 then 
AUC = BUD. 

PROOF. By hypothesis there are 1-1 functions f and g such that A B 
under f and C D under g. It also follows from the hypothesis that 

Df fl g  = 0 

and 

n gig = 0, 
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whence by virtue of Theorem 93 of §3.4, f U g is 1-1, and it is easily seen that 

AUC BUD under fUg. 	 Q.E.D. 

TrimonEm 5. IfA -=B&C=DthenAXC--.BXD. 

PROOF. Let A = B under the function f and C D under the function g. 

Then the function h such that for x C A and y C C 

h((x, y)) = (f(x), g(y)) 

establishes the equipollence of A X C and B X D. Q.E.D. 

THEOREM 6. AXB=BXA. 

PROOF. The function f such that for x C A and y  C B 

y» = (y, 4 

is appropriate to establish the desired equipollence. Q.E.D. 

THEOREM 7. A X (B X C) (A X B) X C. 

THEOREM 8. A X {x} ----- A & {xl X A = A. 

PROOF. For the first half of the theorem the function f defined on 
A X  1x1 such that for y  C A 

= 

is appropriate. A similar function is suitable for the second half. Q.E.D. 

TnE,onum 9. There are sets C and D such that AC  &  BD 
 & C nD = O. 

PROOF. Define 
C = A X {0} 

D = B X {(Oft 

Then by the preceding theorem A C and B D, and clearly cnD  = 0. 
Q.E.D. 

The next theorem is used to justify the definition of cardinal exponenti-
ation. 

THEOREM 10. If A B & C D then Ac 

PROOF. By hypothesis there are 1-1 functions f and g such that A B 
under f and C D under g. If h AC then 

(1) 

and from (1) we infer 

fa h  C BC 

fohog -1  C  BD. 
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Moreover, if h' C BD then there is a unique hEAC such that h' —foho g--1 

(in fact, h = J.-1 0 h o g). Whence if we define the function f' on Ac such 
that for every h c Ac 

f (h) =fohorl 

then f' is 1-1 and its range is BD. Q.E.D. 
We omit proof of the following three theorems, which correspond to 

three fundamental laws of cardinal exponentiation. 

THEOREM 11. If B nC = 0 then A Buc ------- A B  X Ac. 

THEOREM 12. (A X B)c Ac X  BC.  

THEOREM 13. (AB)c Aexe. 

We now anticipate the definition of the integer 2 given in Chapter 5 
in order to formulate a classical theorem in standard notation: the power 
set WA is equipollent to 2A. 

THEOREM 14. If 2 = [0, {0} } then (PA 24 . 

paooF. Let B  C (PA. Then there is a function gB C 2A such that 

{0 if x B 
gB(x) 

It is easily seen that to each B there corresponds a unique gB, and for 
each h C 2A there is a unique B  ë (PA such that h = ga, which establishes 

the desired correspondence. Q.E.D. 
We now define in the obvious manner the relation < of being equal to 

or less than in power, which we may also call being equal to or less  poilent  
than although the phrase 'less  poilent'  is not standard. 

DEFINITION 2. A < B if and only if there is a set C such that A C 
&C B.  

Three simple theorems are: 

THEOREM 15. If A B then A B. 

TunonEm 16. IfACIBthenA  B. 

THEOREM 17. IfAB&BCthenA  C. 

A less obvious, but fundamental theorem for the Cantor theory of power 
is the following, whose proof is the most difficult of any theorem yet stated 
in these first four chapters. 
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THEOREM 18. [Schrôder-Bernstein Theorem]* IfA<B&BA 
then A =B. 

PROOF. Following the hypothesis of the theorem let 

f map A onto B,CB, 

and 

g map B onto A icA. 

We can show that A and B have the same power if we can find a subset K 
of A such that g maps B ,---,f"K onto A K. For the h defined as follows 
will then yield the appropriate correspondence 

h = (fIK) U 	K)), 

since 

Domain of h K U (A f•-,  IC) =A, 

and 

Range of h = (f"K) U ("d" (A K)) 

(f"K) U CB 	= B. 

In other words, we need to find a subset K of A such that 

ga(B f"K) = A K. 

To this end we now show that if we define 

D {C: C C A & g"(B PC) Ç 

then UD is an appropriate K. 
We first observe that if C, c A ISIL C2 C A and C, C C2 then 

g"(B PC 2) Ç  

whence 

(1) A g"(B,--I"C) Ç A  

Moreover for the special case of C  c D, we have 

(2) C C A g"(B f"C). 

(This follows from the definition of D and the fact that for any subsets 
X and Y of A,XCA ,--, 17  if and only if Y c A X.) 

*The theorem was proved independently by E. Schnider and F. Bernstein in the 
18901s. Because the theorem was conjectured by Cantor, it is sometimes called the 
Cantor-Bernstein theorem. The proof here follows the one given by Fraenkel [1953, 
pp. 102-31, which is credited by Fraenkel to J. M. Whitaker. 
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Since every C c D is a subset of UD, we conclude from (1) and (2) if 
C C D then 

(3) C C A g"(B •-•-• PUD). 

By Theorem 63 of Chapter 2 we may infer from (3) that 

(4) UD C A gu(B 

Now let 

(5) F = 4 g"(B f"UD). 

Then by virtue of (1), (4), and (5) 

A g"(B f" U D) Ç A g"(B f" F), 

that is, 

whence we conclude 

that is 

(6) 

F A g"(B rF1), 

F E D, 

A g" (B fuUD) C UD. 

From (4) and (6), we have 

UD = A ,--, g"(B ,--, f"UD), 

which for K = UD is equivalent to: 

g"(B f"K) = A K, 

the desired conclusion. Q.E.D. 
We shall have occasion to use the  Schroder-Bernstein theorem in proofs 

of several subsequent theorems. For the moment we complete our list of 
theorems on the relation Mainly, we have the following monotonicity 
result: 

THEonEm 19. IfA<B&CDthen 

(i) if B nD = 0 then AUC < BUD, 
(ii) AXCBXD, 

(iii) A C 	B. 

As an immediate consequence of (i) of this theorem, we obtain: 
THEOREM 20. A A UB. 

We now define in the expected manner the relation < of having less 
power. We say 'not B A' as an abbreviation for 'it is not the case 
that B < A'. 
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DEFINMON 3. A < B if and only if A B & not.B A. 

Three simple results are summarized in the next theorem. 

THEOREM 21. 

(i) Not A < A; 
(ii) If A  <B then not B< A; 

(iii) IfA<B&B<ClhenA<C. 

Some relations between equipollence and relative power are summarized in 
the following. 

THEortEm 22. 

(i) If A B then not B < A; 
(ii) IfABSz.B<CthenA<C; 
(iii) IfA<B&BCthenA<C; 
(iv) A < B if and only if either A = B or A <B. 

PROOF. We prove only (iv). [Necessity]. Suppose not A  <B. 

Then in view of Definition 3, either not A  <B  or B < A, but by hypothesis 
A B and thus also B A. From the Schriider-Bernstein theorem we 
conclude A = B. 

[Sufficiency]. If A = B then obviously A B. If A  <B  then by 
Definition 3, A < B immediately. Q.E.D. 

Of fundamental importance is Cantor's theorem which asserts that 
every set has less power than its power set. 

THEOREM 23. A < 63A. 

PROOF. The proof makes use of the basic argument employed in con-
structing Russell's paradox in intuitive set theory, although Cantor's proof 
was historically earlier than Russell's paradox. 

The function f on A such that for r in A 

f(x) = {x1 

establishes that 

( 1 ) A < WA, 

since the set of unit sets of elements of A is a subset of the power set of A. 
Now suppose A = (PA under the function g, say (Dg A & (Rg (PA). 

Define: 

B=  fy:yEA 4zyCg(y)1. 

Hence on the basis of our supposition there must be an x in A such that 

g(x) = B. 
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But we then easily infer that 

C g(x) if and only if x 

which is absurd. We conclude that our supposition is false and that it is 
not the case that A (PA; from this result, we infer (1) and the contra-
positive of the Schreder-Bernstein theorem that it is not the case (PA A, 
which establishes the theorem. Q.E.D. 

The most important fact about the relative power of sets which we have 
not yet established is that the relative power of two sets is always com-
parable, that is, we always have: A < B, A B, or B< A. This result, 
known as the law of trichotomy, not only requires the axiom of choice in 
its proof, but is equivalent to it. We defer its proof until Chapter 8 where 
we discuss the axiom of choice in more detail. The importance of the 
trichotomy for the classical theory of cardinal numbers should be obvious: 
without it any two cardinals are not necessarily  comparable, a state of 
affairs which is unsatisfactory in any theory of quantity, finite or infinite. 

EXERCISES 

1. Prove Theorem 2. 
2. Prove Theorem 7. 
3. Prove Theorems 11-13. 
4. Prove that if f is a function then 
5. Prove Theorems 15-17. 
6. Prove that if B 0 then A< A x B. 
7. Use the Schriider-Bernstein theorem to proVe that if ACBCC & A=C 

then B.-X. Conversely, show that this result implies the Schrikler-Bernstein 
theorem. 

8. Prove Theorem 19. 
9. Prove Theorem 21. 

10. Prove Parts (i)—(iii) of Theorem 22. 
11. Prove that if 	&  A  < B then A<C. 
12. Prove that if xq A &yEZB&AU{x} B {y} then A B. 

4.2 Finite Sets. The common sense notion is that a set is finite 
just when it has exactly n members for some non-negative integer n.. 
If it is not finite, then it is infinite. This common sense idea is technically 
sound and we shall use it subsequently, but it is also instructive to attempt 
to find a definition of finitude which does not require explicit reference to 
numbers. Such an approach is also intuitively sound since we continually 
judge that sets are finite without any clear idea of their cardinality. For 
instance, everyone believes that the set of hairs in the heads of all blue-eyed, 
left-handed Anglican clergymen in 1900 is finite, but probably no one could 
estimate with any accuracy the cardinality of this set. 
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Dedekind [1888] proposed such a non-numerical definition.* A finite 
set is one which is not equipollent to any of its proper subsets. Consider-
ation of simple examples of finite sets suggests that this definition is 
intuitively sound. Notice, of course, that we are not looking for some ar-
bitrary definition of finiteness, but for a definition which makes exactly 
those sets finite which are finite in the sense of having n members for some 
integer n. 

As sound as Dedekind's definition may seem, it requires the axiom of 
choice to prove that every Dedekind finite set is finite in the ordinary  
sense. This proof will be given in Chapter 8. 

Several other alternative non-numerical definitions of finitude have 
been proposed by Zermelo, Russell, Sierpinski, Kuratowski, and Tarski,  to 
mention the more well-known ones. A complete and systematic survey 
is given in Tarski [1924b], where Tarski's own definition is proposed. 
Since Tarski's definition is simple and does not require the axiom of choice 
to prove its equivalence to the ordinary numerical definition, we shall 
adopt it here. The developments in this section closely follow Tarski's 
article. 

The idea is that a set is finite when any non-empty family of subsets 
of the given set has a member of which no other member of the family is a 
proper subset. That is, in the terminology of Definition 26 of Chapter 3, 
every non-empty family of subsets has a minimal element with respect to 
the relation C of being a proper subset. Formally, we define both minimal 
and maximal elements. 

DEFINITION 4 

(i) x is a minimal element of A if and only if xEA&x is a set & for 
every B, if B C A then not B C x; 

(ii) x is a maximal element of A if and only if x CA &x is a set & for 
every B, if B  C A then not x C B. 

For instance, if 

A = (1, 2, 3), 

K i = ({1,21, 111, (3)1 

and 

K 2 =  ICI, {1,31,A), 

then the sets fi 1 and (31 are minimal elements of K 1, and the empty 
set is the minimal element of K2. Obviously any other non-empty family 
of subsets of A has a minimal element. On the other hand, consider the 

*This approach was suggested independently by Peirce at approximately the same 
time. (See Peirce [1932, Vol. III, pp. 210-2491.) 
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set N of positive integers, and consider the family F of subsets fN„N„..., 
• .1 where N. is 

N,--11, 2, ... n-11. 

Then clearly F has no minimal element, and this situation is typical of 
infinite sets. The maximal elements of K, are the sets {1, 21 and {31, 
and the unique maximal element of K, is the set A itself. 

Tarski's definition, unlike Dedekind's, does not require the notion of 
equipollence. However, later in this section we shall prove some theorems 
about equipollence and relative power of finite sets which will bring us 
back to the ideas of the preceding section. 

DEFINITION 5. A is finite if and only if every non-empty family of 
subsets of A has a minimal element. 

We turn now to some elementary theorems. Proofs of the first two are 
quite simple. 

THEOREM 24. The empty set is finite. 

THEOREM 25. Ix) is finite. 

THEOREM 26. If A is finite and B C A then B is finite. 

PROOF. Let K be a non-empty family of subsets of B. Since B C A, 
K is a non-empty family of subsets of A and by the hypothesis of the 
theorem must have a minimal element. Q.E.D. 

THEOREM 27. If A is finite then A n  B and A B are finite. 

PROOF. We note that 

AnB C A, 

A ,BCA, 

and then apply the preceding theorem. Q.E.D. 
The proof that the union of two sets is finite is more difficult. 

THEOREM 28. If A and B are finite then AU B is finite. 

PROOF. Let K be any non-empty family of subsets of AU B. To establish 
the theorem it is necessary to show that K has a minimal element. 

We define: 

(1) 	L = { C: C C A &3DC B such that CUD EKI. 

The following consideration shows that L is non-empty. Let E be some 
element of K. Then C = EnA is a member of L, for we may take D to 
be 
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Because A is finite, L has a minimal element, say Cl` . We note: 

(2) C4-  C L 

(3) C"` C A. 

We now define 
M =  (E: EcB&EuC* c KI. 

By virtue of (2) and (3), M is non-empty, and because B is finite, M, like 
L, has a minimal element, say E.  We now have: 

(4) EM  

(5) c B 

(6) .E*UC  C K. 

To complete the proof we show that E* LW* is a minimal element of K. 
Suppose, by way of contradiction that there is a set G such that 

(7) G c K 

(8) GCE*UC*. 

Now from (3) and (5) we see that 

(9) GnC* c C*  Ç A  

(10) GnE* cE* cB 

and from (8) 

(11) G=  (GnC*)u(GnE*). 

From (7), (9), (11) and the definition of L we infer 

GnC* c 

and since C* is a minimal element of L 

(12) G nC* = C* . 

Now from (7), (11) and (12) 

(GnE*)uC* CK, 
and thus, recalling (10), 

GnE* c M. 

Because E* is a minimal element of M, 

(13) GnE* = E*. 

From (11), (12) and (13) we conclude that 

G = C* uE* 
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which contradicts (8) and proves our supposition false. Q.E.D. 
As an immediate consequence of Theorems 25 and 27, we have: 

THEOREM 29. If A is finite then A U (x) is finite. 

We turn now to the formulation and proof of a principle of induction 
for finite sets. As we shall see, the principle may be used as a definition 
of finite sets, a fact which was first recognized by Whitehead and Russell 
in Principia Mathematica [Vol. II, *120.23].  A schematic formulation of 
the principle of induction for the non-negative integers goes as follows: 

If 
(i) 9(0) 

(Vv)(so(n) --> io(n + 1)) 
then (Vn)v(n). 

In the next chapter we prove this principle for the integers. The cor-
responding principle of induction for a finite set adds the hypothesis that 
the set is finite and replaces (ii) by 

(Vx)(VB)(x A & 9(B) io(B U (x}) , 

the idea being that if the set A is finite we start with the empty set and add 
elements of A, one at a time, until we have exhausted A. 

The proof of the theorem about induction for finite sets is facilitated 
by having available the already defined notion of maximal element of a 
family of subsets. Proofs of the two theorems about maximal elements we 
leave as exercises. 

THEOREM 30. Every non-empty family of subsets of a finite set has a 
maximal element. 

The second theorem is the converse of Theorem 30 and the two together 
thus show that a finite set may be defined in terms of every non-empty 
family of its subsets having a maximal element. 

THEOREM 31. If every non-empty family of subsets of a set A has a 
maximal element then A is finite. 

We are now ready for the first induction theorem. 

THEOREM SCHEMA 32. If 

(i) A is finite, 
(ii) v(0), 

(iii) (Vx)(VB)(x CA ScBgA & v(B) 90(BU kip 
then 9(A). 

PROOF. Suppose (i) and (ii) hold. We define 

(1) 	 K=  {B: B C A & fp(B)). 
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The set K is not empty since 0 C A and  ç(0),  and thus 0 c K. Whence 
by virtue of Theorem 29 and (i), K has a maximal element, say B. We 
want to show that B = A, and thus so(A). Suppose it were the case that 
B A. On the basis of (1), B c A and thus 

A.—'B O. 

Let zC A B. Then B U {xj c A and by virtue of (iii)  (BU {x}), whence 

BUN  cK, 

which contradicts B being a maximal element of K and proves our sup-
position false. Q.E.D. 

By taking io(B)  as '13 C K', we immediately infer from Theorem 32 the 
following "set" formulation of induction for finite sets. It is worth noting 
that the converse holds; namely, Theorem 31 follows from Theorem 32 if 

we set K = (B: B (PA & se.(B)1 J . 

THEOREM 33. If 

(i) A is finite, 
(ii) 0 K, 

(iii) (Vx)(VB)(xCA&BÇA&BEK—>BUI:c1CK) 
then A K. 

That this inductive property of finite sets may be used to characterize 
them is established by the next theorem. 

THEOREM 34. A is finite if and only if A belongs to every set K satisfy-

ing (ii) and (iii) of Theorem 32. 

PROOF. The necessity follows from Theorem 33. To prove sufficiency, 
assume that A belongs to every set K satisfying (ii) and 	Let K, 
be the family of all finite subsets of A. By virtue of Theorem 24, 0 
Moreover if  BC K 1  and x C A then by Theorem 29 BUtxJ C K i, whence 
by hypothesis A  ë K, and is thus finite. Q.E.D. 

The definition of Sierpinski [1918], as modified slightly by Tarski, is 
given in the following theorem whose proof is similar to the preceding one. 

THEOREM 35. A is finite if and only if A belongs to every set K such that 

(i) 0 E K, 
(ii) if x c A, then Ix) K, 

ifBEK&CEKthenBUCCK. 

The definition of Sierpinski is modified in Kuratowski [1920] to yield 
the following theorem, whose proof we leave as an exercise. 
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THEOREM 36. A is finite if and only if the power set (PA is the only 
set K which satisfies the conditions: 

(i) K 6) A , 
(ii) 0 K, 

(iii) if x  C A then Ix) C K, 
(iv) ifBCK&CEKthenBUCEK. 

Our next objective is to prove some facts concerning finiteness about the 
power set and sum set of a given set. We first prove a preliminary theorem 
asserting that if we can map A onto B and A is finite then B is finite. 

TxponEtu 37. If A is finite and f is a function whose domain is A and 
range is B then B is finite. 

PROOF. We define: 

K = (C: C C A & f`C is finite). 

We want to prove by induction (using Theorem 33) that A  C K, whence B 
is finite, since f"A = B. First we observe immediately that 0  C K because 
0 C A and f"0 = O. Assume, for the second part of the induction, that 
x A and C c K. We need to show that CU (x) c K. Obviously, 
CU fx C A. Since f is a function, f"(x) is a unit set and thus finite (The-
orem 25), and since C C K, f"C is finite. Therefore, in view of Theorem 28, 
(f`C)Ur(x) is finite. But by virtue of Theorem 35 of Chapter 3 

f"(CU (x)) = (f"C)Uf"{x}, 

and f"(C (xi)  is finite. We conclude that 

CUIxiCK, 

which completes the proof. Q.E.D. 

THEOREM 38. If a set is finite then its power set is finite. 

PROOF. As in the preceding proof, we define a certain set and then 
prove by induction that A is a member of it. We define:  

K=  (B: B c A & (PB is finite). 

Again it is obvious that 0 c K. Assume, as usual, for the second part of 

the induction that B C K and x c A. If x  C B the induction is immediate, 
so we may suppose that x B. Clearly, BU { x) c A. It remains to show 
that the power set (P(BU (x)) is finite, given that GB is finite, in order to 

prove that BU Ix) C K. Let us define: 

4, (1) 	 f = I(C,CU(2d):  Cc  (FBI. 
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We show that f is a function whose range is (P(BU fx)) '—(PB. (Obviously 
the domain of f is (PB.) That f is a function is evident from (1). The 
problem is to show that its range is the desired set. If C  c  CPB, then 

CU { x }  E  (P(BU{x)) ,--,  6)B 

since z e B. On the other hand, if 

D C (P(BU (xi) (PB 

then 

D bel c (PB, 

whence 

fz},D)Cf. 

We conclude that 0)(BU (x}) (PB is the range of f. Applying now the 
preceding theorem and using the inductive hypothesis that (PB is finite, 
we infer that (P(BU  1 x1) (PB is finite. 

We note that 

(P(BU foci) = ((P(BU Ix)) 	(PB)W(PB 

and since by virtue of Theorem 28 the union of two finite sets is finite, we 
obtain that 6)(BU {x}) is finite, whence 

BUIxicK 

and the induction is completed. Q.E.D. 
We leave as an exercise the inductive proof of the following theorem.  

TnEonEm 39. If A is finite and every set which is a member of  A is 
finite, then U A is finite. 

The last two theorems may be used to prove each other's converse, 
that is, Theorem 39 is useful in proving the converse of Theorem 38, and 
vice versa. We leave these two converses as exercises. 

THEOREM 40. If (PA is finite then A is finite. 

THEOREM 41. If A is a family of sets and U A is finite then is A 
finite and every set which is a member of A is finite. 

Notice that Theorem 41 is not the exact converse of Theorem 39, for the 
additional hypothesis is required that A be a family of sets. Obviously 
U A could be finite and A infinite as long as A has only a finite number 
of sets as members, since individuals in A do not contribute to U A. 

We now consider some theorems about equipollence of finite sets. The 
proof of the first one follows at once from Theorem 37. 
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THEOREM 42. If A is finite and A= B then B is finite. 

THEOREM 43. If A is finite and B  A then B is finite. 

PROOF. Given that B < A, then there is a subset C of A such that 13 ,-----C; 
but since A is finite, in view of Theorem 24, C is finite, and thus by the 
preceding theorem and symmetry of equipollence, B is finite. Q.E.D. 

It was mentioned at the end of the last section that the law of trichot-
omy, that is, the theorem that for any two sets A and B we always have: 
A <B, A=B or B<A, is equivalent to the axiom of choice. However, 
without the axiom of choice we may prove by induction the law of tri-
chotomy if one of the sets is finite. 

THEOREM 44. If A is finite then 

A<B, A=B or B<A. 

PROOF. The induction is on subsets of A. Let us define: 

K = (C: C A & (C <B, C B or B<C)). 

Clearly 0 K, for if B = OfiienÔ= B andif B 0 then 0< B. For the 
second part of the induction, we assume as usual that C K and x A, 
and we want to show that CU {x }  K. The non-trivial case is when 
xa C. By hypothesis 

C<B, C=B, or B.< C. 

These three possibilities lead to three cases. 
Case 1. C <B. Then there is a proper subset D of B such that C = D, 

under function f, say. Since D is a proper subset of B, there is a y in B D, 
whence 

establishes that 

and thus 

which implies: 

and therefore 

CW{x} DU lyi 

CrJtx } <B, 

 CU ix)=B or CU {x1 <B, 

CU(x) C K. 

Case 2. C=B. Because Cc Cu fx1, we have either C=CU {x1 or 
C<CU (a). If the first alternative holds then C=B. If the second, then 
B <CU {x}. For either one it follows that CU (x)  C K. 
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Case 3. B <C. Since C Cu {x J,  we have at once  that  B<CU Ix}, 
and thus CU fx 	K. Q.E.D. 

It is an easy consequence of the theorem just proved (and some preceding 
results) that a finite set always has less power than a set which is not finite. 

THEOREM 45. If A is finite and B is not, then A <B. 

We may now prove the important theorem that a finite set (in the sense 
of Tarski) is a Dedekind finite set. As already remarked, every known proof 
of the converse of this theorem requires the axiom of choice. For future 
reference it is convenient to define formally Dedekind finiteness. 

DEFINITION 6. A set is Dedekind finite if and only if it is not equipol-
lent to any of its proper subsets. 

And we prove: 

THEOREM 46. If a set is finite then it is Dedekind finite. 

PROOF. Suppose, contrary to the theorem, that A is a finite set with a 
proper subset B such that 

AB 

under the function f, say. We define 

K {C: C A &PC C C} 

Because f"A B and B C A, we see at once that A  K.  Thus the family 
K of subsets of A is non-empty, and since A is finite, K has a minimal 
element, say D. Consequently 

(1) f"D K 

for faD C D and D is a minimal element. On the other hand, in view of 
the fact that D faD and f"D C D, we have that 

f"(„f"D) C f"D, 

and thus 

(2) f"D K 

but (1) and (2) are jointly absurd, and our supposition is false. Q.E.D. 
We leave as an exercise proof of three interesting consequences of the 

preceding theorem. The third of these, when the restriction to finite sets 
is removed, has been shown by Tarski [1924a] to be equivalent to the axiom 
of choice. 

TuEonEm 47. If A is finite and B C A then B <A. 
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THEOREM 48. If A, B and C are finite and  if A <B and B nC = 0 then 

AUG BU G. 

THEOREM 49. If A, B, C and D are finite and if A 	C<D and 
BnD = 0 then 

AUC < BUD. 

A property of finite sets closely related to Dedekind finiteness is given 
in the following theorem. 

THEOREM 50. If A is finite and x A then A < A U 

We close the systematic development of this section with two useful 
theorems, the first of which we prove. 

THEOREM M. The Cartesian product of two finite sets is finite. 

PROOF. Let A and B be finite sets. If either A or B is empty, A X B = 0, 
so we may suppose they are both non-empty. We define: 

C = ID X ly): D=A&ycni. 

We observe that 

UC=AXB. 

Moreover, on the basis of Theorem 8 

A =AX ty), 

whence by virtue of Theorem 42, A X fy I is finite. But  CB, whence C 
is finite, and it follows from Theorem 39 that U C is finite. Q.E.D. 

THEOREM 52. If A and B are finite then A B  is finite. 

Additional properties of finite sets and further equivalent definitions 
may be obtained by introducing ordering notions, but we shall not pursue 
these matters here beyond a few informal remarks. For details the reader 
is again referred to Tarski [1924b]. Stickel [1907] proposed that finite 
sets be defined as those which may be doubly well-ordered. More exactly, 
A is finite if and only if there is a relation R such that both R and  R  well-
order A. This definition may be shown to be equivalent to the definition 
of Tarski used here (see Theorem 37 of Chapter 5). 

Some readers may be disappointed that essentially nothing has yet been 
said about infinite sets. This omission has been deliberate, for until the 
axiom of infinity is introduced and the set of finite cardinals or finite 
ordinals shown to exist, little of interest can be conveniently proved about 
infinite  sets. Such sets shall be considered in the latter part of the next 

chapter. 
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EXERCISES 

1. Give an example different from that in the text of a non-empty family of 
sets which does not have a minimal or a maximal element. 

2. Prove Theorems 24 and 25. 
3. Prove Theorems 30 and 31. 
4. Give an intuitive example to show that Theorem 33 fails if the hypothegis  

is omitted that A is finite. 
5. Prove Theorem 35. 
6. Prove Theorem 36. 
7. Prove Theorem 39. 
8. Prove Theorems 40 and 41. 
9. Prove Theorem 42. 

10. Prove Theorem 45. 
11. Prove Theorems 47-49. 
12. Prove Theorem 50. 
13. Prove that any subset of a set which is Dedekind finite is also Dedekind 

finite. 
14. Prove that if  A B and A is Dedekind finite then B is Dedekind finite. 
15. Prove that if B-< A and A is Dedekind finite then B is Dedekind finite. 
16. Prove Theorem 52. 

§ 4.3 Cardinal Numbers. The Frege-Russell definition of cardinal 
numbers is beautiful in its simplicity. The cardinal number A of the set 7 
is the class of all sets equipollent to —A, that is, 

(1) 	 = (B: B=A 1. 

Cantor used the double bar to indicate two levels of abstraction. The first 
bar is meant to abstract from the particular nature of the elements in the 
set and the second bar to abstract from their order. (These somewhat vague 
ideas of abstraction are represented by the clear formal definition of A.) 

We may, for illustration, define the finite cardinal numbers zero, one 
and two. (We attach a subscript "f" to indicate we are following Frege's 
and Russell's original discussion.) 

Of  = (Oh 

that is, Of is the set of all sets having no members; 

lf  = (A : (3x)(xcA&(Vy)(y CA -4 x = 0)), 

that is, lf  is the set of all unit sets; an equivalent definition using the 
relation of equipollence is: 

= (A: A=1011. 
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We may similarly proceed to define: 

2, = {A: A={0, (01)}, 

or equivalently: 

2, = {A: (3x)(3y)(x C A &yE Afkx y& (V2)(2 EA —)z 
x V z = y)) ) . 

We then have such results as: 

!Edgar Guest, T. S.  Eliot C 2f. 

And we see that 2, is simply the set of all pair sets. 
It will also be useful for comparative purposes later to state the classical 

definition of addition of cardinal numbers. For explicitness, we state: 

m is a cardinal number *--* (3A)(m  

We then define: 
If tu and n are cardinal numbers then 

(2) m+n— IC: (3A)(3B)(ACm&BEn&AnB-0&C.---AuB)}. 

The intuitive idea of this definition should be clear: the cardinal number 
which is the sum of two cardinal numbers m and n is the set of all sets 
which are equipollent to a set consisting of the union of a member of nt and 
a member of n, provided that the two member sets are disjoint. For 
example, we have: 

[C. P. Snow} C lf, 

{Jane Austen, Elizabeth Bowen) 2f, 

and thus 

2, 	lf  2, = {A: A {C. P. Snow' t7 

{Jane Austen, Elizabeth Bowen' ). 

It is at once also obvious that 

2/ ± if = 3f, 

since 

C. P. Snow, Jane Austen, Elizabeth Bowen} C 3f. 

The developments stemming from (1) and (2) are pretty indeed in in-
tuitive set theory, but within our axiomatic framework we cannot show 
that the set  A is other than the empty set. There are at least three routes 
we may take to obtain the cardinal numbers in Zermelo-Fraenkel set 
theory. One is to introduce a new primitive notion and a special axiom 
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for cardinal numbers, which is what we shall do in  this chapter.  A second 
is to define cardinal numbers as certain ordinal numbers. This definition 
requires the axiom of choice to show that every set has a cardinal number; 
it will be considered in Chapter 8. A third approach is to operate with the 
present axioms (and later the axiom of infinity) via the notion of the 
rank of a set, but this construction is rather complicated and will not be 
discussed here. 

The special axiom which we introduce requires a new primitive notion, 
namely, just that of the cardinal number of a set A (in symbols: 3C(A)). 
The intuitive idea of the axiom should be transparent. We would like to 
follow Frege and  Russell  and define cardinal numbers as equivalence classes 
of equipollent sets, but we cannot prove that the appropriate equivalence 
classes exist. So we postulate that with each set A is associated an object 
C(A), the cardinal number of A, such that with two equipollent sets we 

associate the same cardinal number. Notice that on the basis of this 
axiom and the other axioms introduced we cannot prove that the carcinal 
number of a set is itself a set. Formally, the axiom for cardinal numbers is: 

3C(A) = 3C(B) 4-3 A =B. 

Moreover, in conjunction with the introduction of the new primitive term 
we need to extend the definition of primitive formula in §2.1 to include 

this term. This extension also widens the scope of the axiom schema of 
separation. Any definition or theorem which depends on the new axiom or 
which uses the new primitive term 'X' will be marked with a dagger `r.* 

As far as I know the first explicit use of this new axiom is to be found 
in  Tarski [19248 ] ; in this article Tarski is concerned to prove that a number 
of assertions about cardinal numbers are equivalent to the axiom of choice. 
Naturally for this purpose he needed to construct the cardinal numbers 
without using the axiom of choice. The systematic developments in the 
present chapter do not follow Tarski's article, which is concerned with more 
special and advanced questions than those in which we are interested at 
this point. One of the best non-axiomatic presentations of the ideas with 
which we are concerned in this section is to be found in Chapters 2 and 5 
of Sierpinski [1928] (see also Sierpinski 119581). 

Our main objective in this section is to develop the elementary arithmetic 
of cardinal numbers. We shall not distinguish between finite and infinite 
cardinals at this stage; although a few special theorems about infinite 
cardinals can be proved, nothing of much interest is possible without the 

*Note that independent of the axiom we may prove that 

(I) 	 (3x) (X(A) = x), 

once we admit the primitive term 'X', for it is a  truth  of logic that X(A) = 
and (1) is a logical consequence of this truth. 
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axiom of infinity and the set of finite cardinals. In fact, the present section 
may be viewed as indicating how much of the elementary arithmetic of 
cardinals is independent of the distinction between finite and infinite sets. 

We use German, lower case letters 'm', 'n', `p', `ce, 'r', with and without 
subscripts for cardinal numbers. We define for any object x: 

tDEFINITION 7. x is a cardinal number if and only if there is a set A 
such that 3C(A) 

But as in similar situations earlier, we omit the hypothesis 'is a cardinal 
number' in subsequent theorems and definitions and use the special font of 
type just indicated. Proofs of most of the theorems follow directly from 
appropriate theorems in §4.1. 

An important tool in the sequel is the theorem asserting that given any 
two cardinal numbers we can find two mutually exclusive sets corre-
sponding to the two cardinal numbers. 

fTHEOREM 53. There are sets A and B such that 

(i) A nB 0, 
(ii) 3c(A) = nt, 
(iii) 3C(B) = n. 

PROOF. In view of Definition 7, there are sets A' and B' such that 
in and 3C(B') = n, and by virtue of Theorem 9 there are sets A 

and B such that A nB = 0, A=A' and B=13'. By the axiom for cardinals, 
then, 3C(A) = ni and 3C(B) n. Q.E.D. 

We can define addition in a manner very similar to Cantor's, but we 
first need to prove the appropriate justifying theorem. 

tTnEonEm 54. There is exactly one cardinal number p and there are 
sets A and B such that 

(i) A nB 0, 
(ii) 3c(A) = m, 

3C(B) 	n, 
(iv) 3C (A U B) =  p.  

PROOF. (1)-(iii) follow immediately from the preceding theorem, and 
the existence of p is a truth of logic. We want to show that p is independent 
of the particular sets A and B. 

Suppose there were sets A' and B' and a cardinal number p' such that 

A' nB' = 0 

3C(A 1) = m 

3C(B1) n 

3C(A' U B') = p'. 
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It follows from the axiom for cardinals and (2) and (3) that 

(5) A 

(6) B' B. 

And by virtue of Theorem 4 we infer from (5) and (6) that 

A'uif AuB, 

whence by the axiom for cardinals 

ac(A'Uif) = 5c(A uB) 

that is, 

P, 

which was to be proved. Q.E.D. 
With Theorem 54 at hand, we may define addition of cardinal numbers. 

fDEFINNION 8. m n = p if and only if there are sets A and B such 
that 

(i) A nB — 0, 
(ii) 3C(A) = in, 

3C(B) = n, 
(iv) 3C(A UB) =  p. 

We may easily prove that addition of cardinals is commutative and 
associative. 

fTimonEm 55. in n = n 

PROOF. By virtue of Theorem 53 there are sets A and B such that 
A nB = 0, K(A) = in, and aC(B) =  n, whence by Definition 8 

ac(AUB) = m n, 

and 

but 

whence 

ac(BoA) =  n + 

AtIB = BEM, 

n = n in. Q.E.D. 

fTHEonni 56. (tn n) 	m (n p). 

PROOF. Proof follows from associativity of the union operation on 
sets. Q.E.D. 
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We define the cardinal number 0 in the obvious manner, as well as the 
cardinal numbers 1 and 2. 

tDEFINITION 9. 

0 = 3C(0) 

1 -= 3C({0{) 

2 = 3C({0, 10}}). 

And we have the theorem, whose simple proof we Omit: 

tTHEOREM 57. m 0 ---- tn. 

We turn now to multiplication of cardinals. The simple idea is that 
multiplication of cardinals corresponds to the Cartesian product of sets, 
which is obviously the case for finite cardinals. Thus if A has 3 elements 
and B has 4 elements, then A X B has 3 • 4 = 12 elements. 

Again we need a justifying theorem. 

i-THEOREM 58. There-is exactly one cardinal number  i  and there are 
sets A and B such that 

(i) 3C(A) =  ni  
(ii) 3c(B) = n 

(iii) 3c(A X B) 

PROOF. (i)-(ii) and the existence of p are immediate. Suppose now there 
are sets A', B', and a cardinal number p' such that 

(1) X(A') 	ni  

(2) 3C(M) = n 

(3) 3C(A X B) = p'. 

Then (1), (2), and the axiom for cardinals yield: 

A' = A 

B' B, 

whence by Theorem 5 

and thus 

hence 

A'XB 1 ---=-AXB 

3c(A' x B') = 3C(A X B); 

= P. Q.E.D. 
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We denote multiplication by juxtaposition as is customary; occasionally 
a dot is used for purposes of clarity. 

iDEFiNrrioN 10. mn = p if and only if there are sets A and B such that 

(i) X.' (A) ---- m 
(ii) 3C(B) = n 

3C(A X B) = p. 

Cominutativity and associativity of cardinal multiplication follow 
at once from the fact that the Cartesian product operation on sets has these 
properties relative to equipollence. 

tTHEOREM 59. mn = urn. 

PROOF. Use Theorem 6. 

tTHEOREM 60. (inn)p = m(n). 

PROOF. Use Theorem 7. 

tTHEOREM 61. m • 1 = 

PROOF. Let 

c(A) 	211. 

We know that 

3C({01) = 1, 

and from the definition of multiplication 

3C(A X 101) = m • 1, 

but on the basis of Theorem 8 we know that 

A X Oj = A, 
whence 

5C(A X 101) =  ni  
and thus 

M • 1 = M. 	 Q.E.D. 

We leave as an exercise proof of the theorem that cardinal multiplication 
is distributive with respect to cardinal addition. 

.[THEortEm 62. m(n p) = mn + mp. 

The set A B  of all functions from B to A is the basis for defining expo-
nentiation of cardinals. We begin as usual with the justifying theorem, 
whose proof we omit in this case. The critical theorem to use in the proof 
is Theorem 10 of §4.1. 
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tTHEOREM 63. There is exactly one cardinal number p and there are 
sets A and B such that 

(i) 3C(A) = m, 
3C(B) = n, 
3C(A B) = 

i'DEFINrrioN 11. nt" = p if and only if there are sets A and B such that 

(i) 3C(A) = m, 
(ii) 3c(B) = n, 

(iii) 3ç(A) = p. 

By choosing the appropriate theorem from §4.1 we easily prove the 
following three theorems about exponents. 

tTHEOREM 64. 

fTHEOREM 65. 

tTHEOREM 66. 

= new.  

(tnn)P = 

(inT m". 

Also we may easily prove: 

fTHEOREM 67. m' -= tn. 

"I"THEOREM 68. nt° = 1. 

fTHEOREM 69. If  in  0 then Om  = 0. 

We conclude this section with a few theorems on inequalities among 
cardinal numbers. 

fDEFINrrtoN 12. m < n if and only if there are sets A and B such that 

(i) 3c(A) =  in  
(ii) 3C(B) = n 

(iii) A < B. 

And it is easily proved that 

fTHEortEnt 70. m < n if and only if for all A and B if 3c(A) --= m 
and 3C(B) = n then A B. 

From Theorems 1 and 15 it follows at once that: 

tTHEOREM 71. m < tn. 

Using Theorem 17, we may prove: 

tTHEOREM 72. Ifm<nandn< p, thenrn<p.  

And from the Schroder-Bernstein theorem (Theorem 18), we infer that < 
antisyrnmetric. 
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tTnnortEm 73. If nt < n and n < m then in  =  n. 

It is also the case that the three operations introduced are monotonic 
with respect to the relation  <. The proof follows directly from Theorem 19 
of §4.1. 

[-Tummy" 74. If  in  < n and m' < n' then 

m In' n -F , 
(ii) mm' < nn', 
(iii) < 

On the basis of Theorem 20, we have: 

tTunoREm 75.  in  < m n. 

We may define the strict inequality in arithmetical fashion.  

tDEFINITION 13. m < n if and only if m < n and m o n. 

We may then prove: 

tTHEOREM 76. nt  < n if  and only if  there are sets A and B such that 

(i) 3C(A) 	nt, 
(ii) 3C(B) 

(iii) A -< B. 

We have three obvious properties collected together in the next theorem, 
which corresponds to Theorem 21. 

-ITHEOREM 77. 

(i) Not m < m, 
(ii) if m < n then not n < nt, 

(iii) if In <nandn<pthen nt <  p. 

Notice that the assertion that in  < n, m = n, or n < m is simply the 
law of trichotomy for cardinal numbers. As already pointed out, the 
equivalence of this law to the axiom of choice will be proved in Chapter 8. 
What is also important, and surprising, is that if we ask  under what 
circumstances the monotonicity properties expressed in Theorem 74 hold 
with respect to the strict inequality <, the answer, as shown in Tarski 
[1924a], is that (iii) does not hold at all, and (i) and (ii) are each equivalent 
to the axiom of choice. 

An important property which we can prove without the axiom of choice 
is: 

tTHEOREM 78. in  
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PROOF. Select A so that 

5c(A) = 

Then 

5C(10, (011 A) =- 21". 

Moreover, by virtue of Theorem 14 

IPA ----- 	W 10, {O, 

and in view of Theorem 23 

whence by Theorem 22 

and thus by Theorem 76 

A <(PA, 

A < {0, {OW, 

< 2111. Q.E.D. 

The next theorem asserts that there is no greatest cardinal number. 
The proof follows the lines of derivation of Cantor's paradox, which was 
discussed in §1.4. 

tTHEOREM 79. For every In there is an n such that In < n. 

PROOF. Suppose not; that is, suppose there is a greatest cardinal 
number nt. By virtue of Definition 7 there is then a set A such that 

N (A ) = nt. 

On the other hand, from the axiom for cardinal numbers we know there is 
an n which is the cardinal number of the power set of A, i.e., 

3C(TA) = n. 

In view of Theorem 23 

and thus by Theorem 76 

 A < (PA, 

nt < n, 

which is contrary to our supposition. Q.E.D. 

For use in connection with the theory of finite cardinal numbers in the 
next section, we define the notion of the successor m' of a cardinal in_ 
In ordinal number theory the successor of any set A is AU (A] or AU (x) 
for ..r(Z A. A similar approach is suitable here. 



SEc. 4.3 	 CARDINAL NUMBERS 	 119 

fDErmrnoN 14. m1 = n if and only if there is a set A such that VA) 
= m & 3C(A 1441) = n. 

We conclude this section with three theorems about the successor 
function and one more definition. 

tTHEOREM 80. If m' = n1  then m = n. 

PROOF. Let 

3C(A) = m 

3C(B) = n. 
Then by hypothesis 

AU {A} BU 

under the function f, say. Then A B under the function g defined by: 

g = 
.iflA  if  f(A) = B 

(f u  Rri(B), f(A)))) 	(0, AA)), (f- '(13), B)) 
otherwise. 

But since A = B it follows from the axiom for cardinals that in  = n. Q.E.D. 

tTREOREM 81. m1  =  w  + 1. 

tTHEonovi 82. It is not the case that there is an n such that in <n  < 111 1 . 

PROOF. Suppose there were such an n, and let 

3C(A) = m 

3C(B) = n. 
Then by hypothesis 

(1)  

(2) B < A U {A). 

Let (2) be established by a function f, say. There must be a proper subset 
C of AU [A such that 

B C 

under f. Suppose A itself is not in the range of f; then B -< A, which 
contradicts (1) and Theorem 22 of §4.1. Thus A is in the range of f and 
there must be an element x in A C. Define the function h by: 

h = (f U {(1-1 (A), x)I) 	{(f-1(A), A)} . 
Then clearly 

B A 

under h, and we again contradict (1), so our supposition is absurd. Q.E.D. 
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Also for use in the next section we define the set of all predecessors of a 
cardinal number. Without using the axiom schema of replacement, which 
is introduced later, we cannot show that for an arbitrary cardinal this set 
is non-empty, but we can prove this by induction for finite cardinals. 

WEFINITIoN 15. Q(m) = In: n < ml 

Thus, Q(0) = 0 and Q(1) = 

Every arithmetical theorem stated in this section should be familiar 
to the reader under the guise of expressing a property of the intuitively 
given natural numbers. What is important to remember is that these 
theorems also hold for infinite or transfinite cardinals, and not every familiar 
property of the natural numbers is shared by infinite cardinals. For 
example if ni is a finite cardinal, then 

m < m + 1, 

as would be expected, but if m is a transfinite cardinal 

In = nt 	1. 

Also the sum of two transfinite cardinals is always equal to or less than 
their product, which is not true for finite cardinals (since 1 	2> 1 • 2). 

In case the reader is puzzled by the use of the phrases 'finite cardinal', 
'infinite cardinal', ttransfinite cardinal', it may be said that the topics 
connoted by these phrases will be explained subsequently. In the next 
section we discuss the finite cardinals, and in the latter part of the next 
chapter we distinguish between infinite cardinals' and transfinite cardinals; 
m is an infinite cardinal if there exists an  infinite  set A such that 3C(A) = nt; 
nt is a transfinite cardinal if there exists a Dedekind infinite set A such that 
3C(A) = in. As is obvious from remarks in the section on finite sets every 
known proof requires the axiom of choice to show that a cardinal is infinite 
if and only if it is transfinite. 

EXERCISES 

1. Prove Theorem 56 in detail. 
2. Prove Theorem 57. 
3. Prove Theorem 62. 
4. Prove Theorem 63. 
5. Prove Theorems 64-66. 
6. Prove Theorems 67-69. 
7. Prove Theorem 70. 
8. Prove Theorem 73. 
:9: Prove Theorem 76. 
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10. For each of the following, either prove it holds or give a counterexample: 
(a) 3C(A-43) < 3C(A), 
(b) 3C(A---.13) < 3C(B), 
(c) If BgA then 3C(A) = X(24 ,--B) 3C(B), 
(d) 3C(A n = 3C(A) if and only if ACB, 
(e) 3C(A x 	= 0 if and only if A = 0 or B = 0 or B = C. 

11. Prove Theorem 81. 
12. Consider Definition 15. With the axioms given so far, what difficulty is 

encountered in trying to prove that n C Q(m) if and only if  It < nt? 

§ 4.4 Finite Cardinals. We now combine the results of the sections on 
finite sets and cardinal numbers to define the finite cardinal numbers 
(which we call finite cardinals for brevity) and show that they have the 
expected properties of the intuitively given natural numbers (i.e., non- 
negative integers). In using the phrase 'intuitively given natural numbers' 
we do not mean to imply that the natural numbers are well-defined abstract 
entities which are distinct from, but have many properties in common 
with, the finite cardinals. Mathematicians have for some time agreed on 
what the  essential properties of natural numbers should be. We show 
in this section that the finite cardinals — and later the finite ordinals 
— have these properties, although finite cardinals and ordinals are not 
necessarily the same entities. 

There is, indeed, a crucial distinction between our construction of the 
cardinals and the ordinals. The ordinals are particular, specified sets, 
whereas the cardinals are objects which we cannot even classify as sets or 
individuals. In this respect our position with respect to the character of 
the cardinals is similar to that of the working mathematician with respect 
to the natural numbers: he is not concerned with an explicit definition of 
the natural numbers in terms of other known entities, but only with 
knowing their essential mathematical properties. In particular, he requires 
that the natural numbers satisfy Peano's five axioms, which may be 
formulated in elementary logic independent of set theory. These axioms 
are based on three primitive symbols: the predicate 'is a natural number', 
the unary operation symbol `I' for the successor function (intuitively 
xi = s  + 1), and the individual constant '0' for the number zero. Peano's 
axioms are then: 

Pl. 0 is a natural number. 
P2. Ifs is a natural number then xi is a natural number. 
P3. There is no natural number 3.7 such that xi = O. 
P4. /f x and y are natural numbers and xi = yl then s y. 
P5. If  ç(0)  and for every natural number s if io(s) then yo(x 1), then 
for every natural number s, 

Axiom P2 says that the successor of any natural number is a natural 
number. Axiom P3 just says that 0 is the successor of no natural number, 
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that is, it expresses the intuitively obvious fact that there is no natural 
number x such that 

X  ± 1 = O. 

Axiom P4 asserts that the successor function is 1-1. Axiom P5 is really 
an axiom schema which expresses the principle of induction for the natural 
numbers. 

It is a proper question and not an idle philosophical speculation to ask 
why mathematicians agree almost uniformly on Peano's axioms. Deep 
and difficult theorems about the natural numbers were proved before any 
adequate axioms were formulated. Putative axioms which did not yield 
these theorems would be rejected because, it seems, independent of any 
axioms there is a quite precise notion of what is true or false of the natural 
numbers. The author is not prepared to give any exact account of these 
intuitive notions, and it would be too much of a digression to examine 
what other people have said about these matters. But it should be realized 
that to say that the natural numbers are the finite cardinals or the finite 
ordinals is not to give such an exact account, for these intuitive yet precise 
ideas about the natural numbers are themselves used in deciding if the 
proposed identification is acceptable. 

Proceeding now to formal developments, we define finite cardinals as 
cardinals of finite sets — where by finite set we mean a finite set in the 
sense of Tarski.* 

tDEFINITION 16. a:. is a finite cardinal if and only if there is a finite 
set A such that 3C(A) = :r. 

We begin by proving Peano's axioms for the finite cardinals. 

tTnnonnAl 83. 0 is a finite cardinal. 

PROOF Immediate from Definition 9 and Theorem 24. 

tTEIEOREM 84. If in is a finite cardinal then  rn1  is a finite cardinal. 

PROOF. On the basis of the hypothesis that m is a finite cardinal, there 
is a finite set A such that 3C(A) = m, and by virtue of the definition of 
the successor function 

3C(A U {A =m' 

*I have not seen the theory of finite cardinals developed on this basis in the literature, 
but it seems to be a highly natural approach. 

tWe do not introduce a special font of type for finite cardinals, for we reserve the lower-
case italic letters 'n', 'p', 'q', 'r' for finite ordinals. The reason for this is that in 
Chapter 6 we construct the rational and real numbers from the finite ordinals rather 
than the finite cardinals in order not to make this construction depend on the axiom 
,itor cardinal numbers. 
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and it follows from the fact that A is finite and Theorem 29 that AU (A) 
is finite, whence mi is a finite cardinal. Q.E.D. 

tTHEOREM 85. There is no finite cardinal nt such that ml = O. 

PROOF. Suppose by way of contradiction there were such an in. Let 
3C(A) = nt. Then from the definition of 0 and successor, and the axiom 
for cardinals 

MIA( =O,  

which is absurd. Q.E.D. 
The proof of Peano's axiom P4 for finite cardinals is immediate from The-

orem 80 and need not be stated. 
Finally, to prove the principle of induction for finite cardinals we use 

the principle of induction for finite sets (Theorem 33). 

tTHEOREM SCHEMA 86. If 

so(0) 
(ii) for every finite cardinal  in if v(m) then v(ni), 

then for every finite cardinal  in,  (p(M). 

PROOF. Suppose that there were a finite cardinal  in  for which io(m) 
is false. Let A be a finite set such that 3C(A) = tn. We derive a contra-
diction by induction on subsets of A. Define: 

L=  (B: B C A & 40(3C(B)) 

From (i) of the hypothesis we know that OEL. Assume now for the in-
duction that BEL and xEA B. From the definition of L the set B is 
finite because it is a subset of the finite set A. We want to show that 
9(3c (BU {x()). We observe first that obviously 

(1) BU(B)=BU N .  

Let 3C(B) = n. Then by (ii) of the hypothesis and the fact that BEL and 
thus so(3c(B)), we infer so(nO, but 

(2) 3C(BU 	=ni, 

whence from (1) and (2) and the axiom for cardinals 

3C(BU fx1)=n 1  

and thus so(5C(B U (x))) and BU lxJcL.  It then follows from Theorem 33 
that A E L and thus w(3C(A)), that is, io(m), which contradicts our sup-
position. Q.E.D. 

By building on these five theorems and the general development of 
cardinal arithmetic in §4.3, the complete elementary arithmetic of addition, 
multiplication, and exponentiation is easily constructed. 
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We state without proof four theorems about the relation less than. 

Proofs are immediate from facts about finite sets proved in §4.2. 

fTnEortEm 87. If nt is a finite cardinal then nt <ni  + 1. 

-ITHEonnm 88. If In is a finite cardinal and n is not, then m < n. 

frunortEm 89. If m is a finite cardinal and n  <m  then n is a finite 
cardinal. 

frtruortEm 90. If m is a finite cardinal then n <  in,  n = m, or In < it  

We conclude this section with a sequence of theorems leading to the 
result that < well-orders any set of finite cardinals. We first prove by 
induction that the set Q(m) of predecessors of a finite cardinal m is non-
empty. 

frimonEm 91. If m is a finite cardinal then n  E  Q(m) if and only if 
< M. 

moor. From the character of definition by abstraction, which was used 
in defining Q  (in), it is clear that to establish the theorem we need to prove 
that for every m there is a set A such that for every n, n  C A if and only 
n < nt. For nt = 0, we may take A  =  0. For the second part of the 
induction, we assume there is such a set A for nt. But it is easy to see that 

B = AUtrn  

is the appropriate set for m 	1, that is, on the inductive hypothesis 
for A, n  C B  if and only if n < nt + 1. Q.E.D. 

It is also not difficult to prove that if nt is a finite cardinal then Q(m) 
has in members. 

iTHEortEm 92. If nt is a finite cardinal then 3C( Q(M)) = M. 

We next want to prove that < well-orders Vitt), when m is a  finite  
cardinal. As matters now stand, the symbol ' <' does not designate a set, 
just as  '=' and 'C' do not, but by appropriate restriction, along the 
lines we used for identity in Chapter 2, the desired set-theoretical entity 
may be obtained. 

DDEFINFrioN 17. <IA = 101,m):nEASLmEASzn <ntl. 
(Notice that we have used the vertical bar of restriction defined in Chapter 
3 because of its suggestiveness, although actually here the whole symbol 
<I' is a unary operation symbol.) It is a simple matter to apply the axiom 

schema of separation to obtain: 

fruEortum 93. n  <A m  if  and only if n  C A ez m A & n < 

TO avoid cumbersome notation, it is convenient to define: 
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tDEFINITIoN 18. < in  = < Q (M) - 

We may then prove by induction (using Theorem 86) that 

tTHEIDEEm 94. If nt is a finite cardinal then <,„ well-orders OR). 

PROOF. Obviously < 0  well-orders Q(0), since Q(0) is empty. 

For the second part of the induction, we assume that 

(1) 	 <„, well-orders Q (m) 

Now it is obvious from the relevant definitions that 

Q(1111) 	Q(111 ) U  (ml.  

We need to show that any non-empty subset A of Q(m 1) has an 	- first 
element, for the connectivity of Q(m1) under the given relation follows 
from Theorem 90. (These are the two conditions required for <„,i  to well-
order Q(111 1 ); cf. Definition 27 of Chapter 3.) If A C Q(m) then that A 
has a <,„, - first element follows from the inductive hypothesis (1). At 
the other extreme, if A , the desired conclusion follows at once. 
The third possibility, i.e., that not A c Q(m) and A n Q(nt) s 0, is 
equally simple. For A (In) c Q(in) and thus A (ml has a < no  - first 
element, say n, and clearly n 	whence n is also the < no  - first element 
of A, which completes our inductive proof. Q.E.D. 

Finally, we prove: 

tTnEonum 95. Any set A of finite cardinals is well-ordered by <IA. 

PROOF. If A is empty there is nothing to prove, so we may assume that 
A &  0. Connectivity of <IA follows from Theorem 90. Let B be a non-
empty subset of A. To complete our proof we need to show that B has a 
<jA - first element. Choose an element m from B. If Bn Q(m) = 0 then 
clearly m is the <IA - first element of B. If B n Q(m) s 0, let 

C = B n Q(m). 

Obviously if n  C C and 1) C B C 

(1) tt < 

but since C is a non-empty subset of Q(m), by virtue of the preceding 
theorem C has a <,„ - first element, say e, and in view of (1) there is no 
difficulty in showing that it',  is the  <(A-first element of B. Q.E.D. 

It may be remarked that there is no hope of proving without the axiom 
of choice the analogue of Theorem 95 for a  set  of arbitrary cardinals, for 
the connectivity of the set is simply the law of trichotomy. 
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EXERCISES  

1. Prove Theorems 87 and 88. 
2. Prove Theorems 89 and 90. 
3. Prove Theorems 92 and 93. 

In the next eight exercises, assume that nt, n, p and q are finite cardinals. 
4. Prove that if m n = then m < p. 
5. Prove that n < m + n. 
6. Prove that if m < n then m 	< n 
7. Prove that if m 	< n p then m n. 
8. Prove that if in <n  & p < tl then In +13<n+ (1. 
9. Provethatjfm<n&p0Othenntp< n.  

10. Prove that if nip < np then in G n. 
11. Prove that if m<n&p<q then mp < nq. 
12. Let R be a relation whose field is a set of finite cardinals. Prove that there 

is a function f with 2/7 = Df. (This assertion, with the restriction to finite cardinals 
removed, is one form of the axiom of choice.) 



CHAPTER 5 

FINITE ORDINALS AND DENUMERABLE SETS 

5.1 Definition and General Properties of Ordinals. In this 
chapter we first develop to a certain extent the general theory of ordinal 
numbers, following the ideas of von Neumann [19231. We then turn our 
attention to the finite ordinals whose theory we develop independently of 
that of finite cardinals in the final section of the previous chapter and also 
independently of the special axiom for cardinal numbers. At no point in 
this or subsequent chapters does the theory of ordinal numbers depend on 
this axiom. In the last section of this chapter we consider the theory of 
denumerable sets and return briefly to the theory of cardinal numbers. 

The theory of finite ordinals given in this chapter is certainly more 
complicated than that of the finite cardinals in Chapter 4, but it has the 
great virtue of not depending on any special axiom. When the theory of 
cardinal numbers is made independent of this special axiom and the axiom 
of choice by use of the notion of the rank of a set (cf. Scott [1955 1), it is, 
in its opening phases, more complicated than the theory of ordinals. 
This approach, via the concept of rank, will not be pursued here. 

We begin with some description of the classical Cantor theory of ordinal 
numbers. This theory depends upon first defining the notion of order type 
and then designating ordinal numbers as certain special order types, 
namely, the order types of well-ordered sets. Loosely speaking, an order 
type is the set of all simply ordered sets which can be put into 1-1 corre-
spondence with a given simply ordered set such that the order is "preserved." 
In making this more precise, it is desirable in the interest of clarity to deal 
with ordered pairs: 21 = (A, R) is a simple order structure if and only if R 
is a strict simple ordering of A. Classically, reference to the ordering R is 
suppressed and a single bar over A is used to indicate the order type. 
We shall be more explicit. First, we define the notion of two simple order 
structures being similar to catch the notion of an order preserving 1-1 
correspondence. The definition does not need the assumption that the pairs 
are  simple order structures; a format common in abstract algebra is 

127 
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followed, which explains the use of German letter variables `21' and TY. 
(This definition is a special case of the general definition of isomorphism 
of algebraic systems.) 

DEFINITION 1. 

(i) 21---- (A, R) is similar under f to 93 = (B, S) if and only if 

(a) f is a I-1 function, 
(b) = A and atf = B, 
(c) for every x, yA 

aRy  if  and only if f(x)S f(y). 

(ii)  1 = (A, R) is similar to R3=  (B, 8) if and only if there is an 
f such that VI is similar under f to 93. 

Obviously the notation: 21 = (A, R) in the definiendum does not satisfy 
our formal rules of definition. We should have: 

21 is similar under f to 13 if and only if there are sets A, B, R, and S 

	

such that ?I = (A, R), 	(B, 8) and. . 

But the usage we have followed is widespread and intuitively more per-
spicuous. If, for instance, 

A= (1, 2, 3) 

B = (3, 5, 7) 

R = less than restricted to A 

= greater than restricted to B, 

then (A, R) is similar to (B, S), for we may take its the appropriate function: 

	

f 	RI, 7), (2, 5), (3, 3)1- 
In intuitive set theory we would, if it were not for the paradoxes, define: 

if 21 is a simple order structure then 

(1 ) 	 .91 = 43: -23 is similar to WI. 

The difficulty with (1) is exactly the difficulty we encountered with the 
corresponding definition of cardinal numbers: we cannot prove that the 
equivalence class ff, which is the order type of 21, is not empty. Easy 
and natural development of intuitive order type theory would require 
the introduction of a new axiom like the axiom for cardinals.* 

*We may mention the four most important order types and their commonly agreed 
upon symbolic names. Thus 

a) is the order type of (N, <), where N is the set of natural numbers; 
co* is the order type of (N, >), or just as well, the order type of the negative in-

tegers under less than; 
n is the order type of (Rat, <), where Rat is the set of rational numbers; 
)  is the order type of (Re, <), where Re is the set of real numbers. Each of these 

'Order types may be characterized abstractly (see, for instance, Sierpinski [1028D. 
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It should be mentioned that order types may be defined simply in terzns 
of relations. If R is a simple ordering, then 

---- IS: OS, S) is similar to (ŒR, R)), 

but none of the difficulties of (I) are avoided by this approach. 
In view of the difficulties with definition by abstraction of cardinal 

numbers or order types, it is fortunate indeed that for the special case of 
ordinal numbers, which are classically order types of well-ordered sets, 
a device may be adopted which requires no special axioms to support it. 
The idea is to choose just one representative of each order type which is 
an ordinal and call this representative the ordinal. That is, in the case of 
well-orderings we are actually able to construct a definite example of each 
poesible well-ordering, which we cannot do in the case of arbitrary orderings. 

The definite representatives we choose are built up from the empty set: 

1 = {0] 

2 = {0, {0] = 10, 11 

3 -= 10,10], 10, 10111 = {0, 1,2} 

Each ordinal has all smaller ordinals as members, and the membership 
relation provides the appropriate well-ordering. This construction is due 
to von Neumann [1923]. Its intuitive adequacy to provide a representative 
of each type of well-ordering may be explained by the following informal 
argument, for which I am indebted to Dana Scott. 

Let R be a well-ordering of A. We want to give a method of associating 
a new well-ordering relation with R that does not depend on the particular 
nature of the elements of A. Put another way, we want to define a function, 
say f, on A which will yield an appropriate definite representative matching 
the ordering due to R. The definition proceeds as follows. Let a, be the 
R-first element of A. We set 

f(a0) = O. 

Let a, be the next element of A under R. We set 

= Iff(0) 
(01. 

Similarly, for a, 

f(a2) = ff(a.), f(a t)1 
= {0, {OH, 

and for any integer n 

f(a) = fAct.), f(a), - • f(a7 -1)  
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Moreover, this construction may be extended beyond the integers. In 
general, the value  of f  for each element a is simply the set of function values 
of the elements which precede a in the ordering R. Formally, for every a 
in A 

f(a) = fu iciata). 

Moreover, it is not difficult to show that for a, bEA 

aRb if and only if f(a) c f(b). 

Further, if S well-orders B and (A, R) is similar to (B, S) under a function 
g say, then for a in A 

f (a) — (g(a)), 

where f' is constructed for (B, S) as f was for (A, R). The functions f and! 
have mapped the two well-orderings onto an appropriate representative 
which replaces the relations R and S by a fragment of the membership 
relation. Thus instead of definition by abstraction we have a simple and 
natural procedure for representing .  any well-ordering by the membership 
relation. In Chapter 7 (Theorem 81) we prove that this representation 
is indeed always possible. 

We now proceed to formal construction of the ordinals. Some pre-
liminary notions are needed. We begin with the definition of "fragments" 
of the membership relation. We define a relation 8A which corresponds 
to membership exactly as  SA corresponds to identity. 

DEFINITION 2. 8A Rx,y): xcAezyCASzxC0 ‘. 

Mainly by virtue of the axiom schema of separation we have: 

THEOREM 1. (re,y)ECAffandonlyifxcA(StyCA&2cEy. 

DEFINITIoN 3. A is complete if and only if every member of A  is  a 
subset of A. 

Some examples will illustrate this notion. Let 

A, = {James Joyce, {0) }. 

A, 	10, (0)). 

Then A 2  is complete, but A , is not. Notice that we could not define 
completeness by the condition: 

(1) For every x if x c A then x C A, 

because the definition of 'C' was conditional and 110 decision can be made 
about the relation of inclusion for individuals. For example, With (1) 
as the definiens we would not be able to decide if {James Joyce) is complete. 
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The English wording of Definition 3 is intended to entail that every member 
of a complete set is a set. 

We have the simple result: 

THEOREM 2. If A and B are complete then A flB and AU B are complete. 

We now can state the definition of ordinals which in its present simple 
form is due to Robinson [1937 ] . 

DEFINITION 4. A is an ordinal if and only if A is complete and 8A 
connects A. 

The adequacy of this definition depends on the axiom of regularity. 
Without the assumption of that axiom we need something like the follow-
ing: A is an ordinal if and only if 

(i) CA well-orders A, 
(ii) A is complete. 

Condition (i) prohibits an infinitely descending sequence of elements in 
A, which is also prohibited by the axiom of regularity. And without this 
axiom, we have 0 / 101, 101 / (0, {011, etc. 

In the remainder of this section we prove some general theorems about 
ordinals, most of which are necessary to the construction of the finite 
ordinals in the following section. We begin by proving that every ordinal 
is well-ordered by the membership relation. As would be expected from 
the above remarks, the proof depends on the axiom of regularity. 

THEOREM 3. If A is an ordinal then 8A well-orders A. 

PROOF. Since if A is an ordinal 8A connects A, we need show only that 
every non-empty subset B of A has an CA-first element. By the axiom 
of  regularity  and the fact that every member of B is a set, there is a set C 
in B such that 

B nC = 0. 

Hence no member of B is also a member of C, and thus C is an CA-first 
member of B. Q.E.D. 

The proof of the next theorem uses facts about 8A-sections established 
in §3.2. 

THEOREM 4. If A is an ordinal, B C A, and B is complete, then B  C A. 

PROOF. In view of Theorem 3 we know that 8A well-orders A. More-
over, since B is complete, if a:8Ay and y  ë B, then x  C B. Hence B is an 
8A-section of A and thus by virtue of Theorem 69 of §3.2 there is a z 
in A such that 

( 1-) 	 B 	Ix: x A &x8Az}. 
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But since A is complete, every member of z is a member of A and (1) 
reduces simply to: 

B =  Ix:  x 2), 

that is, 

B = z, 

and z is a member of A. Q.E.D. 

THEOREM 5. If A and B are ordinals, then A C B if and only if A E B. 

PROOF. If A C B then since A is complete, by the preceding theorem, 
A B. If A C B then since B is complete A  CB. Q.E.D. 

THEOREM 6. Every member of an ordinal is an ordinal. 

PROOF. Let A be an ordinal and B A. Since A is complete, B C A 
and thus CB, which is a subset of CA, connects B. Moreover, since  CA 
well-orders A, it well-orders B, and hence is transitive on B. Thus if we 
have: 

x CA y & y  CA B, 

we infer x CA B, that is x  C B, whence y C B, and B is complete. Hence 
B is an ordinal. Q.E.D. 

Proofs of the next two theorems are left as exercises. The first one is 
slightly difficult. 

THEOREM 7. If A and B are ordinals then either A C B or B C A. 

THEOREM 8. If A and B are ordinals then exactly one of the following 
holds: 

A B, B c A, A —B. 

THEOREM 9. If B is a set of ordinals then U B is an ordinal. 

PROOF. Since B is a set of ordinals and members of ordinals are ordinals 
(preceding theorem), in view of Theorem 8, CUB connects U B. To show 
that U B is complete, let C  C U B. Then there is an ordinal D such that 
C E D and D E B. Since D is complete, C c D, and by virtue of Theorem 
62 of §2.6 from D E B we infer D C U B, and thus by transitivity of 
inclusion we conclude: C C U B. Q.E.D. 

This proof illustrates the typical, straightforward technique for proving 
that some set is an ordinal: prove that the set is connected by the member-
ship relation and that it is complete. 

We define strict and weak less than for sets in terms of membership, 
and also strict and weak greater than. 



SEc. 5.1 	FINITE ORDINALS AND DENUMERABLE SETS 
	

133 

DEFINITION 5. 

(i) A <Bif and only if A B, 
(ii) A<BifandonlyifA<BorA=B, 

(iii) A > B if and only if B  <A,  
(iv) A > B  if and only if B < A. 

We restrict ourselves to one theorem about strict less than, but the elemen-
tary order properties of the other three relations are easily proved, and 
we assume them in the sequel. 

THEOREM 10. If A, B, and C are ordinals then 

not A < A, 
if A < B then not B < A, 
if A <B and B  <C' then A <C,  
exactly one of the following holds: 

A < B, A = B,B  <A. 

The next theorem shows that each ordinal is just the set of smaller 
ordinals. We omit the proof. 

THEOREM 11. If A is an ordinal then 

A -= 1B: B is an ordinal & B <A ) .  

We now prove that the set of all ordinals does not exist. 

THEOREM 12. There is no set A such that for awry x,  z c A if and only 
if x is an ordinal. 

PROOF. The proof consists in showing that if there were such a set, 
say A, then it would be an ordinal and thus a member of itself, violating 
the fact that 8A well-orders A. That is, it is absurd to have A  c A. 

Suppose that A is the set of all ordinals. By virtue of Theorem 8, 
8.21 connects A. Let B be an arbitrary member of A. In view of Theorem 
6 every member of B is an ordinal, whence a member of A, and thus 
B C A, which establishes the completeness of A. A is therefore an ordinal, 
but then A e A. Q.E.D. 

This theorem shows that in Zermelo set theory the Burali-Forti paradox 
of the greatest ordinal (cf. the discussion in §1.4) is blocked by the fact 
that the set of all ordinals does not exist. It is to be emphasized that 
the proof of this theorem does not really depend on the axiom of regularity, 
for if this axiom is not a.ssurned, then as already indicated, it is part of the 
definition of ordinals to require that if A is an ordinal SA well-orders A, 
which implies A 

*In von Neumann set theory the class of all ordinals does exist, but it is a proper class 
and thus cannot be a member of itself or any other class. 
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We conclude this section by introducing the notion of successor for 
ordinals. The intuitive idea is the same as for cardinals and the definitions 
are closely related. No confusion will result from using the same standard 
symbol for both succe&sor functions, for in every context of occurrence it 
will be clear whether cardinals (constructed by use of the special axiom 
for cardinals) or ordinals are being considered. 

DnriNrrioN 6. Ai = AuM}. 

For example, 

0 1  = 0 U {0} = {0} = 1 

1 1  = 101 1  = { 01 u 110}} =  1 0, {0)1 = 2. 

We state without proof some theorems very similar to theorems already 
stated for cardinals. 

THEOREM 13. If A 1  = Bi then A = B. 

THEOREM 14. If A is an ordinal then  U A' = A. 

THEOREM 15. If A is an ordinal then there is no ordinal B such that 

A  <B  < Ai. 

THEOREM 16. Al is an ordinal if and only if A is an ordinal. 

EX ERCISRS 

1. Prove that Definition 4 of ordinals is equivalent to tlie other definition 
given immediately after it in the text. 

2. Give a detailed proof of Theorem 1. 
3. Prove Theorem 2. 
4. Prove that a set A whose only members are sets is complete if and only if 

U A C A. 
5. Prove Theorems 7 and 8. (Hint: Suppose AnBCA & AnBCB and 

then derive an absurdity.) 
6. Prove Theorem 10. 
7. Prove Theorem 11. 
8. Prove Theorems 13 and 14. 
9. Prove Theorems 15 and 16. 

10. Prove that if A and B are ordinals and A C B then B Ai. 

11. Let B be a set of ordinals. Prove 
(a) If C C B then C < UB, 
(b) If D is an ordinal and for every C in B, C < D, then U B < D. 

12. Give a counterexample to show that (b) Exercise 11 is false if the require-
ment is omitted that D be an ordinal. 

13. Prove that if B is a non-empty set of ordinals then fl B is the 8B-first 
member of B. 
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§ 5.2 Finite Ordinals and Recursive Definitions. Finite ordinals 
are simply ordinals which are well-ordered by the convise of the member-
ship relation. For intuitive ease of reference in constructing the real 
numbers in the next chapter we call the finite ordinals natural numbers. 

DEFINITION 7. A is a natural number if and only if A is an ordinal and 

eA well-orders A. 

This definition could be replaced by the following: A is a natural number 
if and only if A is an ordinal and A is a finite set in the sense of Tarski. 
As a matter of fact, to indicate how quickly and directly the theory of 
natural numbers as finite ordinals may be developed from the axioms of 
Zermelo set theory, we have made most of the present section independent 
of the theory of finite sets given in §4.2. 

For natural numbers we shall use the lower-case italic letters 'in', 'n', 
,  'q',  'r',  's',  and 't', with and without subscripts. 
Our first task is to prove Peano's five axioms (see §4.4). 

The proof is obvious that 

THEOREM 17. 0 is a natural number. 

THEOREM 18. If n is a natural number then nt is a natural number. 

PROOF. Since n is a natural number, n is an ordinal, and thus by the 
last theorem of the previous section n 1  is an ordinal. Whence we know 

that en' and thus &II connect n 1 . To show that ni is well-ordered by 8ni 
and is consequently a natural number, we need prove only that every 

non-empty subset of n 1  has an &n 1-first element. If a non-empty subset 

of n 1  has n as a member, n is its 8n 1-first member, and if it does not, it is 

a subset of n and by hypothesis of the theorem has an 8n-first element and 

thus an 6n 1-first element. Q.E.D. 

THEOREM 19. There is no natural number n such that  nt  =  O. 

PROOF. Suppose there were such a natural number n. Then n C n 1 , 

whence n j 0, which is absurd. Q.E.D. 

THEOREM 20. If n and m are natural numbers and  nt  = inl then n = m. 

PROOF. Immediate consequence of Theorem 13. Q.E.D. 

Proof of the induction schema is facilitated by the following theorem, 

whose proof we leave as an exercise. 

THEOREM 21. If A < n then A is a natural number. 

We now prove: 
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THEORIMI SCHEMA 22. If 

CO 9(0), 

(ii) for every n if  ç(n) then (,o(nt), 
then for every n, rp(n). 

PROOF. Assume the hypothesis of the theorem and suppose there is 
an n such that it is not the case io(n). Let 

L(n) 	IB: B < n & ç(B) is false. 

Then En 1  well-orders L(n). Let B* be the first element of L(n). Since 
B* is not zero, CB* well-orders B* and there is an 8B* -first element of 
B* , say D. That is, D is the B' -last element of B* . 
Moreover, because D  < B  

(1)  

But 

(2) DI = B*, 

since if Di B,  then 

Di e B4. 	 (Why?) 

and D would not be the 8B *-last element of  B.  Whence from (1), (2) 
and the hypothesis of the theorem we infer that 

which is absurd. Q.E.D. 

Theorems 17-20 and Theorem 22 correspond to Peano's five axioms. 

The further course of development of the arithmetic of the natural 
numbers cannot proceed along the lines that were followed for the arith-
metic of the finite cardinals. The axiom for cardinals made direct justifica-
tion of the explicit definitions of cardinal addition, multiplication, and 
exponentiation simple and natural. 

To illustrate the problems which face us, we may for the moment con-
centrate on defining addition. Given simply Peano's axioms P1-P5 for-
mulated in predicate logic with identity and without set theory, it may be 
shown (J. Robinson [1949]) that a proper, explicit definition of addition 
cannot be stated within this framework. The customary procedure is to 
adopt two further axioms: 

P6. I f x is a natural number then x +  O  = x. 
P7. If x and y are natural numbers then 
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In order to illustrate the use of these axioms, we may prove that 1 + 3 = 4, 
where, as expected, 

( 1) 1 = 0 1  

(2) 2 = 1 1  

(3) 3 = 2 1  

(4) 4 = 3 1  

by (3) 

by P7 

by (2) 

by P7 

by (1) 

by P7 

1111 	by P6 

=  2" 	by (2) 

= 3 1 	by (3) 

=4 	by (4) 

A pair of postulates like P6 and P7 is said to provide an inductive or recursive 
"definition" of addition. From the standpoint of the theory of definition 
as formulated in §2.1, such "definitions" are not proper ones at all. In 
particular, they violate the criterion of eliminability in a much more pro-
found way than do conditional definitions. For example, given P1—P7 
we cannot eliminate the addition symbol from the arithmetical theorem:  

X  + y = y +  X.  

Recursive definitions, however, are close to being proper ones, and what 
we want to show is that given the additional apparatus of set theory, we 
can replace any recursive definition by an explicit, proper definition. 
Naturally if we were interested in considering only addition and perhaps 
multiplication and exponentiation, it would be possible to avoid the 
general theory of recursive definitions and justify each by special argu-
ment.* The advantage of the general theory is that it provides a clear 
picture of exactly what further means of definition are added to elementary 
number theory by the use of general set theory. 

*This course is followed for example in Landau's classic little work [1930]. 

We then have: 

1+ 3 = 1 + 21  

= (1 + 2) 1  

= (1  +1')'  

= (1 + 1) 11  

= (1 ± 09 11  

= (1 + 0) 1 H 
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On the basis of  the axioms introduced so far we can introduce the theory 
of recursive definitions by means of a theorem schema. Because we cannot 
prove the existence of the set of natural numbers or of any other infinite 
set, we cannot define the standard binary operations of arithmetic as 
proper set-theoretical functions. For the development of elementary 
number theory this is not a matter of great concern, but both for the theory 
of denumerable sets and for the theory of the real numbers in the next 
chapter, the existence of the set of natural numbers is essential. And 
granted existence of this set, existence of the binary operations on the 
natural numbers as functions is easily established. 

Thus to have available from the beginning direct construction of arith-
metical operations as certain sets, we introduce at this point the axiom 
of infinity. 

(3A)[0 C A & (VB)(B c A —*BOB} C 

The attempt to prove the existence of an infinite set of objects has a 
rather bizarre and sometimes tortured history. Proposition No. 66 of 
Dedekind's famous Was sind und was sollen die Zahlen?, first published 
in 1888, asserts that there is an infinite system. (Dedekind's systems 
correspond to our sets.) His proof is such a beautiful combination of 
mathematical reasoning and vague epistemology that I give a free trans-
lation of it here: 

PROOF. My world of ideas, i.e., the totality S of all things which can be 
objects of my thought, is infinite. For if s is an element of S, then the idea 
s', that s can be an object of my thought, is itself an element of S. If one 
considers the latter the image so(s) of the element s, then the hereby defined 
mapping io of S has the property that the image S' is a part of S; and indeed 
,S' is a proper part of S, because there are in S elements (e.g., my individual 
ego) which are different from every ,  such idea s' and hence are not contained 
in S'. Finally, it is evident that if a and b are different elements of S, then their 
images a' and b' are also different; consequently the mapping it, is 1-1. There-
fore S LS infinite.* 

Dedekind's proof depends, of course, ou using his definition of infinite 
systems (or sets), but what is interesting is his excursion into the epis-
temology of ideas. j- In no sense does this proof satisfy modern canons. 
Subtler arguments are to be found in Russell [1903, §339], but Russell 
later conceded that his arguments too were fallacious.f 

*A similar argument is to be found in Bolzano [1851, §13j. 
1-Epistemological criticisms of Dedekind's view are to be found in Russell [1920, pp. 

139-1401. 
ttRussell boldly begins §330: "That there are infinite classes is so evident that it 

will, scarcely be denied. Since, however, it is capable of formal proof, it may be as well 
14.  prove it." 
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As far as I know the first unequivocally clear recognition that such an 
axiom is needed is to be found in Zermelo's epoch-making paper of 1908.* 
Zenmelo's formulation is essentially the following: 

(3/1)10 c A & (V B)(B C 	{13) A)). 

He constructed the natural numbers as 0, (01,  I  101j, { ({0}11, . . . , which 
approach does not as easily generalize to the construction of infinite 
ordinals as does the one adopted in this book. A few years after Zermelo, 
Whitehead and Russell postulated an axiom of infinity in Princivia 
Mathematica, and there is an interesting discussion in Ramsey [1926] of 
whether or not their axiom of infinity may be regarded as a logical truth. 

Turning back to systematic considerations, we first define the set w 
of all natural numbers and then leave as an exercise proof of the theorem 
that w is non-empty. The axiom of infinity is essential for the proof. 

DEFINITION 8. w = 	: A is a natural number). 

We then have: 

THEOREM 23. A C a) if and only if A is a natural number. 

It will be convenient for the sequel to use w to give a "set" formulation 
of the principle of induction. 

THEOREM 24. If 

(i) 0 C 
(ii) for every n if n A then ni A, 
then 0.)C A. 

We turn now to our main task of justifying definition by recursion. 
For functions of one argument, we want a theorem something like: 

For every object x and every set G there is a unique F such that 

(i) F is a function on 0), 
(ii) F(0) = x, 

(iii) for every  n, F(ni) 	G(F(n)). 

It is important to notice that x need not be a natural number; it may be 
any individual or set (we use 'object' as a neutral term), and G need not 
be a function, nor if it is a function need it include F(n) in its domain. 
Of course, when G is defective in one of these respects, then 

G(F(n)) = 0, 

by virtue of Definition 39 of §3.4. 
*Moreover, Zermelo 119091 was the first to recognize that elementary number theory 

could be developed without the axiom of infinity. 
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For functions F of two arguments we want: 

For any sets G and H there is a unique F such that for every m and n 

(i) F is a function on co X co, 
(ii) F((m, 0)) = H(m), 

(iii) F((n; ni)) 	G((nt, F((m, n)))). 

Note again that G and H need not be functions, although it is natural in 
defining the standard operations by recursion to have G and H be simple 
functions mapping natural numbers or pairs of natural numbers into natural 
numbers. For example, if F is meant to be the operation of addition, we set 

H(m) m 

since 

m = 

and 

( 1 ) 	 G(Ort, F((m, n)))) = F((m, n)) 1 . 

However, (1) is not quite correct; because the successor symbol does not 
designate a function in our set-theoretical universe, we do not know 
directly that G is a proper set-theoretical function. But this difficulty 
is easily remedied by the technique of defining a fragment of the intuitive 
successor function, corresponding to what we did earlier in the case of 
identity and membership. 

DEFINITION 9. eA = 	B 1): 13 c Ai. 

The expected theorem holds: 

THEOREM 25.  (B, BI) 	c A. 

For simplicity of notation in this section, we further define: 

DEFTNrrIoN 10. e = 

Thus e(1) = 0 and e(1) = 2, 
where we define, as already indicated: 

DEFINITION 11. 

1 = 1 0 ), 

2 = fO, (01). 

And we replace (1) above by 

G((m, F((m,n)))) 	 n))). 

We' also define at this point n-1 and n-2 for any ordinal. 
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DEFINITION 12. 

(i) If A 	& A is an ordinal then 
A-1 = B if and only if B 1  = A 

(ii) If A O&A 1&A is an ordinal then 
A-2 B if and only if (BOI = A. 

Rather than state separate theorems for functions of one argument, 
functions of two arguments, etc., we may assert a general theorem on 
recursion for functions of r arguments. In the theorem we use the notation 

(2) 	 (mo, m„ . . . , 	n) 

for r-tuples, which we now consider. First we define: 

DEFINITION 13. x is an r-tu  pie  of A if and only if x  C A'. 

In other words, an r-tuple of A is a function from the set of natural numbers 
less than r to the set A. To justify the notation '(x, y)' for couples (i.e, 
2-tuples) when this notation has already been used for ordered pairs, we 
have the following theorem, whose proof we leave as an exercise: 

THEOREM 26. A 2  A X A under the function g such that for any 
f A 2, 9(f) 	(g0), f( 1)). 

Because A' is equipollent to A X A, we shall use the same notation for 
couples and ordered pairs, and this ambiguity will be the source of no 
difficulty. In fact., in intuitive developments of set theory it is common 
to "identify" the two. Without using the notation (2), our fundamental 
theorem on recursion can be given the following somewhat unintuitive 
formulation:  

For any sets G and H and any r> O there is a unique F such that 

(i) F is a function on cor, 
(ii) for every f, if f  C  cor and f(r — 1) = 0 then 

F(f) 	I r 	1 ), 
(iii) for every f and every n, if f of and f(r — 1) = n then 

F((f I r — 1) U {(r — 1, &))) = Gaf I r — 1) U {(r — 1, F(f))}). 

To reformulate the theorem in a schematic fashion after the manner of 
(2), we need: 

DEFINITION SCHEMA. 14. If Xo, . . . xr_ 1  C A then (xo, • • • , xr-1) 
if and only if f is an r-tuple of A  &f(0) 	xo & . . . & f(r — 1) 
= zr_ I.  

Also, we modify in a standard manner the notation f(x). 
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DEFINITION 15. 

= f(x). 

Mainly, we want to write: f o,  f1,  etc. Finally, to formulate our theorem 
in familiar notation, we use 'm' in place of 't and when we write 'ma% 
`m,' or the like we mean the value of the function m for the argument 0, 
etc., and not the numerical variable `m0', the numerical variable `m,', etc. 
This new use of the variable 'm' as a functional variable should not be 
the source of difficulty, for intuitively we may indeed treat 'me, `m,', etc. 
like numerical variables. 

THEOREM 27. For any sets G and H and any r > 0 there is a unique F 
such that for every m in ce, 

(i) F is a function on ce, 

P((no, nil, • • • , 	0)) = H((mo, ni. 1, • • • , mr-2)), 
(iii) for every natural number n 

F((mo, Trii, • • • , mr-2, ni)) = G((moi mi, • • , Mr-2) R( M, 	• FMT-2/ n)))). 

PROOF. For notational brevity we give the proof for the special case 
of r = 2, but the argument for arbitrary r > 0 is nearly identical and may 
be left as an exercise. We consider functions which for r -- 2 could be 
defined on D., X n1  for some n. To parallel the argument for arbitrary r, 
we define: 

2(n) = tg: g is a function & 21g = {0, 1j &g(0) 	& g(l)  C  nit. 

First, by virtue of the axiom schema of separation there is a set A such 

that f A if and only if: 

(1) f C43)(0, 2  X (OR(GUH)U {O})), 

and there is an n such that for every m 

(2) f is a function on  

(3) f(m, 0) = 

(4) for even,  p <n 

731)) = G((m, f((m,p))». 

The  inclusion  of 10) in the power set of (1) takes care of the case when 
G and H are not defined. It is clear that (1) is implied by (2)-(4). Further-
more we easily see that A 0 0, for the function f on 21(0) such that for 
every m 

f(m, 0) = H(m) 



Sec. 52 	FINITE ORDINALS AND DENUMERABLE SETS 	143 

is in A. (As indicated in (3) and (5) for the remainder of the proof we 
drop the pointed brackets to designate couples, since no serious confusion 
of meaning can result.) 

(6) if , f,gcA then either f C g or g g_ f. 
Let Z(n) be the domain of f and let Z(n i) be the domain of g. Then 
n nn i  is either n or n,. Assume, for definiteness, that it is n. Now suppose 
there is a natural number p <n such that for some m 

(7) f(m, p) 	g(m, p). 

Let p* be the smallest such number; that is, p* is the &.-first element of 

ip: p  <n & (3m)(f(m, p) g(m, p))}. 

Now p* O 0 since for every m 

f(m, 0) = g(m, 0) = H (m). 

We then have: 

(8) f(m,  p4 )  = G(m, f(m, p* —1)) o G(m, g(m, p 4  —1)) = g(m,  p4  ). 

But, on the other hand, since p* is the smallest natural number for which 
(7) holds, we have: 

f(m, p4  —1) = g(m, p* —1) 

and a fortiori 

G(m, f(m, p4  —1)) = G(m, g(m, p* —1)), 

which contradicts (8) and renders our supposition (7) false. Thereby (6) 
is established. 

Now, we define: 

(9) F  UA.  

It follows at once from (6) that F is a function, for if (x,y)EF CA and 
(x, z) EgEA, then both couples belong either to f or to g, and hence 
y = z. Furthermore, it follows from (5) and (9) that for every m 

F(m, 0) = H(m), 

satisfying (ii) of the theorem. 
We now turn our attention to (iii). If (m, ni) is in the domain of F, then 

for some f in A, (m, ni) is a member of the domain of f, and hence, 

f ( n, ni) = G(nl, Am, n)), 

whence 

F(m, ni) = G(m, F(m, n)). 
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To show that (42  is the domain of F, suppose that p is the smallest natural 
number such that for some in, (m, p) is not in the domain of F. Then in 
view of (5), p 0, and thus (m, p — 1) is in 2F, and F E A, but then also  

(10) 	FU U {((m, p), G(m, F(m, p — 1)))} E A. 

We may conclude from (10) that (in, p)  C DF, contrary to our supposition. 
We conclude that (4 2  is the domain of F. Finally, we leave the simple 
proof that F is unique as an exercise. Q.E.D. 

With this fundamental general theorem proved concerning the existence 
of a unique function F satisfying the definiens of a recursive definition, 
we may define the standard arithmetical operations without individual 
justifying theorems. We simply pick the appropriate functions G and H. 

We first define addition of natural numbers by the recursion already 
indicated. We use the same symbol `+' for cardinal and finite ordinal 
addition (and later for arbitrary ordinal addition), but in any given 
context it will always be clear which is meant. It may be noted that the 
symbol for finite ordinal addition designates a set-theoretical entity, in 
particular, a certain set Of ordered pairs, the first member of each pair 
being a couple. In contrast, the symbol for cardinal or general ordinal 
addition does not designate any set. 

DEFINITION 16. + f if and only if: 

(i) f is a function on 0) 2, 

(ii) for every m 

f((m, 0)) = Mr 

(iii) for every m and n 

.f((m,n i))  =e(f((rt, n))). 

To obtain the usual notation, we define: 

DEFINITION 17. m + n p if and only if ((m, n), p) 

As immediate consequences of Definition 16 we have: 

THEOREM 28. 

(i) m + 0 = m, 
(ii) in  + ni = 	n).. 

The familiar commutative and associative laws of addition are asserted 
by the next pair of theorems. Their proofs illustrate typical uses of mathe-
matical induction (via Theorem 24). Note that the corresponding theorems 
for cardinal arithmetic did not need to be proved inductively. 

- THEOREM 29. m + n = n + m. 
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PROOF. We need two preliminary results: 

(I) 0 + 	n 

(II) m1+ n (m + n) 1, 

each of which we prove inductively, using Theorem 24. To prove (I), 
we define: 

(1) Z { n: 0 + n = 

and we want to show that Z = co, that is, every natural number belongs 
to Z. First, by virtue of Theorem 28 

0 Z.  

Next assume that n e Z, that is, 

(2) 

Then, we have: 

0 + n n. 

0 +  n1  = (0 + n) 1 

 = 

by Theorem 28 

by (2). 

Hence if n  C Z then n1  C Z and thus by virtue of Theorem 24 

Z = co 

(since it follows from (1) that Z C co and from Theorem 24 that co C Z). 
Now to prove (II) we define: 

A(m) = In: m1 + n = (m + n) 1 ). 

By two applications of Theorem 28 

ml + 0 =  m  = (m + 

and thus 

0 c A(m). 

Now, assume that n  C  A(m), that is, 

(3) ml + n (m + n) 1. 

Then, 

ml + n1  = (m1 + 2 ) 1  

((in -F n) 1) 1  

by Theorem 28 

by (3) 

= (m + n 1)1 	by Theorem 28, 
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and thus ni  c A (m) whenever n  C A (m). Whence by Theorem 24 

A (in) -= co, 

which establishes (II), and completes our preparation for the main business 
at hand. 

We define: 

B(n) = 	m n = n mi. 

First, we have: 

and therefore 

0 + n = n 

n + 0 

by (I) 

by Theorem 28, 

0  C  B(n). 

Now a&sume  in  B(n), that is, 

(4) 

Then 

m n = n 

	

mi  + n = (m + n) 1 	by (II) 

	

(n m)i 	by (4) 

= n + mi 	by Theorem 28, 

whence 	B(n) whenever m  C  B(n), and we conclude that 

B(n) = co, 

the desired result. Q.E.D. 
The proof of the associative law for addition is similar in structure. 

THEOREM 30. (m + n) + p =  in  + (n + p). 

PROOF. We define: 

A (m, n) = I p: (m n) + p =  in  + (n + p) l. 

Now 

(m+n)+0=m+n 

m + (n  +0)  

and therefore 0 C A (m, n). 

Let p be in A (in, n). Then 

by Theorem 28 

by Theorem 28 again, 

(1) + n) + p = m +(n+ P), 
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and we have: 

(m + n) + pi = ((m + n) + p)i by Theorem 28 

(m (n OP 	by (1) 

= m + (n + p)i 	by Theorem 28 

= m + (it + pl) 	by Theorem 28, 

whence pi C  A(m, n), and we may conclude: 

A(m, n) = co. 	 Q.E.D. 

We state without proof a familiar theorem. 

THEOREM 31. If m < n then there is a unique natural number p such 
that m + p = n. 

We now turn to the definition of multiplication. If we were proceeding 
without set theory, we would add to PG and P7 two more axioms: 

P8. If x is a natural number then x • 0 =  O. 

P9. If x and y are natural numbers then x - = - y) + x. 

These two axioms accurately forecast the definition we use. 

DEFINMON 18. — f if and only if: 

(i) f is a function on  w 2,  

OD for every m 

f((m, 0)) = 0, 

(iii) for every m and n 

nt)) = f((m, n)) 

Like Definition 17 we have: 

DEFINITION 19. in 	p if and only if ((m, n>,p)  C. 

When no confusion will result we designate multiplication by juxtaposition 
rather than the dot. 

We leave proofs of the following three theorems as exercises. 

THEOREM 32. mn = nm. 

THEOREM 33. m(n + p) = mn + nip. 

THEOREM 34. (mat)p = m(np). 

A number of further theorems are stated as exercises. 
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We conclude this section with the definition of the exponential operatim 
The recursive scheme is: 

m° = 1, 

mn • m. 

The appropriate formal definition is: 

DEFINITION 20. exp = f if and only if: 

(i) f is a function on w 2, 
(ii) for every m 

f( (m, 0)) = 1, 

(iii) for every m and n 

f((m, n i)) = AO; n)) • In. 

And in deference to orthodox notation: 

DEFINITION 21. Mn  = eXP (m, n). 

In the next chapter, Which is concerned with the construction of the 
rational and real numbers, we shall assume that the elementary arithmetic 
of the integers has been completely developed, for with Theorem 27 at 
hand it is perfectly obvious how to continue developments. Actually a 
number of details are given in the exercises. 

In Chapter 7 it will be indicated how Theorem 27 may be generalized 
to what is termed a course-of-values recursion. Thus, when F is a function 
of one argument we have: 

(1) 
	

F(n) = G(F  I  n), 

that is, the value of F for the argument n may depend on all preceding 
arguments and values of F, which is indicated on the right-hand side of 
(1) by the restriction of the domain of F to n. A simple example of such 
a course of values recursion is the definition of the appropriate function 
to yield the Fibonacci sequence 

0, 1, 1, 2, 3, 5, 8, 13, ... 

Intuitively, except for the first two terms, each term is simply the sum of 
the preceding two. The recursion scheme is: 

F(0) = 0 

F(1) 	1 

F(n 1) = F(n — 1) + F(n), 

that is, the general term F(n + 1) depends not only on F(n) but also on 
,F(n — 1). 
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We conclude this section with the definition of ordinary finiteness 
already anticipated in §4.2 and we leave as an exercise the proof of the 
equivalence of this definition with that of Tarski, which was used in §4.2. 

DEFINITION 22. A set is ordinary finite if and only if it is equipollent 
to some natural number. 

THEOREM 35. A set is ordinary finite if and only if it is finite in the 
sense of Tarski. 

We also have: 

THEOREM 36. A finite set is equipollent to exactly one natural number. 

On the basis of this theorem and the definition of natural numbers, 
it is not difficult to prove that Sta. ckel's [1907] definition of finiteness in 
terms of double well-ordering is equivalent to Tarski's. 

THEOREM 37. A set is finite in the sense of  Tars/el if and only if it can be 
doubly well-ordered, i.e., if and only if there is a relation R such that 
both R and fi well-order the set. 

EXERCISES 

1. Prove: A is a natural number if and only if A is an ordinal, and for every 
B if B  C Ai then there is an ordinal C such that B = or B 0. (This equivalence 
is sometimes used as the definition of natural numbers.) 

2. Give a counterexample to: A is a natural number if and only if A is an ordinal 
and either A = 0 or there is an ordinal B such that A 

3. Prove Theorem 21. 
4. Give a detailed proof of Theorem 23. 
5. Give a counterexample to show that not every subset of a natural number 

is a natural number. 
6. Prove that if A is a natural number and B is the LA-last element of A 

then A =- B1 . 

7. Does the assertion of Exercise 6 hold for arbitrary ordinals? 
8. Prove that if A is a natural number then U (AI) is also. 
9. If AC“) is it true that U A is a natural number? If so, prove it. If not 

give a counterexample. 
10. If A is an ordinal, what set is n A? 
11. If ACce, is fl A a natural number? 
12. Prove that U ca co. 
13. Complete the proof of Theorem 27 by showing that F is unique. 
14. Indicate what changes are required in the proof of Theorem 27 to make 

it adequate for arbitrary r. 
15. Prove Theorem 31. 
16. Prove Theorem 32. 
17. Prove Theorems 33 and 34. 
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18. Give a recursive scheme for and then explicitly define: 
(a) the factorial operation n! ; 
(b) the Fibonacci sequence mentioned at the end of the section (by slight 

reformulation of the recursion given for the sequence it may be brought 
within the scope of Theorem 27). 

19. Prove the familiar elementary facts about the exponentiation operation 
for natural numbers. 

20. Prove Exercises 4-12 of §4.4 for natural numbers. 
21. Prove Theorem 35. 
22. Prove Theorem 36. 
23. Prove Theorem 37. 

§ 5.3 Denumerable Sets. A denumerable set is one which is equipol- 
lent to the set of natural numbers. Such a set affords the simplest example 
of an infinite set. We begin with some general theorems about infinite sets. 

DEFINITION 23, A set is infinite if and only if it is not finite. 

The first two theorems may be easily proved by using results in §4.2. 

THEOREM 38. If A is infinite and A B then B is infinite. 

THEOREM 39. If A C B and A is infinite then B is infinite. 

Of somewhat more interest is the following theorem which provides a 
necessary and sufficient condition for a set to be infinite. 

THEOREM 40. A set A is infinite if and only if for every natural number 
n there is a subset of A equipollent to n. 

PROOF. [Necessity]. By virtue of the axiom schema of separation there 
is a set C such that for every n 

nEC<—>ncw& (3B)(BC A&B n). 

We show by induction that C —  w. 

Since the empty set is a subset of every set, 

0 C.  
Now assume that n E C. Then by hypothesis there is a subset B of A 
such that 

B n. 

Because A is infinite, B p& A, for if A  = B then A n and A would be 
finite (Theorem 35). Let x therefore be an element of A B. Then 

LIU ixl  Ç A  

and clearly in view of Theorem 4 of §4.1 

BUM = n1  
whence n 1  C. 
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[Sufficiency]. Suppose if possible that A is finite. Then (Theorem 35), 
for some n 

A— n.  

But by hypothesis there must be a non-empty proper subset B of A such 
that B ni. Let z c B, then B ix} n, whence A is equipollent to 
one of its proper subsets, namely, B {x j,  and this contradicts Theorem 
46 of §4.2. Q.E.D. 

Using this theorem and some earlier results it is easy to prove: 

THEOREM 41. The set co of natural numbers is infinite. 

A more difficult theorem is the following, which expresses a  necessary  
and sufficient condition for a set to be finite. The proof of sufficiency is 
the difficult part because it involves definition by recursion of a function 
(Theorem 27). 

fTHEOREM 42. A is finite if and  only if A < w. 

PROOF. [Necessity]. This theorem follows immediately from the pre-
ceding theorem and Theorem 45 of §4.2. 

[Sufficiency]. By hypothesis A < co. Let B be a proper subset of (.0 such 
that A B. If B has a largest natural number, say m, then B C mi, and 
since mi is finite, so is B and consequently also A. The difficult thing to 
show is that indeed B must have a largest natural number. (We assume B 
is non-empty; otherwise, the proof is trivial.) We use an indirect proof. 
Suppose that B has no largest natural number, i.e., given any natural 
number there is always a larger one in B. Using Theorem 27 we define the 
function F on co as follows: 

(1) F(0) =  &,-first element of B. 

(2) F(ni) = eco-first element of B fin). 

(Note that it is simple to define functions G and H corresponding to the 
right-hand sides of (1) and (2).) 
Since B has no largest element, it is clear that for every n and m if n m 
then 

F(n) o F(m), 

whence B 0., under F, contrary to our hypothesis, and our supposition 
is false. Q.E.D. 

We now turn to denumerable sets and we begin by restating the defini-
tion given at the beginning of the section. 

DEFINITION 24. A sel is denumerable if and only if it is equipollent 
to the set co of all natural numbers. 
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As an immediate consequence of Theorems 38 and 41 we have: 

THEOREM 43. Every denumerabk set is infinite. 

Somewhat surprisingly, every known proof of the partial converse, namely 
that every infinite set has a denumerable subset, requires the axiom of 
choice. In fact, this converse is the essential step in showing that ordinary 
infinity implies Dedekind infinity, which concept we now formally define. 
The two theorems following the definition are immediate consequences 
of earlier results. 

DEFINITION 25. A set is Dedekind infinite if and only if it is not Dede-
kind finite. 

THEOREM 44. A set is Dedekind infinite if and only if it has a proper 
subset equipollent to it. 

THEOREM 45. A is Dedekind infinite if and only if A ---- AU (Al. 

The contrapositive of Theorem 46 of Chapter 4 is: 

THEOREM 46. If a set is Dedekind infinite then it is infinite. 

We next turn to two more difficult theorems which together establish 
another necessary and sufficient condition for a set to be Dedekind infinite. 

THEOREM 47. Every set which has a denumerable subset is Dedekind 
infinite. 

PROOF. Let B be a denumerable subset of A. Then 

B co 

under some 1-1 function, say f. Now consider the function g defined on A 
by 

g(x) = 
rf(x)' ) if x c 

if  xCA'  

(Intuitively if x  C 2if and 1(x)  = n, write: xn. Then if x  C  21f we simply 
have: g(x.) =xn+ ,.) Obviously 

g is 1-1 

= A 

	

= A 	{1(0)1 , 

whence 

	

A = A 	1.7(0)1, 

establishing our theorem. Q.E.D. 
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We now prove the converse, which requires recursive definition of a 
suitable function. 

THEOREM 48. Every Dedekind infinite set has a denumerable subset. 

PROOF. Let A be a Dedekind infinite set and let B be a proper subset 
of A such that A = B under the function f, say. Let x* be an element in 
A r•-,  B. We define recursively (Theorem 27) a function g on  w:  

g(0) = X*  

011) = f(g(n)). 

Clearly, for each n, g(n) E A. What we need to prove is that the function 
g is 1-1. Suppose, by way of contradiction, that g is not 1-1. Then let p 
be the smallest natural number such that for some q < p 

(1) 9(P) = 9(9). 

Obviously p o O. Moreover, since 

(2) g(p) = f(g(p — 1)), 

we know that g(p)  C B, and since g(0) x 	B, we have 

g(p) 	g(0) 

and thus from (1) 

whence 

Thus 

g(q) 

q O. 

(3) g(q) = f(g(q — 1)), 

and from (1)—(3) it follows that 

f(g(p — 1)) = f(g(q — 1)), 

and since f is 1-1 

g(p — 1) = g(q — 1), 

which contradicts our supposition that p is the smallest natural number 
satisfying (1) with q < p. Q.E.D. 

TnEouEm 49. Every subset of a denumerable set is either denumerable 
or finite. 

PROOF. Let A be a denumerable set and let B C A. Then B A. 
If B = A then B is denumerable. If B < A, then B < 6), since A = co, 
and thus by Theorem 42, B is finite. Q.E.D. 
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This theorem represents a significant application of Theorem 42. The 
simplicity of the proof depends wholly on prior proof of Theorem 42. 

THEOREM 50. If A is finite and B is denumerable then AUB is de_ 
numerable. 

PROOF. Let 

C = AB;  

from the hypothesis of the theorem C is finite, and thus there is a natural 
number n such that (Theorem 35) 

C rt 

under f, say. Now B is denumerable, whence 

	

B 	(.0 

under a function g, say. We now define a new function h on AU B: 

	

{f(x) 	if x C 
h(x) = 

g(x) +nifocC B. 

Clearly h is 1-1 and it maps A U B onto co. Q.E.D. 
The proof, which we omit, of the next theorem is more difficult. 

THEOREM 51. If A and B are denumerable then AUB is denumerable. 

We have some corresponding theorems about the denumerability of 
Cartesian products. In this case we prove the second one. 

THEOREM 52. If A is finite, but non-empty, and B is denumerable then 
A X B is denumerable. 

THEOREM 53. coXco------ w. 

PROOF. The proof rests upon arranging the double-sequence 

(0, 0), (0, 1), (0, 2), . . . 

(1, 0), (1, 1), (1, 2), . 	. 

(2, 0), (2, 1), (2, 2), . . . 

into a single sequence by the method of diagonals (we proceed along 
diagonals): 

(1) 	(0, 0), (0, 1), (1, 0), (0, 2), (1, 1), (2, 0), . 

Another way of characterizing (1) is to say that we order first according 



SEC. 5.3 	FINITE ORDINALS AND DENUMERABLE SETS 	 155 

to the sum of the two numbers, and then by first member within a fixed 
sum. We define on co X co a function f such that 

f((0, 0)) = 0 

.0), 1)) = 

f((1, 0))  =2 

MO, 2)) = 3 

It is clear that f maps co X co onto co in 1-1 fashion; finding the exact 
arithmetical form of f we leave as an exercise. Q.E.D. 

THEOREM 54. If n 0 then con ----- to. 

THEOREM 55. If A and B are denumerable then A X B is denumerable. 

THEOREM 56. If A is denumerable and n 0 then A" is denumerable. 

We now turn to some theorems about infinite and transfinite cardinals. 
Relevant definitions and proofs of the theorems all depend on the special 
axiom for cardinal numbers. It should also be clear from earlier remarks 
that every known proof that a cardinal is transfinite if and only if it is 
infinite depends on the axiom of choice. 

-1-DEFINrrit0N 26. x is an infinite cardinal if and only if there is an 
infinite set A such that 3C(A) = x. 

IDEFrNITION 27. x is a transfinite cardinal if and only if there is a 
Dedekind infinite set A such that 3C(A) = x. 

On the basis of theorems previously proved, the following four results are 
easily derived. 

tTHEOREM 57. n is an infinite cardinal if  and only if for every finite 
cardinal ut, nt < n. 

i-THEonEm 58. n is a transfinite cardinal if and only if n = n L. 

tTHEOREM 59. If a cardinal is a transfinite cardinal then it is an 
infinite cardinal. 

frnEonEm GO. If nt is a transfinite or infinite cardinal and  in  < n then 
n is a  trans finite  or infinite cardinal respectively. 

A theorem which takes a certain amount of proving (we leave the proof 
as an exercise) is that the sum or product of a transfinite or infinite cardinal 
with any other cardinal (excepting 0 for product) is also a transfinite or 
infinite cardinal. 
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fTREOREM 61. If in is a transfinite or infinite cardinal then 

(i)  in 	n is a transfinite or infinite cardinal respectively, 
mn  and tn" are trans/utile or infinite cardinals, respectively, 

provided n 0, 
(iii) ten is a transfinite or infinite cardinal respectively, provided 1 < 

We may use some of these results, particularly Theorem 58, to prove an 
inequality for transfinite numbers, which does not hold for arbitrary 
cardinals. Note that the method of proof is specific to transfinite cardinals 
and will not work for infinite cardinals (without the axiom of choice). 

fTHEortEm 62. If m and n are transfinite cardinals, then 

m n < mn. 

PROOF. On the basis of Theorem 58 

m 	in -I- 1 

n n + 1, 

whence using the distributive and commutative laws of §4.3 

(1) mn (m. + 1)(n + 1) mn nt n -I- 1 = (m n) + (mn + 1). 

Primarily on the basis of Theorem 74 of §4.3, we know that 

m < m n 
and 

n < mn 1, 

whence, again using Theorem 74, 

(2) 	 nt -I- n < 	n) -I- (mn 	1). 

Our theorem follows from (1) and (2). Q.E.D. 
By use of the axiom of choice the inequality in the theorem just proved 

may be strengthened to an equality, that is, on the basis of assuming the 
axiom of choice, we may prove that the sum of two transfinite cardinals 
is equal to their product. Note that the theorem is false for finite cardinals, 
since n • 1  <ii  1. 

To convert some of the theorems about denumerable sets into theorems 
about cardinal numbers, we need to define the cardinal No of denumerable 
sets. (No is read 'aleph  null';  the letter 14 ' is the first letter of the Hebrew 
alphabet. This notation originates with Cantor.) 

IDEFINITION 28. 	= 3C(w). 

As immediate consequences of Theorems 50 and 51, and the definition of 
cardinal addition in §4.3, we have: 
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fTHEOREM 63. 

(i) If n is a finite cardinal then No ±  n  = 
(u)  

Proof of the following useful theorem we leave as an exercise. 

tTHEOREM 64. The following three conditions are e,guivalent: 

(i) In is a transfinite cardinal, 
< 

(iii) there is a cardinal n such that No 	n = nt. 

On the basis of Theorems 52 and 53, we have at once: 

f•THEOREM 65. 

(i) If n is a finite cardinal and n 0 then nt4o = No, 
(ii) NoNo = No. 

And on the basis of Theorem 54: 

trriEonEm. 66. If n is a finite cardinal and n 0 then No" = No. 

We now prove two further facts about transfinite cardinals. 

fTnEonEm 67. If It is a transfinite cardinal then 

(i) u + No = 
(ii) n is a finite arrdinal u n u. 

PROOF. By virtue of Theorem 64 there is an n such that 

n = u, 
whence 

u + No = (No + n) + ND 

+ (No + No) 

by Theorem 63 

= + n 

= u, 

which proves (i). Similar methods establish (ii): 

u 	=(u+ No) + 	by (i) 

u 4-  (No + 11) 

= U ±  o 	by Theorem 63 

u 	 by (i) again. Q.E.D. 
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EXERCISES 

1. Prove Theorems 38 and 39. 
2. Prove Theorem 41. 
3. Prove Theorem 51. 
4. Prove Theorem 52. 
5. Find the exact arithmetical form of the function f in the proof of Theorem 53. 
6. Prove Theorem 54. 
7. Prove Theorems 55 and 56. 
8. Prove that if the domain of a function is denumerable the function is de-

numerable and its range is either finite or denumerable. 
9. Prove that if A is denumerable then there is a family B of sets such that 

(i) B is denumerable, 
(ii) if C C B then C is denumerable, 

(iii) if C, D C B and C # D then C D = 0, 
(iv) UB = A . 

(Known proofs of the converse of this theorem require the axiom of choice.) 
10. Prove Theorems 57-60. 
11. Prove Theorem 61. 
12. Prove Theorem 64. 
13. Prove that if n is a finite cardinal then tt < 



CHAPTER 6 

RATIONAL NUMBERS AND REAL NUMBERS* 

§ 6.1 Introduction. To show that our axioms for set theory are 
adequate to permit the systematic development of classical mathematics, 
it is not sufficient merely to construct the natural numbers as we did in the 
previous chapter. At the very least we need to show that we can construct 
entities which have all the expected properties of the real numbers. 

The two basic set-theoretical methods of constructing the real numbers 
out of the natural numbers are due to Cantor and Dedekind, but Bertrand 
Russell also deserves credit for making clear the exact character of these 
constructions and for being completely explicit about identifying the real 
numbers as the constructed entities. 

Antecedent to the construction of the real numbers is the construction 
of the rational numbers (intuitively a rational member is a number which 
can be represented as the ratio of two integers). Several alternative courses 
of development can be followed: 

I 	 II 

Natural numbers 	Natural numbers 
Integers 	 Non-negative fractions 
Fractions 	 Non-negative rational numbers 
Rational numbers 	Non-negative real numbers 
Real numbers 	 All real numbers 

III 

Natural numbers 
Non-negative fractions 
Non-negative rational numbers 
All rational numbers 
Real numbers 

*This chapter may be omitted without loss of continuity. 
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Several variants of these three courses are possible depending upon the 
choice of a level at which to introduce negative numbers. Course III 
will be adopted here. Non-negative fractions are defined as ordered pairs 
of non-negative integers. Thus the fraction = (I, 2). Then non-negative 
rational numbers are defined as certain equivalence classes of fractions. 
For instance, the non-negative rational number [1] corresponding to the 
fraction is the set of all fractions m/n such that n = 2m. To get to all 
rational numbers, we go up another level of abstraction. We say that two 
ordered pairs (x, y) and  (u, y)  of non-negative rational numbers are equiv-
alent when 

X 	= y u, 

and a rational number is just an equivalence class of such ordered pairs. 
Perhaps it may seem odd to distinguish between the fraction I, the non-
negative rational number [i],  the ordered pair ([i], ril), and the rational 
number [0], [V)]. But as we shall see, each level of abstraction is built 
on the preceding one in a natural way. 

With all the rational numbers available, the Dedekind procedure for 
constructing the real numbers is to define a section or cut of the rationals 
as an ordered pair (A, B) of sets such that 

(i) A and B are both non-empty, 
(ii) A U B = the set of rationals, 

(iii) if x A and y B then x < y. 

A is called the lower class and B the upper class, since every element of A 
precedes every element of B. A real number is then simply a section of the 
rationals. 

A somewhat simpler definition was given by Peano and Russell. As 
suggested by a cursory inspection of the above definition  of sections, 
why not dispense with either the set A or the set B? We are led to: a 
lower cut or lower segment of the rationals is a set A such that 

(i) A 	0, 
(ii) A C Ra, 

(iii) if x c A and y  c  Ra A then x <  y,  
(iv) for every x in A there is a y in A such that x < y, where Ra 

is the set of rational numbers. 

The proof that lower segments of the rationals have all the expected proper-
ties of the real numbers is given in great detail in Landau [1930]. 

Cantor's approach to the real numbers is less algebraic and more analytic 
in character. He uses the basic notion of a sequence of rationals, that is, 
the notion of a function whose domain is (.4 and whose range is a subset of 
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Ra. A sequence x is a Cauchy sequence if for every positive rational number 
E there is a natural number N such that for all m,  n>  N 

lx„ — x.I  <E.  

(Using traditional notation, we write x„, instead of x(n).)* 
Following Cantor, two Cauchy sequences x and y are said to be equivalent 
if for every positive rational number e there is a natural number N such 
that for all n > N 

Ian  — ynl <  E. 

Real numbers are then defined as equivalence classes of Cauchy sequences. 
In this chapter we follow Cantor rather than Dedekind for the reason 

that when Cauchy sequences are used the methods of proof are much more 
characteristic of general methods in analysis, in particular of those 
employed in the theory of infinite series. 

§ 6.2 Fractions. Turning now to systematic developments we begin 
by constructing the non-negative fractions, which for brevity we shall 
simply call fractions. As in the previous chapter, we shall use the variables 
'm', 'n', `p',  'q',  and 'r', with or without subscripts, for natural numbers. 

DEFINITION 1. a is a fraction 4-) (3m) (3n) (n 0 & x = (m, n)). 

Intuitively, x = —
n' 

and to have available this standard notation, we define: 

 DEFnirrioN 2. If n 0 then — = (m, n). 

And we shall also find it convenient to have the set Fr of fractions at hand. 

DErmrrioN 3. Fr = Ix: x is a fraction). 

In all definitional uses of the abstraction notation in this chapter it will 
be obvious that the set defined is the intuitively appropriate one and not 
the empty set. Thus we shall neither state nor prove theorems like: 

x Fr 4-* x is a fraction. 

We now define the relation =."--'1 (the subscript is for 'fraction') such that if 
n, 0 and n, 0 then 

M 2 
" 

 min, = tn2ni- 
ni 	n 2 

*The name Cauchy sequence honors the great French mathematician A. L. Cauchy 
(1789-1857). 
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{7n, DEFnirrioN 4. '..=1 = (---'1
7n 

 -2) : n, 0 0 tiz n, 0 0 ez n i  n 2  

m in2  = m,n,} • 

As our first theorem we then have: 

THEOREM 1. ==f is an equivalence relation an Fr. 

PROOF. To indicate how the proof goes, we prove that f is reflexive in 
Fr. Let m/n be any fraction, then mn = mn, whence min m/n. 
Q.E.D. 

In all these proofs elementary facts about operations and relations on the 
natural numbers are used without explicit reference. 

THEOREM 2. If 71! c Fr and p 0 0 then Ln. mP. 
n np 

We now define less than for fractions. 

DEFurrrioN 5. ‹f = {(211 ; 71t ) n, 0 0 & n2  0 0 ez . n, n2  

m in2  < 

Two expected theorems are: 

THEOREM 3. <f is a strict partial ordering of Fr. 

THEOREM 4. If x,y c Fr then exactly one of the following: 	11, 
x < y, y <IX. 

Since <I is a set, a very simple definition of greater than for fractions is 
possible: it is the converse of less than. 

DEFINITION 6. > f <I. 

The next two theorems state, respectively, that there is no greatest fraction, 
and that between any two fractions there is a third. 

THEOREM 5. If x c Fr then there is a y c Fr such that x <I y. 

THEOREM 6. If x,ycFr and x <j  y then there isazCFr such that 

X <f5 <I y. 

The last theorem expresses an important property that relations may or 
may not have in a set. If the field of R contains A and for any ;y in A, 

if xRy there is a z in A such that 

xRz&zR y, 

then R is said to be dense in A. Thus the theorem says that < f  is dense in Fr. 
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The next theorem says that the relation 	has an expected substitution 
property with respect to less than for fractions. 

THEOREM 7. If x,y,u,v cFr x <f  y & x u & y v then u <1 v. 

We now define addition of fractions. 

{ DEFINITION 7. F+ = (rj11,-, 274 ): n, O 0 & n a  o 0 & n a  #0  
n, na  na  

& m1n2 4-  n1m2  _ ma} . 
 nin 2 	n 3 

To justify the appropriate notation, we have: 

THEOREM 8. If ;y c Fr then there is a unique z in Fr such that (x, y, z) 
F-I-. 

DEFINMON 8. If x,y,z  C Fr then x + y = z 4-4 (x, y, z)  C  F+. 

Note that since the previous definition of the symbol '+' for ordinals 
was conditional, no confusion can arise from the omission of the subscript 
here. Obviously this is not the case for less than. By a similar procedure 
the subscript could have been omitted from `•••-21. 

We have the expected battery of theorems. The first one states that 
equivalence of fractions has the substitution property with respect to 
addition of fractions. This theorem, like Theorem 7, is crucial for develop-
ing the theory of rational numbers in the next section. 

THEOREM 9. If x,y,u,v Fr & =21 & y 1 v then x + y u +  V. 

m m2  THEOREM 10. 	n 0 0 then mi m2 
n 

THEOREM 11. Addition of fractions is commutative and associative. 

PROOF. We only prove associativity. 

(mi _,_ m2) ..,_ ma (mina -F nim)  ± ma — 1 — 1 — 	 _ 
n, n2 	ns 	n 1n 2 	ng 

_ (m 1n 2  -I- n 1m 2)n 3  -I- (n,n 2)m 3  
(n in 2)n a  

minana -F nimana ± n1n2m3 _ 
n inan a  

— m3(n2n3) -F n1(m2n3 ± n2m3)  

ni(n2n 0 
. mi 	man 3 ± nay's 

n, ' 	nana 
(m 2  

n, 	n 2 	n a  Q.E.D. 
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THEOREM 12. Addition of fractions is monotonic with respect to the  
relation less than for fractions, that is, if x, y, z Fr and x <, y then 

z <f y z 

and 

2-1-5</ 5 + y. 

TirzoREm 13. Addition of fractions has the cancellation property with 
respect to less than for fractions, that is,  ifs,  y, z  C Fr and 

either 	 x-Fz<fy-1-z 

or 

then 

X <j• y. 

When we say that an operation simply has the cancellation property, we 
mean with respect to the identity relation. Thus a binary operation * 
has the cancellation property if and only if whenever x*z=y*z or 
z *  z = z * y then x = y. We leave as an exercise the problem of determin-
ing if addition and multiplication of fractions have the cance llation property 
(with respect to identity). 

We now define multiplication of fractions. 

F. = { (—MI / —M2I 	n 1 0 0 & n, 0 0 & ns  0 0 
ni n2 na 

& MIM2  M .  
?t in, 	n,

I 
 

THEOREM 14. If x,y C Fr then there is a unique z in Fr such that 
(x, y, z) C F.. 

DrxiNrrioN 10. If x,y,z C Fr then xy = z 4--> (x, y, z) C F.. 

THEOREM 15. If x,y,u,v C Fr & X ."=.1U & y•- ..-',- v then xy•=-_-../  uv. 

THEOREM 16. Multiplication of fractions is commutative and associa-
tive; moreover, it is distributive (both from the left and right) with respect 
to addition of fractions. 

TitzortEm 17. Multiplication of fractions has the cancellation property 
with respect to less than for fractions. 

The next theorem essentially says that division of fractions except by 
zero is always possible. 

THEOREM 18. If x,y c Fr and y  >f  then there is a z in Fr such that 
X  ===f yz. 

DEFINITION 9. 
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rnooF. Let 

Then take 
= 7n,n2 z  

nizni 
whence 

yz  = (m 2) (m2n2) 
nz mzni 

m 2in In  2 
n en– zni 

= —277:: nim-÷n122 ( 

--r%  (--mn) (0 
m e  1 ^..., 	- 

mi  
n, 

	

x. 	 Q.E.D. 

Some further obvious properties of fractions are stated in the exercise. 

EXERCISES 

1. Complete the proof of Theorem 1. 
2. Prove Theorems 2, 3, and 4. 
3. Prove Theorems 5, 6, and 7. 
4. Prove Theorem 8. 
5. Define <f in the obvious manner. 

(a) Is it antisymmetric7 
(b) Prove that if x,y,u,v C Fr & x <f y & 	u & 	v then <I V. 

(c) Prove that if x,y,z C Fr & X 	y & y z then X 	y. 
6. Give a direct conditional definition of addition of fractions without using a 

device like Definition 7. 
7. Prove Theorems 9 and 10. 
8. Prove Theorems 11 and 12. 
9. Prove Theorems 13 and 14. 

10. Prove Theorems 15 and 16. 
11. Prove Theorem 17. 
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12. Do both addition and multiplication of fractions have the cancellation 
property (with respect to identity)? 

0 	1 

	

13. Define Of = and lf = 	Prove that if x,y,z,u,v C Fr, then: 
1 

(a) x + Of = x, 
(b) x.01  
(e) X' lf 
(d) if 2:z 	yz and z >f Of then X <1.  y. 
(e) if y 	z and >1 Of then xy 	XZ. 

14. Give a counterexiimple to show that Theorem 18 is false if c-2f is replaced 
by identity. 

6.3 Non-negative Rational Numbers. We now develop the theory 
of non-negative rational numbers as equivalence classes of fractions. 

DEFINITION 11. If x  E Fr then 

[xL = ty: yc Fr&yc, x1 . 

Thus [x], is the set of all fractions equivalent to the fraction x. We use 
the subscript 	to indicate 'non-negative rational'. (It is important to 
realize that the various subscripts introduced in this chapter like 7 and 
are not variables.) 

DEFINITION 12. Nr { A : (3x)(x Fr & A = tx],)• 

We have as an obvious result: 

THEOREM 19. The set Nr of non-negative ratianots is a partition of 
the set Fr of fractions. 

We use capital letters 'AI, N,P,Q, with or without subscripts, for 
non-negative rational numbers. 

DEFINITION 13. <, = 1(M, N): 11I,N C Nr & (3x) (3y)(x  CM  
6:yEN•Szx<fy)1. 

We now use Theorem 7 to prove: 

THEOREM 20. <, is a strict simple ordering of Nr. 

PROOF. We need to show that <„ is asymmetric, transitive, and con-
nected in Nr. 

[Asymmetry]. Assume  M,N Nr and AI N. Then there is a fraction 
x in M and ay in N such that 

(1) X  </ y. 

Suppose now there is a fraction u in  M and a  u in N such that 

(2) u  <e u. 
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From Theorem 19 and familiar facts from Chapter 3 concerning partitions 
we know that 

M = [xi 	, 

N = [y]. 

whence Xr=f u and y f--%-=f u, and thus by virtue of Theorem 7 and (1) 

tz <f  

which is absurd, since <I is asymmetric (Theorem 3). Hence there are 
no fractions in M and N satisfying (2) and we conclude that it is not the 
case that N  <,M.  

[Transitivity]. Assume: M,N,P Nr & M  <,N  & N <, P Then 
there is a fraction x in M, y, in N, 11 2  in N, z in P, such that 

X <I y, & y, <1; 

but 

whence by Theorem 7 

<1Y2/ 

and thus by virtue of the transitivity of <I. (Theorem 3) 

X <I; 

from which we conclude: 

M <, P. 

[Connectivity]. Assume M,N  c  Nr and M N. Since both M and N 
are non-empty, let  z be an arbitrary element of M, and y of N. 
By virtue of Theorem 4 we have: 

X f:=1 y, x <,y,ory <1 ; 

but if x 	y then M = [x], =- [y]„ =  N, contrary to our assumption, 
hence either a; <f  y or y <f  X, which establishes that M <,N or N  <,M. 
Q.E.D. 

This proof illustrates the typical kind of argument used in going from 
one level of abstraction to a higher level. Everything hinges on two con-
siderations: <j  has most of the properties we expect <, to have, and 
r=f  has substitution properties like identity. 

We now define addition of non-negative rational numbers. To prove 
that all is as it should be we make crucial use of Theorem 9. 

DEFINITION 14. N+ =  1([x],, [y],,, [z],): x,y,z c Fr &z-i- y 	zl. 
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THEOREM 21. If M ,N  c  Nr then there is a unique P in Nr such 
that (M,N ,P)  C N+. 

PROOF. By virtue of the definition of Nr there is an x in Fr and a y 
in Fr such that 

M = [x],, 

N = 

Since x + y C Fr, let 

P = 

Then (M,N,P) N - F - 

To establish uniqueness of P, suppose (M,N,P,) E N+. Then by 
Definition 14 there must be elements u,v,w such that 

M [u], 

N = [v]„ 

P 1  = [w],, 

u +  V  = W. 

But then 

whence by Theorem 9 

that is, 

from which we conclude: 

P = [w]p = [x YL 

as desired. Q.E.D. 

The theorem just proved justifies the definition of addition of non-
negative rational numbers. 

DEFINITION 15. If M ,N ,P  C  Nr then M + N P 4—> (M, N,  E  N+.  

THEOREM 22. Addition of nem,-negative rational numbers is commutative 
and associative, has the cancellation property, and is monotonic with 
respect to the relation less than for non-negative rational numbers. 

y, 

1 x + y, 

22) C-t'l X + y, 
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PROOF. We only prove commutativity; the remaining parts of the proof 
follow a similar strategy. 

There are fractions x and y such that 

M = jal, 

N = 

whence 

M N = [xl. [y], 

- + yip 

- [y + 

= M. + Ex], 
- N -I- M. Q.E.D. 

We now state without comment or proof the analogous definitions and 
theorems for multiplication of non-negative rational numbers. 

DEFINITION 16. N- = {([x]„, [y]„ [z],): x,y,z c Fr & xy = z]. 

THEOREM 23. If M,N E Nr then there is a unique P in Nr such that 
(M,N,P)  C N-. 

DEFINITION 17. If M,N,P Nr then MN = P 4-4 (M,N,P) Ej  N.. 

THEOREM 24. Multiplication of non-negative rational numbers is com-
mutative and associative, and it is distributive with respect to addition 
of  non-negative rational numbers. 

In line with Exercise 13 of the preceding section we may define zero 
and one for non-negative rational numbers. 

DEFINITION 18. 0, = [t]„ 

DEFmrrioN 19. 1, — 

THEOREM 25. We have: 

(i) 0, 	1„ 
(ii) if M  C  Nr then M 0, = M and M.1. = M, 

(iii) if 111,N ,P c Nr and 0,, M & N  <,P then MN <„ MP, 
(iv) if M,N C Nr and 0, <,N then there is a P in Nr such that 
M = NP. 

To introduce ordinary subtraction, we must construct the full set of 
rational numbers, positive, negative, and zero. This is the aim of the 
next section. 



170 	 RATIONAL NUMBERS AND REAL NUMBERS 	CHAP- 6 

EXERCISES 

1. Prove Theorem 21. 
2. Complete the proof of Theorem 22. 
3. Prove that if 111,N  E  Nr and M <,N then there is a unique P inNr such that 

M P N. 

4. Prove Theorem 23. 
5. Prove Theorem 24. 
6. Prove Theorem 25. 
7. Prove that if NI ,N C Nr and O., <,, M then there is an integer n such that 

N 
1 

(This  result establishes that the non-negatix e rational numbers have what is known 
as the Archimede,an property.) 

§ 6.4 Rational Numbers. Before we can define the full set of rational 
numbers, we need entities which stand to the rational numbers in the 
way that fractions stand to the non-negative rational numbers. An ordered 
pair (111, N) of non-negative rational numbers is intuitively interpreted as 

— N. The formal developments are very similar to those which have 
preceded, so the treatment will be rather summary With subtraction in 
mind we label the set of pairs of non-negative rational numbers 'SW. 

DEFINITION 20. Sb = ((III, N): M ,N Nr . 

DEFiN rrIoN 21. 	= 1((M uNI), 2,N2)) 	DN bill 2,N 2 C Nr 
11/1 + N2 = 312 NJ.  

THEOREM 26. f2-2„ is an equivalence relation on Sb. 

DEFINITION 22. <, 	(Of „N (M 2,N 2)) : M „N „M 2,N 2 Nr & 
M1  -I- N2 <v M2 ±  NJ.  

We omit the obvious theorems on <„.. 

DEFINITION 23. 5+ = f((M IA), ( 12/N2), (M 3,N3)) : 

M 	 Nr & (MI  + 111 2, N N 
(M,,N,)}. 

THEOREM 27. If M ,N C Sb then there is a unique P in Sb such that 
(M , N , P) c 

DEFINITION 24. If 111,N ,P  c  Sb then M N = P 4-4 (M, N,  e 

DEFINITION 25.  5.  = IV(  IA 	2,N 2), W a,N 	111112,N 2, 

111 31 N 8 cNr &(M 1 12  -I- AT ,Al 2, /If iN 2  N 1111 2) = 
(111 „N 3)). 
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The simple intuitive idea of this rather complex defining condition is that 

(M,— N,)(M,—N,)= M,— 	 M iN, -- N 1 M 2 + 

= M —  N 3 .  

THEOREM 28. If 111,N E Sb then there is a unique P in Sb such that 

(M,N,P) C &- 

DEFINITION 26. If M,N,P E Sb then MN  = P (M,N,P) E S. 

THEOREM 29. If  M 1 M 2,N 1,N 2  c  Sb &  M 1 	1112 &  N 1 f•-•--, N2,  then:  

(i) If  M 1  <0  N, then M 2  <E N, 
OD lit I N l'=c11/ 12 ± N2, 

(iii) 111 1N 	M 2N 2. 

In brief, this theorem asserts that the equivalence relation defined for Sb 
has the appropriate substitution properties. Rather than state properties 
of the operations on ordered pairs of non-negative rational numbers, we 
go on to define equivalence classes of these pairs and thus obtain the rational 
numbers. Following Whitehead and Russell, we use the subscript 1 6' for 
rational number operations and relations, reserving ',' for the real numbers. 
Also, for purposes of later work we informally use general variables 'x', 
'y', 'z', 'te, 'y', with or without subscripts, for rational numbers. Explicit 
reference to the set Ra of rationals will avoid any ambiguities. 

DEFINTrioN 27. If M E Sb then [M]. = IN: N E Sb & N Mi. 

DEFINITION 28. Ra = fx: (3/11)(M E Sb &  z = [M].)}. 

Before stating one comprehensive theorem on rational numbers we need to 
define less than, addition, and multiplication. 

DEFairrioN 29. <. = 	[N].): M,Nc Sb &M  <E N). 

DEFINITION 30. R+ = !Mk, [N]., [P]9): M,N,P E Sb & M + N 
=PI. 

THEOREM 30. If x and y are rational numbers (i.e., x,y E Ra) then 
there is a unique rational number z such that (x, y, z)  C R+. 

DEFINITION 31. If x,y, and z are rational numbers then 
y = z (X, y, z) E R+. 

DEFINITION 32. R.  = {([M].,[N].,[P].): M,N,P E Sb & MN = P). 

THEOREM 31. If x and y are rational numbers then there is a unique 
rational number z such that (x, y, z) 

DEFINITION 33. If x,y and z are rational numbers then 

xy = 4-> (x, y, z) 

We also define zero and one. 



172 	 RATIONAL NYMBERS AND REAL NUMBERS 	CRAP. 6 

DEFINITION 34. 

Oa  = 	0,,A a  

is = [(1v, Ov)] s 

THEOREM 32. The relation less than and the operations of addition 
and multiplication for rational numbers together with 0, and la have 
the following fifteen properties for all rational numbers x,y, and z: 

(1) x y = y + x, 
(2) xy yx, 
(3) (x + y) + z = x (y -1- z), 
(4) (xy)z = x(yz), 
(5) x(y + = xy xz, 
(6) x + 0 = x, 
(7) x - 1 = x, 
(8) There is a rational number y such that x y = 0, 
(9) If y 0 then there is a rational number z such that x = yz, 

(10) If x <, y then not y < 
(11) If x <,y and y <,z then x 
(12) If x y then x 	y or y 	x, 
(13) If y <azthenx-Fy < 8 x-1-z, 
(14) IfO <i x andy <Rzthenxy <axz, 
(15) 0, 	1,. 

The proof of the fifteen parts of the theorem we leave as an exercise. 
From this point on we assume all familiar arithmetical results about 

rational numbers without further explicit development.* 

Assuming the negative of a rational number to be defined, and <„, it is 
also desirable because of its importance for the next section to define the 
absolute value of a rational number and summarize the properties of this 
operation. 

DEFINITION 35. If x is a rational number then 

In the usual mathematical notation we would write: 

Ixifx>0, 
1x1 = 

—x if x  <0.  

*Deductive developments from the fifteen properties of Theorem 33 are to be found 
in my Introduction to Logic. 
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THEOREM 33. If x and y are rational numbers then: 

(i) Ix' > 0 
(ii) ixii = isi lil 
(iii) lx 	Ixl+ lyi  
(iv) 'xi — lYi 	— Yi 
(v) x.1y1 

To indicate how many levels of abstraction we have gone through, we 
define those rational numbers corresponding to the natural numbers. 

DEFINITION 36. n. = [(RI, rid.  

The facts expre,ssed in the final theorem of this section are both in-
trinsically interesting and useful later. The proof uses  the diagonal method 
of Cauchy for rearranging a doubly infinite sequence into a simply infinite 
one (compare the proof in §5.3 that co X co 

THEOREM 34. The set of rational numbers is denumerable and can be 
well-ordered without using the axiom of choice. 

PROOF. It will be obvious that the ordering constructed establishes both 
parts of the proof. Details are omitted. We represent each rational number 
by a fraction m/n such that m and n have no common factor greater than 1. 
Thus the rational number one-half is represented by not or ?3-. Negative 
one-half by — I, zero  by, etc. (Translation of these intuitive notions into 
the equivalence class constructions actually used to obtain the rational 
numbers is routine.) We then arrange the fractions, first according to the 
sum of in and n. If m n = m' n', min precedes m'/n' when in < m'. 
Finally, negative fractions immediately precede their positive counterparts. 
The ordering then is: 

0 	11 11 	22 	11 	33 	11 	22 
— -if 	17 T7 - -5) 	IP if - 	 • • • Q.E.D. 

To avoid continual use of subscripts in subsequent sections we shall 
not distinguish between n,  and n, and the context should make plain which 
entity is appropriate. One useful definition may be framed, which refers 
both to n and n.. This is the definition of the least integer equal to or 
greater than a positive rational number. 

DEFINMON 37. If x is a positive rational number then 

[xi n 4-* s  < n. & (V m)(x < m 	n,  <ni,).  
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Thus in usual intuitive notation:* 

= 1  
[2] = 2 

[4]  =2. 

EXERCISES 

1. Prove Theorem 26. 
2. Prove Theorems 27 and 28. 
3. Prove Theorem 29. 
4. Prove Theorems 30 and 31. 
5. Prove Theorem 32. (This exercise has fifteen parts.) 
6. Prove Theorem 33. 
7. Give a detailed proof of Theorem 34. 
8. Prove that if  z and y are positive rational numbers then: 

(1) 	 + [t ] , 
Exyl 	[z] [y] . 

§ 6.5 Cauchy Sequences of Rational Numbers. We now develop 
the fundamental facts about Cauchy sequences of rational numbers on the 
basis of which we construct the real numbers in the next section. The 
subscript notation ' 9' is dropped in this section and the remainder of the 
chapter. 

DEriNrrioN 38. x is a sequence if and only if x is a function on the 
set w of natural numbers. 

We introduce the usual subscript notation for members of a sequence. 

DEFINITION 39. t If x is a sequence, x n  = x(n). 

In the usual terminology xn  is the n-th member or term of the sequence x. 
Slightly in violation of our standard rules for definition, we also introduce 

a customary notation for sequences. 

DEFINITION 40. If x is a sequence, (x 1 ,x 2, . 	. . .) = 

and the sequences we are particularly interested in are: 

*This additional use of square braces should not be confusing, since no subscript is 
used here. It is actually more common to define [x] as the largest integer < x. The 
present notation is very convenient for our purposes. 

•rfhis definition essentially duplicates Definition 15 of §5.2. 
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DEFINITION 41. x is a sequence of rational numbers if and only if 
x is a sequence and the range of x is a subset of the set of rational numbers. 

Operations on sequences of rational numbers are defined in the expected 
way. The line of reasoning justifying the definitions is too obvious to 
require separate theorems. 

DEFINITION 42. If x and y are sequences of rational numbers then 

	

x y = z 	e n)(x. 	= 4). 

DEFINITION 43. If x and y are sequences of rational numbers then 

xy = z 4-4 (41 n)(x„yi, = 

Clearly if x and y are sequences of rational numbers, then so are  z -I- y 
and xy. 

Proofs of the expected properties of these operations of addition and 
multiplication follow easily from the properties of the corresponding 
operations for rational numbers. 

THEOREM 35. Addition of sequences of rational numbers is commutative 
and associative and has the cancellation property. 

PROOF. We only prove right-hand cancellation. Let x,y,z be sequences 
of rational numbers. 

	

X +2  = y z 	n)(x. 	= 4-  zn) 

4-4  (vfn)(x. = yn) 

x = y. 	 Q.E.D. 

THEOREM 36. Multiplication of sequences of rational numbers is com-
mutative, associative, and distributive with respect to addition. 

The sequences of rational numbers essential to construction of the real 
numbers are the Cauchy sequences now to be defined. 

DEFINITION 44. x is a Cauchy sequence of rational numbers if and 
only if x is a sequence of rational numbers, and for every rational number 
e > 0 there is a positive integer N such that for every m,n > N 

Ix,,  — xml < c.* 

As remarked in the introduction to this chapter Cauchy sequences are also 
called convergent sequences, regular sequences, and fundamental sequences. 

*We use `e' in deference to traditional notation, although it violates our previous 
convention that lower case Greek letters are variables taking ordinal numbers as values. 
For a similar reason we often use 'positive integer' or simply 'integer' in place of 'natural 
number'. 
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Some examples of Cauchy sequences will not be amiss in view of the 
fundamental importance of the notion. Let x be the sequence of rational 
numbers such that xo 0 and for n > 1 

1 
x„ = — n 

To show that x is a Cauchy sequence we need to find for each positive 
rational number e, an integer N such that for m,n > N 

lx„ —Xml  < E. 

Here the appropriate N is easy to find. Let 

N [1] .  

Then the following inequalities for m,n > [!] establish that x is a Cauchy 
sequence: 

As a second example, let x be the sequence such that for n > 0 
n2 1 

x n  — 

1 
Here the natural choice of Nis [

]
but ,  is not in general a rational number. 

ye 

An appropriate rational number choice we leave as an exercise. 
We now want to prove the important fact that the sum and product of 

two Cauchy sequences is also a Cauchy sequence. The proof concerning the 
product of two such sequences makes use of the following fact. 

THEOREM 37. If x is a Cauchy sequence of rational numbers then 
there is a positive rational number (5 such that for every n 

lx„I < b. 

PROOF. By virtue of the fact that x is a Cauchy sequence there is an 
integer N such that for every m,n > N 

(1) 	 lxn  — x ml < 1. 
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= max (Ixol, lx i l, .. • ,1xN1,1xN-1-11) + 1. 

Obviously for n < N 1 

lx,i1 < S. 

Suppose then n>  N 1. By virtue of (1) 

1x.1 < ixiv+11 

but in view of (2) 

fxN+ ,1+ 1 	a. 	 Q.E.D. 

THEOREM 38. If  s and y are Cauchy sequences of rational numbers, 
then x y and xy are also Cauchy sequences of rational numbers. 

PROOF. [Sum]. Let e > O. By hypothesis there are numbers M and 
N such that if m,n > M then 

Let 

(2) 

and if m,n > N 

Let 

P = max (M,/V). 

If m,n > P then 

1(x. ± Y.) — 	Ym)1 = 1(x. — 	(Yn — Yin)1 

Ix,  — Xml ± 1Y. — 
e 

< 2 2 

< E.  

[Product]. Let e > O. By virtue of the preceding theorem there are 
positive rational numbers B, and  ô 2  such that for every n 

lx.1 < a, 

17/.1 <  2. 

Let ô  =  max (15 1 ,43 2). Moreover, since x and y are Cauchy sequences there 
is an integer M, such that for m,n > M, 

14 — xml < e A207 
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and there is an integer 111 2  such that for m,n > M2 

Yml < E 1(20. 

Let M — max ( „M 2). Then for m,n > M 

lx„y„ — x,ny,n1 = Ixon — x ny„, x„y,,, — zny.„1 

lx.1 iY. — 	ly.1 12en — A.1 

< () +  O  () 
2s 	2a 

< e. Q.E.D. 

In our development real numbers are certain equivalence classes of 
Cauchy sequences of real numbers; we now define the appropriate equiv-
alence relation. 

DEFINITION 45. If x and y are Cauchy sequences of rational numbers 
then: x y if and only if for every positive rational number e there is 
an integer N such that for every n>  N 

— y.l < e. 

Note that two Cauchy sequences can be equivalent even if they differ in 
every term. For example, if for  n>  0 

n2  —1  
Zn —  n2 

n2 + 1 
y. 	n2  

Then for every n>  0, x. y., but x  c  y. 

Since we have not defined the relation 	as a set-theoretical entity, 
the appropriate theorem concerning its properties as an equivalence 
relation must be spelled out. The proof is left as an exercise. 

THEOREM 39. If x, y and z are Cauchy sequences of rational numbers 
then: 

(i) x 	x, 
(ii) if xcy theny x,  

(iii) sf x 	y and y 	z then 

Analogous to equivalence is the relation less than for Cauchy sequences. 

DEFINITION 46. If x and y are Cauchy sequences of rational numbers 
then: x <cy if and only if there is a rational number O  > 0 and an 
integer N such that for  n>  N 

U. > 

The expected properties hold. 
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THEOREM 40. If x and y are Cauchy sequences of , rational numbers 
then exactly one of the following holds:  xy, x < e y, y <c x. 

PROOF. It is obvious from the definitions given that at most one of the 
relationships can hold. So we need to prove that at least one holds. 

Suppose that x is not equivalent to y. It follows immediately from 
Definition 45 that there is a positive rational number 2e such that for 
every integer N there is an  n>  N such that 

(1) 134, — yI >  2e.  

But since x and y are Cauchy sequences there is an integer M, such that 
if m yn > 31 1  then 

— 4,1 < 

and there is an integer 111 2  such that if m,n >  M2,  then 

— < 

Using the result which led to (1), there is an integer p such that 

p > max (M 1, M. 2) 
and 

(2) Ix  „ — y,1 > 2 E. 

We now have two possibilities: x v > y, or y, > x,. 
Suppose xp> y,. Then by virtue of (2) 

(3) x„ > y„-F 2e. 
Moreover, for every n>  p 

(4) —Xn l < 

(5) Ii — Yni < 

whence from (3) and (4) 

(6) > x, — > y„, 2e — = yi, 
3e 

But it follows from (5) that 

(7) Yp > Yn 

and we infer from (6) and (7) that for every n> p 

e 	3e 
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Thus on our supposition y G e  x. 

If  y >  x, we infer by the same kind of reasoning that x <, y. Q.E.D. 
The proof that less than for Cauchy sequences is asymmetric and tran-

sitive is left as an exercise. 

THEOREM 41. If x, y, and z are Cauchy sequences of rational numbers 
then: 

(i) if x <, y then not y <, x, 
(ii) if x <. y and y  < z then x <, z. 

The final theorem of this section states that the equivalence relation 
defined for Cauchy sequences has the appropriate substitution properties. 

THEOREM 42. If x, y, u, and y are Cauchy sequences of rational numbers 
and x u and y "=,v, then: 

(i) if x <, y then It <, y, 
(ii) x y 	u + v, 

xy 

	

PROOF. We prove only 	Let e > O. By Theorem 37 there are 
positive rational numbers a f  S2, S„  434  such that for every n 

Ixti l < 15, 

111.1 < 5 2  

M  < 15 8 

IvnI < 04. 

Let S -- max (S i, S„ 0 3, 04). By hypothesis of equivalence there is an 
integer N, such that for n > N, 

(x„ — ufi l < 

and there is an integer N2 such that for n > N2 

Iy — y1,1  <€1243 .  
Let N = max (N„ N2). Then for every n > N, we have: 

	

l x„y„ — unvn i 	Ixi,yn  — Unlin 	2114/11 	UnVni 

17/.1  Ix  — 	lYn — vni 

<43(6/243)  + S(e/243) 

< e. 	 Q.E.D. 

Note how similar this proof is to the proof that the product of two Cauchy 
sequences is a Cauchy sequence. 
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EXERCISES 

1. Prove that the set of all sequences of rational numbers exists. 
2. Let x be the sequence such that 

xo  = 
n2 1 

for  n> O. 

Prove that x is a Cauchy sequence. 
3. Let x be the sequence such that 

2n 
Zn  = —0 

n! 
Prove that x is a Cauchy sequence. 

4. Complete the proof of Theorem 35. 
5. Prove Theorem 36. 
6. Prove Theorem 39. 
7. Prove Theorem 41. 
8. Complete the proof of Theorem 42. 
9. First we define: x is a monotone increasing sequence of integers if and only if 

(i) x is a sequence, (ii) the range of x is a subset of co, (iii) if in < n then x,,, < 
Next we define: x is a subsequence of y if and only if y is a sequence and there exists 
a monotone increasing sequence of integers z such that x = y o z. (This provides a 
precise definition of the intuitively familiar idea of a subsequence. The symbol o 
designates composition of functions.) 

(a) Give an example of a sequence of rational numbers which is not a 
Cauchy sequence, but which has a subsequence which is. 

(b) Give an example of a sequence of rational numbers which has no sub-
sequence which is a Cauchy sequence. 

(c) Prove that every subsequence of a Cauchy sequence of rational numbers 
is also a Cauchy sequence of rational numbers. 

(d) Prove that if y is a Cauchy sequence of rational numbers and x is a 
subsequence of y then x 	y. 

§ 6.6 Real Numbers. We begin by defining equivalence classes of 
Cauchy sequences of rational numbers. 

DEFINITION 47. If x is a Cauchy sequence of rational numbers then 
[x],. =-- iy: y is a Cauchy sequence of rational numbers & y 	x j . 

And we then define the set Re of real numbers. 

DEFINITION 48. Re = ly: (3x)(x is a Cauchy sequence of rational 
numbers dr y = kWh 

We have the obvious theorem: 

THEOREM 43. The set of real numbers is a partition of the set of Cauchy 
sequences of rational numbers. 

We next define less than, addition, and multiplication. 
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DEFINITION 49. <, = aock, [14-): x, y are Cauchy sequences of rational 
numbers & x <. 

DEFINITION 50. R-F = ((Mr,  [Y]r, [z],): x,y,z are Cauchy sequences of 
rational numbers &  z  + y = 

THEOREM 44. If x and y are real numbers then there is a unique real 
number z such that (x, y, z)  c R+. 

DEFINITION 51. if x,y,z  C Re then x y = z (x, y,  z C R+. 

DEFINITION 52. R• = 	Mr, kb): x,y,z are Cauchy sequences of 
rational numbers & xy zh 

THEOREM 45. If x and y are real numbers then there is a unique real 
number z such that (x, y, z)  C R.. 

DEFINITION 53. If x,y,z c Re then xy z <—> (x, y, z) C R•. 

We also define the real numbers zero and one. 

DEFINITION 54. Or  = [(Os, Os ;  • • • I °By • • •Ar• 

DEFINITION 55. 1, = [(1 s, 18, • • - y  1S  • • 

Our comprehensive comprehensive theorem on elementary properties of the real numbers 
is like Theorem 32 for the rational numbers. Since all parts of the proof 
closely resemble proofs of previous theorems, nothing is proved here. 

THEOREM 46. The relation less then and the operations of addition and 
multiplication for real numbers together with Or  and  Ir  have all the 
fifteen properties listed in Theorem 32. 

To complete the construction of the real numbers we need only prove 
that they satisfy one further property: every non-empty set of real 
numbers which has an upper bound has a least upper bound.* However, 
the proof that this property is satisfied requires some other results which 
are themselves important and of intrinsic interest. We begin with the 
notion of a real number corresponding to a rational number. 

DEFINITION 56. If x is a real number and s is a rational number then 
x corresponds to s if and only if the sequence (s, s, . . . ,s, . . .) is a member 
of x. 

We have as an immediate consequence of the fact that the set of real 
numbers is a partition of the set of Cauchy sequences of rational numbers 
the result that: 

That this property and the fifteen of Theorem 32 adequately characterize the real 
numbers is well-known; a discussion of these matters is to be found in nearly any book 
On ', the theory of functions of a real variable_ 
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THEOREM 47. Given any rational number there is a unique real number 
corresponding to it. 

Combining this theorem with Theorem 34 we obtain: 

THEOREM 48. The set of real numbers corresponding to rational numbers 
is denumerable and can be well-mlered without using the axiom of choice. 

A useful property of the real numbers corresponding to rational numbers 
is formulated in the next theorem: briefly, the rational real numbers, as 
we may appropriately call them, are dense in the set of all real numbers.* 

THEOREM 49. If x and y are any two distinct real numbers then there 
exists a real number z corresponding to some rational number such that 
z is between x and y, i.e., if x <y then x < z ancl z < y, and if y <x 
then y <z and z < z.  

PROOF. For definiteness, let x < y. Let a C x and b  ê y, whence a 
and b are Cauchy sequences of rational numbers with 

(1) a < b. 

From (1), Definition 46, and Definition 42 we infer that there is a positive 
rational number 5 and an integer N such that for all m,n > N 

(2) bn  — a. > 5 

(3) ia — am i < B/4 

(4) Ib — b1 < B/4. 

Let s be a rational number such that 

(5) B/4 < s < 5/2, 

and consider the rational number 	s. I say that the real number z 
corresponding to a/v+ , s is between x and y. (Here z = [(aN+ 1 s, 
aN-1-1 + 8, • • • , an+  I + 8, • • 3-) 
First, we infer from (3) that 

— aN+, < 5/4 

whence multiplying through by —1 and adding s to both sides we obtain: 

(aN+, s) — a> s — B/4, 

from which we conclude by Definition 46 that 

(aN+, 	s, ow+, 	s, • • • , an+i 	s, • .) > a, 

and thence from Definition 49 
z> z.  

*In the remainder of this chapter we omit the subscript Y in ' < r' and  elsewhere.  
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Similarly, from (2) and (4) we infer 

b„, — (cciv+ 1 + s) = 	— aN+L) + 	— 44-1) —  s>  — 4514 — s. 

By virtue of (5) we know that — 5/ 4 — s is positive and we conclude 
that y > z. Q.E.D. 

We define Cauchy sequences of real numbers just as we define such 
sequences of rational numbers. 

DEFINITION 57. x is a sequence of real numbers if and only if x is a 
sequence and the range of x is a subset of the set of real numbers. 

DEFINITION 58. x is a Cauchy sequence of real numbers if and only if  
x is a sequence of real numbers and for every real number > 0 there is 
a positive integer N such that for every m,n > N 

Xn 	< e. 

The proof of the first theorem about Cauchy sequences of real numbers is 
not difficult and we leave it as an exercise. 

THEOREM 50. If a is a Cauchy sequence of rational numbers and x is 
the sequence of real numbers such that for  every  n, x„ is the real number 
corresponding to a„, then x is a Cauchy sequence of real numbers. Con-
versely, if x is a Cauchy sequence then so is a. 

We now define the important notion of limit. Without question this 
notion is the fundamental concept of the differential and integral calculus, 
and of analysis in general. What we want to show is that a sequence of 
real numbers has a limit if and only if it is a Cauchy sequence. This result 
is sometimes called the General Convergence Principle. In more recent 
terminology it would be called the theorem on the completeness of the 
real number system. Independent of terminology, the important fact is 
that this result, like the least upper bound property, expresses the essential 
difference between the real numbers and the rational numbers. It is easy 
to construct examples of Cauchy sequences of rational numbers which do 
not have a limit. For example, let xo = 0 and for n > 1 

x„ (1 —
n 

• 

It is easy to see that x is a Cauchy sequence of rational numbers, yet it 
does not have a limit among the rational numbers. (Its limit is, in fact, 
the base e for natural logarithms: e =  2.71828. .. .) 

DEFINITION 59. If x is a sequence of real numbers, then y is a limit of 
z if and only if y is a real number and for every real number e > 0 there 
is a positive integer N such that for every n > N 

— yi < e. 
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The proof is straightforward that 

THEOREM 51. A sequence of real numbers has at most one limit. 

This theorem justifies definition of the standard notation for limit of a 
sequence. 

DEFuvrrioN GO. If x is a sequence of real numbers and y is the limit of 
x then 

lim xn  = y. 
n 

THEOREM 52. A sequence of real numbers has a limit if and only if 
it is a Cauchy sequence. 

PROOF. [Necessity]. Let x be a sequence of real numbers whose limit 
is y. Let e be any positive real number. Then by Definition 59 there is 
an integer N such that for m,n > N 

Iii  — xni < E/2  

Iv 	< €12,  
whence 

lx„ — xn,1  <Iv  — x1; 1 	1y —Xml  <€12  + €12 = e, 

and we conclude from Definition 58 that x is a Cauchy sequence of real 
numbers. 

[Sufficiency]. Let x be a Cauchy sequence of real numbers. Let TV 
be the well-ordering of the rational real numbers corresponding to that 
described for the rational numbers in the proof of Theorem 34. 

Let y. be the W-first rational real number between xn and x. —
1

, i.e., 

< <zn-I- —
1 

whence for every positive real number there is an integer N such that 
for every n>  N 

(1) 
	

Ixn Yn1 < Tv-  < 
Moreover, y is a Cauchy sequence of real numbers, for 

JY — Y.I < lYn 	x1;1 -1- lx„ — xna l 	— y„,1, 

and N may be so chosen that for in,n > N 

Iy — x.I < e/3 

— Y.I < E/3  
1x1;  — 	< E/3, 
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hence 

lyn — ylnl  <E.  

Now let an  be the rational number to which yn corresponds. By Theorem 
50 a is a Cauchy sequence of rational numbers, and thus [a]r  is a real 
number. From Definition 45 it then easily follows that for every positive 
real number e there is an integer N such that for n > N 

(2) 
	

IY. — [ald < e/2, 

whence, combining (I) and (2), N may be chosen so that for n > N 

Ix. — [a]rl 	lx. — Y.I 	IY. — [a],i < e/2 	e/3 < e, 

which establishes that [a], is the limit of x. Q.E.D. 
It should be remarked that the introduction of the well-ordering IV 

of the rational numbers in the second half of the above proof is unorthodox. 
The standard proofs to be found in most textbooks on functions of real 
variables read: Select a y„,such that 

< y„ < 	—
1

, 

but an infinite number of such selections is required and thus the standard 
proofs depend on the axiom of choice. A great many proofs in analysis 
which depend on the axiom of choice may be modified in the way this 
proof has been modified to avoid such dependence. 

The fact that every Cauchy sequence of real numbers has a limit shows 
that we cannot essentially extend the number system further by defining  

what we may call super-real numbers as equivalence classes of Cauchy 
sequences of real numbers. Super-real numbers have just the properties 
of real numbers. To each real number there corresponds a unique super-
real number, and conversely. Moreover, this uniqueness relation is 
preserved under the operations of addition and multiplication, and under 
limiting operations as well. 

We now proceed as directly as possible to the least upper bound theorem. 

DEFINITION 61. If A is a set of real numbers then y is an upper bound 
of A if and only if y is a real number and for every x in A, x < y. 

DEFINITION 62. If A is a set of real numbers then y is a least upper 
bound of A if and only if y is an upper bound of A and for every z which 
is an upper bound of A, y < z. 

We leave proofs of the next two theorems as exercises, as well as the 
pre- of that an empty set of real numbers has no least upper bound. 
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THEOREM 53. If A is a set of real numbers then y is a least upper bound 
of A if and only if y is an upper bound of A and for evefij positive real 
number e there is an x in A such that x>  y — e. 

THEOREM 54. A set of real numbers can have at most one least upper 
bound. 

We are now prepared to prove: 

THEOREM 55. If a non-empty set of real numbers has an upper bound 
then it has a least upper bound. 

PROOF. Let A be a set satisfying the hypothesis of the theorem. Clearly 
there are two real numbers xo and uo  such that uo — xo 1, uo  is an 
upper bound of A, and xo is not. We now define inductively x. and it. 

x0 +u0 . x, + u, 
	 i 2 	2 	s not an upper bound of A, 

x, 	if x° 	 u°  i 

	

2 	s an upper bound of A. 

x, + u, . x, 

	

2 if 
2 	u°  is an upper bound of A, 

X0  + . 
u, 

 

• 	
2 
	is not an upper bound of A. 

X 

u, 

And, in general 

Xn- O  + ' fl  	± Un- 
jf 

2 	2 
Xn  = 

is not an upper bound of A, 

if 4-1 + nn- is an upper bound of A. 2 

{

Xe-,  ± Un- 1  if 

 2 	
Xn- i  + Un- 1  . 

2 	is an upper bound of A, 

We then have: 
1 (1) 	 un  — xn  

and 
1 un_, — 

from which we easily infer that the sequence u is a Cauchy sequence of 
real numbers, for given c>  0 there is an N such that for every m,n > N 
with n>  m 

2m+' " 

xn- I 

Un  = 

if xn-1  + 	is not an upper bound of A. 
2 
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whence 

— 	 — 11.41 ± 	— um+21 - • • + lu*- 1 — UnJ  

2'n+1 m  • • • 

And by Theorem 52 the sequence u has a limit, say y*. We want to show 
that y* is the least upper bound of A. First, we establish that y* is an 
upper bound of A. Let x  c A. For every n, u> x. Since for every E 

there is an n such that 

un  — y* < E, 

we have 

whence 

(2) 

but since (2) must hold for all e > 0, 

y * > x. 

Thus y * is an upper bound of A. 

Now suppose z is an upper bound of A such that z < y*. Then on the 
basis of (1) there is an n such that 

—  X,, < y* — z, 

but 

whence 

and thus 

y * — x„ < un  —  Sn,  

11* — x„  < Y*  — 

Z  < x„, 

but then z is not an upper bound of A since x n  is not, contrary to our 
supposition, which completes the proof that y * is the least upper bound 
of A. Q.E.D. 

EXERCISES 

1. Prove Theorems 44 and 45. 
2. Prove Theorem 46. (This exercise has fifteen parts.) 
3. Prove Theorems 47 and 48. 
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4. Prove Theorem 50. 
5. Prove Theorem 51. 
6. Prove Theorems 53 and 54. 
7. Prove that an empty set of real numbers does not have a least upper bound. 
8. Let x and y be sequences of real numbers which have a limit. Prove that 

(a) 	lim (x. yn) = lim 	lim yn , 
n n -toe 	 fl-toe  

(b) lim (x„y.) = Hui 	lim y„, 
n n 	 n 03 

(c) if for every n, y. 0 0 and lim y 	then 
—t oe  

Zn) 	
lim x 
, 	 urn (— fi 

fl  -toe 	 inn ?in 
n 

9. Let x be a Cauchy sequence of real numbers and let y be a subsequence of 
x. Prove that 

lim  n=  lim xn . 
71—f ce 	 —1,35 

10. Define in the obvious manner the notions of lower bound and greatest 
lowe r bound of a set of real numbers, and prove that every non-empty set of real 
numbers which has a lower bound has a greatest lower bound. 

11. A sequence x of real numbers is said to be bounded if there is a real number 
x* such that for every n 

lx„i <  X *. 

Is every Cauchy sequence of real numbers bounded? If so, prove it. If not, give 
a counterexample. 

6.7 Sets of the Power of the Continuum. The first business of 
this final section of the chapter is to prove Cantor's famous theorem of 
1874 that the set of real numbers is not denumerable. A useful preliminary 
is the theorem that every real number can be uniquely represented by a 
non-terminating decimal. The exact formulation of the latter is the follow-
ing, generalized to any integer radix > 2. 

THEOREM 56. Let r be an integer > 2. Every real number x is uniquely 
representable with respect to the radix r as a sequence (a,d„c12 , 

dc,.  ) such that 

(i) a is the largest integer equal to or less than x, 
(ii) for all n, 0 < d„ <r and d. is an integer, 

(iii) it is not the case that there is an N such that for all n > N, cl„, = 
r — 1, 
(iv) the sequence whose terms c,,  are defined recursively by 

co  = a 

en+ 1 = C71 ± dn÷1 

is a Cauchy sequence which converges to x. 
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PROOF. Let x be any real number. Let ar be the greatest integer which 
is equal to or less than rx. Then there is a non-negative number e, <r  
such that 

In a similar manner 

_LE2 	 e s 	 e 
6, = d, , 	— 	• • • 	en = 	-r- n+if 

where for all n, 0 <  d, en <r  and d. is an integer. Thus 

d 	d 	d 	en+ , 
x = + + + • • • + + 

and consequently 

d d 0 < x — (a + + + • • + < —
1 

r 	 rn 	rn 

that is, for every n, using the definition of (iv), 

1 0 < X — en s. rn 

but lim =0, whence run = x. Q.E.D. —+= 

Note that condition (iii) of the theorem eliminates for the radix 10, for 
example, an infinite string of 9's. Thus 5.000 cannot, following the 
theorem, also be represented by 4.999 . . . , which representation must be 
excluded to guarantee uniqueness. 

Proof of the converse of Theorem 56 we leave as an exercise. 

	

THEOREM 57. Let (a,d„cl,, 	. . .) be a sequence such that 

a is an integer, 

(ii) there is an integer r > 2 such that for all n, 0 <  d < r and  every 
d. is an integer. 

Then there is a unique real number x such that the sequence whose terms c. 
are defined recursively by: c o  = a and c.÷, = d.+1, is a Cauchy sequence 
which converges to x. 

By choosing the radix 2 it is not difficult, on the basis of Theorems 56 
and 57, to prove: 

THEOREM 58. The set of all real numbers is equipollent to the set 2w. 

By virtue of Theorems 14 and 23 of Chapter 4, it then follows from Theorem 
,fi8  that  
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THEOREM 59. The set of real numbers is not denumerable. 

It will also be useful to give Cantor's more constructive proof of this 
theorem by use of his important "diagonal method." We use Theorem 56 
and represent the real numbers by their decimal expansions. Obviously 
the set of real numbers is infinite. Suppose now that it is also denumerable. 
Then there is a 1-1 function f from co to the set of real numbers. Let 

= f(n). 

Each real number r. we represent in decimal notation as 

= 	c/ 1 00 	cl 3 00  . . 

where a( n)  is the largest integer equal to or less than rn. 
Now consider the real number 

c =  a. 

defined as follows: 

2 if am = 1 
a = 

1 if am 	1. 

(Here am is, of course, the largest integer equal to or less than ro.) 
And 

12 if dm = 1 
d. = 

1 if dm 1. 

Thus if, 

ro  = 4.333. . . 

r i  = 7.12171217... 

r, =  0.689689... 

r, =  0.414141..., 

then 

C  = 1.211.... 

But there can be no r, such that 

C = rn  

for the n-th decimal of r„ must differ from the n-th decimal of c. (We 
count the integer a as the 0-th decimal.) Hence there is no n such that 

c 
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and our supposition is false. Whence the set of real numbers is not de.. 
numerable. 

Sets equipollent to the set of real numbers are often called sets of the  
power of the continuum. Some basic facts about such sets are summarized 
in the following theorems, which we do not prove in detail. 

THEOREM 60. The union of a finite or denumerable set with a set of the  
power of the continuum is again a set of the power of the continuum. 

PROOF. Compare the proof of Theorem 67 of Chapter 5. 

THEOREM 61. If A is a set of the power of the continuum and B is a 
finite or denumerable set then A B is a set of the power of the con-
tinuum. 

THEOREM 62. The set of all real numbers constituting the interval between 
any two distinct real numbers a and b is of the power of the continuum. 

PROOF. Consider first the mapping f of the positive real numbers onto 
the interval (0,1): 

f(x) 
1+ x 

In a similar fashion map the negative real numbers onto the interval 
(-1,0). It follows at once from these two 1-1 mappings that the set of real 
numbers in the interval (-1,1) is of the power of the continuum. We 
leave it as an exercise to construct a 1-1 function mapping any finite 
interval (a,b)  onto  ( — 1,1). 

THEOREM 63. Every set of the power of the continuum may be repre-
sented  as the union of n mutually exclusive subsets each of which is of the 
power of the continuum. 

The proof is by induction on n. 
Moreover, 

THEOREM 64. Every set of the power of the continuum may be repre-
sented as the union of an infinite sequence of sets without common elements 
and each of which is of the power of the continuum. 

PROOF. Use the sequence (A 1 ,A 21 ... ,A n , ...) defined by: A n  is the 
set of all real x numbers such that n — 1 < x < n. 

By the same approach it is easy to show that 

THEOREM 65. The Cartesian product of two sets of which one is de-
numerable and the other is of the power of the continuum is of the power 
of the continuum. 

We may also show 
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THEOREM 66. The Cartesian product of two sets of the power of the con-
tinuum is also of the power of the continuum. 

PROOF. Use the decimal representation of the real numbers described 
in Theorem 56. We show then that (0,1) X (0,1) -= (0,1). Let x, y  C (0,1) 
and let 

x = (0,d1,d 2, 	,cl., 	.) 

= (0,e1,e2, • • • An, • • .) 

in decimal representation. Define then 

f((x, y)) = (0,d1,e 11cl 2,e 2, 	,d„,e„, 	.). 

It is straightforward to show that f is a 1-1 mapping of (0,1) X (0,1) 
onto (0,1). 

The geometrical interpretation of this last theorem is that the plane and 
the line have the same cardinality when considered as sets of points. Of 
course, the function establishing the 1-1 correspondence is highly dis-
continuous. The establishing of this correspondence was first due to Cantor.* 

Using the special axiom for cardinals, we may define 

fDEFrivrrioN 63. c 3C(Re). 

The symbol 'c' is the standard one for the cardinality of the continuum. 
Using this definition, we state a general theorem on the cardinal arithmetic 
of c. Proof of each part of the theorem follows directly from one or more 
of the immediately preceding theorems of this section. 

fTHEOREM 67. 

(i) If n is a finite cardinal then 

n+c=n-c=c, 

(ii) c= c, 
(iii) o c = c, 
(iv) 20 = C. 
(IT) c 	c = c. 
(vi) c - c = c. 

It is not known whether there exists a set which is of greater power than 
a denumerable set and of less power than the continuum. The conjecture 
that there are no such sets is called the Continuum Hypothesis. Sierpinski 
[1056] summarizes in thorough fashion the known important consequences 
of this hypothesis. One of the most interesting, which is actually equivalent 

*The proof is not too difficult that there is no 1-1 continuous function which will 
establish this correspondence (see Sierpinski [1958, p. 66l). 
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to the Continuum Hypothesis, is the following proposition (the equivalence 
was proved by Sierpinski in 1919): The set of all the points of the plane is 
the union of two sets of which one is at most denumerable along any line 
parallel to the ordinate axis and the other is at most denumerable along 
any line parallel to the abscissa axis. 

We showed earlier that the set of all real numbers is equipollent to 2'. 
This relationship is the basis for the Generalized Continuum Hypothesis: 
given any infinite set A there is no set of power greater than A and less 
than the set of all subsets of A. Go- del ([1938], [19401) has proved the im-
portant result that the Generalized Continuum Hypothesis may be con-
sistently added to the other axioms of set theory,* that is, if the other 
axioms are jointly consistent then the addition of the Generalized Con-
tinuum Hypothesis as a new axiom will not give rise to a contradiction. 

EXERCISES 

I. Prove Theorem 57. 
2. Prove Theorem 58. 
3. Prove Theorem 60. 
4. Prove Theorem 61. 
5. Complete the proof of Theorem 62. 

6. Prove Theorem 63. 
7. Prove Theorem 64. 
8. Prove Theorem 65. 
9. Prove Theorem 66. 

10. Prove that there is no continuous mapping of the plane onto the straight line. 
11. Prove Theorem 67. 

*His proof is actually for the axioms of von Neumann set theory, as given in his papers, 
but with little modification the proof holds for the axioms of Zermelo-Fraenkel set them 
As well, 



CHAPTER 7 

TRANSFINITE INDUCTION AND ORDINAL 
ARITHMETIC 

§ 7.1 Transfinite Induction and Definition by Transfinite Re-
cursion. The focus of the present chapter is ordinal number theory. 
The first section considers transfinite induction and definition by transfinite 
recursion for ordinal numbers. The axiom schema of replacement is needed 
to justify the general recursion schema. The second section presents the 
elements of ordinal arithmetic. The third section considers cardinal 
numbers again but without use of the special axiom for cardinals. In 
particular the concept of an aleph is introduced. The fourth section 
generalizes the results of §7.1 to well-ordered sets. In addition, the funda-
mental theorem for well-ordered sets is proved. The final section (§7.5) 
presents a revised summary of the axioms; the axiom schema of replacement 
is used to derive the pairing axiom and the axiom schema of separation. 

Our first problem is to extend the principle of induction for natural 
numbers (finite ordinals) to the principle of transfinite induction for all 
ordinals. As Theorem 12 of §5.1 establishes, the set of all ordinals does 
not exist, so that a general set formulation of transfinite induction cannot 
be given. However, as we shall see, a set formulation up to any given 
ordinal is possible. Also, a general schema for all ordinals analogous to 
Theorem 22 of §5.2 can be proved;  in fact, we begin with this. 

The initial letters of the Greek alphabet in lower-case type, that is, 
'a', 'n', '-y', `e, . . . , with and without subscripts, will indicate variables 
which take ordinals as values. 

THEOREM SCHEMA 1. [Principle of Transfinite Induction; First 
Formulation].  If  for every a 

(i) (V 	< a —> so(13)) —> sa(a) 

then for every a, 

195 
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PROOF.  Granted the hypothesis of the theorem, suppose there is an a 
such that io(a) is false. Let 

L(a) 	( (3: (3 _< a & io(ti) is false). 

Then Sal well-orders L(a). Let r be the first element of L(a). By hypoth-
esis on 13* for every -y < Li' we have: v(7). But then by the (inductive) 
hypothesis, that is, (i) of the theorem, 6(r ), which is a contradiction. 
Q.E.D. 

The formulation of Theorem 1, when specialized to the natural numbers, 
yields what is often called a "course-of-values" induction, because all 
natural numbers less than a given number are considered, not just the 
immediate predecessor. 

The proof of the set formulation of transfinite induction is a trivial 
variant of the above, so we only state the theorem, but the fact that it, 
in contrast to Theorem 1, is relative to an ordinal a should be noted. 

THEOREM 2. [Principle of Transfinite Induction: Second Formulation]. 
If for every ordinal (3  <a we have that (3 C A implies that (3  c A, then 
a C A. Symbolically: 

(VOW < a &/3 g A —>(3 A) —>a A. 

If we take a = co, we have as a special case of the theorem a formulation 
of induction for the natural numbers slightly different from Theorem 24 

of §5.2: 

If m c A whenever m C A  thenw  ÇA.   

The formulation of tra,nsfinite induction provided by Theorem 2 has a 
certain interest from the standpoint of applications. In using transfinite 
induction to prove a theorem, it is often desired to know how "far up" 
the induction goes, that is, what is the smallest ordinal a which will suffice 
in applying Theorem 2. Of course, in ordinary induction we always take 
a = co. 

We now want to state without proof a third formulation of transfinite 
induction which uses a condition like the standard one for induction on 
the natural numbers: if io(n) then io(n1), and restricts the full course-of-
values inductions to limit ordinals, that is, ordinals which have no im-
mediate predecessor and are not zero. 

DEFINITION 1. a is a limit ordinal if and only if a 0 and there is no 13 
such that (3' --- a. 

The ordinal co is the only limit ordinal we have introduced so far. 
A useful fact about limit ordinals is stated here without proof. 

-„ THEOREM 3. If a is a limit ordinal then Ua = a. 
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THEOREM 4. [Principle of Transfinite Induction: Third Formulation]. 

Suppose that 

so(0), 
(ii) for every a, if 40(a) then 40(a 1), and 

(iii) for every limit ordinal y, if for every p < y, v(13), then go(7). 

Then for every ordinal a, 

Before turning to transfinite recursions, a useful theorem schema on 
the existence of a least ordinal satisfying a given property may be stated. 
Its proof is left as an exercise. 

THEOREM SCHEMA 5. If there is an a such that v(a) then there is a least 

ordinal p such that 4o(13). 

In order subsequently to introduce the ordinal operations of addition, 
multiplication, and exponentiation, it is not sufficient to have the principle 
of transfinite induction at hand It is necessary to justify definition by 
transfinite recursion in the same general way that we justified definition 
by recursion of the operations on natural numbers in §5.2. As far as I 
know, the first proof of a general theorem justifying definition by trans-
finite recursion is to be found in von Neumann [1928b]. 

The proof of the first formulation parallels very closely the proof of 
Theorem 27 of §5.2 on definition by recursion. The major difference in 
formulation is that the function H (the theorem says 'set H' but in applica-
tions we are always interested in functions) takes the whole of F restricted 
to /3 as its argument, rather than simply the predecessor as in Theorem 27. 
An unadulterated form of Theorem 71 could not, of course, be used for 
ordinals in general, since limit ordinals have no immediate predecessors. 

THEOREM 6. [Transfinite Recursion: First Formulation]. Let H 

be any set and a any ordinal. Then there exists a unique F such that 

(i) F is a function on a, 
(ii) for every 13 < a 

F(0) 	H (F I 13). 

PROOF. First by virtue of the axiom schema of separation there is a 
set A such that F E A if and only if: 

(1) f c cP(a X (611-IU [OD), 

and there is a such that 

(2) f is a function on 13, 

(3) for every y, if y  < (3  then f(y) H(f  I  7). 
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As in the ease of Theorem 27 of §5.2 the idea of the proof is to show that 
U A  is the desired function F. We begin by showing: 

(4) If f, g  ET A then f C g or g g f. 

Let A, be the domain of f  and A, the domain of g. Then ft 1 ng2  is (3, or 132 . 

Now suppose there is a -y in A i ng, such that 

g(7). 

Let -y* be the smallest such ordinal (see Theorem 5). We then have: 

f 17* = 917*, 

and a fortiori 

(5) 

but then 

H(f 1-y *) =  

f(y *) = 

contrary to our supposition, whence  (4) is established. 
Now we define: 

F=  U A.  

It follows at once from (4) that F is a function. Furthermore if p is in 
the domain of F, then for some f in A,l3 is in the domain of f, and con-
sequently 

.f(13) = 	I fi), 

whence 

F(j3) = H(F 13). 

It only remains to show that a is the domain of F. Suppose not. Let 04` 
be the smallest ordinal less than a and not in the domain of F. Then there 
is an f in A whose domain is A*. Hence 

f [(64.  11(.fit3* ))1C 

and therefore /3* is in the domain of F, contrary to our supposition. Proof 
that F is unique is left as an exercise. Q.E.D. 

As might be expected, by making use of limit ordinals a version of trans-
finite recursion may be given which is closer to Theorem 27 of §5.2. The 
intuitive content of condition (iv) of the theorem will be discussed in 
relation to the definitions of ordinal addition and multiplication in §7.3. 

THEOREM 7. [Transfinite Recursion: Second Formulation]. Let x 
be any object, G any set, and a any ordinal. Then there is a unique F 

.,, such that 
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(i) F is a function on a, 
(ii) F(0) = x, 

(iii) for every 13 with < a, 

F((31) = W (j3)), 

(iv) for every <a if (3  is a limit ordinal then 

P(f3) = U F ey) . 
TCP 

PROOF. The proof of this formulation of the theorem justifying trans-
finite recursion is got by specifying the appropriate function H in the 
preceding theorem. 

Let 
L = ffIGU fx). 

We first define the notion of an a-sequence of L. An a-sequence of L is a 
function whose domain is a and whose range is a subset of L. (A sequence, 
in the usual mathematical sense, of elements of L is just an co-sequence.) 
Now consider the function H defined as follows: 

(1) The domain of H is the set of 0-sequences of L with a < a, 

(2) For the 0-sequence 0 
H(0) = x, 

(3) For any al-sequence s 

H(s)  

(4) For 0 a limit ordinal and s a 0-sequence 

H(s) =  U s(-y).  
TEP 

Note that by virtue of Definition 15 of §2.6 

s(r) = Or (37)(7 C & = s(-Y))i, 
TEP 

and because s(y) j L, it follows from the axiom schema of separation that 
the set ty: (3y)(y cj (3 & y =  8( y))1 always exists in the appropriate sense, 
i.e., is not empty. (Concerning the range of H, see Exercise 6 below.) 
In view of the preceding theorem (Theorem 6) there is a unique function F 
defined on a such that for every a <a 

(5) F(P) = H(F 113). 

We observe that by virtue of (1), F  I  a is a 0-sequence. Whence by (2) 
and (5) 

F(0) = H(F I 0) x, 
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establishing (ii) of the theorem. 
On the basis of (3) and (5) 

F([31) = H(F 1 01) = G ([F 1 0 11(0))  

which proves 
in view of (4) and (5), if /3 is a limit ordinal, 

F(0) = H(F I 03) =U ([F  I /AM) = U (Fet)). 
703 	 Ico 

Uniqueness of F is obvious. Q.E.D. 

It should be noted that Theorem 7 is less general than Theorem 6, because 
not all the functions F from Theorem 6 satisfy (iv) of Theorem 7, that 
is, satisfy: 

F(0) = U F(7) 
7CP 

for 0 a limit ordinal. For example, in Theorem 6, let a be col and for any 
0-sequence s with /3 < al define 

0 if 0 is a lirait ordinal 
H(8) 

1 otherwise. 

Then 

F(a) = 0, 

but 

U F(n) = U {1} = 1. 
ncw 

It should be clear why Theorems 6 and 7 do not provide the optimal 
justification for introduction of the operations of ordinal addition. 
The set of all ordinals does not exist and thus it is hopeless to define 
ordinal addition or multiplication as a set-theoretical function. The re-
maining objective of this section is to establish a theorem schema which 
will justify definition of the appropriate operation symbols. To begin 
with, we prove a transfinite recursion schema analogous to Theorem 6, 
This schema has been placed after Theorems 6 and 7 because its proof 
requires the axiom schema of replacement, which we introduce below. 

The need for a schematic formulation of transfinite recursion may per-
haps be made more apparent by discussing the difficulties which arise 
when we attempt to use Theorem 7 to define ordinal addition. The re-
cwsive scheme we have in mind is simply: 
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(i) a + 0 = a, 

(ii) a + 01  = + 
(iii) If fi  is a limit ordinal 

a+fi U (a+ y). 
703 

Conditions (i) and (ii) yield a recursive scheme like that of integer addition. 
The third condition is new. We may illustrate its intuitive meaning by 
considering w + w. We have not yet proved that w + w exists, but leaving 
that question aside for the moment, the basic idea is that 

+ w = {0, 1, 2, 3, . , w + 1, w + 2, w + 3, . . .1. 

And we easily see that this is just what we get from: 

w + w = U (w + 7) = U (co + n). 
7E. 

The form of (iii) should make clear why (iv) of Theorem 7 has the form it 
does. 

Unfortunately, complications immediately arise if we attempt to apply 
Theorem 7 to convert these three conditions into a precise definition of a 
unnry function a+. (Because Theorem 7 yields only unary functions, 
for each ordinal a, we define a+, rather than the binary operation symbol 
+.) First, we cannot simply define a function a+ for all ordinals, since 
the set of all ordinals does not exist. Suppose then we define a+ with 
respect to some ordinal n, which requires a subscript: a Then we 
would have: 

(1) 

and so forth, and we would naturally impose the restriction that the domain 
of a+ is n. However, the relativization of ordinal addition to some ordinal 
n is not sufficient to permit an application of Theorem 7. As remarked 
prior to the definition of integer addition, we cannot simply use the suc-
cessor symbol in picking a particular function G, for there is no set desig-
nated by the successor symbol. To deal with integer addition we introduced 
the notation `SA' to designate the successor function restricted to A. 
Probably the natural suggestion is then to try Sn in (1): 

{a 0 = a 

{a + 0 = a 

a -1- ,)  0 1  = 	+„ i3) 1  

(2) 
a +, ei (fi) = e, (a +„ (3). 

There is no difficulty about e„ ( 3) since 0 C n, but the situation is different 
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for S,,(a 	fi). If a is big enough it can happen that a 	> n, and 
therefore S,,(a 	p) = O. For example, 

(3) e.(0) +. 3) = CI, 

whereas, 

(4) (0.) ±„, 3) 1  = 	4 	O. 

The difficulty raised by (2) and the particular case (3) is fundamental, 
and on the basis of Theorem 7 it is impassible to make repairs which will 
permit construction of a reasonable ordinal arithmetic. 

As already remarked, to prove the appropriate recursion theorem we 
need the axiom schema of replacement. The intuitive idea of the axiom is 
that if we have a formula yo(x,y) with the functional property that for 
every x in a set A there is at most one y such that v(x,y), then we may 
assert that the set of y's exists, and "replace" A by this new set. Formally, 
we have:* 

AXIOM SCHEMA OF REPLACEMENT. If 

x)(V Wed zYx ë A & io(x,Y) & so(x,z) 	= z) 

then 

(3B) (Vy)(y  ë B (3x)(x ë A & io(x,y))). 

The hypothesis of the axiom simply requires that io(x,y) be functional in x. 
If this requirement were dropped we would immediately be in difficulty. 
For example, we could let v(x,y) be 

X  C y, 

and let A = (01, then because the empty set is a subset of every set, B 
would be the paradoxical set of all sets. 

In the last section of this chapter we show that the axiom schema of 
separation follows from the axiom schema of replacement (the proof is 
trivial) and also that the pairing axiom follows from the power set axiom 
and the axiom schema of replacement. 

THEOREM SCHEMA 8. [Transfinite Recursion: Third Formulationl.t 

Let T be any term. Then the following is a theorem: For any ordinal a 
there is a unique F such that 

*This axiom is also called the axiom schema of substitution; it originates with Fraenkel 
[1922]. In the literature of set theory the axiom is usually credited solely to Fraenkel, 
but Skolem [1922, p. 2261 formulated it independently and at the Mine time. In 
Fraenkel [1928], it may be said, Skolem's independent formulation is acknowledged. 

tais formulation is rather close to the original one in von Neumann [1928]. 
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(i) F is a function on a, 
(ii) for every 13  <a 

F0(3) = r(F I (3). 

PROOF. Paralleling now the first step in the proof of Theorem 6, we 
take 60(0,f) to be: 

	

9(fl,f) f is a function on i9 & (\f-y)(7 < 	f(7) = 

If we have:  (fl,f) & so(13,f), it easily follows by transfinite induction 
(Theorem I) that f = f', for suppose there were a 7 such that f(y) (7). 
Let 7* be the first such ordinal. Then 

f 17*=f/ 17*, 
and a fortiori 

7(j I *) 	(f' I *), 
whence 

fey = f (y*), 
which is absurd. 

Since io has the proper many-one property, we may apply the axiom 
schema of replacement to obtain- there is a set A such that 

f A (30(l3 C al & so03,D). 

The remainder of the proof simply consists in showing that U A is the 
desired function F, and is essentially the same as the corresponding part 
of Theorem 6. Q.E.D. 

Analogous to Theorem 7 we have another formulation in the form of a 
schema. We leave the proof as an exercise. 

THEOREM  SC HEMA 9. [Transfinite Recursion: Fourth Formulation]. 
Let 7' be any term. Then the following is a theorem: If x is any object 
and a any ordinal, then there is a unique F such that 

(i) F is a function on a, 
(ii) F(0) = x, 

(iii) for every ordinal 13 with 13 1  < a, 

F( 31) = 
(iv) for every limit ordinal i3  <a 

F0(3) = U F (-y). 
-1€0 

For the purposes of applications it is necessary to know that a function 
defined by transfinite recursion (via Theorems 6-9) is independent of the 
particular ordinal chosen in the sense expressed by the next theorem. The 
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proof is left as an exercise. It is understood in the formulation of the 
theorem that whichever one of the four theorems is used, the functions 
F, and F, are defined with respect to the same object x, set F, or term T, 

as the case may be. 

THEOREM 10. Let  F1  and F, be defined by transfinite recursion up to 
at  and a 2  respectively by we of Theorem 6, 7, 8, or 9. Then 

Fi  a2 =  F2 I "1. 

On the basis of Theorem 9 we may define ordinal addition as follows: 

a + = y if and only if there is a function f such that 

(i) f is a function on (3 1, 

f(0) = a, 
(iii) for every ?I with n < 

1(0) =1(n)', 

(iv) for every limit ordinal n < 

f(n) = U f(o), 
6€73 

(y) 	= 7. 

In this definition we have essentially defined a hierarchy of one-place 
functions a -I- , for each a with domain 0 1 . An esthetically more satisfy-
ing procedure is to use Theorems 9 and 10 to prove a general schema on 
the basis of which a more intuitive definition of binary ordinal operations 
like addition may be given. For this general schema we need the following 
general result, whose proof depends on the axiom schema of replacement. 

THEOREM SCHEMA 11. 

y c U r(x) 4-* (3x)(3B)(x C A & B = r(x) & y B) 
xc.A. 

We may then establish on the basis of preceding theorems: 

THEOREM SCHEMA 12. [Transfinite Recursion: Fifth Formulation]. 
Let o- (ai, ,an_i) be any term with at most n — 1 free variables, and 

let g(a„ . . . , a.) be any term with at most n free variables. Then a term 

r(a,, , an) may be defined by the recursion schema: 

(i) r(ce 1, - • I an- 1, 0) = cr(911, - • • an-1), 
(ii) for every 13  

,a,,_ 1 , /31) = gab • • • , an-1, 7(a1, • • • 7 an- 1, /3)); 
OW for every limit ordinal 13 

T(011, • • • , aft-i, (3) = U r(ai, . . , a„_„ 7). 
7E11 
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The free variables a 	, an_ i  are the parameters of recursion in this 
theorem. Given this theorem, we may in §7.2 use the appropriate recursion 
schemata themselves to define ordinal addition, multiplication, and ex-
ponentiation. 

EXERCISES 

1. Prove Theorem 3. 
2. Prove Theorem 4. 
3. Prove Theorem 5. 
4. Complete the proof of Theorem 6 by showing that F is unique. 
5. Give another example than the one in the text of a function F from Theorem 

6 which does not satisfy 

F(p) = U F(y)  
-ycfi 

for 13 a limit ordinal. 
6. In the proof of Theorem 7, we need to know that the range of H is a set in 

order to know that H as a  function is a well-defined set. Of what set is the range 
of H a subset? 

7. Prove Theorem 9. 
8. Prove Theorem 10. 
9. Prove Theorem 11. 

10. Prove Theorem 12. 

§ 7.2 Elements of Ordinal Arithmetic. Our intention is to give the 
main outlines of ordinal arithmetic, but not to develop it in any complete 
sense (in this connection see Sierpinski [1928] and Bachmann [1955]). 

The initial theorems on ordinal addition and multiplication parallel 
those on integer addition and multiplication in §5.2. Proofs by transfinite 
induction here play the role that proofs by induction played in §5.2. 
Considered as generalizations of the integer operations, the most striking 
single fact about ordinal addition and multiplication is that they are not 
commutative. In contrast, cardinal addition and multiplication are 
commutative, as we saw in §4.3. 

We may use Theorem 12 to introduce ordinal addition by the recursion 
scheme already given in §7.1. 

DEFINITION 2. The operation of ordinal addition is defined by the 
following recursion scheme: 

(i) a + 0 = a, 
(ii) a + 01  =(a± 0)I) 

(iii) if 13 is a limit ordinal 

iz+f3= U + 
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The existence of U (a + (3)  in the appropriate intuitive sense follows from 
7CP 

earlier results in §7.1. The role of (iii) will become clear in subsequent 
proofs of theorems in this section. 

We leave as an exercise proof of the following result which we use  
recurrently without explicit mention. 

THEOREM 13. a ± 0 is an ordinal. 

We turn now to the elementary arithmetic of ordinal addition. Many 
of the proofs exhibit typical methods of argument by transfinite induction. 

THEOREM 14. a+ 0 =-- 0 +a =a. 

PROOF. By (i) of the definition we have immediately that 

a + 0 = a. 

The proof that 0 + a = a is more complicated; it exhibits the typical 
three parts in a direct argument by transfinite induction (as formulated 
by Theorem 4). 

Part 1. a = O. We need to show: 

0 + 0 = O. 

Part 2. Assuming 0 + a = a, we need to show: 

0 + al = al. 

Part 3. Assuming that a is a limit ordinal and that for 13 < a, 

0 + 13 = (3, 
we need to show: 

0 + a = a. 

Part 1 follows at once from (i) of the definition of addition. 
To establish Part 2, we use (ii) of the definition and our inductive 

hypothesis: 
0 ± al = (0 + a) 1  

=-. a l. 

To prove Part 3 we use (iii) of the definition: 

0 + a = U (0 + ti) 
Pea 

U p 
	

by  inductive hypothesis 
Pea 

= a 	 by Theorem 3 

since if a is a limit ordinal, U a = a. 
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Having proved Parts 1-3, we conclude immediately by transfinite 
induction (Theorem 4) that our theorem holds for all ordinals. Q.E.D. 

The next theorem is an immediate consequence of the definition of 
ordinal addition. 

THEOREM 15. a 	= (a ± 0)1. 

Putting /3 = 0, we have: 

THEOREM 16. a + 1 = al. 

The following theorem establishes that ordinal addition is right-monotonic 
with respect to the relation less than. 

THEOREM 17. If 13 < -y then a + (3  <a +  y. 

PROOF. The proof is by transfinite induction on -y. 

Part 1. If y = 0 the hypothesis of the theorem is false and thus the 
theorem holds vacuously. 

Part 2. Suppose we have that if 13 < 'y then 

a +13 < a + 7. 

To prove the theorem holds for the successor of  y we have two cases to 
consider. 

Case 1.  (3<  7. Then we have: 

a + 13 < a + 
but 

a +  y  < + 7) 1  

and by Theorem 15 

+ 7) 1  = a + 71 , 

whence by transitivity 

a +13 <a  + 71 . 
Case 2. fi = y. Then we have both 

13 <7'  

and 

a +13  = a + 

but, as before 

a +7 <a + 71, 
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hence 

a ±  fi  <a ± 7 1- 

(Note that we do not need to consider the case of 7  <fi,  for by Theorem 
15 of §5.1 we then have yi < fi and the theorem holds vacuously.) 

Part 3. Suppose now that y is a limit ordinal (this is the only part of 
the inductive hypothesis for this part that we need). Since  fi  <y, of 
course )3 y. But by (iii) of the definition of addition 

a + y U (a + 6), 
BEY 

and so, in view of Definition 15 of §2.6 and Theorem 13, 

a+ UA 
where 

A = k: 36 C & n a + 8 i• 

Now /3 C 7, whence 13 1  C 7 (for y is a limit ordinal) and thus 

but 

and 

whence 

(c/ 	-= a + 

a+13C(a+M I , 

"±(3C UA, 

a+OCa+7. Q.E.D. 

On the other hand, ordinal addition is not left-monotonic with respect 
to less than, that is, we do not have in general 

if a < 13 then a + < + 

1 < 2, 

but 

1 + co = 2 co. 

(The verification of this fact we leave as an exercise.) 

As an immediate consequence of the preceding theorem and Theorem 14, 
lye have: 

For instance, 
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THEOREM 18. If /3 > 0 then a + > a. 

We also may easily derive a left canCellation law from the right-mono-
tonicity of ordinal addition. The example given before Theorem 18 shows 
that cancellation from the right does not hold. 

THEOREM 19. Ifa+0 --a+-ythenP= -y. 

PROOF. Suppose 0 	For definiteness, let 0 < 7. Then by Theorem 17 

a +13  < a ± 

which contradicts the hypothesis of the theorem. Q.E.D. 

We do get a left-monotonic law for ordinal addition with respect to <. 
The proof is similar to that of Theorem 17 and is left as an exercise. 

THEonEm 20. If a < (3 then a + 5_ 13 ± 

As an immediate consequence we have: 

THEOREM 21. a+ 	Ø. 

We now prove a useful fact about limit ordinals. 

THEOREM 22. If is a limit ordinal then a + 13 is a limit ordinal. 

PROOF. Suppose that a + 0 is not a limit ordinal. By virtue of Theorem 
21 a + 	O. Hence there is a -y such that 

(1) 7 1  = a +13, 

U (a + a), 
sco 

by virtue of (iii) of the definition of addition. Then 

-y C U (a ± 6), 
aCO 

hence there is a 81  C a such that 

C a ± 81 
and consequently 

(2) 

(1) and (2) yield: 

< (a ± 80i = a ±  6 i . •  

a + < a + 3 1 1  

and it follows from the contmpositive of Theorem 20 that 

(3< 
 

which is absurd, because 6 , 13 and thus 6 1 1 C 0. Q.E.D. 
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The next theorem asserts that a central property of integer addition 
also holds for general ordinal addition. 

THEOREM 23. If a < (3 then  there is a unique 7 such that a +  y 13.  

PROOF. If a = 0, we take 7 = O. Suppose then that a <13. Now by 
Theorem 21 

• + 
Let -y be the smallest ordinal such that 

(1) 	 + 

I say that in fact 

• + = 
for suppose that 

• + > 13.  

Clearly 7 0, so there are two cases to consider. First, suppose 7 has an 
immediate predecessor 7 — 1. Then 

whence by Theorem 15 of §5.3 

a ± 'Y > a ± — 1)  (3, 

contrary to the assumption that 7 is the smallest ordinal satisfying (1). 
Second, suppose that -y is a limit ordinal. Then by the basic hypothesis 

on 7, for every /5 <y 	 - 

a ±  o < 

and hence by Theorem 63 of §2.6 

U (a ± 0) g. 
.5E7 

thus 
U (a ± (5) P. 

 sc-v 
But 

	

a + 7 = 	+ 0), sev 
and so we have 

	

a + 	13, 

which combines with (1) to yield 

a + = 
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That 7 is unique follows at once from the left cancellation law; that is, 
given 

a +  7i  = a + 72 = P, 
by virtue of Theorem 19 

	

71 = 72. 	 Q.E.D. 

By the same method of argument used in the proof just completed, 
it is easy to establish: 

THEOREM 24. There is no ordinal 7 such that for all 5 < 

a ± < 7 < a +13. 

This theorem says, in other words, that a + is the first ordinal greater 
than a + 43 for all 5 <13. 

That ordinal addition is not commutative is shown by the simple 
counterexample: 

	

1+ 	w + 1. 

On the other hand, it is associative. 

	

THEOREM 25. a + (13 -I- 7) 	+ 13) + 7.  

PROOF. The proof proceeds by transfinite induction on 7. 

Part 1. By virtue of Theorem 14 

+ (13 + 0) = + /3 

= +13) 0- 

Part 2. Our inductive hypothesis is that 

(1) 

and we then have the following identities: 

	

a + + 71) — a ± ((3  7)I 	by Theorem 15 

	

= (a + (13 + 7))I 	by Theorem 15 

	

((a + + 7) 1 	by (1) 

	

= ± (3)  +7 	by Theorem 15. 

Part 3. The inductive hypothesis is that 7 is a limit ordinal and for 
every ô C 7 

a + (i3 	= (a  + 13) + (5. 



= U a + + 
Bey 

= + 
aCT 
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From  the definition of addition and the fact that fl ± 7 is a limit ordinal 
(Theorem 22), we have 

a + (0 + ) = U (a + 0) 
ecP+7 

= Mt): (36)(0 E13 + & = a 61 	by definition. 

But now since each ordinal n has as members all smaller ordinals, we may 
replace in the last expression  '0 E ± by '13 -I- 5 C ± 'Y', and we 
obtain 

a+  + 	(315)03  5C(3 +y & = a + + 5)) } 
= U (30(8 E & = a ± ± } by Theorem 17 

and Theorem 20 

by definition 

by inductive 
hypothesis 

Q.E.D. 

We now turn to the definition of ordinal multiplication and a number of 
elementary theorems about this operation. The  definition, like that for 
addition, simply generalizes the corresponding definition for integers. 
Note that the customary convention of letting juxtaposition denote 
multiplication is followed. Occasionally a dot is used for clarity. 

DEFINITION  3. The operation of ordinal multiplication is defined by 
the following recursion scheme: 

(i) a 	= 0, 
(ii) a • 0 1  = a • ± 

(iii) if  i3 is a limit ordinal 

a • 13 = U a 
1,C13 

Proofs of several of the theorems are left as exercises. 

THEoREm 26. a 13 is an ordinal. 

THEOREM 27.  0.  a = 0. 

THEOREM 28. a • 1 = 1 - a = a. 

We now show that ordinal multiplication, like ordinal addition, is right-
monotonic with respect to less than. In the case of multiplication we do 

bave to add the condition that a>  0. 
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THEOREM 29. If a > 0 and 13  < i  then  cc/3 < ay. 

PROOF. The proof, like that of the corresponding theorem for addition 
(Theorem 17), is by transfinite induction on -y. 

Part 1. If =  O the hypothesis of the theorem is always false and thus 
the theorem holds vacuously. 

Part 2. The inductive hypothesis for this part is identical in appearance 
to the statement of the theorem. To prove the theorem holds for the suc-
cessor of y there are two cases to consider. 

Case 1. 	< 7. Then we have: 

al3  <a7,  

but 

ay' = cry + a, 

and since a>  0 by virtue of Theorem 18 

cry <a71,  

whence by transitivity 

<a-y1.  

Case 2. (3 = y. Whence a0=  cry. Then 

a7 1  =  a7  + a > ay. 

Hence 

orY 1  > (43- 

Part 3. As in the case of the corresponding theorem for addition, the 
only part of the inductive hypothesis we need is that -y is a limit ordinal. 
Because 0  < y  we have that 0 y. But it, is a fundamental property 
of ordinal multiplication that 

cry  = U ab, 
5E7 

whence, by an argument exactly like that used in the proof of Theorem 17, 

ai3 C cry, 

< ay. 	 Q.E.D. 

As an easy consequence of Theorem 29, we have: 
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THEOREM 30. If a 0 and 	0 then af3 O. 

And as another immediate result we have a left cancellation law, provided 
a > O. 

rrHEOREM 31. if afl = cry and « > 0 then 	-y . 

A counterexample to right cancellation is given by the equality: 

2co = 3co. 

As an expected property of limit ordinals we have: 

THEOREM 32. If fi  is a limit ordinal and a > 0 then ap is a limit ordinal. 

The proof is left as an exercise, as is the corresponding "left dual." 

THEOREM 33. If a is a limit ordinal and fi > 0 then al3 is a limit ordinal. 

We now prove the important fact that multiplication is distributive 
from the left with respect to addition. 

THEOREM 34. «(fi + 7) = af3 +  cry.  

PROOF. The proof proceeds by transfinite induction on 7. We aasume 
a / 0 (for Part 3), for otherwise the proof is trivial in view of Theorem 27. 

Parti.  a(fi ± 0) = al3 = ± 0 = af3 + a - O. 

Part 2. We have the following identities: 

«0 ± = a03 	 by Theorem 15 

= a(3  + ± a 	 by (ii) of Definition 3 

= (a13  a7) ± a 	by inductive hypothesis 

= c43  ± 	± a) 	by associativity 

+ aYI 	 by (ii) of Definition 3. 

Part 3. Suppose 7 is a limit ordinal. Then by Theorem 22  fi + 7 is 
also a limit ordinal, whence from the definition of multiplication 

a(fi + 7) . 	UaO  
803 

= 
OCUOI-i-a) 

8E7 

= U {n: (30(5 C U (/3  ± a)  & n= eda) 

by definition 
of addition 

by definition 

= U in: (30(30 (D  C'y  &6 CO + 	= a0)} • 
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By virtue of Theorem 29, since if 0 < then a0 <a([3 ± 5) for any 45 -y, 
and thus we may consider only B's for which there is a o C -y such that 
o  = ± 6, because if 0, </3  and 0 2  f3  + O for some 6, then any member 
of al  is also a member of a02  and the union of the indicated family of sets 
is unchanged by omitting 0 1 . Whence we may replace the last identity 
above by: 

a(fl + -y) = U 	(30(3 C -y & = 	+ 5)1 
= U a(13 5) 	 by definition 

.3E7 

= U (a13 a6) 	 by inductive hypothesis 
acT 

= U 17/: (35)(5 -y & = a3+aO)J  by definition 

= U 	(30) (0  C cry & = a# ± 0)1 by quantifier logic, 
hypothesis that « / 0, 
and Theorem 29 

by definition 

by definition of 
addition and Theorem 
32. 	 Q.E.D. 

A simple example, which shows that multiplication is not distributive 
from the right, is the following, whose verification is left as an exercise: 

(1 -1- 1)0., / 1 - + 1 

The proof of the associativity of ordinal multiplication is by transfinite 
induction on -y; it is left as an exercise. 

THEOREM 35. a(fry) 	(a43)-y. 

From the character of the definitions of ordinal addition and multiplica-
tion, the definition of ordinal exponentiation is obvious. 

DEFINITION 4. The operation of ordinal exponentiation is defined by 
the following recursion scheme: 

(i) = 
(ii) aPI  = as a, 

(iii) if a is a limit ordinal and a > 0 then, 

a° = U a". 
-vco 

(iv) if 13 is a limit ordinal and a = 0 then 

atj  = O. 

Proofs of the theorems on exponentiation are left as exercises. 

= U (a0 + 
OCcer 

= afi F a7 
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THEOREM 36. a' = a. 

THEOREM 37. If /3>  0 then Os ---- 0. 

THEOREM 38. 1.2  =- I. 

THEOREM 39. a5-1-7  = afi • a7. 

THEOREM 40. (d)' = 

On the other hand, we do not always have: 

(afi) 7  =  a 1  • ir , 

for 
2)2 	co 2 22.  

THEOREM 41. If a >  land <y then d < a.  

By transfinite induction on 13 we may also prove: 

THEOREM 42. If a> I and 13 > 1 then 

a ± < ae <  d. 

From the theorems and counterexamples given thus far in this section, 
it may be seen that the arithmetic of ordinal addition, multiplication, 
and exponentiation differs in three major respects from the arithmetic 
of the corresponding integer operations. (i) Ordinal addition and mul-
tiplication are not commutative. (ii) Ordinal multiplication is not dis-
tributive from the right with respect to ordinal addition, that is, we do 
not always have: 

(1) + (3)7 = a7 ± 07. 

(iii) The exponent rule 

(2) ' 	= aV" 

sometimes fails. Of the three (i) is central, for if we assume that addition 
and multiplication are commutative we may derive (1) and (2). 
It is also worth mentioning that certain operations on 0 and 1 which are 
ordinarily undefined in analysis are definite in ordinal arithmetic. For 
example,  00,  .0,  r are not defined in analysis, but here: 

00 = co° =  a°  = 1, 

1' = 	= 1. 

A number of investigations have been devoted to pursuing the develop-
ment of ordinal arithmetic along the lines of classical results in number 

theory. Some material in this direction is given in the exercises at the end 
of  the section. Here we restrict ourselves to stating that the analogues 
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of Fermat's "Last Theorem" and Goldbach's Hypothesis are known to be 
false in ordinal number theory (Sierpinski [1950]). In elementary number 
theory Fermat's "Last Theorem" is the assertion that for n > 3 there are 

no natural numbers a, b, c such that 

a. + b. = c.. 

The truth or falsity of this assertion is one of the famous open problems 
of number theory. The analogue for ordinal number theory is false. For 

any ordinal pt > 1 there are ordinal numbers «, such that 

In particular, if has an immediate predecessor (i.e.,  i  is not a limit 
ordinal) then for E > 1 

(col)" 	(wl - 2)" = (col • 3)I. 

If 1.1 is a limit ordinal, then for E > 1 

(we)" ± (wel" 	(coe." 	1)". 

Goldbach's Hypothesis is that every even natural number > 2 is the 
sum of two prime numbers. On the basis of the obvious definition of prime 
ordinal numbers, the hypothesis is false for ordinal numbers. It can be 
shown that co + 10 is not such a sum. 

We now turn to the infinite sum and product operations. From a formal 
standpoint these two operations are unary operations on sequences of 
ordinals. We used the notion of El-sequence in the proof of Theorem 7; 
we define it again here. 

DEFINITION 5. A  it-sequence of ordinals is a function whose domain 
is the ordinal g and whose range is a set of ordinals. 

Sequences in the ordinary sense of analysis are co-sequences. We use a 
standard notation for /2-sequences, namely, {a1 }  <,,, where 04 is the E--th 
term of the sequence. 

DEFrisaTioN 6. The infinite sum operation for ordinals is defined for 
any g-sequence of ordinals lat ) E<,, by the following recursion scheme: 

(i) M = 0, 
f <0 

(ii) if y  < p  then 

(iii) if y is a limit ordinal and y < g then 

«E  U r at .  
E 
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It is perhaps worth noting the form the recursion scheme would take 
if we used a standard function notation for ti-sequences. Thus, let f be 

 any sequence of ordinals. Then 

f 10 = 0, 

for y a limit ordinal 

Z 11/ = U2f k.  

In spite of the greater simplicity of the latter notation, we shall in the 
sequel use the more customaty notation introduced in Definition 6. 

By transfinite induction we may prove that any ordinal may be obtained 
by iterated addition of 1. 

THEOREM 43. Let lad E<,, be the  ti-sequence such that for every < 14, 

at = 1. Then 

= ai• 
E </4  

PROOF. Using Theorem 4, we proceed by induction on g. 

Part 1. If = 0, then by (i) of the preceding definition 

M at  = 0. 
E <0 

Part 2. Suppose the theorem holds for g. Now by (ii) of the definition 

Mat = Mat + 1 
E 

= A ± 1 	 by inductive hypothesis 

Part 3. If At is a limit ordinal, then by (iii) of the definition 

M 

 

E U  M aE  
E <m 	tiCm E <1) 

= U n 	 by inductive hypothesis 
vcp 

= 	 by Theorem 3. Q.E.D. 

We may also show that multiplication is iterated addition. 

THEOREM 44. Let faE l E<I3  be the 0-sequence such that for every E < 
at =  a. Then 

a - (3 = 	at. 
E 
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PROOF. As in the last proof, we proceed by transfinite induction. 

Part 1. 	= 0. By (i) of Definition 6 

(1) 

and by Theorem 27 

(2) 

2 ctE  = 0, 
t 

a • 0 = 0, 

and thus (1) and (2) establish Part  I. 

Part 2. Suppose the theorem holds for (3. Then by (ii) of Definition 6 

at = 	C4+ 0113 
E <13' 	E <0 

= EaE -Fa 	 by hypothesis 
E <13 	 of the theorem 

=a-O -F a 	 by inductive hypothesis 

a  • pi 	 by Definition 3. 

Part 3. If is a limit ordinal, then 

a • 13 = 1.1 a - 
703 

U 	ozE  
-,EP E 

by definition 
of multiplication 

by inductive hypothesis 

by (iii) of 
E <0 	 Definition 6. 	Q.E.D. 

The following theorem is similar to Theorem 22 in its formulation and 
proof; so the proof is left as an exercise. 

THEOREM 45. If p is a limit ordinal and for every t < pc, ae 0, then 
at  is a limit ordinal. 

E </A 

To formulate an associative law for the sum of a sequence of ordinals, 
there is a certain difficulty in finding a suitable notation. To illustrate 
the ideas, consider the finite sum: 

ao + al a2 aa + as ± a5.  
If 

70 = ao 	a2 

= a3 + as 

72 = as; 

the general associative law asserts that 

To + "Y2 	= ao + al a2 as ± as a5. 
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It is simpler to introduce a notation for the partial sums of the subscripts 
than for the 7E directly. Let 00 be the number of .uE  terms of To, that is, 
three, and in general 0„ be the number of cxE  terms of 7„. Here 

Po = 3 

Pi = 2 

132  = 1 * 

Let crp'S be the partial S1111113 of the O's. Thus 

= Z 0,,. 

In our example 
00 = 

01 = 3 

2 = Po ± Pi = 5 

as = f3o  +/3 +/32 = 6. 

Our example may then be represented by: 

Z aE =  2  

	

E <6 	<3 <Pp 

In this notation, we have the following general associative law. 

	

TREORRM 46. If X = 	0,, and for y < g, cr, 	 then 
<AL 	 <S.  

"E = 	ce0R+e). 
E 	r <11 E <PE 

PROOF. Without loss of generality we may assume that for every n < p, 

O. We proceed by transfinite induction on  L. 

Part 1. p = O. The proof is immediate. 

Part 2. Suppose the theorem holds for p. 

Then 

	

= 	P„ = 	13,,+13y. 
o 	o 

Moreover, 

Z at = Z at 
E <x 	E <op +00  

= Z a  + aoptt 
E <PA 

=( af-E) 	Z 
"<M  E <fiv 	 E <Pp 

Z a,,,,+).  
P 	 E <Pp 

by inductive 
hypothesis 
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Part 3. Let1  be a limit ordinal. Then 

(I) 	 X = 	= U 2 Ar  
)7<y 	<AL 11<a 

By virtue of Theorem 45, X is a limit ordinal. 

We then have: 

I = U 	aE  
E<) 	a 	t <ff 

= 	 acry+t) 
3<p  v<  E <fiv  

= 	(1,44.0 
P <P F<P, 

by (1) and (iii) 
of Definition 6 

by inductive hypothesis 

by (iii) of 
Definition 6. 	Q.E.D. 

The general associative law for addition may be used to prove a general 
distributive law, of which Theorem 34 is a special case. In this connection 
it should be noted that binary addition is obtained from the / operation 
by considering only sequences of length two. The proof of this distributive 
law is left as an exercise. 

THEOREM 47. 
a 	= 	a - 

4<p 	19 <1. 

Analogous to the definition of the sum of a sequence of ordinals, we 
define the product of such a sequence. 

DEFINITION 7.  The infinite product operation for ordinals is defined 
for any ,u-sequence of ordinals {at } E  < p  by the following recursion scheme: 

(1) H a, = 1, 
,<0 

(ii) if y 	itt then 

IT  oE = II cq- 
<vi 	E <v 

if y is a limit ordinal ands < Ai then 

H  a = u H aE. 
E ‹P 	 VCP <,7 

We state without proof some theorems OD this infinite product operation. 
The proofs are analogous in structure to the ones given on infinite SUMS. 

THEOREM 48. Let fat } t<p be the 13-sequence such that for every E < 
aE  = a. Then 

a =  II P «E. 
t <a 

The next theorem states the general associative law for products. 



222 	TRANSFINITE INDUCTION AND ORDINAL ARITHMETIC CHAP. 7 

THEOREM 49. If X =  Z 01  and for < 	= 	0,, then 
v<0 	 2 <0 

11 	= 	( 	C101,44) 
t <X 	<IS E <fir 

There is also a power rule, of which 

fi+7 	13 a = a • a 

is a special case. 

THEOREM 50. If  X  = Z l3 then aX  = 
v< A,.  

As the final theorem we summarize some interesting particular results, 
the proofs of which are not difficult. 

THEOREM 51. 

(i) if for E < co, a =t, then 

• at  =-- 1 + 2 ± 3 + • • • = 
t 

11 at =  123  • • • • = 
E <6,  

(ii)  if  for t < co, a  = n then 

• at =n+n-Fn-F-••=co forn> 0, 
E <0,  

H at =n•n•n• ••• =co forn>l, 
<••• 

(iii)  if  for < co, at  = co then 

II 

• 

at  = + ± co + • • • = 6,2 
E < 

aE = co • co • co • • • • = co`j. 
E 

It is worth noting that the Eve operations on ordinal numbers defined 
in this section have essentially identical final  clauses  in their definiens 
concerning limit ordinals. We may define the notion of a transfinite 
sequence of ordinals having a limit, and then define continuity of a function 
of ordinals. Using these ideas, the clause just mentioned may be replaced 
by the requirement that the function be continuous (in the appropriate 
variable if it is a function of several variables). 

We briefly indicate the relevant definitions. Let faE l E<,, be a A-sequence 
of ordinals with n a limit ordinal. Then a is the limit of this sequence, 
in symbols, 

a = Um at 
, 
	 E 
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if and only if for every < a there is a I, < pi such that for all,k 	< < 1.4 
then 13 < at  < a. 

Let f be a function on some ordinal a and such that its range is a set of 
ordinals. Then f is continuous if and only if for every limit number X  <a 

.f00 = Tim f(0. 
E 

Thus, without using an exact notation, we may assert that a ± (3 is con-
tinuous in 13, and similarly for a ,3 and a5. On the other hand, these three 
operations are not continuous in a, for 

	

lim 	-I- 1) = co 	w -I- 1 
E 

11IT1 (E • 2) = w 	w.2 

11m E  =  w co2. 
E 

EXERCISES 

1. Various counterexamples have been given without proof throughout this 
section. Making use of any theorems, prove the following: 

(a) 1 -I- co =-- 2 	co 
(b) n + = co 
(c) 1 -1-co<co+ 1 
(d) ifn00thenn-Fal<co-Fn 
(e) 2w = 3w 
(f) if n 	0 then na) 
(g) 2ca < co • 2 
(h) co 2 = 
(i) (1 	1)co < 1 • co 	1 • co 

2. Prove Theorems 20 and 21. 
3. Is the converse of Theorem 22 true? If so, prove it. If not, give a counter-

example. 
4. Prove Theorem 27. 
5. Prove Theorem 28. 
6. Prove Theorems 30 and 31. 
7. Prove Theorems 32 and 33. 
8. Prove Theorem 35. 
9. Prove the following two cancellation laws for ordinal multiplication: 

(a) If al3> ory then p> 
(b) Ifay > /9'ythena>B.  

10. Prove that if 7 < ag then there is a unique a i  < a and a unique # 1  < (3  
such that 'y = 431  ± al. 

11. If a> 0 then for any ordinal fi there is a unique 7 and a unique o <a 
such that 

= a7 0- 
12. If a is a limit ordinal then there is a unique such that a = cof3. 
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13. Prove Theorem 36. 
14. Prove Theorem 37. 
15. Prove Theorem 38. 
16. Prove Theorem 39. 
17. Prove Theorem 40. 
18. Show that (co 2) 2 	co' • 22 . 

19. Prove Theorem 41. 
20. Prove Theorem 42. 
21. Prove Theorem 45. 
22. Prove Theorem 47. 
23. Prove Theorem 48. 
24. Prove Theorem 49. 
25. Prove Theorem 50. 
26. Prove Theorem 51. 
27. Prove that if for < co, ae = co2  then 

	

X cxE = co2 	co2  co2  ± • • • = 
t 

28. Prove that if for E < co ± co, 	= co, then 

n 	aE = co co co • • • co • co • co • • • = (064.. 
t 

29. Prove that if for  E  < co, a  = 0, then 

at = 1 + w co2  + cos ± • • • = OP. 
E<L, 

30. We define: fi is a residual of 7 if and only if  /3>  0 and there is an a such 
that a ± = 

Prove that if  a>  fi  and a and 0 are residuals of -y then 0 is a residual of a. 
31. We define: a is adclitively indecomposable if and only if  a> 0 and a is 

not the sum of two ordinals less than it. 
(a) What integers if any are additively indecomposable? 
( 3) Prove that co is adclitively indecomposable. 
(e) What is the smallest ordinal larger than co which is additively in-

decomposable? 
(d) Using the definition of Exercise 30, characterize the residuals of an 

additively indecoinposable ordinal. 
(e) Prove that if 0 is additively indecomposable and a <fi  then a ± fi = 
(0 Prove that if 0 > 1 is additively indecomposable and  a> 0 then 

afl is additively indecomposable. 
(g) Prove that for every a, Wa  is adclitively indecomposable. 

§ 7.3 Cardinal Numbers Again and Alephs. Without using the 
special axiom for cardinals or the axiom of choice, a certain amount of 
cardinal number theory can be done by defining cardinal numbers as initial 
ordinals. An initial ordinal is one which is not equipollent to any ordinal 
less than it. However, without the axiom of choice we cannot show that 
every set has a cardinal number and thus cannot develop a reasonable 
cardinal aritlunetic. 
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On the other hand, we can define the alephs. In classical intuitive set 
theory an aleph is the cardinal number of a well-ordered' set. This will 
not be our definition, but will be forthcoming as a theorem. In other 
words, we shall define alephs purely in terms of ordinal numbers, and then 
prove (in the next section) that the cardinal number of any well-ordered 
set is an aleph. It is true that No was defined in Definition 28 of §5.3 as 
the cardinal number of co (this definition depended on the special axiom 
for cardinals), but the real character of the alephs as the sequence of 
transfinite cardinal numbers was in no way indicated by this earlier 
definition. 

To avoid any confusion it is to be emphasized that the material in this 
section is completely independent of §4.3, §4.4, and §5.3, which depend 
on the special axiom for cardinals. 

DEFINITION 8. x is a cardinal number if and only if x is an ordinal 
and for every ordinal a ifx=a then x < a. 

We have as two simple theorems: 

THEOREM 52. Every natural number is a cardinal number. 

THEOREM 53. co is a cardinal number. 

We also have without the axiom of choice the law of trichotomy for 
cardinal numbers. 

THEOREM 54. If a and 13 are cardinal numbers, then exactly one of the 
following: a -< (3, (3 a, a = 

PROOF. Since a and A' are ordinals, either a C or 13 C a. Thus by 
Theorem 16 of §4.1 either a 13 or  fi< a, from which the theorem follows 
easily. Q.E.D. 

The fact that Theorem 54 may be proved without the axiom of choice does 
not mean that the trichotomy in terms of equipollence for arbitrary sets 
may be proved without that axiom. 

We define transfinite cardinals in a way that agrees with Definition 27 
of §5.3. The latter definition a..sserts that a transfinite cardinal is one 
which is the cardinal of a Dedekind infinite set. The present definition 
requires the cardinal to be > co, which implies that co is a subset of it. 
But according to Theorems 47 and 48 of §5.3 all and only those sets which 
have a denumerable subset like co are Dedekind infinite. 

DEFINITION 9. x is a transfinite cardinal if and only if x is a cardinal 
number and x > w. 

One of our objectives is to show that there is no largest transfinite cardinal. 
To this end, we associate with each set the set of ordinals equipollent to 
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or less  poilent  than it. This notion will be the device which permits us 
to avoid the axiom of choice; the approach originates with Hartogs [1915], 
who uses it in his proof that the law of trichotomy implies that every set 
is well-ordered. (We also use it for the corresponding proof in the next 
chapter.) 

DEFINITION 10. 

5C(A) = la: a Al. 

It requires a rather subtle use of the axiom schema of replacement 
to show that 3C(A) is not empty. The axiom schema of separation cannot 
be used, for there is no appropriate set of ordinals. Moreover, the ap-
plication of the axiom schema of replacement is not direct, because to a 
given subset B of A there may be many distinct ordinals equipollent to 
it; that is, we cannot simply use, for B in the power set of A, 

io(B, a) if and only if B = a. 

An indirect but successful route is to consider well-ordered subsets of A, 
as the following proof shows. 

THEOREM 55. a E C(A) if and only if a < A. 

PROOF.  To begin with, it is clear that 

(1) a < A if and only if there are sets B and R such that 

(i) B 	A, 
(ii) R well-orders B, 

(iii) (a, &a) is similar to (B, R). 
(Similarity was defined in §5.1.) We now define: 

(2) `W(A) = I(B, R): BÇA&R well-orders B&R C A X AI. 

By virtue of the axiom schema of separation and the power set axiom it 
follows that 

(3) x WOO if and only if there are sets B and R such that 

(i) x = (B, R), 
(ii) B _Ç A, 
(iii) R well-orders B. 

Proof of (3) follows from taking as the basic set for the axiom schema of 
separation 

((PA) X (P(A X A), 

since 

(4) B (PA 
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and 	
„. 

(5) R (1)(A X A). 

For application of the axiom schema of replacement we now take for io: 

(6) v(x,a) if and only if x is similar to (a, sa). 

Clearly, from fundamental properties of ordinals, two distinct ordinals 
cannot be similar under the membership relation, and thus if io(x,a) and 
(p(x,/3) then a /3. Therefore by the axiom schema of replacement there 
is a set C such that 

(7) a C4-* (3x)(x C IN (A) & x is similar to (a, ga)). 

From (1), (3), and (7) it follows at once that 

(8) a C if and only if a A, 

and the theorem follows from (8). Q.E.D. 

THEOREM 56. 3C(A) is an ordinal. 

PROOF. If a 5C(A) and /3  <a then 13 c 3C(A), for if a c 3C(A), then 
there is a subset B of A such that a B under some function, say f, 
but then f # guarantees that 13  C  3C(A). Therefore aC(A) is complete, 
and since it is a set of ordinals, it is connected by the membership relation. 
Whence being complete and connected, it is an ordinal. Q.E.D. 

The next theorem asserts that not 3C(A) -< A;  it is to be noted that the 
axiom of choice is needed to prove the stronger result A < 3C(A), although 
this can be established for well-ordered sets, and thus a fortiori for ordinals, 
without the axiom of choice. 

THEOREM 57. Not 3C(A) A. 

PROOF. Because 3C(A) is an ordinal, by virtue of Theorem 55, 

(1) 	 3C(A) < A if and only if 3C(A)  C5C(A), 
but no ordinal is a member of itself, and consequently the theorem follows 
at once from (1). Q.E.D. 

We now show that, ac(A) is the smallest ordinal with the property of not 
being < A. 

THEOREM 58. If not a A then, 3C(A) < a. 

PROOF. Suppose that a < C(A). Then because ac(A) is an ordinal, 
a C 3e(A); but then by virtue of the definition of 3e(A), a A, which 
contradicts the hypothesis of the theorem. Q.E.D. 

It follows easily from the theorem just proved that 
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THEOREM  59. 3C(A) is a cardinal number. 

Moreover, the theorems we have proved lead directly to the philosophically 
interesting consequence that 

THEOREM 60. There is no largest cardinal number. 

ruooF. Suppose if possible there were a largest cardinal, say a. Then 
 by Theorem 57 

(1) 	 not 3C(a) 	a, 

and by Theorem 59, 3C(a) is a cardinal number, whence by Theorem 54 
and (1) 

a  < 3C(a), 

which is contrary to our supposition about a. Q.E.D. 

In order to define the alephs it is useful to introduce first the notion 
of the least ordinal satisfying a formula. Earlier consideration of this 
notion would have  been possible and indeed would have occasionally 
been convenient. 

DEFINITION SCHEMA 11. 

11.40(00) = 	[s0(J3) & (V7)(40(7) —> 	7)V — (3ele)v(a) &j3  0]. 

Thus 

> 2) = 3, 

P13(JJ > a) = a + 1, 
It is easily proved that 

THEOREM SCHEMA 61. If io(g) then v(v(a)) 

THEOREM SCHEMA 62. il (3a)40(a) then  ,(v(a))). 

We now define: 

DEFINITION 12. The aleph operation is defined by the following recursion 
scheme:* 

(i) 	o w,= 
Nal = V1303  > sa), 

(iii) if a is a limit ordinal 

U 
aCa 

We first prove: 

*To conform to traditional notation we write V.' rather than $1(a)'. 
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THEOREM 63. There is a # such that for every y if y C a then (3>  

PROOF. We need consider only a>  0. By virtue of the axiom schema 
of replacement there is a non-empty set A such that 

A= in: (37)(7 C a & = gy )) • 

Now from earlier results on ordinals, U A is an ordinal and moreover, if 
n C A then 

< UA. 

Thus if there were no (3 >  V A then ()A <  U A  Sct VA) would be the 
largest transfinite cardinal, contrary to Theorem 60. Q.E.D. 

It follows from this theorem, Definition 12, and some earlier results on 
ordinals that 

THEOREM 64. If  a>  0 then 

= V5((V7)(1' C a — > 13 > 

This theorem, together with (i) of the definition, can be used as the defini-
tion of the aleph operation. 

We restrict ourselves to a few further results, stated without proof. 
From Definition 12 and Theorems 63 and 64 it immediately follows that 

THEOREM 65. N„ is a transfinite cardinal. 

THEOREM 66. If « < 13 then Na  < 
THEOREM 67. There is no transfinite cardinal such that t4. <13 <  a+•  

Of greater difficulty is the proof that 

THEOREM 68. Every transfinite cardinal is an aleph, i.e., for every 
transfinite cardinal « there is a  13  such that « = No. 

We return briefly to the alephs at the end of the next section. We 
mention here that any ordinal number whose cardinality is No is said to 
be an ordinal number of the second class. (The finite ordinals are the numbers 
of the first class.) Many mathematical results are known about ordinal 
numbers of the second class, but many difficult problems concerning them 
are unsolved. (Some references are Sierpinski [19281, Church and Kleene 
[19371, Church [1938], Denjoy [19461.) 

EXERCISES 

1. Prove Theorems 52 and 53. 
2. Give a detailed proof of (I) in the proof of Theorem 55, 
3. Prove Theorem 59. 
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4. Prove that if ACB then 3C(A) < 3C(B). 
5. Is it true that if AC B then 3C(A) < 3C(B)? 
6. Is it true that if ACB then 3C(A) < 3C(B)? 
7. Is it true that 

3C(A UB) = 3C(A) 3C(B)? 
8. Prove Theorem 61. 
9. Prove Theorem 62. 

10. Prove Theorem 64. 
11. Prove Theorem 66. 
12. Prove Theorem 67. 
13. Prove that if a is a limit ordinal then there is no transfinite cardinal 13 such 

that for every -y C -y, Ny <fl<t•Ix. 
14. For every cardinal a there is an ordinal 13 such that a < 
15. Prove Theorem 68. 

§ 7.4 Well-Ordered Sets. To begin with, we may formulate the prin-
ciple of transfinite induction for well-ordered sets. The proof is similar to 
that of Theorem 1. It should be noted that Theorem 69 implies Theorem 1. 

THEOREM 69. [Principle of Transfinite Induction: Fourth Formula-
tion]. If 

(i) R well-orders A, 
(ii) (Vy)[y C A & (Vx)(x CA &xRy x B) -->yEBlt 
then A B. 

Statement (and proof) of a principle for well-ordered sets similar to Theorem 
4 is left as an exercise. 

We state but do not prove that if an ordered set satisfies the principle 
of trans.finite induction then it is well-ordered. Roughly speaking, this 
theorem combined with Theorem 69 shows that in order to apply trans-
finite induction to an ordered set it is necessary and sufficient that the set 
be wull-ordered. 

THEOREM 70. Let R be a strict simple ordering of A and let A hava an 
R-first element. Moreover, let A and R be such that for any set B, if 

(Vy)[y c A & (Vx)(x C A & sR y--*x —)yEB]thenACB. 
Then R well-orders A. 

Using the notion of a segment, which was introduced in Definition 32 
of Chapter 3, we may formulate transfinite recursion in a manner similar 
to Theorem 8. 

THEOREM SHILEmA 71. [Transfinite Recursion: Sixth Formulation]. 
Let T be any term and let R well-order A. Then there is a unique function 
F on A such that for every element x of A 

F(x) = 7-(F I S(A,R,x)). 
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We shall use this theorem in Chapter 8 in the proof that if every set can 
be well-ordered then Zorn's Lemma holds. 

The notion of an increasing function is familiar in numerical contexts, 
it easily generalizes to ordered sets. 

DEFINITION 13. f is an increasing function on ?.f = (A, R) if and only if 

(i) f is a function on A, 
(ii) g A, 

(iii) if  x,y  c A and x R y then f(x)R f(y). 

We now prove a fundamental theorem for such functions. 

THEOREM 72. If R well-orders A and f is an increasing function on 
(A, R), then there is no element x in A such that f(x)Rx. 

PROOF. Suppose, by way of contradiction, that there were an element 
x in A such that 

(1) f(x)Rx. 

Let 

B= ix: f(x) Rx). 

By virtue of (1) B o 0, whence it has an R-first element, say x i. Thus we 
have 

(2) f(x ,)Rx „ 

Let 

(3) xo  = f(x,), 

whence 

x0Rx„ 

and since f is increasing 

(4) f(x0)R f (x i). 

From (3) and (4) we then have 

f(xo)Rxo, 

but then xo  E B and x, is not the R-first element of B, which is absurd. 
Q.E.D. 

We now state some theorems relating similarity (Definition 1 of §5.1) 
and increasing functions. 

THEOREM 73. If R  well-orders  A and f is an increasing function. on 
(A, R) then (A,  R) is similar under f to (eaf,R). 
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PROOF. We need to verify (i) - (iii) of Definition 1 of §5. 1 ; 
 follows at once from the definition of increasing functions. To establish 

(i), that is, that f is 1-1, consider any two distinct elements x,y c A. 
Since x y, we must have either x R y or y R x. For definiteness, let it 
be x R y. But then f(x)R f(y), and since R is irreflexive,f(x) f(y). c on_ 
cerning (iii) we have already that if x R y then f(x)R f(y). We need the 
converse. Suppose f(x)R f (y). Then x X y by virtue of the ineflexivity of 
R. If y R x then f(y)R As), but this is impossible since R is asymmetric. 
Whence, since R is connected, x R y. Q.E.D. 

We leave as an exercise proof of what is essentially the converse. 

THEOREM 74. If R well-orders A, B is a subset of A, and (A, R) is similar 
under f to (B, R) then f is an increasing function on (A, R). 

We may use Theorems 72 and 74 to prove: 

THEOREM 75. If R well-orders A and (A, R) is similar to itself under f, 
then f is the identity function g A. 

PROOF. We need to show that for every x in A 

f(x) = x. 

On the basis of Theorems 72 and 74 there is no element x in A such that 

(1) f(x)Rx. 

Suppose now there is an element x in A such that 

(2) x R f(x). 

In view of the hypothesis of the theorem the inverse function ri is such 
that (A,  R) is similar to itself under f1.  Thus in view of Theorem 74 

f-1(x)R .1 -1(f(x)), 

that is, 

(3) f- i(x)Rx, 

but (3) is impossible according to Theorem 72. Thus our supposition is 
false, and neither (1) nor (2) holds for any x in A. Since R is connected 
in A, it must follow that f(x) = x. Q.E.D. 

It follows from the theorem just proved that 

THEOREM 76. If R well-orders A and S well-orders B, then there is at 
most one function f such that (A, R) is similar under f to (B, 8). 

In other words, two well-ordered sets can be similar in at most one way. 

Related application of preceding theorems yields: 
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THEOREM 77. No well-ordered set is similar to one of its,..segments; 
that is, if R well-orders A then for any x in A, (A, R) is not similar to 
(8(A,R,x),R). 

We also have: 

THEOREM 78. If R well-orders A then the set of all R-segments of A 
ordered by proper inclusion is similar to (A, R). 

(Proper inclusion restricted to subsets of A is easily made a set-theoretical 
relation, say CIA, corresponding to gA, EA, <IA.) 

THEOREM 79. If 

(i) R well-orders A, 
(ii) S well-orders B, 

(iii) for each x in A there is a y in B such that (8(A,R,x),R) is similar 
to (8(B,S,y),S), 
(iv) for each y in B there is an x in A such that (S(B,S,y),S) is similar 
to (8(A,R,x),R), 
then ?I (A, R) is similar to 	= (B, S). 

PROOF. On the basis of Theorem 77, it is clear that (iii) and (iv) imply 
that there is a 1-1 function f from A onto B such that (8(A,R,4,R) is 
similar to (8(B,S,f(x)),S). We want to show that (A, R) is similar under f 
to (B, S).  It x 1 ,x 2  C A, with x 1Rx 2. Then 

(1) 8(A,R,x 1) C 8(A,R,x2), 

whence by hypothesis and Theorem 77, 

(2) S(B,S,f(x,)) CS(B,S,f(x2)) 

and thus from the definition of segments 

(3) f (x i)S f(x 2). 

Furthermore, (3) implies (2), which implies (1). Thus for x„x 2  c A, 
x,Rx, if and only if f(x f(x2), which establishes the theorem. Q.E.D. 

We are now in a position to prove the fundamental theorem for well-
ordered sets, namely, that either two well-ordered sets are similar or one 
is similar to a segment of the other. (It should be remarked that this 
theorem is the analogue for well-ordered sets of the law of trichotomy for 
unordered sets.) The proof of this fundamental theorem does not depend 
on the axiom schema of replacement. 

THEOREM 80. Let R well-order A and S  well-order  B. Then either 

(i) (A, R) is similar to (B, S), 
(ii) there is an x in A such that (8(A,R,x),R) is similar to (B, S), or 

(iii) there is a y in B such that (A, R) is similar to (8(B,S,y), S). 
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PROOF. Suppose (A, R) is not similar to (B, S). Then on the basis of 
Theorem 79 either there is a segment 8(A,R,x) with x in A which is not 
similar to any segment 8(B,S,y) for y  in B, or there is a segment S(B,S,y) not 
similar to any segment 8(A,R,x). We want to show the first alternative 
implies (ii); the proof that the second implies (iii) is identical. 

Let S(A,R,x0) be the smallest such segment not similar to any segment 
(B ,8,y) for some y in B. (Well-ordering of the segments of (A, R) or (B, 

follows from Theorem 78; in this connection also see Exercise 6 at the end 
of this section.) We want to show that every segment 8(B,S,y) is similar 
to some segment 8(A,R,x). Suppose, by way of contradiction, that there 
is a segment 8(B,8,y) not similar to any segment 8(A,R,x). Let 8(B,S,y0 
be the smallest such segment. Then every segment 8(B,S,y) of the set 
8(B,S,yo) is similar to a segment S(A,R,x), and in every case 

(1) 	 8(A,R,x) C 8(A,R,x 0), 

for otherwise 8(A,R,x 0) would be similar to some segment S(B,S,y), con-
trary to our hypothesis about it. By a corresponding argument every 
segment S(A,R,x) of the set 8(4,R,x 0) is similar to some segment of the 
set 8(B,8,y0): whence we may use Theorem 79 to show that 8(A,R,s0) 
is similar to S(B,S,y 0). But this similarity contradicts the definition of 
8(A,R,x 0), and we conclude that our supposition that there is a segment 
such as 8(B,8,yo) is false. Consequently we conclude that every segment 
8(B,8,y) is similar to some segment 8(A,R,x) and by the argument establish-
ing (1), S(A ,R,x) must be a segment of 8(A,R,x 0). Since 8(A,R,x 0) is the 
smallest segment of A not similar to some segment of B , we conclude by 
virtue of Theorem 79 again that (8(A,R,x 0),R) is similar to (B, S), which 
establishes (ii), granted the first of the two alternatives stated at the 
beginning of the proof. Q.E.D. 

We now prove a representation theorem for well-ordered sets in terms 
of ordinal numbers. The proof uses the axiom schema of replacement. 

THEOREM 81. If R well-orders A  then there is a unique ordinal a such 
that (A, R) is similar to (a, ea). 

PROOF. The idea of the proof stems from the informal discussion in 
§5.1 directed toward justifying intuitively the von Neumann construction 
of the ordinals. We use the sixth formulation of transfinite recursion 
(Theorem 71) to define on A a function f such that for x in A 

(1) f(x) = at(f1S(A,R,x)). 

We must show that f is 1-1. Suppose not. Then let y be the least element 
under the ordering R of A such that for some x, xR y and f(x) Ay). 
It follows at once from (1) that, then 

(2) f(x) Az% 
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where x' is the immediate successor of x under the ordering R; but it is 
also clear from (1) that 

(3) fix') = f(x)U if(x)1, 

but (2) and (3) are jointly absurd, whence we conclude: 

(4) f is 1-1. 

Secondly, it is not difficult to show that f(x) is an ordinal, namely, that it 
is complete and connected by the membership relation. Let B be an element 
of f(x), i.e. 

B c  

whence there must be a y in 8(A,R,x), i.e., y R x, such that f(y) = B, but 
clearly if y Rx then s(A,R,y) C S(A,R,x) and thus 

B = iR(fls(A,R,Y))  Ç 61-(fiS(A,R,x)), 

which shows that B is a subset of f(x), and consequently f(x) is complete. 
To show that f(x) is connected by the membership relation, let A,B  C f(x). 
Then there are elements a and b in S(A,R,x) such that f(a) = A and 
f(b) = B. Suppose A B. Then a b and by the connectivity of R 
in A, either aRb or bRa. If aRb then by virtue of (1) and the 1-1 character 
of f, f(a)  C f(y). If bRa then f(b) f(a), whence f(x) is connected by the 
membership relation. Moreover, the argument just given shows that if 
xR y then f(x) C f(y). On the other hand, if f(x) f(y) then x R y. For 
suppose not. Then either x y or y R x, from the connectivity of R. If 
the former then f(x) = f(y); and if the latter, 1(0  c f(x); either conclusion 
is absurd on the hypothesis that f(x) C f(y). Thus we have established 
for any x and y in A 

(5) x  R y if and only if  f(s) c f(y). 

Finally, we want to show that the range of the function f, 	is an ordinal. 
Since every member of (R U.) is an ordinal, (R (f) is connected by the member-
ship relation. Let a be a member of Gi(j). We prove by transfinite induction 
that a is a subset of Gt(f). It follows at once from (1) that 0 E 
Secondly, if 13  < a and 13 E (R(f), then there is an x in A such that f(x) = (3, 
and f(xi) = on the basis of (3), whence pi c (RU). Finally if (3 is a limit 
ordinal, < a and for every < 0, 'Y C fft(f), then 

U s(A,R,P(7)) 
7 <13 

is an R-segment of A; and consequently there is a y in A such that = 
whence 	(R(f). We have thus established that 

(6) IND is an ordinal. 
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Our theorem follows at once from (4), (5), and (6), for the uniqueness 
of the ordinal (31(f) is obvious. Q.E.D. 

Note that the fundamental theorem for well-ordered sets (Theorem 80) 
follows rather directly from this representation theorem. 

We conclude this section with a few theorems on cardinals and alephs. 
From the representation theorem just proved it easily follows that 

THEOREM 82. If R well-orders A then there is a unique cardinal number 
a such that a ---- A. 

This theorem justifies the definition of the cardinal number of a well-
ordered set. 

DIA1NITION 14. If well-orders A then 71 x if and only if x is a 
cardinal number and x A. 

Some obvious theorems are: 

THEOREM 83. If I? well-orders A and S well-orders B then 	11 
if and only if A ------- B.  

THEOREM 84. a < a. 

Finally, we may combine the results of Theorems 68, 81, and 82 to 
yield the classical result: 

THEOREM 85. The cardinal number of an infinite, well-ordered set is 
an aleph. 

EXERCISES 

I. Prove Theorem 69. 
2. Formulate and prove for well-ordered sets an analogue of Theorem 4. 
3. Prove Theorem 70. 
4. Prove Theorem 71. 
5. Prove Theorem 74. 
6. Let R well-order A and let (A, R) be similar to (B, S). Prove that S well-

orders A.  
7. Let R be a strict simple ordering of  A,  and let f be an increasing function on 

(A, R). 
(i) Is f a 1-1 function? 

(ii) If so, is the inverse  of f  an increasing function? 
8. Prove Theorem 76. 
O.  Let R and S be strict simple orderings of A and letf be an increasing function 

on both (A, R) and (A, S). How are R and S related? 
10. Prove Theorem 77. 
11. Theorems 72-77 have the hypothesis that R well-orders A. In which of 

these theorems may this hypothesis be weakened to: R is a strict simple ordering of 
;',A? 
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12. Prove that if R well-orders A and z,y C A then 
(i) either S(A,R,x) C S(A,R,y) or S(A,R,y) C S(A,R,x), 
(ii) z R y if and only if S(A,R,x)C S(A,R,Y), 

(iii) if x y then S(A,R,x) is not similar to (A,R,y). 
13. Prove Theorem 78. 
14. Prove that if R well-orders A,  S well-orders B, and (A, TO is similar to (B, S), 

then for each z in A there is a y in B such that (8(A,R,z),R) is similar to(S(B,S,y),S). 
15. Give a counterexample to show that Theorem 79 does not hold if the hypoth-

esis of well-ordering is weakened to strict simple ordering. 
16. Let R well-order A and let B be a  subset  of A. Prove that (B, R) is similar 

to (A, R) or to (S(A,R,x),R) for some x in A. 
17. Define 

111(a) = (x: x isatransfinitecardinal&xCccj. 

Prove that for every (3 there is a unique transfinite cardinal a such that ((3, 613) 
is similar to (211(a),  Ca). (This result justifies an alternative definition of the alephs.) 

7.5 Revised Summary of Axioms. In view of the fact that two of 
our earlier axioms may be derived from the axiom schema of replacement 
and the power set axiom, this seems an appropriate point at which to revise 
the summary of §2.10. We first show: 

METATILEOREM 1. The axiom schema of separation is derivable from 
the axiom schema of replacement. 

PROOF. In the axiom schema of replacement take v(x,y) to be x = y & 
gy), which is clearly functional in x. We then have: 

(3B)(y)(y 	(3x)(x A&x=  

from which the axiom schema of separation follows by elementary quan-
tifier logic and the logic of identity. Q.E.D. 

Given the axiom schema of separation it might seem that by the addition 
of a finite number of axioms (not axiom schemata) Zermelo set theory 
could be extended to Zermelo-Fraenkel set theory; but Montague [1956] 
has shown that no such finite extension is equivalent to adding the axiom 
schema of replacement. 

The following result has been mentioned earlier; it is referred to in 
Zermelo [1930]. 

METATHEOREM 2. The pairing axiom is derivable from the power set 
axiom and the axiom schema of replacement. 

PROOF. In the axiom schema of replacement we select as the set A, 
the power set 

(1) 	 6)6)(0) = {0, {01 J. 

Let x,y be the two objects whose pair set we want to form. As io(u,v) in 
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the axiom schema of replacement (we have changed the variables in ço to 
avoid confusion), we take: 

(2) 	 (u = 0 & v x) V (u = (01 & v = y). 

Clearly (2) is functional in u, that is, for each u in P(0) there is exactly 
one v such that so(u,v). Applying as indicated the axiom schema of replace-
ment to (1) and (2), we just obtain that there is a set B with exactly x 
and y as members; that is, from (3B)(Vv)(v B (3u)(u  c  6V(0) 
[(u = 0 & e = x) V (tc = {01 & e = y)])) we infer the pairing axiom: 

	

(3A)(Vz)(zCAI-z=xVz=y). 	Q.E.D. 

With these two derivations at hand, the system of set theory developed 
in these first seven chapters depends on just seven axioms. Moreover 
since the axiom for cardinals is not a standard axiom of Zermelo set theory, 
every use of it is indicated by a dagger. The seven axioms in chronological 
order of introduction are: 

AXIOM OF EXTENSIONALITY: 

(dx)(xCA4-4xCB)-- , A= B. 

Sum Axwm: 

(30(4i x)(x C 4-+ (3B)(x CB&Bc A)). 

Pow ER Sr Axiom: 

(3B)(VC)(C C /3 C C A). 

AXIOM OF REGULARITY: 

A 	--> (3x)[x A & (Vy)(y x y A)]. 

AXIOM FOR CARDINALS: 

3C(A) = 3C(B) A B. 

AXIOM OF INFINITY: 

(3A)(0 c A & (V B)(B c A —) BU (131 C A)). 

AXIOM SCHEMA OF REPLACEMENT: If (V x)(V y) (V z)(x  C A & r(x,y) 
so(y,z) —) y = z) then (3B)(Vy)(y e B 4-4 (3x)(x c A & v(x,y))). 



CHAPTER 8 

THE AXIOM OF CHOICE 

§ 8.1 Some Applications of the Axiom of Choice. In Chapters 4, 
5, and 7 various results have been mentioned which require the axiom of 
choice for their proof. The formulation of the axiom which we shall use is: 

For any set A there is a function f such that for any non-empty subset 
B of A, f(B) c B. 

For future reference we label this formulation:  AC 1 .  The function f is 
often called 8, choice function or a selection function  for the given set A. 
The function includes in its domain every non-empty subset of A and 
it selects exactly one element from each such subset. To acquire some 
feeling for this choice function we may consider a simple finite example, 
for which the axiom is not needed. Let 

A 	(1,2) 

B 1  =  ( 1) 
B,=  12). 

Then there are two distinct choice functions .1.1  and 12  whose domains are 
the non-empty subsets of A: 

f 	= f 2(B 	1  

f 1(B 2) =f 2 (B 2) = 2 

fi(A) = 1 

f 2(A) =  2. 

This notion of a choice function is easily formalized. 

DEFINITION 1.  fis a choice function for A if and only if  fis a function 
whose domain is the family of non-empty subsets of A and for every 
B C A with B 0, f(B) B. 

239 
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Using this definition the axiom of choice may be formulated. Every set 
_has a choice function, although in the formulation given above of the axiom . 

 it was not required that the domain of f be restricted to non-empty sub-
sets of A. However, this is a trivial difference. 

Every theorem or definition which depends on the axiom of choice is 
indicated by 1 *'• Without the axiom we may prove the following  
theorems about choice functions. We leave the proofs, which are not 
difficult, as exercises. 

TriEoREm 1. If R well-orders A then A has a choice function. 

THEOREM 2. Every finite set has a choice function. 

Historically the axiom of choice was first introduced by Zermelo [1904] 
in order to prove that every set can be well-ordered. Until the fast two or 
three_ decades probably the main application of the axiom in general 
mathematics .  was through the well-ordering theorem and the application 
of transfinite induction to the well-ordering guaranteed by the theorem. _ 	. 	_ 	_ 
However, the recent trend among mathematicians .  has been to avoid 
transfinite induction and use some maximal principle. (Precise formulations 
are given in the next section.) 

Specific applications of the axiom of choice have been mentioned in 
preceding chapters. In §4.1 it was mentioned thatthe axiom was, needed to 
prove the law of trichotomy for the . pollence .  of sets, that is, A < B,. 
B< A, or A B, for any two sets 4 and B. In §4.2 it was asserted 
that every known proof that ordinary infinity implies Dedekind infinity 
- 

 requires the axiom. In §4.3 the necessity was mentioned of using the _ 	. 
axiom to prove the law of trichotomy for cardinal numbers constructed by 
use of the special axiom for them. Obviously the trichotomy for pollence 
of _sets implies this result immediately. In §5.3 we noted that the axiom 
is needed to show that .every_infinite set has a denumerable subset., This 
fact is the crucial one, needed in proving that ordinary infinity implies 
Dedekind infinity. Finally, it was stated in §7.3 that the proof that every 
set  has a cardinal number requires the axiom, when cardinal numbers are 
defined as initial ordinals. 

We turn now to the proofs of these facts, which shall not necessarily 
be given here in the order in which they occurred in the text. 

We begin with 

*THEosm 3.* If a set is infinite then it has a denumerable subset. 

PROOF. Let A be an infinite set and let f be a choice function for A as 
postulated by the axiom of choice. We now use Theorem 27 of §5.2 to 

We note again that we star all theorems and definitions which depend on the axiom 
of choice. 
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define a unique function g on co: 

g(0) = f(A) 

g(n 1) = f(A 	Ig(k): k n)). 

(Thus, for instance, 

g(1) = f(A 	ig(0))) = f(A 	{f(A)}).) 

The intuitive idea is that g assigns 0 to the element xo selected from A, 
then 1 to the element x, selected from A Ixol, then 2 to the element 
x, selected from A r— fx o,x,), etc. Since always f(B)  c B, we see that g 
is 1-1. Now suppose there is an n such that 

A 	[g(k): k < n)  = 0;  

then g establishes that 
A---- n, 

contrary to the hypothesis that A is infinite. Hence for every n 

A 	fg(k): k < n) X 0, 

whence we conclude that the range of g is equipollent with co, but the 
range of g is a subset of A, which means that the theorem is established. 
Q.E.D. 

From the theorem just proved and Theorems 46 and 47 of §5.3 we 
conclude: 

*THEOREM 4. A set is Dedekind infinite if and only if it is infinite. 

For subsequent purposes, we now prove what Bernays ([1942], p. 141) 
appropriately calls a numeration theorem: every set can be placed in 1-1 
correspondence with some ordinal. 

*THEoREm 5. [Numeration Theorem]. For any set A there is an 
ordinal a such that a = A. 

PROOF. By virtue of the axiom of choice there is a function F such that 
for every non-empty subset B of A 

F(B) B. 

We use F to define the following predicate cp: cp(B,13) if and only if 

(1) B c A, 

there is an f such that 

(2) f is a function on (3, 

(3) Caf = B, 

(4) (V7)6,  < 	= F(A 	(31(.47)). 
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Obviously f, if it exists, is unique and is 1-1, whence if v(B,8) and io(B,p i) 
then p = 13 and we may apply the axiom schema of replacement to form 
the set C such that 

c C (3B)(B  CCPA & v(B,13)). 

The remainder of the proof follows along lines familiar from §7.1  on 
transfinite induction by considering U C. The details are left as an exercise. 
Q.E.D. 

By using the numeration theorem the following two theorems may be 
easily proved. 

*THEOREM 6. Every set can be well-ordered; that is, for every set A 
there is a relation R such that R well-orders A. 

*THEOREM 7. [Trichotomy.] For any two sets A and B, A .< B, B < A, 
or A ----- B. 

As another easy consequence of the numeration theorem, we have: 

*THEOREM 8: For any set A there is a unique cardinal number « such 
that a A. 

And this theorem justifies introducing Cantor's double-bar notation for 
the cardinal number of a set. 

*DEFINITION 2. 	x if and only if x is a cardinal number and x A. 

An obvious theorem is: 

*THEOREM 9. A = R if and only if A ----- B. 

On the basis of Theorem 9, we may thus regard the special axiom for car-
dinals as redundant once we adopt the axiom of choice. That is to say, 
this special axiom is derivable from our other axioms together with the 
axiom of choice. 

EXERCISES 

1. How many distinct choice functions are there 
(a) for a set of three elements? 
(b) for a set of n elements? 

2. What is the obvious choice function for the set of negative integers? 
3. Prove Theorem I.  
4. Prove Theorem 2. 

5. Complete the proof of Theorem 5. 

6-0 . Prove Theorem 6. 
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7. Prove Theorem 7. 
8. Use the axiom of choice to prove that if A is a denumerable family of pair-

wise disjoint,  finite  sets then  LIA  is denumerable. 
9. Prove Theorem 8. 

10. Prove Theorem 9. 
11. Prove that if f is a function then  61fC14. 

8.2 Equivalents of the Axiom of Choice. In his classical paper of 

1904 Zermelo was concerned to show that the axiom of choice implies that 
every set can be well-ordered. In that paper he used the following for-
mulation: 

AC 2 : If A is a set of non-empty, pairwise disjoint sets, then there is a 
-set C whose intersection with any member B of A has exactly one element, 
that is, cnB is a unit set. 

Our objective in this section is to state a number of principles equivalent 
to AC 1 ; many of the proofs will be left as exercises. We begin with: 

THEOREM 10. AC, is equivalent to AC,. 

Another common formulation is: 

AC 8 : Given any relation R there is a function f C R such that 

domain of R = domain off.  

THEOREM 11. AC 1  is equivalent to AC,. 

Our program is now to establish the following equivalences: 

Axiom of choice 4-4 numeration theorem 
4--) well-ordering theorem 
4-) Zorn's Lemma 

law of trichotomy. 

As would be expected, none of the theorems establishing these equivalences 
depend on the axiom of choice, and consequently they are all unstarred. 
In the last section (Theorem 5) we proved: 

Axiom of choice —) numeration theorem. 

Furthermore the obvious approach to proving Theorems 6 and 7 yields: 

THEOREM 12. The numeration theorem implies the well-ordering theorem 
and the law of trichotomy. 

Our next step is to prove that the well-ordering theorem implies Zorn's 
Lemma. Some preliminary definitions are needed: 
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DEFINITION 3. 

(i) A is a chain if and only if A is a set of sets and for any two sets 
B and C in A either B C C or C C B. 

(ii) A is a chain in B if and only if A is a chain and A C B. 
(iii) A is a maximal chain in B if and only if A is a chain in B and 
there is no chain C in B such that A C C. 

The intuitive idea is just that .a chain is a set  which is simply ordered by. 
inclusion.''' As for maximal chains, consider the set 630., of subsets of integers. 

Then the family of sets 

0 

(1, 2, . . 	,n1 

is an example of a maximal chain in no. 

We also need to recall (Definition 4 of Chapter 4) the notion of a maximal 
element of a set A.  For  instance, if 

A = (f1), f1,2), (31) 

then (1, 21 and (31 are maximal elements of A. If we let 

A (PB 

then B is the unique maximal element of A. If we let 

A = (CP) 

then A has an infinity of maximal elements, namely the sets 

--, 1) 

cor-,  f2) 

The definition of maximal element is such as to require the element to be 
a set. 

We may now state 

,,What is here called a chain is called a nest in Kelley [19551. 
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ZORN'S LEMMA Z 1 : If A 0 and if the SUM, of each non-empty chain 
which is a subset of A is in A, then A has a maximal element. 

Formulated symbolically, Z , is: 

(VB)(A 	& 13  ÇA  &B is a non-empty chain UB A) --) A has 
a maximal element. 

This maximal principle is baptized after Zorn [1935], but the history of it 
and some closely related maximal principles is very tangled. Certainly 
Zorn was essentially anticipated by F. Hausdorff, C. Kuratowski, and 
R. L. Moore at the least. Several variant formulations of Zorn's Lemma 
are given below, particularly the Maximal Principle of Hausdorff, which 
dates from 1914. 

To continue our implications we want to prove: 

THEOREM 13. The well-ordering theorem implies Zorn's Lemma Z 1 . 

PROOF. The intuitive idea of the proof is to use the postulated well-
ordering R to build, for any non-empty family A of sets, a maximal chain: 
the R-first element of A is in this chain, and so is any subsequent element 
which either includes or is included in every R-preceding element already 
in the chain. The sum of this maximal chain is a maximal element as de-
sired. 

Let A be a set satisfying the hypothesis of Z 1 , and let R be a well-ordering 
of A as postulated. We also make the simplifying, inessential Assumption 
that A has only sets as members. 

The first step in "constructing" a maximal chain is to define a term T 

which may be used to define a function by transfinite recursion which picks 
out members of this maximal chain. 

We define: 

, if for every B in Ph such that h(B) = 1, 
we have 

B C D or D B, 

where  D is the R-first element of A Ph; 

0, otherwise. 

The second step is to apply transfinite recursion to T and R. On the 
basis of the sixth formulation of transfinite recursion (Theorem 71 of 
§7.4) we know that there is a unique function f such that 

(i) f is a function on A 
(ii) for every set B  c A 

f(B) = ,r(f I 8(A,R,B)). 

T (h) = 
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The third step is to define the appropriate chain. Let 

C {B:  B e  A & f(B) = 1). 

To verify that C is a chain we need to show that for any two members B 
and B2 of C either 

B, C B2 or B2 C B,. 

For definiteness let B, R-precede B2 in the well-ordering of A. Since 
B,  e C, 

(1) 	 f(B 1) = 1) 

also by hypothesis 

f(B 2) = 1, 

but then 

.r(f S(A,R,B 2)) = 1, 

and B2 is the R-first element of 

A 	D(f  I S(A,R,B 2)), 

whence since B, c s(A,R,B 2) by the definition of T and (1) 

B 1  B2 or B2 ç B i. 

The fourth step is to show that UC is a maximal element of A. By the 
hypothesis of Zorn's Lemma UCE A since C is a chain which is a subset 
of A. Suppose U C is not a maximal element, and let 

G = iD: D c A & UC C DI. 

Let D * be the R-first element of G. Now for any B C 

B C U C, 
whence 

but then 

that is, 

and 

B C D*, 

7(f S(A,R,D *)) = 1; 

f(D *) = 1 

D* c C, 

which is absurd. Thus our supposition is false and U C is a maximal element 
as desired. Q.E.D. 

We now complete one cycle of implications by proving: 
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THEOREM 14. Zorn's Lemma Z, implies the axiom of choice AC,. 

PROOF. Since the kind of reasoning used in this proof is rather similar to 
the previous one, some details are omitted. 

Let A be any non-empty set, and let 

G =- (g: (3B)(g is a function on B & B C (PA (0) & for every non-
empty set A, in B,g(A,)  C A 1)1. 

G is, of course, the class of choice functions defined on some set of non-
empty subsets of A. We use Zorn's Lemma to show that G must have as a 
member at least one function defined for all non-empty subsets of A. 

Let C be any chain which is a subset of G. Then clearly UC C G, 
whence Zorn's Lemma is applicable to G. Let f be a maximal element of G. 
I say: 

Domain of f  = (PA (0). 

Suppose not. Then there is a non-empty subset B, of A such that 

B, Df. 

Let z, be some element of B„ and define: 

fl = fu 1(131,z1)1. 
Obviously 

fCfi 
and 

G, 

whence f is not a maximal element of G, which is absurd. Our supposition 
is false, and f is a choice function for A. Q.E.D. 
We have now established the equivalences: 

Axiom of choice AC, numeration theorem 
well-ordering theorem 
Zorn's Lemma Z,. 

We next want to show that the law of trichotomy implies one of the four 
statements just listed. (Theorem 12 together with the above equivalences 
establishes that any one of the four implies the law of trichotomy.) To 
this end, using some results of §7.3, we prove 

THEOREM 15. The law of trichotomy implies the numeration theorem. 

PROOF. Let A be any set. We want to show that A has the same power 
as some ordinal by using the law of trichotomy. Using Hartogs' function 
3C introduced in §7.3, we have by virtue of Theorem 57 of §7.3 

not 3C(A) A, 
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and thus by the law of trichotomy 

(1) A < aC(A). 

From (1) it follows immediately that there is a subset L of 3C(A) such that 

(2) AL. 

Furthermore, since 3C(A) is an ordinal (Theorem 56 of §7.3), L is well-. 
ordered and hence by the representation theorem for well-ordered sets 
(Theorem 81 of §7.4), there is an ordinal a such that 

(3) L a. 

From (2), (3), and the transitivity of equipollence the desired conclusion 
follows. Q.E.D. 

We may now use the notion of a maximal chain to formulate Hausdorff's 
maximal principle [1914, pp. 140-411. 

HAUSDORFF  MAXIMAL PRINCIPLE: H,. If A is a family of sets, then 
every chain in A is a subset of some maximal chain in A. 

A somewhat simpler but equivalent formulation is: 

H,: Every family of sets has at least one maximal chain. 

We state without proof:  

THEOREM 16. H, is equivalent to Z1. 

THEOREM 17. H 2  is equivalent to H,. 

Formulations similar to Z 1 , H i , and  11 2  are easily given for an arbitrary 
relation rather than inclusion. 

DEFINITION 4. 

(i) y is an R-upper bound of A if and only if for every x in A, x R y; 
(ii) y is an R-maximal element of A if and only if for every x in A, 

not y R x. 
(iii) A is an R-chain of B if and only if A C B and R simply orders A. 

Using these notions, we formulate: 

ZORN'S LEMMA Z2: If R partially orders A and every R-chain of A has 
an R-upper bound in A then A has an R-maximal element. 

We state without proof:  

THEOREM 18. Z2 is equivalent to Z,. 

Consideration of analogues for arbitrary relations of 1-1, and 11 2  is left as 
an axorcise. 
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Finally we formulate a maximal principle due independently-to Teich-
mUller [1939] and Tukey [1940]. 

DEFINITION 5. A is a set of finite character if and only if 

A is a non-empty set of sets, 

(ii) every finite subset of a member of A is also a member of A, 
(iii) if every finite subset of a set is a member of A then the set is also 

a member of A. 

The intuitive idea behind this formulation is that a property is of finite 
character if a set has the property when and only when all its finite sub-
sets have the property. A simple example of such a property is the follow-
ing. Let R partially order A. Then R simply orders A if and only if R 
simply orders every finite subset of A. (In fact, it is sufficient to consider 
only the two element subsets of A.) 

TEICHMULLER-TUKEY LEMMA: T. Any set of finite character has a 
maximal element. 

We prove: 

THEOREM 19. The Teichmidler-Tukey Lemma T is equivalent to Zorn's 
Lemma Z i . 

PROOF. The proof is only given in outline. We first show that Z, implies 
T. Let A be a set of finite character, and let C be any chain which is a 
subset of A. To apply Z we need to prove that U C C A. Let F be a finite 
subset of U C. Then F is a subset of the union of a finite collection D of 
members of C, for each element of F must belong to some member of C 
and there are only a finite number of elements in F. Now since D is finite 
and is a subset of the chain C, it has a largest member, say E; and F must 
be a subset of E, for otherwise C would not be a chain. E c A, whence 
since A is a set of finite character, F c A; but then also U C A. The 
hypothesis of Z, is thus satisfied by A and by virtue of Z 1 , A has a maximal 
element. 

We now show that T implies Z 1 . It is most convenient to prove that 
T implies 11 2 , which by virtue of Theorems 16 and 17 is equivalent to Z i . 
Let A be a family of sets. Define: 

B=  (C: CG A &C is a chain ) . 

As previous remarks have indicated, it is obvious that B is a set of finite 
character, whence B has a maximal element, say C *, but C * is a maximal 
chain in A; for if it were not, it would not be a maximal element of B, 
and this establishes H 2.  Q.E.D. 

The theorems of this section and the preceding one have established 
the following equivalences: 
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Axiom of choice AC, 4-4. axiom of choice AC, 
axiom of choice AC, 

4-) numeration theorem 
4-> well-ordering theorem 
4--). Zorn's Lemma Z 
4--> law of trichotomy 
4-4 Hausdorff Maximal Principle II, 
4-4 Hausdorff Maximal Principle 
4-4 Zorn's Lemma Z, 
4-4 TeichmUller-Tukey Lemma T 

A classical open problem of set theory is the independence of the axiom 
of choice (or its equivalents) with respect to the remaining axioms of 
Zermelo set theory. The likelihood of its being independent is very high. 
The source of philosophical interest in this problem is the non-constructive 

_character of the axiom of choice. Adoption or rejection of this axiom has 
aroused perhaps more controversy among mathematicians in this century 
than any other single question in the foundations of mathematics. Mathe-
maticians with constructive leanings object to postulating the existence 
of a choice function when no indication is given of how this function is 
constructed. (For a lively discussion of this point, see the Supplementary 
Notes to Borel [1950], and also Sierpinski [1928, Chapter 6].) 

The claim that use of the axiom of choice may lead to a contradiction 
is definitely false in the following sense. It has been proved by Giidel 
([1938], [19401) that the axiom of choice is relatively consistent, that is, 
if the other axioms of set theory are consistent the addition of this axiom 
will not lead to a-  contradiction. 

On the other hand, application of the axiom of choice can lead to some 
paradoxical results. Perhaps the most celebrated example is the Banach-

Tarski paradox [1924] that by using this axiom a sphere of fixed radius may 
be decomposed into a finite number of parts and put together again in 

such a way as to form two spheres with the given radius. More generally, 

Banach and 'Tarski showed that, in a Euclidean space of dimension three 

or more, two arbitrary bounded sets with interior points are equivalent 

by finite decomposition, that is, the two sets are able to be decomposed 
into the same finite number of disjoint parts with a 1-1 correspondence of 

congruence between their respective parts. 

EXERCLSES 

1. Prove Theorem 10. 
2. Prove Theorem 11. 
;1. Prove Theorem 12. 
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4. Consider the power set 6)o.) of the set of all integers. Give an example 
different from the one in the text of a maximal chain in (Pa). 

5. Prove Theorem 16. 
6. Prove Theorem 17. 
7. Prove Theorem 18. 
8. Formulate a Hausdorff maximal principle which stands to Hi as Z2 stands 

to Z 1 . Prove its equivalence to FL 
9. Are the properties defined in Definitions 10-17 of §3.2 properties of finite 

character? (The method for reformulating them in terms of sets is obvious.) 
10. Give an example of a property of a relation with respect to a set which is 

not of finite character. 

§ 8.3 Axioms Which Imply the Axiom of Choice. Without giving 
exact details we conclude this chapter with a brief discussion of two axioms 
which, together with the Zermelo-Fraenkel axioms listed in §7.5, imply 
the axiom of choice, but not nece.ssarily conversely. 

At the end of Chapter 6 we mentioned, the Generalized Continuum 
Hypothesis, which asserts that for any infinite set A there is no set B 
suchthat A  <B  < 24. Lindenbaum and Tarski [1926] stated without _ _ _ 
proof that this hypothesis implies the axiom of choice; a proof of this fact 
has been published by Sierpinski [1947]. 

A very strong axiom which implies the axiom of choice as well as certain 
other axioms like the power set axiom is Tarski's axiom for  inaccessible  
sets ([1938], [1939 1). Before stating the axiom it will be useful to consider 
the problem which gave rise to the axiom, namely, the problem of the 
existence of inaccessible cardinal or ordinal numbers. We may charac-
terize inaccessible cardinal numbers along the following lines. For each 
set A of cardinals we may show, on the basis of results in Chapter 7, that 
there is a smallest cardinal succeeding all members of A. This cardinal we 
may denote by sup A. Thus, No = sup f 1,2,3, . .,n,. and /4, = sup 

I No). A cardinal in which is not 0 is said to be inaccessible if (i) for every 
set A of cardinals such that X < in and n  <m for n in A we have: 

sup A < m 

and (ii) if n  <in  and 11 < nt then n° < m. 

Obviously both 2 and No are inaccessible in the sense of this definition. 
The fundamental question is: Can the existence of any other inaccessible  
cardinal numbers be established on the basis of the Zermelo-Fraenkel 
axioms, including the axiom of choice? It has, in fact, been shown by 
Shepherdson [1952] that the postulate that there are no other such in-
accessible cardinals is consistent with the axioms of von Neumann-Bernays-
Go..  del set theory, and with little modification his proof holds for Zermelo-
Fraenkel set theory. 
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It was for the purpose of establishing the existence of inaccessible 
numbers that 'farski introduced his axiom for inaccessible sets:* 

For every set N there is a set M with the following properties: 

(i) N is equipollent to a subset of  M;  
(ii) (A: A CM&A < M} is equipollent to M;  

(iii) there is no subset P such that the set of all subsets of P is equipollent 
to M. 

Tarski has shown that the cardinal number of a set M is infinite and 
inaccessible if and only if M satisfies conditions (ii) and (iii) of the axiom. 

*The version given here is that of Tarski [1939], which is an improvement of the one 
given in Tarski [1938]. 
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GLOSSARY OF SYMBOLS 

SYMBOL 	 NAME OF SYMBOL 	 PAGE 

— 	 Negation 	 3 
& Conjunction 	 3 
✓ Disjunction 	 3 
---* 	 Implication 	 3 
4-* 	 Equivalence 	 3 

(Vv) 	 Universal quantifier 	 3 
(3v) 	 Existential quantifier 	 3 
(E Iv) 	 Uniqueness quantifier 	 3 
---- 	 Identity 	 4, 14 
C 	 Set membership 	 6, 14 
O 	 Empty set 	 14 

a 	 Non-membership 	 21 
C 	 Set inclusion 	 22 

C 	 Proper inclusion 	 23 
A n B 	 Intersection 	 25 
A u B 	 Union 	 26 
A , B 	Difference 	 28 

(x,Y) 	 Ordered pair 	 32 
tx:4,0(x)) 	Definition by abstraction 	 34 
UA 	 Union or sum of A 	 37,44  
(IA 	 Intersection of A 	 39, 44 
63A 	 Power set of A 	 47 
A X B 	Cartesian product 	 49 
DA 	 Domain of A 	 59 
(RA 	 Range of A 	 60 
a A 	 Field of A 	 61 

I 	 Converse of A 	 61 
A/ B 	 Relative product of A and B 	 63 
RIA 	 R restricted to A 	 64 
R"A 	 Image of A under R 	 65 
g A 	 Identity relation on A 	 70 
8(A, R, x) 	R-segment of A generated by x 	 77 
R[x] 	 R-equivalence CIA-SS of x 	 81 
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258 	 GLOSSARY OF SYMBOLS 

SYMBOL 	 NAME OF SYMBOL 	 PAGE 

II(R) 	 Partition of A generated by R 	 84 
NM 	 Relation generated by a partition 	 85 
fog 	 Composition of functions 	 87 
A B 	 Set of all functions from B to A 	 89 
-,--- 	 Equipollence 	 91 
S 	 Equal to or less  poilent 	 94 
< 	 Less power than or less  poilent  than 	 97 
1 	Cardinal number of set A 	 109, 242 
5C(A) 	 Cardinal number of set A 	 111 
ml 	 Successor of cardinal m 	 119 
Q(111) 	 Set of all predecessors of cardinal m 	 120 
<IA 	 Less than restricted to A 	 124 
gA 	 Membership relation on A 	 130 
AI 	 Successor of set A 	 134 
co 	 Set of all finite ordinals 	 139 
eA 

 

Successor function restricted to A 	 140 
ti o 	 Aleph null 	 156 
1x1 	 Absolute value of x 	 172 
c 	 Cardinal number of the continuum 	 193 
taE l E<,„ 

 
ti-sequence  of ordinals 	 217 
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Absolute value of a number, 172 
Aleph null, 156 
Alephs, 228 ff., 236 
Antinomy, 8n; see a/so paradox 
Antisymmetric relation, 69 
Associative law 

addition of fractions, 163 
addition of rational numbers, 172 
addition of sequences, 175 
cardinal addition, 113 
cardinal multiplication, 115 
finite ordinal addition, 146 
finite ordinal multiplication, 147 
infinite ordinal product, 222 
infinite ordinal sum, 220 
intersection, 26 
multiplication of fractions, 164 
multiplication of rational numbers, 

172 
multiplication of sequences, 175 
ordinal addition, 211 
ordinal multiplication, 215 
relative product, 64 
union, 27 

Asymmetric relation, 69 
Aussondening Axiom, 6 
Axiom 

der Fundierung, 53 
for cardinal numbers, 111, 242 
for inaccessible sets, 251 
of abstraction, 5ff. 
of choice, 5, 98, 99, 111, 117, 125, 126, 

152, 173, 183, 239ff. 
of extensionality, 5, 21 
of infinity, 138 
of regularity, 53 
of replacement, 8, 202, 237 
of separation, 6ff., 15, 21, 111, 237 
pairing, 31, 237 
power set, 47, 237 
sum, 37  

Axiom for cardinal numbers, 111, 242 
Axiom schema, 6 
Axiom schema of replacement, 8, 202, 

237 
Axiom schema of separation, 6 ff., 15, 

21, 111, 237 
Axiom schema of substitution, 202ai 
Axioms for set theory, 3, 5 ff. 

revised summary of, 237 
summary of, 56 

Axioms for the natural numbers, 121 
Axiom of choice, 5, 98, 99, 111, 117, 

125, 126, 152, 173, 183, 239 ff. 
choice function, 239 ff. 
Hausdorff Maximal Principle, 248 
independence of, 250 
Law of Trichotomy, 242, 243, 247 
Numeration Theorem, 241, 247 
relative consistency, 250 
Teichmiilkr-Tukey Lemma, 249 
well-ordering theorem, 243, 245 
Zermelo's 1904 formulation, 243 
Zorn's Lemma, 245 

Banach-Tarski paradox, 250 
Bound variable, 5 
Burali-Forti's paradox, 8ff., 133 

Cancellation property, 164 
Cantor's paradox, 9, 118 
Cantor's Theorem, 97 
Cardinality of the continuum, 193 
Cardinal numbers, 109 ff., 224 ff., 242 

addition of, 110, 113 
arithmetic of, 112 ff. 
exponentiation, 115 
finite, 121 ff. 
Frege-Russell definition, 109 
inaccessible, 251 
infinite, 155 
monotonicity properties, 117 
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Cardinal numbers (Cont.) 
of the continuum, 193 
set of all predecessors, 120 
strict inequality, 117 
successor, 119 
transfinite, 155, 225 ff. 
weak inequality, 116 

Cartesian product, 49 
Cauchy sequences, 161, 174 ff. 

equivalence of, 178 
Chain, 244 

maximal, 244 
Choice function, 239 
Commutative law 

addition of fractions, 163 
addition of rational numbers, 172 
addition of sequences, 175 
cardinal addition, 113 
cardinal multiplication, 115 
failure for ordinal addition, 211 
finite ordinal addition, 144 
finite ordinal multiplication, 147 
intersection, 26 
multiplication of fractions, 164 
multiplication of rational numbers, 

172 
multiplication of sequences, 175 
union, 27 

Complementation, 29-30 
Complete set, 131 
Composition of functions, 87 
Conditional definitions, 18 
Connected relation, 69 
Continuum Hypothesis, 193-194, 251 
Converse of a relation, 61 
Cut, 160 

Decimal representation of real numbers, 
189 ff. 

Dedekind cut, 160 
Dedekind finite, 99, 107 
Dedekind infinity, 241 
Definiteness, 7ff. 
Definition by transfinite recursion 

first formulation, 197 
second formulation, 198 
third formulation, 202 
fourth formulation, 203 
fifth formulation, 204 
sixth formulation, 230 
alephs, 228 
ordinal addition, 205  

Definition by tranfinite recursion (Cont.) 
ordinal exponentiation, 215 
ordinal infinite product, 221 
ordinal infinite sum, 217 
ordinal multiplication, 212 
parameters of recursion, 205 

Definition, 16 ff. 
as equivalence, 17 
as identity, 17 
axiom-free, 35 
by abstraction, 33 ff. 
by transfinite recursion, 197 IT. 
conditional, 18 
criterion of eliminability, 16 
criterion of non-creativity, 16 
of operation symbols, 18 
recursive, 137 ff. 

Denumerable sets, 151 ff. 
and aleph null, 156 
and Dedekind infinity, 152 
and infinite sets, 240 
definition, 151 
non-denumerability of set of real 

numbers, 191 
set of rational numbers, 173 

Diagonal method, 191 ff. 
Difference of sets, 24, 28 ff., 35 
Dilemma of the crocodile, 9 
Distributive law 

cardinal addition and multiplication, 
115 

Cartesian product, 52 
finite ordinal addition and multiplica-

tion, 147 
intersection and union, 27, 42, 45 
left-distributivity of ordinal multipli- 

cation with respect to ordinal 
addition, 214 

multiplication and addition of frac-
tions, 164 

multiplication and addition of rational 
numbers, 172 

multiplication and addition of se-
quences, 175 

ordinal multiplication and infinite 
ordinal sum, 221 

relative product, 63-64 
Domain of a relation, 58 

Empty set, 14, 20 
Epimenides' paradox, 9 
Existential quantifier, 3 
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Expressions, 15 
Equipollence, 91 
Equivalence relation, 80 

Fermat's "Last Theorem" for ordinals, 
217 

Fibonacci sequence, 148 
Field of a relation, 59 
Finite cardinal numbers, 121 ff. 
Finite character, set of, 249 
Finite ordinal, 135 
Finite ordinals, 135 

addition, 144 
exponentiation, 148 
multiplication, 147 
set of, 139 

Finite set, 98 ff. 
choice function for, 240 
Dedekind, 99, 187 
induction for, 102, 103 
Kuratowski's definition, 103 
ordinary definition, 149 
Sierpinski's definition, 103 
Stiickel's definition, 108, 149 
Tarski's definition, 100 ff., 149 

First element, 75 
Formula, 7, 11, 14 ff. 

atomic, 15 
modification of, 111 
primitive, 15, 111 

Foundations of mathematics, 1 ff., 11 ff. 
Fraction, 161 ff. 
Free variable, 5 
Function, 86 

choice, 239 
composition, 87 
from A into B, 88 
from A onto B, 
increasing, 231 
inverse, 88 
maps A into B, 88 
on A to B, 88 
1-1,88 
restricting domain of, 87 

Fundierung Axiom, 54 

Generalized Continuum Hypothesis, 
194, 251 

Goldbach's Hypothesis for ordinals, 217 
Greater than for sets, 133 
Grelling-Nelson paradox, 10 

Hartogs' function, 226 ff., 247 ff. 
Hausdorff Maximal Principle, 248 
Heterologicality, paradox of, 10 

Idempotence 
intersection, 26 
union, 27 

Identity, 4 
as definition, 17 

Identity relation, 70 
Image of a set, 65 
Immediate successor, 76 
Inaccessible 

cardinal, 251 
set, 252 

Inclusion, 22 
Increasing function, 231 
Induction; see also tmnsfinite induction 

course-of-values, 196 
for finite ordinals, 136 
for finite sets, 102, 103 
for natural numbers, 102, 136 

Individuals, 20, 25, 43 
Inductive definitions, see recursive defi- 

nitions 
Infinite cardinal, 155 
Infinite sets, 150 ff. 

Dedekind definition, 152, 241 
definition, 150 
denumerable subsets, 240 

Infinity, axiom of, 138 
Dedekind's proof, 138 
Zermelo's formulation, 139 

Intersection, 24 ff., 35 
of a family of sets, 39 ff., 44 

Irreflexive relation, 69 
Isomorphism, 128 

Lambda abstraction, 90 
Lattice, 80, 89-90 
Law of trichotomy, 98, 117, 125, 233, 

242, 243, 247 
Least ordinal, principle of, 228-229 
Less pollent, 94 ff. 
Less power, 94 ff. 
Less than for sets, 133 
Limit 

of sequence of ordinal numbers, 222 
of sequence of real numbers, 184, 185 

Limit ordinal, 196 
Logic, 3 ff. 
Logical paradoxes, 8 ff. 
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Miichtigkeit, 2 
Many-one relation, 86 
Maps, 88 

into, 88 
onto, 88 

Maximal chain, 244 
Maximal element, 99 
Maximal principle (Hausdorff), 248 
Membership, 6 
Metalanguage, 11, 14 
Minimal element, 75, 99 
a-sequence of ordinals, 217 

Natural number, 135 
Nest, 244n 
Non-logical constants, 17 
Notation, 3 
Numeration Theorem, 241, 247 

Object language, 11, 14 
Ordered pair, 32 
Ordered pairs, 32 

and r-tuplea, 141 
Ordering relation, 68 ff. 

partial, 72 
quasi, 72 
simple, 72 
strict partial, 72 
strict simple, 72 
well-, 74 ff. 

Order type, 127 ff. 
Ordinal arithmetic, 205 ff.; see 

ordinal numbers 
Ordinal numbers, 127 ff. 

addition, 200 ff., 205 ff. 
additively indecomposable, 224 
Cantor theory of, 127 ff. 
continuous function of, 223 
definition, 131 
exponentiation, 215 ff. 
finite, 135 ff. 
greater than relation, 133 
infinite product, 221 ff. 
infinite sum, 217 ff. 
less than relation, 133 
limit of sequence, 222 
multiplication, 212 ff. 
a-sequence, 217 
of the second number class, 229 
principle of least ordinal, 228 
residual, 224 

Ordinal numbers (Cont.) 
successor, 134 

Pair 
ordered, 32 
set, 31 

Pairing axiom, 31, 237 
Paradox 

l3anach-Tarksi, 250 
Burali-Forti's, 8 ff., 133 
Cantor's, 9, 118 
Epimenides, 9 
Grelling-Nelson, 10 
logical, 8 ff. 
of heterologicality, 10 
of the crocodile, 9 
Richard's, 10 
Russell's, 5 ff. 
semantical, 8 ff. 

Parameters of recursion, 205 
Parentheses, 4, 14, 65 
Partial ordering relation, 72 
Partition, 83 ff. 

finer, 84 
Peano's axioms, 121, 135 ff. 
Power of the continuum, 192 
Power set, 47 
Power set axiom, 47, 237 
Primitive constants, 14, 111 
Proper classes, 12, 41 
Proper inclusion, 23 
Property of definiteness, 7 ff. 
Pseudo-operation, 17 

Quantifiers, 3 
scope of, 4 

Quasi-ordering relation, 72 

Range of a relation, 58 
Rational numbers, 170 ff. 

non-negative, 166 ff. 
Real numbers, 181 ff. 

completeness property, 184 
decimal representation, 189 if. 
General Convergence Principle, 184 
least upper bound theorem, 187 
non-denumembility, 191 

Recursive definition, 137 ff.; see also 
definition by transfinite recursion 

of addition, 144 
of exponentiation, 148 
of multiplication, 147 

also 
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Regularity axiom, 53 
Reflexive relation, 69 
Relations, 57 

antisymmetric, 69 
asymmetric, 69 
connected, 69 
converse domain of, 59 
converse of, 61 
counterdomain of, 59 
domain of, 58 
equivalence, 80 
field of, 59 
identity, 70 
irreflexive, 69 
many-one, 86 
ordering, 68 ff. 
range of, 58 
reflexive, 69 
relative product, 63 
restricting domain of, 64 
strongly connected, 69 
symmetric, 69 
ternary, 58 
transitive, 69 

Relative product of relations, 65 
Restricting domain of a relation, 64 
Richard's paradox, 10 
r-tuple, 141 
Russell's Paradox, 5 ff. 

Schroder-Bernstein Theorem, 95 
Section of a set, 76 
Segment of a set, 77 
Semantical paradoxes, 8 ff. 
Sequence, 174 

monotone increasing, 181 
subsequence, 181 

Set, 1, 19 
of finite character, 249 

Set inclusion, 22 
Set membership, 6, 130 
Similarity, 128, 232 ff. 
Simple ordering relation, 72 
Strict partial ordering relation, 72 
Strict simple ordering relation, 72 
Strongly connected relation, 69 
Subset, 22 
Successor 

function, 140 
of a cardinal number, 119 
of an ordinal number, 134 

Symbols, 14 
operation, 18 

Symmetric difference, 30 
Symmetric relation, 69 

Teichmiiller-Tukey Lemma, 249 
Transfinite recursion; see definition by 

transfinite recursion 
Transfinite cardinal, 155 ff., 225 ff. 
Transfinite induction 

first formulation, 195 
second formulation, 196 
third formulation, 197 
fourth formulation, 230 

Transitive relation, 69 
Tuple, 141 

Union, 24, 26 ff., 35 
of a family of sets, 37 ff., 44 

Union axiom, 24, 45 
Universal quantifier, 3 
Use and mention, 15n 

Variables, 
bound, 5 
cardinal, 112 
free, 5 
general, 14, 20 
integer, 135 
metamathematical, 15n 
ordinal, 112 
rational, 166 
set, 20 

von Neumann set theory, 11 ff., 29, 41, 
133n, 194n 

Well-ordered sets; see well-ordering 
Well-ordering, 74 ff., 230 ff. 

and choice function, 240 
fundamental theorem, 233 
of every set, 242 
of ordinals, 131 
of rational numbers, 173 
of set of finite cardinals, 125 
representation theorem, 234 

Well-ordering relation, 74 ff. 

Zermelo-Fraenkel set theory, 8, 10, 29, 
43, 110, 133, 194n, 237 

Zorn's Lemma, 245 ff. 
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